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TeTa

PenienseHrsr:
JK.U. 3atiyesa, xaHIUIAT NENATOTMYECKUX HAYK, JOICHT Kadeapbl MaTe-
MmaTuku Habepexxnouennunckoro uaeruryta KIDHOY
U A. llaxupos, kanaumaT GU3NKO-MaTEMaTUYECKUX HAyK, JOUEHT Kadea-
pBI MaTeMaTuky, pu3nku U MeToauku ooydenuss ®I'6OY BO HI'TIY

Antponona I'.P., MarBeeB C.H., YrioB A.H.

Marematrka (B Tpéx udacTsx). Yacte 1: YueOHO-MeTomnueckoe mocodue
JUISl CAMOCTOSATEIBHONW paboThl CTYACHTOB 3a04HON M JAWCTaHIMOHHON (opM
06y‘IeHI/I$I MO0 MHXCHCPHO-TCXHUYCCKUM HAIIPAaBJICHUAM I1OATOTOBKHU 631(3-
naBpoB. -HaGepexusie Yennsr: Uza-so: HUU KID)DY, 2019, -75 c.

Y4ebHo-MeToJiuecKoe IT0cOOne COCTAaBIEHO HA OCHOBaHUM TpeboBaHui ['ocy-
JIAPCTBEHHBIX 00pa30BaTENbHBIX CTAHAAPTOB BBICHICrO 00pa30BaHUs IS CTYICH-
TOB MH)KEHEPHO-TEXHUUYECKUX HANpPAaBJICHUI MOAroTOBKU OakaiaBpoB. Pazpabora-
HO Ha Kadeape «MaTemaTuka» U NpeJHA3HAYCHO IS UCIIOJIb30BAHHS B YICOHOM
Tpoliecce CTY/AEHTaMH 3a04YHOW W JUCTAaHUMOHHOW (opMm oOydeHus. YdeOHO-
METOJIMYECKOE TT0COOME MOXET OBITH MCIIOJIB30BAHO M JUIS CAMOCTOSITENIBHOM pa-
0O0THI CTyIeHTaMH JJHEBHOH (hopMBI 00OyUeHusI.

[TepBas yacTh yueOHO-METOJMUYECKOTO ITOCOOUS BKIIIOUAET B ce0sl pa3/eibl Ma-
TEeMaTHKH: JIHHeWHas aireOpa, BEeKTOpHas anrebpa W aHAIUTHYECKas TeOMETpHs,
KOMIUIEKCHBIE YMCIIa ¥ MHOTOYJICHBIL.

B y4eOHO-METOMNYECKOM MOCOOUH U3JIOXKEHBI [IETH U 33/1a4d JUCIHILIHHBI, e8
cofiepKaHKe, METOANYECKUE YKA3aHHS 110 U3yUCHHIO TUCIUILTHHBI M BBIOIHEHHIO
WH/IMBUIYyalIbHOW KOHTPOJIBHOW pabOoThl; MPHUBENCHBI 3a/IaHUS I HHAWBHIYAalb-
HOU KOHTPOJBHOH pabOTHI M TEOPETHYECKUE BOIPOCHI K 3K3aMEHY (3a4éTy); yKa-
3aHa peKOMeHyeMas JIuTepaTypa. B npuiioxeHusx puBeaeHbl: 00pa3el petieHus
KOHTPOJIBHBIX 3a[1a4 THUIIOBOTO BapUAHTa, KPATKUE TCOPETHUCCKHE CBEICHHS, He-
00XOAMMBIC TSI PEIICHUS MPAKTHISCKUX 3aja4, oopaser] ohOpMIICHUS OOJI0KKU
TeTpaJu ¢ MHIUBHUJYaJbHOH KOHTPOJIBbHOH paboTO#, Tabnuia HOMEPOB BBIIOJ-
HSIEMbIX 3aJIaHHUH.
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1.Ilesan 1 327244 AUCHUILIMHBI, €€ MECTO B Y4eGHOM mpollecce.

[enpto ocBOCHUS AUCHMILIMHEI «MaTeMaTrkay sIBIsieTcs - (POpMUPOBAHUE CHC-
TeMbI 0a30BBIX 3HAHHUH 10 JAHHOW JMCHUILIMHE, KOTOpas MO3BOJIUT OyIyIIUM Crie-
LUAJINCTaM pelIaTh B CBOEH MOBCEAHEBHOM JIEATEIbHOCTH AKTYaJIbHBIE 33U Hay-
KM U NIPAaKTUKHU, TOHUMATh HallMCaHHbIE HA COBPEMEHHOM HAyYHOM YPOBHE PE3YJlb-
TaThl JPYrHX WCCIENOBAaHWH M TEM CaMbIM COBEpIIEHCTBOBAThH CBOM Mpogeccho-
HaJIbHbIE HABBIKU.

OCHOBHBIMU 337ja4aM1 JUCLUILINHEI ABJISIOTCS:

- O3HAKOMJICHHE CTYJICHTOB C POJIbIO MAaTEMATUKHU B COBPEMEHHOM KM3HHU, C Xapak-
TEPHBIMH YePTaMH MaTEMaTHUYECKOI'0 METOa U3yUEHUS pPEealIbHBIX 3a/1aY;

- 00yueHHe CTYJIEHTOB TEOPETHUECKUM OCHOBaM Kypca;

- MPUBUTHUE MPAKTUYECKUX HABBIKOB MAaTEMAaTHUYECKOI'O MOJAEIHPOBAHUS PEaIbHBIX
€CTECTBEHHOHAYUHBIX M TEXHUUYECKUX 3a/1a4 C UCIOIb30BAHUEM MaTeMaTHYECKOIO
amnmapara JaHHOTO Kypca;

- pa3BUTHE y CTYIEHTOB HABBIKOB TBOPYECKOTO M JIOTMYECKOI'O MBIIIJIEHUS, MTOBbI-
LIeHHe OOILIEero ypOBHS MaTeMaTHIECKOH KYJIbTYPHI.

Jlis ycnenrHoro OCBOEHUS JAaHHOW AMCIMIUIMHBI HEOOXOJMMO 3HAaHHE dJIEMEH-
TapHOW MaTeMaTHKH B 00BEME Kypca cpeqHed IIKOmbl. JluciurmHa sBIsieTcs
TIPE/NIECTBYIONIEH /Ui OCBOEHMSI OOJIBIIMHCTBA €CTECTBEHHOHAYYHBIX U TEXHUYE-
CKUX JUCLUIUINH, UCHIONB3YIOINX MaTEMaTHUECKUH anmapar.

B pesynbraTe 0CBOEGHMS AUCHUTUIMHBI 00YJIaIOMIUNCS JOIKEH:

- 3HaTh: TEOPETHYECKNE OCHOBHI JIMHEHHOH anreOpbl, BEKTOPHOH anreOpbl U aHa-
JIUTUYECKON reomeTpud; auddepeHnnanbHOoro U MHTErpajbHOTO MCUYHCIIEHHS;
muddepeHInanbHbIX YpaBHEHUH; YHCIOBHIX U (PYHKIMOHAJIBHBIX PSIOB; TEOPHU
BEPOSTHOCTEN U MaTeMaTHYECKOHN CTaTUCTHKY;

- YMETh: MCIONB30BaTh MaTEMAaTHYECKUH anmapaT B MPoheCcCHOHAIBHON esITeNb-
HOCTH; IPOBOJIUTH PAcU€Thl Ha OCHOBE MTOCTPOSHHBIX MaTEMaTUUECKUX MOAETIEH;

- BJIQJIETh: METOAAMH JIMHEHHOW anreOpbl, BEKTOPHOH anreOphl M aHAINTHIECKON
T€OMETPHUH, MaTeMaTHIECKOro aHau3a, Jud(epeHIaIbHbIX YpaBHEHHH, TEOPHH
BEPOSTHOCTEH M MaTeMaTHYECKONM CTAaTHUCTUKU; HaBbIKAMU NPHUMEHEHHs COBpeE-
MEHHOT0 MaTeMaTHUYEeCKOr0 HHCTPYMEHTAapUs sl pellieHHs IPUKIIaAHBIX 3a7ay;

- IGMOHCTPHUPOBATH CIIOCOOHOCTH Y TOTOBHOCTB: IPUMEHSThH PE3YIbTaThl OCBOCHUS
JCIUITUIMHBI B TPOQECCHOHATIBHON JIESATENEHOCTH.

W3ydyeHue IUCHUIUIMHBI IPElyCMaTPUBAET MPOBEACHUE JEKIIMOHHBIX, TPAKTU-
YEeCKUX 3aHATHH M CaMOCTOSTENbHYIO paboTy cTyzneHToB. Ha nexiusx u3naraercs
TeopeTHdeckuil Matepuai. [Ipociymas JeKIHIO, CTyJEHT 10JKEH 03HAKOMHTBCA C
Gosee MOAPOOHBIM U3JIOKEHHEM MaTepuaja B yueOHMKaX M3 CIMCKa OCHOBHOH U
JIOTIOJTHUTENBHOM auTepatypsl. [lpakTudeckue 3aHITUS MPOBOAATCS C LENBIO 3a-
KpEIJICHUs TEOPETUYECKUX OCHOB Kypca, MOJIy4eHUs MPaKTUUECKUX HABBIKOB pe-
LIEHUs] MaTeMaTu4yeckux 3agad. KoHTponb 3HaHWH OCYHIECTBISETCA C MOMOLIBIO
WHIIMBHYaJIbHBIX KOHTPOJIBHBIX Pa0OT, 3a4ETOB M 9K3aMEHOB.



2. Coaep:xkanue AUCHUNIMHBI (YacTh 1).

Paznen. JUHEHHAS AJITEBPA.

Tema. Onpeneanresiu.

Onpenenurenu 2-oro, 3-ero, NopsAkoB, mnopsaka n. CBoiicTBa ompenenutenei.
MuHOpEI 1 anredpandeckue JOMOTHEeHUs. Pa3noxenue onpenenurens 1no 3JeMeH-
TaM CTPOKHM WJIM CTONOLa. Beruncnenue onpeaenuTenei.

Tema. MaTpuusbl.

Ormpenenenne Matpuibl. Bunel mMatpui. eiictBus Haa matpunamu. Jlunelnas
3aBHCHMOCTh M HE3aBUCUMOCTh CTPOK MaTpuubl. basucHelii MuHop. Panr matpu-
upl. OOpaTHast MaTpuIa, YCIIOBHE CYIIECTBOBAHMUS, OCHOBHBIE CITOCOOBI €€ HaX0oX-
JieHus. MaTpruiHble YpaBHEHHs, UX PEIICHHUE.

Tema. CucTeMbl JINHEHHBIX AJIreOpanyecKuX ypaBHeHHUIA.

Cucremsl nuHedHbIX ypaBHeHHH (CJIY). OCHOBHbBIE TOHSTHS W OIPENEIICHHS.
Martpuunas 3anuce CJIY. Teopema Kpouekkepa-Kanemnu. @opmyisl Kpamepa.
Pemrenue CJIY meromom oOpatHoi matpuibl. Pemenue CJIY meromom [Maycca.
BasucHeie u cBoOOaHBIE Heu3BecTHBIC. Ob0mee pemenne CJIY. OmHOpomHBIE CHC-
TeMbl JIMHEWHBIX ypaBHEHUM, CBOMCTBA WX peUICHUA. YCIOBUSI CYIIECTBOBaHUS
HEHYNeBbIX pemeHnil omHopoaubix CJIY. @yHnaMeHTanbHas CHCTEMa PELICHUN.
Crpykrypa obmero pemenus CJIY.

Tema. ApupMeTnyecKkne BEeKTOPbI U HX CHCTeMbl. BekTopHBIe IPOCTPaHCTBA.
N—mepHbIi apupmernueckuii BekTop. JIMHeWHbIe omepanuy HaJl BEKTOpaMH, HX

o n .

cBoiictBa. [ToHsITHE N-MEPHOTrO BEKTOPHOro mpocTpaHcTBa R . JIMHEWHO 3aBHUCH-
n

MbI€ U HE3aBHCHUMBbIE CUCTEMBI BEKTOPOB. basuc u panr npoctpanctea R~ . Koop-

quHatel BekTopa B R” . CkanspHoe mpomssenenme. EBKIHIOBO MPOCTPAaHCTBO.
OproronaibHbIi 0a3uc. PasnoxeHnne BEKTOpa 10 OPTOrOHAIBHOMY 0a3uCy.

Tema. JIuneiinble onepaTopsbl.

Jluneiinelit onepatop, aericTBust Haja HUMH. COOCTBEHHBIE BEKTOPHI M COOCTBEH-
HbIE 3HAUYEHUs! IMHENHBIX ONEepaToOpoB, UX CBOMCTBA U HAXOXJICHHUE.

Tema. KBagpaTuunsie (popMbl.

KBanparnunsie gpopmbl. 3akoH MHEpIMH KBaApaTH4HbIX (GopM. [lonoxuTensHo u
OTPHUIIATENFHO ONpeNeNéHHble KBaapaTHuHble (opMbl. Kpurepun 3Hakoompese-
JIEHHOCTH KBAAPATUIHBIX (DOPM.

Paznen. BEKTOPHAS AJITEBPA U AHAJIMTUYECKAS TEOMETPUS
Tema. BexTopHas anre0pa.

I'eomerpuueckre BEKTOPHI Ha MPSIMOH, IUIOCKOCTH M B NPOCTPAHCTBE, JEHCTBUS
Hajx HUMH. [Ipoeknust Bekropa. IIpsiMoyronpHas JekapToBa cHCTeMa KOOpPIHMHAT.
Pagnyc-Bekrop. Koopmunatel BekTopa. JIuHelHbIe omepanuy HajJ BEKTOPaMHU B
KOoOpJMHATHOW (opMme. JITMHA M HanpaBIIAIONIMe KOCUHYCHI BekTopa. PaccrosiHne
MEXIy TOYKaMH. JleneHne orpe3ka B JaHHOM OTHouIeHHH. CKaysipHOE, BEKTOPHOE,



CMEIIaHHOE MPOU3BEICHHUS BEKTOPOB, UX CBOMCTBA, BBIPAXKEHHE B KOOPAMHATHOMN
(dbopMe, PUIOKEHHS Ul PELIEHUs] TEOMETPUIECKUX 3a1ad. Y CIOBHS MEpIeHIN-
KYJIIpHOCTH, apajyIeIbHOCTH U KOMIUTAHAPHOCTU BEKTOPOB.

Tema. IIpsiMble TUHUHA U IIOCKOCTH.

[Ipsimast Ha MIIOCKOCTH U B IPOCTPAaHCTBE. Pa3nuuHble BUIBI ypaBHEHUN NPsSMON Ha
IUIOCKOCTH HB NPOCTPAaHCTBE. PaccTosiHMe OT TOUKM OO0 MPsIMOM Ha IIOCKOCTH.
VYron Mexay AByMs NPSIMBIMH. Y CJIOBHSI IAPAJUIENBHOCTH U EPIEHIUKYISIPHOCTH
JBYX OpsAMBIX. [ImockocTs. Pa3nuuHble BUIBI ypaBHEHUH IJIOCKOCTU. PaccrosHue
OT TOYKH JI0 INTOCKOCTH. B3anmHoe pacronoxeHue NpsMO U IIIOCKOCTH.

Tema. KpuBbie U NOBepPXHOCTH BTOPOT0 MOPSIAKA.

Kpussle 2-0ro nopsiaxa Ha IJIOCKOCTH: OKPY)KHOCTb, 3JUIHIIC, runepOona, mapado-
Jla, UX ONpeJesieHnsl, KaHOHM4Yeckne ypaBHeHus, ¢opma. [IpuBeneHue obuiero
YpaBHEHMs KpUBOW 2-0ro mnopsjka K KaHOHHYECKOMY BUAY M mocTpoeHue. Ilo-
BEPXHOCTH 2-0T0 TIOpsIKa, UX KAHOHMYECKHE YpaBHEHUs U Gopma.

Pazgen. KOMIIJIEKCHBIE YN CJIA U MHOT'OUYJIEHBI.

Tema. KomnjiekcHbIe YucIa 1 MHOTO4JIEHBI.

KomruiekcHble Yncia, uX TeOMETPHISCKOe M300pakeHHe Ha IUIOCKOCTH. Pasmud-
HbIe ()OPMBI 3aIUCH KOMIUICKCHBIX yucel. JIeHCTBHS HaJ KOMIUIEKCHBIMU YHCIIa-
Mu. MHOrowieHsl M anreOpamdeckue ypaBHeHUs. OCHOBHas TeopeMa aireOphl.
Teopema besy. PaznoxxeHne MHOTOUJIEHOB Ha JIMHEHHBIE U KBAJPATUYHbIE MHOXHU-
TEJH.



3. Pexomenayemasi iuTeparypa.

OcHoBHas JuTepaTypa:

1. bexnemumie /I.B. Kypc aHamuTHyeckoll T€OMETpUH W JTMHEHHON aireOphI:
VYue6. mis By3oB. —M.: ®USMATIIUT, 2009. -312c. —ISBN: 978-5-9221-
0979-6.

2. Buamumupckuii 5.M., T'opctko A.b., Epycamumckuii SI.M. Martematuka. O6-
mui Kype: YueOnuk misa 6axanaBpos. —CII0.: Uzn-Bo «Jlanby», 2008. -960c.
ISBN: 978-5-8114-0445-2.

3. 3amavyHuK MO BBICHICH MaTeMaThke Jyisi By30B [Tekcr] : yueOHOe mocooue / B.
H. 3emckos [u ap.] ; mox pen. A. C. Ilocnenosa .- 3-e uzj., crep .- Exarepun-
oypr : Uzn-Bo ATIIL, 2015 .- 512 c.

4. TluceMmennsiii JI.T. KoHcIeKT JIeKIMiA 1O BHICIIEH MaTeMaTUKe: MOJIHBIN Kypc.
Yuebnuk s By30B. —M.: Aiipuc-tipecc, 2009. -608c.

5. Illumaués B.C. Bricmas MmaTematuka [DIeKTpOHHEIH pecypc]: yueOnuk / B.C.
[unaués. — MockBa: MTHO®PA-M, 2018. -479 c. — (Beiciiee obpazoBaHue). —
Pexxum noctymna: http://znanium.com/bookread2.php?book=945790.

JdonmonHuTeIbHAA IUTEpPaTypa:

1. AwnronoB B.U., Konenesuu @.M. DnementapHas MaTeMaTHKa AJisl IEPBOKYpPC-
nuka: Yuebnoe mocodue. —CII6.:U3a-B0 «Jlanwy, 2013. -112¢. ISBN: 978-5-
8114-1413-0.

2. bexnemumieBa JLA., bexinemumes [[.B., Ilerposumu A.1O., Uybapor M.A.
COOpHHK 33724 MO0 aHATMTUYCCKOW T'eOMETPUHU W JMHEHHOW anredpe: Yued-
Hoe nocobue. —CI10.: U3a-Bo «Jlauby, 2008. -496¢. ISBN 978-5-8114-0861-0.

3. JHanxko ILE., ITonoB A.I'., KoxeBHukosa T.4. Briciiasg maremaTuka B ympax-
HEHHSX W 3amadaX. B 2-x dactax. Yde6. mocobue s By3oB. Yacte I: -M:
Bricmas mxoma, 2008. -304c.

6. Mpmkuc A.Jl. Jlekimu mo BeIcHIel MaTeMatuke: yueo. mocooue. —CII6.: M3 a-
Bo «JIanby, 2009. -688c. ISBN: 978-5-8114-0572-5.

4. COopHHUK 3a/a4 1O MaTeMaTHKEe IS By30B. Yuel. mocoOue Al CTYAECHTOB
By30B. /A0OpamoBa B.B., bukuypuna JI.)K., Baneesa M.I. u nap.; mox pen.
Kotrmsapa JLM., Yrioosa A.H.; 5-e wm3n., mepepad. m mom. -Hab6. Yemnsr:
HNHDKA, 2006. — 472c. (I'pu MunucrepcrBa oOpazoBanus u Hayku PD)

5. MHunaués B.C. 3amayHuk Mo BhICIIEH MaTeMaTHKe [DJIEKTPOHHBIN pecypc]:
yuebHoe mocodbue / B.C. Hlumaués. —10-e u3nm., crepeorun. - Mocksa:
NH®PA-M, 2018. -304 c. — (Beicmee obOpa3oBanue). — Pexxum jpocryma:
http://znanium.com/catalog.php?bookinfo=927763.




4. MeToanyeckue yKa3aHus M0 M3YYEHHI0 NUCHUILIMHBI U BBINOJIHE-

HHMI0 HHIAHBHUIYAJBHONH KOHTPOJIBHOW padoThI.

B nporecce u3ydenus qaHHOW JMCHMIUTMHBI CTYJEHTHI JODKHBI CHAvaja n3y-
YUTh TEOPETHYECKUH MaTepuall U BHIpabOTaTh HaBBIKM PELICHHs THITOBBIX 3a7ad,
UCTIONB3Ysl PEKOMEHJOBAaHHYIO JIUTEPATypy, a 3aTe€M BBIIIOJHUTH MO OJHOM WHIH-
BUAYaJbHOW KOHTPOJBHOW paboTe B KaXKIOM M3 CEMECTPOB OO0y4eHUs (3alaHMs
JUTSL KOHTPOJIBHOM pabOoThI IPUBEICHEI B pasfene 5.1).

[Ipy BBIMONHEHHH KOHTPOJBHOW PaOOTHI HEOOXOOMMO MPHUAEPKUBATHCS YKa-
3aHHBIX HIKE PaBHII:

1. KonrtponbHas pabora j0KkHa OBITH BHITIONHEHA CTY/ICHTOM B OTJEIBHOM yue-
HUYECKOH TeTpajy C MOJISIMHU HE MEeHee 3 CM JUIsl 3aMeYaHHi MpernoaaBaTeds.

2. Ha obnoxke TeTpaay yKa3bIBAIOTCS: Ha3BaHUE TUCHHUIUINHBI; HOMEp BapHaHTa
1 HOMepa pemraeMbix 3aga4; @.M.0. cTymeHTa, BBINOIHUBIIETO pabOTy, €ro
HOMeEp Ipynnsl U HoMep 3aueTHod kHWxkKH; P.M.O. mpenonaBaTens, npose-
psronero paboty (oopaser opopmiteHHsT 00JIOKKH NPUBEAEH B [Ipunosicenuu
6.4).

3. Homep BapuaHTa COOTBETCTBYET HOMEPY CTYJEHTa B CHIMCKE TIPYIIIHI.

4. Homepa pemaeMbix 3amad Beiouparorcs w3 TABJ/IMI[PI HOMEPOB
BBITIOJTHAEMBIX 34JIAHUHU (Tlpunooicenue 6.5).

5. VYcnoBus 3amay nepenuchIBarOTCS MOIHOCTBIO, 0€3 COKpallleHus CIIOB, MOCIe
Yero NPUBOANTCS X MOAPOOHOE pemieHre (YepTeXrd MOXKHO BBITONIHSTH aK-
KypaTHO OT pykH). B KoHIIe pelieHns NpUBOANTCS OTBET.

6. B paboty nomxHbI OBITH BKIIFOUEHBI BCE 3aJla4M, YKa3aHHBIE B 3aJlaHUH, CTPO-
TO 110 IOPSJKY HOMEPOB.

7. Ecmu B pabote MMeIOTCsl OMMOKH, CTYIEHT JODKEH BBIIIOIHUTH BCE TPpeOoBa-
HUS TIPENoAaBaTessl, N3JI0KEHHBIE B PELEH3NH, U CIaTh paboTy ¢ UCIpaBe-
HUSIMU Ha TIOBTOPHYIO ITPOBEPKY.

8. Huxaxwue ncnpaBiieHHs! B TEKCTE YK€ ITPOBEPEHHON pabOTHI HE JOMYCKalOTCS,
BCE MCITPaBJIECHHS 3aKCHIBAIOTCS MOCIE PELEH3UH NPENoIaBaTels ¢ yKa3aHH-
€M HoMepa 3aJ1auH, K KOTOpOW OTHOCSITCSI JIOTIOJHEHHUS ¥ UCTIPABIICHUSI.

9. Pabora Moxxer OBITH BBHIIIOJIHEHA 3aHOBO B CIIydae BBISIBIICHUS CEPhE3HBIX 3a-
MEYaHUH U OMHOOK.

10. B xoHIe TeTpaay pPEeKOMEHIYeTCs OCTaBISATh HECKOIBKO YHCTHIX CTPAHUIL IS
JIOTIOJTHEHUH U UCTIPABIICHUM.

[Tocne mpoBepku KOHTpoNbHAsE pabora mpeabsBisiercst K 3amuTe. Ha 3ammTte
CTYZIEHT JIOJDKEH II0Ka3aTh CBOE€ YMEHHE pellaTh 3a/add, MOJOoOHBIE TeM, YTO
HMEIOTCS B €ro KOHTPOJIBHOW padore.

OOpa3sen pemeHns: TUIIOBOrO BapuaHTa KOHTPOJILHOW paboThl puBeaéH B [lpu-

Jnoxcenuu 6.1.



5. MarepuaJibl VIl KOHTPOJISI 3HAHMI CTYJACHTOB.

WroroBoit ¢popMoii KOHTPOIS 3HAHWH SIBIISIETCS SK3aMeH (3a4€T) B KOHIIE ceMe-
crpa oOyuenus. Ha sk3amene (3a4éTe) CTYIEHT NOMKEH I0Ka3aTh 3HAHUE Teope-
THUYECKHX OCHOB JIMCIMIUIMHEI B 00BbEME BONPOCOB, IPUBEAEHHBIX B paszene 5.2 u
YMEHHE pelaTh 3aa4H, II0JJ0OHBIE TEM, YTO UMEIOTCS B €r0 KOHTPOJIbHOH padore.

