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Maremaruka (B AByx 4yactsax): Yacre 1. Yuebno-memoouuecxuii xom-
NJIeKC 05t CMYOEHMO8 3A04HOU U OUCMAHYUOHHOU (hopM 00yUeHUst NO IKO-

HOMUYECKUM HANpAsieHuam no02omoeku 6axanagpos. /CocraButTens: Ye-
7106 A.H. -Ha6epexxusie Uenns: Uzn-so: HUM K(IT)@Y, 2019, 121 c.

1.1lesb ¥ 32724 TUCHUILIMHBL, €€ MeCTO B Y4eOHOM Iporuecce.
Ieas npernonaBaHusi AUCHUILIMHEI «MaTeMaTHka» - (OPMHUpPOBAaHHE CHCTEMBI
0a30BBIX 3HAaHWW MO JAHHOH NUCHUIUTUHE, KOTOPAas MO3BOJIUT OYIYyIIMM CIIerua-
JICTaM pellaTh B CBOEH MOBCEIHEBHOM JIEATEIBHOCTH aKTyalbHbIE 3a]aull HAYKH
Y TIPaKTHKH, IIOHUMATh HallMCaHHBIE HA COBPEMEHHOM HayYHOM YPOBHE pe3yibTa-
THI JIPYTHX HWCCJIENOBAaHMH M TEM CaMbIM COBEPILIEHCTBOBATH CBOM IMPOQeEccCHO-
HaJIbHBIE HaBBIKH.

OCHOBHBIMH 3aIa4aMH AMCHMIUIHHBI SBISIOTCS:

- O3HaKOMJIEHHE OOyJarommxcs ¢ (yHJAaMEHTAIBHBIMH TOHATHAMHU M (aKTaMu
MaTeMaTuKH, HEOOXOJUMBIMHU ISl TIPUMEHEHUs] COBPEMEHHBIX MaTeMaTHYECKHX
METOJIOB NPH PELICHUH 3aa4 HAyKH, SKOHOMHUKH U YIIPaBIICHNS;

-TIpUBJICYEHIE BHUMAHUS CTYACHTOB K BO3MOXKHOCTSIM MCIIOJIb30BaHUSI MaTeMaTH-
YECKUX METOJIOB TPH UCCIIEAOBAaHNY Pa3IMYHBIX 33734

-pa3BUTHE HABBIKOB K MAaTEMAaTHUYECKOMY MOJIEITMPOBAHHIO TIPUKIIAIHBIX 33]1a4;
-BOCITUTaHUE aOCTPAKTHOI'O MBIIUICHNS! U YMEHHUSI CTPOTrO0 0OOCHOBATh COOTBETCT-
ByIolIHe QaKThI;

-pa3BUTHE JOTUUECKOTO U AITOPUTMUUECKOTO MBIIIIJICHUS;

-OBJIaICHHE KJIACCHUECKHM MaTeMaTHYEeCKHM ammapaToM JUIsl JalbHEHIero Hc-
TIOJTE30BAHUS B ITPUIIOXKEHUSX.

JlaHHasi AUCUMIUIMHA SIBISIETCS OCHOBOW TP M3YYEHUM AWCIMIUIMH, UCIIOJNb-
3YIOLIMX COBPEMEHHBIE MaTeMaTHUECKUe METOAbl. B cBOrO ouepenb, A U3ydeHHs
JITAaHHOM TUCLUIUIMHBI HEOOXOIMMO 3HAHUE DJIEMEHTAPHONW MaTeMaTHKH.

B pesynbrare u3ydeHus: JaHHOW AUCIMIUIMHBI CTYAEHT JOJIKEH:

- 3HATh TEOPETUYECKHUE OCHOBHI JINHEHHOM W BEKTOPHOU ayreOphl, aHaTUTHYECKON
reoMeTpud, Au(M(PEpeHINATLHOIO U HWHTErPabHOTO HCYUCICHUH, YUCIOBBIX H
(YHKIIMOHAIBHBIX PSAAOB, TUPQEpEeHIMANTEHBIX YPaBHEHUH, TEOPUH BEPOSITHOCTEH
1 MaTeMaTHYECKOW CTaTHCTHKH.

- YMeTh UCIIOIb30BaTh NOIYYEHHbIE 3HAHUS JUIsl pEIICHUs] TPAKTHUECKHX 3a/1a4.

W3yueHne MUCHUILIMHBI TPEAYCMATPUBAET NPOBEIECHHUE JIEKIIMOHHBIX, MPAKTH-
YECKUX 3aHSATHH M CaMOCTOSITENBbHYIO paboTy CTYIEHTOB. B yekuusx usmaraercs
coJiepyKaHHe TEM MPOrpaMMBI C YI€TOM TpeOOBaHMH, YCTAHOBJIEHHBIX JUIS CIela-
JIMCTa B KBUIM(HUKALMOHHONW XapaKTeprcTHKe. [IpakTniecKkue 3aHsITHs POBOIAT-
Csl C LETIbI0 3aKPETUICHHsI TEOPETHYECKUX OCHOB Kypca, IOMYYeHUs! IPaKTHIeCKUX
HaBBIKOB PEIICHHs] MaTeMaTHuecKuX 3ajqad. KoHTposib 3HaHWH OCYIECTBISIETCS C
TIOMOIIIBI0 KOHTPOJIBHBIX paboT, 3a4€TOB U 9K3aMEHOB.



2. Conep:xanue ¥ CTPYKTypa JMCHUILIMHBI (4acThb 1).

2.1 Conep:xaHue TUCHUIIUHBI (HAMMEHOBAHNE TEM).

Tema. Onpeneanresiu.

Onpenenurenu 2-oro, 3-ero, NopsiAkoB, mnopsaka n. CBoiicTBa ompeaenutenei.
MuHOpEI 1 anredpandeckue JOMOTHEeHUs. Pa3noxenne onpenenurens 1no 3JeMeH-
TaM CTPOKHM WJIM CTONOLA. Beruncnenue onpeaenuTenei.

Tema. MaTpuusbl.

Ormpenenenne Matpuibl. Bunsl mMatpui. eictBus Haj marpuniamu. basucHbiit
MuHOp. Panr marpuisl. OOpaTHas MaTpuIla, YCIOBHE CYIIECTBOBAHUS, OCHOBHBIE
CHOCOOBI €€ HaXoX/IeHNsI. MaTpUYHbIe ypaBHEHUS, X PEIICHHE.

Tema. Cuctembl JINHeHHBIX ypaBHeHHil. Moneas JleoHTheBa.

Cucremsl nuHedHbIX ypaBHeHHH (CJIY). OCHOBHbBIE IOHSTHS W OIPENEIICHHS.
Marpuunas 3anucs CJIY. @opmynsr Kpamepa. Pemenue CJIY metonom obpaTHOM
Mmatpunsl. Pemenne CJIY meronom ["aycca. basucHble n cBOOOTHBIE HEM3BECTHEIE.
Ob6mee perrenue CJIY. OmHOPOIHBIE CHCTEMBI JIMHEWHBIX YpaBHCHUMN, CBOWCTBA
HX pelieHud. YCIIOBUS CYUIECTBOBAHUSI HEHYJIEBBIX pelieHuid onHopoanbix CJIY.
Mogens JleoHThEBA.

Tema. CucteMbl BeKTOPOB. N-MepHOe BEKTOPHOe NpocTpancTBo. EBKiInaoBo
MPOCTPAHCTBO.

N—mepHbIi apupmernueckuii BektTop. JIMHeWHbIe omepanuy HaJl BEKTOpaMH, HX

o n
cBoiictBa. [lonstue N-MEPHOIo0 BEKTOPHOI'O IMPOCTPAHCTBA R". KOOpZ[I/IHaTI)I BCK-

TOpa B R". CxkansipHoe npousBeieHrne. EBKIIMI0BO MpOCTPaHCTBO.

Tema. BexTopHas anre0pa.

l'eomeTpuueckre BEKTOpHI Ha MPSMOM, TJIOCKOCTH M B MPOCTPAHCTBE, JIEHCTBHS
Haj HuMmu. [Ipoekuust Bektopa. [IpsimoyronbHasi gekapToBa cucTeMa KOOPJIWHAT.
Panuyc-Bekrop. Koopaunatel Bekropa. JIuHeliHble omepalu HaJl BEKTOpaMU B
KoopauHATHOHM (hopMme. [[rHa u HampaBISIFOIIUE KOCHHYCHI BeKTOpa. PaccrosiHue
MEXIy ToukamHu. [lenenre oTpeska B JaHHOM OTHoueHuu. CKalsipHOe pou3Be/ie-
HHUE BEKTOPOB, €r0 CBOWCTBA, BHIPAKCHHUE B KOOPJIUHATHOW (OpMe, MPUIIOKECHUI
JUJISl PELleHUs] T€OMETPUUYECKHUX 3a/ad. YCIOBUSI MEPHEHIUKYISPHOCTH, Mapa-
JIETbHOCTH ¥ KOMIUIAHAPHOCTU BEKTOPOB.

Tema. IIpsiMble INHMH HA NIJIOCKOCTH.

[Ipsimas Ha muiockocTu. PaznuuHble BUbI ypaBHEHUM MpsiMol Ha TuiocKocTH. Pac-
CTOSIHME OT TOUKH JIO MPSIMOM Ha IUIOCKOCTH. YTOJ MEXIY JABYMS NPSAMbIMU. Y C-
JIOBUSI TAPAJUIETLHOCTH U MEPIEHIUKYIISIPHOCTH JIBYX MPSIMBIX.

Tema. KpuBbie BTOPOro nopsiaka.

Kpugsie 2-oro mopsiika Ha TUIOCKOCTH: OKPYKHOCTb, 3JUIHIIC, TUIIEpOOIIa, mapado-
Jla, WX ONpENeICHUs, KaHOHWYECKHe ypaBHeHus, ¢opma. [IpuBenenue oOIero
YpaBHEHHS KPUBOM 2-0r0 MOps/IKa K KAHOHUYECKOMY BUJY U MTOCTPOEHHUE.



Tema. MuoxectBa. UncsaoBbie MHO:KecTBA. DyHKIMS.

MHoxecTBa U onepanuy Haa HUMH. MHOXKecTBa uncen. JleficTBUTeNbHbIE YHUCa,
MOJlyJIb YHMCNA U €ro cBoicTBa. Yncnossle mpoMexyTku. OkpecTHOCTh Touku. Ilo-
Hatue QyHkuu. CrnocoOsl 3ananus, rpaduk, 3JeMeHTs! noBeaeHus GpyHkuun. Oc-
HOBHBIE AJIEMEHTApHbIe (QYHKIMHU, UX CBOWCTBA U rpaduku. OOpaTHast U CIOXKHAs
¢GyHKIMU. DieMeHTapHbIe QYHKINH, NX KIacCH(UKAINSL.

Tema. Uncnossie nmocjenoarensbHocTu. Ilpenes nmocaenosarensHocTH. Ipe-
et pyHkum.

[TonsTue 4ucIOBOW MOCIEAOBaTENBHOCTH. IIpenen mocienoBaTenbHOCTH, €ro
T€OMETPUUECKUH CMBICT. BeckoHeuHO Maible W OOJNbIINE ITOCIIEOBATEIBHOCTH.
MOoHOTOHHas MOCIEA0BAaTENBbHOCTD, IPU3HAK €€ cxonumocTd. Yucno e . 3amava o
HENpepbIBHOM HAYMCIIEHWH TIPOLEHTOB MO OAaHKOBCKMM BKiaaaM. OmnpeneneHus
npezena GYHKIMU P X —> X, U x —> 00 OJJHOCTOpPOHHUE Npeienbl. beckoHeuHo

Gonbivie ¥ Masble (YHKINH, UX cBolicTBa. Heonpenenénuele BoipaxkeHus. OCHOB-
HBIE TeopeMbl 0 npenenax Gynkuuii. [IpenensHblil nepexon B HepaBeHcTBax. [lep-
BBIIl ¥ BTOPOI 3aMeyaTeIbHbIe MPEebl.

Tema. HenpepbIBHOCTL (DYHKIIUH.

Omnpenenenns: HENPEPHIBHOCTH (YHKIMKM B TO4YKe. [IOHSATHE HENpepBIBHOCTH
crpaBa u cieBa. HenpepbIBHOCTS 21eMeHTapHbIX GyHKIMA. Toukn pa3pbiBa QyHK-
MM, ux kinaccudukanus. HempepsiBHOCTE (yHKIMKM Ha MHOXecTBe. OCHOBHBIC
CBOMCTBa (DYHKIIMH, HETIPEPHIBHBIX Ha OTpPE3Ke.

Tema. KomniexkcHbIe YHCJIA 1 MHOTOYJICHBI.

KomriekcHble yucia, UX reoMeTpuieckoe n3o0pakeHue Ha IUIOCKOCTH. Pazmmy-
Hble (POpMBI 3aMMCH KOMIUIEKCHBIX 4ucel. J[eficTBHs HaJ KOMIUIEKCHBIMHU YHUCiIa-
MHU. MHorouwreHsl U anreOpandeckue ypaBHeHHs. OCHOBHasi Teopema aireOpbl.
Teopema besy. PaznoxxeHne MHOTOUJIEHOB Ha JIMHEHHBIE U KBAaJPATUYHbIE MHOXHU-
TEJNH.

Tema. IlponsBognbie n quddepennnaibl GyHKIHA OHOMH IepeMEeHHOM.

[Mpupamenne ¢ynknun. OnpezneneHre MPOU3BOAHOH, €€ TI'eOMETPUYECKHit
cmbicn. Ilonsartue muddepenuupyemoctn QyHkumu B Touke. [luddepennnan
¢ynxmmu. Ilpocredimue npasuna auddepeHnUpoBanust (MOCTOSHHOH; CyMMBI,
Pa3HOCTH, IPOM3BENEHUS U YacTHOro pyHkiwit). JuddepennupoBanue oOpaTHon
u cinoxHod QyHkimu. Jlorapupmudeckas npousBoaHas. [IponsBonusie n audde-
peHImaibl Belcmmx nopsakoB. duddepennupoBanue QpyHKIMM, 3aJaHHON Napa-
Merpuyecku. [lpuMeHenue muddepennrata B NPHONMKEHHBIX BBIYUCICHUSX.
VYpaBHeHUs KacaTeNbHOM 1 HopMaiH. [ToHATHE I1aCTHYHOCTH (YHKIIHH.

Tema. OcHOBHBIE TeopeMbI 0 JH( (epeHIUpyeMbIX (PYHKIMAX U UX MPHIOKe-
HUS.

Teopemsr @epma, Poms, Jlarpanxka, Komwu, nx cneactsust. Ilpasuno Jlonurans,

€ro TpHUMEHEHHE JUIS PACKPBITUS HEONpeneIEHHOCTEH.



Tema. Uccaenopanne GyHKIMi ¢ MOMOIIBLI0 NPOHU3BOAHBIX, MOCTPOCHHE MX
rpa¢guKoB.

Cxema mpoBeIeHHs TIOJTHOTO HcciieioBanus GyHKIMH. Bo3pacranue n yobiBaHue
(YHKIMM, HAXOXKACHUE YYaCTKOB €€ MOHOTOHHOCTH. CTalMoHapHbIE M KpUTHYe-
cKUe TOYKHM (yHKIMHU. JIoKaJgbHBIE SKCTPEMYMBI (DYHKIIUH, YCIOBHS X CYILECTBO-
BaHUA 1 HaxoxjeHue. [ 106aibpHbIe SKCTpeMYMBI (PYHKIIMH Ha OTpe3Ke, UX HaXO0XK-
nenue. Beimykiiocts 1 BorHyrocTh pyHKImuU. Toukn nepernba, yCIOBUS UX CyIIe-
CTBOBAaHMSI M HaxOXJeHWe. BepTUKaJlbHbIE W HAKIOHHBIE ACHMITOTHI Trpaduka
(YHKIMH, YCIOBUSI MX CYIIECTBOBAaHUs U HaxokaeHHe. [locTpoenue rpaduxka.
Tema. OcHOBHBIE NOHATHUS 0 (PYHKIMHM HECKOIBKHUX NepeMeHHBbIX.

TMousiTust 1 -MEPHON TOYKH, 71 -MEPHOTO apuU(PMETUUECKOrO MPOCTpaHcTBa R .

OxkpectHocTs Touku. Knaccudukanus Touex. MHOXeCTBa ToUeK B R” : OTKPBITHIE
W 3aMKHYTHIE, CBSI3HBIE, BHINYKIJIbIe MHOXKeCTBa. [loHsTHE GYHKIMU 71 TIepeMeH-
HbIX. O6nacte onpenenenus U rpadpux GyHkumu. JIMHUM ¥ IOBEPXHOCTH ypOBHSL.
[TonHoe n yacTHple npupameHus GyHKIUK. [ToHATHS TIpeaena U HEeMpepHIBHOCTH
¢ynximn Heckonbkux nepeMeHHbIX (DHIT). Croiicrea ®@HII, HempephIBHBIX B
OrpaHMYEHHOHN 1 3aMKHYTOW o0sacTH. BeITykiible QyHKIMH, X CBOMCTBA.

Tema. IlponsBognbie 1 qupdepeHnmaibl GyHKIMH HECKOIBKUX IIepeMeHHbIX,
UX NPHJI0KEHHS.

YacTHble IPOU3BOJHBIE NEPBOTO U BBICIIMX MOPSIKOB, UX BblUMcieHHUE. [IoHA-
tue quddepennmpyemoctu ®HII B Touke, ycnosus auddepenunpyemocru. Hesa-
BHCHMOCTh CMEIIaHHBIX IPOU3BO/IHBIX OT Nopsiaka auddepenunposanus. [lonHsie
muddepennmansr @HIT nepBoro u BeICIINX MOPSIIKOB, UX HaxoxaeHue. [Ipumene-
Hue nepsoro auddepeHnnana B npuOMMKEHHBIX BbUUCIeHUIX. [Ipon3BomHas no
HaNpaBJICHUIO U TPATUEHT, B3aUMOCBSI3b MEKIY HUMH.

Tema. JkcTpeMyMbl (PYHKIMH HECKOJIBKHX NTePEeMEHHBIX.

CranuoHapHsle U kpuTHueckue Touku. JlokampHble sxcTpemymsl GHII, ycnoBus
UX CYLIECTBOBAHMS U HAaXOXJEHHE. YCIOBHBIA IKCTpeMyM. MeToJ HeonpenenéH-
HeIX MHOXUTener Jlarpamxka. ['mobaneubie skcTpemymbr @HIT B orpanuueHHOMN
3aMKHYTOH 00JIaCTH, UX HaXOXJICHHUE.

Tema. IlpuiioxkeHust k 0011eil IKOHOMUYECKOI TeOpHH.

[TponsBoacTBennas ¢ynkus Ko66a-/lyrnaca u e€ coiicrBa. YacTHble npous-
BOJIHBIE U 3JIACTHYHOCTh (DYHKIMH, MX SKOHOMHYECKHH cMbIci. DYHKIMHU cIipoca
u nipeyioxenust. @yHkuus nonesHocty. Kpusbie 6e3pa3minyus.

2.2. HpaKanecmle 3aHATHSA, UX COACPKRAHUE.

Tema. Onpegenuresn. Marpunsl. CucreMbl JUHEHHBIX ypaBHeHHil. Bekro-
phbI.

Onpenenureny, UX BbYUCICHUE. MaTpulpl, 1eHCTBUA HaJl HUMU. DJIEMEHTapHbIE
npeoOpa3oBanus MaTpull. basucHblid MuHOp. PaHr marpunpl. OOpaTHas MaTpuna.
MarpuuHble ypaBHeHUs. PeleHue cucreM JIMHEHHBIX YpaBHEHHWH 1Mo QopMysiam



Kpamepa, merogom oOpaTHOl MaTpuibl, MerogoM ["aycca. Apudmerndeckie Bek-
TOpBI, NecTBUS Haja HUMH. KoopauHaThl BekTOpa. ['eomMeTpHdeckue BEKTOPEI,
JIEWCTBUS HaJl HOIMH.

Tema. IIpsimMble TuHMHN B II0cKkOcTH. KpuBBIe BTOPOro mopsiaka.

[Ipsimas Ha TockocTH U B mpocrpaHcTBe. [lnmockocts. Kitaccupukanms KpuBbIX
BTOPOTr0 MOPS/KA, MPUBEJICHNE K KAHOHMYECKOMY BH/IY, TOCTPOCHHE.

Tema. ®ynkuuu. IIpenes ¢pynxmun. HenmpepsiBHocTs ¢pyHknuu. Kommiekc-
HbIe YHCa.

Ob6nactb onpeneneHus, YETHOCTh U HEYETHOCTD, Tpaduk GpyHKuMK. Beraucienue
npeznena QyHKuU. HempepbIBHOCT M TOYKM paspbiBa (yHKuuH. KomruekcHbie
yucna, AedCcTBUs HaJ HUMU. Haxoxaenue KopHel anreOpandecKux ypaBHEHHH Ha
MHO)KECTBE KOMIUIEKCHBIX YHCEIL.

Tema. IIpoussoansie n quddepeHnnanbl GyHKIUM oAHOMH nepeMenHoi. IIpa-
BUJIO JlonuTass.

[TpousBoaHas GYHKIMU U €€ HaXOXJIeHHE. Y paBHEHNE KacaTelIbHOM 1 HOPMaJIH.
HawnGonbuiee 1 HauMeHbIee 3HaUeHHsT QYHKIUH Ha oTpe3ke. [IpaBuio Jlomuras.
Tema. Ucciaenopanne GyHKIMiA ¢ MOMOIIBLI0 NPOHU3BOAHBIX, MOCTPOEHHE MX
rpa¢guKoB.

IIpoBeneHue NOIHOro UCCIEA0BaHUA (YHKIMHU, ocTpoeHue e€ rpaduka. Haxo-
XJIeHne HauOOJIbIIer0 ¥ HAMMEHBIIEro 3HaYeHNH (DYHKIIMN Ha OTpe3Ke.

Tema. {updepennnpoBanne pyHKINH HECKOJBKHX NepeMeHHbIX. IIponsBoa-
Hasi 0 HANMPABJIEHUIO H TPAaJNeHT. JKCTPEMYMBI.

@OyHknus n nepeMeHHbIX. YacTHblE NMPOM3BOJHBIE W MONHBIE AU epeHIaIbI
MIEpBOT'O U BTOPOT'O TOPSAKOB, MX BBIUUCIECHUE. [IpOM3BOAHAS 10 HANPABIICHUIO U
rpaauent. JuddepenuupoBanne HesBHOW (QYHKIMW. JIOKaJNBHBIA BKCTpEMyM
@®HII, ero naxoxaenue. I'modansHeie s5kcTpeMmymbl OHIT B orpaHn4eHHO# 3aMK-
HYTOH 001aCTH, UX HAXOX/ICHHUE.

2.3. Buabl caMoCTOsAATEIbHOW PadoThI CTY/IEHTOB.
CamocrosaTenbHast pa60Ta CTYACHTOB MPCANOJIaract M3y4€Hue TCOPETUICCKOIro
MaTepuajia U BBIIIOJITHEHUE KOHTpOJ'H:HOﬁ pa6OTBI.

3. Pexomenayemas Jquteparypa.
A) OcHoBHas JauTeparypa:

1. Bmagumupckuii b.M., Topctko A.b., Epycanumckuii .M. Marematuka.
O6mwmit xypc: Yueonuk s OakamaBpoB. —CI16.: U3a-Bo «Jlauby, 2008. -
960c. ISBN: 978-5-8114-0445-2
(http://e.lanbook.com/books/element.php?pll_id=634).

2. Topmau B.A. Jlunetinas anre0Opa: Yue0. mocobue. —CII6.: M3n-Bo «JlaHby,
2012. -480c. ISBN 978-5-8114-1427-7. Pexum Jioctyna:
http://e.lanbook.com/books/element.php?pll_id=4042.
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6.

7.

Wneun B.A., Kum ' JI. JIuneiinas anreOpa U aHATUTHYIECKAs TCOMETPHS. —
M.: Benowu: Ilpocmexkt, 2007.

OO0mmit Kypc BBICIICH MaTeMaTUKU JJIsl SKOHOMHCTOB: Y4eOHuk /[lom oo,
pen. B.U. EpmaxoBa. —M.: UH®PA-M, 2010. -656¢c. ISBN 978-5-16-
003986-2. Pexum JocTyna:
http://znanium.com/catalog. php?item=bookinfo&book=210735.

COOpHHK 3a/1a4 IO BBICIICH MaTeMAaTUKE JUIT SKOHOMHCTOB: yued. mocobue
Juist cryneHToB By3oB /Epmako B.U., Boopuk I'.U., I'puanenuyc P.K. u
np.; nox pen. Epmakosa B.U. — M..MTH®PA-M, 2008. -575c.

[unaues B.C. Bricmas matematuka. Y4UeOHUK Ui BY30B. -M. Beicmias
mkoia, 2005. -479 c.

[unauér B.C. 3agauu mo BRICIICH MaTeMaTHKe: Y4ded. mocoOue i By30B.
— M.: Brercmr. mik., 2005. -304c.

b) lonosiHuTeIbHAS JTUTEPATypa:

8.

10.

11.

12.

13.

Beicias MaTtemaTHKa U1t 5KOHOMUCTOB: Y9eOHUK JUIs CTYH. By30B / Kpemep
H.II., Tlytxko B.A., Tpummua WU.M. u ap.; mon pen. Kpemepa H.II. —
M.:IOHUTU-JTAHA, 2007. -479c. —ISBN: 5-238-00991-7.

Beicmas MaTeMaTHKa /11 9KOHOMHUCTOB: IIPAKTHUKYM : ydeb. 1mocoOue st
By30B /ITox pen. H. III. Kpemepa. -M.: JOHUTHU-TAHA, 2010. - 480 c. -
ISBN 978-5-238-01122-6.

Kpacc M.C., UynpeHoB B.Il. MaremaTrka Juis SKOHOMHYECKOro Oakalias-
puara: Yueonuk. —-M.: UHOPA-M, 2013. -472c. ISBN 978-5-16-004467-5.
Pexum JocTyna:
http://znanium.com/catalog. php?item=bookinfo&book=400839.
XycnyrnunoB P.II1., XKXuxapes B.H. MartemaTuka 111 5KOHOMHCTOB B IpU-
Mepax ¥ 3aaavax: YueOHoe nmocobue. —CII6.: U3a-Bo «Jlanby», 2012. -656c.
ISBN 978-5-8114-1319-5. Pexum JIOCTYTIA:
http://e.lanbook.com/books/element.php?pll_id=4233.

HepmneB B.I'. OcHOBBI nHHEHHON anreOpbl U aHAJTUTHYECKOH Ie€OMETPUH:
VYuebd. nocodue. -M.: UTHOPA-M, 2014. —168c. ISBN 978-5-16-005479-7.
Pexum JocTyna:
http://znanium.com/catalog. php?item=bookinfo&book=455245.

[lepmue B.I'. MaremaTtnyeckuii aHaim3: COOPHUK 3ajJa4 C PEIICHUSIMU:
VYuebd. nocodue. -M.: UTHOPA-M, 2014. —164c. ISBN 978-5-16-005487-2.
Pexum JocTymna:
http://znanium.com/catalog. php?item=bookinfo&book=445587.
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4. MeToanueckue YKa3aHus 10 U3YYCHUI0 JUCHUIIJTHHBI.

B nmpouecce U3y4cHusd Z[aHHOfI JUCHUIUIMHBI CTYACHTBI OOJIKHBI CHadajla Uu3y-

YUTh TEOPETUUECKUH MaTepuasl U BbIpaboTaTh HABBIKM PELICHHs THITOBBIX 3ajad,
UCTIONB3Ysl PEKOMEHIOBAHHYIO JIUTEPATYpPY, a 3aTeM BBIIIOJIHUTH OJHY KOHTPOJb-
HYIO paboty (3a1aHus I KOHTPOJIBHOW pabOTHI pUBEEHbI B pazede 5.1).

[Ipn BBIMONHEHHH KOHTPOJBHOW PabOTHI HEOOXOJUMO IMPUAEPKHBATHCS YKa-
3aHHBIX HIKE PaBHII:

1.

2.

10.

KoHTponbHas pabora J0iKHA ObITH BHIIIOJIHEHA CTYIAEHTOM B OTIENILHOHN yde-
HUYECKOH TeTpajy C MOJISIMHU HE MEeHee 3 CM JUIs 3aMEYaHHi IpernoaaBaTeds.
Ha obnoxxke TeTpaam yka3pIBaroTCs: Ha3BaHUE JUCIMILUTMHBI; HOMEp BapHaHTa
1 HOMepa pemraeMbix 3aga4; @.M.0. cTymeHTa, BBINOIHUBIIETO pabOTy, €ro
HOMeEp Ipynnsl U HoMep 3aueTHoW kHxkKH; P.J.O. mpenonasaTens, npose-
psroniero paboty (oopaser opopmiteHHsT 00JIOKKH NPUBEAEH B [Ipunosicenuu
3).

Homep BapuaHTa COOTBETCTBYET HOMEPY CTYJICHTA B CIIHCKE TPYITIIHL.

Homepa pemaembix 3amad  BeiOupatorcs w3z TABJIMI[BI HOMEPOB
BBITIOJTHAEMBIX 34/JAHUH (Tlpunosicenue 4).

VYcnoBust 3a/1a4 MEPENUCHIBAIOTCS TIOIHOCTBIO, 0€3 COKpallleHUs CIIOB, MOCIe
Yero MPUBOAUTCSA WX MOAPOOHOE pelieHUe (YEePTEKU MOKHO BBITIOTHATEH aK-
KypaTHO OT pYKH). B KOHIIE peleHus MPUBOIUTCS OTBET.

B paboty nomxHbEI OBITH BKIIFOUEHBI BCE 3a/1a4H, YKa3aHHBIE B 3aJlaHUH, CTPO-
rO O MOpSJIKYy HOMepoB. KoHTponbHBIE paboTHl, colepikaliue He Bce 3aja-
HUS, a TAKKE 3a7[a4d HE CBOCTO BApUAHTA, HE 3aUUTHIBAIOTCSL.

Ecnu B paboTe uMeroTcsi OmmMOKy, CTYyIEHT JOJKEH BBITOIHUTH BCe TpeboBa-
HUS TIPENoAaBaTessl, N3JI0KEHHBIE B PELEH3NUH, U CIaTh paboTy ¢ UCIpaBe-
HUSMH Ha TIOBTOPHYIO POBEPKY.

Hukakue ucrnpaBieHUs B TEKCTE YK€ IPOBEPCHHOM pabOTHI HE TOMYCKAIOTCS,
BCE MCITPaBJIECHHS 3aMCHIBAIOTCS TIOCIE PELEH3UH NPENoIaBaTels ¢ yKa3aH -
€M HoMepa 3aJ1auH, K KOTOpPOW OTHOCSITCSI JIOTIOJHEHHUS ¥ UCTIPABIICHUSI.
PaboTta MoxkeT OBITH BBHITIOJTHEHA 3aHOBO B CIIyYae BBIABICHHS CEPhE3HBIX 3a-
MEYaHUH U OMHOOK.

B koHIIe TeTpamu peKOMEHIyeTCSl OCTaBJISITh HECKOJIBKO YHCTHIX CTPAHUIY IS
JIOTIOJTHEHUH U UCTIPABIICHUM.

[Tocne mpoBepkH KOHTPOJNBbHAs pa0oTa MpeAbsBIACTCA K 3amuTe. Ha 3ammre
CTYJICHT JIOJDKCH ITOKa3aTh CBOC YMEHHUE peEIIaTh 3aJa4yd, MOJAOOHBIC TEM, YTO
HUMEIOTCS B €r0 KOHTPOJILHOU padoTe.

OO0pas3err perieHusi THTIOBOTO BapHaHTa KOHTPOJIHHOW paOoTHI npuBenéH B [Ipu-
Jaodcenuu 1.



5. MarepuaJibl VIl KOHTPOJIS 3HAHUI CTYACHTOB.

WroroBoii ¢opmoil KOHTpOJISI 3HAHWH SIBISETCS 3K3aMeH B KOHIIE CeMecTpa
o0yuenust. Ha sx3aMeHe CTyJeHT JOJDKEH IO0Ka3aTh 3HAHUE TEOPETHUECKUX OCHOB
Kypca B 00bEMe BOIPOCOB, NMPUBEAEHHBIX B pasjene 5.2 1 yMeHHe peliaTh 3a/1auy,

OJTOOHBIE TEM, YTO UMCIOTCS B €T0 KOHTPOJIBHOH pabdore.

5.1. 3aganus A1 KOHTPOJIBHOI PadoThI.
1 — 10. Beraucnurh omnpeenureb:

a) HENOCPEICTBEHHBIM PA3JIOKEHHUEM T10 | — Ol CTPOKE;

6) HEMOCPE/ICTBEHHBIM PA3IIOKEHHEM 110 j — OMY CTOJOILY.

