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OB OJTHOM BAPUAHTE YTOUHEHHOII TEOPUU
OPTOTPOIIHBIX IIJIACTUH: HEKJIACCUYECKUE
®OPMbI CBOBOJHBIX KOJIEBAHUN

B.H. Ilatimywun, T.B. Ilosarosa

AnaHOoTan s

IIpenmoxen yrodnenHbIl BAPHAHT ypaBHEHUN CBOOOMHBIX KOJIEOAHWMI OPTOTPOIHBIX IIjIa-
CTHH, TIOCTPOEHHBIX B IIEPBOM ITPUOJIMKEHUH PeIyKIHel TPeXMEePHBIX YPABHEHUN TeOPUH YIIPY-
TOCTH K JBYMEPHBIM YPABHEHHSM TEOPHUHU IJIACTUH IIYyTEM HCIIOJIH30BAHUS TPUTOHOMETPUIe-
CcKUX 6a3uCHBIX MYHKITAN U YIOBIETBOPEHUS CTATHYECKUM TPAHUIHBIM YCTOBUIM HA TPAHUY-
HBIX ITOBEPXHOCTSIX. DTH YPABHEHUSI, PENIeHNs KOTOPBIX HANIEHB! s IIJIACTUHBI C IMAPHUPHO
OIEPTHIMHU KPOMKAMU, PA3/IEIAI0TCA HA ABE 000CO0IEHHBIE CHUCTeMbl ypaBHeHuil. llepsoit u3
HUX OIMCHIBAIOTCS HEKJIACCHYECKHE OECCIBUTOBBIE MIPOIOJIHHO-TIONEpPEYHbIe (hOopMBbI €CBOGOI-
HBIX KOJIEOAHUIT, COIIPOBOXKTAIOIINXCS HCKAYKEHUEeM IIJIOCKOH (DOPMBI TIOMEPEYHBIX CEeUeHU.
ITokazano, 9TO COOTBETCTBYIONINE UM FACTOTHI KOIEOAHUN TIPU HEKOTOPBHIX N€OMETPUIECKUX
mapaMerpax IJIACTHHBI CUILHO 3aBuUCAT 0T Kodddunmenrta Ilyaccona, Momynass yopyroctu B
MOTIePEeTHOM HAMPABJICHNN W JJIs IJACTUH CPeJHeil TOJIIUHBI IPU OJHOM W TOM JKe 3Have-
HUHM 9aCTOTHOTO IMapamMerpa (TOHA) MOryT ObITh 3HAYMTETHLHO HUKE TACTOT, COOTBETCTBYIOIIAX
KJIACCUYIECKUM TPOJOIBLHBIM (hOpMaM CBOOOITHBIX KOeOAHMIA, COBEPIIAIONINXCS C COXPAHEHIEeM
IJIOCKO#H (POPMBI MOMEPEeTHRIX cedeHnit. Bropoil cucreMoil ypaBHEHMIT OMUCHIBAIOTCS TIOEPEt-
Hble U3TAOHO-CABUTOBbIE (DOPMBI CBOOOTHBIX KOJIe0aHMI, YaCTOTH KOTOPBIX YMEHBIMAIOTCS TPHU
YMEHBIIEHUH MOTyJIs IIOIepevHoro casura. [lo xatuecTBy u ComeprKaTeIbHOCTH OHU IIPAKTHIYe-
CKY 9KBUBAJIEHTHBI AHAJIOTUYHBIM YPABHEHHU M U3BECTHBIX BADUAHTOB YTOTHEHHBIX TEOPUIL, HO,
B OTJIMYWE OT HUX, DA YBEJIUYEHNN HOMEPA TOHA W YMEHBIIEHUHN TapaMeTpa OTHOCUTEIHHOM
TOJIIWHBL TIPUBOIAT K PEIICHUSIM, MOJIYyIeHHBIM B pPAMKAX KJIACCUTIECKON TEOPUN CTEPIKHEH.

Karo4deBble cjioBa: OPTOTPONHAS [JIACTUHA, YTOYHEHHAs TEOPUsi, TPUTOHOMETPUYECKUE
dyukInn, cBoboaHbIe KOIeOAHNS, TPOIOJIBHO-TIONEpedHast (popMa, IacTOThl KOaeGaHmii.

BBenenue

Cnasuast 1e1b GOJBIIMHCTBA UCCIEIOBAHUE TI0 pa3paboTKe YTOUHEHHBIX BAPUAHTOB
TEOPUHU CTEPIKHEH, TJIACTHH U 000JOUYEK C YUETOM TMONEPEUHBIX COCTABJISIONIIX J1ehop-
MAIMKA COCTOSIA B YTOYHEHWHW KJACCHYECKUX yPABHEHWi, OCHOBAHHBIX HA THUIOTE3aX
Bepnysiu — diinepa (nns crepxueit) u Kupxrodba—Jlasa (a1s nactun u 060s04€eK).
K macrosimemy BpemeHm paspaboTaH psj MOJAXOJO0B K MOCTPOEHMIO TAKUX YTOYHEH-
HBIX TEOPHid, KOTOPBIE OCHOBAHBI HA MEHEE JKeCTKUX JOMYIIeHUAX, 9eM OTMETCHHBIC
KJIACCUYECKUE THIOTE3bl. ITO — NpukKIaanbie yrounennbie Teopun C.I1. Tumornenko,
C.A. AmbGapuywmsana, 9. Peiiccuepa, B. Koiirepa, II. Harau u ap. Ouu B mepByio
OYEePEIb MO3BOJSIOT YYUTHIBATH BJIUAHUE Ae(hOpMAIuii MONEPedHBIX CIBUTOB W PAac-
MIAPSAIOT OOJACTH IPUMEHEHNs] PA3BATHIX TEOPHA K PACYETAM 3JEMEHTOB KOHCTPYKIIMI
U3 COBPEMEHHBIX KOMITO3UTHBIX MATEPUAJIOB. MHOrOUHCIEHHBIE KOHKPETHBIE Pe3yJIbTa-
TBI, a TaKKe Oubmorpadust paboT, OTHOCIIIUXCS K YKA3AHHBIM TEOPUSAM, TTPUBEIEHBI U
[POAHAIN3UPOBAHBI, B YaCTHOCTH, B cepun MoHorpadmii ([1-6] u ap.) u o63opos ([7, §]
u 1p.). IIpu ananuze npepnaraeMbix yrOYHEHHBIX yPABHEHUI aBTOPBI BCEra CDABHUBA~
0T MeXK Iy CODOI pEIeHns TEX WM MHBIX 3849, MOy Ia€MbIX Ha OCHOBE KJIACCUIECKUX



YTOYHEHHA Y TEOPUA OPTOTPOITHBIX ITJTACTUH 101

U yTOYHEHHBIX ypaBHeHmil. Takoe cpaBHEHUE, KAK MPABUJIO, MPOBOIUTCS UJIU IO OTPe-
JeNgeMbIM TIOJIAM TIepeMernennii, redopMaruii 1 HANPAXKEeHW TIPH TOCTAHOBKE 3a,1a1
CTATUKH, WIN 0 IacTOTaM U (opMaM COOCTBEHHBIX KOJEOAHNH MPH MTOCTAHOBKE THHA-
MUYECKUX 33724, WM [0 KPUTHIECKUM Harpy3kaMm U (GpOpMaM MOTEPH YCTONIUBOCTH
[PU MOCTAHOBKE 33/1a49 yCTONYMBOCTU. B pesyprare Takux CpaBHEHUH, KaK MPABUJIO,
MBITAKOTCS TOKA3aTh, YTO JJis MOCTAHOBKHU TEX MJIM WHBIX 33Ja9 MEXAHUKU 1ehOpMu-
pOBaHMSA TOHKOCTEHHBIX KOHCTDPYKIIMN MpearaeMble ypaBHeHUs OOJiee TOYHbBIE, YeM
KJIACCHYECKUE YPABHEHUS.