5.1. 3aganus A1 KOHTPOJIbHOI PadoThI.

1 —10. Berunicauts onpenenuTens:
a) HeMOCPEICTBEHHBIM PA3JIOKEHHEM M0 [ — Ol CTPOKE;
0) HEMOCPEICTBEHHBIM PA3JIOKEHUEM 110 j — OM) CTOIOLY.

1 0 -1 0 0 3 -2 4 3 4 1 0
2 -1 -1 1 2 1 3 1 2 -1 0 2
1. 2. 3.
-2 1 2 0 2 -3 -2 0 1 3 4 -3
1 0 1 -6 1 2 -4 3 0 -2 1 4
(i=1, j=2) (i=1, j=4) (i=1, j=3)
1 -3 4 2 3 -2 2 4 31 2 4
0 3 1 =2 0 3 -1 2 5.0 1 0
4. 5. 6.
2 3 4 1 2 0 1 2 0 2 4 1
31 =5 0 1 2 4 3 -1 2 -2 3
(i=2, j=1) (i=3 j=1 (i=2, j=2)
35 2 0 2 3 -4 -1 1 2 3 4
71—2—31 80—3—13 0 -3 -2 3
o3 2 1 o3 2 ol 2 -3 -1 1
3 -2 31 1 1 31 0 -2
(i=1, j=1 (i=2, j=4) (i=4, j=1
1 3 2 =3
2 -3 -4 -1
10.
3 -1 2 0
2 0 -2 1

(i=3, j=2)



11 — 20. Haiiru matpury C , ecnmu C = Al B+24 .

11. 4=

13.4=

15. 4=

17.4 =

19.4 =

2
-1
1

2

[«]

—_ = W

-1 0 -2 0 3 3
2 0,B=| 4 1 2| 12.4=|0
-1 1 -2 10 0
-1 -1 1 4 1 2
4 —1|,B=]0 3 1| 14.4=| 1
-1 4 210 -1
10 0 -2 1 4
2 0[,B=|3 1 2| 16.4=

13 2 1 0 -1
2 -2 1 2 -1 9
5 —2(,B=|01 3| 18.4=|2
0 3 2.0 -5 2
0 0 0 3 1 5
2 -1|,B= —2 4] 20.4=|1
-1 2 2 1 1 1

A=

023
B=|113
2 4 2
-2 10
, B=|-1 2 3
2 11
01 2
, B=[21 3/[.
0 31

21 — 30. [lana cucrema Tpex JHMHEHHBIX YPaBHEHHH C TpeMsl HEM3BECTHBIMH. Tpe-
a) HaliTu perieHue cucteMsl MeTogoM Kpamepa;

0) 3ammcaTh CUCTEMY B MaTPUYHOM BHJIE M HAWTH €& peleHrue METOI0M 00paTHO
B) HalTH pelieHue cucreMbl MeTojioM ["aycca.

Oyercs:
MAaTpPHIIEI;
X+
21. <5x+
2x—
3x+
23. {2x +
2x +
2x -
25. <3x +
3x —

2y+ 3z= 1 x+
8y— z= 7 22, <3x -
3y+ 2z= 9 2x +
2y+ z= 5 x+
3y+ z= 24, §2x —
y+ 3z= 11 4x +
y— z= 4 2x +
4y - 2z= 11 26. 1 x+
2y+ 4z= 11 3x -

2y+ z= 4
S5y+ 3z= 1
Ty— z= 8
y+ 2z= -1
y+ 2z= -4
y+ 4z= -2
y— z= 1
y+ z= 6
y+ z= 4



x+ Sy+ z= -7 x— 2y+ 3z= 6

27.92x—- y— z= 0 28. 42x+ 3y—- 4z= 16
x— 2y— z= 2 3x— 2y— 5z= 12
x+ Sy—- z= 7 2x— y—- 2z= 1

29.<2x— y—- z= 4 30. <3x+ 2y+ z=
3x— 2y+ 4z= 11 2x+ 3y+ 3z= 0

31-40. Haiitu oOliee pemeHne CHCTEMBI JTMHERHBIX ypaBHEeHHH MeTonoM ['aycca:

3x1 - 5x2 - x3- 2x4 =0 x) + 2x2 - 3x3 - 4x4 = 1
31. 8xp — 6xy+ 3x3- Txy= 0 32. 3xp+ Txp— 2x3- xy = 4
2x1 + 4x2 + 5x3 - 3x4 =0 2x1 + 5x2 + Xy 3x4 = 3
x) + 4x2 - 3x3 - 9x4 = 0 x) + 3x2 - x3- 2x4 = 1
33. 3xg = Txz— 10xy = 0 34. 2xp+ Txy - 4dxz - 3xy= 3
2x1 + 5x2 + Xy - 8x4 = 0 x) + 4x2 - 3x3 - Xy = 2
xp+ 3x2 + 4x3 - x4 = 0 X+ 2x2 - 2x3 - 3x4 = 4
35. Sxp= Txp = 2x3- Sx4= 0 36. 2xp+ Sxy - x3 - dxy =
3x1 - 2x2 + Xy - 3x4 =0 x) + 3x2 + X3 - Xy = 5
2x1 - 2x2 + 3x3 + oxy = 0 X - 3x2 + oxg 4 2x4 = 4
37. 5xp = 2xp+ dxz - dxy= 0 38. 2xp = Sxp+ dxz+ 3xy =7
xp+ 2x2 - 2x3 - 6x4 =0 X - 2x2 + 3x3 + Xy = 3
3x1 + Xy + Xy - 3x4 =0 x) + 4x2 - 2x3 - 3x4 = 2
39. xp+ 3xp - 2x3+ 2xy =0 40. 2xp+ 9xy = x3- dxy =5
5x1 + 7x2 - 3x3 + Xy = 0 x) + 5x2 + X3 - Xy = 3

41 — 50. TpeOyercs:

a) HaliTH COGCTBEHHbIE YNCIa U BeKTophl MaTpuisl A ;

0) mccienoBaTh KBaJIPaTHIHYIO (DOpMY Ha 3HAKOOIPEICIEHHOCTE (110 KPUTEPHIO
CunbBectpa).
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

a) A=

a) A=

a) 4=

a) A=

a) 4=

a) 4=

a) A=

a) 4=

a) 4=

a) 4=

2

10
20
-1 1
-1 -1
2 -1
-1 2
-1 -1
4 -1
-1 4
0 -1
1 -1
0 2
10
20
13
10
40
15
2 -2
5 -2
0 3
0 0
7 -4
-2 5
0 0
2 -1
-1 2
0 0
4 -1

0) x12 + 4x1x2 + 4x1x3 + 4)52353 + 4x32
2 2
2 2 2
2 2 2
0) x| + 2x1x2 + 2x1x3 + 2x2 + 4x2x3 + 3x3
2 2 2

0) x12 + 2x1x2 + 2x1x3 +5)€22 + 10x2x3 + 4x32

11



51 — 60. Jlaubi Bextops! @, b, C, d . Ilokasatb, 4TO BEKTOPbl @, b, 0OpasyloT
0a3uc U HAWTU KOOPIUHATHI BEKTOPa 67 B 3TOM Oasuce.
51.a=(1-1-1), b=(0,1,1), ¢=(-1,0,1), d=(-3,3,5).
52.a=(1,1,0), b=(-1,0-1), c=(LL1), d=(0,2-1).
53.a=(2-3,)), b=(3-31), ¢=(2-12), d=(6-8]).
54.a=(1,1,0), b=(1,0,1, c=0L1), d=(231).
55. a=(213), b=(42)), ¢=(345), d=(232).

56. a=(23,1), b=(-12,-2), c=(12)1), d=(2,-2.)).
57.a=(121), b=(2-13), ¢=03,-14), d=(5L6).

58. a=(-1,0,2), b=(-221), ¢=(1,-32), d=(14,-6).
59. a=(1,-1,0), b=(0,1-1), =(0,0,1), d=(2,-1,0).
60. 2=(33-1), b=(310), c=(-121), d=(-10,2).

QI QI QI S}l
TR TR
I

QI
Il

61 — 70. [Taub! BexTOpHI 4, b,c. Tpebyercs:

a) Haiitu Bektopsl M =a +2b u n=2b —C;

©) BBIYKCITUTH CKAIIIPHOE IPOU3BEICHHUE 11 - 71

B) HAMTH [TPOEKIHIO BEKTOPA 71 HA HAIPaBJICHUE BEKTOPA 7 ;

r) HallTH BEKTOPHOE TIPOU3BENEHUE /11 X I UM €10 MOLYIb |71 X 71 |.

a=(4,52), b=(,0,1), c=(-1,4,2).
(3,-5,2), b=(4,51), ¢=(-3,0,-4).

62.a =

63. @=(-2,3,5), b=(1,-3,4), c=(7,8,-1).
64. a=(13,5), b=(1,2,1), ¢=(57,3).

65. a=(2,4,-6), b=(1,35), ¢=(0,3,7).
66. a=(4,3,—1), b=(50,4), c=(21,2).
67. a=(3,4,-3), b=(-2,2,0), c=(2,1,-4).

68. a=(-2,1,7), b=(3,3,-8), c=(54,-1).
69. a=(1,0,5), b=(3,2,7), ¢=(5,0,9).
70. a=(2,1,0), b=(4,3,-3), ¢=(6,5-7).

12



71-80. Tauns Bepiunsl Tpeyronsanka ABC . Tpebyercs HalTu:

a) JuuHy croporsl AB;  6) ypaBHeHue croponsl AB ;

B) ypaBHeHHe Mequanbl BE , mpoBenéHHO# U3 BepuuHbl B ;

r) ypaBHenue BoicoTel CD , mpoBenéHHoi u3 Bepiiunsl C ;

n) nuHy A Beicotel CD ; e) mnomans S tpeyronbHuka ABC . Caenath uyepTéx.
71. A(4,1), B(0,-2), C(-5,10). 72. A(-7,3),B(5,—2),C(8,2)

73. A(5,-1),B(l,—4),C(-4,8) 74. A(6,0),B(2,-3),C(-3,9)

75. A(-9,2),B(3,-3),C(6,1) 76. A(7,—4),B(3,-7),C(-2,5)

77. A(-14,6),B(-2,1),C(1,5) 78. A(-8,4),B(4,-1),C(7,3)

79. A(3,-3),B(-1,-6),C(-6,6)  80. A(-6,5),B(6,0),C(9, 4)

81 — 90. [aubt Bepumnsl mupamuast ABCD . TpeGyertcs HaiiTu:

a) uHE pedep AB u AC; 0) yron mexay peopamu AB u AC;
B) 1uiomaas rpanu ABC r) 00BeM mupamuasl ABCD ;

M) ypaBHEHME INIOCKOCTH rpaHu ABC €) JUIMHY A BBICOTBI DO MHPaMUIIbL.

81. A(-1,2,]), B(-2,2,5, C(-33]1), D(-143).
82. A(LL2), B(0,L6), C(-12,2), D(13,4).

83. A(-2,1,-1), B(-313), C(-4,2,-1), D(-23).
84. A(-1,-2,1), B(-2,-2,5), C(-3,-L1), D(-10,3).
85. A2,-11), B(1,-15), C(0,0,1), D(2,13).

86. A(-1,1,-2), B(-212), C(-3,2,-2), D(-13,0).
87. A(1,2,1), B(0,2,5), C(-13)1), D(143).

88. A(1,3,6), B(2,2]), C(-101), D(-4,6,-3).
89. 4(2,0,3), B(1,0,7), C(0,,3), D(2,2.5).

90. 4(2,3,2), B(13,6), C(0,4,2), D(2,54).

91-100. YcraHOBUTH, KaKyI0 HEBLIPOKICHHYIO KPUBYIO OIPEIEIAET anrebpande-
CKO€ ypaBHEHHE BTOPOrO IOPSIKA, IOCTPOUTD €€.

91. 5x? +9y? —30x+18y+9=0 92, x> +y* —4x+6y-3=0
93. 16x% —9y? —64x—-54y-161=0 94, x> —4x—y-5=0
95. 9x? —16y? +90x+32y—367=0 96. x> +y2—4y+3=0

97. 16x% +25y? +32x-100y —284 =0
99, 4x% +3y? —8x+12y-32=0

13

98. x+y>-2y+3=0
100. x> +y* —6x+5=0



101-110. [lanbl KOMIUIEKCHBIE YHCNA Zy, Z,, Z3. TpeOyercs: a) BBIYUCIUTH

Zy+ 29y Z,— 2y, Z; Zy, (2,/2,) ; 0) NPENCTABUTL KOMILIEKCHOE YHCIO Z3 B

o 6
TPUTOHOMETPUYECKON (HOpME, BBIYUCITUTH (23) U pe3ynbTaT MPEICTaBUTh B ajl-
reOpamdeckoit popme.

102.
103.

104.

105.
106.

107.
108.

109.
110.

7
7
7
7
7
7
7
7

1

=1-5i,
=-8+4i,
=4-16i,
=24,
=15+10i,
=18+12i,
=-5+1,
=6-3i,
=6+2i,

Zz :2+3l,
Zz :3+l,
Zz :5_31,
Zz :3_1,
Zz :2_31,
Zz :5_1,
Zz :3+2l,
Zz :1+2l,
Zz :—1+3l,

z3 =—1+1i.

Z3=\/§+i.

Z3:1+l.
Z3=—1+\/§i.
Z3:—1_i.
Z3=\/§_i.
Z3:1_i.

Z3=1+\/§i.
Z3=1—\/§i.

111-120. [lano anrebpanueckoe ypaHenue a,z" +a,;z"" +...+a, ;z+a, =0.

Tpe6yeTC$1 HaWTH BCe KOpHHA aJ'II‘e6paI/I‘IeCKOFO YpaBHCHUA Ha MHOXXCCTBE KOM-
TIJNICKCHBIX YHCCII.

111. z2 +2z4+5=0.

114. 2> +8=0.
117. 22 +9z=0.

112. z° —-8=0. 113. 4z° -2z +1=0.
115. z2 =2z +2=0. 116. z> +4z+13=0.
118. 2° +1=0. 119. z2 +6z+13=0.
120. z* -1=0.
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5.2. Bonpochl K 3k3aMeHy (3a4éTy).

Paznen. Jluneiinas anreopa.

1.

10.

11.

12.

13.

[Monsitne marpunpl. YacTHele BUIBI MaTpull (KBaapaTHas, TPEYyrojbHas, Jua-
TOHAJIbHAs, HyJeBas, eJUHUYHAS). DJIeMeHTapHble NpeoOpa3oBaHMs MaTpHIL.
[oHsiTHE SKBUBAJIEHTHOCTH M PAaBEHCTBA MATPHIIL.

JleiicTBust HaJ MaTpULaMH (CIOKEHUE, BEIYMTAaHWE, YMHOKEHUE MaTPHILBI Ha
YHCII0, YMHOXKEHUE MaTPHIBl HA MAaTpUILy) U UX cBoicTBa. JIuHeiHas koMOu-
HalUsl MaTPUIL.

Omnpenenurenu 2-0ro u 3-eronopsaka, ux BeaucieHre. OCHOBHBIE CBOMCTBA
OnpeeNIuTeNeH.

[MonsiTne onpenenurens n-oro nopsiaka. MuHOp U anredpandeckoe J0MoHe-
HHE 2JIeMeHTa onpeaenutens. Teopema 0 pa3iIoKeHNH ONpeeuTeNs Mo dJIe-
MEHTaM CTPOKHU WJIH CTOJONA.

[MonsiTne cuctemsl auHelnHbIX ypaBHeHui (CJIY). Yactaeie Buast CJIY (kBaa-
partHas, OJJHOPOAHAs, HEOMHOpOaHast). MarTpuIia, paciMpeHHasi MaTpHLa, Ol-
peaenutens CJIY.

Pemenne, muoxectBo peuieHuit CJIY. CoBMeCTHOCTb, HECOBMECTHOCTD, OIl-
penenéHHOCTh, HEOoNpeie€HHOCTh, dKBUBaJIeHTHOCTh CJIY. DnemeHTapHbIe
nipeoOpazoBanus CJIY, nX OCHOBHOE CBOHCTBO.

Teopema Kpamepa (o paspemmmoctu CJIY mopsaka 7). @opmynsl Kpamepa
quist pemienust CJIY, ycrnoBust UX IPUMEHUMOCTH.

Meron T'aycca pemenus CJIY, ycrnoBusi ero npuMeHUMOCTH. basucHbie u
cBoOoHBIC epeMenHbie. Haxoxaenue odmiero pemenus CJIY. YactHbie pe-
menus CJIY.

[MonsiTne oOpaTHOW MaTpuIbl. BEIpok/IeHHBIE U HEBBIPOXKJICHHBIE MaTPHIIBL.
Teopema o cymiectBoBaHuU 00paTHOM MaTpHIlbl. OCHOBHBIE CIIOCOOBI HAXOXK-
JIeHUs1 00paTHOM MaTpHIIBL.

MarpuuHble ypaBHeHHS M UX penieHne. MatpuuHas ¢opma 3armucu CJIIY.
MartpuuHslii criocod (Meroj obpatHoi Matpuisl) pemenus CJIY u ycnoBus
€ro IPUMEHHMOCTH.

Onunopoausie CJIY, ycrnoBus CylieCTBOBaHHS MX HEHYJEBbIX perieHuid. CBou-
CTBa YaCTHBIX pemieHuit oqHopoausix CJIIY.

[MoHsiTne MTMHENHHOI HE3aBUCUMOCTH U 3aBUCUMOCTH YaCTHBIX PEIIEHUH OIHO-
ponuoit CJIY. ®ynnamenranpHas cuctema perienuii (OCP), eé HaxoxaeHue.
[IpencraBnenue obmiero pemreHus omaopoaHoi CJIY yepe3 @CP.

Munop k -oro nopsiaka, 6a3MCHBIM MUHOp, PaHI MATPUIEL. BeuuciieHue paH-
ra wmatpuinbl. Kpurepuit coBmectHoctn CJIY (teopema Kponekkepa-
Kamemmm).
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14.

15.

16.

17.

18.

19.

20.

21.

22.

[MoHsATHE 71 -MEPHOTO apUPMETUICCKOTO BeKTOpa. PaBeHCTBO BekTOpOB. Jleii-
CTBUSI HaJ] BEKTOpaMH (CIIOKCHUE, BRIYUTAHUE, YMHOXXCHAE HA YUCIIO, YMHO-
JKCHUE Ha MaTpuIly). JInHeitHass KoMOWHAIIMS BEKTOPOB.

CraJIIpHOE TIpOM3BENCHUE apu(DMETHUSCKHX BEKTOpoB. [[nWHA BekTOopa U
yroi Mexay Bekropamu. [ToHsITHE OpTOrOHAILHOCTH BEKTOPOB.

CucreMa BEeKTOPOB U ¢€ MTUHEWHAss koMOuHAIMs. [IoHsATHE TUHEHHOW 3aBUCH-
MOCTH M HE3aBHCUMOCTH CUCTEMBI BEKTOPOB. TeopeMa 0 HeoOXOIUMOM U JTOC-
TaTOUYHOM YCJIOBUSX JIMHEHHOW 3aBUCUMOCTH CUCTEMBI BEKTOPOB.

n n
[NoHsTHE BEeKTOPHOrO MpocTpaHcTBa R ,eBKiIuoBa mpoctpancta £ . Ba-

3uc, KaHoHmdeckuit Gasuc, paur R" . Pasnoxenue Bexropa B R” mo Bexto-
pam ero 6a3uca, KOOpJAUHATHI BeKTOopa. TeopeMa 0 €AMHCTBEHHOCTH Pa3JIoiKe-
HUSI BEKTOpa B TaHHOM 0aszuce.

[ToHsiTHE OpTOrOHAJBHOW CHCTEMBI BEKTOPOB, OpTOroHajibHOro Oasuca. Ha-
XOX/IEHUE KOOPAUHAT BEKTOPa B OPTOrOHANBHOM Oa3uce.

INonsTre oneparopa, IMHEHHOTO onepaTopa. MaTpua JIMHEHHOTO OIepaTopa.
CymMa (pa3HOCTb) OIEpaTOpOB, IIPOU3BEICHUE ONEPaTOpa Ha YMCIIO, IIPOU3-
BeJICHHUE OIlepaTopa Ha oreparop, oOpaTHBI omneparop.

INonsATHE COOCTBEHHOrO UKCia U COOCTBEHHOI'O BEKTOpA oIepaTopa. Xapakre-
puctHyeckoe ypaBHeHHe. HaxoxieHne cOOCTBEHHBIX YHCEN M BEKTOPOB OIle-
paropa.

[MonsiTne xBanpaTnyHO# (opMbl. Matpuia kBaapatuuHOi (opmbl. Beipox-
JIeHHasl, HEBBIPOXKIICHHAsI, KAHOHWYECKasl, HOpMaJlbHasl KBaJIpaTHYHas Gopma.
3aKOoH MHEPLUH KBaPATHIHBIX (GopM.

[NonsiTne 3HaKoOMpeneNnEéHHOCTH KBaipaTHyHOW (opMmbl. [1aBHBIE MHHOPHI
MaTpHIbl KBaapaTtudHoi (opmbl. Kpurepun 3Hakoonpenen€HHOCTH KBajpa-
TUYHOH (pOpMBEL.

Pa3nen. BexropHasi anredpa u aHaJuTH4YECKAsi TeOMETPHS.

23.

24.

25.

26.

IlonsiTue reomerpuueckoro Bekropa. PaBeHcTBO BekTopoB. IIpoTnBomonox-
HBII BekTop. OpT Bekropa. ['padmueckne mpaBuia CIOKEHHS, BBHIYUTAHUS,
YMHOXKEHUS BEKTOpa Ha uucio. [Tpoeknus BekTopa Ha BEKTOP.

KommHeapHOCTh 1 KOMIUIAHAPHOCTH BEKTOPOB. basuc n kaHoHMYeckuii 6a3nuc

2 . 3
IUIOCKOCTH R~ ; Gasuc M KaHOHWYecKwil 6asuc mpoctpaHcTBa R~ . Koopawm-
HATBI BEKTOpA.

[MoHsiTHE TEKAPTOBOM CUCTEMBI KOOPIUHAT B R, Paaunyc-BexTop, KOOpauHa-
ThI TOYKHU. BhIUKCIICHHE JUTUHBI U HAMTPABJISIIOIIMX KOCHHYCOB BEKTOPA; KOOP-
JIUHAT BEKTOPA, 3aJAHHOTO IBYMS TOUKAMH; PACCTOSHHS MEKITY TOUKAMHU.

IIpeobpa3oBaHust MPSIMOYTOJIBbHBIX JEKAPTOBBIX CHCTEM KOODJMHAT HA IUIOC-
KOCTH (MapajuieNbHBIil MEepeHoc, MOBOPOT, 3epKaiibHOe oTpaxeHue). CBsi3b
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

MEXIy cCOO0W KOOpPAHMHAT MPOU3BOJILHOW TOYKU B CTAPOH U HOBOW CHUCTEMax
KOOpJIHAT.

CxaJsipHOe MPOU3BEACHUE BEKTOPOB U €r0 CBOWCTBA. BhIpaxkeHue cKalIsipHOro
MIPOU3BENICHUSI Uepe3 KOOPJUHATHI BEKTOPOB. BhIUUCIIEHHE YyIila MEXIY BEK-
TOpaMH. Y CIIOBUE OPTOrOHAIBLHOCTH BEKTOPOB.

BexTopHoe nmpousBeneHrne BEKTOPOB, €ro reOMETPUIECKUN CMBICT U CBOMCTBA.
BoipaskeHue BEKTOPHOIO MPOU3BEACHUSI Yepe3 KOOPJUHATHI BEKTOPOB. Y CIIO-
BHE€ KOJUIMHEAPHOCTH BEKTOPOB.

CMelaHHOe NPOU3BEIEHUE BEKTOPOB, €r0 FT€OMETPUUECKUIM CMBICT U CBOMCT-
Ba. BrIpaskeHHe CMENIaHHOTO MPOU3BEIEHUSI Yepe3 KOOpJAWHATHl BEKTOPOB.
VYcaoBrue KOMIUIAHAPHOCTH BEKTOPOB.

[ousTHe UHUM Ha TIockocTU. OOIee ypaBHEHUE JIMHUK U €r0 HAXOXKJICHUE
[0 U3BECTHOMY T'€OMETPUUYECKOMY CBOHCTBY €€ Touek. OKpYXKHOCTh U €€
YpaBHEHHUE.

[psimast TvHUS Ha TUTOCKOCTH U e€ oOliee ypaBHeHWe. HopManbHBIN W Ha-
MIPaBIAIONMN BEKTOpHI MpsiMoil. HaxoxaeHnne ypaBHEHMs NpsIMOM, MPOXOAS-
e yepe3 TOUKY NepreHIuKyYIsIpHO BekTopy. [locTpoeHue npsamoit.
Kanonuueckoe ypaBHeHHE MPSIMON; ypaBHEHHUE MPSIMOW, NPOXOAAIIEH uepes
JIBE TOYKH, YPaBHCHHE MPSIMOU C YIIIOBBIM KOA((UIIMEHTOM; YpaBHEHHE M-
MOil B oTpe3kax. PaccrosiHre OT TOUKH 1O IPSIMOM Ha TIOCKOCTU. YTOJ MEX-

Iy IPSIMBIMHE Ha [IOCKOCTH M €r0 BhIYHCICHHE, yeoBus | u | TIPSIMBIX.
[NonsaTue moBepxuoctu. OOIIEe ypaBHEHHE TOBEPXHOCTH, €T0 HAXOXKJICHUE TI0
N3BECTHOMY T'€OMETPHYECKOMY CBOUCTBY €€ Touek. Cdepa u e€ ypaBHEeHHE.
[Tnockocts 1 e€ obmiee ypaBHeHUe. HopMallbHBIA BEKTOpP TUIOCKOCTH M €T0
HaXOXJCHHE. Y paBHEHHE TUIOCKOCTH, MPOXOIAIICH Yyepe3 TOUKY HePICHIUKY-
JISIpHO BeKkTOpy. [locTpoeHue mIocKoCTH.