1 0 -1 0 0 3 -2 4 3 4 1 0
2 -1 -1 1 2 1 3 1 2 -1 0 2
1. 2. 3.
-2 1 2 0 2 -3 =2 0 1 3 4 -3
1 0 1 -6 1 2 -4 3 0 -2 1 4
(i=1 j=2) (i=1, j=4) i=1, j=3)
1 -3 4 2 3 -2 2 4 31 2 4
) 0 3 1 =2 s 0 3 -1 2 50 1 0
23 4 1 20 1 2 0 2 4 1
31 =5 0 1 2 4 3 -1 2 -2 3
(i=2, j=1 @=3, j=1) (i=2, j=2)
35 2 0 2 3 -4 -1 1 2 3 4
1 -2 =3 1 0 -3 -1 3 0 -3 -2 3
7. 8. 9.
0 3 2 1 1 3 2 0 2 -3 -1 1
3 2 4 =2 31 1 1 31 0 =2
(i=1, j=1) (i=2, j=4) i=4, j=1
1 3 2 -3
2 -3 —4 -1
10.
3 -1 2 0
2 0 -2 1
@=3, j=2)



11 — 20. Haiiru marpury C , eciu C = AT -B+24;

2 -10 -2 0 3 3 -1 -1 0 2
11.4=|-1 2 0|,B=| 4 1 2| 12.4=|0 2 -1|,B=|-31
1 -11 -2 10 0 -1 2

5 -1 -1 1 41 2 0 -1 -2 1 -3
13.4=|10 4 -1|,B=|0 3 1 14.4=1 1 1 -1|,B=| 0 3 0
0 -1 4 210 -1 0 2 1 2 -1
2 10 0 -2 1 4 10 0 2 3
15.4=|1 2 0|,B=[3 1 2 16.4=| 1 4 0|, B=|11 3
-1 13 2 1 0 -1 15 2 4 2
7 2 =2 1 2 -1 9 0 -2 10
17.4=|4 5 -2|,B=|0 1 3 18.4=|2 -4, B=| -1 2 3
00 3 2 0 -5 2 -2 5 2 11

w
[«]
[«]
[«]
w
—
W
[«]
[«]

0
19.4=|1 2 -1|,B=|1 -2 4| 20.4=|1 4 -1|, B=|2
-1 4 0

—
|
—
\S)
\S)
—
—
—

21 — 30. [Jana cuctema Tpex JMHEHHBIX ypaBHEHHil ¢ TpeMs HEH3BECTHBIMH.
TpeOyercsa: a) HaiiTu pemeHne cucteMbl MeTorioM Kpamepas

0) 3amicarh CHCTEMY B MATPMYHOM BHJIE M HANTH €€ pelieHre METOI0M 0OpaTHOM
MaTpHUllpl; B) HalTH pelleHne cUucTeMbl MeTooM [aycca.

x+ 2y+ 3z= 1 x+ 2y+ z= 4
21. ¢5x+ 8y— z= 7 22.93x—- Sy+ 3z= 1
2x— 3y+ 2z= 9 2x+ Ty—- z= 8
3x+ 2y+ z= 5 x+ y+ 2z= -1
23.92x+ 3y+ z= 1 24, 92x— y+ 2z= -4
2x+ y+ 3z= 11 4x+ y+ 4z= -2
2x— y— z= 4 2x+ y— z= 1
25.93x+ 4y—- 2z= 11 26.yx+ y+ z= 6
3x— 2y+ 4z= 11 3x— y+ z= 4

10



x+ 5Sy+ z= -7 x— 2y+ 3z= 6
27.92x—- y— z= 0 28. 12x+ 3y— 4z= 16
x— 2y— z= 2 3x— 2y— 5z= 12
x+ Sy—- z= 7 2x—- y—- 2z= 1
29.<2x— y— z= 4 30. <3x+ 2y+ z=
3x— 2y+ 4z= 11 2x+ 3y+ 3z= 0

31-40. Haiitu obmiee perieHue jIst Kax 0l U3 JAHHBIX CHCTEM MeTooM [aycca:

3x1 - 5x2 - x3- 2x4 =0 x) + 2x2 - 2x3 - 3x4 = 4
31a)48x - 6xy + 3x3- Txg= 0 0)92x; + Sxy - x3— 4xy =9
2x1 + 4x2 + 5x3 - 3x4 =0 x) + 3x2 + X3 - Xy = 5

3x1 + 2x2 - x3- 9x4 = 0 x) + 2x2 - 3x3 - 4x4 =1
32a)95x - 3x, + 4xz3 = 3x4= 0 0)93x; + Tx, - 2xy3 - xy = 4
x) + 7x2 - 6x3 - 15x4 =0 2x1 + 5x2 + Xy 3x4 = 3

x)+ 4x2 - 3x3 - 9x4 = 0 x) + 3x2 - x3- 2x4 =1

33.a) 3xy = Tx3— 10x4 = 0 0)92x; + 7xp - 4x3- 3x4= 3
2x1 + 5x2 + Xy - 8x4 = 0 x) + 4x2 - 3x3 - Xy = 2

x] + 3x3 + oxy = 0 X - 2x2 + 2x3 + 3x4 =0

34.2)¢ 3x; - 2x5 + 8x3+ 4xy = 0 0)42x; — 3x, + X3+ dxy =1
- X+ 2x2 - 2x3 - 2x4 =0 3x1 - 5x2 + 3x3 + 7x4 =1

xp+ 3x2 + 4x3 - x4 = 0 X - 3x2 + oxg 4 2x4 = 4
35.a)95x = Txy - 2x3 = Sx4= 0 0)42x; — S5x, + dxy+ 3xy = 7

3x1 - 2x2 + Xy - 3x4 =0 X - 2x2 + 3x3 + Xy = 3
2x1 - 2x2 + 3x3 + oxy = 0 x) + 4x2 - 2x3 - 3x4 = 2
36.2)35x) = 2xy + 4dx3- dxy= 0 0)32x+ 9xp - x3- dxy =5
xp+ 2x2 - 2x3 - 6x4 =0 x) + 5x2 + X3 - Xy = 3

3x1+ Xy + X3 -

58}
=
N
Il
S

X - Xp+ 3x3+ 4x4= 0

[«]

37.a) X+ 3xy - 2x3+ 2xy = 0) 2x = xp + 2x3+ x4 =1

5x1+ 7x2— 3x3+ X4 = 0 4x1—3x2+ 8x3+ 9x4=1

11



x) + 4x2 - 7x3 - 3x4 =0 X - 5x2 + 3x3 + 4x4 = 4
38.a)3-x; - 2xy+ 3x3- xg4= 0 0)92x - 9xp+ 2x3+ x4= 7
- X - 3x2 + 5x3 + oxy = 0 X - 4x2 - x3- 3x4 = 3
2x1 + xp - 4x3 + 2x4 =0 X+ Xy + 4x3 + 2x4 =0
39.a)94x) - 9xy + 2x3+ 4xy = 0 0)43x; + 4xy + x3+ 3xy =1
X - 5x2 + 3x3 + Xy = 0 2x1 + 3x2 - 3x3 + Xy = 1
2x1 - 4x2 - X3+ xy = 0 X - 3x2 + 4x3 + 3x4 = 2
40.2)3 x; = Txy - 6x3- 3x4= 0 0)13x; - 8xp + x5+ 2xy =5
3x1 - Xyt 4x3 + 5x4 =0 2x1 - 5x2 - 3x3 - Xy = 3

41-50. Umetorcst nannbie 0 pabore TpEX OTpacieil SKOHOMUKU B OTYETHOM IIe-
puonie u man Beinmycka koneunoit npoxykmuu (50, 50, 50) B crexyrouem me-

puone (B y.e.). Mcrmonb3yss mozmens JIeoHTheBa MHOTOOTPACIEBOH SKOHOMHKH,
HaWTH: a) MaTpUIBl KOA(PQPHUIMEHTOB MPSAMBIX W TMOJTHBIX 3aTpaT; 0) IIIaAHOBBIC
00BEMBI BEIITYCKa BaJOBOW MPOAYKIIMU KaxI0H U3 OTpaciieil, MeX0TpacieBble Mo-
CTaBKU U 00BEMBI BBITYCKA YHCTOW MPOMYKIMU. B OTBETE 3amucaTh JTaHHBIC MEXK-
orpaciieBoro 0ajiaHca IUIAHOBOTO MepHOna. (Ykazauue: snauenusi kKod(pduyuenmos
NPAMBIX U NOJIHbIX 3ampant 6blYUCIUMb C MOYHOCMbIO oo 0. 01, 3HAYEHUs. NIAHOBLIX 00bEé-
MO8 6blnycKa 8aN06OLL U YUCMOLL npoaym;uu, MEHCOMPACIEBLIX NOCMABOK OKpPY2Umb 00

Yenvix 3HAYeHUlL).
41.
Ortpacnu Otpactu orpebiienus | Koneunsnii npoaykr | BamoBoit
TIPOU3BOICTBA I 11 11 MIPOAYKT
1 10 20 10 60 100
11 20 30 20 30 100
111 60 10 20 10 100
UucTsli IPOAYKT 10 40 50
Basnogoii mpogykr | 100 100 100

42,
Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
TIPOU3BOCTBA I 11 111 MIPOAYKT
1 20 20 25 35 100
11 50 10 10 30 100
111 15 20 40 25 100

UucTlil IPOAYKT 15 50 25
Banosoii mpoaykr | 100 100 100

12



43.

Ortpacnu Otpactu morpebiienus | Koneunsrnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 10 40 10 40 100
11 10 20 40 30 100
111 20 30 30 20 100
UucThli IPOAYKT 60 10 20
Basnosoii mpoaykr | 100 100 100
44.
Ortpacnu Otpactu morpebiienust | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 10 40 20 30 100
11 50 20 25 5 100
111 30 20 20 30 100
UucTsli IPOAYKT 10 20 35
Basnosoii mpogykr | 100 100 100
45.
Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 10 40 30 20 100
11 40 30 20 10 100
111 30 20 40 10 100
UucTslil IPOAYKT 20 10 10
Basnosoii mpogaykr | 100 100 100
46.
Ortpacnu Otpactu morpebiienust | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 15 25 30 30 100
11 10 40 20 30 100
111 30 30 30 10 100
UucTsli IPOAYKT 45 5 20
Basnosoii mpoaykr | 100 100 100
47.
Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 15 15 25 45 100
11 15 20 30 35 100
111 10 25 20 45 100
UucTsli IPOAYKT 60 40 25
Basnosoii mpogaykr | 100 100 100
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48.

Ortpacnu Otpactu morpebiienus | Koneunsrnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 10 20 20 50 100
11 20 25 25 30 100
111 25 25 30 20 100
UucThli IPOAYKT 45 30 25
Basnosoii mpoaykr | 100 100 100
49.
Ortpacnu Otpactu morpebiienust | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 25 10 20 45 100
11 25 20 50 5 100
111 10 30 20 40 100
UucTsli IPOAYKT 40 40 10
Basnosoii mpogykr | 100 100 100
50.
Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 15 20 30 35 100
11 30 15 20 35 100
111 10 20 30 40 100
UucTslil IPOAYKT 45 45 20
Basnosoii mpoaykr | 100 100 100

51 — 60. Jann! Bextopsl @, b, ¢ . TpeGyercs:

a) Haiitu Bektopsl M =a +2b u n=2b —C;
0) BBIYUCIUTH CKAJSIPHOE MTPOU3BEICHUE 71 - 1 |
B) HAMTH ITPOEKIMIO BEKTOPA 71 HA HAIPaBJICHUE BEKTOPA 7 ;

51.5:(452)
a=(3,-5.2),
(-2,3,5),
(13,5),
(2,4,-6),
a=(4,3,-1),

53.
54.
55.
56.
57.a

Q| Q|
o

Q|
Il

b=(3,0,1),

b=(1,2,1),

=(3,4,-3),

b=(4,5,1),
b =(1,-3,4),

b=(1,3,5),

b=(5,0,4),
b =(-2,2,0),

14

c=(-14,2).

¢ =(-3,0,—4).
c=(7,8,-1).

c=(5,7,3).

c=(0,3,7).

c=(2,1,2).
c=(2,1,-4).




58. a=(-2,1,7), b=(3,3,-8), ¢=(54,-1).
59. a=(1,0,5), b=(3,2,7), ¢=(5,0,9).
60. 7 =(2,1,0), b=(4,3,-3), ¢=(6,5-7).

61-70. Tans Bepuns! Tpeyronsanka ABC . Tpebyercs HalTu:

a) JuuHy croporsl AB;  6) ypaBHeHue croponsl AB ;

B) ypaBHeHHe Meauanbl BE , mpoBenéHHO# U3 BepunHbl B ;

r) ypaBHenue BbicoTel CD , mpoBenéHHoi u3 Bepiunsl C ;

n) auny A Beicotel CD ; e) momans S tpeyronbHuka ABC . Caenath 4epTéx.
61. A(4,1), B(0,-2), C(-5,10). 62. A(-7,3), B(5,-2),C(8,2)

63. A(5,—1),B(1,—4),C(~4,8)  64. A(6,0),B(2,-3),C(=3,9)

65. A(-9,2),B(3,-3),C(6,1)  66. A(7,—4),B(3, ~7),C(-2,5)

67. A(~14,6),B(-2,1),C(,5)  68. A(~8,4),B(4,—1),C(7,3)

69. A3, —3),B(~1, —6),C(~6, 6) 70. A(~6,5),B(6,0),C(9, 4)

71-80. YcraHoBUTh, KaKyr0 HEBBIPOXKIEHHYIO KPHBYIO OIpEIEISIET anrebpante-
CKOE ypaBHEHHE BTOPOr'O MOPSIKa, HOCTPOHTH €.

71. 5x2 +9y% —30x+18y+9=0 72. x2 + 32 —4x+6y-3=0
73.16x> =92 —64x—54y—161=0 74, x> —4x—y-5=0

75. 9x2 —16y% +90x +32y —367 =0 76. x>+ y> —4y+3=0
77.16x2 +25y% +32x—100y —284=0  78. x+y> -2y +3=0

79. 4x% +3y% —8x+12y-32=0 80. x> + 2 —6x+5=0

81-90. Jlns yxazannoii pyukuun y = f(x) tpedyercs:
a) HaliTH eCTECTBEHHYIO 00JIacTh ONpeieNieHns PyHKINH;
0) yCTaHOBUTH YETHOCTH (HEYETHOCTD) (QYHKIINHY;

81.a) y =v3—x +arcsin(3-2x) 6) y=2x-sin? x—3x>

1 _sin2x

0 y=
)

82.a) y=Vx+2+
Ig(1-x)
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83. a) y=\/x2 —-3x+2

84.

1
) Y= ———
V3+2x—x>

85.2a) y =arccos (x—3)+1g(4-x)

x
2x+1

1
8) y=———
sz —5x

88.2) y=lg(x’ +2x—8)

86.a) y=

87.

89. a) y=\/;+3\/x—2—lg(3—2x) 6) y=—

90.a) y= 21/x + arcsin[x ; 3) 0) y= arclgx

6 y=x-

x
2 +1
sin 3x

0) y=——
)y 2—cos4x

0) y={x+1|—|x—1|

6) y=sin? x+cos’ x

1-x

x2+1

91-100. Boraucnuts mpesens (He moib3ysch npaBuioM JlomuTas):

. 3x?+5x+1
91.2) lim——
X—© x“+4

2x3 +4
92.2) Im—F———
xX—0 x4 +3x+1

x(x+D(x+2)

93.2) [im = s

X—>00 X

x> +6x+5

94. a) |4
£1_1’£ 3x2+7

x* +3x+1

95.a) |4
£1_1’£ 3x* +5

9 lim 7
2 _ —
 lim ="
2 _
O lim
2 _
6)@?j§;%ﬂ:

0 i
1}?} x?-16
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x2+2x+6 . V9-x-3

96. a) _ 0)
h_m 3xd +7x—1 lg}ol x2+x
3x% +6x2 +3x 2x% —11x+5
97.a) lim———— 6 lim—m
1}52 20x2 +70 lxll;l;l\/Zx—l -3
2
x“+4x+5 \/2x -2
98.2) IIm-—>——— %) lim
v 3x2 +Tx+2 io6 X2 —Tx+6
1-2x2 2x-10
99. a) _— 0) [im————
11—1;23x +5x+1 1}{)1;1\/—
4x —5x2 . Vx+ -2
100.2) [im———— %) Iim
v 2x% +3x+3 ol X2 —3x+2

101-110. s yxkazaunoii pyukiun y = f(x) TpeOyercs: a) BBIICHUTH IPH KAKUX

3HAYEHMsIX Mapamerpa ( (GyHKIWs OyneT HenpepbIBHOM; 0) HATH TOYKH pa3pbiBa
(yHKIMU 1 UcciIenoBaTh ux xapakrep. [loctpouts rpaduk GyHKIMM.

101, a) y = x2+2x—a, x<0 %) l/x x<1
Y COS X, x>0 = x2 x>1
4 x2+1 x<0
102.2) y={ " *° 6) y=il-x 0<x<2
«/;, x>4 52
x
5 ! x<0
103.2) y={“* 72 T 6)y= x 0<x<2
Inx, x=>1 3 5
x>
104 a) _ ex x<0 6) _ x2 x<1
WY 3x+a x>0 Y 1/x xx1
5 1 1/x x<0
105.2) y=4 7 ) y=4-+x 0<x<lI
ax~ -2, x>1 )
X x>1
2
x x<1 I/x x<I1
106.a) y = > 0) v=
) {«/x+a, x>1 ) {lnx x>1
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/x, x<
107.a) y=
—a,
108. ) y = X +a, x<0
arctgx, x20
-1 <0
1092y y= T @, x
2x+1, x>0
110. a) sinx, x<0
.a) y=
Y 3x—a, x20

ﬁ)y:{ex x<0

2x-1  x=0
x+2 x<=2

0) y=12-x —-2<x<0
x2 42 x>0

2x x<0
6) y=<x’+1 0<x<lI
2 x>1

111-120. [danbl KOMIUIEKCHBIE 4YMCNA Z;, Z, U alIreOpaHvecKoe ypaBHEHHE

n—1

agz" +a;z" + ...

a) BBIMMCIMTL Zy +Z5, Z] "Z;,

+a,_1z+a, =0. Tpebyercs:

z / Z,; ©0) HaliTw Bce KOPHHU anredpanyecKoro

YpaBHCHUA Ha MHOXKCCTBC KOMIIJICKCHBIX YUCEII.

111. z; =5+10i,
112. z, =1-54,
113. z, =8 + 4,
114. z, =4 - 16i,
115. z, =2 — 4,
116. z, =15 +10i,
117. z, =18 +12i,
118. z, =—5+1,
119. z, =6 -3,
120. z, =6+ 2i,

Zy =2-1,
Zz :2+3l,
Zz :3+l,
Zz :5_31,
Zz :3_1,
Zz :2_31,
Zz :5_1,
Zz :3+2l,
Zz :1+2l,
Zz :—1+3l,

22 +2z+45=0.
2> -8=0.
4z> —2z+1=0.
2> +8=0.
P _2z+2=0.
22 +4z+13=0.
2> +9z=0.
22 +1=0.
22 +62z+13=0.
*-1=0.

121-130. Haiitu npoussoguyo y' = f'(x) :

121. a) y =

- X

o2
sin(x
6)y=3\/x2+4x+5 B)y = (2 ) ry=

arctg3 4x

cos” x In(6x—1)
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3x + N i
122.a) y=——— \/_ 6) y=(2x—1)-¢>* B)y=cos(xlnx) r)yzm
25 In(5x—1)
—x? 2 tg3
123.2) y = 6)y=2—x B)yzezxx ry= cg4x
X +2 V3 +4x? cos 7x
ln 3
124.2) y = —— ) y=x> 16—4x B)y=e In(tgr) r)y=_04*
2 sin4x+1
& 2
—3x 2% +3 3 In(x")
125. a)y— 0)y= B)y=sin(x’ +2") ry=-——
-1 Y3x+5 ( ) N+
4 2
x VJax— 2+cos4 sin” 4
126.2) y = — Gy y=HXT2 L SHCOSAY al
v =1 2x+3 sin3x \/1g3x
1-x° 3
127.a) y = 0)y= B) y = x arctg(4x) T1)y= cos” 4x
xlnx X+ In(Sx+1)
4 sin(3x +1 4
128.2) = 2% 1 Gy = x?\1+2¢° B)y=¥ y=ln| ———
x> X 1-x°
X — 2x+1 4 sin3 4x
129.2) y = 6)y=cos( j B)y=e In2x) ry=———
- 1+x° Usx—1
1++/x 2-¢" i
130.2) y = 2\/_ 6) y =sinvxl+3x B y=in| — | 1)y=2rsindx
¥+ e arctg2x
131-140. Haiitu npousBojiHyio QYHKIHMH, 3a[AHHON MapaMeTPUYECKH:
2t -1
=sin2¢ =1g3t =— =1In?
131. {x U 22 { T 1330774 134, {x In” 4
y =cos2t y=ctg3t yzx/t_3 y =A/Int
=sin3¢ = to? =1g4t =3sin2¢
13507 D S T 38,000
y=ctg3t y=sin2¢ y=ctg2t y =cos4t
X =arcsin 2t x=In5¢
139. 140.
y =arctg2t y=I1g3t
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141-150. Beraucauts npeaesbl, HCIOoIb3ys MpaBuio Jlomuras.

2x +5x+3 . ex+eix—2cosbx
ULa)im—5——— ®Olim——————
xo-1 X" —4x -5 x>0 X
3x" —10x+3 x-ctgx—1
142. a) hm— % im L
o3 x T —2x-3 50 x2
x2+6x-16 . x+2Inx
43.9) |1 im———— 0)lim———
x—2 3x —5x-2 X0
-3x+2 1-cos(x
144. a) 11m— ® lim #
x—l1 3x +4x-7 X—0
2 —5x-3 X _zsmx
145.2) im—S5———— 9®lim——5—
x—3 X —5 +6 x—0 x
3x" —4x+1 . sin?2x-sin’x
146. a) hm— O)lim————
x—1 2x +5x-7 ¥50 X
-3x+2 In(sin x
147. a) 11rn— 6) i Gy
vl 3x2 +4x—7 X>t0 ln(sm 2x)
—13x-7 In(cosx
148. a) 11m— 8) [ —neosx)_
x>7 X —9x+14 0 1n(cos2x)
2x* —11x+5 ¥ -1
149. a) hm— hm—
s X2 =7x+10 <50 In(1+2x)
. 2x?-9x-18 . l—tax
150. 2) [im— o) i &
6 X =Tx+6 v>7)4 COS2X

151-160. TpeOyercs:

a) HaliTh HauOOJIbIIICe W HAUMEHBICEe 3HAUCHUsI PYHKIUU Yy = f(X) Ha OTpe3Ke
[a,b];

0) mpoBecTH IOJTHOE HCCIIE0BaHUE Hemneproauueckoil pyHkuun y = f(x) u mo-
CTpOHTH € TpaduK.

151.a) y=x0-3x2+4, a=0,b=4 6) y=x'—3x"+4

2

1
152.a) y=x +—6—l6, a=1b=4  6) y=3x -5x"+4
X

153.a)y=4—x—i, a=1b=4 6) y=(x—-1)"(x+2)

x2
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154. a) y=2\/;—x,

a=0,b=4
155.2) y=x° —3x2+6, a=1,bh=4
156.a)y=1—\/3x2—2x, a=0,b=2
157.2) y=x —6x2+6, a=2b=4
158.2) y=x° —3x2 45, a=1,b=3
159.a)y=10x—+10, a=-1,b=2

X" +2x+2

160.2) y=2x—3%Vx>  a=-lb=1

0) y=x3+6x2+9x+4
6x” —x*

0) y=

5 y:(x—Z)z(x+4)

161-170. CocraBuTh ypaBHEHHUSI KacaTeJbHOH M HOpMainHu K rpaduky (yHKIUH

y=f(x) BTOuUKeE X,

161. y =

s xy =1
x2+l

163. y=2x2 +3x—1, x;, =2

1

165. y = 3 x,=0
x7 +1

167. y=1+\/;, xp =4
1-vx

169. y=v4-2x?, x,=1

162. y=x—x>, xy=-1
1
164. y =x+—, xy =1
X
2
166. y=1+3x2 , xp =1
3+x
x? —2x+2
168.y=—2, Xy =2
X
2x
170. y = xg =1
x2+l, 0

171 — 180. 3arpaTsl, HeOOXOMUMBIE IS TIPOM3BOJACTBA X EIUHUIL JaHHOW MPO-
nykimu 3amaéres Gynkuen mnepxkek C(x). [Ipomyknus peamusyercs mo (Quk-
CHPOBAaHHOM IeHe p 3a enuumiy. TpeOyeTcs HalTU: a) ONTUMAIILHOE 3HAYEHHUE
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X BBIIIyCKa IPOAYKIMH, IIPU KOTOPOM NPOU3BOAUTEIIL IOITYYUT MaKCUMAJIbHYIO
HpI/I6I>IJ'H>; 6) CpCAHUEC 3HAYCHUA U3ICPIKCK IMPOU3BOACTBA U HpI/I6BIJ'II/I IIpu x = X,

B) OJIACTUYHOCTD U3JICPIKCK IMMPOU3BOACTBA U HpI/I6I>IJ'II/I InIpu x = X . CI[eJ'IaTI) BbI-
BOJIbI

171. C(x)=x+0.1x2, p=50 172. C(x)=0.1\/;, p=20
173. C(x) =100+3x+ x>, p=20 174. C(x)=120x+x>,  p=250
175. C(x) =40x+0.08x>, p =200 176. C(x) =400y/x , p=10
177. C(x) =10+0.1x%, p=4 178. C(x) =80x+5x>,  p=280
179. C(x)=13+2x+x3, p=14 180. C(x)=10+x+x;/;, p=38

181 — 190. Ins ykazaunoii Gpyukimu z = f(x,y) tpebyercs: a) Haiitu nudde-
2
peHunuan dz u ﬁ ; 0) BEIYMCINTH IPHONIMKEHHO (C TIOMOIIBIO TiepBoro audde-

xoy
peHnmaina) 3Hayenue GpyHkuuu z = f(x,y) B Touke M(x,y).
181. z=x2e”, M(1.94,0.12) 182. z:wlxz +Iny, M(1.04,1.02)

183. z=+/5¢ + y% , M(0.06,2.03) 184. z=In(x2 + %), M(0.99,0.09)

185. z=+/lnx+y2 , M(1.07,1.04) 186. z=+/x> +y2>, M(2.03,0.98)
187. z=In(x> + ), M(0.08,097)  188. z=~5¢” + x> , M(2.03,0.02)
189. z=xyl+y°, M(201,205  190. z=In(x>+y2), M(1.05,0.08)

191 — 200. Haiitu noKaabHBIE SKCTPEMYMBI QYHKIMH z = f(X, ) :

191. z=x2 +xy+y? —12x -3y 192. z=x2 4+ xp+y? —3x -6y
193. z=3+2x—y—x2+xy—y2 194. z:y2 —x2+xy—2x—6ya
195. z=x2 4y 4+ xy—4x-5y 196. z =3x+6y—x>—xy+°
197. z=3x2 —x3 +3y? +4y 198. z=x% —xy+y% +9x—6y+20
199. z=x% +4xy+y? —8x—10y 200. z=x2 —2xy+4y? +4
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5.2. Bonpochl K 3k3aMeHy (3a4éTy).

Paznen. Jluneiinas anreopa.

1.

10.

11.

12.
13.

[Monsitne marpunpl. YacTHele BUIBI MaTpull (KBaapaTHas, TPEYrojbHas, 1ua-
TOHaJbHAs, HyJeBas, eqUHUYHAS). DJIeMEeHTapHble NpeoOpa3oBaHMs MaTpHIL.
[oHsITHE SKBUBAJIECHTHOCTH M PABEHCTBA MATPHIIL.

JleiicTBust HaJ MaTpHLaMH (CIOKEHUE, BEIYMTAHWE, YMHOKEHHE MaTPHILBI Ha
YHCII0, YMHOXKEHUE MaTPHIBl HA MAaTpUILy) U UX cBoicTBa. JInHeiHas koMOu-
HalWs MaTpPUIL.

Omnpenenurenu 2-0oro u 3-eronopsiaka, ux BeraucieHne. OCHOBHBIE CBOMCTBA
OnpeeNIuTeNeH.

[NonsiTue onpenenurens n-oro nopsiaxa. MuHOp U anredpandeckoe J0MoiHe-
HHE 2JIeMeHTa onpeaenutens. TeopeMa 0 pa3ioKeHUH ONpeeTuTeNs Mo dJIe-
MEHTaM CTPOKHU WJIM CTOJOLA.

[MonsiTne cuctemsl auHelinbIX ypaBHeHui (CJIY). Yactaeie Buast CJIY (kBaa-
partHasi, OJJHOPOAHAs, HEOMHOpOaHast). MaTpuIia, paciIMpeHHasi MaTpHIa, Ol-
peaenutens CITY.

Pemenne, muoxectBo peuieHuit CJIY. CoBMeCTHOCTb, HECOBMECTHOCTD, OIl-
penenéHHOCTh, HEOoNpeie€HHOCTh, dKBUBaJeHTHOCTh CJIY. DnemeHTapHbIe
npeoOpazoBanus CJIY, ux ocHoBHOe cBoicTBO. OnHopomHsle CIIY, ycnoBus
CYIIECTBOBAHUS MX HEHYNEBBIX perreHnid. CBOMCTBAa YaCTHBIX PEIICHHH OJI-
Hopoaubix CJIY.

Teopema Kpamepa (o paspemmmoctu CJIY nopsaka 7). @opmynsl Kpamepa
quist pemienust CJIY, ycrnoBust UX IPUMEHUMOCTH.

Meron I'aycca pemenus CJIY, ycrnoBust €ro NpUMEHUMOCTH. Y CIOBHUSI HECO-
BMECTHOCTH, ompeaenéHHocTy U Heonpenenéunoctu CJIY mo merony aycca.
[Tpeob6pazoBanus CJIY, BBINOIHSIEMBIE TP BHIITOIHEHHN TPSIMOTO U 00paTHO-
ro xoz0B Merona ['aycca. basucHsie 1 cBoOoHEIE TIepemMenHble. Haxoxnenne
obmrero pemenust CJIY. YactHbie, 0a3ucHbIe U onopHbIe perrenus CJIY.
[MonsiTne obpaTHOW MaTpHIBl. BEIpoXkIeHHBIE U HEBHIPOXKJICHHBIE MaTPHIIBL.
Teopema o cymiecTBoBaHuU 00paTHOM MaTpuilbl. OCHOBHBIE CIIOCOOBI HAXOXK-
JIeHUs1 00paTHOM MaTpHIIBL.

MarpuuHble ypaBHeHHS M uX penieHne. MatpuuHas ¢opma 3amucu CJIIY.
MartpuuHslii criocod (Meroj obpatHoi Martpuisl) pemenus CJIY u ycnoBus
€ro IPUMEHHUMOCTH.

Mopnenb JleoHTbEBa MHOTOOTPACIEBOH SKOHOMHUKH.

Munop k -oro nopsiaka, 6a3vCHBIM MUHOp, PaHT MATPUIIEL. BeuuciieHue paH-
ra wmatpurnbl. Kpurepuii coBmectHoctn CJIY (teopema Kponekkepa-
Kamemmm).
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14.

15.

16.

[onsiTne n-mepHOrO apupmMeTHuecKoro BekTopa. PaBeHCTBO BekTOpOB. Jleii-
CTBHS HaJ| BEKTOPaMH (CIOXKeHUE, BEIYMTaHHWE, YMHOXKEHHE HA YUCIIO, YMHO-
KEeHHe Ha MaTpHLly). JInHeliHass KOMOMHAINS BEKTOPOB.

CkansipHOe TIpou3BeleHHE apH(METHUECKHX BEKTOpoB. J[iMHa BexTopa M
yroia Mexay Bekropamu. [ToHsITHE OpTOrOHAILHOCTH BEKTOPOB.

n n
[NoHsTHE BEeKTOPHOrO MpocTpaHcTBa R ,eBKiIuIoBa mpocTtpancta E . Ba-

N n n
3WC, KAHOHMYECKUI Oasuc, panr R . Paznoxenue Bektopa B R~ 10 BEKTO-
pam ero 6a3uca, KOOPJAUHATHI BEKTOPA.

Pa3nesn. Bexropnasi anredpa u aHaJuTHYECKasi TeOMETPHS.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

IlonsiTue reomerpuueckoro Bekropa. PaBeHcTBO BekTopoB. IIpoTuBOmonox-
HBII BekTop. OpT Bekropa. ['padmueckne npaBuia CIOKEHHS, BBHIYUTAHUS,
YMHOXKEHUS BEKTOpa Ha uucio. [Tpoekuus BekTopa Ha BEKTOP.

KommmHeapHOCTh 1 KOMIUIAHAPHOCTH BEKTOPOB. basuc n kaHoHMYeckuii 6aznc

2 . 3
IUIOCKOCTH R~ ; Gasuc M KaHOHWYecKkwil 6azuc mpocrpaHcTBa R~ . Koopaw-
HATBI BEKTOpA.

[TonsiTve 1eKapTOBOM CUCTEMBI KOOPJIUHAT B R, Panuyc-BexTop, KoopauHa-
ThI TOUKU. BbluncieHe JJIMHBI U HAMPABJISIOUIMX KOCUHYCOB BEKTOPa; KOOp-
JIMHAT BEKTOPa, 33J]JaHHOTO IBYMSI TOUKAMU; PACCTOSHUSI MEXY TOUKAMHU.
CxaJsipHOe POU3BEACHUE BEKTOPOB U €r0 CBOWCTBA. BhIpaskeHue CKalIsipHOro
MIPOU3BENICHUSI Uepe3 KOOPJUHATHI BEKTOPOB. BhIUUCIIEHHE YyIila MEXIY BEK-
TOpaMH. Y CIIOBUE OPTOrOHATILHOCTH BEKTOPOB.

[NousaTHe uHUM Ha TIOocKOoCTU. OOIee YypaBHEHUE JIMHUHM U €r0 HAXOXKJCHHE
[0 U3BECTHOMY T'€OMETPUUYECKOMY CBOHCTBY €€ Touek. OKpYKHOCTh U €€
YpaBHEHHUE.

[psimast TvHUSA Ha TUTOCKOCTH U e€ oOliee ypaBHeHWe. HopManbHBIN U Ha-
MIPaBIIAIONMN BEKTOpHI MpsiMoil. HaxoxaeHnue ypaBHEHMs NpsIMOM, MPOXOAS-
e yepe3 TOUKY NepreHIUKYIsIpHO BekTopy. [locTpoeHue npsamoit.
Kanonuueckoe ypaBHeHHE MPSIMON; ypaBHEHHUE MPSIMON, NPOXOAAIIEH uepes
JIBE TOYKH, YPaBHCHHE MPSIMOU C YIIIOBBIM KOA((GUIIMEHTOM; YpaBHEHUE M-
MOI1 B oTpe3kax. PaccrosiHre OT TOUKH J10 MPSIMOM Ha TIOCKOCTU. YTOJ MEX-

JTy TPSIMBIMH HA TJIOCKOCTH M €TI0 BHIYHCIICHUE, YCIOBUS 1l wu | | TIPSIMBIX.
KpuBas 2-oro mopsizika Ha IuiockocTd U eé obmiee ypaBHeHHe. Kiaccuduka-
U KPUBBIX 2-0r0 TOpsaka. [IpuBeneHre ypaBHCHUS KPUBBIX K KaHOHHYE-
CKOMY BUITY.

Onnunc. Kanonnueckoe ypaBHenue siuiurica. [loctpoenue ssunca. Bepinu-
HBI, MOTYOCH, (DOKYCHI, SKCIIEHTPUCUTET, OOIIEe TeOMETPUIECKOE CBOWCTBO
TOYEK DJUIHIICA.

luniep6ora. Kanonuveckoe ypaBHeHue runepOooibl. [ToctpoeHne rumepOosl.
Bepmunbl, omyocu, (GOKYCHI, SKCIICHTPUCHTET, aCHMITOTHI, 00IIIee TeOMeT-
PHUYECKOE CBOWCTBO TOYCK TUIIEPOOITBL.
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27.

[Mapabona. KanoHuveckoe ypaBHeHue mapabonbl. IlocTpoeHue mapabosl.
Bepmaa, (okyc, 3KCIEHTPUCHTET, IMPEKTpHca, OOIee TeOMETPHYECKOE
CBOMCTBO TOYEK MapaboJIbL.

Pasznen. BBenenne B ananans.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

[Monsitne MuoxectBa. [TogMHOXkecTBO. YHHBepcasibHOE MHOXeCTBO. CI1oco0bI
3aJlaHNsl MHOXECTB. PaBEHCTBO 1 9KBHBAJIEHTHOCTh MHOXeCTB. Oniepannu Hal
MHO)KECTBaMH (TiepeceueHre, oObeANHEHNEe, pa3sHOCTh, JOmoiHeHue). Juna-
rpaMmel Oiinepa-Benna.