s obocHoBanua u (POPMYIUPOBAHNUA TIETN MTPOBOANMBIX HIXKE MCCJIEIOBAHMI Cie-
JIyeT OCTAHOBUThCSI Ha aHaiwu3e pabor [9-11], NOCBAIIEHHBIX TIOCTPOCHUIO TOUHBIX aHA-
JINTUYECKUX DEIeHnil JIMHEHHBIX 3371a9 TEOPUH YIPYrOCTH O YacTOTaX U (hopMax CBO-
OoaHBIX KOJIe0aHMil, TO €CTh PENIeHuil, YIOBJIETBOPSONINX KAK YPABHEHUSIM TBUKEHUS,
TaK ¥ CHOPMYINPOBAHHBIM IPDAHUYHBIM yCJIOBUsAM. B mepBbIx AByX w3 HUX ObLia pac-
CMOTpEHa JIBYMEpPHAas 3a7a4a O IIOCKHX (POpPMax CBOOOTHBIX KOIECOAHUA TPAMOYTOIIb-
HO# OpPTOTPOIHOM TJIACTUHBI C HE3AKPEINJIEHHBIMU KpasiM¥, CBOOOMHBIMU OT YCHUJIUI.
Ha 6a3e nBoiHBIX TPUTOHOMETPUYIECKUX OA3MCHBIX (DYHKITUI TPU TOYHOM YIOBJIETBODE-
HUU BCEM CTATUIECKUM MPAHUYHBIM YCJIOBUSIM OBLIH HANIEHBI AHATUTUIECKIE DEITEeHUs
3a/1a9 B BH/I€ KOMIIAKTHBIX (POPMYJT 18 OIPEIeIeHNs YaCTOT U PYHKINH TepeMenteHunii,
onuceiBaomux Ghopmbl GeccaBUroBbix Kouebanuii. B nanbueiimem B [11] Takue xe ana-
JINTUYECKHE PEIIeHns TPEXMEPHON 3a7a4un ObLu HAAeHBbl U IS TPOCTPAHCTBEHHOTO
OPTOTPOITHOTO MPSIMOYTOJIBHOTO TTAPAJIJIETENUIIENA CO CBODOIHBIMU TDAHSIMHU.

Ananus pe3yabraToB, MOJIYUYEHHBIX B YKA3aHHBIX paboTax, MPUBOIUT K CJIE LY OIINM
BBIBOJIAM.

1. IlocTpoenHbBIMU pEIeHUsAME, COOTBETCTBYIOMUME HYJIEBOH TADMOHUKE B OTHOM U3
HAIIPABJIEHUN, ONMCHIBAIOTCH KAK YUCTO U3rUOHBIE, TAK U YUCTO MPOIOJIbHBIE HECCABUTO-
Bbie (DOPMBI KOJIEOAHUI, COOTBETCTBYIOIINE KIacCuaeckoil Momenn Beprysmu — ditaepa
B Teopuu crepxkueil u Kupxroda— JIsiBa B Teopun MaacTuH. DTHU PEIEHUS XapaKTEPU3Y-
IOTCs COXpaHEHUEM IIJIOCKOM POPMBI TTOTIEPEUHBIX CEUEHUN, TO €CTh TOUKY, HAXOISITITHECST
B IUIOCKOCTSX, HOPMAJIbHBIX K OCAM KOOPJMUHAT /10 J1eOPMAINH, OCTAIOTCH B HOPMAJIb-
HBIX [LUIOCKOCTAX U B 1€(bOPMUPOBAHHOM COCTOAHUU.

2. YpaBHEHUs, ONMUCHIBAIOIIIE TI0CKUE (DOPMBI ABUKEHUS (B YaCTHOCTH, CBOOOIHBIE
Kosie6aHust), COOTBETCTBYIOIINE IJIOCKOMY HAIPIKEHHOMY COCTOSHHUIO, U WX DEIeHUst
MOTYT OBITH MOJIYUEHBI U3 TPEXMEPHBIX YPABHEHWI U WX PEIeHWi TOJBKO B MPEIIOo-
JIO?KEHUU O TOM, 9TO HOPMAJbHOE HAMPSKEHNE PABHO HYJIIO HE TOJBKO HA COOTBETCT-
BYIOIINX CBOOOIHBIX T'PAHAX Tejd, HO W HA BCEX BHYTPEHHUX I'DAHAX, MAPATIETbHBIX
rpaangHbiM. OHAKO YACTOTHI MJIOCKUX MPOAOILHBIX (opM Komebanuil, HaiiTeHHbIe
U3 TAaKUX YPABHEHWUil, HE BCEra sIBJSIOTCS HAWHU3IMIUMY TI0 CPABHEHHUIO ¢ JIPYTHMHU.
Hampumep, ajist maIocKOro CTEPXKHS-TIOJIOCH WM TPOCTPAHCTBEHHOTO Opyca, HapsiIy
¢ hopMaMu MPOIOTBLHBIX KOMEOAHMH, COBEPITAIOITNXCS ¢ COXPAHEHNEM TLTOCKOH (hOpPMBI
[OINEPEYHOr0 CevYeHus (U3BECTHLIE B JINTEPATYDPE KIACCHYECKUE DEIIeHU), UMEIOTCH
TakkKe U O6eCCABUTOBBIE TMPOIOILHO-TIONEPedHbIe (POPMBI CBOOOTHBIX KOIEOAHMIT, KOTO-
pbIe XapaKTePU3YIOTCs MCKAXKEHUEM TIJIOCKOH (hOPMBI MOMEPETHOT0 cevyenus. Ecmu Ha
JIBYX TPOTHUBOIOJIOKHBIX TDAHSX TEpPEeMeIIeHns B MePIeHINKYISIPHBIX K HUM HaIpaB-
JIEHUSIX HE CTECHEHBI, TO YACTOTHI CBOOOIHBIX KOJIE0AHUIT, COOTBETCTBYIOMINX BTOPOIl U3
ykazauubix ¢hopm, Ha 20-30% HEMKE 1O CPABHEHUIO ¢ YACTOTAMHU, COOTBETCTBYIONIAMHA
CUTyaIllny COXPAHEHUd IJIOCKUX (POPM TOMEPEIHBIX U MPOIAOIbHBIX CEYEHHUM.

B cuny cdhopMynnpoBaHHBIX BBIBOJOB MPEICTABIISAIOCH [IE1€CO00OPA3HBIM HUCIIOIB30-
BAHUE TPUTOHOMETPUYECKUX OA3UCHBIX (DYHKITUI JJIsi MOHWKEHUsT PA3ZMEPHOCTH TPeX-
MEDHBIX YDaBHEHUH TEOPWH YIPYTOCTH W TMOCTPOEHWE HA WX OCHOBE TAKUX OHOMED-
HBIX YDABHEHUI TEOPUU CTEPKHEH W ABYMEPHBIX YDPABHEHUIl TEOPUU TJIACTUH U 000-
JIOYEK, KOTOPBIMH [IPU MEUHUMAJIBHOM KOJTMYECTBE BBOIUMBIX B PACCMOTPEHNE MCKOMBIX
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bYHKIMI yIAeTCsT YIOBJIETBOPUTD CTATHIECKUM IPDAHUTHBIM YCJIOBUSIM Ha HE3aKPeTLIeH-
HBIX JINIEBBIX TOBEPXHOCTAX IJIACTUH U 000JI0YEK, YIECTh MIPU ITOM AedopManuu more-
PEYHBIX CABUTOB U 00XKATHsA, BHIABUTH HA WX OCHOBE BCE KJIACCUYECKHE W HEK/IACCHYe-
ckue dopmbr koebanmii. Kpome Toro, takue ypapHeHusi 6€3 JOMOJHUTEIBHBIX Tud-
depeHnmaTBHBIX TPe0OPA30BAHUE JOJIKHBI JOMYCKATH MEPEXO, K KJIACCUIECKUM OJTHO-
MEDHBIM YDABHEHUSIM TEOPUM CTEPXKHEH U IBYMEPHBIM YDPABHEHUSIM TEOPUU TLIACTUH U
060JI09€eK, OCHOBAHHBIM Ha KJIaccuiueckux runore3ax Beprymmum — itnepa n Kupxroda —
JlaBa.

