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Abstract—C. M. Weinbaum [1] showed the following: Let w be a primitive word and a be letter in
w. Then a conjugate of w can be written as uv such that a is a prefix and a suffix of u, but v neither
starts nor ends with a, and u and v have a unique position in w as cyclic factors. The latter condition
means that there is exactly one conjugate of w having u as a prefix and there is exactly one conjugate
of w having v as a prefix. It is this condition which makes the result non-trivial.
We give a simplified proof for Weinbaum’s result. Guided by this proof we exhibit quite different,
but still simple, proofs for more general statements. For this purpose we introduce the notion of
Weinbaum factor and Weinbaum factorization.
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1. INTRODUCTION

Words w and w′ are conjugated if there exists a word v such that wv = vw′. Cyclic factors of a
primitive word w are factors of conjugates of w. A cyclic factor u has a unique position in w, if there is
exactly one conjugate of w having u as a prefix. Weinbaum showed in [1] that for each letter a occurring
in a primitive word w there exists a conjugate uv of w such that: both factors u and v are uniquely
positioned in w, the cyclic factor u begins and ends with a, but v neither begins nor ends with a.

In this paper we present variations and simple proofs of Weinbaum’s result. Guided by these proofs we
obtain in fact more general statements. This leads us to the notion of Weinbaum factor and Weinbaum
factorization (or W-factorization for short). A Weinbaum factor of a primitive word w is a cyclic factor
which satisfies some natural condition which is sufficient to prove an analog of Weinbaum’s result, if we
replace the letter a by a factor f . Moreover, a Weinbaum factor provides us with another factor g, which
we call a complementary marker, and in theorem 2 we establish a W-factorization for the pair (f, g)
instead of a single letter (or factor) as in Weinbaum’s original result.

In Section 5 we prove the existence of W-factorizations by employing Lyndon words with respect
to specific lexicographic orders. In Section 6 we consider W-factorizations without orderings of the
alphabets. The main result there is Theorem 3, it states that a W-factorization of a word w for a
Weinbaum factor f is found be iterating a given relation R at most logΦ(n) many times for n = |w|,
where Φ is the golden ratio. In Section 7 we prove that the bound is tight by providing a lower bound
for this number of iterations by a variant of Fibonacci words which correspond to so-called singular
factors in the infinite Fibonacci sequence.

Finally, in Sections 8 and 9 we somewhat reverse our viewpoint. We start with a word f (or with a
suitable pair of words f and g). Corollary 9 says that for all f with at least two letters there are primitive
words having f as a factor, but without any W-factorization for f . On the other hand, the proportion
of words with a W-factorization for f and g tends rapidly to 1, as soon as f and g satisfy some trivial
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