YpaBHEHUE IIOCKOCTH, MPOXOJIAIICH Yepe3 TPU TOUYKH; YPABHEHHUE ITOCKOCTU
B OTpe3Kax. PaccTosHue OT TOYKH JI0 MUIOCKOCTH. YTON MEXIy IIOCKOCTSIMHU

U €ro BBIYUCIICHUE, YCIOBUS 1l wu | | IUIOCKOCTEH.

[NoHsATHE NUHUN B TPOCTpaHCTBE U e€ oOmiee ypaBHeHue. [ToHsTHE TpsMON
JIUHUU B TIPOCTPAHCTBE U e€ olmiee ypaBHeHue. Hampapinstonuii BEKTOp mpsi-
MO H €ro HaxXO0XKIeHHUE.

Kanonuueckoe ypaBHeHHE MpsIMOA B MPOCTPAHCTBE; YpPABHEHUE MPSIMOH,
MPOXOJISIeH uepe3 JIBe TOUKH; MapaMeTpuieckue ypaBHeHUs npsimoid. [Ipu-
BEJICHUE OOIIEro YpaBHEHHS K KAHOHUYCCKOMY.

Yroa Mexy AByMsl IPSIMBIMU B IPOCTPAHCTBE, MEXKY MPSIMON U TIOCKOCTHIO

¥ MX BEIYHCICHHE, yCIoBHs | u | JIBYX HPSMBIX, IPAMON U IUIOCKOCTH.
Touka nepecedyeHus: NpsAMON U MIOCKOCTH.

KpuBas 2-oro mopsizika Ha IuiockocTd U eé obmiee ypaBHeHHe. Kiaccuduka-
LUsl KPUBBIX 2-0ro mopsaka. [IpuBeneHne ypaBHEHHs KPHUBBIX K KaHOHHYE-
CKOMY BUJY.
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40.

41.

42.

43.

44,

45.

46.

Onnunc. Kanonndyeckoe ypaBHeHue 3iuiunca. Iloctpoenue amnunca. Bepim-
HBI, TIOJIyOCH, (POKYCBI, DKCIEHTPHCHUTET, OOIIee TeOMETPHYECKOe CBOWMCTBO
TOYEK DIIIHIICA.

I'mnepbona. Kanonnueckoe ypaBHenue runep0oibl. [TlocTpoenne rumnepoossl.
Bepmmnsl, nmonyocH, $OKyChl, SKCIIEHTPUCUTET, aCUMIITOTHI, 00Iee reoMeT-
pHYEeCKOe CBOMCTBO TOUEK I'MIEepOOIIbI.

[Mapabona. Kanonuueckoe ypaBHeHue mapabonbl. IlocTpoenne mapabossl.
Bepumna, Qoxyc, SKCIEHTPHUCHTET, JWUpPEKTpHUca, OOIee TIeOMETPUYEcKoe
CBOMCTBO TOYEK MapadoJIbl.

Cdepa. Dmummncona. Kanonnueckue ypaBHeHUs U Tpaduky.

TumiepOoonabl (OHOMOIOCTHON U JBYNONOCTHOH). KaHOHMYeCKue ypaBHE-
HUS U TpadUKH.

[MapaGonounsl (amuunTudeckuii n runepOoinyeckuii). Kanonnueckue ypas-
HEeHUs U TpaduKu.

Humaaps! (3/UTHITHYECKU, TUIIEPOOINISCKUN, TapaOOTHUECKIi), HX YpaB-
HeHUs U TpaduKu.

Paznen. KomiuiekcHble uncia. Ajirebpa MHOT04J1€HOB.

47.

48.

49.

50.

KommiekcHoe umcno, ero wn3o0pakeHHWe Ha IUTOCKOCTH. KomrmekcHo-
conpspKEHHOE YUCTO. MOMYNIh M apryMEHT KOMIUIEKCHOTO YHCIIa. Pa3indyHble
(hOpMBI 3aITUCH KOMITJIEKCHOT'O YHcia (aredpandeckasi, TPUrOHOMETpHIECKas,
mokazatenbHas). @opmyna Diinepa.

JleficTBUs HAJl KOMIDICKCHBIME YHCIIAMU (CIIOKEHHE, BEBIYUTAHUE, YMHOXKCHUE,
JICNICHUE) B alreOpanvecKoi, TPUTOHOMETPUICCKON U IMOKa3aTeIbHOH (op-
Max.

BosBenenne koMIieKcHOro yncna B crenens. @opmyna Myaspa. V3Brneuenne
KOpHS U3 KOMIUIEKCHOTO YHCIa.

[onsiTne MHOTOUJIEHA, anredpandeckoro ypaBHeHUs. OCHOBHas Teopema aj-
reOpsl U Teopema besy. PasnokeHne MHorowieHa Ha MHOXuTeIH. Haxoxe-
HUE KOPHEH KBaJPATHOTO YPAaBHEHUS.
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6. [Ipunoxenus.
6.1. O6pa3zen pemieHNs: KOHTPOJIbHBIX 32124 TUIIOBOT0 BAPHAHTA.

1 2 0 3
20 3 -2

1 — 10. Boruucnuts onpenenutens: 01 -1 o (i=1,=2)
32 -3 4

a) HEIOCPE/ICTBEHHBIM PA3JIOKEHHEM 0 [ — Oli CTPOKE;
0) HerocpeICTBEHHBIM PA3JIOKEHHEM [0 j — OMY CTOJIOIY;

Petenue. a) BerauciisieM orpe/ienuTellb pa3ioKeHHEM 10 JJIEMEHTaM IIePBOi

1 2 0 3
2.0 3 -2
CTPOKH: A:O ) ! =1-Aj;+2- 41, +0- 413 +3- 4.
3 2 -3 4
0o 3 =2
A =M S 22001 443224 (<2) - 1-(B) -
2 -3 4
—(=2)-(=1):2-3-1-4-0-2-(=3) =2
2 3 =2
1+2
Ay =(D7T0 —1 2|=~(2-(-1)-4+3-2:34(-2)-0-(-3) -
3 -3 4
—(=2)-(-1)-3-3-0-4-2.2-(-3)) =16
2 0 3
1+4
Ay =DM 1 —1)=—21-(-3)+3-0-240-(-1)-3~
3 2 -3

~3.1:3-0-0-(=3)=2-(-1)-2) =11
Torna A=1- Ay, +2- Ay +0- A3 +3- A, =1-2+2-(=16)+3-11=3

6) BBIYHCIIIEM OIMPEACIIUTEIIb HCNOCPCACTBCHHBIM PA3JIOKCHUEM 110 DJICMCHTAM
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2 0 3

0 3 -2[_

L oSl 0 Ay +ldgy 20 Ay,
2 -3 4

= (2 (1) 4+3-2:3+(=2)-0-(-3) -

—(=2)-(-1)-3-3-0-4-2-2-(=3)) =-16

Ay =722 3 2= —(13-440-(-2) 3+3-2-(-3) -

~3.3.3-0-2-4-1-(=2)-(-3)) =39

1
2
BTOpOro cronbua: A = 0
3
2 3 =2
1+2
A12 =(-1) 0o -1 2
3 -3 4
0 3
3 -3 4
0 3

Ay =D 3 o[ =1.3:240-(2)-043-2- (1) -

0 -1 2

Torna A=2~A12 +0- 45,

1 2 0

2 0 3
OtBetr: A =

01 -1

3 2 -3

11-20. Haiitu maTpuiry C =
2
A=|0
0

Pemenne:

1) Tpaucnonnpyem marpuity A : al -

~3:3.0-0-2-2-1-(=2) - (-1) =2
+1 Agy +2- Agy=2(-16)+1:39+2(-2) =3.
3

-2
=3.
2

4

B~AT + 34, ecnu:

T 123

3 -1, B=l2 1 2|
> 1 1Y (2 0 o
0 3 —1| =| 1 3 -1
0 -1 3 1 -1 03
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2) BeruncisieM npousBejiennue Matpuil B - AT

1 23 2 0 0
B-al =|2 1 2|1 3 -1]=
1 23 -1 -1 3
1242 143-(-1) {1-0+2-3+3-(-1) [1-0+2-(-1)+3-3 1 37
= 2241142 (=) [2:0+1-3+2-(=1) [ 2-0+1-(-)+2-3|=[|3 1 5
1-2+2-143-(-) [1-0+2-34+3-(-)|1-0+2-(-)+3-3 1 3 7
3) Haxomum matpuiy 34 :
2 1 -1} (32 31 3.¢=D) (6 3 -3
34=3-{0 3 -1|=|3-0 3-3 3.(-D|=|10 9 -3
0 -3 9 3.0 3-(=3) 3.9 0 -3 9
4) Haxomum matpuny C @ C =B- AT +34=
13 7) (6 3 -3\ (1+6 3+3 7+(=3)) (7 6 4
=3 1 5|+{0 9 =-3|=3+0 1+9 5+(3)|=|3 10 2
1 3 7 0 -3 9 1+0 3+(-3) 749 1 0 16
7 6 4
OtBer: C=|3 10 2
1 0 16
4x+y—-4z=-6
21 — 30. [lana cucrema ypaBHeHuii: < 2x —4y + 6z =12. Tpebyercs:

X+2y—z=2
a) HailTu peuieHue cucteMbl MeTonoM Kpamepa; ©) 3anucath cucteMy B MaTpuy-
HOM BUJIC M HAWTH €€ pelleHre METOIOM OOpaTHON MATPHIIGI; B) HAUTH pEIICHUE
cucTemMbl MeTosioM [aycca.
Pemenue.

A) Metoa Kpamepa.
1a) BorunciisieM onpeaeanTeb CHCTEMBI U IPOBEPSIEM, YTO OH OTIIMYEH OT HYIIS:

4 1 -4
A=2 -4 6|=4-(-4)-(-D+1-6-1+(-4)-2-2—
1 2 -1

—(~4) - (~4)-1-1-2-(=1)-4-6-2=-56%0.
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2a) Tak xkak A = —56 # 0, TO cUCTEMa MMEET €IMHCTBEHHOE pEIIEHHE, ONpee-

Ay Ay Ag
nsiemoe hopmynamu Kpamepa: xX=——,y=——,z=—-
A A A
3a) Borumcnsiem onpenemuremn A, A LA
6 1 -4
A =12 =4 6|=(6)-(4)(-1)+1-6-2+(-4)-12-2—
x
2 2 -1
—(4) - (4)-2-1-12-(=1) = (=6) - 6 - 2 = —56,
4 -6 -4
A =2 12 6|=4-12-(“1)+(=6)-6-1+(-4)-2-2 -
y
2 -1
(4121 (=6)-2- (=)= 4-6-2 = 112,
4 1 -6
A =2 —4 12|=4-(-4)-241-12-14(=6)-2-2—
z
1 2 2
—(=6)-(—4)-1-1-2-2-4-12-2 = —168.
—-56 -112 - 168
4a) Haxomum pemenune: x=——=1, y=——=2, z=——=3
-56 -56 -56
4.142-4-3=-6 —6=-6
5a) Bemmonusiem npoBepky: §2-1-4-2+6-3=12 =4 12=12 .
1+2.-2-3=2 2=2

OtBer: x=1, y=2, z=3.
b) MeTon 00paTHOH MATpPUIIBL.
10) 3anmceiBaeM cHCTEMY ypaBHEHHUH B MATPUYHOM BHUJIE:

4 1 -4\ (x) (-6
A-X =B wm 2 -4 6 ||y|=]|12
1 2 -1 z 2

26) Brrumcsiem OIMpCACINUTEIb CUCTEMbI U TIPOBEPACM, YTO OH OTJIMYCH OT HYJIA:
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4 1 -4
|Al=2 -4 6|=4-(-4) (“1)+1-6-1+(-4)-2.2-
1 2 -1
C(4) (4 1-1-2-(-1)=4-6-2= 56 %0
30) Tak kak | 4 |= =56 # 0, To matpuna cucteMsl A nMeeT 0OPaTHYIO MATPHILY

-1 .
A~ ¥ eMUHCTBEHHOE PEIICHUE CHCTEMbI OmpeensieTcs GopMyon:
-1

x) (4 1 -4 ~6
X=A4"B um |y|=|2 -4 6| |12
z 1 2 -1 2
406) Haxomum oOpaTHYIO MaTpUILy A7! (METOIOM TIPUCOETMHEHHONU MATPHIIBI):
T
I s VRS LR &
4 4 Ay Ay A3
Azp A3y 433
-4 6 2 6 2 -4
1 -4 4 —4 4 1
A21— 2 _1:—7 A22—+1 _120 A23:—1 2:—7
—4 4 —4 4 1
T
! -8 8 8 ! -8 -7 =10
Toma A =——| -7 0 -7| =—— 8 0 -32|.
=6 10 —32 —18) %8 -7 18
) (-8 =7 -10) (-6
50) Haxomum pemrenue: | y |=——-| 8 0 -32|-| 12 |=
6 ls 7 —18) (2
L (R0 2e10-2) (=56 (1
= 8.(=6)+0-12+4(=32)-2 |=—-|-112|=|2
=36 | g.(c6)+ (=) -12+(=18)-2 ) % |-168) (3

23



4.142-4-3=-6 —6=-6
60) Beoironssiem mpoBepky: 42-1-4-2+6-3=12 =< 12=12 .

1+2.-2-3=2 2=2
OtBeT: x=1, y=2, z=3.

B) Meton I'aycca.
1B) 3amuceIBaeM pacUIMPEHHYIO MATPUILy CUCTEMBI:

4 1 -4l-6
A=(4|B)=]2 -4 6|12
1 2 -1]2

2B) Beinonnsem npsimoii xox merozaa ['aycca.

B pezynomame npsamozo xooa mampuya cucmemvt A 0doadicha bvims npeodbpazo-
8aHA C NOMOWBIO DNEMEHMAPHBIX Npeobpazosanuil cmpok Kk mampuye A’ mpe-

!

Y207IbHO20 Uiu mpaneuue@u()Hozo 8UOA C dIIEMEHMAMU a”

# 0. Cucmema ypasne-

nui, mampuya xomopou A’ sensemcs mpey2onvnou ¢ 9nemenmamu al'-i =0

(i=12,...,n), umeem eduncmeenHoe peuleHue, a cucmema ypasHeHull, Mampuya

xomopou A" aersemci  mpaneyuesuoHou ¢ DACMEHMAMU al'-i =0

(i=12,...k, eo0ek <n), umeem beckoneuno MHO20 peweHuil.

4 1 -4]-6
5 4 612 U3 8MOPOU CMPOKU, YMHONCEHHOU HA 2, 8blUumaem nepeyio
L 2 1B u3 mpemveti CmpoKu , YMHONCEHHOU Ha 4, 8bluumaem nepeyio
4 1 -4|-6
K mpemvell cmpoxe, YMHONCEHHOU Ha 9,
|0 -9 16(30 | = ? PORE:
npubasnsieM 8Mopyl0 CMpPOKY, YMHOJICEHHYIO Ha T
0o 7 014
4 1 -4 1| -6
< [0 -9 16 | 30 |. B pesynbprare ameMeHTapHBIX MpeoOpa3oBaHUM Mat-
0 0 -—-112{-336

!
pulia A CHUCTEMBbI r[peo6pa3OBaHa K ClicuaJibHOMY BUY A . Cucrema YpaBHC-
v v ! v
HUHU, MaTpulla KOTOPOU A , ABJIACTCA TPCYTOJbHOU C HEHYJICBBIMU JUATOHAJIb-

HBIMHU 3JICMCHTAMU al'l * 0, HUMECT BCCTJa CAMHCTBCHHOC PCIICHUE, KOTOPOC Ha-

XO0AUM, BBIIIOJIHAA O6paTHI:II>i X0na.

24




Ecnu npu evinonnenue npeobpazosanusi pacuwupennou mampuyvt A < A' 6

npeobpazosannoii mampuye A' noseisemes cmpoxa (O 0 .. 0 |b'), 20e

b' # 0, mo amo 2060pum 0 HeCOBMECMHOCTNU UCXOOHOU CUCTHEMbL YDAGHEHUI.

3B) Bremonasem oOpatHsIii Xxoa MeToaa ['aycca.
3anuchiBacM CUCTEMY YPaBHEHUIA, COOTBETCTBYIONIYIO MOCIIENHEH paciiupeHHON

4 + y - 4z = -6
MaTpule NpsMOro Xoja: -9y + 16z = 30 u nocnenosa-
-112z = -336
TEJNBHO U3 YPaBHCHUI CHUCTEMBI, HAUWHAS C TIOCIEIHET0, HAXOIUM 3HAUCHHS BCEX
z=3

HEU3BECTHBIX:{ —9y =30-16z2=30-16-3)=-18= y=2.
4x=-6-y+4z=-06-2+4-3=4=x=1

4.142-4.3=-6 —6=-6
4B) BeimnonHseM mpoBepky: $2-1-4-24+6-3=12 =< 12=12 .
1+2.-2-3=2 2=2

OtBer: x=1, y=2, z=3.

31-40. Haiitu obiee pelieHue IUisk KaskI0i U3 JaHHBIX cucTeM MerozoM [aycca:
x| +2x, +4x3 —3x4 =0
3x; +5x, +6x3 —4x, =0
4xq +5x, —2x3 +3x4 =0 )
3x) +8x, + 24x3 —19x, =0

Pemenue.
1a) 3anuceiBaeM pacIIUPEHHYIO MaTPUILy CUCTEMBI:
1 2 4 =310
~ 35 6 -410
A=(4|B)=
4 5 -2 3 10

3 8 24 -19|0

2a) Broinonusiem npsimoit xoa merona ["aycca.
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1 2 4 =310
35 6 -410

=
4 5 -2 3 10
3 8 24 -19|0

u3  mpemvell  CMpOKU GblYUMAEM NePEYIo, YMHOJCEHHYIO Ha 4 | &

U3 @mMOpoU  CMPOKU GblYUMAEM NePEYI0, YMHOJICEHHYIO Ha 3
U3 uemeépmol CMpOKU blYUMAEM NePEYI0, YMHOJICEHHYIO Ha 3

1 2 4 =310
0 -1 -6 5 |0
= =
0 -3 —-18 15 |0
0 2 12 -10|0

(us mpemvell  CMPOKU  BbIYUMAEM  8MOPYIO, YMHOMCEHHYIO HA 3]
= L=

K uemeépmoii cmpoke npubaeniem 6MOPYIo, YMHOJNCEHHYIO Ha 2
2 4 =310

& (szlté'pkueae/w mpemvio U 4emeeEpmyno cmpoxu) &

1 4 =310
< .
0 -1 -6 5|0
ManI/IHa CHUCTEMBI ITPUBEACHA K TPANICHUCBUIHOMY BUAY C HCHYJICBLIMU JTUAro-
HaJIbHBIMH 3JICMCHTAMH. COOTBCTCTByIOIIIaH TaKOM MaTpuie CucrteMa ypaBHeHI/Iﬁ
nMeeT 0eCKOHETHO MHOTO pemeHHﬁ, KOTOPBIC HAXOJAWM, BBITIOJIHAA 06paTHLII7[ Xon,

W 3alKChIBaeM B BHJIE 00IIero pemeHus. J{is 3anucy o01ero peneHus yka3pBaeM
e€ 0a3ucHble U CBOOOIHBIE HEU3BECTHBIE. ba3HCHBII MHHOP MaTpHUIIBI CHCTEMBI

0
0
0

00pasyloT  cTonbubpl  KO(Q(QUIUEHTOB IIPM HEM3BECTHBIX X, H  X,:

1
0 -1 = —1# 0. IlosToMy BEIOMPAEM B Ka4€CTBE OA3UCHBIX — HEU3BECTHBIE X, H

X, , Toraa cBOOOTHBIMH OYIyT HEU3BECTHBIE X3 U X, .
3a) BrmonaseM o0paTHbIH X0 Metona [aycca.
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3anucelBaeM CUCTEMY YPaBHEHUH, COOTBETCTBYIOLIYIO MOCIEAHEH pacIupeHHON

+2x2 +4x3 —3x4 =0

X
MaTpHule OpSIMOro Xoja: { 1 . CBOOOZHBIM HEU3-

- X 2 - 6X3 +5x 4 =0
BECTHBIM HpI/IZ[aéM Ppa3HbIC, TMPOU3BOJLHLIC TOCTOAHHBIC 3HAYCHUS: X3 = Cl ,

Xy = Cz , U TIOCJIEIOBATEeNIbHO W3 YPAaBHEHUH CHUCTEMBbl, HAUMHAS C MOCJEIHETO,
HaxoguM 3HAYEHUS BCEX 0a3UCHBIX HEU3BECTHBIX:
Xy =6x3—5x4 =6C1—5C2 = Xy =—6C1+5C2 ’

xl = —2)(2 - 4X3 + 3X4 = —2 . (—6C1 + 5C2) - 4C1 + 3C2 = 8C1 - 7C2
Torma ob1ee pelienue CHCTEMBI 3aMuUIIeTCS B BUJIC:
X = (xl,xz,x3,x4) = (8C1 —7C2, —6C1 +5C2, Cl’ Cz) .
4a) BrinonHsieM poBepKy:
l-(SCl —7C2)+2-(—6C1 +5C2)+4C1 —3C2 =0

0=0
3:(8C) =7C,) +5-(=6C, +5Cy) +6C| —4Cy =0 _Jo=0
4-(8C) =7C)+5-(=6C, +5C,)=2C) +3C, =0 0=0

3-(8C) ~7C))+8+(-6C, +5C;)+24C; ~19C, =0 (0=0

OtBeT: X = (xl,xz,x3,x4) =(8C, -7C,,-6C; +5C,,C;, Cy).

2x; —3x, +5x3 +T7x, =1
0) 4x1 —6x2 +2x3 +3x4 =2.
2x; —3x, —11x3 —15x, =1
Pemenne.
1a) 3anuceiBaeM pacIIUPEHHYIO MaTPUILy CUCTEMBI:
2 -3 5 7 |1
A=(4|B)=|4 -6 2 3 |2
2 -3 -11 -15]1
2a) Boinonusiem npsimoit xoa merona ["aycca.
2 -3 5 7 |1
4 -6 2 3 |12
2 -3 -11 -15]1
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U3 6MOPOL CMPOKU BbLIYUMAEM NEPEYIO, YMHONICEHHYIO Ha 2
u3 mpembetl CmpoKu GbluUmMmaem nepeyio

2 -3 5 7 11
|0 0 -8 -11|0|&
0 0 -16 =220

B pezynomame npsamozo xooa mampuya cucmemvt A 0doadicha bvims npeodbpazo-
8aHA C NOMOWBIO INEMEHMAPHBIX npeobpaszosanuti cmpok k mampuye A" mpe-

Y207IbHO20 Uau mpaneuue@u()Hozo 8UOA C INEMEHMAaAMU al'l #0.

Ecnu, npu evinornenuu npeobpazosanus pacuupennou mampuyvl A < A', 6

npeobpazosannoii mampuye A' noseisemea cmpoxa (O 0 .. 0 |b'), 20e

b' # 0, mo amo 2060pum 0 HECOBMECMHOCTNU UCXOOHOU CUCTHEMbL YPAGHEHU.

ﬂflﬂ BbINOJIHEHUA YCIIOBUA al'l

mamu cmonbyos mampuysl cucmemvl. Ecnu npu evinonnenuu npeodpazoéanuil
nPSAMO20 X004 68 Mampuye CUCIeMbl NePeCcmAasIsAIUCy MECIaMU CMoaoYbl KO-
uyueHmos npu HeU3BeCMHbIX, Mo 6 OAIbHeleM, NPU 3aNUCU CUCTEMbL YPAasHe-
HULl, COOMEeMCcmayIowell NOCIeOHell PACUUPEHHOU Mampuye nPImo20 Xood, Imo
caedyem yuecmo.

# 0.moorcem nompe606ambwz nepecmanoska mec-

= (nepecmawme/w Mecmamu 6mopou u  mpemuil cm0ﬂ6ubl) =

2 5 =3 7 |1
|0 -8 0 -11|0|«
0 -16 0 =220

= (u3 mpemvell CMpOKU GblYUMAEM BWOPYIO, YMHOMCEHHYIO HA 2)@

2 5 =3 711
<|0 -8 0 -11|0]|< (szlté'pkueae/w mpemuio cmpoxy) S
0 0 O 0 |0

2 5 =3 7|1
= .
0 -8 0 -11]|0
Martpuna cuctemsl IpUBEACHA K TPANeMEeBUIHOMY BUly C HEHYJIEBBIMU JUAro-
HaJlbHBIMU 371eMeHTaMH. COOTBETCTBYMOILAas TAKOW MAaTpHUIE CHUCTEMa ypaBHEHUI
nMeeT OECKOHEYHO MHOT'O PEIeHHH, KOTOPhIe HaXO/IUM, BBITTOIHSISI OOpaTHBIN X071,
W 3alKChIBaeM B BHJIE 00IIero pemeHus. J{is 3anmcy o01ero penenus yka3sBaeM
e€ 0a3ucHbIe U CBOOO/IHBIE HEM3BECTHBIE. ba3HCHBI MHUHOP MaTpUIIbl CHCTEMBI, C
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Y4ETOM TEePECTaHOBKM MECTaMH CTOJIOIIOB, 00pa3ylOT MIEPBEIA U BTOPOM CTOIOIBI

K02 (UIMEHTOB TIPH HEM3BECTHBIX X; M Xj: =—16 # 0. IloaTomy BBI-

6HpaeM B KauyecTBe 0a3HMCHBIX — HEM3BECTHBIC xl u x3 , TOraa CBO6OI[HI)IMI/I 6y):[yT

HCHU3BCCTHBIC x2 u x4 .