Bouin nocrpoenst [12] Tounbie u npubinKeHHbIE YDABHEHUS CTATUKY U JIUHAMUKY
CTEPKHS-TIOJIOCH, VIOBJIETBOPSIONNE CHOPMYIUPOBAHHBIM BBIIIE YCIOBUSM U TPebo-
BauusM. [loHmKeHme pa3MepHOCTH ABYMEPHBIX YPaBHEHUI MIOCKOH 3a/1a9u JTUHEHHON
TEOPUU YIPYTOCTH DBLJIO OCYIIECTBIEHO MyTEM ANMPOKCUMAIIAN TOMEPEIHBIX HOPMAJIb-
HBIX W KACATEJbHBIX HANPSAXKEHUN B HAIPABJICHUM IMONEPEYHON KOOPAMHATHI HA Oasze
O/IMHAPHBIX TPUTOHOMETPUYECKUX (PYHKIIUN, 9TO MO3BOJIUIIO YIOBJIETBOPUTH CTATHIE-
CKUM TDAHUYHBIM YCJIOBUSIM HA MPOJIOJIBHBIX IDAHSX MyTEM BBEJEHUsS B PACCMOTDEHUE
MUHAMAJIBHOTO KOJUYIECTBA HEM3BECTHBIX OJHOMEDHBIX (DYHKITHIA.

Bruio mokazano [13], 9To pereHnst MOJEIBHBIX 3329 O HANPSXKEHHO-1ehOPMUPO-
BAHHOM COCTOSHHUY CTEPXKHS-IIOJOCHI DA HEKOTOPHIX BUAAX HATPYKEHUS, IOy 9€HHBIE
Ha OCHOBE yKa3aHHBIX ypaBHeuii, ¢ Tounoctbio O(e%) (1 > & > 0 — oTHOCHTETbHAS
BBICOTa [0JIOCHI) COBIAJAIOT C TOYHBIMH DEIIEHUSIMHU, HAAJCHHBIMU HA OCHOBE JIBY-
MEPHBIX ypaBHEHWIl IMJIOCKOH 3aa9d TeOPUM YIPYTOCTH. ITU PE3YIBTATHI MO3BOJISIOT
MpeJIoKeHHYI0 paHee [12] 0BoBIEeHHY 0 YTOUHEHHYIO MO/IETh PEKOMEHIOBATh K MPAK-
TUYEeCKOMY MPUMEHEHNIO0 KaK WMEIOIIYI0 BECbMa BBICOKYIO CTEIEeHb TOYHOCTH LIS 33039
craruku. Uccnenosanue kauecrsa u couep:KaTebHOCTU ITON yTOuHeHHOH Mogenu [12]
[IPU [IOCTAHOBKE U PEIIeHnH 33724 O CBOOOMHBIX KOIEOAHMAX CTEPIKHSA-IIOJOCHI C MIap-
HUPHO OTIEPTHIMH TOPIIEBBIMU CEUeHWUsIMI TPOBeIeHo B pabore [13]. B Hacrosieii craThe
maetcst 0600IeHNe TOIYYeHHBIX B Hell Pe3yIbTaTOB Ha ABYMEDHBIE 331aYl TEOPUU OP-
TOTPOIHBIX JIACTHH.

1. VYToYHeHHbIe yPAaBHEHUSI T€OPUU TIJIACTUH
c yyerom medopmarnuii monepedHbIX CABUTOB U 00XKaTust

PaccMoTpum pgaMOYTONMBHYIO OPTOTPOTHYIO TLIACTUHY, UMEIONIYIO TOMIMWHY 2h U
OTHECEHHYIO K OPTOTOHAJBHON TEKapTOBO# cUCTeMe KOOpAWHAT 1, T2, (, COBME-
IMEHHOM ¢ ocsiMM OpTOTpornmu. B cooreercTBuM ¢ pesyibrartamu paborsr [13] mpumem
VIPOIIAIONINE MTPEITIOIOKEHMT ST

V13 = V31 = Vo3 = 132 = 0, (1)
YTO TIO3BOJIIET COOTHOIEHMsT 0D0OIMEHHOr0 3aK0Ha ['yKa TpecTaBuTh B BUIE

—
o11 = E} (e11 +1v21622), L2, o33 = Esess, @)

o012 = 2G12€12, 013 = 2G13€13, 023 = 2G23€23,

rne B = B /(1 —viav21), Q E,, a=1,2,3,— MOIyau YIPYTOCTU B HANIPABJICHUSIX
oceit x1, T2, 3 = (; Vag, «, B = 1,2,3, — koadbdunuenter Ilyaccona; Giz2, Gis,
(o3 — MOZIYIN CABUTA;
208 = Ua,3 + UB.a (3)
— KOMIIOHEHTHI 1ebOPMAIHil; U, — MPOEKIUH BEKTOPA TIepPeMeIIeHuii Ha Ocu T, Ta, C.
[IpencraBuM cTaTwmdecKkne TPAHUYIHBIE YCJIOBUS HA TpaHax ( = +h B Bume

Es U3,<|Z:ih = p33 F 33, Gz (uic +us,) ‘Z:ih = psi F 3 (4)
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riae pS,, P, — CUMMeTpuuHble (cHHMAa3Hbe) W aHTHCHMMeTpUYHbE (aHTHdA3HBIE) CO-
CTaBJIAIOIINE BHEIIHEH MOBEPXHOCTHON HArpy3KH, PaBHbBIE

— — +
c _ P3a +p;_oz a _ P3a — P3a 5
3a T 2 ) DP3a = 2 . ( )

Eciu nna xkommonenT ten3opa medopMmaruii B COOTBETCTBUU C TOJTYYCHHBIMH DAaHEe
[12, 13] pe3ysnbTaTaMu HCIOAB30BATH MPOCTEHIIIE ATMTPOKCUMAIIHN

a
2ei3 = 1) cosr( — P3i nr¢ P3i o A,
Gis Gis (6)
533:r<pcosr§fp—ggsinrgf@cos)\g, 7":1, )\:E:%,
Es Es 2h h
TO, UCXOJA U3 COOTHOIIEHUA
033 = E3ess = Fzus¢, 043 =2G3ei3 = Gig (uic +us;),
JIJIsT KOMITOHEHT TePEMEIIEeHU MOYKHO TIOJIyUUTh BHIPAYKEHUS
. cosr( D, sinr¢
w; =U; — (W i sinr ; cosr( — ——=pss; —
7 [ C K + wz C + r P,i + 746:2_3 C T2E3 p33,z
Psi . cosAC . , P33 Pss .
— SINA — ——pSs., uz =W +psinr{ + —=>cosr{ — —=sin (. (7
N ¢ R, Poa U3 psinr¢ E ¢ \Es ¢ (7

ITpu sTOM rpanuunbe yeaosus (4) yaoBaeTBOpsaoTcs TouHo. OTMETHM, 4TO B COOTHO-
menuax (6) u (7) Ui = wil¢=0 , W = ug|¢c=0 — HeusBecTHbIe IByMepHLIe (DYHKIHUH,
SIBJIAIONIUECS TIEPEMEIEHUIME TOUYEK CPEIUHHON IIOCKOCTH TPHU P3o, = 0, a ¥, ¢ —
AHAJIOTMIHBIE JBYMEpPHbIE (DYHKIMU, KOTOPBIMA ONUCHIBAIOTCA AeOpMANuU Toneped-
HBIX CABUTOB U TOMEPETHOr0 00XKATHA HOPMAJN TIPH P3q = 0.

