Russtan Mathematics (Iz. VUZ) Izvestiya VUZ. Matematika
Vol. 44, No. 3, pp.37-45, 2000 UDC 517.988.8

TO THE ABSTRACT THEORY OF APPROXIMATE METHODS
FOR SOLVING LINEAR OPERATOR EQUATIONS

N.B. Pleshchinskii
1

In the abstract theory of approximate methods for solving linear operator equations one can dis-
tinguish two principal directions. In the general theory of approzimate methods by L.V. Kantorovich
(see [1], [2]) and its modifications suggested in [3], the main attention is paid to the conditions in
which the resolvability of the approximating equation follows from the resolvability of the exact
equation. Such an approach can be intrinsically applied in the theoretical justification of numerical
methods for solving integral equations. Other direction arised in the investigation of difference
schemes for differential equations (see, e. g., [4]); it is based on the notion of stability of a sequence
of operators approximating a given operator. The stability of approximating operators is also used
as the basis of the general theory of numerical methods in [5]. Within the framework of the ab-
stract approzimate scheme by V.A. Trenogin (see [6], Chap. VII), the theory of difference schemes,
approximate methods of Galyorkin type, and some other problems are considered from the unified
point of view.

In the present article the abstract theory of approximate methods for solving linear equations
is constructed, which allows to obtain and complement on a common basis principal assertions of
the general theory of approximate methods and the theory of abstract approximate schemes. Both
the notation and terminology used here are most close to those adopted in [6].

1. Operators and spaces. A priori estimates of errors

Let X, Y, X, and Y be normed spaces, A : X - Y, A: X — Y linear (definite on linear
manifolds, additive and homogeneous) operators. We shall consider the operator equations

Az =y, z€X, yey, (1)
Az =7, 7€ X, JEY. (2)

Both the operator A and equation (1) will be called ezact, while both the operator A and equation
(2) will be called approzimating (approximating the exact ones). We yet have not assumed that
the operators A and A are invertible or, for instance, bounded.

Let linear operators Ty : X — X and Sx : X — X be given such that

The latter means that the operator Sx has the left inverse, i.e., N(Sx) = {0}, and the operator

Tx has the right inverse, i.e., R(Tx) = X. In a similar way, assume that the operators Ty : Y — Y
and Sy : Y — Y are given such that
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