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ÓÄÊ 539.3�ÅØÅÍÈÅ ÇÀÄÀ×È ÓÑÒÎÉ×ÈÂÎÑÒÈ ÒÎÍÊÎÉÎÁÎËÎ×ÊÈ Ï�È ÈÌÏÓËÜÑÍÎÌ ÍÀ��ÓÆÅÍÈÈË.Ó. Áàõòèåâà, Ô.Õ. ÒàçþêîâÀííîòàöèÿ�àññìîòðåíà çàäà÷à óñòîé÷èâîñòè òîíêîé îáîëî÷êè ïîä äåéñòâèåì îñåâîé èìïóëüñíîéíàãðóçêè. Ïðåäëîæåí íîâûé ïîäõîä ê ïîñòðîåíèþ ìàòåìàòè÷åñêîé ìîäåëè, îñíîâàííûéíà ïðèíöèïå ñòàöèîíàðíîñòè äåéñòâèÿ Îñòðîãðàäñêîãî � �àìèëüòîíà. Ïîêàçàíî, ÷òî çà-äà÷à ñâîäèòñÿ ê ñèñòåìå íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé, êîòîðûå ìîãóò áûòüðåøåíû ÷èñëåííî, à òàêæå ñ ïîìîùüþ ðàçðàáîòàííîãî àâòîðàìè àëãîðèòìà ïðèáëèæåí-íûõ âû÷èñëåíèé. Âûâåäåíà �îðìóëà, îïðåäåëÿþùàÿ çàâèñèìîñòü ìåæäó èíòåíñèâíîñòüþíàãðóçêè è íà÷àëüíûìè óñëîâèÿìè çàäà÷è. Â óêàçàííîé ïîñòàíîâêå ðåøåíà çàäà÷à óñòîé-÷èâîñòè êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè, äëÿ îïðåäåëåíèÿ êðèòè÷åñêîãî çíà÷åíèÿ èì-ïóëüñà íàãðóçêè èñïîëüçîâàíà òåîðèÿ óñòîé÷èâîñòè äâèæåíèÿ À.Ì. Ëÿïóíîâà.Êëþ÷åâûå ñëîâà: îáîëî÷êà, óñòîé÷èâîñòü, èìïóëüñ.ÂâåäåíèåÑòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ñåðèè ðàáîò [1�3℄, ïîñâÿùåííûõ ïîñòàíîâêå çà-äà÷ óñòîé÷èâîñòè òîíêèõ îáîëî÷åê. Èçó÷åíèå îñîáåííîñòåé ïîâåäåíèÿ îáîëî÷å÷íûõêîíñòðóêöèé (ëåòàòåëüíûõ àïïàðàòîâ, ñóäîâ, àâòîìîáèëåé è ò. ï.) ïîä âîçäåéñò-âèåì ðåçêî èçìåíÿþùèõñÿ íàãðóçîê èíòåðåñíî êàê ñ òåîðåòè÷åñêîé ñòîðîíû, òàê èñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ. Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè äëÿ òàêîãîðîäà çàäà÷ âîçíèêàþò îïðåäåëåííûå òðóäíîñòè. Àâòîðû èçâåñòíûõ íàì òåîðåòè÷å-ñêèõ èññëåäîâàíèé [4℄ òðàêòóþò íàãðóæåíèå êàê ¾ïðèäàíèå íåêîòîðîé íà÷àëüíîéñêîðîñòè¿ òîðöàì îáîëî÷êè, è èññëåäóþò âîçíèêàþùèå ïðè ýòîì âîëíîâûå ïðî-öåññû. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è,ïîçâîëÿþùàÿ îïðåäåëèòü êðèòè÷åñêîå çíà÷åíèå èìïóëüñà íàãðóçêè è ïàðàìåòðûâîëíîîáðàçîâàíèÿ.1. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëèÏóñòü íà îáîëî÷êó äåéñòâóåò ïðîäîëüíàÿ ñæèìàþùàÿ íàãðóçêà q , êîòîðóþ çà-äàäèì â âèäå