[MoacTaHoBKa MOMYUYEHHBIX BhipaykeHuid (7) B cooTHOUIEHUS (3) MPUBOIUT K CJIEIY-
IOIIUM BBIPAYKEHUSIM /IS TAHTEHIIMAIbHBIX KOMIOHEHT TeH30pa JAedopMaluii:

265 = Ui j +Uji — 2CW 35 + (i j + 1) sinr¢+

2 cosr( cosrC (P%i; = P3ji 2sinr¢ ,
+ T Yo r ( GM + ng T2E3 p33’ij
sinAC (P5i; PS5 2cos N\
- Z_J + J,Z - 2 p§3,z’7 (8)
A ng G]3 A E3

Bapuanmsi noteHnnanbHoii sHeprum edopMaliiii B COOTBETCTBIN ¢ BhIpaykeHusMu (6)
u (8) Gyzner paBHa

+ ot + .t

Ty Ty  h Ty Ty

511/ / /Ua,gésaﬁ dxy dxs d( = / / (Tidej,i+Mij5Wi7j+
= z; —h T, T,
1 T 1 T2

+ H;j0v;5 + Nijop i5 + Nizd; + N33590) dx1 dza, (9)

r7le BBEIEHBI B PACCMOTPEHNE BHYTPEHHUE YCUJINS U MOMEHTBI, OlpeesiseMble 0 (hop-
MyJ1aM

h h h
Ty = [oyde My=- [ocde Hy= [oysnrcac,
—h —h —h

h h
1
Nij = ;/Uz‘jCOSTCdC; Na3:T/0a3COST<dC.
—h —h
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Ecnu monycTurh, 9TO MCXOAHBIE YIPOIMIAIIUE NpeAnooxkenus (1) BbINOIHEHDI
JIMIIB ¢ HEKOTOPOH CTENEeHbI0 TOYHOCTHU, TO Iocie noiacranoBku B (10) coorHOmIeHUM
(2), (8) u unrerpupoBanus M0 ¢ MOYKHO IOJIyYUTH COOTBETCTBYIONIME BbIPAXKEHUS IS
BBEJIGHHBIX B PACCMOTPEHHE yCujauil u MoMeHTOB. OJIHAKO TIOIYYAIOIIUECs] TAaKUM 00-
pazom coornomenus jiaa Tj;, M;;, H;;, N;j MOXHO yTOYHUTH, €CJIU OTKa3aThCs OT
HCXOTHDIX Mpenookennii (1) u npeacraButh coOTHOMEHUs 0600eHHOro 3akoHa ['yKa
B HEYIIPOIEHHOM BH/IE

-

o11 = g11€11 + g12€22 + g13€33, 012 = 2Gi2e12; 1,2, 3, (11)
rie
Ei(1 — va3 v32)
gi1 = T’
E5(vio + viav F1(vo1 + vosv — 12
Gis = go1 — 2 ( 12A 13v32)  Ei( 21A 23 31)’ 12,3, (12)

A =1—viaV01 — Va3 V30 — V31 V13 — 212 V23 V31.

TMoncraeass nanee coorsomenns (11) B seipazkennst (10) u ncnosnb3ys (6) u (8), npu-
XOJIUM K COOTHOIIIEHHSIM YIIPYTOCTH JIJIsST YCUJIUHA ¥ MOMEHTOB CJIE/IYIOIIETO BUIA:

2 a
¥.ji P3j.j
Ty =2 Zgij <hUj,j+ r—;]Jr KJ;Q) +gi3e|,

j=1

2012 | 1 (P2 | Pl
T = 2G1s |h (U U. ’ 2 7 7
12 12 [ ( 12+ 271) + r2 + 72 < G13 + Goas )] ’

2 P .
B ag Pl | i | gions
M:: =2 - W .. — 7] 5JJ 5] 151733
" ;g” < 3 97 7“2 + E3’I“4 + )\SG]B + 7“2E3 ’

2h3 ©12+ @21 2P5312 ™ (P12 Piaa
Mg = 2G1g | Wy — ZR2 722 22y T2 ’
12 12 |: 3 12 7“2 + E3’I“4 )\3 G13 G23 ’
2
2 h 4 : gizhpss (13)
Hn':E i | =Wy + M — =515 — o~ P55 | — =
e Gij ( 72V + hj 5 Ear? P33,55 3r\Gys p3],g) Bs

2
o gij h a 2 c 2p§3
Ni=3) pey <2Uj,j + he,jj + G P399 7 332, p33,jj> + gi3 <h</9 T 32E, )

i=1
P52 Phan 4 .
Nig = —2 |2 (U2 + U 2h | 2k Py
12 2 [ (Ui +Uz1) + 2hg 10 + Crs + G 3z D3312] >
2 2 2pS
_ a c 2 33
N33 = ;931‘ <2Uj,j + h j; + hps; ; — 3N, p33,jj> + 933 (7" ho — —3E3> )
2p<.
Nig = Gighr?® ¢ — %

Ecnn BBecTn mpeamonoxenue ¢; = ¢ = 0, o upu ps§, = ps, = 0 coornomenud
(7)=(9), (13) upunumaioT Buj

u=U; —2W,, w=W, 2eg;=U;; +U;;—2(W,;, (14)
oy @y
ol = //(TZ](SU]’Z + MZ]cSW”) dl‘l d’IQ, (15)

Ty Tgy
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2 2 h3
Ti = 29ihUs5 M=) 2g; = Wi
=1

J=1 Jj=

(16)
4 h?
Tio = 2hG12 (Ui o + Usa), Mg = = G12W 1.

N3 mmx coornomenus (14), (15) ABAAIOTCA KIACCHYSCKUMH COOTHOIIECHUSMH TEOPUH
mnactue Kupxroda, a dusnyeckne coorHomenns (15) CTaAHOBATCS KIACCHUYECKUMM,
€CJIM BBITIOJIHSIOTCST TIPUOJINIKEHHBIE PABEHCTBA

gu = Ei /(1 —-vigva1), g2~ Eivai/(1 —vigver).

TMocsietHMe CTAHOBSITCS TOUHBIMH, ecar B dopMyrnax (12) mpuHSATH BO BHUMaHHE COOT-
Homenns (1).

IIpemonoKnM, 9TO HA TPAHAX T; = T, , T; = T, Ha IIACTHHY IeHCTBYIOT TIOBEpX-
HOCTHBIE YCHJIUS Do, KOTOPBIE B COOTBETCTBUM C (HOPMyIamMu

h h h
TS, = / P dC; M = / piCde; H = / py sinrC dG;
n

—h —h

1 h h (17)
N} = - /pij cosr(d(; Njz=r /pi3 sinr¢ d¢
—~h ~h

MIPUBOASATCS K CTATUYUECKN KBUBAJCHTHBIM UM YCUIUAM W MOMEHTAM, TTPUTOKEHHBIM
B TOYKAX KOHTYDPHBIX JMHUI HA cpeauHHOi nockoctu ¢ = 0. Bapuarus ux paboTsl,
a TakKe OOBEMHBIX U MOBEPXHOCTHBIX ycunuil Fo, = Fo(x1,22), p5,, DS, HA mepeme-
menuax (7) Oyaer paBHa

13—7 2
6A:Z[ (ﬂ?éUj—i- SOW + MSOW,; + H5 61 + Nidpj +
i=1 =1
T34 !
+ Nfé&p)dxg_i i +// (Xﬂs Ui + X36W + Yiduy; + Yadep +
ey @y

+ ]\4L(5VV,Z + mi&p,i) dxq d$2:| R (18)
rJIe BBEJIEHBI B PACCMOTPEHUE BHENTHUE TIOBEPXHOCTHBIE YCUJIUS U MOMEHTBI
X, = —2p%, 4+ 2hFy; Yo =2p5,; M;=—2hpS; m;=2F;/r° (19)

Ucnonw3ysa coornomenus (7), [jisl BapUalu¥ KUHETHYECKON HSHEPIUU ILJIACTUHBI
MOZKHO TIOJIYYUTH BhIpaKeHWe BUJIA

o el
5K = — / / / Dottt dy dicy dC =
h

Ty Ty
+ ot
Ty Tg

:f//(XWHXﬁW+%M+EW+MMW+mw0dmm%(m

Ty Tg
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riie
.. 2

0 Yi | Py : o P33
X; =2p—= | hU; + ==+ G i X3 =2p— | AW ;
p@tQ < + 72 + r2G3 3 p@tQ * r2 L5

. 0% (2 h 4ps,
Yi=—p— |W:i— Wi+ — R ;
P or <7~2 i e Pl )

37‘)\G13
: o 4pss
Vs =p=s (ho+—22); 21
ST ( “”+3ME3)’ (21)
M; = 2pa—2 " Y Pisi | T8, ;
0t2 3 ’ 7“2 T4E3 )\SG13

+ —

62 EU hgﬁ,i
r2 " r2 2G5 3r2)\2F,

. hpgi 2p§3,i
m; = p @ .