36) Brmonasiem oOpaTHbIid X0 MeToza ["aycca.
3anucpIBaeM CHCTEMY ypaBHEHH, COOTBETCTBYIOILYIO MOCIIEIHEH pacipeHHOM

2x1 —3x2 +5x3 +7x4 =1

MaTpuie npaMoro xozaa: { CBO6OI[HI>IM HEC-

—8x 3 —11x 4 =0
HU3BECTHBIM HpI/IZ[aéM Ppa3HbIC, NPOU3BOJIbHBIC MOCTOSAHHBIC 3HAYCHUA: x2 = Cl ,
X4 = Cz , U IIOCJICAOBATCIIBHO U3 ypaBHeHI/Iﬁ CHUCTCMBI, HaYWHas C IOCJICIHECTO,

HaxoJaumM 3HA4YCHUA BCEX 0a3UCHBIX HCU3BCCTHBIX!

11
—8x3=11x4=11C2 = x3=——C2
11 1
2x) =1+3xy —Sx5 —Txy =1+3C_ -5 -—C_ |-7C_=1+3C -—C
| g 2 2 1 g 2

Torna 06mee PCUHICHUC CUCTEMBbI 3alIUIICTCA B BUIC:

11
X=(X1,Xr,X5,X,) = l+—3C1—C—2 C Cz
127227374 2 2 161 8 2

;3¢ ¢, e,
24| —+———-——"| =-3C, +5- - +7C =1
2 2 16 1 8 2 !
| 3¢ ¢ e, B
4| —+—-——=| —6C, +2-|- +3C, =2 =>12=2
2 2 16 1 8 2
, 3¢ C 11C B
2 2
2| —+—-——=| -3C, -11|-——=| —15C. =1
2 2 16 8 2
1 3C1 C2 11C2
O1BeT: X = (X1,Xr,X4,X4)=| —+——-—,C,,—=, C
(x1:72:%3:%4) 2 2 1671 8 2
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Tx —4x, +x3 +3x4 =5
B) 3x1 —5x2 +2x3 +4x4 =2.
S5x;p +7x, —4x3 —6xy =3
Pemenne.
1B) 3amuceIBaeM pacUIMPEHHYIO MATPUILy CUCTEMBI:
7 -4 1 315
A=(A|B)=|3 -5 2 4 |2
5 7 -4 -6|3
2B) Beinonnsem npsimoii xo meroaa ["aycca.
7 -4 1 315
3 -5 2 4|2\
5 7 -4 -6|3

U3 6MOPOU  CMPOKU, YMHOJICEHHOU Ha T, 6bluumaem nepeyio, YMHOJICEHHYIO Ha 3
u3 mpemoeti CMpOKU, YMHOJICEHHOU Ha T, evluumaem nepeylo, YMHOJICEHHYIO HA S

7 -4 1 3 5
<0 =23 11 19 | -1
0 69 -33 -57|-4

= (K mpemoveti  cmpoke HpubasusieM 6mopylo, YMHOJICEHHYIO Hd 3) =

7 -4 1 3|5
<0 =23 11 19| -1
o o0 o0 0/|-7

[Tpu BeIMOMTHEHNH NTPeoOpa30BaHMs PACIIMPEHHON MaTPHUIIBI Ao A8 npeod-
pasosaunoit Matpune A’ mosBUIAch cTpoka (O 00 0 |- 7), COOTBETCT-
ByIoIas ypaBHeHHIO 0-x; +0-x, +0- xq + 0-x, =-7, KOTOpOMY HE y/OBJIe-

TBOpSICT HU OJIMH Ha0op 3HAaYeHMH HemsBecTHbIX (X, X,,X;,X, ), 4TO TOBOPHT O

HECOBMECTHOCTH UCXOIHOU CUCTEMBI ypaBHeHI/Ifl.
OTtBer: Cucrema HECOBMECTHA.

41 — 50. TpeOyercs:
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2 1 -1

a) Haliti COGCTBEHHBIE YUCIIA U BEKTOPSI MaTpuilsl 4 = 0 3 -1

0 -1 3
Mnoowcecmeo cobcmeennbix uucen Mampuybl cO8NAOAen ¢ MHONCECNEOM KOPHell
xapaxkmepucmuueckozo ypaenenus mampuyvl A : | A—1-E |= 0, a mnodxcecmeo
COOCMBEHHBIX 6EKMOPO8, OMEEHAIOWUX COOCMEEHHOMY HUCTY ll., cosnadaem c
MHOICECMEOM HeH)1eablx pewenu MAMpUIHO20 YpasHeHus:

(A=2; -E)- X = O, onpedersiemvim memooom I aycca.

Peimnenne:
1) CocrapiseM XxapaKkTepHCTHIECKOE ypaBHEHHe MaTpusl A :
2-1 1 -1
|A-A-E|=| 0 3-42 -1|=0.
0 -1 3-2

3anuceIBaeM ero B Buje ajareOpandeckoro ypaBHEHHs: M HaXOJUM JICHCTBUTEIb-
HBIE KOPHH (Cpey HUX MOTYT OBITh M KpPaTHBIE):

(2-2)(3-1)2-Q2-D) (=) () =0 A1-2)2 - (1-4)=0=
2.1’2 =2, 23 =4.
Taxum 00pa3oM, COGCTBEHHBIMH YHMCIaMU MaTpulbl A ABJIAFOTCS: Al = 12 =2
u 13 =4.
2) Haxonum coGCTBEHHBIE BEKTOPbI MATPHIIBI A , OTBEYAIONINE PA3ITMYHBIM COO-

CTBCHHBIM 4YHCJIaM }ul , U 13 .

2.1) CocraBisieM MaTpUIHOE YPaBHEHHUE JIJISI HAXOXK/ICHUST COOCTBEHHBIX BEKTOPOB

_(Z4)
¥ 27 oTBeuaroumx cOGCTBEHHOMY UHCITY My=2: (A-2-E)-X=0

WU

2-2 1 -1 X 0 0 1 -1 x| 0
0 3-2 -1 ||x (=00 1 —1ffxy|=/0],
0 -1 3-2 0 0 -1 1 0

*3
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Xy —x3 =0
3AIUCHIBACM €r0 B BUJIE CHCTEMBI IMHEHHBIX yPABHEHUM: § x5 —x3 =0 u pema-
—Xy +x3= 0
em MetonoM [aycca. IlomydeHHas cuctema, OYEBMIHO, PKBUBAJIEHTHA CHCTEME
{x2 —X; = 0, umerommeit cremmanbHbli (Tpanenmesuankiii) ua. Takas cucreMa

nMeeT OECKOHEYHO MHOTO PEIICHHH, KOTOPHIE 3alHMChIBAIOT B BHJIEC OOIIETO pelire-
Hus. J{ns 3amucu o0IIero pemeHus STOH CUCTEMBI YKa3biBaeM ¢€ Oa3uCHBIC U CBO-
OO/THBIC HCU3BECTHBIC. ba3HCHBIMU SIBIISIOTCS HEU3BECTHBIC, CTONOIBI K03 duIu-
€HTOB CHCTEMBI TIPH KOTOPBIX 00pa3yroT 0a3WUCHBIA MUHOP MaTPUIIBI 3TOW CHCTE-
MEbI. Takoit MUHOp 00pasyer, HanmpuMep, cToIoen K03(H(OUITUCHTOB MTPU HEU3BECT-

HOW X, : | 1 | =1 0. [TosToMy BEIOMpaeM B KadecTBe OA3MCHOW — HEU3BECTHYIO
X, , TOorJa cBoOOIHEIMU OyIyT HEM3BECTHBIE X; U X;. CBOOOIHBIM HEM3BECTHBIM
npuaéM pasHble, IPOU3BOILHBIC MOCTOAHHbIC 3HAYeHusA: X; = €}, x3 = Cy, Te
C1 ,C G 0, onHOBpeMEHHO, ¥ BBIpaKaeM Yepe3 HHMX 3HaYeHUe Oa3MCHOM Heus-

BECTHOI1 M3 ypaBHeHus cuctemsl: X, = X; = C, . Torza oblee perieHue cucre-

(A

MbI, 3a1al0OIICC MHOXCECTBO BCECX COOCTBEHHBIX BEKTOPOB x , OTBCUAIOLIUX

_Y2)
COOCTBEHHOMY YHCITY j’l 7 =2 OyneT UMeTh BHI: X 127 = (Cl,Cz,Cz).

2.2) CocraBjisseM MaTpUYHOE YpaBHEHHUE JIs HAXOKAECHUS COOCTBEHHBIX BEKTOPOB
(1)

X 3, oTBevarommx cOBCTBEHHOMY UHCITY Ay =4 (A-4-E)- X =0
17517
2-4 1 -1 X 0 -2 1 -1 x| 0
0 3-4 -1 ||x =10 0 -1 -1]x5|=]0],
0 -1 3-4 X3 0 0 -1 -1 X3 0

—2x1 + Xy — X3 =0
3aIKCHIBAEM €T0 B BUJIC CHCTEMBI JIMHCHHBIX YpaBHCHUIA: —Xy — X3 =0u
— Xy — X3 =0
pemaem meromoM ["aycca. [TomydeHHast cuctemMa, OYEBUIHO, SKBHBAJICHTHA CHC-
—2x1+x2—x3=0 . . .
TEME 0 UMEIOIICH CHeNUaNbHBIA (TpaneueBUIHbIA) BH]I.
“r2TX3 =
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CucremMa uMeeT 0€CKOHEYHO MHOIO pemeHI/Iﬁ. Z[J'IH 3amucu €€ o0IIero peuIeHUA

yKa3bplBaeM 0a3WCHBIE M CBOOOIHBIE HEW3BECTHBIE. BasWCHBIM MHHOP MaTpHIIBI
CHCTEMBI 00pa3yloT CTONOIEI KO()(GMIMEHTOB HPH HEM3BECTHBIX X; U X, :
-2

0 1= 2 # 0. IlosTOMy BEIOMpaeM B KayecTBe OA3MCHBIX — HEM3BECTHBIE X,

U X, , Toraa cBoOOIHOM OysieT HeusBecTHass X, . CBOOOMHON HEM3BECTHOM Mpu/a-
M NPOM3BONLHOE NOCTOSHHOE 3HauYeHHe: X3 = C, raeC # 0 1 BbIpakaeM uepes

Heé 3HadyeHUs 6a3I/ICHBIX HEU3BECTHBIX xl u x2 u3 ypaBHeHI/Iﬁ CUCTEMBI CIICLU-
AJIBHOI'O (T‘paHeHI/IeBI/I[[HOFO) BUIA, Ha4yuHasg C TOCJICAHCTO YPAaBHCHUA!
- X2 = X3 = X2 = _C

TOFI[a O6H.Iee peHICHUC CUCTEC-
_le =—Xy + X3 :>—2x1 =2C:>x1 =-C

(23)

MBI, 3a/Ial0lee MHOXECTBO BCEX COOCTBEHHBIX BEKTOPOB X , OTBEYAIOIINX
—(A)
COOCTBEHHOMY YHCITY 13 = 4, OyJeT UMeTh BUI: X & =(-C,-C,C), C#0.

_(4)

OTtBer: }“1,2 =2, = (Cl,Cz,Cz), C,,Cy # 0;

Ay =4, % = (c-c0), c+o0.

0) u BaThb KB TUYHYIO (HOopM 2+ 23t -2 +2 Ha 3Ha-
CCIIENIOBA ajapa yio dopmy Xy +x X, XX3 +2Xx,Xx3 Ha 3Ha

KOOMpeAenEHHOCTD (o kputeputo CHibBecTpa).

Pemenue.
1 0 -1
1) 3anuceiBaem MaTpuily kBaapatnuHoi popmer: 4= 0 1 1
-1 1 3
2) Ilposepsiem sBISETCSA U MaTpula A HEBBIPOXKIECHHOW. [[71s1 3TOro BhIUUCIAEM
1 0 -1
e€ ornpenenuTenb | A | u mpoBepsieM, paBeH M oH Hymo: | A|=|0 1 1|=1.
-1 1 3

Tak kak | A|]=1% 0, To marpunia 4 - HEBBIPOXKIECHHAs U, CIEIOBATEIbHO, LIS

WCCIIEIOBAaHMST KBAJPaTUYHON (POPMBI Ha 3HAKOONPENENEHHOCTh MOXKHO ITpHUMe-
HUTH Kputepuil CuiabBecTpa.
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3) Boruncngem yrioBele MUHOPBI MaTpUllbl 4 M JE€IaeM BBIBOJ O 3HAKOONpese-
10

NEHHOCTH KBAApaTU4HON (OpMBI: Ay = |l| =1, A,y = 01

=1, Ay ={Ad=1.

Tak kak Bbmonnsiercst ycnosue: A, >0, A, >0, A; >0, 10 no kpurepuro

CunbBecTpa KBaJpaTHIHas GopMa IIOI0KUTEIIBHO ONpeieIeHa.
OtBet: KBagpatnaHas GopMa IONTOKUTEIBHO ONpe/ieIeHa.

51 — 60. J{ann BexTopHI @, 5, c, d:a-= 0,1,2); b =(1,0,1); ¢ =(-1,2,4);
d = (-2, 4, 7). Tlokas3ats, 4TO BEKTOPH d, b , C 00pa3syioT 6a3uc R’ w naiitu
KOOpIHHATEI BEKTOPa d B >1om Gasuce.

Pemenne.

_ = 3
1) IlokaxeMm, 4TO BEKTOpH a, b, ¢ 0OpasyroT 6asuc R°. J{nsa sT0oro cocraBMM

OIpCACINTECIIb, CTOJ'I6HaMI/I KOTOPOIr'o SABJIAIOTCA KOOPAWHATBHI 3TUX BEKTOPOB U
MOKaKEM, YTO OH OTJIMYCH OT HYJIA.

01 -1
A=[1 0 2(=0-0-4+1-2:2+(=1)-1-1=(=1)-0-2-1-1-4-0-2-1=-1.
21 4

_ = _ 3
Tak kak A = —1 # 0, To BekTOpHl @, b, ¢ 00pasyior 6asuc R° w, ciemoBaTens-

i 3
HO, BEKTOp d € R~ €IMHCTBEHHBIM 00pa30M MOXKHO Pa3jIOKHUTh MO BEKTOPAM 3TO-
ro Oasuca.

2) 3anuchiBaeM pa3loxkeHue Bektopa ¢ 110 BektopaM Oasuca B , =(a,b,c):
®3

-2 0 1 -1
d=a-a+p-b+y-cum| 4 |=a-|1|+B-|0|+y-| 2
7 2 1 4

Kod(huImenTs! pasiokeHus o , 3, y Ha3bIBalOT KOOpAMHATAMK BekTopa d B
6azuce BR3 ¥ 3anMchIBaioT: d , = (a,B,y).
R

3) 3anuchiBaeM BEKTOPHOE YpaBHEHUE OTHOCUTEIBHO « , 3,7 B BHUJIEC SKBHUBa-

B-y=-2
JICHTHOW €My CHCTEMBI JIMHEHHBIX YpaBHEHUIL: | & + 2y =4, ¥ HaxXoUM
2a+ f+4y =17

€IMHCTBEHHOE PEIIICHUE CUCTEMBI, HarpuMep, 1o dpopmynam Kpamepa:
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A A A
a==% gL T e
A A A
-2 1 -1 0 -2 -1 01 -2
A=-120,A, =4 0 2/=2,Ag=|l 4 2|=1,4,=/1 0 4|=-1
7 2 7 4 21 7
- -1
Takum obpazom: ¢ =—— =2, f =— =-1, y = — =1. CrenoBarenbHoO,

-1 -1 -1

pasnoxenne umeer BU: d = 2a —b + ¢ WIN KPaTKO: dB , = 2,-1L1).
R

OtBer: d =2a—-b +¢ =(2,-1,1), s
R

61 — 70. lans!r BekTOpH I;, c:a=(0,1,2), b=(1,0,1), c=(-1,2,4).

Tpebyercs: a) HaliTH BEKTOPBI m = 2a + 3b u n=3b—2¢; 6) BHYUCINTH CKa-

JSIPHOE MPOU3BEICHUE 71 - M1 ; B) HAWTH MPOEKIUIO BEKTOpA 71 HA HAINPABIICHUE

BEKTOpA 71 ; T) HANUTH BEKTOPHOE MPOU3BENEHHUE 711 X I U €r0 MOAYNb |1 X 71 |.

Pemenne.

a) Haxoaum BekTopbl m W 71 :

m=2a+3b =2-(0,1,2)+3-(1,0,1)=(0,2,4)+(3,0,3) =

=0+3,2+0,4+3)=3,2,7);

n=3b-2¢c =3-(1,0,1)=2-(-1,2,4)=(3,0,3) - (-2,4,8) =
=(B3-(-2),0-4,3-8)=(5,-4,-5).

6) BriuncisieM CKaJIsIpHOE MPOU3BENEHUE BEKTOPOB M1 - 11

m-n=3,2,7-(5-4,-5=3-5+2-(4)+7-(-5)=-28.
B) Haxo/um mpoeKIMio BEKTOpa 77 Ha HANpaBJICHHE BEKTOpA 7

np, i = m-n (—28) _ 28

7l 57+ (-4 (-5 V66
r) Haxoaum BeKTOPHOE IPOM3BEIEHNE BEKTOPOB 711 X 1
i J k
mxn=3 2 T|=i-
5 -4 -5

2 7
-4 -5

3 7
5 =5

302
5 —4

;. ik _

=i (~10—(-28)) = j (~15-35) + k (12 —10) = 187 + 50 j — 22k = (18,50,-22)

35



Y BBIYKCIIIEM €10 MOYJIb: |n_1><ﬁ|:\/182 +50% +(—22)* =/3308 =2+/827 .
OtBet: a)m =2a +3b =(3,2,7); n=3b—-2¢=(5,—-4,-5);0) m-n=-28;
B) np. i =—28//66 ; r) mx 7 =(18,50,-22), |m x 7 | =2+/827 .

71-80. [anst Bepuwnst peyronbanka ABC : A(4,6), B(—4,0), C(-1,-4)
Tpebyercs HaiiTH:

a) 1uHy cTopoHsl AC 0) ypaBHeHHE CTOPOHBI AC ;5

B) ypaBHeHue Meauanbl CE , poBenénnoit u3 sepumnsl C ;

I) ypaBHEHHUE BBICOTBI BD , IPOBENEHHOM 13 BepIIMHBI B

n) anuHy A BbicoThl BD j €) momans S tpeyronbHuka ABC . Caenath 4epTéx.

Pemenne. Caenaem ueptéx:

o]

i
|
[
|

a) Jlnuny croponsl AC HaxoauM Kak JuiHy Bektopa AC :
AC:(xC _anyC _yA):(_1_43_4_6):(_53_10)7

AC =| AC = (=5)% + (~10)% =55 .

0) Vpasuenue croponsl AC HaXoaMM Kak ypaBHEHHE MPAMOM, MPOXO/sIei ue-
pe3 Toukn A(4, 6) u C(—1, —4), u 3anuceiBaeM €ro B BHJE OOIIECr0 ypaBHCHUS
MIPSIMOIA:
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go: XX V7 Va :>x"4:y_6:>(—10).(x—4)=(—5)'(y—6)

Xe=X4 Yo =XVu -5 -10
=>2x-y-2=0.

B) YpaBHeHue meauanbl CE HAXOIUM Kak ypaBHEHHE HPSMOiA, MPOXOJIAIIEH e~
pe3 Ttoukn C(-1,-4) n E(xy, yy), 1 3aIIUCBIBAEM €TO B BUJIE OOILIEro ypaBHe-
HUS TIpsIMOM. HewsBecTHbIE KOOpAMHATHI TOYKM FE HaXoIuM KaK KOOPIUHATHI
TOuKM, Aensmeii cropony AB momonam:

:xA+xB:4+(—4): :yA+yB:6+O:

X 0; —_ 3.
E ) ) YE ) )
X=X - x+1 +4
Torna: CE : € = Y~ Ve = _ 7 =>7 x+)=y+4=
Xg—Xc Y~ JVc 1 7

Tx-y+3=0.
I') VpaBHeHueE BBICOTH BD HaXoauM Kak ypaBHEHME IPAMOii, IPOXOAALIEH YEpE3
Touky B(—4, 0) nepnenaukynsipHo Bekropy AC = (=5, —10), KoTOpbIA NpHUHU-
MaeM 3a HOPMaJIbHBII BEKTOP MIPSIMOM BD. Torna
BD:(-5) - (x+4)+(-10)-(y-0)=0=> x+2y+4=0
1) Juny A BBICOTEI BD HaxomuM Kak paccTosHHe oT Touku B(—4, 0) 1o mps-
Mot AC , 3alaHHOM 00IMM ypaBHeHUEM 2x—y—2=0:
|2xp —yp —2| _[2:(4-0-2] 10

V27 + (=12 NG V5

h-AC
€) Inomwans Tpeyronbruka ABC Haxomum no dopmyne: S = ——. Otkyna
2

10-5-+5
§=—F=25.
V52
OTBeT:a)AC=5f; 0) AC:2x—y-2=0; B)CE:7x-y+3=0;

1) BD:x+2y+4=0; 1) h=10/\5; e) 5=25.
81 — 90. [aubi Bepumnsl mupamusl ABCD . TpeGyercst HaiiTu:
a) mHbI pebep AB m AD; 0) yron mexnay pedbpamu AB u AD
B) IuIomaas rpauu ABD r) 00heM mmupamuasl ABCD ;
1) ypaBHEHHE MJIOCKOCTU Tpanu ABD;  e) niuny h Bbicotel CE THUPaMUbL.
Pemenue.

h=p(B, AC) =
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a) Jlnuuel pédep AB u AD HaXOIMM Kak JJIHHLI BEKTOPOB E u E:
AB=(xp—X4.y5-y4r2p—24)=(-1-2,-3=(=4),4-5) = (3,1, - );
AD=(xp — X ¥p =V r2p —24)=(1=2,-2—(=4),2-5)=(-1,2,-3);
AB=|4B|=(-3)> +1* + (-)* =+11;

AD=[AD |=+J(-1)> +22 +(=3)* =14.
0) Yron @ wmexny pébpamu AB u AD HaxoauM Kak yroj MEXAy BEKTOpaMH

— AB - AD
AB u AD mo ¢opmyne: cosp =—————. VYuurhBag, 4TO:
| AB|-| AD |

AB-AD = (3,1, —1)- (=1, 2, =3) = (=3) - (1) + 1- 2 + (=1) - (-3) = 8,

— — 8 8
‘AB‘ = \/ﬁ, ‘AD‘ = \/ﬁ noiay4uM cos ¢ = —— . OTkyna ¢ = arccos
\/H\/a V154

B) Ilnomans S rpanu ABD HaxomuM, UCHONB3YsI TEOMETPUUECKHMA CMBICI BEK-

TOPHOTO TIPOU3BENEHUSI BEKTOPOB, 1o Gopmyine S = 0.5| ABx AD |. YuursiBas,
i gk

ur0: ABxAD=|-3 1 —1|=i-
-1 2 -3

1 -1 -3 -1

-1 -3

-3 1
-1 2

+k

= 1 —8j -5k = (-1,-8,-5), [ ABx AD|=y(-1)> + (-8)* + (-5)* , noxyum

2 2
r) O6bém V mupamunst ABCD Haxo[uM, UCHOIB3YsS FE€OMETPHUYECKUM CMBICT

1
CMEUIaHHOTO TPOW3BEIEHHUs BEKTOpPOB, M0 ¢opmyne V =—-| AB- AC- AD|.
6

YuureiBasi, 4To:
AC:(xC _anyC _yAazC _ZA):(5_235_(_4)3_1_5):(3393_6)7

-3 1 -1
S — 9 -6 |3 -6 3.9
AB-AC-AD=|3 9 —6|=(-3)- -1 +(=1)- =45,
L s 2 -3 -1 -3 -1 2

nonyunm V =45/6=17.5.
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J1) YpaBHeHHE IIOCKOCTH rpand ABD HaxoouM Kak ypaBHEHHE IUIOCKOCTH, IPO-
xoxsmeit uepes Touku A(2, —4,5), B(-1,—-3,4) u D(1, -2, 2), u 3anuceiBacM
€ro B BHJIC OOIIETO YPaBHEHUS IIOCKOCTH:

X=Xy Y=Y4 Z—zy x-2 y+4 z-5
ABD:|Xz =X, Y=YV, Zz—2z,/=0 = |-3 1 -1[=0
Xp =Xy YVYp~=Yu Zp—Z4 -1 2 -3

c-2- 0 Heora P Hie-9 [0 oo
x—2)- —(y+4)- +(z-5)- =0 =
2 3V 1 -3 ~1 2

x+8y+5z+5=0

e) Jlmuny /1 Beicotsl CE mupamunsl ABCD HaXoguM Kak PacCTOSHHE OT TOUKHU
C(5,5,-1) nmo mmockoctu  ABD, 3amaHHOW  OOOIMM  ypaBHCHHEM
X+8y+5z+5=0:

|xc+8yc+52C+5|:|5+8~5+5~(—1)+5|: 15

V12 +8% +52 V90 Jio
5 ) wse W10
Jisa )’ 2

V=15 n) x+8y+5:+5=0; € h=15/10.