q(t) = I ∆(t),ãäå I � èíòåíñèâíîñòü èìïóëüñà, ∆(t) � äåëüòà-�óíêöèÿ Äèðàêà.Èç âàðèàöèîííîãî ïðèíöèïà Îñòðîãðàäñêîãî ��àìèëüòîíà èìååì
δ

t∫

0

L dt = 0, (1)5



6 Ë.Ó. ÁÀÕÒÈÅÂÀ, Ô.Õ. ÒÀÇÞÊÎÂ
t � âðåìÿ, L = K − P + A � �óíêöèÿ Ëàãðàíæà, P � ïîòåíöèàëüíàÿ ýíåðãèÿäå�îðìàöèè, îïðåäåëÿåìàÿ �îðìóëîé

P =
h

2E

∫∫ [(
∇2F

)2
− 2(1 + ν)

(
∂2F

∂x2
·
∂2F

∂y2
−

(
∂2F

∂x∂y

)2
)]

dx dy+

+
D

2

∫∫ [(
∇2w

)2
− 2(1 − ν)

(
∂2w

∂x2
·
∂2w

∂y2
−

(
∂2w

∂x∂y

)2
)]

dx dy, (2)äâîéíîå èíòåãðèðîâàíèå çäåñü è íèæå ïðîâîäèòñÿ ïî îñåâîìó ñå÷åíèþ îáîëî÷êè S ;
D =

E h3

12(1 − ν2)
� èçãèáíàÿ æåñòêîñòü îáîëî÷êè, h � òîëùèíà, E � ìîäóëü óïðó-ãîñòè, ν � êîý��èöèåíò Ïóàññîíà; w , F � ïîäëåæàùèå îïðåäåëåíèþ �óíêöèèïðîãèáà è íàïðÿæåíèé, ñâÿçàííûå óðàâíåíèåì íåðàçðûâíîñòè äå�îðìàöèé

1

E
∇4F +

∂2w

∂x2
·
∂2w

∂y2
−

(
∂2w

∂x∂y

)2

+ kx

∂2w

∂y2
+ ky

∂2w

∂x2
= 0, (3)

kx, ky � êðèâèçíû êîîðäèíàòíûõ ëèíèé îáîëî÷êè.Äëÿ êèíåòè÷åñêîé ýíåðãèè K è ðàáîòû âíåøíèõ ñèë A èìååì ñîîòâåòñòâåííî�îðìóëû
K =

ρ h

2

∫∫
(ẇ)

2
dx dy, ẇ =

∂w

∂t
, (4)

A = −
h

E

∫∫ (
∂2F

∂y2

) ∣∣∣∣∣
x=0,L

[
∂2F

∂y2
− ν

∂2F

∂x2
−

E

2

(
∂w

∂x

)2
]

dx dy, (5)
ρ = E/V 2 � ïëîòíîñòü, V � ñêîðîñòü çâóêà â ìàòåðèàëå îáîëî÷êè.Òåîðåìà 1. Ïóñòü èñêîìàÿ �óíêöèÿ ïðîãèáà ïðåäñòàâèìà â âèäå

w(x, y, t) =
m∑

i=1

fi(t)ϕi(x, y), m ≥ 2, (6)ãäå ϕi(x, y) � çàäàííàÿ ñèñòåìà îðòîãîíàëüíûõ íà S áàçèñíûõ �óíêöèé, fi(t)äâàæäû äè��åðåíöèðóåìû íà (0, t) . Òîãäà �óíêöèè fi(t) îïðåäåëÿþòñÿ ñèñòåìîéäè��åðåíöèàëüíûõ óðàâíåíèé
d

dt

(
∂K

∂ḟi

)
+

∂P

∂fi

= 0, i = 1, 2, . . . , m, (7)ïðè÷åì íà÷àëüíûå çíà÷åíèÿ fi(0), ḟi(0) ñâÿçàíû ñ èíòåíñèâíîñòüþ èìïóëüñà íà-ãðóçêè �îðìóëàìè̇
fi(0) =

Ifi(0)