MsuoxkecTtBa uncen. CYéTHbIe 1 HECUETHBIE MHOXECTBA. MHOXECTBO JIeHCTBH-
TENBHBIX YHCEJI, €r0 IeOMeTpUYecKasl MHTEpIpeTanysi U cBoicTBa. Momyib
JIEWCTBUTEIILHOTO YHCIIA M €r0 CBOMCTBA.

UYucnoBele MHOXecTBa. UWCIIOBBIE NMPOMEXYTKH. OKpPEeCTHOCTh KOHEYHOU
TOYKH 1 OECKOHEYHOCTH.

[Monsitne ¢ynkun. OcHOBHBIE crtocoObl 3ananus ¢yHKiuH. EcrecTBeHHas
obnacte ornpeseneHust QyHKIMU. SIBHAs1, HEsIBHAsI M TapamMeTpuiecKast popMbl
aQHAJMTUYECKOTr 0 3a/iaHnst QyHKIMH. ['padux GyHKIMH.

OCHOBHBIE 3JIEMEHTHI TOBeNeHUs! (QYHKIUH (4ETHOCTb, HEYETHOCTH, MEPHO-
JIMYHOCTB, OTPaHMYEHHOCTb, MOHOTOHHOCT).

OCHOBHEBIE dTIeMEHTapHbIe (YHKIMHI (CTEMeHHbIe: X , X2, x>, x|, +/x ; Tpu-
TOHOMETPUUYECKHUE: Sin X , COS X, #gX, cfgx ; OOpaTHbIE TPUTOHOMETPUUYECKUE:

arcsin x, arccos x , arctgx, arcctgx ; lokasatenbHas a” , JorapudMuyecKas
log, x ), ux cBoiicTBa u rpaduxu.

[MonsiTne oOpaTHOM M CIOKHOW (QYHKIMHA. DIeMeHTapHble (QyHKIUH, UX Kiac-
CU(UKAIIHS.

[Ipocrefimme 3neMenTapHble QyHKIMH: y=ax+b, y= ax* +bx+c, ux

CBOMCTBa M IpadyKH.

[ToHsiTHe YMCIOBOIM MOCIIEAOBATENFHOCTH, apH(METHYecKHe onepanuu Hal
HuMHy. OrpaHUyYeHHBIE U HEOTpaHMYEHHBIE, OECKOHEYHO MaJible U OecKOHed-
HO OOJIBIINE ITOCIEA0BATEIBHOCTH, UX CBOICTBA.

Ipenen unCIOBOM MOCIENOBATEILHOCTH U €T0 reoMerpuueckuil cMeici. Cxo-
JlIMecs U pacxoJdliuecs YUCIOBbIE IOcieoBaTeIbHOCTH. CBOWCTBA CXO-
JUILIMXCSL TOCIEI0BATEIbHOCTEN.

MoHOTOHHas IOCIE0BaTeNbHOCTh U Mpu3HaK e€ cxoaumoctu. Yucio e . 3a-
Jlada 0 HENpPEepHIBHOM HAYMCIICHUH MPOIEHTOB 10 OAHKOBCKUM BKJIA/IaM.
[MonsiTne npenena GpyHKIMU B KOHEYHOH TOYKE M HA OECKOHEYHOCTH, UX T€0-
Merpuyeckuii cMmbicia. OJHOCTOPOHHME TIpeesbl. Y CIIOBUS CYIIECTBOBAHMUS
npeziena GYHKIMU B KOHEYHOU TOUKE.

BeckoneuHo Maible 1 Oorbinve (YHKIMM, UX OCHOBHBIE CBOIMCTBA M B3aUMO-
cBs13b. [IpuMepsl OECKOHEUHO MaITBIX U OOJBIINX (DYHKIHH.
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4]1. ®OyHKIMU, OrpaHUYEHHBIE NMPU X —> a . B3aMMOCBs3b MEXIy (QYHKIHIMH,
MMEIOLIMMHU MPEAEN U OTPaHNYEHHBIMU ITPA X —> d .

42. OcHOBHbIE TeOpeMBbI O mpezaenax (GyHKUuA (0 mpezaene NOCTOSIHHOW, CyMMBL,
Pa3HOCTH, TMPOUW3BEIEHMSI M 4YacTHOro (YHKILH; O Tpezesie 3JIeMEHTapHOU
¢ynxmn). [IpenenbHbIi Iepexof] B HepaBeHCTBAX.

43. IlepBelii U BTOpOH 3amMeuaTeNbHbIE NPEENbl, UX CICACTBUA U INPUMEHEHUE
IIPY BBIYMCIICHUH MPEIEIIOB.

44. OnpeneneHust HenpepbIBHOCTH (QyHKIMHM B Touke. [oHsATHE HENPEpPBHIBHOCTH
cripaBa U ciieBa. Y CIIOBUS HEMPEPBHIBHOCTH (YHKIMHU B Touke. HerpepbIBHOCTH
9JIEMEHTAPHBIX QYHKIUH.

45. TlonsTre HenpepbIBHOCTH Ha oTpe3ke. CBOWCTBA (YyHKIMH HETPEpHIBHBIX Ha
otpes3ke (00 orpaHMYECHHOCTH (QYHKIUH, 00 OOpalieHuu (YHKIUH B HYJIb, O
HauOOJIBIIEM W HANMEHBIIEM 3HAYCHUSIX QYHKIIH).

46. Touku pa3pbiBa QyHKIMH, HX KIacCH(UKAIMSI U HAXOXKICHHUE.

47. KomIiekcHOE 4YHCIIOo, €ro H300paKeHWe Ha IUIOCKOCTH. KoMIuleKkcHo-
ConpsDKEHHOE YMCII0. MOy M apryMEHT KOMIUIEKCHOTO 4Hcna. Paznuynble
(hOpMBI 3aIMCH KOMITJIEKCHOT'O YHUCTIa.

48. [lelicTBus HaJ KOMILIEKCHBIMH YHCIIaMU (CIIOKEHHUE, BBIYUTAHUE, YMHOXKEHHE,
nenenne). Bo3BeneHne KOMIUIEKCHOTrO 4ucna B creneHb. Popmyna Myaspa.
W3Bneyenune KOpHS U3 KOMIUIEKCHOTO YUCTIA.

49. TlonsTne MHOroOWIeHa, anredpandeckoro ypaBHeHus. OcHOBHas Teopema aj-
reOpsl U Teopema besy. PasnokeHnne MHorowieHa Ha MHOuTeIH. Haxoxe-
HHE KOpPHEH KBaJpaTHOI'O ypaBHEHUSI.

Paznen. {uddepennnanbnoe ucunciaenue GyHKIMA OJHOH IepeMeHHOM.

50. Tlpupamenue ¢pynknuu. OnpeneneHue npousBoaHoi. [IpaBas u eBas mpous-
BOJIHBIE. Y CIIOBHSI CYIIECTBOBAHHUS KOHEYHOW IPOU3BOTHOM B TOUKE.

51. Teomerpuueckuil cMbicn npousBoaHoil. KacaTensHas 1 HopMalb K KpUBOH B
JITAHHOM TOYKE, UX ypaBHEHUSI.

52. TMonstne muddepeHurpyemMoctyt GyHKIUMH B TOYKe. B3anMOCBSI3b MOHSATHH:
nmuddepeHpyeMocTh B TOYKE, HENPEPHIBHOCTh B TOYKE, CYIIECTBOBAaHHE B
TOYKE KOHEYHO! IPOU3BOIHOM.

53. HemnocpencTBeHHOE HaxokjaeHHe npousBoaHoi. [IpaBuna muddepenunpoa-
HUSI TOCTOSIHHOW, CYMMBI, pa3HOCTH, IPOW3BE/ICHHS M YaCTHOTO (DYHKIIHH.

54. TuddepenuupoBanue cinoxHoi Gynkmm. JlorapudMudeckas mpou3BOIHAS.

55. MuddepennppoBanne QyHKINHN, 3aJaHHBIX TapaMETPUUECKH.

56. duddepenmman gyukun. [TpaBuna Berauciaenus nuddepeniuanos. [Tpume-
HeHue quddepeHnnana B mpuOIMKEHHBIX BEIYUCICHHSX.

57. TlpownsBonHble U nUddepeHIHaNbl BEICIINX HOPSAKOB, HX HAXOXKICHHUE.

58. Teopema depma. ['eoMeTprUueCKUil CMBICT TEOPEMBI.

59. Teopema Poms. ['eomeTprudeckuil CMBICIT TEOPEMBI.
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60.

61.

62.

63.

64.

65.

66.
67.

Teopema Jlarpamxka. I'eomerpuueckuii cMbicn TeopeMbl. POpMysia KOHEUHBIX
npupamenuii Jlarpanxka. Teopema Korm.

[TpaBuio Jlonurans M ero NpuMeHeHHe Il PACKPBITHS HEONpeaeIEHHOCTEN!:
O/O, oo/oo, 0-00, o0—o00, OO, 000
JlocTaTouHBIN NpU3HAK MOHOTOHHOCTH (yHKIMH. CTallMOHAPHBIE U KPUTHYE-
CKHUe TOUKH. HaxoxaeHne MHTepBaIoB MOHOTOHHOCTH (DYHKIIWH.

Touku NOKamBHOTO JKCTpeMyMa (MakCUMyMmMa M MUHMMYMa) W JIOKaJbHBIE
9KCTpeMyMBI QyHKIMK. HeoOxoanmoe 1 10cTaTouHbIe YCIOBHS CYIIECTBOBA-
HUS JIOKAJILHOTO AKCTpeMyMa (QYHKIUH.

I'mobanbHble SKCTpeMyMBI (HanOoOJbIllee U HAUMEHbIIIee 3HAYCHUS) (QYHKINU
Ha OTpe3Ke, MX HaXOXKIACHHE.

[ToHsITHS BBITYKIIOCTH W BOTHYTOCTH (pyHKIMH. JlocTaTOUHBIN NMpU3HAK BHI-
MyKJIOCTH (BOTHYTOCTH) (PYHKIMH Ha WHTepBaje. HaxokaeHue WHTEpBajoB
BBINYKJIOCTH ¥ BOTHYTOCTH (DYHKIIWH.

Touka nepernda rpaduka GyHKIHH, YCIOBHS CYIIECTBOBAHUS M HAXOXKICHHE.
[Monsitne acumnToThl rpaduka (yHKIUH. BepTukanbHble W HaKJIOHHBIC
aCHMIITOTBHI, YCIIOBUS X CYIIECTBOBAHMS M HAXOXKJICHUE.

ICX)

Paznen. @yHKIIUM HECKOJIBKUX NepeMeHHBbIX.

68.

69.

70.

71.

72.
73.

74.

75.

76.
71.

N-MepHas Todka, n-MepHoe apu(MeTHIecKoe IpocTpancTBo R” . Paccrosmue

B R" . N-mepHblii map. OKpecTHOCTb TOUKU B R” .
Knaccudukanms Touek (mpenenbHble, BHYTPEHHHE, TpaHUYHbIe). MHOXECTBa

Touek B R" (OTKpBITHIE, 3aMKHYTBIE, OTPAHUYEHHBIE, CBA3HBIE, BBITYKIIBIE).
[MonsiTne pyHKuMM 2-X MEpeMEHHBIX, n-TlepeMeHHbIX. EcTecTBeHHast 00nacTh
omnpenenenust ®HIL, rpaduk GyHKIMHU 2-X NEpEeMEHHBIX, JIMHUU U TIOBEPXHO-
CTH YPOBHSL.

UYacrusle u nonHoe npupamenus OHIL. Tlonsatusa npenena u HEMPEpPHIBHOCTU
@HII. CgoiicTBa (yHKIMI HETIPEPHIBHBIX B OrPaHUYEHHON M 3aMKHYTOH 00-
JIACTH.

YacTHble IPOU3BOAHBIE MEPBOTO U BHICHIUX MOPSAAKOB, UX HAXOXKACHUE.
[onsitne muddepennupyemoctn @HIT B Touke, €€ reOMeTpHIECKUIA CMBICIT.
HesaBucuMocTh CMeNIaHHBIX TPOW3BOJAHBIX OT mopsaka auddepeHnnpoBa-
HUSL.

Juddepennmanst OHII nepBoro W BBHICIIMX IOPSAKOB, UX HAaXOXKICHUE.
[Tpumenenne nepBoro auddepeHnrana B NpUOIMKEHHBIX BHIYUCICHUSX.
[Ipon3BoaHast O HANIPABIEHUIO U TPAUEHT, CBSI3b MEXKIY HUMHU.

Hesisaast @HII. IIpaBuia BeIYHCIICHNS TPOU3BOIAHBIX HESIBHOW (DyHKIHH.
Touku JOKaNBHOTO JKCTpeMyMa (MakCUMyMmMa M MUHHMYMa) W JIOKaJIbHBIE
skcrpemymbl @HII. CraumonapHble 1 KpuTHdeckue Toukd. Heobxomumoe u
JIOCTaTOYHOE YCIIOBHUS JIOKanbHOro skcTpemyma OHII.
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78. YcnoBubiii sxctpemym ®OHII. Oynkius Jlarpanxka. HaxoxaeHue ycioBHOTo
SKCTpEMyMa METO/IOM HeolpeeNIEHHBIX MHOXKUTENeH Jlarpamka.

79. T'mobanbHBIE dKCTpeMyMbI (HauOombliee M HauMeHblee 3HaueHus) OHIT B
OrpaHUYEHHON U 3aMKHYTOW 00JIaCTH, X HAXOXKJCHHE.

80. Ilonsatue osmactmuHocTH GyHKIMK. IlpousBoictBenHas ¢yHkuus KoOba-
JHyrnaca u e€ cBoiicTBa.

6. [Ipunoxenus.
6.1. O0pa3sen peuieHusi KOHTPOJIbLHBIX 32124 THIIOBOr0 BApUAHTA.

1 2 0 3
20 3 -2
1 — 10. Boruucnuts onpenenutens: (i=1,=2)
o1 -1 2
32 -3 4

a) HEIOCPE/ICTBEHHBIM PA3JIOKEHHEM 0 [ — Oli CTPOKE;
0) HerocpeICTBEHHBIM PA3JIOKEHHEM [0 j — OMY CTOJIOIY;

Petenue. a) BerauciisieM ompe/ienuTelib pa3ioKeHHEM 0 JJIEMEHTaM IIepBOi

1 2 0 3
2.0 3 -2
CTPOKH: A:O ) ! =1-Aj;+2- 41, +0- 413 +3- 4.
3 2 -3 4
0o 3 -2
A =M S 22001 443224 (<21 (B) -
2 -3 4
—(=2)-(=1)-2-3-1-4-0-2-(=3) =2
2 3 =2
1+2
Ay =(D7T0 —1 2|=~2-(-1)-4+3-2:34(-2)-0-(-3) -
3 -3 4
—(=2)-(-1)-3-3-0-4-2.2-(-3)) =16
2 0 3
1+4
Ay =DM 1 —1[=—21-(-3)+3-0-240-(-1)-3~
3 2 -3

~3:1:3-0-0-(-3)-2-(-1)-2) =11
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Torma A=1- Ay, +2- Ay +0- A3 +3- A, =1-2+2-(=16)+3-11=3

6) BBIYHCIIAEM OIPEACIIUTEIIb HENOCPCACTBCHHBIM PA3JIOKCHUEM 110 DJICMCHTAM

1 2 0 3
_A_Z 0 3 -2
BTOPOT'O CTOJIOIA: =l 1 - —2~A12+O-A22+1-A32+2~A42.
3 2 -3 4
2 3 =2
1+2
A5 = (=1 0 -1 2|=-2-(-1):4+3-2-3+(-2)-0-(-3)—-
3 -3 4
-(-2)-(-1):3-3-0:4-2-2-(3))=-16
0o 3
342
A32=(—1) 2 3 -2[=-(1:-3-44+0-(-2)-3+3-2-(-3)-
3 -3 4
-3.3-3-0-2-4-1-(-2)-(-3)) =39
0 3
Ay =D 3 o[ =1.3:240.(2)-043-2- (1) -
-1 2

Torna A=2~A12 +0- 45,

1 2 0

2 0 3
OtBetr: A =

01 -1

3 2 -3

11-20. Haiitu matpuny C =

2
0
0

A=

Pemenune:

~3:3.0-0-2-2-1-(=2) - (-1) =2
+1 Agy +2- Agy=2-(-16)+1:39+2(-2) =3.
3
-2

=3.
2

4

B~AT + 34, ecnu:
1 -1
3 -1

1 23
, B={2 1 2].
-1 3 1 23
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2 1 -1 2 0 0
1) Tpancnonnpyem marpuity A : al - 0 3 —-1| ={1 3 -1/.
0 -1 3 -1 -1 3

2) BeruucisieM pousBeieHne matpun B - AT :
1 23 2 0 0
Bal =2 1 2|1 3 -1]=
1 2 3)\-1 -1 3
1242 143-(-1) {1-0+2-3+3-(-1) |[1-0+2-(-1)+3-3 1 37
=2 241 142-(-1) | 2:041-3+2- (=) [2-0+1-(-1)+2-3|=|3 1 5
1:242-143-(=1) [1-0+2-3+3-(=1) | 1-0+2-(-1)+3-3 13 7

3) Haxoaum matpuiy 34 :

2 1 -1 3-2 0 3-1 3-(-) 6 3 -3
34=3-/0 3 -1{={3-0 3-3 3.(-D|=[{0 9 -3
0 -3 9 3.0 3-(-3) 3.9 0 -3 9
4) Haxonum ManI/IHy 1 C= T +34 =
1 37 1+6 3+3 7+(-3) 7 6 4
=3 1 5(+|0 340 149 5+(3) (=3 10 2
1 37 1+0 3+(-3) 7+9 1 0 16

OtBer: C=(3 10 2
1 0 16

4x+y—4z=-6
21 — 30. [lana cucrema ypaBHeHuii: < 2x —4y + 6z =12. Tpebyercs:
X+2y—z=2
a) HaliTu perieHue cucreMsl MeTogoM Kpamepa; 0) 3amucath cUCTEMY B MaTpHu-

HOM BUJIC M HAWTH €€ pelleHre METOIOM OOpaTHON MATPHIIbI; B) HAUTH pEIICHUE
cucTemMbl MeTosioM [aycca.

Pemenne.

A) Metoa Kpamepa.
1a) BorunciisieM onpeaeanTelb CHCTEMBI U IPOBEPSIEM, YTO OH OTIIMYEH OT HYIIS:
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A=2 -4 6|=4-(4)-(-1)+1-6-1+(=4)-2-2 -
2 -1
—(~4) - (~4) 1-1-2-(-1)-4-6-2=-56%0.

2a) Tak xkak A = —56 # 0, TO cUCTEMa MMEET €IMHCTBEHHOE pEIIEHHE, ONpee-

Ay Ay Ag
nsiemoe hopmynamu Kpamepa: xX=——,y=——,z=—-
A A A
3a) Borumcnsiem onpenemuremn A, A LA
6 1 -4
A =12 =4 6|=(6)-(4)(-1)+1-6-2+(-4)-12-2—
g 2 2 -1
—(4) - (4)-2-1-12-(=1) = (=6) - 6 - 2 = —56,
4 -6 -4
A =2 12 6|=4-12-(“1)+(=6)-6-1+(-4)-2-2 -
4 1 2 -1
(4121 (=6)-2-(~1)=4-6-2 = 112,
4 1 -6
A =2 —4 12|=4-(-4)-241-12-14(=6)-2-2—
‘ 1 2 2
—(=6)-(—4)-1-1-2-2-4-12-2 = 168.
-56 -112 - 168
4a) Haxomum pemenune: x=——=1, y=——=2, z=——=3
-56 -56 -56
4.142-4-3=-6 —6=-6
5a) Bemmonusiem npoBepky: §2-1-4-2+6-3=12 =< 12=12 .
1+2.-2-3=2 2=2

OtBer: x=1, y=2, z=3.
b) MeTon 00paTHOH MATPUIIBI.
10) 3anmceiBaeM cHCTEMY ypaBHEHHUH B MATPUYHOM BHUJIE:
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X -6
A-X =B wum 2 -4 6 |-|y|=]|12
1 2 -1 z 2
206) BbrauciseM ONpeenuTeENb CUCTEMBI U IPOBEPSIEM, YTO OH OTJIMYEH OT HYJISL:
4 1 -4
lAlE[2 4 6|=4-(-4)-(-)+1-6-1+(-4)-2-2
12 -1

C(4) (4 1-1-2-(-1)=4-6-2= 56 %0
306) Tak kak | A |= =56 # 0, To Marpuua cucrembl A UMeeT 0OPaTHYIO MaTpHILY

-1 .
A~ ¥ eMUHCTBEHHOE PEIICHUE CHCTEMbI OmpeensieTcs GopMyon:

-1
x) (4 1 -4 y
X=4"B uwm |y|=|2 -4 6| |12
z) (1 2 -1 2

40) Haxonum 0GpaTHyr0 MaTpHILy A7 (METOZIOM NPUCOSTUHEHHON MATPHIIBI):
A A A3

A 4 Ay Ay Ay

A3 A3y A3

~4 6 2 6 2 _4
| -4 4 _4 41
A21:—2 _1:—7 A22:+1 _120 A23:—1 2——7
_4 4 —4 |
T
L8 s o (-8 -7 10
Toa AV =——| 27 0 —7| =——.| 8 0 -32].
=6 | _10 —32 —18) "0 (s -7 -18
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b ! -8 -7 -10 -6
56) Haxomum pemenue: | y |[=——-| 8 0 =32 12 |=
:) 708 -7 —18) 2
(8)-(-6)+(-7-12+(-10-2) (=56 (1
=—— | 8.(=6)+0:12+(-32)-2 |=—-|-112|=|2].
8-(=6)+(<7)-12+(~18)-2 | ~>% |-168) |3
4.1+2-4-3=-6 —6=-6
60) Beoironusiem mpoBepky: 42-1-4-2+6-3=12 =< 12=12 .
1+2-2-3=2 2=2

OtBeT: x=1, y=2, z=3.

B) Meton I'aycca.
1B) 3amuceIBaeM pacUIMPEHHYIO MATPUILy CUCTEMBI:

4 1 -4l-6
A=(4|B)=]2 -4 6|12
1 2 -1]2

2B) Beinonnsem npsimoii xox meroaa ["aycca.
B pezynomame npsamozo xo0a mampuya cucmemvt A 0doadicha bvims npeodbpazo-
8aHA C NOMOWBIO DNEMEHMAPHBIX Npeobpazosanuil cmpoxk Kk mampuye A’ mpe-

!

Y207IbHO20 Ui mpaneuue@u()Hozo 8UOA C dIIEMEHMAMU a”

# 0. Cucmema ypasne-

nuil, mampuya komopou A’ sensemcs mpey2onbnou ¢ 9neMenmamiu al'-i =0

(i =12,...,n), umeem eduncmeenHoe peuieHue, a cucmema ypasHeHull, Mampuya

xomopou  A'  aersemcs  mpaneyuesuoHou ¢ - DAEMEHMAMU al'-i =0

(i=12,..,k, eo0ek <n), umeem beckoneuno MHO20 peweHuil.
4 1 -—-4|-6
2 -4 6|12 | (

U3 6MOPOU CMPOKU, YMHOMCEHHOU Ha 2, 8bluumaem nep@y}o]

u3 mpemveli CmpoKu , YMHONCEHHOU Ha 4, gbiuumaem nepeyio

1 2 -1|2
4 1 -—-4|-6
olo -9 16130 | & K mpemuvell cmpoke, YMHOJICeHHOU Ha 9,
0 7 0 |14 npubagisieM 8mopylo CmpoKy, YMHOICEHHYIO HA T
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4 1 -4 -6
< |0 -9 16 | 30 |. B pesynbprare ayeMeHTapHBIX MpeoOpa3oBaHUM Mat-
0 0 -112|-336

!
pulia A CHUCTEMBbI r[peo6pa3OBaHa K CliciuaJibHOMY BUY A . Cucrema YpaBHC-
v v ! v
HUU, MaTpulla KOTOPOU A , ABJIACTCA TPCYTOJbHOU C HEHYJICBBIMU JUATOHAJIb-

HBIMHU 3JICMCHTAMU al'l * 0, HUMECT BCCTJa CAMHCTBCHHOC PCIICHUE, KOTOPOC Ha-

XOJIMM, BBITTOJTHSISI OOPAaTHBINA XO/I.
3ameuanue. Eciu npu gvinoaneHue npeobpazoeanusi paculupeHHou Mampuybl

~ ~ o !

A< A" 6 npeobpasosannoti  mampuye A nosGIsIemMcs  CMpoKa
(O 0 ... 0| b'), 2de b' # 0, mo amo 2060pum 0 HeCOBMECMHOCMU UCXOOHOLL
cucmembl ypagHeHull.

3B) Bremonasem oOpatHsIii Xxon Metoaa ["aycca.
3anuchiBacM CUCTEMY YPaBHEHUI, COOTBETCTBYIOIIYIO MOCIEIHEH paciupeHHON

4 + y - 4z = -6
MaTpule NpsMOro Xoja: -9y + 16z = 30 u nocnenosa-
-112z = -336
TEJNBHO U3 YPaBHCHUI CHUCTEMBI, HAUWHAS C TIOCIICIHETO, HAXOUM 3HAUCHHS BCEX
z=3

HEU3BECTHBIX:{ —9y =30-16z2=30-16-3)=-18= y=2.
4x=-6-y+4z=-6-2+4-3=4=x=1

4.142-4.3=-6 —6=-6
4B) BeimnosnHseM mpoBepky: $2-1-4-24+6-3=12 =< 12=12 .
1+2:2-3=2 2=2

OtBer: x=1, y=2, z=3.

31-40. Haiitu obiee pelieHue IUisk KaskI0i U3 JaHHBIX cucTeM MerozoM [aycca:
x| +2x, +4x3 —3x4 =0
3x; +5x, +6x3 —4x, =0
4xq +5x, —2x3 +3x4 =0 )
3x) +8x, + 24x3 —19x, =0

Pemenue.
1a) 3anuceiBaeM pacIIUPEHHYIO MaTPUILYy CUCTEMBI:
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A=(4]B)=

1 2 4 =310
35 6 -41]0
4 5 -2 310
38 24 -19]0
2a) Brinonusiem npsimoit xoa merona ["aycca.
1 2 4 =310
35 6 -410
4 5 -2 310 <
38 24 -19]0
us
= | uz

8MOpPOLl  CMPOKU GblUUMAeM Nepeylo, YMHOJCEHHYl0 Ha 3

mpemvell  CMpPOKU 6blyUumaem nepeyio, YMHOJCeHHYI0 Ha 4 | &

U3 uemeépmol CMpOKU blUUMAEM NePEYI0, YMHOJICEHHYIO Ha 3

=

1
0
0
0
Q(

2 4 =310

-1 -6 5 |0

=
-3 -18 15 |0
2 12 -1010

mpemvell  CMPOKU  BbIYUMAEM  8MOPYIO, YMHOMICEHHYIO HA 3]
L=

uemeépmoli  cmpoxe npubasnaeM GMOpPYI0, YMHOJNMCEHHYIO Ha 2
-31]0

-1 -6 5
& (szlté'pkueae/w mpemvio U 4emeEPmyno cmpoxu) &

o)

oS O O

4 -3
-1 -6 5

Martpura cucremsl IpUBEACHA K TPANEMEeBUIHOMY BULy C HEHYJIEBBIMU JUAro-
HaJlbHBIMU 37eMeHTaMH. COOTBETCTBYOIIAas TAKOW MAaTpHUIE CHUCTEMa ypaBHEHUI
nMeeT OECKOHEYHO MHOT'O PElIeHHH, KOTOPhIe HaXO/INM, BBITIOIHSISI OOpaTHBIN X071,
W 3alKChIBaeM B BHJIE 00IIero pemeHus. J{is 3anmcy o01ero penenus yka3sBaeM
e€ 0a3ucHble W CBOOOJHBIE HEU3BECTHBIE. ba3HCHBI MHHOP MaTpHUIIBI CHCTEMBI

00pasyloT  cTonOubpl  KO(Q(QUIUEHTOB IIPM HEM3BECTHBIX X, H  X,:
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1

0 1 =-1%#0. HOZ‘)TOMy BI>I6I/IpaeM B KauecTBe 0a3UCHBIX — HEU3BECTHEIE xl u

X, , Toraa cBOOOHBIMH OYIyT HEW3BECTHBIE X3 U X, .

3a) BrmonaseM o0paTHbIH X0 MeTona [aycca.
3anuchiBacéM CUCTEMY YPaBHEHUIA, COOTBETCTBYIONIYIO MOCIIEIHEH paciiupeHHON

+2x2 +4x3 —3x4 =0

X
MaTpHule NpSIMOro Xoza: { 1 . CBOOOZHBIM HEU3-

- X 2 - 6X3 +5x 4 =0
BECTHBIM HpI/IZ[aéM Ppa3HbIC, TMPOU3BOJILHLIC TOCTOAHHBIC 3HAYCHUS: X3 = Cl ,

Xy = Cz , U TIOCJIEIOBATEeNIbHO U3 YPAaBHEHUH CHUCTEMBbl, HAUMHAS C MOCJEIHErO,
HaxoguM 3HAYEHUS BCEX 0a3UCHBIX HEU3BECTHBIX:
Xy =6x3—5x4 =6C1—5C2 = Xy =—6C1+5C2 ’

xl = —2)(2 - 4X3 + 3X4 = —2 . (—6C1 + 5C2) - 4C1 + 3C2 = 8C1 - 7C2
Torma ob1ee pelienue CHUCTEMBI 3aMUIIEeTCS B BUJIC:
X = (xl,xz,x3,x4) = (8C1 —7C2, —6C1 +5C2, Cl’ Cz) .
4a) BoinonHsieM POBEPKY:
l-(SCl —7C2)+2-(—6C1 +5C2)+4C1 —3C2 =0

0=0
3:(8C) =7C,) +5-(=6C, +5Cy) +6C| —4Cy =0 _Jo=0
4-(8C) =7C)+5-(=6C, +5C,)=2C) +3C, =0 0=0

3-(8C) ~7C))+8+(-6C, +5Cy)+24C; ~19C, =0 (0=0

OtBeT: X = (xl,xz,x3,x4) =(8C, -7C,,-6C; +5C,,Cy, Cy).

2xp =3xy, + 5x3 +T7x, =1
0) 4x1 —6x2 +2x3 +3x4 =2.
2x; —3x, —11x3 —15x, =1
Pemenne.
1a) 3anuceiBaeM pacIIUPEHHYIO MaTPUILYy CUCTEMBI:
2 -3 5 7 |1
A=(4A|B)=|4 -6 2 3 |2
2 -3 -11 -15]1

2a) Broinonusiem npsimoit xoa merona ["aycca.

36



U3 6MOPOU CMPOKU BbLIYUMAEM NEPEYIO, YMHONICEHHYIO Ha 2

7 |1
3 12|
-11 -151|1
=
us mpembeu CMpPOKU ebluumaem nepeyro

2 -3 5 7 |1
|0 0 -8 -11|0|<
0 0 -16 =220

3ameuanue. B pesyromame npsimozo xoda mampuya cucmemvl A O00MICHA
Obimb nPeobpaA306aHaA ¢ NOMOWDBIO INEMEHMAPHBIX NPeodPA306ANHULL CMPOK K

mampuye A' mpey2orbo20 Ui MpaneyuesuoHo20 eUod ¢ SIeMEHMAaMu a; #0.

Ecau, npu evinonnenuu npeobpazosanus pacuupennot mampuyvr A < A', ¢

. 5
npeobpazosannoti mampuye A’ nosensemca cmpoxa (O 0 ... 0 | b'), 20e
b' # 0, mo amo 2060pum 0 HeCOBMECMHOCTNU UCXOOHOU CUCTHEMbL YPAGHEHUI.

,ZZJZ}I BbINOJIHEHUA YCIIOBUA a:. # 0mooicem nompe606ambwz nepecmanoska mec-

il
mamu cmonbyos mampuysl cucmemvl. Ecnu npu evinonnenuu npeodpazoéanuil
nPSAMO20 X004 68 Mampuye CUCIEMbl NEPeCMAGIAIUCy MECIAMU CIMOAOYbL KO-
PuyUeHmos npu HeU3BeCMHbIX, Mo 6 OAIbHeleM, NPU 3anUCU CUCTEMbL YPAasHe-
HULl, COOMEeMCcmayowell NOCIeOHell PACUUPEHHOU Mampuye nPimMo20 Xood, mo
caedyem yuecmo.

= (nepecmawme/w Mecmamu 6mopou u  mpemuil cm0ﬂ6ubl) =
2 5 =3 7 |1

<0 -8 0 -11|0]<
0 -16 0 -22|0

= (u3 mpemvell CMpOKU GblYUMAEM BWOPYIO, YMHOMCEHHYIO HA 2) =
2 5 -3 7|1

<0 -8 0 -11|0|< (szlté'pkueae/w mpemvio cmpoxy)<:>

0 0 0 0|0
2 5 =3 7|1

= .
0 -8 0 -11]|0

ManI/IHa CHUCTEMBI IIPUBEACHA K TPANICHUCBUIHOMY BUAY C HCHYJICBLIMUA JTUAro-
HaJIbHBIMH 3JICMCHTAMH. COOTBCTCTByIOIIIaH TaKOM MaTpuie CucreMa ypaBHeHI/Iﬁ

37



nMeeT OECKOHEYHO MHOT'O PEIICHUH, KOTOPhIC HAXOIUM, BBITIOHSS 00paTHBIN X0/,
Y 3aITUCBIBAEM B BHJIE 00mIero perneHus. J{ist 3amucu o0miero penieHus yka3pBaeM
e€ 0a3uCHbBIC U CBOOOJHBIC HEU3BECTHBIC. Ba3UCHBI MUHOP MATPHUIIBI CUCTEMBI, C
Y4ETOM TEePECTaHOBKM MECTaMH CTOJIOIIOB, 00pa3yloT MIEPBEIA U BTOPOM CTOIOIIBI

K03 (UIMEHTOB TIPH HEM3BECTHBIX X; M Xj: =—16 # 0. IloaTomy BBI-

6HpaeM B KauecTBe 0a3HMCHBIX — HEM3BECTHBIC xl u x3 , TOraa CBO6OI[HI)IMI/I 6y):[yT

HCHU3BCCTHBIC x2 u x4 .