91-100. YcTaHOBUTH, KaKyIO HEBBIPOXKICHHYIO KPUBYIO ONPEENsIeT anredpande-
CKO€ ypaBHEHHE BTOPOrO IOPSIKA, IOCTPOUTD €€:

h=p(C, ABD) =

OTBeT: 2) 4B = \/ﬁ , AD = \/ﬁ 30) o = arccos[

a) x’ —4y” +8x—24y-24=0; 6) 4x” +9y> —8x—36y+4=0;
B) 2x2—8x—y+5=0.
Pemenne:

a) Takkak B =0, AC - B*=1. (-4) - 0% =-4< 0, TOo ypaBHEHUE onpeenseT

runepGoiy ¢ UEHTPOM B Touke (X, ),) M OCAMH CHMMETPHH, NapajliebHbIMH

2 2
(x—xo) _(J’_J’o)
2 2
a b
HUe €€ Ha IJIOCKOCTH U3BECTHBI. Bhisiensist moHble KBaApaThl B JIEBOM YaCTH ypaB-

KOOPJAMHATHBIM OCSIM: ==x1. Bun xpuBoit u pacnoioxe-

Henms x> — 4 y2 +8x — 24y — 24 = 0, npeoOpa3yeM ero CIEAYIOIUM 00pa3oM:
(x? +8x)—4-(»2 +6y)-24=0
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(x? +8x+16-16)—4- (3> +6y+9-9)—24 =0
(2 +8x+16)—4-(p2 +6y+9)=4 = (x+4)’-4.(y+3)% =4

=4 -3
22 2
[Tony4yeHHoe ypaBHEHHE ONpeneNseT THnepoosry ¢ UeHTpOM B Touke (—4,—-3) u

1.

OCSIMH CHMMETPHH TapauleIbHBIMH KOOPAWHATHBIM OCSM. JlJ1s1 IOCTpOeHUs TH-
niepOoisl B cucteMe koopauHat Oxy : 1) ormeuaeM neHtp runepoomnst (—4,-3);

2) npoBoauM Yepe3 HEeHTp (—4,—3) MyHKTHPOM OCH CUMMETpUH THnepOoisl; 3)
CTPOUM ITYHKTHPOM OCHOBHOH IPSMOYTOJBHUK THIIEpOoIbl ¢ eHTpoM (—4,-3) u

cropoHamMu 2a =4 u 2b =1 mapamienbHbIMA OCSAM CHUMMETPUH; 4) MPOBOIUM
Yyepe3 IPOTHUBOIOJIOXHBIE BEpPIIMHBI OCHOBHOTO MPSIMOYTOJILHUKA ITYHKTHPOM
NpsIMBIE, SIBJISIIOIIMECS ACHMITOTaMH THUIEepOOoJbl, K KOTOPHIM HEOrpPaHWYEHHO
OJM3KO MpU OECKOHEYHOM YJIAJIEHHH OT Havaja KOOPJUHAT MPUOIMKAIOTCS BETBU
runepOoIbl, He repecekas ux; 5) nzo0pa)caeM CILIONIHOM JIMHUEH BETBU TUnepOo-
asl (puc. 1).

OTtBeT: T'unep6ona ¢ riearpom B Touke (—4,—-3) (cM. puc.1)..

&l

Puc.1

2

0) Tax xak B=0, AC-B =4-9—O2 =36>0, A+ C, To ypaBHCHHE OII-

PEACIACT SJIIUIIC C HEHTPOM B TOYKE (xo,yo) " OCAMHU CUMMETPUH, NapasljiCiib-
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2 2
(x x()) +(J’ J’O)

2 2
a b

JIOXKEHHE €€ Ha MIIOCKOCTH U3BECTHHI. BI)II[eJ'IHH TMOJIHBIC KBAJIpAThI B JIEBOH YacTH

HBIMHA KOOPJAWHATHBIM OCSIM: =1. Bug xpuBo#t u pacno-
ypaBHCHUS 4x% +9 y2 —8x—-36y +4 =0, npeobpazyeM €ro ClIeayrmum oopa-
30M: 4.(x*=2x)+9-(»* —4y)+4=0
4.(xF =2x+1-1)+9-(y* -4y +4-4)+4=0
4.(x7=2x+D)+9- (0 —4y+4) =36 = 4-(x-D)?+9-(y-2)> =36
2 2
x-D" »-2°

+ =1.
32 22

[Tony4yeHHOe ypaBHEHHE ONpEAEIIseT IUIUIIC ¢ IIeHTpoM B Touke (1, 2) u ocsmu

CUMMETPHH MAPAJUICTBHBIMHA OCSIM KOOPJIHMHAT. J[JIs1 TOCTPOCHHUSI 3JUTHTICA B CHCTE-
Me koopauHaT Oxy : 1) orMmewaeM mneHtp 3ymmmrca (1, 2); 2) mpoBomuMm uepes

neHTp (1, 2) MyHKTHPOM OCH CUMMETPUH 3JUTHIICA; 3) CTPOUM ITYHKTHPOM OCHOB-
HOH TIpsIMOYTONIBHUK dunnica ¢ neHTpoM (1, 2) u cropoHamu 2a =9 u 2b =4

napajyieIbHBIMU OCSIM CHUMMeTpuH; 4) n300pakaeM CIUIOIIHOW JIMHHEH 3JUTHIIC,
BITUCHIBAsI €T0 B OCHOBHOH IMPSMOYTOJIBHUK TaK, YTOOBI SJUIUIIC KAacaliCsl €ro CTo-
POH B TOYKAaX MepecedeHust MPSMOYTOIbHUKA C OCSIMU CUMMETpuH (puc.2).

OT1BeT: Dmmrc ¢ uentpom B Touke (1, 2) (cm. puc.2).

2 2
B) Takkak B=0, AC-B" =2-0-0" =0, 4 # 0, To ypaBHEHHE ONpPEIETIET
napaGoiy ¢ BepuIMHOi B Touke (X,,),) M OCHIO CHMMETPHH, NapaUIeIbHOM KO-
. 2 .
opauHatHOM ocu Oy : (x—xy)" =2p-(y - y,). Bun xpusoii u pacnonoxenue
e€ Ha TUTOCKOCTHY M3BECTHBI. BBINENSS MOTHBIC KBAJPAThl B JCBOM YaCTH ypaBHeE-
2
Hus 2x~ —8x — y + 5 =0, npeodOpa3yem ero cieayromum o0pazom:

2-(x* —4x)—p+5=0 = 2-(x’—4x+4-4)—p+5=0

2.(xF —4x+4)=1-(y+3) = (x-2)>=05-(y—(-3))
[TonyuenHoe ypaBHEHHE OIpeieNseT mapadoiy ¢ BepHmnHOH B Touke (2,-3) u
OCBIO CUMMETpHU NapajuiensHoi ocu Oy . [ noctpoeHust napadoiibl B CUCTEME
koopauHaT Oxy : 1) orMeuaeM BepunHy napatois! (2,—3); 2) npoBoauM uepes

BepimuHy (2,—3) MYHKTHPOM OCh CHMMETpUU mapaboisl; 3) m3o0pakaeM CILIOINI-
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HOU JIMHUEH Tapaboiry, HampasJsist e€ BeTBb, ¢ YIETOM TOr0, YTO MapaMeTp mapa-
OoNBl p = 1/ 4 >0, B IOIOKUTEIbHYIO CTOPOHY ocu Oy (puc.3).
OTBeT: ITapaboia ¢ BepiuHoi B Touke (2,—3) (cM. puc.3).

19 \Y

4

8

|
|
|
|
|
!
|
t
!
|
|

| |

Puc.2. Puc.3.

101-110. /TaHsl KOMIUIEKCHBIE YUCTIA 7 = 2+3i, Zy =5- 4i, zy = -1- \/Ei.

z
1
Tpebyercs: a) BBIYUCINTE Z, + Z z,Z — 0) €ACTaBUTh KOMIIJICKCHOC
1 2° “1 2

o)
5 4
qUCI0 Z 3 B TpI/IFOHOMeTpI/I‘IeCKOI/I (bopMe, BBIYUCIIUTH Z3 nu pe3yJ'IBTaT npez[—

CTaBUTH B ayireOpamdeckoit opme.
Pemenne.

1a) Beruucnsem 2y +2Zyt Z)+2Zy =Q2+3)+(5-4)=2+3i+5-4i=7-1i.

2a) Beraucnsem z, -z, .

Caavana Haxomum Z, *Z, = (2+3i)- (5 —4i) =10 -8i +15i — 121'2 = (y4uThIBa-

eM, 4TO i2 =-1)=22+7i. Torma z, -z, = (22+7i)=22-7i

o5 AE 2+3i)-(5-4i) (2+3i)-(5+4i
33)BI>I‘II/ICJ'I$I€M—11—1 1 2=(+1)( l)=(+l)(+l)=

Zy  zy Iy Iy (5-4D)-(5-4i) (540 (5+4D)

10 + 8i + 15 +12i° ) 2423 2 23

= = (yuuthiBaeM, 410 [ =—1)=——=——+—1.
2

25+ 20i —20i —16i 41 41 41
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10) IIpencraBnsieM KOMILIEKCHOE YHCIIO z3 = -1- \/5 i B TPUTOHOMETPUYECKOU

¢dopme z3 = r3(cos @3 +isin @3),raery = \/x32 +y32 = \/(_1)2 + (_\/3)2 =2

V3 T 4r
py =7 + arctg| —— | = 7w + arctgN3 = 7 + — = — (TaK KaK KOMIUIEKCHOE YHC-

3

J10, M300paXkaeTcs TOUYKON (—1,—\/3 ) , IeXKaIe B TPETbeM KBAJIPAHTE KOOPUHAT-

Hol Tockoctr). Torma zy = 2- (cos(47z/3) + isin(47z/3)).

4
206) Beruucnsem (23) o hopmyse Myaspa:

(23 )4 _ r34 ) (COS(4¢3 )+ isin(4go3 ) = 24 . (cos(4 . 4%] +1i sin(4 . 4_71-]] =

3
167 167 4 4
=16-| cos| — |+isinf — [ |=16-| cos| — +2- 27 |+ isin —+2~27r] =
3 3 3 3
4 [ 4r .
=16-| cos| — [+ isin| — | |. [Tomy4eHHBIN pe3yabTaT MPECTABIAEM B aired-
3 3

paudeckoii popme: (23 )4 = (—1—\/5)4 = 16(———51'] =-8v3-8i.

OTBerT:

z

. oA 2 23, 4 / .

a) zl+22=7—z,21'22=22—71,Z—=—Z+—l;6)(z3) =-8v3 -8i.
2

4 .
111-120. [Jano anrebpanueckoe ypaBuenue z  + 27z =0. TpeGyeTcst HallTH Bce
KOpHH aJiredpandeckoro ypaBHEHHUs] HA MHOYKECTBE KOMIUIEKCHBIX YHCEI.
Pemenue.
. 4
1) st HaxoxaeHusl KOpHEH anreOpandeckoro ypaBHeHus z  + 27z =0, packia-
JIBIBAEM €0 JIEBYIO YaCTh Ha MHOXKHUTEIIH:
4 2
z +27z=z~(z3 +27)=z-(z+3)-(z" -3z+9).
2) Haxoaum KOpPHHU YpaBHEHUS HA MHOXKECTBE KOMIUIEKCHBIX YHCEN, MPUPABHUBASL

Ka)/IbIii N3 MHOXKUTENEH HYJIIO (UMCII0 KOPHEH, C YUETOM KPaTHOCTH, JIOJKHO
PaBHATHCS NOPSAKY YpPaBHEHUS!):
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Hz=0 = z,=0.

2)z+3=0 = z,=-3.

3) z2-3z49=0. Tak Kak JMCKDUMMHAHT KBajpDaTHOrO ypaBHEHHS

D=9-4.9=-27<0, TO ypaBHEHHE HMEET JBA KOMIUIEKCHO-COIPSLKEHHBIX
—(Hti27] 327 3 33

KOpHA: z = =—= i.
34 2 2 2" 2

. 3
Kopnu: z,, Z3 4 MODICHO HAUMU U KAK KOPHU ypaeHeHus Z +27=0, no
b

—3/_ .
popmyne z, 5, = (\/ 27 )1’2’3 . st naxosrcoenusi KOMNIEKCHbIX 3HAYEHUL KOPHSL,

yucio —27 czze()yem npet)cma@umb 6 6UO0e KOMNJIEKCHO20 YUCA 8 mpucoHomem-

puueckou opme: —27 =-27+0-i =27 (cos T+ isinn'), nocie ue2o 3HaueHus
KOpH3 Havumu no dopmyne:
m+2r(k -1 T+ 2rx(k -1
(27), =327 cos(#] " isin[#] 20e k=1,2,3.
3 3

6.2. KpaTkue TeopeTnyeckue CBeIeHHs.

Tema. OnpeneauTtenu.
Keaopamuoii mampuyeii nopsioka n Ha3bIBacTCsA KBaJpaTHAs TaOJUIA U3 YU-

_ _ a1 7 Y
cen a; (i=Ln, j=Ln) A=| -+ - - |, cocrosiias u3 /1 CTPOK U N

anl e ann

CTONOIOB. Y  KBaApaTHOW MATpWIBl pa3IM4yar0T T[JIaBHYIO JHArOHAJb:
ay1>d9ys--dpy M MOOOYHYIO JIMAarOHAJb: Aoy 15y - JIroboii kBaj-
patHOi Matpuile A TIOpsAAKa 7 MOXKHO TIOCTaBUTh B COOTBETCTBHE YHCIIO
iy o Ay

, paBHOe anrebpandeckoii cymme 71! ciaraeMbIx, COCTABJIEHHBIX

nl nn
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Onpe/enEHHBIM 00pa30M M3 DIEMEHTOB d;; MATpHlbl A Ha3bIBAEMOE ONpPE/IENH-
TereM MaTpubl. KpaTtko o6o3Hagaercs | 4|, A .

Onpedenumenem 1-020 nopsadka naswisaeres uncno | A= a,, |= a,,.
Onpedenumenem 2-020 nopa0Ka Ha3bIBa€TCS YHUCIO

a a
%1 @2 _
| 4= =dayy -dyp —ap tdyy-
dry apx

Onpedenumenem 3-e20 nopadKa Ha3bIBACTCS YUCIO
a1 2 913

| Al=|agy azy ax3|=
431 433 933

a a a +a a a +a a a4 _-a a4 _a -4 a a -4 a_a_ .
11 22 33 12 23 31 13 21 32 13 22 31 12 21 33 11 23 32
Munopom snemenma Q; Ha3bIBACTCS ONPEACIUTEND M ; » HOJy4CHHbIIi U3 Oll-

penenurens | A | BEIYEPKUBAHUEM [ -OH CTPOKK M ] -OTO CTOJIOIIA.

Anzebpauueckum O0onoiHeHuem Al./. lemenma (; HA3BIBACTCS €ro MHUHOD

o i+j
B3SITBIN cO 3HaKOM (—1) /.

Mi/' ’

. M. ecau (i + j) —uémmnoe yucno

Aij - (_1)Z+J MU T - A/;Jl-j ecnu (i + j) — neuémnoe uucno
Onpedenumenem nopadka 1 Ha3bIBA€TCA YHUCIO

4y Ay n

[ o= 2y Ay = agp Ay Fappdpy +eetag Ay,

Ay 7 App

Paznoscenuem onpedenumens | A| no i-oii cmpoke (i =1,n) Ha3biBaeTCs

n
COOTHOIICHHUE: | A= Zal—k Ay = a4, +ad, +...+a, 4, .
k=1

Pasznoscenuem onpedenumensn| A| no j-omy cmonoyy ( j =1,n) HasviBaercs

n
cootHourenue: | 4 |= zak/Ak/ =a,;4,;,+a,;4,; +...+a,A
k=1
Onpedenumenu 0061a0aom CiIeayOIIUMU CEOUCMEAMU:

nj

45



1) onpenenurens He U3MEHUTCS TIPH 3aMEHE BCEX €I'0 CTPOK CTOJIOLAMHU C TEMH XKe
HOMEpaMH;

2) omnpenenuTesb U3MEHUT 3HAK Ha MPOTUBOMOJIOXKHBIH, €CIIH MePeCcTaBUTh MeCTa-
MU JIFOOBIC JIBE CTPOKH (JIBa CTOJIOIA) ONPEACITUTEIS

3) oOmmii MHOXKHUTENb 3JIEMEHTOB KaKOH-1100 CTPOKU (CTOJIOIA) MOXKHO BBIHECTH
3a 3HaK ONPEJEIUTENS;

4) onpenenuTeNnb paBeH HYJIIO, €CIIM OH COAEPKUT HYJIEBYIO CTPOKY (cTONOeI), ABe
OJTMHAKOBEIC WJIH TIPOTIOPIIMOHATIBHEIC CTPOKH (CTONOIA);

5) onpenenuTens He U3MEHUTCS, €CIIH K KaKOH-TH00 cTpoke (cTonOIy) nprbaBUTh
JIPYT'YIO CTPOKY (cTonberr), YMHO)KEHHYIO Ha JIF000€ YnCIIo;

6) ompenenurens TPEyroabHOro BHIA (KOTrga BCE BJIEMEHTHI, JIeXKalhe 10 OJHY
CTOPOHY OJTHOM W3 €ro JUaroHajici PaBHBI HYIIO) PABEH IPOW3BEICHUIO JHATO-

I Y12 7 Y
0 a ea

HAJIbHBIX DJIEMEHTOB: | A |= 22 2n| = ap| gy e lpy -
0 0 ea

nn

Tema. MaTpuubl.

Mampuueu pasmepa m X n HA3bIBACTCA MPAMOYTOJIbHAA Ta0IMIA U3 YUCel ai/-

— _ “ar 7 Yn
(i=Lm, j=Ln) A4=| - .- ... |, cocrosilasi U3 m CTPOK U 7 CTONO-

aml amn

1oB. Eciu Heo6X0aMMO yKasaTh pasMepbl MATPHLbL, TO iyt A, .
Ecmn m = n, To matpunia A Ha3bIBaeTCs K6AOPAMHOUL.
Hyneeoit naswiBaercs matpuna (), Bce 3JIEMEHTHI KOTOPOW paBHBI HYJIIO, Ha-

000 .
npuMep: Oy, 3 = 00 0/ Eounuunon Ha3bBaeTcs KBajJpaTHas maTpuna E
HAa IJIAaBHOM AMAroHAJIU KOTOPOM CTOSIT €JUHHUIIB], & BCE OCTAJIILHBIE IEMEHTHI paB-
1 00
Hbl HYJIO, Hampumep: Es 4 =10 1 0. Tpeyzonvnoii Ha3bIBAETCSl KBaJApaTHAs
0 0 1

MaTpuia A , BCC DJICMCHTBI KOTOpOﬁ PACIIONOKEHHBIC IO OAHY CTOPOHY OT TIJIaB-

a1 42 93
HOW JMaroHalM paBHBI HYJIO, HANIpUMeEp: Az 3 =1 0 apy apy |- Tpaneyue-
0 0 033

46



6uodHoll (cmynenuamoir) wasbiBaercs mMatpuna A (m <n), Bee 3IeMEHTbI

n

KOTOPOH, PaCIOJIOKEHHBIE HUKE DIIEMEHTOB d; 7+ 0 (i=1.2,...,m) paBHBI HY-

a1 42 913 914
o, HanpuMmep: Ay 4 =| 0 apyy ayy apy
0 0 az ay
Matpunsl 4 1 B Ha3bIBaIOTCS pagHslmu U MUIIYT A = B, eclln OHU OAMHAKO-
BOTO pasmepa u ux COOTBETCTBYIOIINE 3IIEMEHTHI PaBHBL:
ajj =bl~j,i =lm,j=Ln.
Matpuiisl MOXHO TPaHCIIOHUPOBATh, CKIIaAbIBaTh, BEHIUNTATh, YMHOXATh HA YHUC-

JI0, YMHOXATb Ha APYTYIO MAaTPHILy.
T

nxm 2

Tpaucnouupoeauuou K MaTpune Amx Ha3bIBACTCA MaTpHulia A CTOJIOIAaMH

n
KOTOPOIf SIBJIAIOTCS COOTBETCTBYIONINE CTPOKH MATpHIBI A, .

Cymmoiut (paznocmeuio) mampuy A 1 B ONHOTO pa3Mepa m x n, Ha3bIBAETCA
marpulia C = A+ B TOro e pa3mepa, sl KOTOPOH:

cjj =4 J_rbij, i=1lm,j=1n.

Ilpouseeoenuem mampuyvt A pazMepa mxn Ha uucao O Ha3bIBaeTCs MaT-
puua B = aA TOro xe pazmepa, Uit KOTOpOH: bij =oa, i=lm, j=Ln.

Jluneitnon komounayueii mampuy A n B ogHOro pazmepa m x n, Ha3bIBAET-
cs matpuria C = a4 + BB Toro xe pasmepa (@ u [ - MIPOU3BOJIBLHBIC YUCIIA), TS

KOTOPOI: cijzaaij+ﬁbij,i=1,7m,j=1,7n,

Ilpousseoenuem mampuuyvr A,
mek = Amxn ‘B

. Ha mampuyy B, , Ha3pIBae€TCA MaTpuULa

Ka)KZ[Hﬁ QJICMCHT KOTOpOﬁ Ci/' BBIYHCIIACTCA 110 IpaBUITY:

nxk >

n RN —_—

¢y =apb; +apby; +...+a,b, = Zaisbsj ,i=lLm, j=1Lk.

s=1

Omneparysi yMHOXKCHUSI MATPUIIBI HA MaTPUILy ONpe/eNeHa He IS BCEX MATpPUIL, a
TOJIBKO JUIS TAKUX Y KOTOPBIX YHCIIO CTOJOIIOB JIEBOH MaTpHUIBl A PaBHO YHCIY
CTpOK mpaBoil MaTpuubl B . Takue MaTpUIBl HA3BIBAIOTCS COTJIACOBAHHBIMH LS
yMHOXeHHUs. [109TOMy Ipesk/ie 4eM BBIIONHATH ONEPAIMI0 YMHOXKEHUSI MaTPHUIIBI
Ha MaTpPHILy CIEIYyeT MPOBEPUTH MX COTIACOBAHHOCTH TSI YMHOXEHHS U OIpene-
JIMTH Pa3MEPHOCTh MATPHIILI-TIPOU3BEACHUS (€CIH YMHOXKEHHE MATPHI] BO3MOX-

HO): A, - B = Chuxie - OCOOGHHOCTH OMEpallui YMHOKEHHS MaTpUILl COCTOUT B
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TOM, 4TO B 0oOmmiem ciydae: A-B# B- A, T.e. IepeMeCTHTEIbHOE CBOMCTBO MeCTa
HE UMeeT.

Dnemenmapuvimu npeodpa3z0eanuAMU Mampuybl Ha3bIBAIOTCS:
1) mepecTaHOBKa CTPOK (CTOJIOIIOB);
2) yMHOXKEHHE CTPOKH (cToJ01[a) Ha YHCIIO, OTIMYHOE OT HYJIS;
3) mpubaBiieHHE K 3JEMEHTaM CTPOKU (CTONIOIA) COOTBETCTBYIOIIMX 3JIEMCHTOB
JIpyro# cTpokH (cTonba), yYMHOXKEHHBIX Ha JH000€ YHCIIo;
4) BEIYEpKUBAHUE HYJIEBOW CTPOKH (CTONIOIA).

Matpunsl A U B, nonydeHHbIe OJHA U3 APYrOil B pe3yabTaTe AJIEMEHTapHBIX
npeoOpa3oBaHUil HA3BIBAIOTCS IKGUGAICHMHBIMU Y TIHIIYT A <> B.

O0parHoii X KBaJpaTHON Marpuile A TOpsaKa 71, Ha3LIBAETCS MaTpHIA A7
TOrO € NOopsiJIKa, €CIIN: AV A=4-4"=E , tne E - equHuuHas Matpuia mno-
panka n.

KBanpatHas matpuna A Ha3bIBACTCS HEGBIPOIHCOCHHOIL, €CIIU €€ ONpeeuTenb
| A |# 0. O0partHas MaTpuIa BCera CynecTBYeT ISl HEBBIPOXKAEHHBIX MaTpPHIIL.

OCHOBHBIMU METOJJAMH BBIYHCIICHUS 00PaTHOW MATPHIIBI SIBJISFOTCS:
Memoo npucoeounénnoii mampuypl. Eciu A -HEBBIpOXKJEHHAsT MaTpHla, TO

T
41 A Ay e Ay, .
A :mA :m~ , Tme A - npucoequHEHHAs] MaTpuIa, s
Anl Ann
N _
Kotopoit: aj =A; i,j=1n. 3pxeck A i anreOpamdecKue TOMOTHCHUS
DIIEMEHTOB d ; MaTpHULbI A.
T
apy  ap  ap N Ay A A
B uactHoCcTH, et A=|ay; ay day |,T0O A =m- Ay Ay Ao
az) azp 4y Ay Az A

Memoo Inemenmapuvix npeodpazoeanuil. Jji1 1aHHON KBaIpaTHON MaTpuubl 4
TopsiJika ¥ CTPOUTCS MpsiMOyronbHas Matpuna (A | £) pa3mepa n x 2n TIpHIH-
ChIBaHHEM K A CrpaBa eJUHUYHON MaTpUIlbl. Jlanee, ¢ TOMOIIBIO IIEMEHTAPHBIX
npeoOpa3oBaHuii Haa cTpokamu, Matpuna (A | £) npusoxurcs K Buay (E | 47! ),
YTO BCETZIa BO3MOXHO, €CIIU A - HEBBIPOXKICHHAS.
Mampuunvimu Ha3pBatoTcs ypaBHeHus Buia: AX =C, XA=C, AXB=C,

rae matpuubl 4, B, C - U3BeCTHbI, MaTpulla X - HeW3BecTHA. Ecnu KBajpaTHbIE
Matpuilbl 4 U B - HEBBIPOXKJICHHBIC, TO PEUICHUS MATPUYHBIX YPaBHECHUH 3aIu-

CBIBAIOTCS, COOTBETCTBEHHO, B BUJIE: X = A7'c , X = ca™! , X = A e,
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Munopom k -0z0 nopaoxa mampuyst A pasmepa mxn HazbIBaeTCs ONpeie-
murens M, xBajpaTHOi MaTpuubl opsaka k , 00pa3oBaHHOI SIeMEHTaMH Mart-
pusl A , CTOSIMMY Ha NEPECeueHnH IPOU3BONBHO BHIOPAHHBIX €€ k CTPOK U k
cronbmoB (k < min(m, n)).