IMoncraisist Teneps nosyderHble Boipaskerns (9), (18), (20) B BapranmonHoOe ypas-
Henwe npuHImna Famuabrona — Ocrporpaackoro

/h(éf—éA—éK) dt = 0,
—h

[oCJIe P CTAHAAPTHBIX TPEOOPA3OBAHUI IOy IUM

ty

/ {2 (Mg — M7y) 0W + (N1 — N3y) d ¢

to

d?lzib?- QZQICE;-

+

To=x,

T1=1
+
T
3—1 2

S

J

(Tij = T55) 6U; + (Hij — Hy;) 0] + (Mij — M) 6W i+
1

+ Ny — N2 5. — (@#Tg)awf (§Z—+N;j)5¢} drsi|  +
ot o o
4 [ [ (b + fodW = 1801 — f28Ua — fubin — uduz ) da dxg} at=0, (22
rie N
Q1=Q1+ (M12 - Mfz) » S1 =5+ (N12 - Nfz) S (17_27 (23)

) )

— 0600IIeHHBIE TEPePEe3BIBAIOIITE CUIBI TI0 KupXrody HyIeBOro m mepBoro mpuidInKe-
HU, a

. —_—
Q1= Mg+ Mo+ My — My, Sit=Ni1g+ Nigo+my—mg; (17_27 (24)

— niepepesbiBatoiye cuibl o Kupxrody, onpegessembie u3 ypaBHEHWU PABHOBECHS MO-
MEHTOB HYJIEBOTO U MEPBOTO MPUOTUKEHUIA.
13 (22) caenyior e 060cobGIeHHbIE CUCTEMbI YPABHEHUI JIBUKEHUS

2
fi=Y Ty +Xi—Xi=0, i=1,2; fo=Si1+ S8+ Nsz—Ys =V =0; (25)

j=1
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2
fi+3=ZHij,j—Ni3—Yi—Yi=07 i=1,2 fo=Qi1+Qa2— X3+ X3=0 (26)
=1

U COOTBETCTBYIOIIUE UM FPAHUYHLIC YCIOBHA IPA T; = T; , Tj = :cj'

Ty = T3, ecmn 6U; # 0, Ny = N5, e 0 j # 0, S; = —Nj, ecmm dp # 0, (27)

170 170

Hij = H}., ecmu (51% 7é 0, M;; = M, ecnu (SVV,Z 75 0, @z = — ;3, ecau W 75 0. (28)

R (R

C yd4erom coorBercrByomux coornomenuit (13), (21), (24) ypasuenns (25) u rpa-

HudHble ycaoBusd (27) GbOpMyIupyoTCa OTHOCUTEIBHO TPexX Hen3BecTHbIX dynkuuit Ut ,

Us, ¢, a ypaBuenus (26) u rpanununbie ycaoBus (28) — ornocurenbuo dbyuxiuii W, 11,

9. JINg HUX pa3/udHble KOMOMHAIIMU TPAHUYHBIX YCIOBUH (GOPMYJUPYIOTCS, UCXOIS

u3 (27) u (28) coorsercrBenno. Kpome yKa3aHHBIX BBIIE, B YTIJIOBBIX TOUYKAX [LIACTUHBI
JIOJIZKHBI OBITH COOPMYIUPOBAHBI CTATHIECKAE IPAHUIHBIE YCIOBHS

Mo =M}y n Nig=Ni5, ecmm 6W #0 u 0p #0 COOTBETCTBEHHO.

B ceere mosyueHHbIX panee [13] pe3ynabraroB ypaBHeHHsSMH (25) ONMWCHIBAIOTCS
[IPOIOIBHO-TIONEPedHbIe (POPMBI JUHAMUIECKOTO /1e(hOPMUPOBAHUS, CHMMETPUIHBIE OT-
HOCUTEJIbHO cpeaunnoi miockoctu ¢ = 0, a ypaBaenusamu (26) — u3ruGHO-CABUTOBbIE
dopwMbl, aHTHCHMMETPUYHBIE OTHOCHTENBHO Iiockoctu ( = 0. IlepBble w3 Hux mpu
1 = 0 mpeBpalIaTCa B KjIaCCHYeCKNe YpaBHEHN MIIOCKOH 33/1a9M TeOPUH YIPYTOCTH,
OCHOBaHHBIE Ha paBeHCTBaxX 033 = 0, 013 = 0, 023 = 0, €cin B CUJTy TIEPBOTO U3 ITUX
paBeHCTB B cooTHOIeHusX (13) NpuHATH

—
g1 = E1/(1 —viavm); (1;_2, g12 = vo1 B /(1 — viavar).

2. TlpomoabHble U TPOAOJILHO-TOMEPEeYHbIE (POPMBI
CBOOOTHBIX KOJeDAHUi NPAMOYTOJIBHOMN MJIaCTHHBI

Ecan nna nepememennit U; M KOOpAWHAT X; NPUHATH HOBBIe obo3Hauenns Uy = U,
Uy =V, x1 =2, g = y, TO IPU UCHOJb30BAHUY II0JIyYEHHBIX coOTHOIeHui (13),
(21) ypaBuenns (25) A4 HOCTAHOBKH 3aJa4 O CBOOOTHBIX KOJIEOAHUAX MOTYT OBITH
NPUBEJEHBI K BULY

62V L1 8(,0 o

0z0y T o Y

o2 02
fi= (gllﬁ‘i‘GlQa_yQ‘f'pQ )U+(912+G12)

02U 0? 0? Ly 0O
fo=(g12 +G12) -+ (G12@+922a—y2+PQ2)V =2

8;1'8 h 2 8
61/ 6& ! h 2 ' ! (29)
2
?3_—L1 _5:C+L2_5y+§ |:(L1+g137“ ) —52+

2

0
+ (L2 + g23r?) a7 + gazrt — PQQTQ] ¢ =0,

rae () — Kpyrosast 9acToTa cBOOOIHBIX KOIebanuit; Ly, Ly — muddepernmaababe ore-
paTophl, OnpeaeasieMble BHIPAsKeHUsIMA

0? 0? 9 9
Ly = g11 5 + (g12 + 2G12) 5 + giar™ + p27,
ox dy
82 2 (30)
Ly = 2G12) —= — 2 02
2 = (g12 + 2G12) D22 + g22 9y° + go3r” +p
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C yderom nosyueHHbIX paHee [13] pe3ynbraToB nMeeM, 4To cucTeMa ypapHeHuii (29)
OIUCBIBAET MPOAOTIBHO-MONEPEIHBIE (POPMBI CBOOOIHBIX KOMEGAHUI, ABIAIOIAXCA B 110~
MIEPETHBIX MJIOCKOCTAX & = const m y = const 6ecCaABUTOBBIMU.

Ecnu npunsars ¢ = 0, TO NepBbie JBa ypaBHEHUs CUCTEMbI (29) IpUMYT BU/T

2 0? PV
— — + p? —
(911 52 T G2 57 +p ) U+ (g12 + G12) 920y 0,
aQU 82 62 ) (31)
i e— e —— —_— Q = .
(912 + G12) 900y (G12 o2 T2 E TP ) V=0

DTu ypaBHEHUs B 00IIEM CTy9Yae HE3HAUYUTEIBHO OTINYAOTCS OT YPABHEHUH IIJI0OCKO 3a-
JIa9y TEOPUU YIPYTOCTH (O MIOCKOM HAIPSI?KEHHOM COCTOSIHUM ), ¥ B TOYHOCTU K HUM OHU
cBOATCs UpU BBeseHun npeanosoxennil (1). CienoBaresnbHo, UMY OLKUCHIBAIOTCS KIIAC-
cUYecKne MpomoabHbIe (GOPMBI KOMeOAHUM, BKIOYAIONINE B ce0d M CABUTOBBIE (DOPMBI
B IIJIOCKOCTH T .