36) Brimonasiem oOpaTHbIid X0 MeToza ["aycca.
3anucpIBaeM CHCTEMY ypaBHEHHI, COOTBETCTBYIOILYIO MOCIIEIHEH pacnpeHHOM

2x1 —3x2 +5x3 +7x4 =1

MaTpuie npsamMoro xozaa: CBO6OI[HI>IM HEC-

—8x 3 —11x 4 =0
HU3BECTHBIM HpI/IZ[aéM Ppa3HbIC, NPOU3BOJIbHBIC MOCTOSAHHBIC 3HAYCHUA: x2 = Cl ,

.X'4 = C2 , 1 IOCI€A0BATCIIbHO U3 ypaBHeHI/Iﬁ CHUCTEMbI, HAYHWHAas C IIOCICOHETO,

HaxoJaumM 3HA4YCHUA BCEX 0a3UCHBIX HCU3BCCTHBIX!

11
—8xy =1lxy =11C, = x3=—EC2

11 1
2x) =1+3xy —Sx5 —7Txy =1+3C_ -5 -—C_ |-7C_=1+3C -—C
1 g 2 2 1 g 2

Torna 06mee PECUHICHUC CUCTEMBI 3aIIUIICTCA B BUIC:

11
X =(X1,Xr,X5,X,) = l+£—c—2 C —i C
13 23 33 4 2 2 163 13 8 s 2

40) BrinonHsieM IpoOBEPKY:

3. C 11C
1
2|2 —L_ 2] 3¢ is5|-—2| +7c =1
2 2 16 1 8 2
3¢ C 11C -
1
4. _+_1,_2 - 6C +2. ,—2 +3C =2 = 222
2 2 16 1 8 2
3. C 11c B
1
2 -+ —L 2| 3¢ | -—2| _15c. =1
2 2 16 1 8 2




1
Ot1BeT: X = (x{,X5,X3,X4)=| -+—-—,C,——=,C
G X)) = S e T Ty G
Tx —4x, +x3 +3x4 =5
B) 3x1 —5x2 +2x3 +4x4 =2.
S5x;p +7x, —4x3 —6xy =3
Pemenne.
1B) 3amuceIBaeM pacUIMPEHHYIO MATPHILy CUCTEMBI:

7 -4 1 315
A=(A|B)=|3 -5 2 4 |2
5 7 -4 -6|3
2B) Brinonnsem npsimoii xo Mmeroaa ["aycca.
7 -4 1 315
3 -5 2 4 |2|&
5 7 -4 -6)|3

U3 6MOPOIl  CMPOKU, YMHOJNCEHHOU Ha 1, 6bluumaem nepeyio, YMHOJICEHHYIO Ha 3
(us mpemveti  Cmpoku, YMHOJCEHHOU Ha 1, ebluumaem nepeyio, YMHOINCEHHYIO HA 5]

7 -4 1 3 5
<0 -23 11 19 | -1|<

0 69 -33 -57|-4
& (K mpemvell CmMpoKe npubasiieM 6mopyio, YMHOJNCEHHYIO Ha 3) =

7 -4 1 3|S5
<|0 -23 11 19| -1

o o0 o0 O0/|-7

[Tpu BEIMONMTHEHNH NTPEe0OpPa30BaHUS PACIIMPEHHON MaTPHUIIBI Ao A8 npeod-

pa30BaHHON MaTpuIle Z " mosiBMIACH CTpOKa (O 00 0 |- 7), COOTBETCT-
ByIoIas ypaBHeHHIO 0-x; +0-x, +0- xq + 0-x, =-7, KOTOpOMY HE y/OBJIe-
TBOpSICT HU OJIMH Ha0op 3HAaYeHMH HemsBecTHbIX (X, X,,X;,X, ), 4TO TOBOPHT O

HECOBMECTHOCTH UCXOIHOU CUCTEMBI ypaBHeHI/Ifl.
OTtBer: Cucrema HECOBMECTHA.
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41-50. Nmetorcs nanHble 0 paboTe TpEX oTpacieil SKOHOMHUKH B OTYETHOM TEPHO-
ne u rian Beimycka koneunoit nponykuuu (60, 60, 80) B cnenyromem nepuose

(B yei. meH. en.). TpeOyercs, ucnoiabp3ys Mojenb JICOHTheBa MHOTOOTPACIEBOM
9KOHOMUWKH, HAWTH: a) MAaTPHUIbl KO3(D(UIIMCHTOB MPSIMBIX M TOJNHBIX 3aTpaTt; 0)
IUTAHOBBIE OOBEMBI BEIMTYCKA BaJIOBOW MPOMYKIMHA KAXJIOW W3 OTPACICH, MEXKOT-
pacliieBbIe MOCTAaBKU U 00BEMBI BBITyCKa YUCTOW MPOAYKIWU. B oTBeTe 3amucath
JTAHHBIC MEXOTPACICBOro OajyiaHca IUIAHOBOTO TEPHUOIA. (Ykazanue: snauenus xo-
huyuenmos npAMbIX U NOTHLIX 3ampam evluuUciums ¢ mounocmoio 00 0.01; 3Hauenus

NAAHOBLIX 00BEMOB BbINYCKA BANOBOU U YUCIOU NPOOYKYUU, MENCOMPACNEBbIX NOCMABOK
OKpYIUums 00 Yeavlx 3HAYEHULL).

Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 20 25 105 50 200
11 60 75 70 45 250
111 60 50 140 100 350
UucTlil IPOAYKT 60 100 35
Basnosoii mpoaykr | 200 250 350

Pemenne.

1) Haxomum matpuny A = (ai/') K03((HUINEHTOB NPSIMBIX 3aTpaT a; =Xx; / X;
(i =1,2,3 - HOMep OTpaciu MPOM3BOACTBA, j =1,2,3 - HOMep OTpaciu moTpes-
JICHUsI) ¥ YCTaHABJIMBaEM €€ MPOJYKTHBHOCTB!

Y _ 20 PR M 105

a,=—-= =01, a,=—-= =01, a,=—= 0.3
X, 200 x, 250 X, 350
X 60 X 75 X 70
a, =-*+=—=03, a,="2=—"=03, a,, ="2=—=02
X, 200 X, 250 Xy 350
X 60 X 50 X 140
a;, =—t=—=03, a,="2="=02, a,="2=—"=04.
X, 200 X, 250 X, 350
0.1 0.1 0.3
Taxum obpazom 4 =| 03 03 02 |.
03 02 04

3
Taxxax @, 20 (i,j = 1.2.3) n max ;a” = max{0.7, 0.6, 0.9/ = 0.9 <1,

To Matpunia A TpPOJYKTHBHA M, CIIENOBATENBLHO, st loboro Y > 0 cymecTByer
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pemrenne X > 0 ypauenus JleontseBa: (£ — A)- X =Y , sanuceiBaemoe B BU-

ne X = (E—A)_1 -Y=S8-Y,rne E - enunnunas marpuia, S = (E—A)_1 -

x y
1 1

MaTpula Ko3((QUIMEHTOB TONHBIX 3aTpar, X = Xy | ® Y = Y9 |- BEKTOpBI
*3 V3

(MaTpHIIBI-CTONOIIBI) BAJIOBOTO BBITYCKA M KOHEYHOT'O MIPOTYKTa, COOTBETCTBEHHO .
2a) Haxoaum matpuity:

1 00 0.1 0.1 03 09 -01 -03
(E-A4A)=|0 1 0|-{03 03 02|=[-03 07 -02
0 01 03 02 04 -03 -02 06

3a) Haxonum matpuiy S = (£ — A)_1 , o0paruyio k (E — A), metonom mpu-

A A2 A

COCIIMHEHHOU MATPHIIBL, 110 GopMmyre: S = . A21 A22 A23 I i (X

| E—A4]

A3 Az A3
- —03- ~03 07

A=+ 702038 4, = 27024 a5 =4 0 o027,
~02 06 ~03 0.6 ~03-02
~0.1-03 09 -03 09 —0.1

1= 00 06| 7012 AT 5 06| 7012 A= g5 gy 702D
—01 -03 09 -03 0.9 - 0.1

T B B N e B

0.9 -0.1 -03
[E-4]=]-03 07 -02/=09-4; +(-0.1)- 45 +(-03)- 45 = 0.237.
~03 -02 06
(038 012 023) (160 051 097
Torna § =——-|0.24 045 027 |~[1.01 190 1.14
27 {027 021 06) (114 089 2.53
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*

X yr
16) Haxomum Bextop X T = x; BAJIOBOTO BBIITYCKa Ha BEKTOp Y = y;
x; Vs
KOHEYHOI'0 POJYKTa B INIAHOBOM HEPHO/IE, CIEAYIOIIUM 3a OTYETHBIM (B MPEAIIO-
JIO)KEHUM, 4TO Matpuua A, HasblBaeMmas TaKKe TEXHOJOTHYECKOH, a, CleNI0Ba-
TenbHO, M MaTpuia S He mmensiores, T.e. A = A, S” =S ) no hopmyrne:
1.60 0.51 0.97) (60 204
X'=8"Y" =8-Y =101 190 1.14 || 60 |~| 266
1.14 0.89 2.53 80 324

26) Haxomum 1o ¢popmyie x;. =a; -xj (i, j =1,2,3) mianoBsie MexoTpacie-

* .
BBIC IIOCTABKU X .., OKPYIJISAs IIOJTYYCHHBIC 3HAYCHMS 10 LEIbIX (C ydaeToM OaaH-

i
3

COBBIX COOTHOIIEHUI Zx; +yl_* = xl_* Li=123):

=
X =01-204~20, x{, =0.1-266~ 27, xfy = 03324297 ,
Xy =0.3:204 %61, xj, =03-266~ 80, X33 = 02324~ 65,
X3 =03-204~61, x3, =02-266= 53, Xiy = 04324~ 130.

36) [TnaHOBBIE OOBEMBI Z; (j =1,2,3) BbIITycKa YKCTOM MTPOIYKINHU KaXKIO0H 13

3
oTpacieil HaxoauM o hopmyIie Z; = x; - Z)C; (j=123) :

i=1
z' =204—(20+61+61)=62, =z} =266-(27+80+53) =106,
z] =324—(97+65+130)=32.

OTtBerT: MexcorpacneBoﬁ OaJlaHC TUTAHOBOTO Tnepruoaa UMECT BU

Ortpacnu Otpactu morpebiienus | Koneunsnii npoaykr | BamoBoit
IIPOU3BOJCTBA 1 1T 111 IIPOAYKT
1 20 27 97 60 204
11 61 80 65 60 266
111 61 53 130 80 324
UucTli IPOAYKT 62 106 32
Basnosoii mpoaykr | 204 266 324
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51 — 60. Jansr BekTOpHl a, 1;, c:a=(0,1,2), b=(1,0,1), c=(-1,2,4).
Tpebyercs: a) HaliTH BEKTOPBI m = 2a + 3b u n=3b—2¢; 6) BHYUCINTH CKa-
JISIPHOE TIPOU3BEIEHUE 771 - 71 ; B) HAWTH NMPOEKIMIO BEKTOPA 771 Ha HAIpPAaBJIECHHE
BEKTOpA 71
Pemenne.
a) Haxoaum BekTopbl m W 71 :
m=2a+3b =2-(0,1,2)+3-(1,0,1)=(0,2,4)+(3,0,3) =
=0+3,2+0,4+3)=3,2,7);
n=3b-2¢c =3-(1,0,1)=2-(-1,2,4)=(3,0,3) - (-2,4,8) =
=(B3-(-2),0-4,3-8)=(5,-4,-5).
6) BriunciisieM CKaJIIpHOE NPOU3BENEHUE BEKTOPOB M1 * 11
m-n=3,2,7-(05,-4,-5=3-5+2-(4)+7-(-5)=-28.
B) Haxoum mpoeKIuio BEKTOpa 77 Ha HANpaBJICHHE BEKTOpA 71
_ m-n (—28) 28
np;m = = =— .
Tl 52+ (4% +(-5)> 66
OtBet: a)m =2a +3b =(3,2,7); n=3b—-2¢=(5,-4,-5);0) m-n=-28;

B) np,m = —28/\/%.

61-70. dano Bepumst peyronbanka ABC @ A(4, 6), B(—4,0), C(-1,-4)
Tpebyercs HaiiTH:

a) uHy cTopoHbl AC ; 0) ypaBHeHUe cTOpoHbl AC ;

B) ypaBHeHue Meauanbl CE , poBenénnoil u3 sepumnnsl C ;

I) ypaBHEHHUE BBICOTBI BD , IPOBENEHHOM 13 BepIIMHBL B ;

n) A"y A BbicoThl BD ;) momans S tpeyronbHuka ABC . Caenath 4epTéx.

Pemenne. Caenaem ueptéx:
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a) Jlnuny croponsl AC HaxoauM Kak JuiHy Bektopa AC :

AC:(XC _xAn yC_yA):(_l_4z_4_6):(_55_10)7

AC =| AC = y(=5)% + (~10)% =545 .

0) Vpasuenue croponsl AC HaXoaMM KaK ypaBHEHHE MPAMOM, MPOXO/sIei ue-
pe3 Toukn A(4, 6) u C(—1, —4), u 3anucpIBaeM €ro B BHJC OOIIEr0 ypaBHCHHUS
MIPSIMOIA:
4C X=Xy _ Yy=y4 N x—4 _ y—6
Xo =Xy Yo ~Vy -5 —-10
(-10)- (x=4) = (5 (y-6) = 2x-y-2=0.

=

B) YpaBHeHue meauanbl CE HAXOIMM KakK ypaBHEHHE HPSIMOiA, MPOXOJIAIIEH e~
pes touku C(-1,—4) u E(xp, yp), ¥ 3aIUCBIBACM €rO B BHC ob1ero ypaBHe-
HUS TIpsIMOM. HewsBecTHbIE KOOpAMHATHI TOYKM FE HaXoIuM KaK KOOPIUHATHI
TOuKM, Aensmeii cropony AB momonam:

—xA+xB—4+(_4)—O' Yy trYp 640

X s y
E 2 2 E 2 2

3.
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X—=Xc _ Y—=Yc :>x+1:y+4

Xg—Xc Y~ JVc 1 7
Tx-y+3=0.

Torxaa: CE : =7 x+)=y+4=

I') VpaBHeHueE BBICOTH BD HaxoauM Kak ypaBHEHHE IIPAMOii, IPOXOAALIEH YepE3
Touky B(—4, 0) mepneHIuKyIsIpHO BEKTOpPY TC = (-5, —10), xoTOpHBIi NPUHU-
MaeM 3a HOPMaJIbHBII BEKTOP MIPSIMOM BD. Torna
BD:(-5) - (x+4)+(-10)-(y-0)=0=> x+2y+4=0

) Jiuny A BBICOTEI BD HaxomuM Kak paccTosHHE oT Touku B(—4, 0) 1o mps-
Mot AC , 3alaHHOM 00IMM ypaBHeHUEM 2x—y—2=0:

|2xp —yp =21 [2:(4-0-2] 10

h=p(B, AC) =

22 (-2 Js Vs

h-AC

€) Inowans Tpeyronbauka ABC Haxomum o Qopmyne: S = Ortkyna

10545
§=—2"2_ 95,
NER)
OTBeT: a) AC=5\/>; 0) AC:2x—y-2=0; B)CE:7x-y+3=0;
1) BD:x+2y+4=0; 1) h=10/J5; e) 5=25.
71-80. YcraHOBUTH, KaKyl0 HEBBIPOXKIEHHYIO KPUBYIO OIpEIEIsieT anreopande-
CKO€ YpaBHCHHEC BTOPOI'O MopsiJKa, IOCTPOUTH eé:
a) x> —4y% +8x—24y-24=0; 6) 4x” +9y% —8x—36y+4=0;
B) 25> -8x—-y+5=0.

Pemenne:

2 2
a) Takkak B=0, AC—B” =1-(-4)-0" = —4 < 0, T0 ypaBHEHHE ONpPeEIETIET
TUIEpPOONy ¢ IEHTPOM B TOYKE (xo, yo) U OCSMHU CHMMETPHH, TapajuIeIbHBIMU

(r-x9)" -y’

2 2
a b

KOOPJAMHATHBIM OCSIM: = *1. Bujg xpuBoOii U pacmnonoxe-
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HHe €€ Ha TIOCKOCTH M3BECTHBI. BBIJIeNsis MoMHbIe KBaapaThl B JICBOH YacTH ypaB-
Henms x> — 4 y2 +8x — 24y — 24 = 0, npeoOpa3yeM ero CIeAYIOIMUM 00pa3oM:
(x? +8x)—4- (2 +6y)-24=0
(x? +8x+16-16)—4- (3> +6y+9-9)—24 =0

(2 +8x+16)—4-(y2 +6y+9)=4 = (x+4)’-4.(y+3)% =4

(- (4)° -3
22 12

[Tony4yeHnHoe ypaBHEHHE ONpeneNseT Tunepoosy ¢ UeHTpOM B Touke (—4,—3) u

1.

OCAMHU CHUMMETpPUU MapajjieIbHbIMU KOOPAWHATHBIM OCsM. [[s1 mocTpoeHus ru-
niepOorsl B cucteMe koopauHat Oxy : 1) ormMeuaeM neHtp runepoonst (—4,-3);
2) npoBoauM Yepe3 HEeHTp (—4,—3) MyHKTHPOM OCH CUMMETPUH THnepOoisl; 3)
CTPOUM ITyHKTHPOM OCHOBHOH IPSMOYTOJBHUK THIIEpOoIbl ¢ HeHTpoM (—4,-3) u
cropoHamMu 2a =4 u 2b =1 mapamienbHbIMA OCSAM CHUMMETPUH; 4) MPOBOIUM
yepe3 IMPOTHBOIOJIOXKHBIE BEPIIMHBI OCHOBHOTO NPSMOYTOJIBHUKA ITYHKTHPOM
NpsIMBIE, SIBJISIIOIIMECS ACHMITOTaMH THUIEepOOoJbl, K KOTOPHIM HEOrpPaHWYEHHO
OIM3KO NMpU OECKOHEYHOM YJIAJIEHHH OT Hadajla KOOPJUHAT MPUOIMKAIOTCS BETBU
runepOoIbl, He repecekas ux; 5) nzo0pa)kaeM CILIONIHOM JMHKEH BETBU TUepOo-
asl (puc. 1).

OrtBet: ['unepboia ¢ nearpom B Touke (—4,—3) (cM. puc.1)..

%U
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2

0) Taxk xak B=0, AC-B =4-9—O2 =36>0, A+ C, To ypaBHCHHE OII-

PEACIACT SJIIUIIC C HEHTPOM B TOYKE (xo,yo) " OCAMHU CUMMETPUH, NapaJljiCiib-

2 2
(x x()) +(J’ J’O)

2 2
a b

JIOXKEHHE €€ Ha MIIOCKOCTH U3BECTHHI. BBIZ[eJ'IHH TMOJIHBIC KBAJIpATHI B JIEBOH YacTH

HBIMHA KOOPAWHATHBIM OCSIM: =1. Bug xpuBoit u pacno-
YpaBHCHUS 4x% +9 y2 —8x—-36y +4 =0, npeobpazyeMm €ro Cieayrmum oopa-
30M: 4.(x*=2x)+9-(»* —4y)+4=0
4.(xF =2x+1-1)+9-(y* -4y +4-4)+4=0
4.(x7 =2x+D)+9- (0 —4y+4) =36 = 4-(x-D)?+9-(y-2)> =36
2 2
x-D" »-27

+ =1.
32 22

[Tony4yeHHOe ypaBHEHHE ONpEAEIISET ILIUIC C IIEHTpoM B Touke (1, 2) u ocsmu

CUMMETPHH MAPAJUICTBHBIMHA OCSIM KOOPJIHMHAT. J[JIs1 HOCTPOCHHUSI 3JUTUTICA B CHCTE-
Me koopauHaT Oxy: 1) otmewaeM mneHTp 3ymmmrca (1, 2); 2) mpoBomuM uepes

neHTp (1, 2) MyHKTHPOM OCH CUMMETPUH 3JUTHIICA; 3) CTPOUM ITYHKTHPOM OCHOB-
HOH TIpsIMOYTONIBHUK 3uunica ¢ neHTpoM (1, 2) u cropoHamu 2a =9 u 2b =4

napajyieIbHBIMU OCSIM CHUMMeTpuH; 4) n300pakaeM CIUIOIIHOW JIMHHEH 3JUTHIIC,
BITUCHIBAsI €T0 B OCHOBHOM IMPSMOYTOJIBHUK TaK, YTOOBI SJUIUIIC KAacaliCsl €ro CTo-
POH B TOYKAaX MepecedeHust MPSMOYTOIbHUKA C OCSIMU CUMMETpHUH (puc.2).

OtBeT: Dmwrc ¢ reHtpoM B Touke (1, 2) (cM. puc.2).

2 2
B) Takkak B=0, AC-B" =2-0-0" =0, 4 # 0, To ypaBHEHHE ONPEIETIET
napaGoiy ¢ BepuIMHOi B Touke (X,,),) M OCHIO CHMMETPHH, NapaUIeIbHOM KO-
. 2 .
opauHaTHOR ocu Oy : (x—xy)" =2p-(y - y,). Bun xpusoii u pacnonoxenue
e€ Ha TUTOCKOCTHY M3BECTHBI. BBINENSS MOJTHBIC KBaJpPAThl B JICBOM YaCTH ypaBHeE-
2
Hus 2x~ —8x — y + 5 =0, npeoOpasyem ero cieayromum o0pazom:

2-(x* —4x)—y+5=0 = 2-(x’—4x+4-4)—p+5=0

2.-(xF —dx+4)=1-(y+3) = (x-2)>=05-(y—(-3)
[TonyuenHoe ypaBHEHHE OIpeieNseT mapadoiy ¢ BepHmnHOH B Touke (2,-3) u
OCBIO CUMMETPHU HapajuienbHoi ocu Oy . [ig noctpoeHust napadoiibl B CUCTEME
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koopauHaT Oxy : 1) oTMedaeM BepmiuHy napabonsl (2,-3); 2) IpoBOIUM depes
BepuMHY (2,—3) HMYHKTHPOM OCh CUMMETpUH Napaboibl; 3) n300pakaeM CIUIONI-
HOU JIMHUEH Tapaboiry, HampasJsist €€ BeTBb, ¢ YIETOM TOr0, YTO MapaMeTp mapa-
OoNBl p = 1/ 4 >0, B HOIOKUTEIbHYIO CTOPOHY ocu Oy (puc.3).

Ortgert: [lapabona ¢ BepimHON B Touke (2,—3) (cM. puc.3).

8

[
Puc.2. Puc.3.

81-90. Tpebyercs:

a) HaliTH eCTECTBEHHYIO 00J1acTh OnpeieNieHns] PyHKIUU Y = e‘/; In(2-3x) ;

6) YCTAHOBUTH YETHOCTH (HEUETHOCTE) PyHKIMHU Y =V x* 132 +36.
Pemenue.
a) EctecTBeHHYI0 00MacTh ONpENElCHUs HAXOJUM Kak MHOkecTBO D(y) Becex

3HAYeHWH apryMmeHTta x QYHKIWH, Ui KOTOPBIX (opMmyria y:e‘/; In(2-3x)

HMEET CMBICIT: D =4xeR
) { 2-3x>0

x20 .
{ } . PemmB (Ha umcioBoil npsMoit) cuc-

x>0
2-3x>0

MHuOkecTBa D(y) sBnsieTcst mpomexytok [0, 2/3) .

TEMY HCPAaBCHCTB { , YCTaHAaBJIMBACM, YTO TI'€COMCTPHUYCCKUM o6pa30M

0) Haxomum cHawana ecTecTBEHHYIO 0ONacTb ompeaeneHus QYHKIHUH
y= Vxt —13x% 436 D(y)={xeR| x*-13x2 436> 0} . PemmuB (Ha 4HCIOBOM

MPSIMO) HEPaBEHCTBO x* —13x2 +36= (x+3)(x+2)(x—-2)(x—3)>0, ycraHas-
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JIMBAaEM, YTO T€OMETPHYECKUM 00pa3oM MHOXecTBa D()) sBisieTcs 0ObeTMHEHHE
npoMeskyTKoB (—oo, —3)U[-2, 21U (3,+w) .

Tak kak o0macts D(y) SIBISETCS CAMMETPHYHON OTHOCUTEIBHO TOYKH x = 0, TO
MpOBepsieM BBIIONIHEHUE JUIsl Bcex x € D(y) yemopwit:  f(—x)= f(x) wim
f(=x)=—f(x), yuurbiBas YETHOCThP U HEUYETHOCTH OCHOBHBIX 3JCMEHTAPHBIX

(G yHKIUH, BXOIAIINX B aHAJTUTHUECKOE BRIpaXkeHue f(x).

Ecnu obnacmv D(y) ne cummempuuna ommnocumenvro mouxu x =0, mo f(x)

HA 9MOM MHOMCECMEBE ABIAENICA (ﬁyHKLﬂlelZ 06W€20 euoa.

Hns sroro Haxomum f(—x) = \/(—)c)4 —13(—)c)2 +36 = \/x4 ~13x% +36 . Ilo-
ckombKy  f(—x)= f(x) mia Beex xe D(y) = (-o,—-3)U[-2,2]U(3B,+x), 1O

Gyskmus y =+ x* —13x? +36 sBusercs uéTHOiL.

OTBeT:

a) D(») =[0,2/3), y=e'* In(2-3x) ; 6)pynxums y =vx? —13x2 +36 - uénas.

91-100. Boraucnuts mpesens (He moib3ysch npaBuioM JlonuTas):

C3x —12x+1 V22— x—x+6
a) im——5 - — 0 lim——>
x—o X7 +2 x>—2 X°—-x-6

Buiuucnenue npedena lim f(x), ede a=x,,0, HauuHaiom éce2da ¢ nOOCMa-
X—>a

Hosku 6 f(x) npedenvroeo 3nauenus eé apeymemma X. B pesyromame mocym

.. 0 0
NOIYUUMbCSL HeonpeoeiéHHOCmU O/O, 00/00, 0-0,00-00,0", 17, ", xomopvie

PACKPBIBAIOm  mModIcOecmeeHHbiMUu  npeobpazosanuimu  f(x) maxkumu, umoobw

npeobpaz08anHoe GblpadiCeHUe NOYUULIOC, OnpedenéHHbiM. TIpu gviuucienuu npe-
0e108 UCNONb3YIOM CEOUCMEA KOHEUHbIX NPeoeios U OeCKOHeUHO O0IbUUX (YHK-

yuil, a maxoice cnedyrouue uzeecmmvle npeodenvl:
. _ . 1
llm(aox"+a1x" 1+...+an)=oo, lim - =0,
X% o gox" +ax" 4. +a,

. . sina . tga
imal=w  (n1=1.23 n).,  lim S0¢W o 82
n—w x>a  a(x) xsa  a(x)

a(x)—>0 a(x)—0
. arcsina tgo .

Iim —(x)zl, le, lim (l+a(x))l/a(x) =e.

x—a a(x) x—a a(x) x—a
a(x)—0 a(x)—>0 a(x)—0
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3x° —12x+1
Pewenue. a) |y —————

5 =? Ilpu moacTaHOBKE BMECTO MEPEMEHHOU X €€
X0 x°+2

MIPEIeIbHOTO 3HAUYEHUSI 00 TOJIYYMM HEONpPEeNeNIEHHOCTh [oo/oo]. Jlnst e€ packpbl-

THS CHAYala PasJeNnM YHCIHTETb M 3HAMEHATENb APOOH HA X° (CTapiIyio CTe-
TIeHb IEPEMEHHOW X B YHCIIUTENIE W 3HAMEHATelIe), TIOCIIe YeTO UCTIONb3yeM CBOM-
CTBa KOHEYHBIX TIPEAENOB M OeckoHeuHO Oonmbmux ¢GyHKmid. [lomydunm

3 12 1 12 1
3 X 3—724‘73 3—72+7
; 3x —12x+1_{2}_1. ) 2 X
e xir2 L] MR 51 2y I 2
X x3 X x

. 3-0+0 _

= ljm ———=®.

jouen! 0+0

0) im — = =7 llpu nmoxcTraHoBKe BMECTO MEPEMEHHON x €€ mpe-
x>-2 x“-x-6

JIETIBHOTO 3HAYEHUS X = —2 MOJIyYUM HEONPENEIEHHOCTD [O/ O]. Jnst e€ packpbl-

TUS BBIICTUM B YHUCIHUTENC M 3HAMEHATENC NpOOM OOIMH MHOXHUTEIh BHIA

(x—x¢)%, THe @ € R - HEKOTOpOE YHCIIO, T.e. MHOXHTENb (x+2)% . 3atem co-

KpaTuM Ha HETO YUCIUTEIb U 3HAMCHATCIIb I[pO6I/I, TOCJIC Y€TO0 MCIOJIb3yEM CBOM-
CTBa IPCACIOB.

1) B keadpamnom mpéxunene ax> +bx+c MHOMICUMEND bIOCISAIOM PAZNOHCE-
HUeM K8aopamuo2o mpéxuieHa no gopmyie ax® +bx+c= a(x—x;)(x—x,), 20e
—b+b*~4ac

2a
Oestiom cnedyiouwum cnocoooMm: m —m =
_(x/ax+b—«/cx+d)(«/ax+b+\/cx+d)_ d-b (a—c)

2) B svipasicenuu (\ax+b —+cx+d ) muoocumens 6vi-

X2 =

a—c¢

B pesynbrare nonyuaum |im 5 0
x>-2 x“-x-6
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(V2=x=Vx+6)W2—x +Vx+6) (-2)
V2—x—x+6= =(x+2)—— 2
N V2-x+4x+6 (e )«/2—x+«/x+6

xz—x—6=(x+2)(x—3)
o (x+2)(-2) . -2 _ 1
YT e o S LYY Y s SR T
300 —12x+1_ V2-x-xv6 1

Otsert: 2) |im 5 0) lim =—.
X—0 x2+2 x—>-2 Xz—x—6 10

101-110. s yrkazaunoii pyukiun y = f(x) Tpebyercs: a) BBIICHUTH IPH KAKUX

3HAYEHMsIX Mapamerpa d (QyHKuus OyJeT HelpephIBHOW; 6) HAWTH TOUKH pa3phiBa
(yHKIMU 1 UcciIenoBaTh ux xapakrep. [loctpouts rpaduk GyHKIMM.

xz) x<-1
x+1, x<1 1
a) y= 5 5 0) y=94—, -—-l<x<I.
3—ax",x>1 X
1, x>1
Perenne.
QD](X), xgxl

Touxamu paspviea @yukyuu y = f(x)=

P2(x), X1 <x<xp
ABIAIOMCA mou-

O (X),  X>Xp
Ku paspoiea @yuryuti - @1 (x), @5 (x),...,0,,(x) 6 npomesxcymkax (—o,x;),
(x1,X2), .., (X,;_1,+00) , KpOME MO20, MOUKAMU BO3ZMOJICHO20 PA3PLIEA PYHKYUU
v = f(x) asusiomca mouku Xy,Xy,...,X,_| 8 OKDECHHOCHU KOMOPBIX U 6 CAMUX

MOouKax QyHKyus 3a0aémcest pasHbIMU AHATUMUYECKUMU BbIPAICCHUAMU.
Touxa x=x( seniemcs mouxoi HenpepblgHocmu Gyukyuu y = f(x) mozoa u

moavko mozoa, koeoa: lim f(x)= lim f(x)=f(xq).
x—>x0—0 x—x+0

a) Ilockombky ¢yHKIMU @) (X)=x+1 U @,(x)= 3—ax? HENPEepbIBHBI B IIPO-
MexyTKax (—oo,1) u (1,400) kak 3nmeMeHTapHbIe (QYHKIUH, ONpeeTIEHHBIC B KaX-
JIOW  TOYKE  JIaHHBIX  TIPOMEXKYTKOB, TO  HENPEPHIBHOCTH  (QYHKIHH
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x+1 x<1
y= {3 5 MOXXET HapyLIUTHCS TOIBKO B TOUKE €€ BO3MOXKHOTO pa3phiBa
—ax”, x>

x=1.
OmpenernseM 3HadeHHe mapaMerpa (I W3 YCJIOBHS HENPEPHIBHOCTH (DYHKI[HN
y=f(x) B Touke x=1: lim f(x)= hm f (x)=f(). Berancmss

x—1-0

lim f(x), im (), £y 11r1n0 f0)= lim (v+D)=2,

x—1-0

lim f (x)— hrn (3 ax ) 3—a, f()=2, w3 yclnoBUS HENPEPHIBHOCTH
x—1+0

2=3—a=2,HaXOI[I/IM a=1.

I'paduk HenpepwIBHON QyHKIMH Y = {x; 1;2 xlel uMeeT BHJ H300pakE€H-
HBIN Ha puc.4.
0) Oynkuuu @ (x) = x*n @3(x) =1 HenpepeIBHEI B MPOMEXYTKaxX (—oo,—1) u
(1,40) Kak smeMeHTapHble (QYHKUHMH, ONMpee’IEHHbIE B KaXJIOH TOUYKE JAHHBIX
IIPOMEXKYTKOB, a QyHKIUS @, (x) =1/x B npomexytke (—1,1) umeer Toukoii pas-
peiBa TOuky x=0, B KOTOpOil OHa He ompezaencHa. Torma mis (QyHKIUU

xz, x<-1

y=131/x,-1<x<1 Touka x=0 sBIAETCA TOYKOI pa3pbiBa, a TOUKH Xx=—1 u
1, x>1
x=1, B OKPECTHOCTH KOTOPBIX U B CAMHX TOUYKax (DYHKIHS 3a7aéTCsl Pa3HBIMU

AQHAIUTHUYECKVMH BBIPAXKEHUSIMH, SBJISIOTCA TOYKaMH BO3MOXHOTO pa3phIBa.
Hccnenyem Ha pa3psiB Touku x = —1, 0,1 1 ycTaHOBMM XapakTep pa3pblIBa:

1 lim f(X)— 1inllof(X)if(—1) =

x—>—1-0
{ lim f(x)= lim x? =1, lim f(x)= lim (I/x)=-1, f(-1)= —1}
x—>-1-0 x—>—1-0 x—>-14+0 x—>-14+0
=>1lx-1=-1.
CrnenoBatenbHO, TOYKa x = —1 - TOUKa pa3pLIBa 1-ro pona ¢yskuu y = f(x).

2) lim f (X)— hm f(X) f(O)

x—0-0
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o1
lim — = +o0, £(0) — HEoNmpeEeNeHo .
x—=0+0 x

. .1 .
x1—1>I(EO f(X) x1—1>1(}10 X * x1—1>I(}10 f(X)
CnenoBareiabHO, Touka x =0 - TOYKAa OECKOHEYHOrO pas3pbiBa (2-FO poz[a) (l)yHK-
win y = f(x).
? ?
3) lim f(x)= lim f(x)=£(01) =
x—=1+0

x—1-0
|:1im f(x)= lim (I/x)=1, lim f(x)= lim 1=1,f(1)=1}:>1=1=1.
x—>1-0 x—>1-0 x—1+0 x—1+0

CrnenoBatenbHO, ToUka x =1 - TOYKa HeNpepbIBHOCTH QyHKIMH y = f(X).

xz, x<-1

Ipaduk pyukuun y =<1/x, —1 < x <1 umeer By, U300paKEHHBIN Ha puc.S.
1, x>1

Otset: a) Oyakums y = f(x) HenpepbiBHA pu a =1 (puc.4); 6) x=—1 - Touka

paspeBa 1-ro poma, x=0- Touka OECKOHEYHOro pa3pbiBa (pyHKIMU Y = f(x)
(puc.5).