MakcuMabHbli TIOPSIOK ¥ OTJIMYHBIX OT HyJIsl MHHOPOB MaTpuibl A , Hasbl-
Baercs & panzom u obosuavaercs rangA wm r(A), a moboit MuHOp mopsiaKa
7, OTJIMYHBIN OT HyJIsl — AUCHBIM MUHOPOM.

Tema. CucTeMbl JJHHEHHBIX AJIre0pandecKux YpPaBHEHHIA.

ay Xy +apx, +...+a,x, =b

. Ay Xy + Ay Xy +...+ay, X, =b
...Cucrema YpaBHCHUM BHUA: 2171 272 n 2 Ha3bIBAaCTCA Ccuc-

memoii M JTUHEHbIX ypaeueuuﬁ ¢ N neuzeecmuvimu. Yncna al./. HAa3bIBAIOTCA

KOS(l)(l)I/IHI/IeHTaMI/I, bi - CBO6OI[HI>IMI/I YJICHaAMH, x/- - HCU3BCCTHBIMH CUCTCMBbI.

B maTpuuHoii opme cucrema umeet Bun: AX = B,

0 I T X1 by
a a ea X b

e A=| 2 2 2 , X = 2 ,B= 2| 3pecs 4 -MaTpula CUCTEMBI,
Al 9m2 " Ay Xn bm

X -matpuria-croi0en HeU3BEeCTHBIX, B -MaTpuIia-cToia0en CBOOOIHBIX YWICHOB.
Eciu B = O, T0o cucteMa Ha3bIBaeTCs 0OHOPOOHOI, B IPOTUBHOM CIy4ae Heoo-
HOPOOHOIL.
Cucrema, Matpunia 4 KOTOpPOH SIBISIETCS TPEYTOJIBHOM C AMArOHAIBHBIMH dIle-

MeHTaMu @, # 0, naseBaercs mpeyzonbnoi. Cuctema, mMatpuna A KOTOpO#

SIBIIIETCA TpaNelIMEeBUIHOMN, HA3bIBAETCS mpaneyueguoHoil.
Pewenuem cucmemsbl HA3BIBACTCS BCAKUN YIOPSAJIOYCHHBIM HAOOp dHCEN

a = (al,az,...,an), oOpamaromuil KaXxa0e YpaBHEHHE CUCTEMBI B PaBEHCTBO.

COBOKYITHOCTB BCEX PELICHUN HAa3BIBACTCS MHOMCECINEOM PEULeHUTl CUCHIEMDbL.

Cucrema Ha3bIBaCTCSl CO6MECMHOI, €CTU OHA UMEET, M0 KpalHeH Mepe, OIHO
pELIEHUE; onpedeénHoll, ECITA OHa UMEET TOJIBKO OJHO PEILICHHE; Heonpeoenén-
HOIl, €U OHA MMeeT OECKOHEUHO MHOI'O PELICHUM; HeCO6MECmH O, €CII OHA HE
HMEET pelIeHui.

49



OnHOpoHAs CHCTeMa ypaBHEHUH BCErlla COBMECTHA, TaK KaK BCET/Ia UMEET, IO
Kpaitaeii Mmepe, Hynesoe pemerue 0 = (0,0,...,0) . TpeyronsHas cucrema sBISCT-

Csl ONpeICIEHHOM, TpAaIleIIMEeBUIHAS CUCTEMA — HEOMPEICIIEHHOM.

JIBe cucTeMBbl HA3bIBAIOTCS IKBUBAICHMHBIMU, SCITU MHOXCCTBA MX pPEIICHUN
COBIIAJIAOT.

DnemenmapHuvimu nPeooPA306AHUAMU CUCHEM YPAGHEHUIl HA3BIBAIOTCS
1) nepecTaHOBKa ypaBHEHMUIA;

2) NEPECTAaHOBKA MECTAMU CJIara€MbIX al./. . x/. B KaXXJ10M M3 ypaBHeHI/Iﬁ CHUCTCMBI,

3) yMHOXEHHE ypaBHEHUs] HA YUCIIO, OTINYHOE OT HYJS;
4) npubaBieHNe K ypaBHEHHIO JIPYTroro, YMHOKEHHOIO Ha JII000€ YUCIIO;

5) BbruépkuBanme ypapHeHus Buaa: 0-x; +0-x5 +...4+0-x, =0.

OCHOBHBIMU TOYHBIMH METOJAMHU PEIICHUS CHCTEM JHHEHHBIX YpaBHCHHN SB-
nstroTest MeToabl: Kpamepa, o0paTHoit matpuiiel 1 [aycca.

Ecnu gmcno ypaBHeHUI B CUCTEME m COBIAJAET C YUCIIOM HEU3BECTHBIX 1 U
OIPEICIUTENTh MATPUIlBI cucTeMbl A =| 4 |# 0, TO cucTeMa MMeeT eIUHCTBEHHOE

pelieHre, KOTopoe MOXKHO HalTH:

a) memooom Kpamepa nio popmymnam: x j= A / A, j= 171 e A j - onpene-
J

JIUTENb, TONyYaeMbId M3 ONPEAETUTEIs] MATPUIBI CUCTEMBI A 3aMEHOU j -0ro
CTOJIOIA Ha CTOJIOEI CBOOOIHBIX UJICHOB;

0) memooom oopamnoii mampuysl 110 opmyne X = 47" B.

Memooom I'aycca HaXOIAT pellIeHUE NPOU3BONBHON CUCTEMBI JTMHEHHBIX ypaB-
HeHWI. MeTo/ COCTOUT B NPUBEICHUN CHCTEMBI YPaBHEHHUH, C TIOMOIIBIO 3JIEMEH-
TapHBIX NPeoOpa30BaHU, K CHCTEME CHENUAILHOTO BH/A, SKBUBAJICHTHOW HCXO[-
HOH, pelieHne KoTopoil oueBuaHo. [IpeoOpazoBanus mo meroxy ['aycca BbImon-
HSIOT B J1Ba oTamna. [1epBeIii 3Tan Ha3bIBAIOT MPSIMBIM XOJIOM, BTOPOH - 00paTHBIM.

B pesynbrare mpsiMoro xoaa BBUICHSIOT: COBMECTHA WIIM HET CUCTEMa M €Cid
COBMECTHA TO, CKOJIbKO MMEET PEIIeHUH - OHO WM OECKOHEYHO MHOTO, a TaKXKe,
B ciTyyae OCCKOHEYHOTO MHOXKECTBA PEIICHUH, YKa3hIBAlOT OA3UCHBIC H CBOOOTHEIC
HEW3BECTHBIE IS 3aIMCH O0IIEero peuieHust cucteMbl. [IpeodpazoBaHust psMoro
XO/a BBINONHSIOT, KaK MpPaBWIIO, HaJ pPACHIMPEHHOW MaTpHled CHCTEMBI

A =(A4|B), KOTOPYIO NONYYAIOT, PUIHCHIBAs CIIPaBa K MATPHIE CHCTeMbl A
cronber; cBOOOJHBIX WIEHOB B . B pesymbrare ajeMeHTapHBIX MpeoOpa3oBaHHN
CTPOK M TIEPECTaHOBKOM CTONOIIOB, MAaTpUIla CUCTEMBI A JOJKHA OBITH TIPUBEIE-
Ha K martpuie A’ TpeyroibHOrO WM TPAICUEBUIHOIO BHIa C DIIEMEHTAMU

o v !
a;; # 0. Ilpn oTOM, cucTeMa ypaBHEHHH, MaTpulia KOTOPOH A", sensercs Tpe-
!

i #0 (i =1.2,...,n), Oymer uMmeTh

yFOJ'IBHOﬁ C AWaroHaJbHbIMH 3JICMCHTAMH a
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o o !
CAUHCTBCHHOC PCHICHHE, CUCTEMa YPAaBHCHUH, MATpUIla KOTOpPOHU A , SABJISACTCA

TPANEIUEBUIHON C DIIEMEHTAMU al'-l- #0 (i=12,.,k, e0ek < n),Oyner umers

0EeCKOHEYHO MHOTro pemieHuil. Eciii, mpy BBIMOTHEHUU MPEoOpa3OBaHMUN paciiu-
PEHHOM MaTpUIIBI R peo0pa3oBaHHON MaTpHUIlE A' nosurcs CTpOKa
(O 0 ... 0 |b'), rae b’ # 0, TO 3TO TOBOPUT O HECOBMECTHOCTU HCXOIHOM
CUCTEMBI YpaBHCHUI. bBa3uCHBIC HEM3BECTHBIC YKA3BIBAIOT, BBHITIMCHIBAsI OA3MCHBIN
MHHOp Tpeobpa3oBanHOil MaTpuiisl cucteMbl A’ . BasHCHBIMU SBIAIOTCA HEH3-
BECTHBIC MPEOOPA30BAHHON CUCTEMBI, CTONOIBI KO3 DUIIMEHTOB a;/. TIPHU KOTOPBIX

00pa3yroT 0a3uCHBIA MUHOP (OTPEACITUTETh MAKCHMAIBHOTO MOPSAKA, OTIHYHBIN
ot HyJs1). CBOOOJHBIMU SIBJISIFOTCSI HEM3BECTHBIE, HE SIBIIAIOIINECS Oa3UCHBIMH.

B pesysnbraTe 06paTHOr0 X0Aa HAXOIIT PEIICHHE CUCTEMBI, 3aMMCBHIBAs €ro B
BHUJIe OOIIEro pelIeHus, eclid Ux OecKoHeuHOo MHOro. [IpeoOpa3oBanusi 06paTHOrO
XO0JIa YacTO BBITIONHSIOT, HAJl YPABHEHUSIMH CUCTEMBI, COOTBETCTBYIOIIEH MOCIe-
Heil pacIIMpeHHoH MaTpuue A' IpsAMOro xoxa. B clydae eIMHCTBEHHOrO pelle-
HUsI, €r0 MOJYYalOT, HAXOJs IMOCIEIOBATENbHO 3HAUEHUS BCEX HEU3BECTHBIX U3
YpaBHEHHUI CHUCTEMBbI, HAUWHAs C MOCIeaHero. B cnydae, koraa pemieHuit 6ecko-
HEYHO MHOTO0, WX 3aIUCHIBAIOT B BHUJE 00IIero pemieHus. Jis 3Toro cBOGOAHBIM

HCU3BCCTHBIM TMPUAAIOT PA3HLBIC MPOU3BOJIbHBIC IMOCTOAHHLIC 3HAYCHUA: Cl’

C 5 reees C i » ¥ TIOCTIENIOBATENBHO U3 yPABHEHHH CHCTEMBI, HAYUHAS C MOCIIEHE-
r0, HAXO/AT 3HAYEHHS BCeX 0a3MUCHBIX HEM3BECTHBIX. [10ydeHHOE pellleHre Ha3bl-

BaroT O6IIII/IM. HpI/II[aBaH MPON3BOJIbHBIM IMOCTOAHHBIM, KOHKPCTHLIC 3HAUYCHUS,
HaXoJAT YaCTHBIC PCIICHUS CUCTEMbI ypaBHeHI/Ifl.

Tema. ApudmMeTHueckue BEKTOPbI M HX CHCTEMLI. BeKTOopHBIE NIPO-
CTPAHCTBA.

Apu([wemuuecmw 6E€KmMOpOM HA3BLIBAKOT YIIOPSJJOUYCHHYIO COBOKYIIHOCTh U3 1

aHCel: X;,X,,...,X, H 0003HaUalT X =(X;,X,,...,X,). Uucna X, Ha3bIBaKOT

KOMHOHeHmamu BEKTopa X , YACIO0 KOMIIOHEHT HA3BIBAIOT €0 PA3MEPHOCIBIO.
BekTopel X W Y Ha3bIBAIOT PAGHBIMU, €CIIU OHU OJMHAKOBOH Pa3MEPHOCTH U

X COOTBETCTBYIOLIME KOMIIOHCHTBI PaBHbL: X; = y;,i =1,n.

Cymmoii 6ekmopoe X W )y OJHOW Pa3MEPHOCTH, HA3bIBAIOT BEKTOp Z = X +
TOH 7K€ Pa3MEPHOCTH, ISl KOTOPOro:  z; = x; +y;, i =1,n.

Ilpoussedenuem éekmopa X na uucao Of Ha3bIBAIOT BEKTOp VY = OLX TOH Ke

Pa3sMEpHOCTH, JUIsl KOTOpOro:  y; = ox;, i =1,n.
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Jluneiinoii Koméunayueii 6ekmopog X W ) OIHOM Pa3sMEPHOCTH, HA3bIBAIOT

BEKTOp Z = aX + [ Toi e pasmepHocTd (& U 8 - MPOU3BOJIBHBIE YUCIA), IS

Koroporo:  z; =ax; +fy;,i=Ln.

MHoxecTBO Bcex 71 -MCPHBIX BEKTOPOB, B KOTOPOM BBCJICHLI OIICPALINN CJIOXKE-
HUA U YMHOXCHHSA Ha YHUCIO0, YAOBJICTBOPAIOIIHNEC OHpeZ[eJ'IéHHI:IM Tpe6OBaHI/I$IM

n
(akcroMaM) Ha3BIBAIOT 6EKMOPHBIM NPOCcmpancmeom U 0ooznadaror R .
CucreMy BEKTOpPOB {)_cl 3 X5, .,)_ck} HA3BIBAIOT JIUHEHO 3A6UCUMOI, €CITU Haii-

AyTCs  4MCHa  Oy,Qh,...,0;, #(0  OIHOBpEMEHHO,  TaKue,  4YTO
apx) toyxy +...+ax, =0 (rne 0=(0,0,...,0) - nynesoit Bexrop), B npo-
TUBHOM CJIy4ae, CUCTEMY HA3BLIBAIOT IUHEIIHO HE3AGUCUMOIL.

Basucom cucmemut 6ekmopog S = {X|,Xx,,...,X; } Ha3bIBAIOT yMOPSIOUYCHHYIO

CHCTEMY BEKTOpOB B ¢ = (bysbs,...,b,,) , yIOBIETBOPSIONLYIO YCIOBHSIM:

1) I;l eS,i=1m;2)cucrema B S JIMHEHHO He3aBUcHMa; 3) s JF000ro BEKTO-
pa xeS HalyTcs quca Ap,0y,..., 0, TakKue, 4TO
X=ayb +ayby +...+a,b, . Koxppuumentsl o,d,,...,a,,, ONHO3HAYHO

orpe/ierisieMbie BEKTOPOM X , HA3BIBAIOT KOOpOUHamamu éekmopa B 6azuce B,
a QopMyly HA3BIBAIOT pasiodcenuem éekmopa X no basucy B, w nmuyr:
Ez(al,az,...,an)BS.

B npoctpanctee R” 6Ga3ucoM sIBNSETCS Kaxasi yoOpsAI04eHHasi CHCTeMa U3 71
JUHEHHO  HE3aBUCHMBIX  BEKTOPOB: B gn = (by,by,..0,) . Dopmyny
X=ob, +0yby +...+a,b Ha3LBAOT paziodcenuem eekmopa X € R" no

191 202 T T80y p /4
oasucy B

KO3 ULMEHTB |, 0y,...,0, - KOOpOUHAMAMU 6eKmopa B Oa-

Rl’ln
3uce By, vyt y_cz(al,az,...,an)BRn .

n
Bcesikast ynmopsimoueHHast cuctemMa u3 1 BEKTOPOB (I;1 ,I;Z yeres I;n ) obpazyert 6asuc

n
R , €CJIN OIpEACINTEIIb, CTOJ'I6H3MI/I KOTOPOTI'O SABJIAKOTCA KOMIIOHCHTBI BEKTOPOB

I;I,bz,...,bn , HE paBeH HYIIIO.
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n
Ipocrpancteo R™ | g KOTOPOM BBEJECHO CKAJIIPHOE IPOMU3BEICHUE BEKTOPOB,
YIOBJICTBOPSIONICE ONPEICIEHHBIM TPEeOOBAHUSIM (aKCHOMAaM), Ha3bIBAIOT CBKIIH-
JIOBBIM.

- n
CkansipHbIM IIpOM3BeJeHHEM JIByX BEKTOpOB X = (x,%;,...,x,) €ER" g
_ n - = _
y=01Y2:Y,) € R wazmmaror umcno: XY =XV, +X,V, +...+ X, ), .
JlBa BEKTOpa X M ) HA3bIBAIOT opmozonansheimu, eciu X -y =0 .
Basuc B~ =(b;,b,,...,b,) 7N -MEpHOro €BKINAOBA IPOCTPAHCTBA HA3BIBAIOT
opmozonansnvim, ecnv b, -b ;=0 mpu i# j. B pasnoxeHun Bekropa X 1o
Lo — _ _
basucy B~ : X=oyb +oyby +...+ b, , uncna o, Q,,....0, HazbiBaeMbIe
= i
KOOpOuHamamu 6eKmopa X 6 OPMO2OHANbHOM Ga3uce B~ , ONPeNesioT 10

dopmynam: a; = (¥; -b;)/(b; -b;) . (i =1.n).

Tema. JInHelHBIE OLIEPATOPLIL.
Onepamopom Ha3bIBaETCS 3aKOH (IPABUIIO), MO0 KOTOPOMY KaXJOMYy BEKTOPY

X € R" craButca B COOTBETCTBME €IMHCTBEHHBIH BekTop ¥ € R”', w mumryr
A:R" > R™ wm y=A(X). B janbHeiimem, paccMaTpuBaeTcsi Clyuaii
A:R" — R" (npeo6pazosanue npocmpancmea R"). Onepatop A HazwiBaer-
« = n ~

Sl IUHENHbIM, €CIT JUISL TIIOOBIX BEKTOPOB X, Y € R" u neiictBurenbHbIX yncen
a, B semonueno yenosue: A(a-x+ B -y)=a-AXx)+ - A).

Eciu B RS (I;I,I;2 ,...,I;n) - 6asuc npoctpanctea R, To Mampuyeit nuneiino-
20 onepamopa A 6 basuce B,, HasbiBaeTcs KBajpaTHas mMatpuua A mopsika

71, cToNOuaMH KOTOPOH SIBIIOTCS CTONOLBI KOOpAMHAT BekTopos A(b; ) . Mexay

o o n
JIMHCUHBIMHA OII€paTopaMu, ACUCTBYIOLIIMMU B R u KBaJIpaTHBIMHU MaTpulaMnu
nopsaka 7, CymECTBYET B3aMMHO OJHO3HAYHOC COOTBETCTBUE, YTO II03BOJISICT

onepatop y = A(X) npencraBure B matpuunoM Buje ¥ = A- X, e X,V -
MaTPHIIBI-CTOIOIBI KOOPJAMHAT BEKTOPOB X, ), A - marpuua omepatopa A B

Gasuce B R
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JI1 TMHEHHBIX OTIepaTopoB, AeicTByromuX B R BBOIATCA ClieyIoNIue omepa-
wan: 1) croscenue onepamopog: (Z + E)()?) = A(X)+ B(X); 2) ymuoxcenue
Oonepamopoe Ha HUCHO: (aZ)()?) = a(Z()? )); 3) ymuooicenue onepamopos:
(4-B)(x) = A(B(¥)).

Oopamnbim X orepaTopy A masemaercs onepaTop Zil TakoW, 4YTO

A4 =4 4= E rie E - eounuunsiii (mo:)fcdecmeeHHbzu) onepamop,

pearu3yIonuil 0To0paKeHue E (X) = x. O6parusiii omneparop A CYIIECTBYET

TOJIbKO JJISi HEBBIPOXACHHBIX ONEPaTOpOB A (omepaTopoB, MaTpHIa KOTOPBIX
SIBIISIETCST HEBBIPOXK/IEHHOH). Bce, paccMoTpeHHbIe BBINIE, JIEWCTBUS HaJl JIMHEH-
HBIMU OIIEpAaTOPAMM BBINOJHSIOT, BHINOIHSS AaHAJIOTUYHbIE JEUCTBUS HaJ UX MaT-
pUIIAMH.

[yctb uncno A u Bekrop X € R", (X # (), TakoBbl, UTO BHIMONHSIOTCS pa-
BecrBa: A(X)=A-X wm A-X =A-X . Toraa uncino A HaswiBaercs cobcm-

eennvim yucnom nuneiinoro orneparopa A (wam matpunsl A), a BeKTOp X -
COOCMBEHHBIM 8€KMOPOM STOTO oriepaTopa (MM MAaTpPUIIBI), COOTBETCTBYIOIINM
cobcrBenHomy unciny A . PaBenctBo A- X = A - X Moxer ObITh 3alMCAHO B BH-
e (A-A-E)- X =0,rne E - enuanvnas matpuna nopsinka 7, X - Matpuna-

cronbern KOOPAUHAT COOCTBEHHOIO BEKTOpa X x*

HoMy umciy A, O - HyjeBas MaTPHUIIA-CTONIOEIL.

, COOTBETCTBYIOUICTO coOCTBeH-

Xapaxmepucmuueckum ypasrenuem oneparopa A (nnm matpunsl A ) Hazwl-

ap = A a2 AL P
a s, —A -+ a
aercs ypasuenue: | A—A-E|=| 2! 22 2n | 0.
an y) o gy -

MHOXecTBO COOCTBEHHBIX YMCEN Oorneparopa (MIu MaTpHIbI) COBIAJAeT C MHO-
KECTBOM KOpHEH ero xapakTepucTuueckoro ypaBHenus: | A—A-E |= 0, a mMHO-

JKECTBO COOCTBEHHBIX BEKTOPOB, OTBEUAIONIMX COOCTBEHHOMY 4ncly A, coBaza-
€T C MHOXECTBOM  HEHYJEBBIX  pElIeHHH  MaTpUYHOrO  YpaBHEHUS:
(A-2;-E)-X=0.

Tema. KBaapaTuunbie ¢opMELL
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KBagparnanoii popmoii L(x,,X,,...,X,) ( mm kpatko L(X) ) or n-

NEPEMCHHBIX HA3bIBACTCA OI[HOpOI[HHﬁ MHOTI'OYJICH BTOpOﬁ CTCIICHU C ﬂeﬁCTBH-

TenbHbIME KOO duumentamu: L(X) = Za XX
i,j=1

> Toe Ay =4ay;. KBanparuu-
Hyt0 (opMy Bcerza MOXKHO 3amucath B MaTpudHoM Buje: L =X . 4. X, rme

A= (a ) MaTpHIa KBaJpaTUIHOH (GOPMBI (SBJISIOMIASACS CHMMETPUYECKOH, TaK
= X e, X'
KaK BBINOJIHACTCA yCloBUE d; =d ; ), - MaTpHIa-cTonoel, - MaTpHLa-

CTPOKa, COCTABJIEHHBIE W3 MEPEMEHHBIX X|,X5,..., X, .
KBagparuunas opMa Ha3bIBACTCS HEBLIPOHCOCHHOIL, €CIU €€ MaTPHUIIA ABIISETCA
HEBBIPOXKIEHHOM.

KBaI[paTI/I‘IHaH (fpopMa Ha3bIBACTCA KaHOHPl‘leCKOﬁ, €CJIM OHAa UMECT BU .
n
— 2 2 2 2
L(x)=a,x; +a,x; +...+a,x, = Zal_ixl.

Besixyto kBaspatuuHyto Gpopmy Bcerzia MOKHO NPUBECTH K KAHOHUYECKOMY BH-
Iy, HapUMep, MeToAaMu JlarpaH:ka 1 OpTOrOHaJIBHBIX ITPE0Opa30BaHMA.

KBagparnunsie popMbl Toapa3aessioT Ha pa3InyHbIe TUIIBI B 3aBUCUMOCTH OT
MHOKeCTBa MX 3HaueHuil. Ksaaparuunas Gpopma L(X) HaswbBaercs:

RONOMCUMENbHO (OMPULAMENBHO) ONPEOeNEHNOI, eCIi U1s TI060r0 X # 0 BbI-
nonusiercs HepaBenctso L(X) >0 (L(X) <0); neompuyamenvno (nenono-
HCUMENILHO) ONPedeNénnoll, eCu U I0O0r0 X  BBINONHAETCS HEPABEHCTBO
L(X)20 (L(X)<0), npuuém cymectyer X # 0, mis koroporo L(¥)=0;
3naxonepemennoii (Wi Heonpedenénnoii), ECiv CylecTBYIOT Takue X U ), 4To
L(x)>0u L(y)<O0.