∫∫ (
∂ϕi

∂x

)2

dx dy

2ρ

∫∫
ϕ2

i dx dy

, i = 1, 2, . . . , m (8)Äîêàçàòåëüñòâî. Îáîçíà÷èì L′ = K − P , òîãäà èç (1) ïîëó÷èì
δ

t∫

0

L′dt + δ

t∫

0

Adt = 0. (9)
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δL′ =

m∑

i=1

∂L′

∂ḟi

δḟi +

m∑

i=1

∂L′

∂fi

δfi.Èíòåãðèðóÿ ïåðâîå ñëàãàåìîå â (9) ïî ÷àñòÿì, áóäåì èìåòü
δ

t∫

0

L′dt =

m∑

i=1



∂L′

∂ḟi

δfi

∣∣∣∣∣

t

0

+

t∫

0

(
∂L′

∂fi

−
d

dt

(
∂L′

∂ḟi

))
δfi dt



 .Èñïîëüçóÿ �îðìóëû (5) è (6), íàéäåì âûðàæåíèå äëÿ âíåøíåé ðàáîòû
A = q(t)

m∑

i=1

ci f2

i , ci =
h

2

∫∫ (
∂ϕi

∂x

)2

dx dy, i = 1, 2, . . . , m,îòêóäà, ïîëüçóÿñü �èëüòðóþùèì ñâîéñòâîì äåëüòà-�óíêöèè Äèðàêà, ïîëó÷èì
δ

t∫

0

Adt = I

m∑

i=1

ci fi(0) δfi(0).Óðàâíåíèå (9) ñ ó÷åòîì íàéäåííûõ âûðàæåíèé è ðàâåíñòâ
∂L′

∂ḟi

=
∂K

∂ḟi

,
∂L′

∂fi

= −
∂P

∂fiïðèâîäèò íà èíòåðâàëå (0, tk) (tk - ìîìåíò ïîòåðè óñòîé÷èâîñòè) ê ñèñòåìå óðàâ-íåíèé (7) è äîïîëíèòåëüíûì óñëîâèÿì
∂K

∂ḟi

δfi

∣∣∣∣∣

tk

0

+Icifi(0)δfi(0) = 0, i = 1, 2, . . . , m. (10)Èñïîëüçóÿ �îðìóëû (4) è (6), íàéäåì
∂K

∂ḟi

= ρ hḟi(t)

∫∫
ϕ2

i (x, y) dx dy.Â ñîîòâåòñòâèè ñ êðèòåðèåì äèíàìè÷åñêîé óñòîé÷èâîñòè À.Â. Ñà÷åíêîâà [5℄ ïî-ëîæèì
ḟi(tk) = 0, i = 1, 2, . . . , m,òîãäà èç óñëîâèé (10) ïîëó÷èì ðàâåíñòâà

−ρ hḟi(0)

∫∫
ϕ2

i (x, y) dx dy + Icifi(0) = 0, i = 1, 2, . . . , m,èç êîòîðûõ ñëåäóþò �îðìóëû (8). Òåîðåìà äîêàçàíà.Óðàâíåíèÿ (7) ñ íà÷àëüíûìè óñëîâèÿìè (8) ïîçâîëÿþò îïðåäåëèòü êðèòè÷å-ñêîå çíà÷åíèå èìïóëüñà íàãðóçêè è ïàðàìåòðû âîëíîîáðàçîâàíèÿ. Çàìåòèì, ÷òî�óíêöèè ϕi(x, y) â âûðàæåíèè (6) æåëàòåëüíî ïîäáèðàòü òàêèì îáðàçîì, ÷òîáûâûïîëíÿëèñü êðàåâûå óñëîâèÿ çàäà÷è.�àññìîòðèì êîíêðåòíûé ïðèìåð.