9 yj
AN |
A e 0 j i E 4 " ; i . , ‘x'_—‘
Puc.4 Puc.5

111-120. [lanbl KOMIUIEKCHBIE YHCITA z; =2+3i, z, =5-4i u anreGpanye-

4 :
ckoe ypaBHeHUe z +27z=0. Tpebyerca: a) BBIUHCIUTH 21+ 2y, Zy°Zy,
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z
1 .
— 6) HauTHU BCC KOPHU anre6panqe01<oro YpaBHCHUA HAa MHOXKCCTBC KOMILUICKC-

o)
HBIX YHUCEIL.
Pemenue.

1a) Beruucnsem 2y +2Zyt Zp+2Zy =2+3)+(5-4)=2+3i+5-4i=T7-1i.

2a) Beraucnsiem z, -z, .

Caavana Haxomum Z, *Z, = (2+3i)- (5 —4i) =10 - 8i +15i — 121’2 = (y4uThIBa-

€M, 4TO i2 =-1)=22+7i. Torma z, -z, = (22+7i)=22-7i

21 ARy (2430)-(5-4i)  (2+30)-(5+40)
3a) Beruncnsem —: — — = — = : = =
Zy  Zy Iy I, (5-4D)-(5-4i) (54D (5+4D)
10 + 8i + 15 +12i° ) 2423 2 23

= = (yuuThIBaEM, 410 |~ = -1 )= ———— = ——+ —1.
25 + 20 — 20i — 16i° 41 41 41

o 4
16) Jlns HaXOKIeHUS KOpHEW anreOpanveckoro ypaBHeHus z + 27z =0, pac-
KJIQJBIBAEM €T'0 JIEBYIO YaCTh HA MHOXUTEIU:
4 3 2
z +271z=z-(z7 +27)=z-(z+3)-(z7 =3z+9).
20) HaxonuM kopHM ypaBHEHMs Ha MHO)KECTBE KOMIUIEKCHBIX YUCEN, IPUPABHU-

Basl Ka&KAbIH U3 MHOXKHTEJIEH HYJIO (YMCIIO KOPHEH, C y4ETOM KPaTHOCTH, JOJKHO
PaBHATHCS NOPSAKY YPaBHEHUS):

Hz=0 = z,=0.
2) z+3=0 = z, =-3.

2
3) z°—-3z4+49=0. Tak kak JMCKDUMMHAHT KBaJPATHOTO YpaBHEHHS
D=9-4.9=-27<0, TO ypaBHEHHE HMEET J[BA KOMIUIEKCHO-COIPSLKEHHBIX

() +i|27] 3+i-427 3 33
KOpHSL: Z3 4 = = =—= i.
; 2 2 27 2
z 2 2
Otser:a) z +2y =7 i, 2 -2y =22~ Ti, — __2.2,
i 41 41
2
3 343
6)z,=0,z,=-3, 23, =—+—i.
A7



121-130. Haiitu npoussoguyo y' = f'(x) :

2
x —6x+3 .2
a) y=————  §) y=vl-x B) y=e* Y1-2x; ) y= L 3x

x-3 In(5x+2)

Haxoorcoenue npouseoonoi y' = y'(x) ¢yuxkyuu y = y(x) zadannoil sgno, ¢
NOMOWbI0 NPaAsul Ougpepenyuposanus.

(O)'=0(C=const), (fxg)=f"%g", (f-&)=f'g+fg", (Cf)Y=C-f,

! _ ! l ! , , ,

[i} :%’ (_J :_%’ (/) :fg(f .§+(lnf)gj’
g g g g f

f'(x)= (F (u) imp (x)) =F'(u)@'(x) ce00sam Kk naxodcoenuio mabauidHblx npous-
600HbIX (npunodcenue 6.3).
Pemenne.

) : /Y _ s

, [ x"—6x+3 o
a) ) =| ——— | = g 2 -
x=3

f(x)=x2—6x+3, g(x)=x-3
(x> = 6x+3)(x=3)—(x" —6x+3)(x—=3)
i (x-3)
(x* —6x+3) =(x") = (6x) +(3) =2x—6(x) +0=2x—-6-1=2x—-6,
(x=3) =(x)-(3)' =1-0.
, (2x—6)(x=3)—(x"—6x+3)-1 x’—6x+15
) (x—3)° T -3

, TIe

Tornma y

’
1

0) =(\/4 l—xz) = (l—x2 )Z . IlpencraBuM QyHKIMIO B BHUIE CIOXHOW

1 1

G yHKIIIU (l—x2 ); =u

4

U NPUMCHUM IIPAaBUJIO BBIYHCJICHUA ITPOU3BOI-

’
2) [y =yl ]= (") =

u

u=l-x

1/4

HOH CIIO)KHOW (YHKIIMU (u

u=l-x

55




-3

ut u; =—(17x2)7 (1-x") = [(1—x2)'=(l)'—(x2)'=0—2x=—2x] =

1 X

T4 -y (—2x)=—2m.
B) y':(e4x'3«/1—2x)' :(e4x)'3«/1—2x +e4x(3\/1—2x)',rz[e

(e =) =), e e uy =¥ = [y = 4wy =a] =464

1
—-1

(=2 =(1-20") =)0y =@, =§u3 u) =

-2

3/(1-2x)?

4
Torma 3’ = 4e™ 1= 2x 4+ | -2 _276-129)

R(1-2x)2 ) 3R1-2x)>

) o xsin?3x | (xsin? 3x)"-In(5x+2) —xsin? 3x-(In(5x +2))’ e
In(5x+2) In2 (5x +2) ’

- % (1-2x) 2P 1= 2x) = [(1-2x) = (1) - (2x) = 0-2(x) = -2] =

(xsin?3x) = (x)'sin? 3x+ x(sin? 3x)’ =
(x)'=1

(sin? 3x)'=((sin3x)2) = W | yeginay) = @) uls = 2uu’, =2sin3x (sin 3x)’

(sin3x)' = (sin u|u:3x) = (sinu);, u), =cosuu) =cos3x(3x)
(Bx)' =3(x)'=3-1=3

=1-sin2 3x+x-2sin3x-cos 3x-3 = sinZ 3x +3xsin6x .

r ' r r l r r
(InGx+2)) =(Inuf,_sxsn) = (nu)), ul, == (5x+2) =

S5x+2
5

=[(5x+2)"=(5x)' +(2)' =5(x)' +0=5-1=5]= el

(sin? 3x+ 3xsin 6x) In(5x +2) — x sin 3x~[5 > 2]
+
Torma y' = - X _
1n2(5x+2)
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~ (5x+2)(sin? 3x+3xsin 6x) In(5x +2) - 5xsin? 3x
(5x+2)In%(5x+2)
131-140. Haiitu npousBojiHyio GYHKIHMH, 3a[aHHON MapaMeTPUYECKH:

x=2"+1
y=v1-2"

Ipouszeoonyro y' = y'(x) pyukyuu y = y(x) 3a0annoli napamempuqecKumu
x =x(t)

VPaeHeHUusMU ® HAx00sim 6 napamempuieckom eude no gopmyie
y=y

yi (1)

x; (£)

yy(t)=

Pemenue.
[MponsBomHyto pyHKIMHU y = f(X), 3a1aHHON MapaMeTPUIECKUMH yPaBHEHUSIMHU

{x=2t+l yi (1)

rac

HAXO[uM 110 popmyne yi (1) = ——,
y=v1-2! X

. 1
S
1/2 1
u:lfzt) =" Ju Ui =§“2 Uy =

yi(0) =(M) = ((1—2’)1/2 ) _ (ul/2

1 L2y =fi-2'y =ty -2y =2 ina] - ~E0n2

= U, = —;
2u 211-2! 21/1-2!

x(@O=Q +1) ="' +(1)=2"In2+0=2"In2.

{—2’ MJ

241-2! 20 1n2 1

Torma y' (¢)= =— =— .
2" In2 212t 2'In2  21-2!

141-150. Beraucauts npeaesbl, HCIoIb3ys MpaBuio Jlomuras.

3x2 —2x—8 e —1+5x
Vlim->3 - > Dlim———>—-
y—o22x" +3x-14 ¥—0 sin(x?)

Buryucnenue npedena lim @(x), 20e a=Xx,,0, 6ce20a HAUUHAOM ¢ NOOCHA-
xX—>a

nosku 6 P(X) npedenvrozo snauenus eé apeymenma x=a . Ecnu 6 pezynomame

. 0 o0 ..
noaydarom Heonpe()eﬂeHHocmb 6 uimu —, mo ()JZ}Z ee pacKkpovlmust NPUMEHAIOM
(e 0]
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. x) . "(x
npaeuno Jlonumana: lim ACI lim f,( )
x—=a g(x)  x—a g'(x)
DpeHyupyemble 6 OKDeCIHOCHIU a = X(,% . B nexomopuix cayuasx modcem nompe-

, 20e f(x)ug(x)- ¢yuxyuu, ougpge-

bosamuvcs HeOOHOKpamuoe npumenenue oannozo npasuia. Ha xascoom smane ezo
npuMeHeHus ciedyem UCNOIb306AMb, YRPOWAIOWUE OMHOUEHUE, MOICOeCEEH-
Hble npeodpa306anusl, a MaKdice KOMOUHUPOBAMb IMO NPABUNO C JHOOLIMU OpYU-
MU U36ECTNHBIMU NPUEMaMU GblMUCTeHUs npedenos. Packpeimue neonpedenénno-

. 0 . .
cmeii  euda: 0.0, ow—-oo, 17, o’ 0° nymém  npeoopazosaHuil:

In f
f-gzi,f—gzw,fg =egnf =el/g Cc6005IM K PACKPLIMUIO
g 1/ N)-Wg)
neonpedenennocmeii suda 0/0 umu o/ .
Pemenne.
B i 3x2-2x-8 :P}: . (Bx2 -2x-8)’ e
i 2x2 +3x—-14 L0 05 2x? +3x-14)

(3x% —2x-8) =(3x2) —(2x) = (8)' =3(x2) =2(x)' ~0=3-2x-2-1= 6x -2,
(2x% +3x-14) =(2x2) +(Bx)' = (14) =2(x) +3(x)' =0=2-2x+3-1 = 4x +3

3x2-2x-8 [0 . 6x-2 6:2-2 10
Tornma im=——> - =|3|° Iim——=—="= =__
2 2x +3x—14 [0] x-24x+3 4.2+43 11
—5x —5Sx 2
- -1
O fim 12+5x{%}= im ) e
x>0  sin(x?) x>0 (sin(x7))

(675)5 _1+5x)/ _ (675x)/_(1)'+(5x)’ =

(675)()! _ (eu u:—Sx)' _ (eu);lu;c _ euu; _ e*SX (_Sx)! _ _5675)(
MH'=0 =
(5x) =5(x)'=51=5
=-5e 7% +5,
(sin(xz))' = (sin u‘ u:xz) =(sinu);, u', =cosu-u, =cos(x2)(x2)' =
=2xcos(x2) .
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Torna |im w = |:9} = lim Lm = |:9} . IIpumeHsiemM npaBuio
o0 sin@?) LOJ 50 2xcos(x?)
x>0 2xcos(x?) L0 D0 (2xcos(x?))’

(=5¢ 7% +5) =(=5¢ %) +(5) ==5(e ) +0=—-5-(=5¢ ¥ ) = 25¢7>",
(2xcos(x?)) = 2[(x) cos(x2) + x(cos(x2))] =
(x)' =1

(Cos()c2 ) = (cos u‘ e ) =(cosu)yu’y =—sinuuy =— sin(x2 )(x2 ) =-2x sin(x2 )

=2[1-cos(x )+ x(—2xsin(x?))] = 2cos(x?) —4x? sin(x?) .

Torsa —5¢7" 45 {9}: . 25¢ 7" _25 25
Y0 2X cos(xz) 0] o 200s(x2)—4x2 sin(xz) 2-0 2
Orsers a) i 3x2272x78 _lo, im<e*5"—1+5x:§
o2 2x7 +3x-14 11 i sin(x?) 2

151-160. TpebOyercs:

a) Haiitn HanGoJblee W HaMMeHbINee 3HaYeHust QyHKIMKH y = f(x) Ha OTpe3Ke

[a,b]: y=x3 —6x2+1, a=1,h=5.

Haubonvuwee u naumenvwiee snauenus ynkyuu y = f(x) HenpepvisHOU u Ky-
COUHO-Oughhpepenyupyemoii (Ouppepenyupyemotl, 3a uckmoueHuem, Ovlmb Mo-
JHcem, KOHeUHO20 HUCia moyek) na ompeske [a,b| docmuzaemcs unu 6 moukax
x; €(a,b), 6 komopvix f'(x;)=0 wm f'(x;) ne cywecmeyem, unu na KoHyax

ompe3sKda.

Pemenne.
1) HaxoauMm miepByrO MPOU3BOIHYO (DYHKITHH:

y=(x>—9x2 +3) = (x?) —(9x2) +(3)’ = 3x% —18x
U onpejensieM BHYTpEHHUE KPUTHYECKHE TOYKU QpyHKIMU y = f(x), T.e. TOUKH

x; €(1,7) Bxoropeix f'(x;)=0 wmm f'(x;) He CyImECTBYET:
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x=0e(L7)
x=6¢e(1,7)’
He cymiecTByeT HeT. TakuM o0pa3oM, €JMHCTBEHHOW BHYTpPEHHEH KPUTHYECKOW
(craronapHoii) Toukod (yHkIMU y = f(x) Ha orpeske [l,7] sABIAsLETCT TOYKA

y'=3x2 -18x=3x(x=6)=0 = { Touek x; €(1,7) B KoTOpBIX )’

x=6.

2)1 Beruncnsiem 3nauennst GyHKIuA y = f(x) BO BHYTPEHHHX KPUTHYECKUX TOY-
Kax W HAa  KOHI[AX  oTpe3ka  [1,7]: f(6)= 6°-9-62+3=-105 ,
f)=1*>-9.12+3=-5, £(7)=7>-9.7%> +3=-95.

3) CpaBuuBaem 3Hauenust f(1), f(6), f(7) m HaxomuMm HaMMeEHbIIEe W Hau-

OonbIiee 3HaYeHUS QyHKIMKU y = f(x) Ha orpeske [1, 7]:
M= Yuaum = Hn;}f(x) =f(6)=-105, M =y, = r[111a7>]<f(x) =f(1=-5.

OtBer: m= f(6)=-105, M = f(1)=-5.

(x+1)? ;

0) [IpoBecTr moyHOE HMCCIIEIOBaHNE HENEPHOANIECKON QYHKIUH ) = 5
X +2x

MOCTPOUTH € rpaduK.

s nocmpoenus epagura ynkyuu y = f(x) HyoucHo:
1) navimu obnacme onpedenenusi QyrHKyuu,
2) Hatimu 061acmb HENpPePbLIGHOCMU QYHKYUL U MOYKU PA3PLLEA,
3) uccaedosame yHKYUIO HA YEMHOCMb, HEUEMHOCMb U REPUOOUYHOCID,
4) Hatimu mouku nepeceuenus papura ¢ 0cIMU KOOPOUHAM,
5) naiimu acumnmomul epagpuxa GyHKyuY;
6) Hailmu uHmepsanbl 03PACMAHUS U YObIGAHUS, IKCIPEMYMbL PYHKYUU,
7) Haumu uHMepeaivl GLINYKIOCMU, B0SHYMOCMU U MOYKU nepe2uoa.

Pemenne.

1) Haxomum oOnacte onpenenenust ¢yHkuun: D(y) = {x ER| x242xx O}
=(—00,-2) U (-2,0) U (0,4+0).

2) Ilockonbky JnaHHast (YHKLUS SIBISETCS DJIEMEHTApHOW, TO o00jacTeio eé
HETIPEPBIBHOCTH SIBIISETCS 001acTh onpeneneHuss D()), a TOYKaMHu pa3pbiBa SB-
JSAIOTCS TOYKH x=-2 W x =0, He NpuHAMIeKaue MHOXecTBY D()), HO sB-

JISTFOTIIAECS TPEETbHBIMUA TOYKAMU 3TOr0 MHOXKECTBA (TOYKAMU B JTFOOOW OKpecT-
HOCTH KOTOPBIX COJEpKATCsS TOYKU JIaHHOTO MHOXKecTBa). Mccimemyem xapakrep
paspbiBa B Toukax x =—2 ¥ x =0, BBUUCIMB B HUX OJHOCTOPOHHHUE IpPEIEIbI

GbyHKIMN:
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2 2
I C ) R S o, i (x+D” 1
x>-2-0 x2 125 (=2)-(-0) x>-240 x2 425 (=2)-(+0)
2 2
lim (x+1) - lim (x+1) _
x—0-0 x2 +2x (_0)2 x—0+0 x2 +2x (+0)2
Tak kak oJHOCTOpOHHHE Tpenesbl GYHKIUMU B Toukax x=-2 U x=0 - Oecko-

HEYHBIC, TO IAHHBIC TOYKH SIBJISIOTCS TOYKAMH OCCKOHEYHOT'O pa3phiBa.
3) OyHKIMS HE ABISETCS NEPUOTNYECKOM.

>

@yukyus y = f(X), 6 anarumuueckoe Gblpadicerue KOMopou 6xooum xoms Ovl

00HA HenepuoouyecKkas QyHKYusi NepuoOUdecKoll He s8IAemcs.

[IpoBepsiem siBisiercst o GyHKIMS 9€THON Witk He4€THOM. Tak kak obiacTh on-
penenenus pyakipu D(y) =(—0,-2)U(-2,0) U (0,400 ) HEe CHMMETPUYHA OTHO-
CHUTENILHO TOUkH x = 0, To qaHHast GyHKIMS — OOLIEero BUJA.

4) HaxomuM TOYKH niepeceveHus rpaduka ¢ 0CIMH KOOpAHHAT.
Tak xak x =0 ¢ D(y), To ToUek nepeceueHus rpaduka ¢ ocbto Oy HeET.

()c+1)2

x°+2x
x =—1. CnenoBarenbHo, Touka (—1, 0) - Touka mepecedeHus rpaduka ¢ ocpto Ox .

ITonoxum y =0 u pemiuM ypaBHEHUE ) = =0. Ero pemenuem sBnsercs

5) Haxonum BepTHUKaJIbHBIE U HAKIOHHBIE aCHMITOTHI rpaduka QyHKIHH.

HpﬂMa}Z X =X, AeiiAemcs GepmMKaJleOMV acwwnmomozl, moeoa u MoibKo mo-

20a, Ko20a X, A6NAEMCA MOUKOU OeCKOHeUH020 paspbléa QyHkyuy y = f(X).

Tak kak Toukn x=-2 u x=0 - TOYKH OECKOHEUHOTO pa3pbiBa AaHHOW (PyHK-
LUK, TO BEPTHKAIBHBIMH aCUMITOTaAMU Tpaduka (YHKIMU SIBISIOTCS IpSIMBbIC
x=-2ux=0.

Ilpsmas y=kx+b sensemcsi Haxionnou acumnmomou epaguxa GyHKyuu

y=f(x) npu x — too moeda u moibko moedda, K020a 0OHOBPEMEHHO CYUech-

6y10m Koneunvle npedenvl: lim PACI ku lim (f(x)-kx)=b.
x—>too X x—>*too

Beruuncisiem cHavana mpeiesibl mpu X — —oo

2 2
im L9~ fim &:O:kl, lim (f(x)—kjx)= lim ﬂ:l:bl.

x—>—0 X X—>—0 (x +2x)x X—>—00 X2=0 x< 4 2y
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B oanvnetiwwem Oydem umems 6 6udy Credyrowull Yacmo eCmMpedaroumulics npe-

" -l o ecnu n>m
. aox +a1x +...+an

den: lim —— — =dag/by ecmu n=m
x=>© hox" +bix  +...+b

0 1 m 0 eciu n<m

CrnenoBatensHo y =kyx+b; =0-x+1, T.e. y=1 - HawIOHHAs (TOPU3OHTAJIbHASA)
acuMIToTa rpaduka QyHKIUHA IPH X —> —00 .

AHaJ'IOFI/IqHO BBIUUCIISIEM Ipeacibl npu X —> 400 ;
2 2
. . +1 ) ) +1
im L9~ fim &zozkz, lim (f(x)—kpx)= lim u=1=bz
x—>+0 X X—>+00 (x + 2x)x X—>+00 X—>+00 x2 +2x

CrnenoBatensHo y =k,x+by, =0-x+1, T.e. y =1 - HakIOHHAasA (TOPU3OHTAIbHAA)
acuMIToTa rpaduka QyHKIUHA IPH X —> +00 .

6) OnpenensieM MHTEpBaAJIBI BO3PACTaHUs, YOBIBAHUS, SKCTpeMyMbl GyHKIMH. s
9TOr0 HaXOAWM IIEPBYIO MPOU3BOIHYIO (QYHKIINH:

L [+n?) ((x+1)2)' (6% +2x) - (x+ D2 (x? +2x)"

x2e2x) (x2 +2x)> -
2+ D +20) - (x+ D @x+2)  2(x+])
- (x2 +2x)> (2 420)?

U OTpesIeNsieM KPUTHUECKHE TOUKU GYHKIMH y = f(X), T.e. Touku x; € D(y) B
koTopeIX f'(x;)=0 mmm f'(x;) He cymecTByer:
2(x+1
y':_—z(x )2 =0= x+1=0= x=-1eD(y);

(x” +2x)

y' He CYIIECTBYET MpU x2+2x=0= x=0¢ D(y) m x=-2¢ D(y).
Takum 006pa3om, eAMHCTBEHHON KPUTHYECKOH (CTAIMOHAPHOM) TOUKOH (QyHKIMH
vy = f(x) sBusercs Touka x; =—1.

HUccnenyem 3Hak npousBoaHoi )’ = f'(x) B MHTepBanaX, Ha KOTOPBIC KPUTHYE-

cKkue TOYKM (QyHKIUH y = f(x) pa3douBaroT e€ obmacte ompexaencaus D(y), u

HalaEM MHTEpBaJIbl BO3PACTaHUs, YOBIBAHUS, 3KCTpeMyMbI QyHKIMH. Pe3ynpTaTs
UCCIIEI0OBAaHUS NIPEICTaBUM CIeayromleil Tabmuiei:

X (—OO’ - 2) (_25 - 1) -1 (_15 O) (Oa OO)
y' + + 0 _ _
y BO3pAacTacT | BO3pAcTaeT 0 yOBIBaET yOBIBaET
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Taxk Kak Ipu epexo/ie ClieBa HANpaBo uepe3 TOUKy x = —1 npousBoaHas [ '(x)
MEHSIET 3HaK C «+» Ha « — », TO TOUKa x = —| SBJIAETCS TOUKOH JIOKAIHHOI'O MaK-

CUMYMa U Y. =y(=1)=0.
7) OnpenesisieM HHTEPBAJIBI BBITYKIIOCTH, BOTHYTOCTH, TOUKH Iepernoda rpaduka
GbyHkun. [ 3TOro HaXOAUM BTOPYIO MPOU3BOHYIO (DYHKIIUH:

2w |, (+D)'(° +20)° — e+ D((* +20%) |
(x% +2x)? (x? +2x)*

_ (4207 - (x4 1)-2- (x +2x)(2x+2) | 2(3x” +6x+4)

(x% +2x)4 (x? +2x)°
U onpejienisseM TOYKH BO3MOXHOro meperuba y = f(x), T.e. Touku x; € D(y) B
2(3x% +6x+4)

()c2 +2)c)3

kotopsIxX f"(x;)=0wumm f"(x;) He cymectByer: )" = # (0, Tak Kak

3x2 +6x+4%0 (KBaJ[paTHOE ypaBHEHHE HE UMEET CUCTBUTEIBHBIX KOpHEit); )"

HE CyIIECTBYET MPH x2+2x=0= x=0¢ D(y) m x=-2¢ D(y).

Takum obpazom, pyHKIMs y = f(x) HE UMEeT TOYeK BO3MOKHOI'O TIepernoa.
Hccnenyem 3Hak BTOpoi mpousBomHoi y" = f"(x) B UHTepBaiax, Ha KOTOpPbIC

TOYKH BO3MOXKHOT'O Ieperuda QyHkiuu y = f(x) pa3OuBaroT e€ o0IacTb onpee-

nenuss D(y), ¥ HalaEM MHTEPBAJbl BBIIYKIOCTH, BOTHYTOCTH, TOYKH Mepernoda

rpaduka GyHKIUH. Pe3ynbTaThl HCCIEAOBAHNS IPEACTABUM TAOIHIICH:

X (-0, -2) (=2,0) (0, +0)
' + - +
y rpaduK BOTHYTHIH rpaduK BBITYKIIBIHA rpauK BOTHYTHIN

Touek neperuda Her.
8) Ha ocHOBaHMM NONTYYEHHBIX PE3YABTATOB CTPOUM rpaduk GyHKIUU (puc.6)
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Puc.6.

161-170. CocraBuTh ypaBHEHHUS KacaTelbHOH M HOpMainu K rpaduky (yHKIUH
2

X
y=f(x) BTOUKE X): y=——, Xg =4.
Jx-1

Ypasuenue xacamenvroui k epaguxy gyuxyuu y = f(x) 6 mouxe M,(x,,¥,)
umeem 6uo: y —yo = f'(xg)(x —xy)
Ypasuenue nopmanu k epagpuxy @ynxyuu y = f(x) 6 mouxe M(x,,y,) umeem
1

6U0: y—yy=——; (x=xg).
S (x0)
Pemenue.
2
4
1) Beluncnsem 3Hauenne GyHkuun y = f(x) B Touke xg =4: f(4) = T =16.
4-1
x? '
2) Haxoaum nepByro POU3BOAHYIO QyHKIMU: ' = \/_ =
x—1
1
2x(Wx =) —-x%——
N 2 '
- -1 -
= () (\/; )X (\/; ) = 2x = 3rx —dx U BBIYUCIS-

(Vx - 1)2 Wx-D>  2x-1?
3.-44/4-4-4 .
2(J4-1)?

3) CocraBmsieM ypaBHeHHE KacaTelnpHOIl:  y—yo=f'(x))(x—x,) =

eM e€ 3HaueHue B Touke x) =4: f'(4) =

y—16 =4(x—4) u3anuceiBacM ero B Buae y =kx+b: y=4x.
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4) CocraBnsgeM ypaBHEHHE HOpMAlM: ) — Y, = (x—x)) =

o
f'(xo)

1
—16:—l x —4) u3anuceiBaeM ero B Buae y=kx+b: y=——x+17.
y 4 Yy Yy 4

Ecu f'(xy)=0, mo ypasnenue nopmanu sanucvieaemcs 6 6ude: X =X .

. 1
OT1BeT: y =4x - ypaBHEHHE KacaTelIbHOU; y =— Zx +17 - ypaBHEHHE HOPMAJIH.

171-180. 3arparsi, HeOOXOMUMBIE JUTS TIPOU3BOJICTBA X EIUHUIL JJAHHOM TPOIYK-
mun 3anaéres ¢yaknued m3gepxkek C(x) =80x +2x2. [Iponyknus peanusyercs
1o (uKcupoBaHHOH 1eHe p =100 (AeH.ed.) 3a eAMHMIly NMpoayKuuu. TpeOyercs
HalfTH: a) ONTHUMaJbHOE 3HAYEHUE X, BBIIYCKa NPOIYKIHH, IPU KOTOPOM IIPOH3-

BOJUTCIIb IMOJYYUT MAKCUMAJBbHYIO HpI/I6I>IJ'II>; 6) Cp€AHNC 3HAYCHUA U3ICPIKCK
MMpOMU3BOJACTBA U HpI/I6I>IJ'II/I IIpu x = X, B) 9JIACTUYHOCTb U3CPIKEK IMPOU3BOACTBA

Y NpHOBIIN NP X = X, . ClenaTh BHIBOBL.

[Tpu6buUTh, MONyYaeMasi MPOU3BOAUTETIEM TPH BBITYCKE X €AUHMI[ JAHHOW MPO-
nykimy, 3anaéres ¢pynkmueit P(x) =U(x)—C(x), tme U(x)= px - BBIpyYKa OT
peanu3anuu X €IUHHMI] JAHHON MPOAYKIMU MO (UKCUPOBAHHOU IicHe p (JeH.ell.)
3a eauHUIly npoaykimu, C(x) - QYHKITUS H3IEPIKEK.

cw

CpenHumu u3ziepKKaMy Ha3biBatoT BenuauHy AC(x) = (M31Iep>KKU B pac-

yére Ha | en. BBITYCKaeMOH NPOAYKIMH), a CpeJHEH NpUObUIBI0 — BEIUYHHY

P
AP(x) = ﬂ (mpuOBLTL B pacuére Ha 1 /1. BRITYCKAeMO MPOIYKIIUH).
X

x-C'(x)
C(x)
€T NPUONKEHHBIA NPOLEHTHBIN NpUPOCT m3zepkek C NpHU M3MEHEHMH X Ha
x-P'(x)
x

DJIacTUYHOCTBIO U3/EPKEK Ha3bIBAIOT BenuuuHy £, (C)= (moka3bIBa-

1%), a anacTuuHOCTBIO NpUOBHUN — £ (P) = W (moka3pIBaeT MpHOIMKEH-

HBIN MPOLIEHTHBIN IPUPOCT NpUOBLIM P 1pu n3mMeHennn x Ha 1%).

Pemenue.
al) Haxonum ¢yHKIMIO TpruObUTH

P(x) =U(x)— C(x) =100x —80x — 2x> = 20x—2x>.
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a2) HaxomuMm onNTHUManbHOE 3HAYEHHE X, BBINYCKA MPOAYKIHH, MPH KOTOPOM
MIPOU3BOJIUTEND MOJYYUT MAKCUMAIBbHYIO NPUOBLIb, T.€. HAXOIUM IIPH KaKOM 3Ha-
YEeHUHM X =X( BbINyCKa NPOAYKIMH (YHKIMSA NpuObM P(x) npuMeT HauOomb-

iee 3HaYeHUe Ha poMexkyTke [0, + o).

Ecnmn ¢ynkims ogHol mepemeHHOW y = f(X) Ha mpoMexyTke X HMEeT eJUHCT-
BEHHYIO TOYKY JIOKAJIBHOTO 3KCTPEMyMa X, ABISAIOLIYIOCS TOYKOH JOKAIbHOro
MaKCHMyMa, TO B TOYKe X (YHKLHUs NPUHUMAET CBOE HauOObIlee 3HAYEHUE HA
MpOMEXyTKe X .

Jls penieHust naHHO#H 3a/1a4¥l HAXOIUM TPOU3BOIHYIO QYyHKIWH P(x) :

P'=(20x-2x%) =(20x)' —(2x?)' = 20— 4x
U ompefensieM €€ KPUTHYECKUE TOYKH (TOYKH BOSMOXKHOTO JIOKAJIBHOT'O DKCTpe-
MyMa), IpUHaIeXamue npoMexyTky (0, +o), T.e. ToukH B KOoTopex P'(x;)=0

wm P'(x;) =BHe cymectByer: P'=20-4x=0= x=5€(0,+o), TOUEK
x; €(0,+0) B koTOpEIX P’ He cymecTByeT HeT. TakuM 00pa3oM, €JUHCTBEHHOM
KpUTHUYECKOH Toukoi ¢yHKimu P(x) Ha mpomexytke (0,+oco) sBisercs: Touka
x=x9=5.

Tak kak P'(x)>0 mpu 0<x<5 u P'(x)<0 mpu 5<x<+00, TO TOYKA
Xo =5 - ABNAETCA TOUYKOH JIOKANBHOIO MaKCUMyMa H, CIE0BATENbHO, TOUKOH B
Kotopoi ¢yHkius P(x) Ha nmpomexyrtke [0, +c0) mpuHUMaeT HauOoJblIee 3Ha-
gyenue P,z = P(5) = 20-5-2-5% =50.

Hrak, onTumaneHOE 3HAUYCHUE 00BEMA BBITYCKAEMOW MPOIYKIIUH COCTABIICT 5

€IMHUII, TIPYA ITOM MaKCUMAaJIbHAS MPUOBLTH cocTaBisieT S0 eH. e,
6) Haxomum cpeqnHue U3JEp»KKU MIPOU3BOJICTBA U CPETHIOKO MPHUOBIIB NP X =5 :

2
AC(x) = Cix) _ 80x-:2x

=80+2x = AC(5)=80+2-5=90;

P(x)  20x-— 2x?

AP(x) = =20-2x = AP(5)=20-2-5=10.

Urak, B pacuére Ha SIUHUILY BHITYCKACMOMN MPOXYKIIMH U3ICPKKH TPOH3BOJICT-
Ba coctaBistoT 90 jieH.en., a mpuobLUTh — 10 MeH.em.
B) Haxomum a1macTHuHOCTb N3/1€pKEK IPOU3BOACTBA U MPHOBIIN MPH X =5 :

x-(80x+2x%)  x-(80+4x) 40+2x 50

E.(C) = = Es(C)==1.11.
g 80x + 2x> 80x+2x2  40+x 45
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((20x-2x%)"  x-(20—4 -
x-(20x xz):x(O x):10 2x:>E5(P):O.
20x—2x 20x-2x> 10-x

HWrax, npu yBenanueHnn obbéMa X, =5 BbIMYCKa NPOXYKIMH Ha 1%, U3JEPKKH

Ex(P) =

pOU3BOCTBA yBenmuuatcs Ha 1.11%, a mpuObUTE HE H3MEHUTCS.
OtBer: a)xy =5, P, = P(5)=50;06) AC(5)=90, AP(5)=10;
B)E5(C)=1.11, E5(P)=0.

181 — 190. [Ins ykazaumoii Gpyukimu z = f(x,y) tpebyercs: a) Haiitu nudde-
2

peHnuan ¢z Y BTOPYIO YacTHYIO MPOH3BOJHYIO ; 0) BBIYHCIHUTH TPUOITHU-

Oxoy
*EHHO (C TTOMOIIBIO MepBOro auddepeHnuana) 3naueHue Py z = f(x,y) B

touke M(x,y), ecmu z =arctg(x/y), x=0.03, y=0.98.

Iepeoiit auddeperupan Gyskunn z = f(x, y) umeer Bux dz =z’ dx + Z;,dy .

YacTHble npon3BoHbIE GYHKIMU z = f(X, y) BBIYUCISIOTCS MO OOBIYHBIM ITPABH-

nam au¢depeHupoBanus GYHKIMHA OJJHOH NMEpEeMEHHOH, B IPEIIIONIOKEHUH, YTO
€cJIM TPOM3BOJHAsI OepErcs 1Mo apryMeHty x (apryMeHty y ), TO IpYrou apry-
MEHT ) (apryMeHT X ) CYHTAETCs TOCTOSHHBIM.