HeBripokieHHAsT KBaipaTUIHAs (hopMa MOXKET OBITh JTUOO MOJIOKHUTEIBHO OMpe-
JIeNEHHOM, THOO OTPHUIIATEIEHO ONPEICIEHHOMN, TNO0 3HAKONIEpEeMeHHOM. THIr He-
BBIPOXKIICHHOW KBaJIPATUYHON (hOPMBI MOXKHO ONPEICITHUTE, IIPOBEPSS 3HAKH IIaB-
HBIX MHHOPOB MAaTpPHIIBI KBaJPATHYHON (POPMEIL.

all a12 aln

21 G T4y, .

Iycte A = ,TJ€ d; =a - MaTpuua KBaJpaTHIHOH
anl an2 t ann

(popmsl. Iaensimu munopamu mampuybl A HaszpIBArOTCS MUHOPHI TIOpAaKa &
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(k =1,2,...,n), cocTapneHHble U3 NEPBBIX K CTPOK M MepBBIX K CTONGIOB MaT-

a, a4y,
CA = _|4n ap A =
pus: A =a,,, A, = e =
ay Ay
nl ann
KpurepreM 3HAKOOIPeeIEHHOCTH HEBBLIPOKIECHHON KBaAPATUYHOM (POPMEI SB-
nserca kpumepuii Cunvéecmpa:

- kBagparnunas Gopma L(X) nonoscumensno onpedenena Torua U TOILKO TO-
rJa, KOrja BCE IJIaBHbIE MHHOPHI €€ MaTpHIpl HOJIOKATENbHBL, T.e. A >0,
Az >0, ey An >0;

- kBajgpatuudas popma L(X) ompuuamensno onpedenena torna u ToIbKO TOTIA,
KOrjia Uil BCeX TIJIABHBIX MHHOPOB €€ MaTpHIIbl BBINOJIHSIOTCS HEpaBEeHCTBA!
A, >0, A, >0, -A;>0, ..., (-1)"A, >0 (Bce MUHOpBI HEYETHOrO MOPSL-
Ka OTPUIIATEIIbHBI, @ YETHOTO — MOJIOKUTENBHBI) ;

- kBagpaTuunas Gpopma L(X) 3naxonepemenna Torna v TOJILKO TOTJA, KOTIA JUIS

TJIaBHBIX MUHOPOB eé MaTpullbl BBITIOJIHACTCA XOTHA OBl OJHO M3 YCHOBHﬁZ OJIUH U3
TJIaBHBIX MUHOPOB PABCH HYJIIO, OJUH U3 I'JIABHBIX MUHOPOB YETHOTIO nopsaaka oT-
PpULIATCIICH, IBA I'NITaBHBIX MHUHOPA HEYETHOTO nopsaaKka UMEIOT PAa3HBIC 3HAKU .

Tema. BekTopHas ajareopa.
Bekmopom (ceomempuueckum) Ha3bIBACTCS HAINPaBICHHBIN OTPE30K, 3ajaBae-
MBIl YIIOpSIOUEHHOW Mapoil Touek (HayasoM M KOHIOM BekTopa). O0o3HayaroT

—_

BEKTOp AB wn C_Z . Paccrosinue MCKAY Ha4aJIOM U KOHIIOM BEKTOpA HA3bIBACTCS

€ro OuHol 1 0003HAYAETCS |E| WIH 4 . Yenom mexcdy éekmopamu a v b
/\_

HasbiBaercs yron @ =(a,b), 0<@ <7, Ha KOTOpBIH ClleAyeT MOBEPHYTh ONHH

U3 BEKTOPOB, UTOOBI €I'0 HAIIPABJIEHUE COBIAJIO C HAIIPABJICHUEM JIPYroro BEKTOpa,

NpH YCJIOBHH, YTO MX Hayana coBnanawt. IIpoexkyueit éekmopa a na éekmop b

A
HA3BIBACTCS YUCIIO npgﬁ =|a|-cos(a,b).

BeKTOpBI HAa3bIBAIOTCA KOIUHEAPHbIMU, CCIIN OHU PACIIOJIOKCHBI Ha OJTHOM
HpHMOﬁ WJIK Ha NapauICJIbHBIX MPAMbBIX. BeKTOpLI Ha3bIBAKOTCA KOMNIAHAPHbIMU,
€CJIM OHHU PaCIOJIOKCHBI B OJIHOM TIJIOCKOCTH WJIH B napajICJIbHbIX IJIOCKOCTAX.

Bekropsl @ W b Ha3bIBAIOTCA paéHsimMu W MAMYT @ =D , €CIH OHU KOJUTHHE-

AapHbI, OJUHAKOBO HAIIpaBJICHbI 1 UMCIOT PABHLIC NJIMHBI. BeKTOpI:I au b Ha3bI-
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BAalOTCA RPOMUBONOIONHCHBIMU U TIULTYT a=-b , €CJIM OHM KOJUIMHECAPHbI, Ha-
MpaBJICHBI B Pa3HbBIC CTOPOHLI U UMCIOT PaBHBIC JIJIMHBI.

Cymmoii BEKTOPOB a U b HA3bIBAETCS BEKTOp C =da +b , coeuustiomuil Ha-
4ajo BEKTOpAa & W KOHEL BEKTopa b , IIPU YCIOBHHM, YTO KOHEL BEKTOpA & COB-
Najaer ¢ HayanoM Bektopa b (mpasuno mpeyeonvhuxa). Ipouseedenuem eek-
mopa a4 na OelicmeumensHoe YUcio ). Ha3bIBACTCS BEKTOp b = A -4 :

1) KomHHeapHblil BeKTOpY @ ; 2) uMeroumit pmuny | b |=| A || a |; 3) Hanpas-

JIEHHBIM OJMHAKOBO C BEKTOPOM ( , €ciu A >0, U NPOTUBOIOJIOXKHO, €CIH
A<0.

Opmom éexmopa @ , HA3BIBACTCA BEKTOP @', MMEIONIMI CHHUUHYIO [UTHHY H
— _0 — —
HampaBlienue Bektopa 4 1 a. =a/|a|.
3 y
Bazucom ¢ npocmpancmee R HasblBaeTcs ynopsi0ueHHas Tpoifka HEKOMILIA-

HapHBIX BEKTOPOB, 0A3UCOM HA HIOCKOCHU R® - YHOPAAOUYEHHAs apa HEKOJIH-
HEapHbIX BEKTOPOB, Oa3ucom Ha npamoii R — 11000 HeHYIEBOH BEKTOp Ha 3TOM
npsiMoi. basnc, B KOTOpOM Bce BEKTOpHI MONApHO MEPHEHIUKYISIPHBI U UMEIOT
EIMUHUYHYIO JUITMHY, HAa3bIBACTCSl OPMOHOPMUPOSAHHBIM. BEKTOPEI OPTOHOPMHPO-

BaHHOTO 6a3uca 0003HAYAIOTCA: i, W k , ¥ HA3BIBAIOTCA OA3UCHBIMU OPMAMU.
Pa3nuuaroT NpaBblii M JIEBBIi OPTOHOPMHpPOBAaHHBIE 6asuchl. basuc (i, j) -
HA3BIBACTCS MPABBIM, €CIU KpaTYaWlIni TTOBOPOT OT ik j coBepIIaeTcs NPOTHB
XOJa YacOBOH CTPENKH, B NPOTHBHOM clydae OH — JeBbli. bBasuc (i, ], l?) -
HA3BIBACTCS [IPABBIM, ECIIM W3 KOHI[A BEKTOpa k KpaTYaIHii MOBOPOT OT BEKTOpa
i k J BUJIEH COBEPIIAIONMIMMCS MPOTUB XOJ1a YACOBOH CTPENKH, B IIPOTHBHOM CITY-
4yae OH — JIEBBIi.

Ycnoseuem konnuneapnocmu eexmopos a u b sBusercs PaBEHCTBO: b=X-a,
rae A - HEKOTOPOE YHCIIO. YCr06uem KOMRAAHAPHOCMU 6eKMOPO8 G, b u C

SIBIISICTCS PABCHCTBO: ¢ = -a + B -b ,The o, 3 - HEKOTOPBIC YUCIA.

Besikuit reoMeTpudecKkuii BEKTOP MOKET ObITh Pa3jiokKeH eIUHCTBEHHBIM 00pa-
30M MO BEKTOpaM 0Oasmca, KO3 UIMEHTHI Pa3JIOKCHUS HA3BIBAIOTCS TPH 3TOM

Koopounamamu éexmopa B 1aHHoM Oasuce. Hammpumep, ecu BR3 = (I;1 ,1;2,1;3) -

3 —
oasuc R u a €R3, TO BCCrAa CYHCCTBYCT CIAMHCTBECHHOC PA3JIOKCHUC!

a=oa,b +o,b, +asbs, rae uncna a,,0,,0; - KOOpAUHATH BEKTOpA a B Oasu-
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— 3
ce 3R3 , IpY 3TOM MUIIYT a =(0y,Q,,03) 5 Ecmu B R” 3adukcupoBan opro-
R

HOPMHpOBAaHHEIA Gasuc (i, /,k) u @€R’, To paBHOCHIBHBI 3aImHCH:

a=aji+o,j+azk u a=(a,a,,a;) (6 3anucu eekmopa 6 KOOPOUHAMHOU
opme opmoHOPpMUPOBAHHDBLIL OA3UC He YKAZbLEAIOm).

[pencraBieHre reOMETPUUECKHX BEKTOPOB B KOOPAMHATHOHN (hopMe, MO3BOJISET
BBIMOJIHATH JEWCTBUS HAJl HUMHU, KaK HaJ apU(PMETHIECKUMU BEKTOPAMHU:

a+b=(ay.09,03) + (B, By, B3) =(a] + Bj.ay + By.az + B3);
A-a=2A-(a,ay,a3)=(Aa),lay, lag).
Jlexkapmosoii npamoyzonbHoil cucmemol KoopouHam 6 nPOCMpPAHCcmee Ha3bl-
BaeTCs COBOKYMHOCTh TOUKM (O (HAYal0 KOOPAMHAT) M MPaBOrO OPTOHOPMHUPO-
BaHHOTO 0Oaswmca <0, i, 7, l€)> u obosHauaercst Oxyz . [Ipsmeie Ox,Oy , Oz, po-

XOOAIUEe Y€pe3 HAaYaJI0 KOOpAUHAT B HAIIpaBJICHHUU 0a3nCHBIX BCEKTOPOB, HA3bIBA-
HOTCA Koopbuuamubwu ocAamu: 1icpBas — OCbIO a6cuncc, BTOpas — OCbIO OpAUHAT,
TPETh — OCbIO aIlIJIMKAT. HJ'IOCKOCTI/I, mpoxoaduue 4€pe3 OCu KOOpArHAT, Ha3bI-
BAaroOTCsA Koop()uuamubmu njaockocmamu. AHAJIOTMYHO BBOJUTCS CHCTEMA KOOp-

JIMHAT HA IIOCKOCTH: <0, @i, ]_)> =0Oxy .

IMycte M - mpOM3BONBHAS TOYKA MPOCTPAHCTBA, B KOTOPOM BBEJEHA CHUCTEMA
KOOpJUHAT <0, i, 7, l€)> =0Oxyz . Paouyc-eekmopom mouxku M Ha3bIBae€TCs BEK-
TOp O_M, KOTOpPHBI BCEr/ia €MHCTBEHHBIM 00pPa3oM MOXHO TPEICTaBUTh B BUJIE:
OM =xi + yj+zk=(x,y,z). Yucna x,y,z, SBISIOLIECS KOOPAHHATAMH Pa/lii-
YC-BEKTOpa, COBIAJAIOT C IPOEKIUSIMH BEKTOpa OM na GasucHble OpTHL i, j W
k (na xoopmuHatHbie ocu Ox,Oy u Oz ). Koopounamamu mouku M B cucteme

koopauHaT Ox)yz Ha3bIBAIOTCA KOOpPAMHATHI €€ paauyc-BekTopa OM u numryr

M(x,y,z). B cBoto ouepenp, KOOpAUHATHI TOUKU M (X, y,z) TOJIHOCTBIO ONpeae-
0T 8 pammyc-extop OM = (x, y,z)=xi +yj + zk . Besiknii reomeTpueckuii
BeKTOp @ € R B cucteMe koopauHaT Oxyz , BCEra MOXHO IPEICTABHTH KAK Pa-
JINYC-BEKTOP HEKOTOPOH TOYKH u 3armcarth B BHUJIE!
c_z=x017+yaj+zal€=(xa,ya,za) .

JnuHa |a | BeKkTOpa @ , 33JaHHOr0 KOOpAWHAaTaMH a =(X,,Y,,Z,), ONpeaens-

o= (2, 2 2
ercst opmynoit: |a|=+x; + v, +z, . Hanpaenaowumu xocunycamu eexmopa
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|x_"| , cosf=cos(a, Oy) =
a

A
a Ha3pIBAIOTCA dwMCNa: cos o =cos(a,Ox) =

I_I
" Zq 2 2 2
cosyzcos(a,Oz)zﬁ, MpU 3TOM Cos” o +cos” B +cos” y=1.
a

Koopaunatsl Bekropa AB , 3anaHHoro toukamu A(x,,v,,z,4) U B(xz,v5.25)

onpenensitorca no dopmyne: AB=(xp—-x,,yp—¥,,Z5 —2,). Paccrosnue

p(A4, B) mexny toukamu A (x,,y,,z,) u B(xy,y,,z,) onpenensercs kax

JUIMHA BeKTopa AB u Haxomurcs 1o hopmyie:
T 2 2 2
P, B) = AB = (rg =) + (75 = 7.)* + (25 —2,)
Koopaunatel Toukn C(x.,yc,2Zo) Aensiiei oTpe3ok AB momonaM HaxXopsTcs
X, +x + Z, 4z
no GpopMynam: x, = 4_"B Yo = Y47 Vb , zp =248,
2 2 2
Ckanapuvim npou3eedeHuem BEKTODOB a W b  Ha3pIBaeTcs YHCIO

A
=|a|-|b |-cos(a,b). CkanspHoe Mpou3BeIcHUE 00JIaaeT CBONCTBAMH:

|
H)a-b=b-a; 2) (A-a)-b=A-(@-b) rue A - uncio;
3ya-(b+c)=a-b+a-c; 4)a-a=a*<al
S5\alboab=0; 6)i-j=0,i-k=0, j-k=0,i>=1, j>=1,k>=
I[J'IH BEKTOpPOB E u I; , 3aJaHHBIX CBOUMHU KOOpJAUHATAaMH1

T=x,i+Y,J+2k = (500002, b=x0+y,j+ Zb = (x,,4,2,) cxa-

JIIPHOE TIPOM3BEICHUE BRIYUCIIAETCS 110 popMmyre: a - b= XqXp +YaVp +ZaZp -
CkanspHoe pOU3BeACHHE HpI/IMeHSIIOTZ 1) 1is BBIYHCICHUSI YTIIa MEXKIY BEKTO-

pamu @ u b 1o dopmyre: cos(a, b) —|—b 2) 11 BBIYMCIIEHUS IPOEKIUU

N
a-b
b

BeKTOpa a =a - p+ B-q 1o dopmyrne: |E|=\/c_12 =\/(a'ﬁ+ﬁ'57)2 ; 4) B Kaue-

CTBE YCJIOBHS TIEPIEHAMKYIAPHOCTH BEeKTOpoB @ U b : @ L b < a-b =0.

BEKTOpa @ Ha BEKTOp b 110 dhopmyire: npba = ; 3) ISl BBIYMCIICHUSI [UTAHBI
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Bexmopnvim npouseedenuem BeKTOpoB d W b Ha3LIBAETCA BEKTOP ¢ =a xb ,

A
OIIPEICIIIEMBII YCIOBUSMU: 1|cHa x b =al- b | sin(a, b );
2)clanclb; 3) (a@,b,c) - npasas Tpoiika BEKTOPOB.
Vuopsitouennast tpoiika (@, b ,C) HEKOMIUIAHAPHBIX BEKTOPOB HA3LIBAETCS
npaeoli MPoiKoil, €CIN U3 KOHIA TPETHETO BEKTOPA C , KpaTYallliii IOBOPOT OT
IEpPBOrO BEKTOPA @ KO BTOPOMY b , BHJCH COBEPUIAIONIAMCS IPOTHB XOa YaCo-

BOW cTpenku. B npoTuBHOM cityuae, Tpoiika (@,b,C) Ha3bIBaeTCs JIEBOA.
BekropHoe npousseneHue 0dnaaeT CBOHCTBAMH:

1) axb=-bxa; 2) (A-@)xb =A-(@xb),rae A - uncio;
3)ax(b+c)=axb+axc; 4 axa=0 5)a|lb<axb=0;
6)ixj=k,kxi=j, jxk=i,ixi=0, jxj=0, kxk=0.
Z[J'IH BEKTOPOB a u I;, 3a1aHHBIX CBOUMU KOOpJAWHATAMH
T=xi+y,j+z,k =(x4, 9,2, E—xbz+yb]+zb =(x,,Y,,2,)
i j k
BCEKTOPHOC NPOU3BCACHUEC BBIYUCIIACTCA 11O (bOpMyJ'Ie: C_ZXI;Z Xq Ya Zq
*p Vb Zp

BektopHoe mpousBeneHue a x b mpumeHstotr: 1) Ui BRIYUCICHUS IUTOMIAICH
TpEyroJbHUKA U napannenorpaMMa MMOCTPOCHHBIX HA BEKTOpax & W b , Kak Ha
CTOpOHaX, 1o gopmyne: 25, =

Spap =@ % b | ;2) B Ka4ecTBe YCIIOBHS Mapaiicib-

HOCTH BEKTOpOB @ u b : al||b < axb =0.

ol

CmewannbimM npouszeederuem YIOPSAOUCHHOW TPOWKHA BEKTOPOB a ,b H
HaspBaetest unco abe =(axb)-¢.

CMeliaHHOe MPOU3BECHUE 001a1aeT CBOWCTBAMH:
1) (@xb)-c=a-(bxc); 2) abc =—ach =—cba g
3) abc = bea = cab ; 4) @,b v C -xoMmaHapHBI <> T =0}

5) abc =1V, roe V -00BéM mapaiienenunena, MOCTPOCHHOTO HAa BEKTOPax

a,buc.
Z[J'IH BEKTOPOB a ,I; u E, 3alaHHBIX CBOUMU KOOpJAUuHATAaMU
E:xai+yaj+zak:(xa’yaﬂza)’ b_xbl+yb.]+zb _(xbvybazb)
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C=x,i+y.j+ zj =(x,,¥.,Z,) CMEIIaHHOE MPOM3BEIEHNE BBIUMCIAETCS MO
Xa Ya Za
dopmyore: abc = Xp o Yp o Zp
Xe Ye Zc
CMeniaHHOe TPOU3BEACHUE abe npuMeHstor: 1) Juiss BBIYMCIIEHUST 0OBEMOB
TeTpaspa M Napajulelielure/ia, OCTPOSHHBIX Ha BEKTOpax a,bu T, xax Ha
pébpax, mo dpopmyine: 6V, =V,q, = ab. cl; 2) B KaYECTBE YCIOBHS KOMILIA-
HAPHOCTH BEKTOPOB & ,b 1 C abc=0<a,buc- KOMILTAaHApHBI.

Tema. llpsivMble JIMHUM U IJIOCKOCTH.
Hopmanvnuvim eexmopom npamoui L , Ha3pIBaeTCsl BCSIKUNA HEHYJIEBOW BEKTOP

N TepHeHIuKyIApHbIA MaHHON npsmoit. Hanpaenawowum eexmopom npamoii

L , Ha3bIBAETCA BCSKHIA HEHYIIEBON BEKTOP ¢ TapasuieibHbI JaAHHON IPSMON.
Ilpamaa L na nanockocmu B cucteme koopauHaT Oxy MOXKeT ObITh 3ajaHa

YpaBHEHHEM OJHOT'O U3 CIEYIOIINX BHIOB!

1) Ax+ By +C =0 - oowee ypasnenue npsmoii, rne (A4, B) = N - HOpMalb-

HBII BEKTOP MPSIMOIA;

2) A(x—xy)+B(y—y¢)=0 - ypaBHeHHe NpsMOH, NMPOXOJsIIEH uepe3 TOUKY

Mo (xg,yo) NEPNEHTUKYIIPHO TAHHOMY BEKTOPY N =(4,B);

X-xy V=Y

S m

Mo (xg,yo) NapaienabHo JTaHHOMY BeKTopy g = (I,m) (Kanonuueckoe ypasHe-

3) YpaBHEHUE MpPSIMOM, MNPOXOIsIEell uepe3 TOUKy

Hue);
4 X—X _Y—n - -
) = - YpaBHEHHUE TPSMOWA, MPOXOASIIICH Yepe3 qBe JaHHBIC TOU-
Xo =X Va—N
KM Ml(xlnyl) s Mz(Xz,yz) 5
Yo +k(x—xp)

5 y= et b - ypaBHEHHUS TNPSMOH € y2i06biM KoIpduuuenmom

k=tga , tne My(xg,yy) - TouKa uepe3 KOTOPYIO TNpsAMas TNPOXOIHT; «

(—m/2<a <m/2) — yron, KOTOpbIii IpsMas COCTaBNsSET ¢ ocb0 Ox; b - JuMHA
oTpe3ka (co 3HaKOM * ), OTcekaeMoro mpsiMoii Ha ocu Oy (3HaK « + », €CITU OTpe-
30K OTCEKAETCs Ha IMOJIOKHUTEITHHON YaCTH OCH M « — », €CIIH Ha OTPHUIATCIBHOI).
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X .
6) —+ % =1 - ypaBHECHHUE NIPSMOI 6 ompe3Kax, TAe a U b - JUIMHBI OTPE3KOB (CO
a

3HAKOM ), OTCEKAeMbIX MPSIMON Ha KOOPJAMHATHBIX 0csiXx Ox u Oy (3HaK «+ »,
€CJIH OTPE30K OTCEKAeTCs Ha MONOKHUTEIBHONW YaCTH OCH U « — », €CJIH Ha OTpH-
ATEITBHOM).

Paccmosnue om mouku M *(x*, y*) 00 npamou L , 3amaHHON OOIUM ypaB-
HeHueM Ax + By + C = 0 Ha TUTOCKOCTH, HAXOIUTCS TI0 PopMyIie:

|Ax*+By*+C|
\/AZ+B’2

Yeon ¢ =(Ly,L,), (0<@<n/2) mesxucdy npameimu L, u L,, 3a1aHHBIMH

p(M™,L) =

OOIIMMU YPAaBHEHUSIMU WIIH YPABHEHHUSIMU C YIIIOBBIM KOA()(PHUITHEHTOM, HAXOAUT-
Csl TIO OJTHOH U3 CIemyoIux GopMyit:

INAR N |1V1'1V2| k2_k1
cos @ = cos(N |, Ny) |z —=——=—; tgp = |——.
[Ny [-| N,y | 1+ kiky
- | = A B
LylILy, ecu N, ||N,=-L=—1 wm ky =k, .
4, B,

Ll 1L Lz ,ECJIN Nl J_Nz le N2 :OjAlAZ +Ble =0 wm k1k2 =-1
Koopounamuer mouku nepeceuenusn npamoix L, 1 L, HaXOIATCA Kak pellICHUE
Ax+By+C =0 {y=k1x+b1
WA

CUCTEMBI JIMHEWHBIX YpPaBHEHUH:
Ayx+B,y+C, =0

y=kyx+b,
Hopmanvnovim éekmopom niockocmu P, Ha3nIBAaeTCsl BCAKUIM HEHYJICBOM Bek-

TOop N TNEpHeHUKYISIPHBIN TaHHOW MIOCKOCTH.
IThockocms P B cucreme koopauHat Oxyz MOXET OBITh 3ajlaHa ypaBHEHHEM

OJIHOTO U3 CIEAYIOIMX BHIOB:
1) Ax+ By +Cz+ D=0 - oowee ypasnenue rnockoctu, tne (A, B,C) = N -
HOPMAaJIbHBIN BEKTOP ILIOCKOCTH;

2) A(x—xq)+ B(y—yy)+C(z—-2zy) =0 - ypaBHEHHE MIIOCKOCTH, TTPOXOAIIEH
yepes  Touky M ((x(,¥9.Z9)  NEPUEHIMKYISPHO  JIAHHOMY  BEKTOPY

N =(4,B,0);
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X=X Y= z—2

3) |x,—=x; y,—¥, z,—-2z|=0 - ypaBHEHHE IIOCKOCTH, MPOXOAALICH dYepe3
X3=X V3=V Z3— 2

Tpu TOUKH M (X1, y1,21) s My (x),1,,25) 1 M3(x3,3,23) 5

X y. z_
4) —+=—+—=1 - ypaBHEHHE ITUIOCKOCTH 6 Oompe3Kax, rae a ,b u c¢ - TUHBI OT-

a b c
PE3KOB (CO 3HAKOM T ), OTCEKAEMBIX IUIOCKOCTHIO Ha KOOPAUHATHBIX 0CsiX Ox , Oy

U Oz (3HaK «+», €CIM OTPE30K OTCEKACTCS HA TOJNIOKHUTEIBHON YacTH OCH U
« — », €CITH Ha OTPHUIIATCIIHLHOMN).

* % % % .
Paccmosnue om mouku M (x ,y ,z ) 0o mniockocmu P , 3a1aHHON 00ITUM
ypaBHeHHeM Ax + By + Cz + D = 0, Haxomurcs 1o hopmyie:

| Ax* + By" + Cz" + D|
VA* + B? +C?

Yeon ¢ =(P,P,), (0< ¢ <r/2) memncdy nnockocmamu P, u P,, 3a1anubiMu

p(M*,P)=

00IIMMY ypaBHEHUSIMH, HAXOAUTCS 110 popmyre:

_ N, -N
cosgo=|cos(N1,N2)|:%'
[N -V, |
N Y: A B C
PP, emu N, ||N,=>-L=-"L=—-"L

P LPy, ecmn Ny LNy = Ny -Ny=0=> 414y +B By +C;C, =0.

