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Abstract—We study the rate of the convergence of approximations generated by the Tikhonov
scheme for solving ill-posed optimization problems with smooth functionals given in a general form
in a Hilbert space. We establish sourcewise representability conditions which are necessary and
suﬃcient for the convergence of approximations at a power rate. Suﬃcient conditions are related to
the estimate of the discrepancy with respect to the objective functional, while the necessary ones are
formulated for the estimate with respect to the argument. We specify certain cases when suﬃcient
and necessary conditions coincide in essence.
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1. In this paper we study the extremum problem
min{J(x) : x ∈ H},

(1)

where J is a bounded from below and weakly semicontinuous from below on H functional and H is a
real Hilbert space. In what follows, when necessary, we impose additional conditions on the functional J.
Symbols  ·  and (·, ·) denote, respectively, the norm and the scalar product in H. We assume that the
solution set X ∗ of problem (1) is nonempty,
X ∗ = {x ∈ H : J(x) = J ∗ },

J ∗ = inf{J(x) : x ∈ H}.

It is well-known (e.g., [1], P. 163) that the stated problem is ill-posed in the sense that the minimized
sequence of the functional J, generally speaking, does not converge in the norm of H to the solution
set X ∗ . Therefore, in order to obtain a stable process for generating points which are close either to
this set or to some ﬁxed element from X ∗ in the norm of the space H, we need to apply regularization
methods. Most of such methods are based on the Tikhonov scheme. A simplest variant of this scheme
consists in choosing an element ξ ∈ H as an a priori bound for the desired solution x∗ ∈ X ∗ and in
choosing a sequence of regularization parameters {αn }, αn > 0, lim αn = 0. Then we state regularized
n→∞

extremum problems
1
Jα (x) = J(x) + αx − ξ2 , α > 0,
(2)
2
and choose the solution xα to problem (2) with α = αn as a current approximation to X ∗ . In view of
conditions imposed above on the functional J, the set Xα = Argmin{Jα (x) : x ∈ H} is nonempty for
any α > 0 ([1], theorem 1.3.2), which means that the scheme under consideration is realizable. Denote
min{Jα (x) : x ∈ H};

X ∗∗ = Argmin{x − ξ : x ∈ X ∗ }.
The next theorem is well-known in the theory of ill-posed extremum problems (see, e.g., [1],
pp. 180–182).
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