[penmnonoxkum, uTo Ha Kpomkax miractuabl £ =0,  =a, u y =0, y = b rpanny-
HBIE YCJIOBUS TAKOBBI, 9TO OHU BBIMOJHSIOTCS B KJacce (DyHKITH

U, y) =Umn X1 Yo, V(z,y) =V XY, n=12,..., m=12,..., (32
rae X,, U Y, FBIAAIOTCS JUHEHHBIMA KOMOMHAIIMAMEA TPUTOHOMETPUIECKUX (DYHKIIHIHA:
X = SIn A + iy cOS Az, Yy, = Sin piy + B, €OS iy (33)

C aMITATYIHBIMU 3HAYEHUAMA Uy, Vi, mepemermenuit U, V' u mapaMeTpamMu
Ams By Hns Am = mm/a, fi, = n7/b, NO3BONSIONNMHA YIOBJIETBOPHTH (HOPMYIHDYe-
MBIM yCJIOBHsIM. B 9acTHOCTH, IrpaHUYHBIE YCIOBUS BUIA

Uy;=0, V=0 mpu =0, z=aq, (34)
Vy=0, U=0 mpn y=0, y=0b
ynosaersopsitorcst st byHkuui X, = sin Ay, z, Y, = sinp, y, COOTBETCTBYOIINX
MAPHUPHOMY OMHUPAHUI0 KPOMOK.
Eciu noacrasurs Beipazkennd (32) B ypasuenus (31), yuects (33) u BBecTH B pac-
cMoTpenne Ge3pasMepHbIe MapaMeTpPhl

Gia 922 ~ gi12 Mﬁ p92
g=— 90 = —, g12 = —, n=<5 Wm = — 5> 35
gi1 gi1 g11 )\3” " 911)\,,2,1 ( )
TO TIOIYYIUM CHUCTEMY JABYX OZHOPOIHBIX aJreOpamvIecKuX ypaBHEHHI
(Wm -1- gn)Umn - (9 + 512)77an =0, (36)

(g + §12)nU7rz7L + (wm —-1- 9077)an =0.

U3 aux npu 1 = 0, 9TO COOTBETCTBYET OECKOHEUHO IUPOKOil tactute (To ecth a/b —
— 00), unu nupu n = 0 caexyor e HOPMyIIbL JJisd YACTOTHOTO MapaMerpa

Wmi1 =9, wWm2=1, (37)
KOTOpbIE ¢ yaeroM dhopmys (35) NPUHUMAIOT BUI

mT mm

P, = G2\, = Gia ( )27 pQra = g, = g (7)2- (38)

a
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Tabdn. 1

g n=0 n=1 n=4 n=9

Wm1 Wm2 Wm1 Wm2 Wm1 Wm?2 Wm1 Wm2
0 0.000 | 1.000 | 0.700 | 1.300 | 0.884 | 4.116 | 0.900 | 9.100

1/2.6 | 0.385 | 1.000 | 0.700 | 2.069 | 1.810 | 5.113 | 3.717 | 10.129

ITo mepBoit u3 3TUX HOPMYI ONpEIETIETCS IACTOTA IUCTO CABUTOBBIX (hOPM CBODOTHBIX
KoJiebaHnuii, a o BTOPOil (pOpMyJie — 9uCTO MPOJOJIBHBIX (GOPM CBOOOIHBIX KOJIEOAHUIA,
COBEPINAIOIIUXCS B HAPABJIEHUN OCH I C COXPAHEHWEM TLIOCKOH (hOPMBI MOTEPETHBIX
ceyenuili x = const.

B ofiem cayuae, korga 1 # 0, ycaoBue HeTPUBUAJILHOCTH perenuii cucrembr (36)
IS OTIPENIEeNIEHUs MapaMerpa JacTOThl KOJeOaHmil w,, MTPUBOAUT K XapaKTepUCTHIe-
CKOMY YPaBHEHUIO BUIA

wg@ — (lim — lom)wm + b =0, (39)
B KOTOPOM
bm=1+gn, lom=9+90m, Ln="Umnlom — (g+ g12)n. (40)

Pemenusavu ypasuenus (39) saBiagiorcs KOpHU

Wmi,m2 = llm + Z2m + \/(llm - Z2m)2 + 477(9 + 512)2 /27 (41)

3HAYEHUs] KOTOPBIX NPUBEIEHBI B Taba. 1 JUIsT CIEAYIONUX TapaMeTpoB W30TPOITHON
TJIACTUHBL: go = 1 (911 = 922), 512 = 912/911 ~ Vi = 0.3.

Vdaer nomepednoro o6KaTus ILTACTHHBI, MO3BOJAIONIA BbISBUTH HEKJIACCHIECKHUE
IPOAOTBHO-TIONIEPEeTHbIEe (POPMBI CBOOOIHBIX KOJIEDAHMI, TPUBOANT K HEOOXOINMOCTH
UHTerpupoBaHus cucrembl ypasaenuii (29). g ee npeoObpazoBanud B JIONOJHEHHE
K omeparopaM (31) BBemeM B paCCMOTPEHUE ONEPATOPI

2 2 2 2

0
h=gnz5+Go2=5+p0, L=GCGu— — +p Q2. 42
1= 9155 + G2 0,2 +pl7, b 1253 + ga2 22 +p (42)

Torna neBble 9acTH MEPBBHIX IBYX YPABHEHUN MOYXKHO MEPENNCATh B BUJE

62V L1 &p
fl_h(UH(Gl”g”)ax—ay‘LW%’ "
82U L2 8(,0
fo = (G12 + g12) 920y +10(V)+ 72 a_y
Ecnm, nanee, coctaButh KoMOMHAIIAN
02 02
lo(f1) — (Gi2 + g12) 8m£2y =0, (f2)— (G2 +g12) amgly =0, (44)

TO BMECTO I€PBBIX JBYX ypaBHeHUil cucrembl (29) nosyuum npeobpa3oBaHHbIE ypaBHE-
HUSA BUIA

1 62 82 62 5 a(p
L(U) = ) [L2 (912 + G12) a2 Ly (Gm@ + g22 92 +pQ )} oz’ )

1 o? o? o? D
L(Y)= ) {L1 (g12 + G12) Frche Lo (911 E) + G2 8_y2 +p92>} a—y,
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riie

H? H? 9 0? 0?
L= <911@+G126—y2+/79 > (GuﬁJrgzga—yQerQQ) —

4

2
(912 + G12) 922 02

(46)

C yuerom ypapreruii (45) Tperbe ypapHeHne cucTeMbl (29) MorKer GbITh TPUBEIEHO
K pa3pemIaloneMy ypPaBHEHHAIO OTHOCUTENIbHO DYyHKIUH

2 2 2,4, 2,2 )02
LI(L 2\ 2 L 2.\ 2 17933 - T™rep

{( L) 5 (L) o+ T TP o

4 84 82 82
201: Gi2) == — Oisle = — 933li = | p = 0. (47
+ PR { 913923 (912 + G12) 927 D12 9132 55 ~ gash GyQ} ® (47)

Pemienue ypasuenus (47) 6yaem uckarb B BUJIE

Y = 6mn Xm Yo, (48)

oHO, coBMmecTHO ¢ pemenugmu (32) nupu X, = sin A, z, Y, = sinpu, y, Ha KpoMkax
MIACTHHBI YOBJIETBOPSCT TPAHUIHBIM YCIOBUSM MMAPHAPHOTO ONAPAHUST
T, =0, V=0, Ni1=0, o=0 mpm =0, x=a,

(49)
U=0, Teo=0, Noy=0, ¢=0 mpu y=0, y==ob.

IMoncragasist permennst (48) B ypasuenne (47), ucnonbsys dbyukimu (33), BBojs Ge3-
pasMepubie napamerpsl (35) u oboznadenus

Gi3 = g13/911, 1=1,2,3; Ty =7/An, Lm=1+22g+ gi2)n+gon°,  (50)

U3 yCJIOBUSA CYNIECTBOBAHUS HETPUBUAIBHBIX perieHuil O, 7# 0 mosydaem xapakTepu-
CTUYeCKOe ypaBHEHUe

2 ’/T27"2
[wm - (llm + lQm)wm + lm} |:wm (]_ +n+ . _m8> — L+

~ ~ w21 Ga3 8rit -
+2r7, (913 + 1 g23) — R ] T a3 [wm (975 +ngas) +

+ 2013923 (9 + G12) 1 — Gislam — Gashimn | = 0. (51)

Ananorndanas nojcranoska perennii (32) u (48) B ypasuenus (45) ¢ yderom dbyHK-
muii (33) u obozuauenuii (35), (50) IPUBOIUT K 3aBUCUMOCTIM

(g + 512) (LQm - Wm) n— (le - Wm) (l2m - Wm) 4h>\m o

Umn - Omn’
w% - (ZQ’"L + Z2m) Wy, + Zm 2 (52)

|7 — (g + §12) (le - wm) U (L2m — wm) (Zlm — wm) 4h’um 6

" w?n - (l2m + lQm) Wi + 2 mn;s

re
Lim =14 (294 G12) n+ 72,13, Lom =29+ Gi2 + gon — 72, Go3- (53)