Ilpsamasn L 6 npocmpancmee B cucreme xoopauHat Oxyz MOXET ObITh 3a/aHa
YpaBHEHHEM OJHOTO U3 CIEAYIOIINX BHIIOB!
Ax+By+Ciz+D; =0 .
1) - 0o0uiee ypasnenue NpsIMOHN, KaK JIMHUU TEepece-
Ayx+B,y+Cyz+D, =0
ueHus JIByX miockocteii, e (4;,B,,C;)= N, u (4,,B,,C,) = N, - HopmManbHbie
BEKTOpHI ockocred A un P, ;
X—=X0 _ Y=Y _ zZ—Zp
/ m n

2) - ypaBHEHHE MpSIMOM, NMPOXOAAIEH uYepe3 TOuKy

Mo (xy,¥0.29) TapaienbHO TAHHOMY BEKTOpY ¢ = (/,m,n) (Kanonuueckoe
ypasHenue);
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3 X=X _ Y- _ Z2-Z% o N
) = = - ypaBHEHHE NpPSMON, NMPOXOASIIEH depe3 nBe
Xp=X% Vo= T4

JaHHble TOUKU M (X1, ¥1,2,), M5(X5,Y5,25);

X=xq+[-t
4) y=Yp+tm-t - ypaBHEHUE TNPAMOH, NPOXOAAIEH UEpe3 TOUKY
z=zg+n-t

Mo (xqy,¥0,2p) TapaiensHo JaHHOMY BeKTOpy ¢ = ([,m,n), —oo<t <+ (na-
pamempuueckoe ypasmenue),

Yeon ¢ = (L, ,ALz) , (0< @ < 7/2) mesncoy npameimu L, v L, 6 npocmpancm-
6e, 3a]]TaHHBIMY KAaHOHUYECKMUMHU YPAaBHEHUSIMH HAXOAUTCS 110 hopmyre:

19,95 |
@113 |
l, _m n

Li|[Ly, ecmun qllg, = —=—=
Ly my n,

cos ¢ =| cos(qy,92) [=

L1J_L2, €Clin §1J_§23§15220311124‘"’!17’"24‘7[17[2:0
Koopounamel mouku nepeceuenusn npamou L, 3aJaHHOW MapaMeTpUUYECKUM
ypaBHEHHEM u mJjocKocmu P, 3amaHHOM OOIUM ypaBHEHUEM, HAXOIATCS Kak
Ax+By+Cz+D=0

. . xX=xq+I[t

peleHne CUCTEMBI JIMHEUHBIX YPaBHECHUM:
y=yogtm-t
z=2zy+n-t

A
Yeon ¢ =(L,P), (0< @ <7/2) mexncdy npamoit L , 3a1aHHON KaHOHUIECKUM
YpaBHEHHEM U MAOCKOCHbI0 P, 3aJaHHON OOIIMM ypaBHEHHEM HaXOMUTCS IO

dopmyore: sin g =| cos(7,N) |= I_q—N_I .
lg|-IN|
L|P, em glN = N-g=0 = A-1+B-m+C-n=0.
—— A B
L1P, ecmt g || N = —=—=£.
I m n

Tema. KpuBbie BTOPOro nopsjaka.
Anzebpauueckoii Kpueoit 6mopozo nopsoka B cucreme koopauHat Oxy Ha3bl-

Baercs KpuBas [, o6ujee ypasnenue KOTOpo UMEET BUJIL:
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Ax? +2Bxy+Cy* + Dx+ Ey+ F =0,
rne unucna A,B,C - He paBHBI HyJIO OXHOBpeMeHHO. CyllecTBYyeT ciienyromias
KimaccuuKays KpUBBIX BTOporo mopsaka: 1) ecmu AC - B 250, to obuee
YpaBHEHHE ONpENeNseT KPUBYIO IMIURMUYECK020 muna (OKPYKHOCTb (IpH
A=C, eciu B=0), amunc (mpu 4#C, ecmu B =0), mycToe MHOXECTBO,
TOuKy); 2) ecmu AC — B 240,10 - KPUBYIO cunepooauueckozo muna (Turnepoo-
1y, Tapy Iepecekaromuxcst npsameix); 3) ecnmu AC — B 2-0, 10 - KpUBYIO mapa-
fomueckoro Tumna (mapaboiy, MycToe MHOXKECTBO, TIPSIMYIO, Napy IapajuielbHBIX

npsAMbIX) . OKpYXKHOCTb, JJUIUIC, Tunepbona U napabona Ha3bIBAIOTCS HEGbIPOIiC-
OeHHBLIMU OeliCINEUMEeNbHLIMU KPUBLIMU 61OPO20 NOPAOKA.

OO0mee ypaBHEHUE Ax* + 2Bxy + Cy2 +Dx+Ey+F=0, tne B=0, onpexe-

JISFOIIIEe HEBBIPOXK/ICHHYIO KPUBYIO (OKPYXHOCTB, SIJIIMIIC, TUIEpOOIy, mapabo-
ny), Bceraa (METOZOM BBIJCIICHHUSI MONHBIX KBAJPATOB) MOXXHO MPHBECTH K YpaB-
HEHHUIO OJTHOTO M3 CICAYIOIIUX BHIOB!

1a) (x—x0)2 +(y—yo)2 =2 - YPaBHEHHE OKPY)KHOCTU C LEHTPOM B TOUKE
(xg,¥¢) ¥ paguycom ¥ (puc. 7).

(r=x0)”  (r=r)’
2 b2

16) =1 - ypaBHEHHE 3JUIHIICA C LEHTPOM B TOUKE (xo R yo)

a
U OCSIMH CHUMMETpPHUH, NapaUIelbHBIMH KOOPIUHATHBIM ocsiM. Yncma a>0 u
b >0 - Ha3BIBAIOTCS MOJIYOCAMU IIAUNCA;, TIPIMOYTOIBHUK CO CTOpPOHaMH 24,
2b mapauleNbHBIMU OCIM CUMMETPUU U LEHTPOM B TOUKE (X(,),) - OCHOGHbIM
RPAMOY20JIbHUKOM INIUNCA; TOYKH TIEPECEUEHUs] OCHOBHOTO MPSIMOYTOJILHHUKA C
OCSIMH CUMMETPHU - 6EPULIUHAMU ITTUNCA.

Hnst moctpoeHust symica B cucteme koopauHaT Oxy :1) oTMeyaem LIEHTP
(xg,Y¢) 2maurnca; 2) NpoBOAUM depe3 LEHTP MyHKTHPHOH NUHUEH ocu cuMMeT-
puu surnca; 3) CTPOUM ITYHKTUPOM OCHOBHOW NPSIMOYT'OJBHHUK DJUIMIICA C IIE€H-
TpoM (X,,»,) U CTOpOHaMH 2a, 2b mapaieNbHBIMH OCSM CUMMETpuH; 4) u30-
Opa’kaeM CIUIOIIHOM JIMHUEH 3JUIHUIIC, BITUCHIBAsI €r0 B OCHOBHOM NPSIMOYT'OJBHUK
TaK, YTOOBI AJUIMIIC KACAJICS €ro CTOPOH TOJIBKO B BEPILIMHAX dJuturica (puc 5) .

AHaJIOTHYHO CTPOUTCS U OKPYKHOCTh, OCHOBHOH ITPSMOYTOJIBHUK KOTOPOM MMe-
€T CTOpoHbl 2a = 2b =2r (puc. 4).
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n
+

0 ! T

Puc.4

(x=x0)°  (r=39)°

2) 2 b2

=11 - ypaBHeHus runepO0 (Ha3bIBAEMBIX CONPSIIICEH-
a

HbLMU) C LIGHTPOM B Touke (X,,),) M OCIMU CHMMETPHH, HapauleIbHBIMU KOOP-
JUHATHBIM ocsiM. YUncna a >0 u b > 0 - Ha3BIBAIOTCS HOAYOCAMU 2UNEPHOTL; TIPS-
MOYT'OJIBHUK CO CTOPOHaMH 2a, 2b TapaisieabHbIMU OCSIM CHMMETPHH U LIEHTPOM
B TOUKE (X(,),) - OCHOBHbIM NPAMOY20NbHUKOM 2Uneppoi; TOUKH TepecedeHust
OCHOBHOT'O TIPSIMOYTOJIBHHKA C OCSMH CUMMETPHUH - GePUIUHAMU 2UREPHO; TIPS-
Mble a(y—y,)==2b(x—x,), MPOXOAAIIHE Yepe3 NPOTUBOMONOKHBIE BEPIIHHBI
OCHOBHOT'O NPSIMOYTOJIbHUKA — ACUMNIOMAMU 2UNEPOOL.

st mocTpoeHus TumepOoibl B cucteMe koopauHat Oxy : 1) oTMedaeM LEHTP
runepbonsl (x(,y,); 2) NPOBOAUM yepe3 LEHTp (x(,),) NMyHKTHPHOH JHHHEH
OCH CHMMETpUH THIepOoIbl; 3) CTPOUM MYHKTHPOM OCHOBHOH MPSMOYTOJIBHHK
runepOonsl ¢ UEHTPOM (X, ) U CTOPOHAMU 2a U 2b MHapamneabHbIMH OCAM
cuMMeTpuH; 4) IPOBOAUM Yepe3 IPOTHBOIMOIOKHbIE BEPIIHHBI OCHOBHOT'O TPSIMO-
YrONbHUKA MTYHKTUPHOMN JIHHUEH MPSMBIE, SBISIONMECS ACUMITOTAMH THIEPOOIBI,

K KOTOPBIM HEOTPAaHHUYEHHO OJIU3KO, MPU OECKOHCYHOM YIAJCHHUU OT Hadajga Ko-
OpJMHAT, TPUOIIKAIOTCS BETBH THIEPOOINBI, HE TMepecekas ux; S5) u3odpaxaeM

(x=x0)°  (r=39)?

CIUIOIITHOM JIMHUEH BETBU FI/IHep6OJ'II>I 5 3
b

=1 (puc. 6) wnnmm
a

(x=x0)°>  (r=39)?

THIIEpOOITBI 3 5
b

=-1 (puc. 7).
a
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Puc.6

3a) (x- )co)2 =2p-(y—yg) - ypaBHEHHE NapaloONBl C BEPIIMHOH B TOUKE
(xo R yo) Y OCBIO CHMMETPHH, MAapaUICIBHON KOOpauHaTHOM ocu Oy (puc. 8).
30) (y- J’o)2 =2p-(x—xy) - ypaBHeHHe TNapaOONBl C BEPIIMHOH B TOYKE

(xo R yo) 1 OCBI0 CHMMETpPHH, MTapaJUIeNbHON KoopauHaTHOH ocu Ox (puc. 9).
st moctpoeHus mapaboisl B cucteMe koopauHat Oxy : 1) oTMeuaeM BEpIIMHY
napabonel (x,y,); 2) IpOBOIUM 4epe3 BEpUIUHY (X, y,) NMyHKTHPHON NUHHUEH

0Cb CHMMETpHUH Napaboiisl; 3) n300pakaeM CIUIONIHOM JIMHUEH mapaboiy, Harnpas-
nsis e€ BETBb, C YUETOM 3HAKa mapaMerpa mapabonbl p: npu p >0 - B MOJOKH-
TENbHYI0 CTOPOHY KOOPAWHATHOW OCH, MapaliebHONH OCH CUMMETPUH Mapadoiibl
(puc. 8a m 9a); mpu p <0 - B OTPUIATEIHHYIO CTOPOHY KOOPAMHATHOH OCH
(puc.86 u 90) .

\9 ; % ? Aﬁo,yo)
: ! T
(P>0) : |\ (<o)
‘ 0] T(%Y) |
| z !
Puc. 8a Puc. 80
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Puc. 9a

Tema. KoMIJIeKCHBIE YHCJIA 1 MHOTOYWIEHBI.
Komnnekcnvim wuciom Ha3bIBaeTCsl 4YUCIO BHIA Z =X+ iy , THe Xx,y-

NEeHCTBUTENBHBIC YKMCNIA, CAMBOJI [ - MHHMas €IMHHIA, TSI KOTOPOH I 2=

Yucno x = Rez - Ha3bIBaeTCs NEUCTBUTENHHON YaCThIO KOMIUIEKCHOTO YUCHIA Z ,
yucino y =Imz - MHUMON YyacThio. KommiekcHoe uncino x +i0 coBmaaaer ¢ neu-

CTBUTENBHBIM, a YHCIO iy HA3BIBACTCA YUCTO MHHUMBIM. MHOXECTBO BCEX KOM-
IIEeKCHEIX urcen obo3nagaercsa C .

KoMruiekcHOe YnClio z = x + iy HU300pakaeTcs Ha TUIOCKOCTH C CUCTEMOH KOOp-
muaat Oxy (Ha3biBa€MOU KOMILUIEKCHOM IIOCKOCTBIO) TOYKOM, 0603HAYAEMOi TOM
e OyKBOM Z u uMmerouel koopaunatel (X, y) . JledcTBUTENbHBIE Yncia u3obpa-
JKAIOTCS TOYKAMH OCH a0CIMCC, a YHUCTO MHUMBIE — OCH OpJMHAT (II03TOMY OCh
Ox Ha3bIBaeTcs NeHCTBUTENBHOM OCBIO, a 0ch Oy - MHEMOM 0chbI0). KoMIuiekc-
HO€ YHCJIO Ha KOMIDICKCHOHM IUIOCKOCTH H300pakaeTcs TaKKE PaadyC-BEKTOPOM
Touku (x,y). JlyMHA paanyc-BEeKTOpa HA3BIBACTCS MOOY/IeM KOMNIAEKCHO20 YUcC-

aa: r =\/x2 +y?, a yron ero @ ¢ ocklo Ox HA3BIBACTCS APZYMEHIMOM KOM-

cosp =x/r
NIEeKCHO20 uucna: < | , 0Lp<2m. ApryMeHr ¢ KOMIUICKCHOTO
sinp=y/r
qucia BBIYHUCIISIOT, KaK [PaBuUIIO, o bopmyie:
arctg(y/x) ecu z € {I keaopanmy}
@ =1 m+arctg(y/x) ecau z € {11 unu 11l keadpanmy} .
27 +arctg(y/x) ecnu z € {1V keadpanmy}
Komnnekcno-conpancénnpim  4ucny — z=x+iy Ha3bIBAETCS  YKCIIO

z=Xx+iy=x—1iy.
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Hpe/:[CTaBJ'IeHI/Ie KOMIUICKCHOI'O 4YHCJIa BBIpaXEHHEM Z =X + ly Ha3bIBACTCA

anzebpauueckoii  (popmoii  KOMIUIEKCHOTO  YHCIa, @  BBIPAKEHUEM
z=r(cos@+ising) - mpuzonomempuueckoii popmoil KOMILIEKCHOTO YHCIIA.
ApudmeTnueckue IeWCTBUA (CIIOKEHHE, BLIYMTAHKE, YMHOXEHHE) HaJ KOM-
IUIEKCHBIMH YHCIIAMHU B areOpandeckoil (popMe BBITOIHSIOT 110 TIPaBUiIaM JIEHCT-
. . 2
BUIf HaJl MHOTOUJIEHAMH, C YIETOM TOTO, UTO i~ = —1:
itz =(x +iy) (g +ivy) =(x £ x) +i(y £ ;)5
z1 2y = () + i) (X +iy) = (0% — 31 yy) Hilx vy +X507) -
I )
JleneHre KOMIUIEKCHBIX YUCEN BHIMOIHAIOT CAEAYIONINM o0pasoM: — = ———= .
Z2 22 2)
Bo3BezieHre KOMIUIEKCHOTO YKclia z = x + iy = r(cos ¢ + iSin @) B HATYpaIbHYIO
CTerneHb n BBITIOJTHSIIOT, HCIONB3YS dopmyny Mpyaspa:
n

z" = r"(cos(n@) +isin(np)). TlonyueHHBIN pPe3ynbTaT NPEACTABISAIOT 3aTeM B

anredpamyeckoit popme.
W3BneueHue  KOpHA N -0l  CTEIeHH U3  KOMIUIGKCHOIO  4YHuCla

z=x+iy=r(cos@+isin@) (He paBHOTO HYIIO) BBIIOIHSIOT MO (OPMYIIE:

(W;)k =(l/7- cos[wjﬂsm[w] ,k=012,..,n-1
n

n

(3):[301) 4/_- JICUCTBUTEIIBHOE TIOJIOKHUTEINHHOE ‘II/ICJ'IO). Takum o6pa30M, KOpPCHb
CTCIICHU 7 U3 KOMIUJICKCHOI'O 4YuCiia UMECT n Pa3IMYHbIX 3Haqum“1, pacioJjio-

’KEHHBIX Ha KOMILIEKCHOMU IIOCKOCTH Ha OKPYXXHOCTH pajuyca W .
Anzedpauueckum MHOZ0UICHOM CHIENeHU 1 Ha3bIBAaeTCS BbIPAXKCHUE BUIA!
P, (2)=ayz" +a)z"" +..+a, ;z+a,,
e ze C, ay,a,...,a, - HEKOTOpBIE YKCIa (BOOOLIE TOBOPSI, KOMILIEKCHBIE), Ha-
3pIBaeMble K0P HUIIMEHTaMH MHOTOUIeHa, MpHYEM a; # 0 .
Anzebpauueckum ypagneHuem cmeneHu 1 Ha3bIBaeTCA ypaBHEHUE BHIA
P,(2)=0. Yucno z,, mma xoroporo P,(z,)=0 Ha3bIBaETCA KOpHEM MHOTOUIIE-

Ha WA YpaBHEHUSL.
Teopema Be3sy. Uucno z, sBnsercs KOpHEM MHorouneHa P,(z) Toria v TOJIbKO

Toraa, korna P,(z) nemutca Ha (z-z,), T.e. koraa P,(z) mnpeacTaBisercs B
Bune: P, (z)=(z-2z,)-0,.,(2),tae Q,_;(z) - MHorouneH crenenu (n—1).

Yucno z, HasbIBaeTcs Kopmem Kpammuocmu k MHorowieHa P,(z), ecin

Pn (Z) = (Z_ZO)k 'ank (Z) , TAC ank (ZO) 7&0'
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J1y11 MHOTOWIEHOB UMEET MECTO CIIeTyIolIasl TeopeMa:

Teopema I'aycca (ocrosnas meopema aneedpwt). Beskuii MHOTOWICH HEHYIIEBOM
CTENeHN 1 WUMEET POBHO /1 KOPHEH, €CIIM KaX/blii KOPEHb CYNTATH POBHO CTOJIBKO
pas3, KakoBa ero KpaTHOCTb .

Besknii MmHorounes P, (z) c neicTBUTENbHBIMH KO3(QOHIIMEHTAMH BCEra MOXK-
HO pa3JIOKUTh B IPOU3BEACHHE JIMHEHHBIX U KBaIPATUYHBIX MHOKHUTEIEH ¢ AeHCT-
BUTEIBHBIMU KO3 duIeHTamu.

Besikuit kBagpaTHBI MHOTOUJIEH az? +bz+c¢ ¢ neliCTBHTENLHBIMHU KO3 puIm-
€HTaMH Ha MHO)KECTBE KOMIUIEKCHBIX YHCEJ BCErja MOXKHO Pa3yIOXKHUTh B IIPOU3Be-

JICHHE IMHEHHBIX MHOKHTENCI: az> +bz+c=a (z—-z,)(z—z,), Tie KOPHU MHO-

rowi€Ha z; U z, HaXOIATCs IO (pOpMYyJiaM:
1 2

—b+JD

2a
- v D
2)ectu D =bh*—4dac<0, 10 zlzz—bii~ D
 2a 2a

1) eciu D=b? —4ac>0, 10 Z), = - ICHCTBUTENBHBIE;

- KOMHJ’IeKCHO-COHpH)KéHHLIe.

J1s HaxoXeHust KopHelt anrebpandeckoro ypapHenus P, (z)=0 (n=>3)c neit-

CTBHUTEIILHBIMU KOI(QHIIMEHTaAMHU TIOCTYIAIOT, KaK MPaBHJIO, CIEAYIONMM o0pa-
30M: HaXxO[sIT OUH U3 KOpHel moadopoM (HanpuMep, KOPHEM MOXKET OBITh LIEJbIN
JienuTenb CBOOOJHOrO CIAraeMoro a,), a 3aTeM, IOCIENOBATENbHO NPUMEHAS

Teopemy besy, cBoaaT HaxoxaeHue KopHeil ypaBHeHust P, (z) =0 K HaXOXJIEHUIO
KOpHEl TMHEWHBIX U KBAJIPATHBIX YpaBHEHUI.
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6.3 OcHoBHBIe MaTeMaTHYeCKHEe (POPMYJIBL.

(I)ODMVJ'IBI coxpaménnoro YMHOXKCHUSA
1. (a £b)* =a® £2ab +b* 2. (a-b)a+b)=a* —b*
3. (a+b+c)* =a* +b* +c* +2ab + 2bc + 2ac
4.(a+b) =a’ £3a’b+3ab* £b*5.(a £b)(a* Fab+b*)=a’ +b°

6. ax’ tbhx+c=a(x—x )(x—x,)5 TOC X, =(—bi\/b2 —4ac)/2a.

JlelCTBHS ¢ HATYPAJBLHBLIMH JorapugmMamu.
.Ina+Inb=In(ab). 2. na-Inb= ln(a/b) . 3. -lna= ln(l/a) .

.blna=In(a"). 5.Ine“ =a

S -

@®opMYVJbI TPUTOHOMETPHUM:

1. sina +cos’a =1, 2. tga-ctga=1,
3.1+tg2a=1/cos2a, 4. 1+ctg2a=1/sin2a.
5. sin(a £+ fB)=sina -cos ftcosa -sin

6. cos(at fB)=cosa-cosf Fsina -sin S
7
9

sin 2o =2sina - cos o 8. cos2a =cos’ o —sin’ a
. cosa+cos B =2cos|(a+ B)/2] cos[(a - B)/2]
10. cos a —cos = —2sin[(a + B)/2]-sin[(ex - 8)/2]
11. sin & +sin B = 2sin|(a + B)/2]- cos[(a - B)/2]
12. sin & —sin 8 = 2sin[(a - §)/2]- cos[(a + B)/2]

13. cosa -cos B = %(cos(a — ) +cos(a + p))
14. sinq -sin § = %(cos(a — f)—cos(a + p))
15. sina -cos 3 :%(sin(a — B)+sin(a + f))

1 . 1
16. cos2a=5(1+cos2a) 17. smza:E(l—cosZa)
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MYVJIbI IPUBCACHUSA.

DOyHKIUs B=—=*a B=rta ﬂz%zia B=2r-a
sin 3 +cosa Fsina —cosa —sina
cos 8 —cosa tsina +cosa

tgf Fetga tea Fetga —tga
—tgP Figa tctga Figa —ctga
3HavYeHHs TPUTOHOMETPHYECKUX (PYHKIN HEKOTOPBIX YIJIOB.
a 0 | z/6 | n/4 n/3 n/2 | 2xn/3 m 3r/2 | 2%
sina 0 1/2 \/5/2 \/5/2 1 \/5/2 0 -1 0
cosa |1 | 312 | 2/ 1/2 0 -1/2 -1 |0 1
1ga 0 1/ﬁ 1 J3 o ) 0 0 0
ciga 00 N 1/ﬁ 0 —l/\/g o 0 o
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6.4 Oopa3zen opopmiieHHs 00J10:KKH ¢ KOHTPOJIbHOM padoToii.

MuHHCTEPCTBO HAYKH U BBICIIEro oOpazoBanus Poccuiickoit denepaum

HabepexxHoueTHUHCKII UHCTUTYT ((riran)
(enepaabHOro TOCyAapCTBEHHOTO aBTOHOMHOTO 00pa30BaTEIbHOTO
yUpeXKIeHHS BbICIIEr0 00pa30BaHuUs
«Kazanckuii (IIpuBomxckuil) GpeaepadbHbI YHUBEPCUTET

kadeapa MareMaTUKu

KonTpoJuabHast padora
1o qucuuiuinee «MatemaTuka (4actb 1)»

Bapuanrt Ne
(HOMepa BBINIOJIHAEMBIX 3aJaHUI:

Beimosawt: crynent rpynmer Ne
D.U.O. cmydenma
3a4. KHIKKa - No

[TpoBepui: npenogasarens Kadeapbl MATEMATHKH
@.U.O. npenodasamens

Habepexubie YenHbl
201...
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6.5. Tabuimua HoMepoB BBINOJIHSEMBbIX 3aJaHHUIA.

Homep Homepa gvinonnsemsix 3a0anui

éapuanma | | | 2 | 3 | 4 |5 |6 |7 | 8910|1112
1 1 [ 1121 (31|41 (51 /61|71 81|91 |101 111
2 2 12223242 [52]62|72|82] 92 |102] 112
3 3 [ 13[23[33[43 5363|7383 93 103|113
4 4 (142434445464 |74 84| 94 | 104 | 114
5 S |15]25|35|45 5565|7585 95 | 105|115
6 6 1626|3646 |56 | 66|76 | 86 | 96 | 106 | 116
7 7 | 171273747 5767|7787 |97 |107 ]| 117
8 8 | 1828|3848 |58 68|78 |88 | 98 | 108 | 118
9 9 119[29(39(49(59]69]7989] 99 109119
10 10 {20 {3040 |50 |60 | 70 | 80 | 90 | 100 | 110 | 120
11 3 12213243 |54|/65|76|87| 98 | 109 | 120
12 4 | 1322314253 /64|75|86]| 97 | 108|119
13 5 (141233241 [52/63|74|85]| 96 [107 | 118
14 6 1524334251 |62|73 84| 95 |106 | 117
15 7 1625|3443 52|61 |72 83| 94 | 105 116
16 8 [ 1726|3544 53 /62|71 82| 93 104|115
17 9 | 18|27 (3645|5463 |72 81| 92 103|114
18 10 |19 |28 |37 |46 |55 |64 |73 82| 91 | 102 | 113
19 1 /122334455667 |78 |89 |100 109 118
20 2 | 131243546 5768|7990 99 | 108 | 117
21 3 [14/25[36/47 58|69 808 98 | 107 | 116
22 4 |15|26[37 4859|7079 |88 | 97 | 106 | 115
23 511627 |38/49[60 69|78 87| 96 [ 105 114
24 6 172839 /50[59 68|77 86| 95 |104 | 113
25 7 182914049 58|67 |76 | 85| 94 [ 103 | 112
26 8 (1930394857 |66|75 84| 93 102111
27 1 | 11[22/33[44|55/66 |77 88|99 | 110|120
28 2 12233445 |56 |67 |78 89100109 | 119
29 3 | 13/24[35/46 |57 /687990 | 99 | 108 | 118
30 10 |20 |29 38 |47 |56 | 65|74 |83 92 | 101 | 111

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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