8 Ë.Ó. ÁÀÕÒÈÅÂÀ, Ô.Õ. ÒÀÇÞÊÎÂ2. �åøåíèå çàäà÷è óñòîé÷èâîñòè öèëèíäðè÷åñêîé îáîëî÷êèÂûáåðåì äëÿ øàðíèðíî îïåðòîé öèëèíäðè÷åñêîé îáîëî÷êè (kx = 0, ky = 1/R)àïïðîêñèìèðóþùóþ �óíêöèþ ïðîãèáà (6) â âèäå
w(x, y, t) = f1(t) sin αx sin βy + f2(t) sin2 αx,ãäå α = mπ/L , β = n/R , R � ðàäèóñ, L � äëèíà îáîëî÷êè, m , n � ïîäëåæàùèåîïðåäåëåíèþ âîëíîâûå ÷èñëà. Çàìåòèì, ÷òî âûáðàííàÿ �óíêöèÿ óäîâëåòâîðÿåòêðàåâûì óñëîâèÿì çàäà÷è è äîñòàòî÷íî äîñòîâåðíî îïèñûâàåò íàáëþäàþùóþñÿ âýêñïåðèìåíòå [4℄ ðîìáîâèäíóþ �îðìó âìÿòèí, îáðàçóþùèõñÿ ïîñëå ïîòåðè óñòîé-÷èâîñòè.Ïåðåéäåì ê ïîñòðîåíèþ ñèñòåìû óðàâíåíèé (7). Ïîäñòàâèì �óíêöèþ w â óðàâ-íåíèå íåðàçðûâíîñòè äå�îðìàöèé (3) è ïðîèíòåãðèðóåì åãî, ïîëó÷èì äëÿ �óíêöèèíàïðÿæåíèé âûðàæåíèå

F = C1 cos 2αx + C2 cos 2βy + C3 sin αx sin βy + C4 sin 3αx sin βy − qy2/2,êîý��èöèåíòû êîòîðîãî âû÷èñëÿþòñÿ ïî �îðìóëàì
C1 =

β2f2

1

32α2
−

f2

8Rα2
, C2 =

α2f2

1

32β2
,

C3 =
α2f1

R(α2 + β2)2
−

α2β2f1f2

(α2 + β2)2
, C4 =

α2β2f1f2

(9α2 + β2)2
.Èñïîëüçóÿ íàéäåííîå âûðàæåíèå, îïðåäåëèì ïî �îðìóëå (2) ïîòåíöèàëüíóþýíåðãèþ äå�îðìàöèè

P̂ = A1ξ
4

1 + A2ξ
2

1 + A3ξ
2

2 + A4ξ
2

1ξ2

2 + A5ξ
2

1ξ2 + q̂2.Çäåñü ââåäåíû áåçðàçìåðíûå âåëè÷èíû
P̂ =

PR

πEh3L
, ξi =

fi

h
, A1 =

η2(1 + θ4)

128
, A2 =

1

4

(
θ4

s2

1

+
η2s2

1

12(1 − ν2)

)
,

A3 =
1

8
+

η2θ4

6(1 − ν2)
, A4 =

η2θ4

4

(
1

s2

1

+
1

s2

2

)
, A5 = −

η

16

(
1 +

8θ4

s2

1

)
,

q̂ =
qR

Eh
, η =

n2h

R
, θ =

mπR

nL
, s1 = 1 + θ2, s2 = 1 + 9θ2.Âû÷èñëèì ïî �îðìóëå (4) êèíåòè÷åñêóþ ýíåðãèþ

K̂ =
KR

πEh3L
=

(
R

V

)2
(

ξ̇1

2

4
+

3ξ̇2

2

8

)
.Ñèñòåìà óðàâíåíèé (7) ïðèìåò âèä

d2ξ1

dτ2
+ 4(2A1ξ

3

1 + A2ξ1 + A4ξ1ξ
2

2 + A5ξ1ξ2) = 0, (11)
d2ξ2

dτ2
+

4

3
(2A3ξ2 + 2A4ξ

2

1ξ2 + A5ξ
2

1) = 0, τ = tV/R.Èç óñëîâèé (8) ïîëó÷èì íà÷àëüíûå çíà÷åíèÿ
ξ̇1(0) = 0, ξ̇2(0) =

2 (mπ)2ξ2(0)

3
·
IV R

EL2
. (12)
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�èñ. 1. Çàâèñèìîñòü àìïëèòóäû ïðîãèáà îò âðåìåíè ïðè ìàëûõ çíà÷åíèÿõ èìïóëüñà íà-ãðóçêè