YTOYHEHHA Y TEOPUSA OPTOTPOIIHBIX ITJTACTUH 111

MoxkHO yGeauThest, 910 /171st GECKOHEYHO TMMPOKOI TracTuHbl, Korga 1 = 0, ypas-
uenve (51) mpeacTaBuMO B BH/IE

(wm - g) (Wm - 1)2 — 2qm (Wm - 1) —pm| =0, (54)

e
qQm = ,/Tzrfrln 533 - 2T3n §13 + (Wz _ 8) -’ 7“%1 P = —5— 8T'Arln §123
" 2(m2r2 + w2 —8) P p2r2 42 -8

IMonyuennoe ypasuenue (54) umeer Tpu KOpHs

Wm1 =g, Wm2=1+qn— V (J?n +Pm, Wm3=1+qn+ q72n + P, (55)

MEPBBINl 13 KOTOPBIX COOTBETCTBYET CABHUTOBBIM (pOpMaM KoJeOaHuUil, COBEPIIAIONTNXCSA
B IJIOCKOCTH Ty, a ABa Apyrux (npu veg = 0) — 6ECCABUIOBBIM I1POI0JIbHO-TIONEPEUHBIM
KosilebaHusAM, IeTaJIbHO UCCae0BaHHbIM panee [13] ais crepxkug-nosnocs. Ecau BBectu
npeanooxenue giz = 0 (10 ectb v13 = 0), TO B CUILY TOTO, 9TO Py, = 0, ABa NOC/IEIHUX
KopHs (55) OKA3BIBAIOTCS PABHBIMU

m2rd Gag + 72 — 8

m:]-; m3 — ) 56
i s = T (56)

U3 KOTOPBIX W2 COOTBETCTBYET YUCTO MPOJOILHBIM KOJTCOAHUAM, COBEPITAIONIAMCA B
HAMPABJICHAN OCH T C COXPAHEHMWEM TIJIOCKOH (POPMBI TIOTICPETHOTO CEUCHUS, & Wi,3 —
MTPOIOIBHO-TIONEPETHBIM KOJTCOAHAM.

Ecmm e BBectn mpeanonoxkenne ¢13 = 0, gos = 0, TO 178 MIACTHHB KOHETHO
mupubbl (1 # 0) 1yd 0epBbIX ABYX KOpHeHl ypaBHenus (51) MOXKHO TOJIyYUTH T€
JKe BhIpakeHus (41), KOTOPBIE COOTBETCTBYIOT DENEHWsIM JAUHAMWYECKUX yDABHEHUH
MIOCKO# 3429 TEOPUH YIPYTOCTH, & IJIS TPEThero KOPHS — BLIPAYKCHUE

2,4 = 2,.2
~ T 33 T
W3 = 1+2(29+912)77+90772+ﬁ98]/(1+77+7T2—m)7 (57)
KOTOPOE COOTBETCTBYET OJHOH M3 BO3MOXKHBIX MPOJOJLHO-IONEPEUHBIX (GOpM Komeha-
HUA.
B o6uienm cayuae, korga n # 0, g1z # 0, ypasuenue (51) npeacrasumo B dopme

(Wm - Wml) (Wm - WmQ) (wm - QmB) — Pmn Wm + qmn = 0, (58)
rie
s — s 2r2, (q13 + g3 ) Do = 8r (955+:9337)
m3 m3 1+ n+ 7T27”3n (7T2 — 8)7 mn ’/TQTEH + (]_ + 77) (7‘(2 _ 8)7

87, (975 lom + 935 lim 1 — 2013 G23 (9 + G121)]
T3, 4+ (L+n) (72 — 8)
YuciienHoe ucciegoBaHie 3TOI0 ypaBHEHHUs HIPOBEJEHO /s I1apaMeTpoB ILIACTUHbI
go = 1 (10 ectb goo = g11); g12 = 0.3 (10 ectb 12 = vo1 = 0.3); g = 1/2.6
U OpU BapbUPOBAHMU APYTUX MAPAMETPOB (13 = go3, g33, 7, a/(2h) B upememax
0<9313<03,01<93g33<1,0<7n<9,2<a/(2h) < 10. Hexkoropbie pe3yib-
TAThI BLIYACJICHUH MTPUBEICHBI B TaOM. 2 U 3. AHAIN3 3TUX PE3yIbTATOB MOKA3AT, 9TO

BCEria UMeeTcs 9acToTa

qmn =

W:nl = Wml = |:l1m + l2m - \/(llm - l2m)2 + 47’ (g + 512)2}/27
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Tabn. 2
gz =1
a/2h | 13 | m n=20 n=1 n==4 n=29
w5 w3 wy w3 w5 w3 w5 w3
1 1.00 3.86 2.07 3.83 4.21 5.11 5.97 10.13
2 1.01 1.01 1.29 2.07 3.00 5.11 6.97 10.13
3 0.61 1.00 1.19 2.07 3.62 5.11 8.28 10.13
4 0.57 1.00 1.35 2.07 4.10 5.11 8.97 10.13
0 5 0.61 1.00 1.50 2.07 4.39 5.11 9.35 10.13
6 0.67 1.00 1.62 2.07 4.59 5.11 9.57 10.13
7 0.72 1.00 1.72 2.07 4.71 5.11 9.71 10.13
8 0.77 1.00 1.78 2.07 4.80 5.11 9.80 10.13
9 0.80 1.00 1.84 2.07 4.86 5.11 9.87 10.13
10 | 0.83 1.00 1.87 2.07 4.90 5.11 9.92 10.13
2 1 0.90 3.85 1.78 3.91 3.15 5.71 4.82 10.50
2 0.70 1.20 1.03 2.17 2.63 5.19 6.51 10.20
3 0.49 1.04 1.04 2.10 3.41 5.14 8.04 10.16
4 0.49 1.02 1.24 2.09 3.96 5.13 8.82 10.14
0.3 5 0.55 1.01 1.42 2.08 4.30 5.12 9.95 10.14
6 0.62 1.01 1.57 2.08 4.52 5.12 9.50 10.14
7 0.68 1.01 1.67 2.07 4.66 5.12 9.66 10.13
8 0.73 1.00 1.75 2.07 4.76 5.12 9.76 10.13
9 0.78 1.00 1.81 2.07 4.83 5.12 9.84 10.13
10 | 0.81 1.00 1.85 2.07 4.88 5.11 9.89 10.13
1 1.00 | 99.81 | 2.07 | 99.63 | 5.11 | 99.11 | 10.13 | 98.32
2 1.00 | 24.82 | 2.07 | 24.66 | 5.11 | 24.27 | 10.13 | 23.95
3 1.00 | 10.94 | 2.07 | 10.81 | 5.11 | 10.64 | 10.13 | 10.97
4 1.00 6.10 2.07 6.01 5.11 6.10 7.15 10.13
0 5 1.00 3.86 2.07 3.83 4.21 5.11 5.97 10.13
6 1.00 2.66 2.07 2.69 3.37 5.11 5.76 10.13
7 1.00 1.95 2.04 2.07 3.01 5.11 5.93 10.13
8 1.00 1.50 1.66 2.07 2.90 5.11 5.93 10.13
9 1.00 1.20 1.43 2.07 2.92 5.11 6.62 10.13
10 | 1.01 1.01 1.29 2.07 2.92 5.11 6.97 10.13
10 1 0.93 | 99.77 | 1.92 | 99.55 | 4.73 | 98.93 9.31 98.03
2 0.92 | 24.78 | 1.91 | 24.59 | 4.65 | 24.19 8.92 24.11
3 0.92 | 10.91 | 1.89 | 10.77 | 4.45 | 10.77 7.43 12.69
4 0.91 6.07 1.85 6.01 3.93 6.79 5.52 10.89
0.3 5 0.90 3.85 1.78 3.91 3.15 5.71 4.82 10.50
6 0.89 2.67 1.65 2.91 2.64 5.42 4.85 10.36
7 0.86 1.99 1.45 2.47 2.44 5.30 5.19 10.28
8 0.82 1.58 1.25 2.29 2.42 5.24 5.63 10.24
9 0.77 1.34 1.11 2.21 2.50 5.21 6.08 10.22
10 0.7 1.20 1.03 2.17 2.63 5.19 6.51 10.20