Pemenue.
r r
al) Haxoaum 9yacTHbIE IPOM3BOJHEIE TIEPBOTO NOPAAKA z\ U Z v GbyHKIIIU

z:arctg(ij: z; = arctg(ﬁj '= arctgu
y Y u=
X
1 , 1 x|’ x| 1 , 1 y
R Z'H i H B
I+u . (xj Y Yo Y Y| x“+y
+

= (arctgu), -u', =

<=

x| ' b r
z' =\ arctg| — = | arctgu = (arctgu), -u', = u, =
y [ ( y JJ u= x u y l+u 27y
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1 (xj ' (x} ' (IJ ' ( (J’)'y] x x
[ —— = — =x| — =x| — == ——
2 2 2 2 2
(xj Yy Yy Yy y y X< +y
1+ —
y
Torna nepseiit muddepeHnnan dz GyHKIUM UIMEET BU:

' ' X dx — xd
dz:zxdx+zydy:%dx+{_ : szy:y Y

x2+y X +y

2

07z
a2) Bropyto 4acTHYIO0 POU3BOHYIO
Ox0y

(WM KpaTKo z;y) HaXOAUM Kak mep-

BYIO YaCTHYIO IPOM3BOJHYIO 10 apryMeHTy y OT byHKuuu z, = fy (x, ) :

' 2 2 2 21

y ] C Wy @) -y 4y,
y

2 2,2 -
(x"+y%)

622 n ( ! )!
—_— = =(z =
OxQy Y Y x? +y2

_ )y =1 _
(47, =), + (), =0+2y =2y

2 2 2 2
LG4yt -y2y  xT-y
2)2 2)2 :

(x2+y (x2+y

@opMmyna Juis MPUOIMKEHHOrO BBIYHCIEHHS 3HaYeHni QyHKumn z = f(X,y) B Majoi
okpectHoctn Toukn M (X, ), B KoTopoii GyHkums muddepeHumpyema, uMeer BUI:

Sxp) = f(x0,00) + fx (x0, o) Ax + f1,(x0,¥0)Ay , THE X =X( +Ax, y =y +Ay . Dopmy-

JIa TeM TOYHEE, YeM MEHBIIIE 3HAUCHHE \/(Ax)z + (Ay)2 .

0) Beraucnsiem 3HaueHHS YAaCTHBIX HPOU3BOIHBIX z, = f1 (X, V), z;, =f )', (x,y) m

x
3HaYeHHe  (YHKIUH z= arctg(—j B TOYKe Mo(xg,y0), THE
y

xg =x—Ax=0.03-0.03=0, yg =y—-Ay=0.98-(-0.02) =1:
1 0
f(Oal):Oa f,(O,l)Z—Zl, f,(O,l)Z——ZO.
* 02 +12 g 02 412
Toraa, yautsiBas, uro Ax =0.03, Ay =-0.02, nonydum:
£(0.03,0.98) ~0+1-0.03+0-(-0.02) =0.03.
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_ 2 22
ydx-—xdy 07z _ . —x—yz;ﬁ)f(().()3,0.98)z0.03.

Otser: a) dz = , = =
x2+y2 oxay 7 (x2+y2)

191 — 200. Haift 0KanbHbIe SKCTpeMyMbI GyHKIHH z = Xx° +3xp> —15x—12y
(x>0,y>0).

Jnsi HaXOXKICHHs JIOKAIbHBIX OKCTpeMyMOB AuddepeHmpyeMoit  GyHKIHNA
z= f(x,y) HeoOxomumo: 1) Haiitn obmacte onpenenenus D(z) pyHKumu. 2)

(V3 r !

Haiitu nepeble 4acTHbIe npousBoaHble zy U z) ¢yHkuuu. 3) Pewmts cucremy
3 2 =0 3
ypaBHeHHI (HEOOXOOUMOE YCJIOBHE HKCTPEMyMa) , oo 1 HelTH TouIXH

zy =
M;(x;,y;)€D(z) (c yuéToM BO3MOXKHBIX JONOJHUTEIBHBIX OrPaHWYEHUH Ha
3HAYEHHs] apryMEHTOB X M ) ) BO3MOXKHOI'O JIOKAJIBHOTO 3KCTpeMyMa (YHKIUH.

4) Haiitu Bropble uacTHble mnpomsBomHble A(x,y)=zy., B(x,y)= z;y ,
C(x,y)= z;',y ; COCTaBUTH BhIpaxkenue D(x,y)=A-C —B? u BbMHCIUTD 3HAUC-
HUS D‘ M; H A‘ M; B Kaxoi Touke M; BO3MOXHOro skctpemyma. 5) CrenaTh

BBIBOJ] O HAJIMYHUU SKCTPeMyMOB (QyHKIMH z = f(x,y), UCHONB3YysS NOCTATOYHOE

ycnoBue skcrpemyma: eciu Dy <0, To B Touke M; SKCTpeMyma HeT; eciu
D‘ M; >0m A‘ M; >0, T0BTOUKE M - NOKANbHBIH MUHUMYM; €CITH D‘ M; >0H

A‘ M; < 0, To B TOuke M - TOKaNbHBIA MAKCUMYM; €CIIH D‘ M; = 0, To Tpedyer-

sl JIONOJTHUTENIbHOE UCCIIEJOBAaHUE TOUKH M ; (Hampumep, Mo ONpeJieneHuo). 6)
Haiitu okanbHBIC SKCTPEMYMBI (3KCTpEeMabHbBIC 3HAYCHUS ) (DYHKIIUH.

Pemenne.
51| x>0
1) Haxoaum obnacts onpenenenust pyukuuun D(z) =4(x,y) € R | ol
y>

2) HaxonuM 1epBble YacTHBIE IPOU3BOJHBIE Z U z;, :

! 3 2 ! ! 2 ! ! !
2t = (x2 +30% —15x—12y), = (%), +Bxp?) , —(15x), —(12y)". =

= (x>), +3y% (), —15(x), —0=3x? +3y? -1-15-1=3x% +3y% —15

! 3 2 ! ! 2 ! ! !

2, = (27 +3xp” —15x =12, = (7)), + Bxy?) , =(15%)), —(12y)), =
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=0+3x(y%)), —0-12(y)), =3x-2y—-12-1=6xy—12.

3) CocraBum cucreMy ypaBHEHUH {

ziy =0 3x2 +3y2 -15=0
, = =
zy =0 6xy—12=0

3x2 +3y% =15 . _
n pemmM e€. [lomyunmm wereipe pemenus: (1,2), (2,1),

xy=2
(-1,-2), (-2,-1). VU3 HuX TOYKaAaMH BO3MOXHOI'O JKCTpeMyMa (QYHKIHH

z= f(x,y) Bobnactu D(z) aBaAoTCcs Tonbko ABe Touku: M (1, 2) u M, (2,1).
4) Haxonum BTOpBIE€ YaCTHBIE MPOU3BOIHBIE:

Al y) =2l = (2, = Bx” 43y 19), = Bx), + Gy ~(19) =
=3(x?), +0-0=3-2x=6x;
B(x,y) =2y = (21)) = Gx? +3y” ~15)}, = 3x?)}, + (B, ~(19)), =
=0+3(y%), ~0=3-2y=6y;
C(x,y) = z), =(z))), = (bxy—12)}, =(6xy), —(12)}, =6x(y), —0=6x,
cocTaBysieM BelpakeHue D(x, y) = AC-B? = 6x-6x—(6y)2 =36x> —36y2 u
BBIYHCIISIEM:
D‘Ml(l,z) =361 -36-2% ==108 < 0; D| 3,21 =36-2° ~=36:1> =108 >0,
A ryany =6-2=12>0.
5) [lenaeM BBIBOA O HAJIMYUH SKCTPEMYMOB. Tak Kak:
D‘ M, =—108<0, 1o B TOUKE M (1, 2) 9KCIpeMyMa HET;
D‘ M, =108>0, 4}, =12>0, To B T04KE M (2, 1) - TOKAIBHBIA MHUHIUMYM.

6) HaxomuM JTOKanbHbIH MUHUMYM
Ziin = (2, 1)=23 +3.2.12215.2-12.1=-28.
Orser: Zmin = f(2,1)=-28.
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6.2. KpaTkue TeopeTnyeckue CBeIeHHs.

Tema. OnpeneauTtenu.
Keaopamuoii mampuyeii nopsioka n Ha3bIBAaCTCsA KBaJpaTHAs TaOJUIA U3 YU-

_ _ a1 7 Yn
cen a; (i=Ln, j=Ln) A=| -+ - - |, cocrosiias u3 7 CTPOK U N
anl e ann
CTONOMOB. Y  KBaApaTHOW MATPWIBl pa3IM4Yal0T T[JaBHYIO JHArOHAJb:
ay1>d9ys--dpy M MOOOYHYIO JIMAarOHAJb: Aoy 15y - JIro0oii kBaj-

paTHOfI MaTtpuue A nopsaka 7 MOXHO IIOCTaBUTh B COOTBETCTBUEC YHCIIO

iy o Ay

, paBHOe anrebpanveckoii cymme 71! ciaraeMbIx, COCTABIEHHBIX

a a

nl nn

Onpe/enEHHBIM 00pa30M M3 DIEMEHTOB d;; MATpHlbl A Ha3bIBAEMOE ONpPE/IENH-
TeseM MaTpusl. KpaTtko o6o3Hadaercs | 4|, A .

Onpedenumenem 1-020 nopsadka naswisaeres uncno | A= a,, |= a,,.
Onpedenumenem 2-020 nopa0Ka Ha3bIBa€TCS YHCIO
a a
_ %1 %12 _
| 4= =4dyytdpy —app -4y
dz1 a2
Onpedenumenem 3-e20 nOpsAOKa HA3bIBAETCS YUCIIO
a1 %12 93
| Al=lay) ayy ap3|=
931 932 933

a a a +a a a +a a a -ada a a -a a a -a a a .
11 22 33 12 23 31 13 21 32 13 22 31 12 21 33 11 23 32

Munopom snemenma Q; HasbBaeTCs onpenenutens M ., oTy4eHHbIH U3 or-

ij>
penenurens | A | BEIYEPKUBAHUEM [ -OH CTPOKK M ] -OTO CTOJIOIIA.

Anzebpauueckum 0ononiHeHuem Al./. lemenma (; Ha3bIBACTCS €ro MHUHOP

M

o i+j
; » B3ATBIH co 3HaKoM (—1) J
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it i M;; ecau (i + j) —uémmuoe yucno
A =D M, = y )
y y - Mij ecmu (i + j) — Heuémmuoe yucno
Onpedenumenem nopadka 1 Ha3bIBa€TCA YHUCIO
4y Ay n
[ A= | e | = X ay Ay = ap Ay Happdip +etag, 4y,

k=1

a a

nl nn

Paznoscenuem onpedenumens | A| no i-ou cmpoke (i =1,n) Ha3bIBaeTcs

n
COOTHOIIECHHE: | A= zaik Ay = a4, +ad, +...+a, 4, .
k=1

Pasznoscenuem onpedenumensn| A| no j-omy cmonoyy ( j =1,n) HaswiBaercs

n
cooTHomrenwe: | 4 |= zak/Ak/ =a,;4,;,+a,,;4,; +...+a,4,
k=1

Onpedenumenu 061a0ar0m CleyOIIUMU CEOUCHEAMU:
1) onpenenurens He U3MEHUTCS TIPH 3aMEHE BCEX €0 CTPOK CTOJIOLAMHU C TEMH Ke
HOMEpaMH;
2) onpeenuTess U3MEHUT 3HAK Ha TIPOTHBOIIOJIOKHBIN, €CITH TIepeCTaBUTh MeCTa-
MU JIFOOBIC JIBE CTPOKH (JIBa CTOJIOIA) ONPEACITUTEIIS
3) oOmmmii MHOXKHUTENb 3JIEMEHTOB KaKOH-T100 CTPOKU (CTOJIOIA) MOXKHO BHIHECTH
3a 3HaK ONPEEIUTENS;
4) onpenenuTenb paBeH HYJIIO, €CIIM OH COAEPKUT HYJIEBYIO CTPOKY (cTonbOen), ABe
OJTMHAKOBEIC WJIH TIPOTIOPIIMOHATBHEIC CTPOKH (CTONOIA);
5) onpenenuTens He U3MEHUTCS, €CIIH K KaKOH-TH00 cTpoke (cTonOIy) NprbaBUTh
JIPYT'YIO CTPOKY (cTonber), yYMHO)KEHHYIO Ha JIF000€ YnCII0;
6) ompenenurens TPEyroabHOro BHIA (KOTrga BCE DJIEMEHTHI, JIeXKalhe 10 OJHY
CTOPOHY OJTHOM W3 €ro JUaroHajici PaBHBI HYIIO) PABEH IPOU3BEICHUIO JHUATO-

I Y12 7 Y
0

HAJIbHBIX DJIEMEHTOB: | A |= “22 “on| = ap| gy e lpy -
0 0 ea

nn

Tema. MaTpuubl.
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Mampuuyeit pasmepa mx n Ha3bIBACTCS NPAMOYTOJIbHAS TAONMLA U3 YHCEN O

— _ a1 7 Yn
(i=lLm, j=Ln) A4=| - - ... |, cocrosmas U3 m CTPOK U 7 CTOJO-

ml A
1oB. Eciu Heo6X01MMO yKasaTh pasMepbl MATPHLbL, TO iyt A, .

Ecm m = n, To matpunia A Ha3bIBaeTCs K6AOPAMHOUL.

Hyneeoit naswiBaercs marpuna (), Bce BJIEMEHTHI KOTOPOM paBHBI HYJIIO, Ha-

000 .
npuMep: Oy, 3 = 00 0/ Eounuunon Ha3bBaeTcs KBajJpaTHas MaTpuna E,
Ha IJIAaBHOM AMAroHAJIU KOTOPOM CTOSIT €JUHHUIIBI, & BCE OCTAILHBIE IEMEHTHI pPaB-
1 00
Hbl HYJIO, Hampumep: Es 4 =10 1 0. Tpeyzonvnoii Ha3bIBAETCSl KBaJApaTHas
0 0 1

MaTpuia A , BCC DJICMCHTBI KOTOpOﬁ PACIIONOKEHHBIC IO OAHY CTOPOHY OT TIJIaB-

a1 42 93
HOW JMaroHalM paBHBI HYJIO, HANPUMeEp: Az 3 =1 0 apy apy |- Tpaneyue-
0 0 033

6udHoll (cmynenuamoir) wasbiBaercs mMatpuua A (m <n), BCe 3IeMEHTbI

n

KOTOPOH, PaCIOJIOKEHHBIE HUKE DIIEMEHTOB d; 7+ 0 (i=1.2,...,m) paBHBI HY-

i 412 M3 414
o, HanpuMmep: Ay 4 =| 0 apy axy ay
0 0 az ay

Matpunsl 4 U B Ha3bIBaIOTCS pagHbimu U MUIIYT A = B, eclli OHU OAMHAKO-
BOTO pasmepa u ux COOTBETCTBYIOIINE 3IIEMEHTHI PaBHBL
ajj :bij’i =lm,j=Ln.

Matpuiisl MOXHO TPaHCIOHUPOBATh, CKIIaAbIBaTh, BEHIUNTATh, YMHOXATh HA YHUC-
JI0, YMHOXATb Ha JAPYTYIO MAaTPHILy.

T

nxm 2

Tpaucnouupoeauuou K MaTpune Amx Ha3bIBACTCA MaTpHula A CTOJIOAaMH

n

KOTOPOIf SIBIIAIOTCS COOTBETCTBYIONINE CTPOKH MATpHIBI A, .
Cymmoiut (paznocmeio) mampuy A M B ONHOTO pazMepa m x n, Ha3bIBAETCA

marpulia C = A+ B TOro e pa3mepa, sl KOTOPOH:
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cjj =4 J_rbij, i=1lm,j=1n.

Ilpou3seedenuem mampuyvt A pazMepa mxn Ha uucao O Ha3bIBaeTCs MaT-
puua B = aA TOro xe pazmepa, Uit KOTOpOH: bij =oa, i=lm, j=Ln.

Jluneitnon komounayueii mampuy A m B ogHOro pazmepa m x n, Ha3bIBaeT-
csa matpuria C = a4 + BB Toro ke pasmepa (@ u [ - MIPOU3BOJIBHBIC YUCIIA), TS

KOTOPOI: cijzaaij+ﬁbij,i=1,7m,j=1,7n,

Ilpouseedenuem mampuyvr A, , na mampuuyy B, , Ha3bIBaeTcs MaTpuua

n

Coxi = A * Buxy » KOKIIBII DIIEMEHT KOTOPOH ¢;; BBIYUCISCTCS 10 PABUITY:

n
¢y =apb; +apby; +...+a,b, = Zaisbsj ,i=lLm, j=1Lk.

s=1
Omnepanysi YMHOXKEHHS MaTPULBI HA MaTPUIy OIpeJeNieHa He JUIs BCeX MAaTpUIl, a
TOJIBKO JUIS TAKUX Y KOTOPBIX YHCIIO CTOJOIIOB JICBOH MAaTpHUIBI A PaBHO YHCIY
CTpOK mpaBoil MaTpuubl B . Takue MaTpUIBl HA3BIBAIOTCS COTIACOBAHHBIMH LS
yMHOXXeHUsI. [103TOMY Mpexk/ie YeM BBIMONHATh OMEPAlMI0 YMHOKEHHS MATpPHIIbI
Ha MaTpPHILy CIEIYeT MPOBEPUTH MX COTIIACOBAHHOCTH JUISI YMHOXCEHHS U OIpene-
JIMTH Pa3MEPHOCTb MATPHIILI-TIPOU3BEACHUS (ECIH YMHOXKEHHE MATPHI] BO3MOX-
HO): A, - Bk = Coxie - OCOOGHHOCTD OMEpaluy YMHOKEHHS MaTpUILl COCTOUT B

TOM, 4TO B 0oOmmiem ciydae: A-B# B- A, T.e. IepeMeCTHTEIbHOE CBOMCTBO MeCTa
HE UMeEeT.
Dnemenmapuvimu npeodpaz0eanuAMU Mampuybl Ha3bIBAIOTCS:
1) mepecTaHOBKa CTPOK (CTOJIOIIOB);
2) yMHOXK€HHE CTPOKH (CcT0J01[a) Ha YHCIIO, OTIMYHOE OT HYJIS;
3) mpubaBiieHHE K 3JIEMEHTaM CTPOKU (CTONIOIa) COOTBETCTBYIONIMX 3JIEMCHTOB
Jpyro# cTpokH (cTonbIa), yYMHOXKEHHBIX Ha JH000€ YHCIIo;
4) BEIYEpKUBAHUE HYJICBOU CTPOKH (CTONIOIA).

Matpunsl A U B, nonydeHHbIe OJlHA U3 APYrOil B pe3yabTaTe AJIEMEHTapHBIX
npeoOpa3oBaHl Ha3BIBAIOTCS IKEUBANEHMHbIMU U TTNIYT A <> B.

OOpaTHoii X KBaJpaTHON Marpuile A TOpsaKa 71, Ha3bIBAeTCS MaTpHIa A7
TOrO € NOopsiJIKa, €CIIN: AV A=4-4"=E , tne E - equHuuHas Matpui@a no-
psnka n.

KBanpatHas matpuna A Ha3bIBACTCS HEGBIPOIHCOCHHOIL, €CIIU €€ ONpeeuTenb
| A]# 0. OOpaTHas MaTpHIla BCETIa CYIIECTBYET JIIS HEBBIPOXKICHHBIX MATPHIL.

OCHOBHBIMH METOJIaMH BBIYHCIIEHHSI 0OPaTHON MaTpPHIIbI SBJISIFOTCSL:
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Memoo npucoeounénnoii mampuypl. Eciu A -HEBBIpOXKJEHHAsT MaTpHla, TO

T
41 A [ A A
A :m~A:m~ , Tme A - mpucoeAMHEHHAs MaTpuua, s
Ay o A
A

Koropoit: aj =A; i,j=1n. 3nech Aﬁ - anreOpawyecKue JOMOHEHUS dJIe-

MCHTOB aﬁ MaTpuibl A .

T
a1y 41y 493 - A1 Ay A3

B wacrHocTH, ecniu 4 = as] apy apy |,T0 4 =m- Ay Apyy  Apz
ayy a3y 433 A31 A3y Az

Memoo Inemenmapuvix npeodpazoeanuil. Jji1 1aHHON KBaJIpaTHON MaTpuibl 4
mopsiika ¥ CTPOUTCS MpsMOyToibHas Matpuna (A | E) pasmepa nx 2n TpUIHU-
ChIBaHHEM K A CrpaBa eIUHUYHON MaTpUIbL. Jlanee, ¢ TOMOIIBIO IIEMEHTAPHBIX
npeoOpa3oBaHuid Haja cTpokamu, Matpuna (A | £) npusoxurcs K Buay (E | 47! ),
YTO BCETJIa BO3MOXHO, €CIIU A - HEBBIPOXKICHHAS.

Mampuunvimu Ha3pBatoTcs ypaBHenus Buaa: AX =C, XA=C, AXB=C,
rae matpuubl 4, B, C - U3BeCTHbI, MaTpulla X - HeU3BecTHA. Eciu KBajpaTHbIE
Matpuilbl 4 U B - HEBBIPOXKJCHHBIC, TO PEUICHUS MATPUYHBIX YPaBHCHUH 3aru-
1, x=alcp7
Munopom k -020 nopaoka mampuust A pazmepa mxn Ha3bIBaeICs OIpese-

-1 _
CBIBAIOTCS, COOTBETCTBEHHO, BBUAC: X = A4 C, X =CA

nutens M, kBajpaTHOI MaTpHLBI MOPsAKA K , 0Opa3OBaHHON 2IEMEHTAMH MaT-

pusl A , CTOSIMMY Ha MePECeveHnH IPOU3BOIBHO BHIOPAHHBIX €€ k CTPOK U k
cronbuos (k < min(m,n)).

MakcuMabHbli TIOPSIOK ¥ OTJIMYHBIX OT HyJIsl MHHOPOB MaTpuibl A , Hasbl-
Baercs eé panzom u obosuavaercs rangA wm r(A), a moboit MuHOp mopsiaKa
7, OTJIMYHBIN OT HyJIsl — OAUCHBIM MUHOPOM.

Tema. CucreMbl JHHEHHLIX YpaBHeHHIi. Moaeanb JIeOHThLeBA.

a1x +012X2 +...+a1nxn =b1

. An1X1 +AnnXn + ...+ an, X, =b
...Cucrema ypaBHEHWI Buja: 2171 %2272 2n"n =72 yaspiBaeres

A1 X1 +ap2X0 + ot Ay Xy =by,

cucmemoit M JAUHEHHBIX ypaeuenuﬁ ¢ N Heuzsecmuvimu. Yncna al./. Ha3bIBa-
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IOTCA KOS(l)(l)I/IHI/IeHTaMI/I CHUCTCMBI, bi - CBO6OI[HI>IMI/I YJICHaAMH CHUCTCMBbI, x/- -

HCU3BCCTHBIMU CUCTCMBI.

B wmarpuunoii  ¢dopme  cuctemMa  MMEET  BUJ: AX =B, rme
a4 oy x| by
a a ea b
4=] 21 722 2n | x = *2 ,B=| 2 |3nech A4-marpuua cUCTeMB,
Yml w2 7 %mn *n b

X -matpuria-croi0en HeN3BECTHBIX, B -MaTpuIia-cToa0en CBOOOIHBIX YWICHOB.
Ecnu B = O, T0o cucteMa Ha3bIBaeTCs 0OHOPOOHOI, B IPOTUBHOM CITy4ae Heoo-
HOPOOHOIL.
Cucrema, Matpunia 4 KOTOpPOH SIBISIETCS TPEYTOJIBHOM C JAMArOHAIBHBIMH dIle-
MeHTaMu @, # 0, naseBaercs mpeyzonbnoi. Cuctema, mMatpuna A KOTOpO#

SIBIIIETCA TpallelIUEeBUIHOMN, HA3BIBAETCS mpaneyueguoHoil.
Pewenuem cucmemsbl HA3BIBACTCS BCAKUN YIOPSAJOYCHHBIM HA0Op dwHCeN

a = (al,az,...,an), oOpamaromuil KaXxa0e YpaBHEHHE CUCTEMBI B PaBEHCTBO.

COBOKYITHOCTB BCEX PELICHUH HAa3BIBACTCS MHOMCECINEOM PEULeHUTl CUCHIEMDbL.
Cucrema Ha3bIBaCTCSl CO6MECMHOI, €CIM OHA UMEET, MO0 KpalHEeH Mepe, OIHO
pELIEHUE; onpedeénHoll, ECITA OHa UMEET TOJILKO OJHO PEILICHHUE; Heonpeoenén-
HOIl, €CIIU OHA UMeeT OECKOHEUHO MHOI'O PELICHUM; HeCO6MeCmH O, €CII OHA HE
HMEET pelIeHui.
OnHoponHas cucTeMa ypaBHEHUH BCerjla COBMECTHA, TaK KaK BCET/la UMEET, M0

Kpaiineil Mepe, HyneBoe pemenue 0 = (0,0,...,0) . TpeyronpHas cuctema sBISIET-

Csl ONpEJICTIEHHOM, TPAIICIIMEeBUIHAS CUCTEMA — HEOTPEICIEHHOM.

JIBe cucTeMBl HA3bIBAIOTCS IKBUBAICHMHBIMU, SCITU MHOXCCTBA MX pPEIICHUN
COBIIAJIAOT.

DnemenmapHuvimu nPeooPA306AHUAMU CUCHIEM YPAGHEHUIl HA3BIBAIOTCS:
1) nepecTaHoBKa ypaBHEHMUIA;

2) NEPECTAHOBKA MECTAMU CJIara€MbIX al./. . x/. B KaXX10M M3 ypaBHeHI/Iﬁ CHUCTCMBI,

3) yMHO)KEHHE YpaBHEHUS] Ha YHUCIIO, OTIIMYHOE OT HYJIS;
4) npubaBieHNe K ypaBHEHHIO JIPYTroro, YMHOKEHHOIO Ha JII000€ YHUCIIO;
5) BbruépkuBanme ypapHenus Buaa: 0-x; +0-x5 +...4+0-x, =0.
OCHOBHBIMU TOYHBIMH METOJAMHU PEUICHUs] CUCTEM JIMHEWHBIX ypaBHEHHHU sIB-

nsroTest MeToabl: Kpamepa, o0paTHoit matpuiiel u aycca.
Ecnu gmcno ypaBHeHUI B CUCTEME m COBIQJAET C YUCIIOM HEU3BECTHBIX 1 U

OIIPEICIUTENh MATPUIBI cucTeMbl A =| 4 |# 0, TO cucTeMa MMeeT eIUHCTBEHHOE
pelieHre, KOTopoe MOXKHO HaWTH:
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a) memooom Kpamepa no popmymnam: x j= A / A, j= 171 rae A j - onpene-
J

JIUTENb, TONYyYaeMbId M3 ONPEACIUTEIs] MATPUIBI CUCTEMBI A 3aMEHOU j -0ro
CTOJIOIA Ha CTOJ0EI CBOOOIHBIX UJICHOB;

0) memooom oopamnoii mampuysl 110 popmyne X = 47" B.

Memooom I'aycca HaXOIAT pellICHUE NPOU3BONBHON CUCTEMBI JTUHEHHBIX ypaB-
HeHWI. MeTos COCTOUT B NPUBECHUN CHCTEMBI YPaBHEHHUH, C TIOMOIIBIO 3JIEMEH-
TapHBIX NPeoOpa30BaHU, K CHCTEME CHENUATBLHOTO BHJA, SKBUBAJICHTHOW HCXO/-
HOH, pelieHne KoTopoil oueBuaHo. [IpeoOpaszoBanus mo meroxy ['aycca BbImon-
HSIOT B J1Ba oTamna. [1epBeIii 3Tan Ha3bIBAIOT MPSIMBIM XOJIOM, BTOPOH - 00paTHBIM.

B pesynbrare mpsiMoro xoga BBICHSIOT: COBMECTHA WIIM HET CUCTEMa M €Cid
COBMECTHA TO, CKOJIbKO MMEET PEIICHUH - OHO WM OECKOHEYHO MHOTO0, a TaKXKe,
B ciTyyae OCCKOHEYHOTO MHOXKECTBA PEIICHHH, YKa3hIBAlOT OA3UCHBIC H CBOOOTHEIC
HEW3BECTHBIE IS 3aIMCH OOIIEero peuieHust cucteMbl. [IpeoOpazoBaHust MpsSMoOro
XO/a BBINONHSIOT, KaK MpaBWIIO, HaJ pPACHIMPEHHOW MaTpHLEed CHCTEMBI

A =(A4|B), KOTOPYIO NONYYAIOT, IPUITHCHIBAs CIIPaBa K MATPHIIE CHCTeMbl A
cronber; cBOOOJHBIX WIEHOB B . B pesymbrare ajieMeHTapHBIX MpeoOpa3oBaHMiA
CTPOK M TIEPECTaHOBKOM CTONOILIOB, MAaTpUIla CUCTEMBI A JOJKHA OBITH TIPUBEIE-
Ha K martpuiie A’ TPEeyroibHOrO WM TPAICHUEBUIHOIO BHIA C DIIEMEHTAMU

v v !
a;; # 0. Ilpu oTOM, cucTeMa ypaBHEHHH, MaTpulia KOTOPOM A", senserca Tpe-

!

i %0 (i =1.2,...,n), Oymer uMmeTh

yFOJ'IBHOﬁ C AWaroHaJbHbIMH 3JICMCHTAMH a

v v !
CAUHCTBCHHOC PCIICHHE, CUCTEMa YPAaBHCHUH, MATpUIla KOTOpPOHU A , SABJISACTCA

TPANEIUEBUIHON C IIEMEHTAMU al'-l- #0 (i=12,.,k, e0ek <n),Oyner umers

OeCKOHEYHO MHOrO perieHuid. Eciiu, npu BBINONHEHUH NpeoOpa3oBaHuii paciiu-
PEHHON MAaTPHIIBI R npeoOpa3oBaHHON MaTpHIIE A' nosurcs CTpOKa
(O 0 ... 0 |b'), rae b’ # 0, TO 3TO TOBOPUT O HECOBMECTHOCTU HCXOIHOM
CHCTEMbI ypaBHEeHUH. Ba3uCHbIC HEU3BECTHBIE YKA3bIBAIOT, BRIMCHIBAS OA3KCHBIN
MHHOp Tpeobpa3oBanHOil MaTpuiisl cucteMbl A’ . BasHCHBIMU SBIAIOTCA HEH3-
BECTHBIE MPe0OPa30BAHHON CUCTEMBI, CTONOIBI KO3 dHUIHEHTOB al.'/. MPU KOTOPBIX
00pa3yroT 0a3uCHBIA MUHOP (OTPEACITUTEh MAKCHMATBHOTO MOPSAKA, OTIHYHBIN
ot HyJs1). CBOOOJHBIMU SIBJISIFOTCSI HEM3BECTHBIE, HE SIBIIAIOIIUECS Oa3UCHBIMH.

B pesysnbraTe 06paTHOr0 X0Aa HAXOIIT PEIICHHE CUCTEMBI, 3alMCBHIBAs €ro B

BUIC O6II1€FO peuicHus, €Ciin ux 0OECKOHEYHO MHOTO0. HpeO6pa3OBaHI/IH O6paTHOFO
X04a 4aCTO BBINOJIHAIOT, HAJ YPABHCHUSAMU CUCTCMBI, COOTBeTCTByIOHleﬁ nociIca-

Hell pacumpennoii marpuiie A’ TpsMoro xozxa. B ciyuae eqMHCTBEHHOro perire-
HUSl, €ro MOJy4yaroT, HAaXOAsd IMOCIEI0BATENbHO 3HAUYEHMS BCEX HEU3BECTHBIX W3

77



YpaBHEHUM CHCTEMBI, HaUMHAs C MoclenHero. B cnydae, xorna pemenuil 6ecko-
HEYHO MHOTO0, MX 3aITUCHIBAIOT B BUJE 0OOIIero pemenus. Jns 3Toro cBoOOAHBIM

HCU3BCCTHBIM MPUAAIOT PA3HBIC MPOU3BOJILHBIC IMOCTOAHHLIC 3HAYCHUA: Cl’

C 5 reees C 21—k » ¥ TIOCTIEZIOBATENBHO U3 YPABHEHHH CHCTEMBI, HAYMHAS C MOCIIEHE-

T'0, HAaXOJAT 3HAUYCHUA BCCX 0a3UCHBIX HEU3BECTHEIX. HonyquHoe peuIcHrUC Ha3bI-
BaroT O6IIII/IM. HpI/IZ[aBaH MMPOMU3BOJIbHBIM IMOCTOAHHBIM, KOHKPCTHLIC 3HAYCHUA,
HaXoJAT YaCTHBIC PCIICHUSA CUCTEMbI ypaBHeHHﬁ.

Ypasnenuamu mesrcompacnesozo dananca, onvceBarOIUMH TIPOLECC MPOU3-
BOJICTBA W TMOTPEOJICHUS TPOAYKIIUU H -OTPACICBOM 3KOHOMHKOH, HA3BIBAIOT

n
YPaBHEHHS X, = in/. +y; (i=12,...,n), rae Xx,- 00ObEM BBINyCKa BaJIOBOI
j=1

NPOAYKUMH [ -OH OTPAcibio, X; - 00bEM HPOAYKUMH [ -OH OTpaciy, norpebise-

MBI j -OH OTPacibio Ul IPOU3BOJACTBA CBOEH IPOAYKIMH, ), - 00BEM BBITyCKa

KOHEYHOW MPOAYKIUH [ -Of OTPaciibio, MPeAHA3HAYCHHON JUIsS peaiu3alyy B He-
TIPOM3BOJICTBEHHOM cepe.

Ecin mpennonoxurs, 910 X; =4, - X; (TUIOTe3a JUHEHHOCTH), TAe @ - HO-
CTOSIHHBIE YHMCJIa, XapaKTEePU3YIOIIME TEXHOJOTHIO MPOW3BOJACTBA (TIOKAa3BIBAIOT
3aTpaThl MPOMYKIUH [ -Oi OTPAcii HA MPOU3BOACTBO | eNUHUIBI NPOAYKIUU J -
ol OTpacin) U Ha3bIBaeMble Koahdpuyuenmamu npamsix 3ampam, TO ypaBHEHHs

n
MEKOTpacieBoro 0anaHca 3alMIIyTCs B BUAE: X, = z ag;x; +y; (i= L2,...,n).
J=1
VX Ha3bIBAIOT ypaBHEHHUSMH JIMHEHHOTO MEXKOTPACIIEBOr0 OajlaHca Wil JIUHeHHOu
mooenvio J/leonmvesa MHO200MPACIE60Ti IKOHOMUKY Y 3AITVCHIBAIOT, KaK IIPABH-
10, B Marpuunom Bupe: (E—A)-X =Y, rne E - enunuunas warpuia,

A=(a;)- marpuna ko>buumeHToB NpsMbIX 3atpaT; X = (X, X, ...,xn)T U

Y=0,Y2,--» yn)T - BEKTOpHI (MaTpHUIIBI-CTONIONBI) BaJOBOTO M KOHEYHOTO
IPOAYKTa, COOTBETCTBEHHO.