�èñ. 2. Çàâèñèìîñòü àìïëèòóäû ïðîãèáà îò âðåìåíè ïðè êðèòè÷åñêîì çíà÷åíèè èìïóëüñàíàãðóçêèÇàäà÷à (11), (12) ìîæåò áûòü ðåøåíà ÷èñëåííî. �àñ÷åòû ïîêàçûâàþò, ÷òî ïðèìàëûõ çíà÷åíèÿõ íà÷àëüíîé ñêîðîñòè ξ̇2(0) (ñëåäîâàòåëüíî, ïðè ìàëîé èíòåíñèâ-íîñòè èìïóëüñà íàãðóçêè, ñì. �îðìóëó (8)) îáîëî÷êà êîëåáëåòñÿ ñ àìïëèòóäîé ïî-ðÿäêà ξ2(0) (ðèñ. 1).Åñëè çíà÷åíèå ξ̇2(0) äîñòèãàåò êðèòè÷åñêîé âåëè÷èíû, íàáëþäàåòñÿ ðåçêîå âîç-ðàñòàíèå àìïëèòóäû ïðîãèáà (ðèñ. 2), òî åñòü ïðîèñõîäèò ïîòåðÿ óñòîé÷èâîñòè äâè-æåíèÿ ïî À.Ì. Ëÿïóíîâó [6℄.Âû÷èñëÿÿ êðèòè÷åñêóþ èíòåíñèâíîñòü èìïóëüñà äëÿ ðàçëè÷íûõ çíà÷åíèé m ,
n è ìèíèìèçèðóÿ íàãðóçêó, íàõîäèì ïàðàìåòðû âîëíîîáðàçîâàíèÿ. Ïî ãðà�èêó íàðèñ. 2 îïðåäåëÿåì êðèòè÷åñêèé ìîìåíò âðåìåíè, ñîîòâåòñòâóþùèé ïåðâîìó ìàêñè-ìóìó àìïëèòóäû ïðîãèáà (êðèòåðèé À.Â. Ñà÷åíêîâà [5℄), è êðèòè÷åñêóþ âåëè÷èíóïðîãèáà. Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (11), (12) ïîçâîëÿåò íàéòè âñå õàðàêòå-ðèñòèêè, ñîîòâåòñòâóþùèå ïîòåðå óñòîé÷èâîñòè îáîëî÷êè.Ïðåäëîæèì àëãîðèòì ïðèáëèæåííûõ ðàñ÷åòîâ. Èç ñòàòè÷åñêîãî àíàëîãà ïåðâî-ãî óðàâíåíèÿ ñèñòåìû (11) íàéäåì

ξ2

1 = −
1

2 A1

(
A2 + A5 ξ2 + A4 ξ2

2

)
.



10 Ë.Ó. ÁÀÕÒÈÅÂÀ, Ô.Õ. ÒÀÇÞÊÎÂÂûðàçèì ñ ïîìîùüþ íàéäåííîãî âûðàæåíèÿ ïðàâóþ ÷àñòü âòîðîãî óðàâíåíèÿ(11) ÷åðåç ξ2, óìíîæèì îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâà íà ξ̇2 è ïðîèíòåãðèðóåìîò 0 äî tk , ïîëó÷èì
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(tk),ãäå êîý��èöèåíòû B0, . . . , B4 îïðåäåëÿþòñÿ ÷åðåç ξ2(0) è A1, . . . , A5.Ìèíèìèçèðóÿ ξ̇2(0) ïî àìïëèòóäå ξ2(tk) è âîëíîâûì ÷èñëàì m, n, íàõîäèìêðèòè÷åñêîå çíà÷åíèå íà÷àëüíîé ñêîðîñòè vkp = ξ̇2(0) è âåëè÷èíó êðèòè÷åñêîãîèìïóëüñà ïî �îðìóëå
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.Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû ðàñ÷åòîâ:

R/h = 100, L/R = 1 : vkp = 1.61, m = 2, n = 8, Îkp = 0.40,

R/h = 100, L/R = 2 : vkp = 1.60, m = 4, n = 8, Îkp = 0.40,

R/h = 200, L/R = 1 : vkp = 1.59, m = 3, n = 12, Îkp = 0.18.Àíàëèç ïîëó÷åííûõ äàííûõ ïîêàçûâàåò, ÷òî óâåëè÷åíèå äëèíû îáîëî÷êè íåâëèÿåò íà çíà÷åíèå êðèòè÷åñêîãî èìïóëüñà è âîëíîâîãî ÷èñëà n , íî ïðèâîäèòê âîçðàñòàíèþ êîëè÷åñòâà âìÿòèí âäîëü îñè îáîëî÷êè. Óìåíüøåíèå òîëùèíû îáî-ëî÷êè ïðèâîäèò, êàê è ñëåäîâàëî îæèäàòü, ê óìåíüøåíèþ âåëè÷èíû êðèòè÷åñêîãîèìïóëüñà è âîçðàñòàíèþ âîëíîâûx ÷èñåë m è n .Òàêèì îáðàçîì, ïðåäëîæåííûé ïîäõîä ê ðåøåíèþ çàäà÷ óñòîé÷èâîñòè îáîëî-÷åê ïðè èìïóëüñíîì íàãðóæåíèè îêàçûâàåòñÿ âåñüìà ý��åêòèâíûì è ïîçâîëÿåòïîëó÷èòü ðåçóëüòàòû, õîðîøî ñîãëàñóþùèåñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [4℄.SummaryL.U. Bakhtieva, F.Kh. Tazyukov. Solving the Stability Problem for a Thin Shell underImpulsive Loading.The stability problem for a thin shell under an axial impulsive load is onsidered. A newapproah to building a mathematial model is presented, based on the Ostrogradskii�Hamiltonpriniple of stationary ation. It is shown that the problem redues to a system of nonlineardi�erential equations that an be solved numerially and by using an approximate alulationalgorithm developed by the authors. A formula that determines the dependene between theload intensity and the problem's initial onditions is derived. In the above formulation, thestability problem for a irular ylindrial shell is solved. To determine the ritial value of theload impulse, the Lyapunov theory of dynami stability is used.Keywords: shell, stability, impulse.Ëèòåðàòóðà1. Êîíîïëåâ Þ.�., Òàçþêîâ Ô.Õ. Óñòîé÷èâîñòü óïðóãèõ ïëàñòèí è îáîëî÷åê ïðè íåñòà-öèîíàðíûõ âîçäåéñòâèÿõ. � Êàçàíü: Èçä-âî Êàçàí. óí-òà, 1994. � 124 ñ.2. Áàõòèåâà Ë.Ó., Òàçþêîâ Ô.Õ. Ê ïîñòàíîâêå çàäà÷è óñòîé÷èâîñòè öèëèíäðè÷åñêîéîáîëî÷êè ïðè âíåøíåì äàâëåíèè // Ìàòåðèàëû II ìåæäóíàð. íàó÷.-ïðàêò. êîí�.¾Ôóíäàìåíòàëüíûå è ïðèêëàäíûå íàóêè ñåãîäíÿ¿. � Ì.: ÍÈÖ ¾Àêàäåìè÷åñêèé¿,2013. � Ñ. 164�167.3. Áàõòèåâà Ë.Ó., Òàçþêîâ Ô.Õ. Ê ïîñòàíîâêå çàäà÷è óñòîé÷èâîñòè öèëèíäðè÷åñêîéîáîëî÷êè ïðè êðó÷åíèè // Ñá. íàó÷. ñò. ïî èòîãàì ìåæäóíàð. íàó÷.-ïðàêò. êîí�. ¾Èí-ñòèòóòû è ìåõàíèçìû èííîâàöèîííîãî ðàçâèòèÿ â ýêîíîìèêå, ìàòåìàòèêå, òåõíèêå,�èçèêå¿. � ÑÏá.: ÊóëüòÈí�îðìÏðåññ, 2013. � Ñ. 13�16.
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