KOTOpas He 3aBUCUT OT TapaMeTPOB U COOTBETCTBYET CABUTOBBLIM B IIJIOCKOCTU TY (1)Op—

mMam Kosiebanuii. 3Hadenue BTroporo KopHsa ypasaerus (58) wy,

— *
= Wy,9, COOTBETCTBY-
IOIEro MPOIOIbHO-TIONEPedHbiM hOopMaM KoIeOaHul, P BCEX PACCMOTPEHHBIX Tapa-

MeTpax IJIACTUHBI HUKE 3HAUEHUI 9aCTOTHI Wyy,2, ONpeaeaseMoil mo dgpopmyie (41)

Wm2 = llm + l2m + \/(llm - Z2m)2 + 477 (g + 512)2}/2'
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Taba. 3
gs3 = 0.1
a/2h | 13 | m n=20 n=1 n=4 n=29
w5 w3 wy w3 w5 w3 w5 w3

1 0.43 | 1.00 | 0.54 | 2.07 | 1.30 5.11 3.52 10.13

2 0.24 | 1.00 | 0.64 | 2.07 | 2.54 5.11 6.66 10.13

3 0.33 | 1.00 | 0.98 | 2.07 | 3.49 5.11 8.21 10.13

4 0.44 | 1.00 | 1.26 | 2.07 | 4.05 5.11 8.95 10.13

0 5 0.55 | 1.00 | 1.46 | 2.07 | 4.37 5.11 9.34 10.13
6 0.63 | 1.00 | 1.60 | 2.07 | 4.57 5.11 9.56 10.13

7 0.70 | 1.00 | 1.70 | 2.07 | 4.71 5.11 9.71 10.13

8 0.75 | 1.00 | 1.78 | 2.07 | 4.79 5.11 9.80 10.13

9 0.79 | 1.00 | 1.83 | 2.07 | 4.86 5.11 9.87 10.13

10 | 0.83 | 1.00 | 1.87 | 2.07 | 4.90 5.11 9.91 10.13

2 1 0.40 | 1.01 | 0.51 | 2.07 | 1.23 5.12 3.42 10.13
2 0.23 | 1.00 | 0.62 | 2.07 | 2.50 5.11 6.61 10.13

3 0.32 | 1.00 | 0.96 | 2.07 | 3.47 5.11 8.18 10.13

4 0.44 | 1.00 | 1.24 | 2.07 | 4.03 5.11 8.93 10.13

0.3 5 0.54 | 1.00 | 1.45 | 2.07 | 4.36 5.11 9.32 10.13
6 0.63 | 1.00 | 1.60 | 2.07 | 4.57 5.11 9.56 10.13

7 0.70 | 1.00 | 1.70 | 2.07 | 4.70 5.11 9.70 10.13

8 0.75 | 1.00 | 1.77 | 2.07 | 4.79 5.11 9.80 10.13

9 0.79 | 1.00 | 1.83 | 2.07 | 4.85 5.11 9.86 10.13

10 | 0.82 | 1.00 | 1.87 | 2.07 | 4.90 5.11 9.91 10.13

1 1.00 | 998 | 2.07 | 9.97 | 5.11 9.95 10.00 | 10.13

2 1.00 | 2.49 | 2.07 | 2.49 | 2.59 5.11 3.04 10.13

3 1.00 | 1.11 | 1.14 | 2.07 | 1.42 5.11 2.42 10.13

4 0.64 | 1.00 | 2.07 | 2.07 | 1.21 5.11 2.83 10.13

0 5 0.43 | 1.00 | 0.54 | 2.07 | 1.30 5.11 3.52 10.13
6 0.32 | 1.00 | 0.49 | 2.07 | 1.51 5.11 4.27 10.13

7 0.27 | 1.00 | 0.50 | 2.07 | 1.76 5.11 4.98 10.13

8 0.25 | 1.00 | 0.53 | 2.07 | 2.03 5.11 5.62 10.13

9 0.24 | 1.00 | 0.58 | 2.07 | 2.29 5.11 6.18 10.13

10 | 0.24 | 1.00 | 0.64 | 2.07 | 2.54 5.11 6.66 10.13

10 1 0.99 | 9.98 | 2.04 | 9.97 | 4.98 | 10.01 8.85 11.13
2 098 | 249 | 1.95 | 2.59 | 2.46 5.17 2.85 10.17

3 092 | 1.17 | 1.08 | 2.10 | 1.34 5.13 2.28 10.14

4 0.60 | 1.02 | 0.67 | 2.08 | 1.14 5.12 2.71 10.14

0.3 5 0.40 | 1.01 | 0.51 | 2.07 | 1.23 5.12 3.42 10.13
6 0.30 | 1.00 | 0.46 | 2.07 | 1.45 5.12 4.18 10.13

7 0.25 | 1.00 | 0.47 | 2.07 | 1.70 5.12 4.90 10.13

8 0.23 | 1.00 | 0.50 | 2.07 | 1.98 5.11 5.55 10.13

9 0.22 | 1.00 | 0.56 | 2.07 | 2.24 5.11 6.12 10.13

10 | 0.23 | 1.00 | 0.62 | 2.07 | 2.50 5.11 6.61 10.13

OHM TOCTATOYHO CUIBHO 3ABUCAT OT OTPEIESIONEro napaMerpa sz, ITO yKa3bIBAET
HA WX 3HAYUTENBHYIO MPAKTUIECKYH 3HAYMMOCTD s JIACTHH U3 BOJOKHHUCTBIX KOM-
NO3UTHBIX MaTepuanos. Tak, HApuUMep, CPABHUBAA 3HAYEHHUS Wy,2, PUBEJICHHBIE B
tabia. 1, co 3HaUeHUSAMH w5, ONpUBEAeHHBIME B Tabs. 2 (pm gss = 1, 910 cooTmer-
CTBYET U30TPOIHOMY Marepuasty) u tadia. 3 (npu gsz = 0.1), MOXKHO BUJETH, YTO TIPU
YMEHBINEHNH apaMeTpa 1) W MAJbIX 3HAYEHUSX (33 OTHONIEHWE W) o/Wma CTAHOBUTCS
3HAYNTEHHO MEHBINE €IUHUIIBI.
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Kak Bumro u3 Taba. 2 u 3, HaubobIlne 3HAYEHNS UMEET TPETUil KOPeHb ypaBHe-
uus (58). g ero BbIUUCIEHUS, KAK [I0KA3aJU PACUYeThI, C MOIPEIIHOCTbIO0 4% MOXKHO
peKoOMeHI0BATE (POPMYITY

o o Ym2 (2 —8) + w2rik, g3z — 212, (13 + G23 M)
"3 ,/TQT%L + (1 + 77) (7T2 - 8)

Pa6ora soinosnnena npu noguep:xkke PODOU (npoekr Ne 12-01-00279-a).

Summary

V.N. Paimushin, T.V. Polyakova. On a Variant of the Improved Theory of Ortotropic
Plates: Nonclassical Forms of Free Fluctuations.

This paper offers an improved variant of the equations of free fluctuations of ortotropic
plates constructed as a first approximation by the reduction of the three-dimensional equations
of the theory of elasticity to the two-dimensional equations of the theory of plates by using
trigonometric basic functions and by satisfying static boundary conditions on boundary
surfaces. The solutions to these equations are found for a plate with jointedly supported edges.
The equations are divided into two isolated systems of equations. The first system describes
the nonclassical shiftless longitudinal-transverse forms of free fluctuations accompanied by
a distortion of the flat form of the transverse sections. It is shown that the fluctuation
frequencies corresponding to these forms at some geometrical parameters of a plate strongly
depend on Poisson’s ratio and elasticity module in a transverse direction and, for plates of
a medium thickness with the same frequency parameter (tone), can be considerably lower than
the frequencies corresponding to the classical longitudinal forms of free fluctuations proceeding
with preservation of the flat form of the transverse sections. The second system of equations
describes the transverse bend-shift forms of free fluctuations, the frequencies of which decrease
at the reduction of the transverse shift module. According to the quality and pithiness, these
equations are almost equivalent to the similar equations in the known variants of improved
theories, but, unlike them, under the increase in the tone number and the reduction of thickness
ratio, lead to the solutions obtained within the classical theory of rods.

Key words: ortotropic plate, improved theory, trigonometric functions, free fluctuations,
longitudinal-transverse form, fluctuation frequencies.
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