OcHoBHas 3aja4a JIMHEHHOrO MEXOTpaciIeBoro OalaHca COCTOMT B OTBHICKAHHU
BekTopa X > (), KOTOpBI NpU M3BECTHOH MaTpuile mpsAMbIX 3atpar A >0 obec-
MEYNBACT 3aJaHHBIA BEKTOp KOHewHOro mpoaykra Y >0 . Bekrop X Haxomgutcs

o popmyne X =(E—A)"-Y=85-Y,rme S= (s;) - matpuna Kogpduyuen-

moe noJjiHblx 3ampam, 3JICMCHT Si/' KOTOpOﬁ MOKa3bIBACT BCJIIMYMHY BaJIOBOT'O
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BBINTyCKa MPOJYKIUH [ -OH OTpaciiv, HEOOXOMUMOM It oOecriedeHns! BeImycKa |
€IMHUIBI KOHEYHOTO MPOJyKTa j -OM oTpaciu. PemeHue Takoil 3amadu  CyIect-
BYET TOJIBKO JUTs IPOAYKTUBHBIX MaTpull A >0 .
Martpuiia A >0 Ha3bIBaE€TCS MPOOYKMUBHOI, eCl [UTs 11000ro Bekropa Y > (0
cymectyer pemenne X > 0 ypasuenus Jleontsesa: (E— A)™' - X =Y.
Martpuna A >0 Oyaer NpOAYKTUBHOM, €CIH CyMMa SIIEMEHTOB 0 KaXIOMY €&

n n
cTos0Iry (CTpOKe) HEe MPEBOCXOMUT CIUHHUIIB: Zal—i <1 Zai/. <1, npuuém
i=1 j=I1

XOTsI OBI JUIsL OJTHOTO CTOJNOMA (CTPOKU) 3Ta CyMMa CTPOTO MEHBIIE SAHHUIIBL.
Yucmoiui npodyKyueil 0Tpacid Ha3bIBaeTCS PA3HOCTh MEXK/Y BaJOBOW MPOAYK-
[yeil 3TOW OTpaciM W 3aTpaTaMH MPOAYKIHH BCEX OTpaciiel Ha MPOU3BOACTBO

AaHHOHU otpaciu. OObEMBI z; BbINYCKA YHCTON NMPOAYKLMH j -Oif OTPAaciM Bbl-

n
YHCISIOT 110 hopMynam: z; =X ; — le-/- (j=12,...,n).
i=1

Tema. CucremMbl BeKTOPOB. N-MepHOe BEeKTOpPHOE NPOCTPaHcTBO. EBK-
JHJI0BO IMMPOCTPAHCTBO.
Aput[memuuecxum 6€KMOPOM HA3LIBAIOT YHOPAAOYCHHYIO COBOKYITHOCTH U3 n

aHCel: X;,X,,...,X, H 0003HAUAlT X =(X;,X,,...,X,). Uucna X, Ha3bIBaKOT

KOMHOHeHmamu BEKTopa X , YACIO0 KOMIIOHEHT HA3BIBAIOT €0 PA3MEPHOCIBIO.
BekTopel X M Y Ha3bIBaIOT PAGHBIMU, €CIIU OHM OJMHAKOBOH Pa3MEPHOCTH U

HX COOTBCTCTBYIOIIWME KOMIIOHCHTHI PABHBI: xl- = yl , i= 1, n.

Cymmoii 6ekmopoe X W )y OJHOW Pa3MEPHOCTH, HA3bIBAIOT BEKTOp Z = X +

TOH 7K€ Pa3MEPHOCTH, ISl KOTOPOro:  z; = X; + y;, i =1,n.
Ilpoussedenuem éekmopa X na wucao Of Ha3bIBAIOT BEKTOp Y = OLX TOH Ke
Pa3sMEpHOCTH, Ul KOTOpOro:  y; =ox;, i =Ln.

Jluneiinoii Koméunayueii 6ekmopog X W ) OIHOM Pa3sMEPHOCTH, HA3bIBAIOT

BEKTOp Z = aX + [ Toi e pasmMepHocTd (¢ U 8 - MPOU3BOJIBHBIE YUCIA), IS

Koroporo:  z; =ax; +fy;,i=Ln.
MHOXeCTBO BCeX H -MEPHBIX BEKTOPOB, B KOTOPOM BBEJCHBI ONEPAIUU CIIOKE-

HUA U YMHOXCHHSA Ha YHUCIO0, YAOBJICTBOPAIOIHNEC OHpeZ[eJ'IéHHI:IM Tpe6OBaHI/I$IM

n
(axcHoMaM) Ha3BLIBAIOT 6EKMOPHLIM NPOCMPAHCMEom U 0bo3HadaoT R .
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CucreMy BEKTOPOB {)_cl 3 Xg,.. .,)_ck} HA3LIBAIOT JIUHEIHO 3A6UCUMOIL, ECITA Hali-
AyTcs  uMCIa  O,Qp,...,0;, #(0  OIHOBpEMEHHO,  Takue,  4YTO
QX + Xy +..tapx; =0 (rge 0 = (0,0,...,0) - nynesoit BekTOp), B MPO-
TUBHOM CJIy4ae, CUCTEMY HA3BLIBAIOT IUHECIIHO HE3AGUCUMOIL.

Basucom cucmemut 6ekmopog S = {X|,Xx,,...,X; } Ha3bIBAIOT yMOPSIO0UCHHYIO

CHCTEMY BEKTOpOB B ¢ = (bysbs,...,b,,) , yIOBIETBOPSIONLYIO YCIOBHSIM:

1) I;l eS,i=1m;2)cucrema B S JIMHEHHO He3aBUcUMa; 3) s Jr000ro BeKTO-
pa xeS HalyTes quca Ap,0y,...,0, TakKue, 4TO
X =ab +oayby +...+a,b,. Koxpbuumentsr o,a;,...,Q,,, OIHO3HAIHO

orpesierisieMbie BEKTOPOM X , HA3BIBAIOT KOOpOUHamamu éekmopa B 6azuce B,
a QopMyly HA3BIBAIOT pasiodicenuem éekmopa X no basucy B, w nmuyr:
Ez(al,az,...,an)BS .

B npoctpanctee R” 6a3zucoM sBNSETCS Kaxash yNopsAI04eHHasi CHCTeMa U3 71
JUHENHO  HE3aBUCUMBIX  BEKTOPOB: B 1= (I;I,I;Z,...,I;n). Dopmyny
X= allgl + 0:252 +...+ anI;n Ha3bIBAIOT pazioxncenuem eéekmopa X € R" no

oasucy B KOd(QULIUEHTE Ay, >,...,Q, - Koopounamamu éekmopa B 0a-

Rl’ln
3uce B, u iyt x=(a1,a2,...,an)BRn .

n

Bcesikast ynmopsimoueHHast cictemMa u3 1 BEKTOPOB (I;1 ,I;Z yeres I;n ) obpazyert Oasuc

n
R , €CJIN ONIpEACINTEIIb, CTOJ'I6H3MI/I KOTOPOT'0O ABJIAIOTCA KOMIIOHCHTBI BEKTOPOB

I;I,bz,...,bn , HE paBeH HYIIIO.

n
Ipocrpancteo R™ | g KOTOPOM BBEJECHO CKAJIIPHOE IPOU3BEICHUE BEKTOPOB,
YIOBJICTBOPSIONICE ONPEICIEHHBIM TPEeOOBAHUSIM (aKCHOMAaM), Ha3bIBAIOT CBKIIM-
JIOBBIM.

- n
CkansipHBIM INIPOM3BEJCHUEM JIByX BEKTOPOB X =(x,%p,...,X,) €ER"

_ n - = _
y=01>Y2.>Y,) € R maspBaror uncno: XY =XV + XV, +..+ X, Y, .
JlBa BEKTOpa X M ) HA3bIBAIOT opmozonansheimu, eciu X -y =0 .
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Basuc B~ =(b;,b,,...,b,) 7N -MEpHOr0 €BKINAOBA IPOCTPAHCTBA HA3BIBAIOT

opmozonansusim, ecna b; - b ;=0 mpu i # j. B pasnoxeHud BeKTOpa X IO

Lo — _
basucy B~ : X=oyb +oyby +...+ b, , uncna o, Q,,....0f, HazbBaeMbIe

= L
KoopOuHama.nm 6eKkmopa X 6 OpmO2OHAITbHOM oasuce B , OHpEACIA0T IO

dopmynam: a; = (¥; -b;)/(b; -b;), (i =1.n).

Tema. BekTopHas ajareopa.
Bekmopom (ceomempuueckum) Ha3bIBACTCS HAINPaBICHHBIN OTPE30K, 3ajaBae-
MBIIl YIIOpSIOUEHHOW Mapoil Touek (HayasoM M KOHIOM Bekropa). O0o3HayaroT

—_

BEKTOp AB v C_Z . Paccrosinue MCKAY Ha4aJIOM U KOHIIOM BEKTOpA HA3bIBACTCS

€ro OuHol 1 0003HAYAETCS |E| WIH 4 . Yenom mexncdy éekmopamu a v b
/\_

HasbiBaercs yron @ =(a,b), 0<@ <7, Ha KOTOpBIH ClieAyeT MOBEPHYTh ONHH

U3 BEKTOPOB, UTOOBI €I'0 HANIPABJIEHHUE COBIAJIO C HAIIPABJICHUEM JIPYroro BEKTOpa,

NpH YCJIOBHH, YTO MX Hayana coBnanawt. IIpoexkyueit 6ekmopa a na éekmop b

A
HA3BIBACTCS YUCIIO npgﬁ =|a|-cos(a,b).

BeKTOpBI HAa3bIBAIOTCA KOMIUHEAPHbIMU, CCIIN OHU PACIIOJIOKCHBI Ha OJTHOM
HpHMOﬁ WJIK Ha NMapauICJIbHBIX MPAMbBIX. BeKTOpLI Ha3bIBAKOTCA KOMNIAHAPHbIMU,
€CJIM OHHU paClOJIOKCHLI B OJTHOM TIJTIOCKOCTH WJIH B napajICJIbHbIX IJIOCKOCTAX.

BekTopsl @ W b Ha3bIBAIOTCA pagHsimMu Vi MAMYT @ =b , €CIA OHU KOJUTHHE-
apHBI, OJIMHAKOBO HATIPABJIECHLI U UMEIOT PABHBIE JJIMHBL BekTopsl @ u b Hasbl-

BAalOTCA RPOMUBONOIONHCHBIMU U TIULTYT a=-b , €CJIM OHM KOJUIMHECAPHbI, Ha-
MPaBJICHBI B Pa3HBIC CTOPOHLI U UMCIOT PaBHBIC JIJIMHBI.

Cymmoii BEKTOPOB a U b HA3bIBAETCS BEKTOp C =da +b , coeuusiomuil Ha-
4ajo BEKTOpAa & W KOHEL BEKTopa b , IIPU YCIOBHHM, YTO KOHEL BEKTOPA & COB-
Najaer ¢ HauanoM Bektopa b (mpasuno mpeyeonvhuxa). Ipouseedenuem eek-
mopa G na OelicmeumensHoe YUcno . Ha3bIBACTCS BEKTOp b = A -4 :

1) xomTHHeapHbIil BeKTOpY @ ; 2) uMeroumii mmuny | b |=| A || a |; 3) Hanpas-

JIEHHBIM OJMHAKOBO C BEKTOPOM « , €ciu A >0, ¥ NPOTUBOIOJIOXKHO, €CIH
A<0.
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Opmom éexmopa @ , HA3BIBACTCA BEKTOP @', MMEIONIMii CHHUUHYIO [UTHHY H
— _0 — —
HampaBlienue Bektopa d 1 a. =da/|a|.
3 y
Bazucom ¢ npocmpancmee R HasblBaeTcs ynopsi0ueHHas Tpoifka HEKOMILIA-

HapHBIX BEKTOPOB, 0A3UCOM HA HIOCKOCHU R® - YHOPAAOUYEHHAs apa HEKOJIH-
HEapHbBIX BEKTOPOB, Oa3ucom Ha npamoii R — 11000 HeHYIEBOH BEKTOp Ha 3TOM
npsiMoii. basnc, B KOTOpOM BCe BEKTOpHI MONApHO MEPHEHIUKYISIPHBI U UMEIOT
EIMMHUYHYIO JUITMHY, Ha3bIBACTCSl OPMOHOPMUPOSAHHBIM. BEKTOPEI OPTOHOPMHPO-

BaHHOTO 6a3uca 0003HAYAIOTCA: i,/ W k , ¥ HA3BIBAIOTCA OA3UCHBIMU OPMAMU.
Pa3nuuaroT NpaBblii M JIEBBIi OPTOHOPMHpPOBAaHHBIE 6asuchl. basuc (i, j) -
HA3BIBACTCS MPABBIM, €CIU KpaTYaWIHi TTOBOPOT OT ik j coBepIIaeTcs MPOTHB
XOJa YacOBOH CTPENKH, B NPOTHBHOM clydae OH — JeBbli. basuc (i, ]/, l?) -
HA3BIBACTCS [IPABBIM, ECIIM W3 KOHI[A BEKTOpa k KpaTYaILHii OBOPOT OT BEKTOPA
i k J BUJIEH COBEPIIAIONMIMMCS MPOTUB XOJ1a YACOBOH CTPENKH, B IIPOTHBHOM CITY-
4ae OH — JIEBBIM.

Ycnoseuem konnuneapnocmu eexmopos a u b sBusercs PaBEHCTBO: b=X-a,
rae A - HEKOTOPOE UHCIIO. YCr06uem KOMRAAHAPHOCMU 6eKMOPO8 G, b u C

SIBIISICTCS PABEHCTBO: ¢ = -a + B -b ,The o, § - HEKOTOPBIC YUCIA.

Besikuit reoMeTpudecKkuii BEKTOP MOKET ObITh Pas3jiokKeH eIUHCTBEHHBIM 00pa-
30M MO BEKTOpaM 0Oasmca, KO3 UIMEHTHI PA3JIOKCHUS HA3BIBAIOTCS TPH 3TOM

Koopounamamu éexmopa B 1aHHoM Oasuce. Hampumep, eciu BR3 =(b,,b,,b3) -
3 _

basuc R° u @ eR®, 10 Bcerma CymecTBYeT eIMHCTBEHHOE Pa3IOXKCHHE:

a=o,b +o,b, +asbs, rae uncna a,,0,,0; - KOOpAUHATH BEKTOpA a B Oasu-

— 3
ce 3R3 , IpY 3TOM MUIIYT a = (0, Q,,03) 5 Ecmu B R° 3aduxcupoBan opro-
R

HOPMHpOBAaHHEIA Gasuc (i, /,k) u @€R>, To paBHOCHIBHBI 3aImHCH:

a=aji+o,j+azk u a=(a,a,,a;) (6 3anucu eekmopa 6 KOOPOUHAMHOU
opme opmoHOPMUPOBAHHDBLIL OA3UC He YKAZbIEAIOM).

[pencraBieHre reOMETPUUECKHX BEKTOPOB B KOOPAMHATHOHN (hopMe, MO3BOJISET
BBIMOJIHATH JEWCTBUS HAJl HUMHU, KaK HaJ apU(PMETHIECKUMU BEKTOPAMHU:

5"'1;:((11,(12,(13)+(ﬂl,ﬂ2,ﬂ3):(al +ﬂl:a2 +ﬂ23a3 +ﬂ3)9
A-a=A-(a,ay,a3)=(Aay, Aay, Aag) .
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Jlekapmoeoii npAMOYzonbHOIl CUCMEMOIL KOOPOUHAM 6 NPOCMPAHCHIEe Ha3bI-
BaeTcsl COBOKYITHOCTHh TOYKM () (Ha4ajao KOOpJWHAT) M NPaBOrO OPTOHOPMHUPO-

BaHHOTO Oaswmca <0, i, 7, l€)> u obosHauaercst Oxyz . [Ipsmeie Ox,Oy , Oz , po-

XOOAIUEe Y€pe3 HAaYaJI0O KOOpAUHAT B HAIIpaBJICHHUU 0a3nCHBIX BCEKTOPOB, HA3bIBA-
HOTCA Koopbuuamubwu ocAmu: 1icpBas — OCbIO a6cuncc, BTOpas — OCbIO OpAUHAT,
TPETh — OCbIO aIlIJIMKAT. HHOCKOCTI/I, npoxoaduue 4€pe3 0Cu KOOpArHAT, Ha3bl-
BAarOTCsA Koop()uuamubmu njaockocmamu. AHAJIOTMYHO BBOJUTCS CHCTEMA KOOp-

JIMHAT HA IIOCKOCTH: <0, @i, ]_)> =0Oxy .
IIycts M - mpoW3BONbHAS TOYKA MPOCTPAHCTBA, B KOTOPOM BBEIEHA CHCTEMa

KOOpJUHAT <0, i, 7, l€)> =0Oxyz . Paouyc-eekmopom mouxku M Ha3bIBa€TCs BEK-

Top OM , KOTOpBIiA BCErja eIMHCTBEHHBIM 00pa30M MOKHO IMPECTABUThH B BHJIE:
OM =xi + yj+zk=(x,y,z). Yucna x,y,z, SBISIOLIECS KOOPAHHATAMH Pajlii-
yC-BEKTOpa, COBMAIAIOT C MPOSKIUSIMU BEKTOpa OM ma GasucHble OpTHL i, j W
k (na xoopmuHatHbie ocu Ox,Oy u Oz ). Koopounamamu mouku M B cucteme

KoopauHaT Oxyz Ha3bIBAIOTCS KOOPAMHATHI €€ paauyc-BEeKTOpa OM u TTUIITYT
M (x,y,z). B cBoto ouepenb, KOOpIAUHATHI TOUKU M (X, y,z) TOTHOCTBHIO ONpeEe-
0T 8 pammyc-extop OM = (x, y,z)=xi +yj + zk . Besiknii reomeTpueckuii
BeKTOp @ € R B cucteMe koopauHaT Oxyz , BCEra MOXHO IPEICTABHTH KAK Pa-
JINYC-BEKTOP HEKOTOPOH TOYKH u 3armcarth B BHUIE!
c_z=x017+yaj+zal€=(xa,ya,za) .

JnuHa |a | BekTOopa @ , 33JaHHOr0 KOOpAWHAaTaMH a =(X,,Y,,Z,), ONpeaens-

o= (2, 2 2
ercst opmynoit: |a|=+x; + v, +z, . Hanpaenaowumu xocunycamu eexmopa

A
_ _ X
a Ha3pIBAlOTCA dwMCNa: cos o =cos(a,Ox) = |y_a| )
a

, cosf3=cos(a,Oy)=

la|
" Zq 2 2 2
cosyzcos(a,Oz)zﬁ, MU 3TOM Cos” o +cos” B +cos” y=1.
a

Koopaunatsl Bekropa AB , 3anaHHoro toukamu A(x,,v,,z,4) U B(xz,v5.25)
onpenensitorca mo dopmyne: AB=(xp-x,,yp—y,,Zp —2,). PaccrosHue
p(A4, B) mexny touxkamu A (x,,y,,z,) u B(xy,y,,z,) onpenensercs kax

JUTHHA BEKTOpa AB ¥ HaXOmuTCs 1o GopMyIie:
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P, B) =/ ABI= (5 2, + (g —7.4)? +(25 —24)
Koopaunatel Toukn C(x.,yc,2Zo) Aensiieid oTpe3ok AB momonaM HaxXomsTcs

X, +Xx + z,+z
o popmynam: x. =—4—L 3. = Va7 Vb zp =48,
2 2 2
Cranapuvim npouszéedenuem BEKTOPOB g M b Ha3pIBaeTCsd  UMCIO

A

a-b=|a|-|b|-cos(@,b).CranspHoe mpon3BeneHNe 00IAIaeT CBONCTBAMY:
H)ab=b-a; 2) (A-a)-b=A-(@-b) rue A - uncio;
)z( +o)=a-b+a-c; 4 a-a=a*=al
S5\alboab=0; 6)i-j=0,i-k=0, j-k=0,i>=1, j>=1,k>=
Jlis  BeKTOpOB a " b, 3agaHHBIX  CBOMMH  KOOpIMHATAMH

G =Xy, )+ 2k = (X 00520), b =x,0+y,] +Zb =(X,,¥,,2,) CcKa-
JIIPHOE TIPOM3BEICHUE BRIYUCIIAETCS 110 hopMmyre: a - b= XqXp +YaVp +ZaZp -
CkanspHoe IpoU3BeCHHE HpI/IMeHSIIOTZ 1) 1is BEIYMCICHUSI YTIIa MEXKIY BEKTO-
I a-b
pamu a u b 1o dopmyne: cos(a, b) = m 2) A1 BBIYMCIIEHUS IPOEKIUU
a .
_ — _ a-b
BEKTOpa @ Ha BEKTOp b mo popmyine: np, a =—=—7; 3) JUlsl BBIYUCIICHUS JUINHBI

5]

BeKTOpa a =a - p+ B-q 1o dopmyrne: |E|=\/c_12 =\/(a'ﬁ+ﬁ'57)2 ; 4) B Kaue-

CTBE YCJIOBHS TIEpIEHAMKYIAPHOCTH BEKTOpoB @ u b : @ | b<ab=0.

Bexmopnvim npouseedenuem BeKTOpoB d W b Ha3LIBAETCA BEKTOp ¢ =a xb ,

A
OIpeIesIEMBIN YCIOBUSIMH: D|clHaxb|Hal-|b|sin(@,b);
2)clanclb; 3) (a, b, C) - mpasast TpOMKa BEKTOPOB.
Vuopsitouennass tpoiika (@, b,c ) HEKOMIUTAaHAPHBIX BEKTOPOB HA3BIBAETCS
npaeoli MPoNiKoil, €CIN U3 KOHIA TPETHETO BEKTOPA C , KpaTYalIliii TOBOPOT OT
TIEpPBOrO BEKTOPA @ KO BTOPOMY b , BHJCH COBEPUIAIONIAMCS IPOTHB XOa YaCO-
BOI crpenku. B mporuBHOM cityuae, Tpoiika (a, b,c ) Ha3LIBAETCS JIEBOM.
BekropHoe mpou3BeieHHe 001a1aeT CBOHCTBAMHU:
1) axb=-bxa; 2) (A-@)xb =A-(@xb),rue A - uncio;
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3)ax(b+c)=axb+axc; 4 axa=0 5)a||b<axb=0;

6)ixj=k,kxi=j, jxk=1i,ixi=0, jxj=0, kxk=0.
Jlis  BekTopoB @ M b, 3aJaHHBIX  CBOMMH  KOOPAHHATAMH
a=x,i+y,j+z,k =02, b= xbl +y,,] + Zb =(X,,¥,,2,) Bek-
ik
TOpHOE NPOM3BEICHHE BHIYHCISETCS 110 opmyne: axb =|x, vy Zg
Xy Yy %

BektopHoe mpousBeneHue a x b mpuMmeHstotr: 1) Ui BRIYUCICHUS TUTOMIAICH
TpEyroJbHUKa U napannenorpaMMa MTOCTPOCHHBIX HA BEKTOpax a W b , Kak Ha
=la x b | ;2) B Ka4ecTBe YCIIOBHS Mapaiieib-

CTOpoHax, 1o dopmyine: 28, =S,,,

HOCTH BEKTOpOB @ u b : al||b < axb =0.

ol

CmewannbimM npouzeedenuem YIOPSAOUCHHOW TPOWKHA BEKTOPOB a ,b H
HaspBaetest uncno abe =(axb)-¢.

CMeliaHHOe POU3BECHUE 001aaeT CBOWCTBAMH:
1) (@xb)-c=a-(bxc); 2) ab¢ =—ach =—cba g
3) abc = bea = cab ; 4) @,b v C -xoMmaHapHBI <> T =0}

5) abc=1V, roe V -00BéM mapaiienenunena, MOCTPOCHHOTO Ha BEKTOPax

a,buc.
Hdnst BekTtopoB  a, b wu ¢ , 3aJaHHBIX CBOMMHU  KOOpJUHATaAMHU
=X 0+, J+ 2,k =(X4,94:2,) 5 b=xi+y,j+z,k=(x,,7,.2,),

C=x,i+y.j+ zclg =(x,,Y,»Z,) CMECIIAHHOE IIPOU3BEICHHE BBIUHUCIACTCA IO
Xa Ya Za
dopmyre: abc = Xp Yp o Zp
Xe Ye Zc
CMeniaHHOe TPOU3BEACHUE abe npuMeHstor: 1) Juis BBIYMCIIEHHST 0O0BEMOB
TeTpajdapa U MapajuleNiennume/a, MOCTPOSHHBIX HAa BEKTOpax a,bu T, xax Ha
pébpax, mo dopmyine: 6V, =V,q, = abec | 2) B KaYECTBE YCIOBHS KOMILIA-
HAPHOCTH BEKTOPOB @ ,b 1 ¢ : abc =0 @,b 1 C - KOMILIAHAPHBL.
Tema. lIpsivble JIMHUM U IJIOCKOCTH.
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Hopmanonuvim eexmopom npamoni L , Ha3bIBaeTCsl BCSIKUN HEHYJIEBOW BEKTOP
N TepHeHIVKyIApHbIA MaHHON npsmoit. Hanpaenawowum eexmopom npamoii
L , Ha3bIBaeTCA BCSKHIA HEHYIEBON BEKTOP ¢ TApajlIeNbHbIIA TaHHON TPSIMOM.

Ilpamaa L na nanockocmu B cucteme koopauHaT Oxy MOXeT ObITh 3ajaHa
YpaBHEHHEM OJHOTO U3 CIEAYIOIINX BHIIOB!

1) Ax+ By +C =0 - oowee ypasnenue npsmoii, rne (A4, B) = N - HOpMalb-

HBII BEKTOP MPSIMOIA;

2) A(x—-xp)+B(y—yy)=0 - ypaBHeHHe NpsMOH, MPOXOJsIIEH uepe3 TOYKY

Mo (xg,yo) NEPNEHTUKYIIPHO TAHHOMY BEKTOPY N =(4,B);

Y Y7o
I 0m

Mo (xg,yo) NapajenabHO JaHHOMY BeKTOpy ¢ = (I,m) (Kanonuueckoe ypasHe-

3) - yYpaBHEHHE MpsIMOM, TNPOXOJAIIEH dYepe3 TOUKy

Hue);
4) X=X — Y=N"
Xo=Xp V2=
KA Ml(xlnyl) s Mz(Xz,yz) 5
Yo +k(x—xp) y
5) y= oot b - ypaBHEHHUS TNPSMOH ¢ y2n06biM KoIpduuuenmom
+

k=tga , tne My(xg,yy) - TouKa uepe3 KOTOPYIO TNpsAMas INpPOXOIHT; «

- YpaBHCHHUC HpHMOﬁ, npoxoaﬂmef/i 4Yepe3 ABC JaHHBIC TOY-

(—m/2<a <m/2) — yron, KOTOpbIii IpsMas COCTaBNsSET ¢ ocbo Ox; b - JuMHA
oTpe3ka (co 3HaKOM * ), OTcekaeMoro mpsiMoii Ha ocu Oy (3HaK «+ », €CITU OTpe-

30K OTCEKAETCs Ha IMOJIOKHUTEITHHON YaCTH OCH M « — », €CIIH Ha OTPUIATCIBHOI).
X y .

6) —+ 5 =1 - ypaBHECHHUE TIPSIMOI 6 ompe3Kax, TAC a U b - JUIMHBI OTPE3KOB (CO
a

3HAKOM ), OTCEKAeMBbIX MPSIMON Ha KOOPJAMHATHBIX 0csiX Ox u Oy (3HaK «+ »,
€CJIH OTPE30K OTCEKAeTCs Ha MONOKHUTEIBHON YaCTH OCH M « — », €CJIH Ha OTpU-
[ATEITBHOM).

Paccmosnue om mouku M *(x*, y*) 00 npamou L , 3amaHHON O0IUM ypaB-
HeHueM Ax + By + C = 0 Ha IUIOCKOCTH, HAXOIUTCS TI0 PopMyIie:

|Ax*+By*+C|

\/A2 +B’2

p(M™,L) =
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A
Yeon ¢ =(L;,L,), (0<¢p< 7r/2 ) Mmexncoy npamvimu L, u L,, 3a1aHHBIMU
OOIIMMU YPAaBHEHUSIMU WIIH YPABHEHHUSIMU C YIIIOBBIM KOA()(PHUITHEHTOM, HAXOIUT-
sl 10 OJTHOM U3 clieayromux GopMyiT:

N ON |1V1'1V2| k2_k1
cos@ = cos(N,,N,) |- —=———=; tgp =—|.
¢ =l cos(Ny, N7) | FAREA 8= kk,

= % A B
LylILy, ecmu N, ||N,=-L=—L
4, B

Ll J_Lz ,ECJIN Nl J_Nz le N2 :OjAlAZ +Ble =0 wm klkz =-1

wi k =k,.

Koopounamuer mouku nepeceuenusn npamoix L, 1 L, HaXOIATCA Kak pellICHUE
Ax+By+C =0 y=kx+b
WA

CUCTEMBI JIMHEWHBIX YpPaBHEHUH:
Ayx+B,y+C, =0

y=kyx+b,

Tema. KpuBbie BTOPOro nopsjaka.
Anzebpauueckoii Kpueoit 6mopozo nopsoka B cucreme koopauHat Oxy Ha3bl-

Baercs KpuBas [, o6ujee ypasnenue KOTopo UMEET BUJIL:

Ax? +2Bxy+Cy* + Dx+ Ey+ F =0,
rae uucna A,B,C - He paBHBI HYMO OMHOBpeMeHHO. CyIIeCTBYeT cieayromas
KkimaccuuKays KpUBBIX BToporo mopsaka: 1) ecmu AC - B 250, to obuee
YpaBHEHHE OIPEICIACT KPUBYIO LIURMUYECK020 muna (OKPYXHOCTh (Tpu
B=0, A=C), sumnc (mpu B=0, A= C), nyctoe MHOXKECTBO, TOUKY); 2)
ecrn AC—B* <0, 10 - KPUBYIO 2unepoonuueckozo muna (TUIepOoIy, napy me-

pecekaromuxcs npsambix); 3) ecmu AC — B 220,10 - KpUBYIO NapadoJin4ecKoro
THHAa (mapaboiy, MycToe MHOXKECTBO, MPSAMYIO, Mapy MapaIeabHBIX MPSIMBIX) .
OKpy>KHOCTb, 3JuMIC, runepbona W napadoia Ha3bIBAIOTCS HEBbIPOHCOCHHBIMU
KPUGHIMU 6MOPO20 NOPAOKA.

OO0mee ypaBHEHUE Ax* + 2Bxy + Cy2 +Dx+Ey+F=0, tne B=0, onpexe-

JISIFOIIEe HEBBIPOXK/ICHHYIO KPUBYIO (OKPYXHOCTB, SIIIMIIC, TUIEpOOIy, mapabo-
ny), Bceraa (METOMOM BBIACIICHHUSI MONHBIX KBAJPATOB) MOXXHO MPHUBECTH K YpaB-
HEHHUIO OJTHOTO M3 CICAYIOIIUX BHIOB!

1a) (x—x0)2 +(y—yo)2 =2 - YPaBHEHHUE OKPYKHOCTU C LEHTPOM B TOUKE

(xg,¥¢) ¥ paguycoMm 7 (puc. 7).
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(r=x0)”  (r=r)’
2 b2

16) =1 - ypaBHEHHE 3JUIHIICA C LIEHTPOM B TOUKE (xo R yo)

a
U OCSIMH CHMMETPHH, MapaUICIbHBIMH KOOPJIWHATHBIM ocsiM. Yucma a >0 u
b >0 - Ha3BIBAIOTCS MOJYOCAMU IIAUACA;, TIPIMOYTOIBHUK CO CTOpOHaMH 24,
2b mapaJulebHBIMU OCIM CUMMETPUU U LEHTPOM B TOUKE (X(,),) - OCHOGHbIM
RPAMOY20JIbHUKOM INIURCA; TOYKH TIEPECEUEHUs] OCHOBHOTO MPSIMOYTOJIbHHUKA C
OCSIMH CUMMETPHU - 6EPUIUHAMU INTUNCA.

st moctpoeHust symica B cucteme koopauHaT Oxy :1) oTMeyaeMm ILIEHTP
(xg,Y¢) 2maunca; 2) NpoOBOAUM Yepe3 LEHTP MyHKTHPHOH NUHUEH ocu cuMMer-
pun 3ummnca; 3) CTpOUM MYHKTUPOM OCHOBHOM MPSMOYTOJIEHUK JIUIHICA C I[CH-
TpoM (X,,»,) U CTOpOHaMH 2a, 2b mapaieNbHbIMH OCSM CUMMETpuH; 4) u30-
OpakaeM CIUIONIHOW JIMHUEH SJUTUIIC, BIUCHIBAs €r0 B OCHOBHOW MPSIMOYTOJIBHUK
TaK, YTOOBI AJUIMIIC KACAJICS €ro CTOPOH TOJIBKO B BEPIIMHAX 3JutuIica (puc.) .

AHAJOTUYHO CTPOUTCSI M OKPY)KHOCTh, OCHOBHOW MPSIMOYTOJBHUK KOTOPOH UMe-
€T CTOpoHBI 2a = 2b = 2r (puc. 5).

|

0 I T
Puc.7
(x=x0)°  (¥=39)°
2 2
a b

HbIMU) C LIEHTPOM B TOYKE (xo R yo) U OCSIMU CUMMETPUH, MapalIeIbHBIMU KOOP-

2) =11 - ypaBHeHus runepOo0i (Ha3bIBAEMBIX CONPSIICEH-

JTUHATHBIM ocsiM. YUncna a >0 u b > 0 - Ha3BIBAIOTCS HOAYOCAMU 2UNEPHOTL; TIPS-
MOYT'OJIBHUK CO CTOPOHaMU 2a, 2b TapansieabHbBIMU OCSIM CHMMETPHH U IIEHTPOM
B TOUKE (X(,),) - OCHOBHbIM NPAMOY20NbHUKOM 2Uneppoi; TOUKH TiepecedeHust
OCHOBHOI'O MPSIMOYTOJIbHUKA C OCSIMH CUMMETPHH - ePUIUHAMU 2UNEPHO; TIPS-
Mble a(y—y,)==2b(x—x,), MPOXOAAIIME Yepe3 NPOTUBOMONOXKHBIE BEPIIHHBI
OCHOBHOT'O NPSIMOYTOJIbHUKA — ACUMNMOMAMU 2UNEPOOIL.

st mocTpoeHus TumepOoibl B cucteMe koopauHat Oxy : 1) oTMedaeM LEHTP
runepbonsl (x(,y,); 2) NPOBOAUM yepe3 LEHTp (x,,),) NyHKTHPHOH JHHHEH
OCH CUMMETpUH THIepOoIbl; 3) CTPOUM MYHKTHPOM OCHOBHOH MPSMOYTOJIBHHK

88



runepOonsl ¢ LUEHTPOM (X, ) U CTOPOHAMU 2a U 2b MHapamneabHbIMH OCAM

CUMMETpHH; 4) POBOAUM Yepe3 MPOTUBOIONIOKHBIE BEPIIUHBI OCHOBHOTO MPSIMO-

YrOJIbHUKA MTYHKTUPHOW JINHKUEH TPsIMbIe, SBIISIONINECS ACUMIITOTAMHU TUIIEPOOIBI,

K KOTOPBIM HEOTPaHHUYEHHO OJIM3KO, MPU OECKOHEYHOM yHaJleHWH OT Hadaja Ko-

OpJMHAT, TPUOIIKAIOTCS BETBH THIEPOOINBI, HE Mepecekas ux; 5) u3odpaxaeM

(x=x0)°>  (r=39)?
2

CIUIOIITHOM JIMHUEH BETBU FI/IHep6OJ'II>I 3
b

=1 (puc. 9) wnmm
a

(x=x0)°>  (r=39)°

THITEPO OB =—1 (puc. 10).

2 b2

Puc.9 Puc.10
3a) (x- )co)2 =2p-(y—yg) - ypaBHEHHE NapaOONBl C BEPIIMHOH B TOUKE

(xo R yo) W OCBI0 CHMMETPHH, NTapaJlIeIbHON KOOpIuHaTHOH ocu Oy (puc. 9).

30) (y— yo)2 =2p-(x—xy) - ypaBHeHHe TNapaOONBl C BEpPIIMHOH B TOYKE

(xo R yo) 1 OCBI0 CHMMETPHH, NTapaJlIeTbHON KoopauHaTHOH ocn Ox (puc. 10).
Juist moctpoeHus mapaboinsl B cucteMe KoopauHat Oxy : 1) oTMeuaeM BEpIIMHY

napabonel (x,y,); 2) IPOBOIUM 4epe3 BEpUIUHY (X, y,) MyHKTHPHON NUHHEH

0Ccb cuMMeTpuH napaboisl; 3) n300paxaeM CIUIONIHOM JInHueH napaboiy, Hapas-
7551 e€ BETBb, C YyUETOM 3HAKa IapamMerpa mapabonsl p: npu p >0 - B IMOJIOXH-

TEIbHYI0 CTOPOHY KOOPAUHATHON OCHU, MapauIeNbHON OCH CUMMETPUH HapaboiIbl
(puc. 11a u 12a); npu p <0 - B OTpHUHATEIHHYIO CTOPOHY KOOPAMHATHOM OCH

(puc.110 u 120) .
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] H '
\9 : O?Aﬂfo,yo)
. i T
(P>0) : I\ (<0)
| o| Yowgy |
| z !
Puc. 11a Puc. 116
y
(P>0) V —~~~_
0 =X 0 >~

Puc. 12a Puc. 126

Tema. MuoxecrBa. YucjioBbie MHOKeCTBA. D YHKIHS.

[Mon mmuoscecmeom TOHUMAIOT HEKOTOPYHO COBOKYITHOCTH OOBEKTOB JHOOOM
MIPUPOJBI, PA3TUIUMBIX MEXY COOOM U MBICIUMYIO Kak enuHoe nenoe. OObEKTEHI,
COCTAaBIIIOIINE MHOXECTBO HA3BIBAIOT €r0 21emenmamu. MHOXECTBO MOXKET
OBITh OCCKOHCYHBIM (COCTOUT M3 OCCKOHEYHOrO YHCIIAa 3JIEMEHTOB), KOHCYHBIM
(COCTOMT W3 KOHEYHOrO YHUCIIA 3JICMEHTOB), MYCTHIM (HE COJCPKUT HU OJHOTO
aneMeHTa). MHoxectBa oOo3HawarotT: 4,B,C,...,X,Y,Z,.., a WX DJICMEHTHL:

a,b,c,...,x,y,z,.... llycroe MHOKeCTBO 0003HaUAOT & .

MHOXeCTBO B HAa3BIBAIOT HOOMHOMNCECMBOM MHOXECTBA A, €CIU BCE 3Je-
MEHTHI MHOKECTBA B TpuHayie)xat MHOKeCTBY A iyt B C A .

MmuoxectBa A U B Ha3BIBAIOT pAGHBIMU, ECITA OHU COCTOSAT M3 OJHUX M TEX XKE
snmemenToB U tmmyt A= B. Jlsa mHoxectBa A m B OyayT paBHBI TOrAa M
ToJBKO TOrAa, Korqa A B u BC 4.

MuoxectBo U Ha3bIBAOT yHuUGepcanvHvim (B paMKax JTAHHOW MaTeMaTHde-
CKOM TEOpUH), €CITH €0 JIEMEHTAMHU SIBJISTFOTCS BCE 00BEKTHI, paCCMaTPUBAECMBbIC B
JTAHHOKM TEOPHH.

MHOX€eCTBO MOXKHO 3aJaTh: 1) MepeyrciIeHueM BCeX €ro 2JIEMEHTOB, HATPUMED:
A= {al,az,...,an} (TONMBKO JUIS KOHEYHBIX MHOXKECTB); 2) 3aJaHUEM IpaBHIIa
P onpenenenus: mpuHaUIEKHOCTH JIEMEHTA U YHUBEpCalbHOro MHOXecTBa U ,
JaHHOMY MHOXKeCTBY A: A= {u eU| P(u) }

Oo6veounenuem muoxects A u B Has3bpIBaeTcs MHOKECTBO
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AuB={ueU|ueA WIH ueB}.
Hepeceuenuem muoxects A u B Ha3biBaeTCs MHOXECTBO
AﬁBz{ueU|ueA u ueB}.
Pasznocmeio Muoxects A u B HasbiBaeTcs MHOXKECTBO
A\B={ueU|ueA u ueB}.
Hononnenuem muoxectsa A (10 yHABepcaJIbHOTO MHOXKeCTBA U ) Ha3BIBAETCS

muoxectBo A =U \ 4.

JlBa MHOKeCTBa A M B HaswbIBAIOTCA IKeusanrenmubimu v mumyr A~ B, eciu
MEXY 2JEMEHTAMH ITUX MHOKECTB MOXKET OBITh YCTAHOBJIEHO B3aUMHO OJHO-
3HAYHOE COOTBETCTBHE. MHOXECTBO A HA3BIBAETCSA CUEMHBIM, ECIH OHO DKBHBA-
JIEHTHO MHOKECTBY HaTypanbHbiX uucen N : A~ N . Ilycroe MHOKECTBO TI0 OII-
PENETICHUIO OTHOCUTCS K CUETHBIM.

[ToHsATHE MOIIHOCTH MHO)KECTBA BOSHUKAET MIPH CPABHEHUH MHOXKECTB TI0 YUCITY
COJEPIKALIMXCS B HUX 3JEMEHTOB. MomuHocts MHOXecTBa A o0o3Havaror | A4|.
MOIIIHOCTBIO KOHEYHOT'O MHOXECTBA SIBJISIETCST YHCITO €r0 JIEMEHTOB.
DKBUBAJIEHTHBIE MHOXKECTBA OOJIAAI0T PABHOM MOIIHOCTHIO. MHOKECTBO A Ha-
3BIBAETCS HECUEMHBIM, ECTTH €r0 MOIIHOCTH OOJIbIIIE MOIITHOCTH MHOXeCTBA NN .

Jeticmeumenvhvim (BEIIECTBEHHBIM) YIUC/IOM HA3bIBACTCS OCCKOHEUHAs JECs-
TUYHAsE POOb, B3ATasl CO 3HAKOM «t» WM «— ». JIeliCTBUTENbHBIE YHCIa OTO-
MKJIECTBIIAIOT C TOUKAMH YHCIIOBOM MPSAMON.

Moodynem (aOCONIOTHOW BEIMYMHON) JCHCTBUTEIBHOTO YHCIA X HA3BIBACTCS

—x, ecan x<0
HEOTPULIATENBHOE YUCIIO: | X |=
x, ecnu x>0

MuoxectBO X Ha3bIBAETCSA HUCAOGBIM, €CIIM €r0 DIEMEHTAMH X SBJISIOTCS
JEACTBUTENbHBIE YUCa. UUCTOBEIMU HPOMENCYMKAMU HA3BIBAIOTCS  MHOXKECTBA
1UCeIT (an b) B [(l,b) s ((l, b] s [a,b] s (—OO’ b) B (—OO, b] s (a,+oo) B [aa+00) s (—oo,,+oo) .

MHOX€ECTBO BCEX TOYEK X HA YHCIOBON MPSIMOM, YIOBJIETBOPSIOIIUX YCIOBHIO
0<x—x,<e, tne £>0 - ckoib yroaHo Majoe YHCIO, HA3BIBACTCS & -
okpecmnocmelo (MM TPOCTO OKPECTHOCTBIO) TOYKH X, M OOO3HAYaeTCs
O, (x,) . MuoxecTBO Beex Touek X ycinoBueM |X[>E, rane E>0 - ckomb yroz-
HO GOJIBIIOE YHCIIO, HAsbIBaeTCs E -okpecmmuocmopio (Wiv IpocTo OKPECTHOCTHIO)

Geckoneunoct u obosHadaercst O () .

BenmuunHa, cOXpaHSIOIIAsl OJHO U TOXE YHCIOBOC 3HAYCHHE, HA3BIBACTCS MO-
cmoanHoil. BenuvnHa, NPUHUMAIONIAS Pa3IMYHbIC YKMCIIOBBIC 3HAYCHHUS, HA3bIBA-
ercsi nepemennou. Dynkyuei [ HaA3BIBACTCS MPABUIO, IO KOTOPOMY KaXKIOMY

91



YuCIy x € X CTaBUICS B COOTBEICTBUE OJHO BIIOJNHE OIPEEIEHHOE YHCIO
yeY ,nmumyr y = f(x). MHOXecTBO X Ha3bIBACTCS 001acmbl0 ORpedeieHuUs

byHkIMY, Y - MHOMCecmeom (Vih OONACTHIO) 3Hauenuti pyHkiun, x € X - ap-
2YMEHmMOM, y c Y - 3Hauenuem ynkyuu. Haubonee pacnpocTpaHEHHBIM CIIOCO-

60oM 3amaHust GYHKIMHU SBISIETCSl AHATTMTHUECKUH CIIOCO0, TIPU KOTOPOM (DYHKIIUS
3amaéres  (Gopmynoi. Ecmecmeennoit oonacmeio onpedenenus  QyHKIUU
v = f(x) Ha3piBaeTcsi MHOXXECTBO [) 3HAUeHHWH aprymMeHTa x, Ui KOTOPOro
naHHas Gopmyna umeer cMuicht. I paghuxom pyuxkyuu y = f(x), x € D B npsmMo-
YroJbpHOW cucteMe KoopanHaT Oxy , Ha3bIBAETCS MHOXECTBO BCEX TOUYEK ILIOCKO-
ctu ¢ koopauHatamu (x, f(x)), xe D .

Oynkupmst f(x) Ha3bIBaeTCs 4émHOl Ha MHOXKECTBE X , CHMMETPUYHOM OTHO-
cutenbHO TOUkM x=0, ecnu g Bcex xe€ X  BBHINOJHACTCS YCIIOBHE!
f(=x)= f(x) u Heuémmnoii, ecnu BeIONHsCTCS yenoBue f(—x)=—f(x). B mpo-
TUBHOM citydae f(x) - (GyHKIus OOIIero BUa WIN HU YémHas, Hu He4émHan.

Oynkuust f(x) Ha3bIBaeTCsl Hepuoduueckol Ha MHOXKECTBE X , €CIIM CYIIECT-
ByeT uncio T #0 (nepuod ¢pynkyuu), Takoe, 9to i BceX X € X BBINOIHAETCS
ycrmosue:  f(x+7)= f(x). Haumensmree uucino 7 >0 Ha3bIBACTCS OCHOBHBIM

HEPUOJIOM.
Oynkumst  f(x) Ha3bIBACTCS MOHOMOHHO 6o03pacmaiouwjeit (yovieaioujeit) Ha

MHOXeCTBe X, eclnu OONbIlIeMy 3HAYCHHIO apryMeHTa x € X COOTBETCTBYET
OoneIiee (MeHbIee) 3HaUeHUE GYyHKIUU [ (X) .

Oynknus f(x) Ha3bIBACTCS 02PAHUYUEHHOU HA MHOXECTBE X , €CITH CYIIECTBY-
er yncino M >0, Takoe, 4TO JUIs BceX x € X BbINONHsETCS yciaoBue: | f(x)|< M .
B npoTuBHOM ciiydae QYHKIUS - HeOZPAHUYEHHAA.

Oobpamnoi x pynxkumn y = f(x), xe€ X, y€Y Ha3piBaercs Takas QyHKIHsS
x= /" (y), KoTOpas onpeencHa Ha MHOXeCTBE ¥ H KakKIOMY
y €Y CraBUT B COOTBETCTBHE Takoe x € X , uro f(x)=y. Jlas HaxoxneHus
¢yHKIMKn X = f 71(y), obpaTHOW K (yHKIMH ) = f(X), HY)KHO PELIUTh ypaBHe-
Hue f(x)=y orHOocUTENbHO x . Ecim hyHKIMA y = f(x), x € X sBIsAETCSA CTPO-
rO MOHOTOHHOM Ha X , TO OHa BCErJia UMeeT 00paTHYIO, IIPH 3TOM, eCiu (HYHKIIHUSI
Bo3pacraer (yObIBaer), To oOpaTHast QYHKITUS Takke Bo3pacraer (yObIBaer).

Oyukmus  y = f(x), mupeacrasiasiemas B Buuae y= f(x)=F(p(x)), rme
y=F(u), u=@(x)- HekoTOopble (QYHKIMM TaKHWe, YTO OONACTb OIpeeNeHUs

¢byHkmu F(u) comepXKHUT BCE MHOXKECTBO 3HaUeHUH GYHKIMU ((X), HA3bIBAETCS
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CI0XCHON (hyHKYUell HEe3aBUCUMOTO apryMeHTa X . [IepeMeHHYI0 u# Ha3bIBaloT
IIPH 3TOM MPOMEXKYTOYHBIM aprymeHToM. CrnoxHyro Qyakmuio f(x) = F(p(x))
Ha3bIBAIOT TAK)KE KOMITO3MIMEH QYHKIMHA F 1 @ , u mumyt: f = Fo@.
Ocnosnvimu I1emenmapuvimu GYHKIUSIMU CUUTAIOTCS: CHEneHHAs (YHKIMS
y=x%, nokazsamenvnaa dGyuxuus y=a’ (a>0, a#1), nozapupmuueckas
obynkus y=log, x (a>0, a#1), mpuzonomempuueckue Gynkuun y =sin x,
y=cosx, y=tgx, y=ctgx, o0pamuvie mpuzonomempuyeckue GHYHKINN
y=arcsinx, y=arccosx, y=arctgx, y=arcctgx. InemeHmapHoil Ha3pIBacT-

cs1 QYHKIHS, TOJTyYeHHAst U3 OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIMHA KOHEYHBIM YHUC-
JIOM X apu(METHUECKUX OTEPAIMil U KOMITO3UIIHA.
Ecmu 3aman rpaduxk I' ¢ynkimmu y = f(x), x€ X , TO mocTpoeHue rpaduka

¢byaxkmmu y =c f(ax+b)+d cBomuTCs K psAAy MpeoOpa3oBaHU (CHBHT, CHKATUEC
WIN pacTsbkeHne, oro0pakeHue) rpaduka I -

1) nmpeobpazopanne —f (X) cummerpuuno orobpaxaer rpaduk I, orHOCHTENBHO
ocu Ox ; 2) npeobpaszosanne ./ (—X) cummerpiuano orobpaxaer rpadux I, orHo-
cutensHo ocu OV ; 3) mpeobpasopanue /(X —a) cupuraer rpapuk I’ mo ocu Ox
na |a| emumnn (@>0- Bnpaso, @ <0 - Bueso); 4) npeoGpasosanne J(x)+b
cmsuraer rpaduk I mo ocut OV ma | @l equnni (@ >0- Beepx, @ <0 - pHu3); 5)
npeobpazosanne K/ (X) rpagux I' Broms ocu OV pacrarusaer B K pas, eciu
k>1 ynu cxumaer /K pas, ecu 0 <k <1; 6) npeodpasosarue f(AX) rpadux
T Brons ocu Ox cxumaer B k pas, ecnu & >1 ynn pacrsrusaer B1/k pas, ecu

0<k <1, TlocnenoBaTenbHOCTH TPEOOPA3OBAHMI NPU MOCTPOCHHM  Tpaduka
dyskun ¥ = ¢ f(ax+b)+d MOXHO IpeICTaBUTH CUMBOINYECKU B BHJIE:

f(x) > f(ax) > f] a[x+2] — cf(ax+b) > cf(ax+b)+d.
a

[Tpu BemonHenun npeodpasosanus f(ax) —> f(ax+b) ciaenyer UMeTh B BULY,

YTO BEJIMYHMHA CABHUTA BAOJIbL OCH Ox OIpeaAcIaeTCA TOU KOHCTaHTOfI, KOTOpas
HpI/I6aBJ'IHeTCH HEMOCPCACTBCHHO K apryMEHTY X , 4 HC K Apr'yMCHTY ax .

2 .
I'paduxom ¢pyHkIM y =ax” +bx+c sBisercs mapadoia ¢ BEPIIMHON B TOUKE

b b2

——,C——— |, BETBHU KOTOpOﬁ HalpaBJICHbI BBEPX, €CJIU a >0 wm BHU3,

2a 4a
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N ax+b
ectn a < 0. ['padukom npoOHO-TUHEHHOW QYHKIMN Y = rd SIBJII€TCSI TUIIEP-
X+

Goma ¢ mentpoM B Touke (—d/c,a/c), acCHMITOTHI KOTOPOH TMPOXOIAT depes
LEHTP, MapaJIeTIbHO OCIM KOOPIHHAT.

B HEKOTOPHIX ClTydasx MPH MOCTPOCHUU rpaduka GyHKIMU 1enecoodpa3Ho pas-
OuTh €€ 00IacTh OMpe/IeNICHUs Ha HECKOJIBKO HEMEPECEKAIOIIUXCS MPOMEKYTKOB
MOCJIEI0BATENILHO CTPOUTH Ipadvk Ha KoM U3 HuX. Hampumep, npu moctpoe-

HuM rpaduka QyHKINH, B aHAJTUTHYECKOE BHIPAKCHUEC KOTOPOU BXOAUT (PYHKIIUSI
-x,x<0

|x|= 50’ CJIEIyeT BBIACIUTh U PACCMOTPETh OTACTHHO MPOMEKYTKH, HA
X, x>

KOTOPBIX BBIPAKCHUEC IO 3HAKOM MOJYJIsA HC MCHACT 3HAK.

Tema. Ipenen pyukumm.
Yucno b HaswiBaercs npedenom gyuxkyuu y = f(x) npu x — x, (WA B TOUKE

X)), u manryt lim f(x)=5b, ecnu mst moboro umcna ¢ >0 Haia€res 4ucio
X—>X

6(¢)>0 Takoe, 4YTO TPH BCEX X, YHOBJIETBOPSIONIMX  YCIOBHIO
0 <] x—x, |<d(¢), BeIMONHsETCS HEpaBEHCTBO | f(x)—bl< & .
Uucno b HazbiBaeTcs npedenom ynkyuu y = [(X) npu x —> oo, U THUIIYT

lim f(x)=b, ecnu ana moboro uucna ¢ >0 Haiinéres uucno A(g) >0 Takoe,
X—>00

YTO TPH BCEX X, YAOBICTBOPSIONIUX YCIOBUIO | X |> A(€), BBIIOIHACTCS HEpa-
BEHCTBO | f(x)—-bl|< e .

PaccMaTpHBaIOT TakKe OJHOCTOPOHHHE npenensl ¢yHkmmit: — lim  f(x),
x—xy—0

lim f(x), lim f(x), lim f(x), rae x crpemurcst K Xx,, +%0, —0 WM

X=X +0 X—>+0 X—>—0

TOJIBKO C JIEBOI CTOPOHBI WIIU TOJIBKO C IPABOH CTOPOHBIL.
OCHOBHBIE yTBEPIK/IEHHUS, UCIIOIb3yEMbIe Ul BBEIYMCIEHHS TPEeioB (yHKIUHA
npu x — a (B JAaNbHEHIIEM a - WM YUCIIO X, MM CUMBOJ 0 ):

1) Ecu ¢ - nocrosHHAs BenmuumHa, To M c=c .
xX—a

2) Eciu cymiecTByIOT KOHeuHbIe ipefensl lim f(x) =5, lim g(x) =4 , To:
xX—a xX—a

a) £i£r;(f(x)ig(x))=bid; 0) £i£r;(f(x)'g(x))=b'd;
B) lim(cf(x))=c-b (c =const); r) lim S&) _ 2, ecmu d #0.
x—a x—oa g(x) d
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[Ipu BEIUUCIICHUH TPENEIOB MOCTOSHHO MOJMB3YIOTCS U TEM, UTO JIIs JTF000H oc-
HOBHOI! arieMeHTapHON GyHKIMU f(x) M TOUKH X, U3 €€ 00JacTU ONpeJeeHus

crpaBeIUBO cooTHomenue 1M f(x) = f(x,) .
X—)XO

Oynkiust  f(x) Ha3bIBaeTCI OeCKOHeuHo 0O0nbwiol TPH X —>da, €clH

lim f(x) =co. ®yukimsa f(x) Ha3pIBAETCA HecKOHewHO MaNON P X —> a , €CIH
xX—a

lim £ (x)=0.

OCHOBHBIE YTBCPKACHUA I 0OEeCKOHEUHO OOIBIINX (byHKHHﬁ, HCIIOJIB3YCMBIC
JUIL BBIYMCIICHUS TIPEACIIOB IpU X — A .

1) Eciu lim f(x) = o0, 10 lim =0
xX—a

=0 ,ecmu lim f(x)=0, 1o lim
x—a f(x) x—a

x—a f(x)
2) Ecin ljrn f(x)= " ljrn gx)=d, o ljrn(f(x) tg(x)=mw.
3) Ecin ljrn f(x)=+0 u ljrn g(x)=+40, TO ljrn(f(x) + g(x)) =+00.

4) Ecnn ljrnf(x):w " ljrng(x):diﬂ,To ljrn(f(x)'g(x)):w.
5) Ecmu lim f(x) =b u limg(x)=co, 1o lim(f(x)/g(x))=0.
6) Ecin lm f(x)=b#0 u lm g(x)=0, 1O ljrn(f(x)/g(x))zw.

Ecnu HemocpeacTBEHHOE NPUMEHEHHE CBOMCTB KOHEUYHBIX IPEAEIoB U GecKo-
HEYHO GONBIINX (YHKIMI IPUBOIUT K HEONPEACIEHHBIM BBIPAXKECHHSIM, CHMBOJIH-
uecku o6ozHauaembM: 0/0, 00/00,(-00,00—00, TO JUI BHIYUCIEHUS TIPEJENa —
«PACKpPBITHsI HEONPENENEHHOCTH» - NPe0OPa3OBBIBAIOT BBIPAXKECHHE TaK, YTOOBI
IOy Y9UTb BO3MOXKHOCT €TI0 BBIYHCIIHTb.

. sinx
Ilepevim 3ameuamenvhviM npedenom Ha3bIBAECTCS MPEIEI: lln(l) =1. Ero
x—0 x
. tgx arcsin x . arctgx
CIEJCTBUSAMU SBJISIFOTCA Tpeaenbl: lim — =1, lim ———=1, lim =1
x—=0 x x—0 X x—0 X

Bmopbl.’l'l 3ameuamesibHbIM npeberM Ha3bIBAIOTCA NPEACIIbI:
) 1y .. !
lim|{1+—| =lim(+x)" =e,
X—>00 b x—0

rne e=2.71828...-ocHOBaHWE HaTypajbHBIX Jiorapudmor (umcio Hemepa). On
UCIONIB3YETCS JUISl BBIUUCICHUS TMpeaeia CTENEHHO-TIOKA3aTebHOU (YHKITHH

lim u(x)*™, e lim u(x)=1 u lim v(x) = .
X—a X—>a X—>a
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Ipu HaxoxaeHUH npeaenos 1im u(x)"™ cnenyer umers B Biy:
xX—a
1) Ecrn im u(x)=5>0, im v(x)=d , To lim u(x)"™® =59
xX—a X—a X—>a

2) Ecmu lim u(x)=b =1, im v(x) =0, To lim u(x)*™ Bbrancmsior, yaursisas,
X—>a X—a

x—a
aro: lim p*® = 0, 0<b<l lim '™ = +00,0<b<1
© xoa +o0, b>1 > xoa 0, b>l1
v(x)—>+0 W(x) =0

Tema. UncioBble nocienopareasHocTu. [penen mocjeaoBaTeJbHOCTH.
Eciu kaxa0My HATypaJbHOMY YUCIY A IO HEKOTOPOMY TpaBmily f TMOCTaBie-

HO B COOTBETCTBHE OJHO BIIOJHE OMNpENeIEHHOE EeHCTBUTENBHOE YHCIIO
x,=f(n), TO TOBOPAT, 4YTO 3aJaHa HYUC06AA NOC]IE006AMENILHOCHLL

X1,X5,...,X,,.... KpaTko 0003HavaroT (x,) . Yucno x, Ha3bIBAaeTCS 0Oujum uie-
HOM nocnedosamensnocmu. IlocnenoBaTenbHOCTh HAa3BIBAIOT TaKKe (YHKIMEH
HaTypaJbHOrO apryMmeHTa. llocienoBaTelbHOCTh BCET/Ia COAEPIKUT OECKOHEYHO
MHOTO 3JIEMEHTOB, CPEIH KOTOPBIX MOT'YT OBITh PAaBHBIE.

UYucno a HasbiBaeTca npedenom nociedogamenvrocmu (x,), W IHIIYT

lim X, =a, ecIu I nmroboro yncna ¢ >0 Halinércs nomep N(g) Takoif, uro
n—>0

npH BeeX 7> N(&) BBINONHAETCS HEPABEHCTBO | X, —a (<€ .
IMocnenoBaTenbHOCTh (X, ) , UMEIONIAs KOHEUHBIH Ipeen, Ha3bIBACTCS CX00:-
wyelica, B IPOTUBHOM CIIy4ae — PACX00AUEUCA.

ITocnenoBaTenbHOCTH (x,) Ha3bIBAETCS: 1)  ybwisawowen, ecau
X, >Xy,>...>X, >...; 2) eospacmaioweit, ecmi X, < X, <...<Xx, <...; 3)
HeyOvisarowen, ecmi X, <x, <...<x, <...; 4) Heeospacmaiowei, eciu
X, 2X,2...2Xx, 2... . Bce BbllENepEeUNCIECHHbIE OCIEN0BATENLHOCTH HA3bI-

BAarOTCA MOHOMOHHbIMU.
ITocnenoBaTenbHOCTH (xn) HAa3bIBACTCA ozpauuuermoﬁ, €CJIn CYHICCTBYCT

amcino M >0 Takoe, 4To ;i Bcex n € N Boimonnsercss ycinosue: | x, [SM . B
IPOTUBHOM CIIy4ae MOCIEeJ0BATEIbHOCTD - HeOZPAHUYEHHAA.

Teopema Beliepmrpacca. Besikas MOHOTOHHasl orpaHMYEHHAs MOCIE0BATENb-
HOCTb UM€eT IpeJe.

IMocnenoBaTenbHOCTE (X, ) HA3BIBACTCS OECKOHEUHO manoii, ecnu lim x =0.
n—>0

IlocnenoBaTenbHOCTh (X, ) HA3BIBACTCS Oeckoneuno 6onbuioli (CXOMAIICHCS K
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OECKOHEYHOCTH) U TMHIIyT lim X, =00, eCIH JU nro6oro yncna E >0 Haipércs
n—>0

Homep N(E) rakod, uto npu Bcex n> N(E) BbimonHseTcs HEpaBEeHCTBO
|x, |>E.
n

1
Yucnom e Ha3pIBaeTCA npeaci nmocjaca0BaTCIIbHOCTHU (xn ), r1e Xy = 1+—
n

IMocrosaayro e =2.718281.... Ha3BIBAaIOT HEMEPOBLIM YKCIIOM. Jlorapudm drcna
X 1O OCHOBAHHIO € HA3bIBAETCS HATYPAILHBIM JIOTApU(PMOM UKCIa X U 0003HA-

qaercs log, x=1Inx.

Tema. HenpepbIlBHOCTh GYHKIINH.
Ecmn ¢ynkius f(x) ompeneneHa BCIOJY B HEKOTOPOH OKPECTHOCTH TOYKH X,

(JIeBOH TOMYOKPECTHOCTH, TPABOH MOTyokpecTHOCcTH) u  lim f(x)= f(x,)
X—)XO

( Alir}nio J(x)=f(xg), hm Of(x) = f(xy) ), To pynkusa f(x) Ha3bIBaeICs He-

npepoienoil 6 mouke x, (HEIPEPHIBHOI CI€Ba, HENPEPHIBHOMN CIIPaBa).

Kaxxmast ocHoBHas aneMeHTapHast (GyHKIMS HETpepbIBHA B KaXKAOW BHYTPEHHEH
TOYKE CBOCH 00JIaCTH ONpe/eNICHHs U HeMpephIBHA cJIeBa (CIpaBa) B KpaifHeil mpa-
BOI (KpaiiHeii 1eBOii) TOUKe 00JIaCTH ONpEIeIICHHSI.

Ecnu B Touke x, lim f(x)# f(x,), T0 X, HasblBaeTcs mMouKoil paspviea
X—>Xo

¢ynxmn  f(x) . IIpr 5TOM pazauyaroT ciaeayromue Cydaun:

1) Ecm lim f(x)= lim f(x)= f(x,), To x, HasbBaeTcs moukoii ycmpa-
x—>x5—0 x—x,+0

Humozo pazpuiea pyakvu f(x) .
2) Ecan B Touke x, GyHKIMSA f(X) MMeeT KOHEUHbIe OJAHOCTOPOHHHE IIPeJlENbl

lim f(x) uw lim f(x), Ho OHM He paBHBI JPYT APYTY, TO X, HA3BIBAETCS
0 - v

X=Xy~ xX—xy+0
moukoii paspwiea 1-ozo pooa.
3) B ocTanbHBIX ClIydasx X, Ha3bIBAETCA MOYKOU pazpuléa 2-020 pood .

Oynknus f(x) Ha3BIBACTCS HenpepvléHoUl Ha ompesKe [a, b, ecau oHa Hempe-
PBIBHA B KQXKJIOH €ro TOYKe (B TOYKE @ - HENpPEpPhIBHA CIPaBa, B TOUKE b - HEmpe-
puiBHa cieBa). dyHkums f(x) HenmpepbIBHAs Ha oTpeske [a, b] obmamaer cBoiicT-
Bamu: 1) orpanuycHa Ha [a, b] ; 2) mocTuraet Ha oTpe3ke [a, b] CBOEro HaMMeHb-
IIero 3HaYeHWs m W HauOomplero 3HadeHus M ; 3) ansa mroboro umcna C, 3a-
KII0YéHHOT0 MekAy yucnamu f(a) u f(b), Bcerna Haiinércs touka c €[a,b]
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takas, ut0 f(c)=C; 4) ectu f(a)f(b) <0, To Bcerna Hainérces Touka c € (a,b)
Takas, uto f(c)=0.

Tema. KoMIjIeKCHBIE YHCJIA 1 MHOTOYWIEHBI.
Komnnekcnvim uwuciom Ha3bIBaeTCS 4YUCIO BHIA Z =X+ iy , THe Xx,y-

NeHCTBUTENBHBIC YKMCIIA, CAMBOJI [ - MHHMas €IMHHIA, JUIsi KOTOPOH I 2=
Yucno x = Rez - Ha3bIBaeTCs NEUCTBUTENHHON YaCThIO KOMIUIEKCHOTO YUCHIa Z ,
yucio y =Imz - MHUMON YyacThlo. KommiekcHoe uncino x +i0 coBmaaaer ¢ neu-

CTBUTENBHBIM, a YHCIO iy HA3BIBACTCA YHUCTO MHHMBIM. MHOXECTBO BCEX KOM-
IIEeKCHEIX urcen obo3nagaercs C .

KoMrutekcHOe YuCIio z = x + iy HU300pakaeTcs Ha TUIOCKOCTH C CUCTEMOH KOOp-
muaat Oxy (Ha3biBa€MOU KOMILIEKCHOM IUIOCKOCTBIO) TOYKOM, 0603HAUAEMOii TOM
e OyKBOM Z u uMmeromel koopauHatel (X, y) . JledcTBUTENbHBIE Yncia u3obpa-
JKAIOTCS TOYKAMH OCH a0CIMCC, a YHUCTO MHUMBIE — OCH OpJMHAT (MI03TOMY OCh
Ox Ha3bIBaeTcs NeHCTBUTENBHOM OCBIO, a och Oy - MHEMOM 0chbl0). KoMmIuiekc-

HOE YHCIIO0 HAa KOMIUIEKCHOH IUIOCKOCTH H300pa)kaeTcs TakKe paJuyc-BEKTOPOM
ToukH (x,y). JInMHA pamnyc-BeKTOpa HA3BIBACTCS MOOYIeM KOMNIEKCHO20 HUC-

aa: r =\/x2 +y? . a yron ero @ ¢ ocklo Ox HA3BIBACTCS APZYMEHIMOM KOM-

cosp =x/r
NIEeKCHO20 uucia: < | , 0Zp<2m. ApryMeHTr ¢ KOMIUICKCHOIO
singp =y/r
qucia BBIYHUCIISIOT, KaK [PaBuUIIO, o dbopmyie:
arctg(y/x) ecu z € {1 keadpanmy}
@ =1 m+arctg(y/x) ecau z € {11 unu 11l keadpanmy} .
27 +arctg(y/x) ecnu z € {1V keadpanmy}
Komnnekcno-conpancénnpim  4ucny — z=x+iy Ha3bIBAETCS  YHCIIO

Z=x+iy=x-1y.

IpencraBienne KOMIUIEKCHOIO YHCIa BBIPAXKEHHEM Z =X + 1) Ha3bIBAETCS
anzebpauueckoii  (popmoili  KOMIUIEKCHOIO  YHCIA, a  BBIPAKEHHEM
z=r(cos@+ising) - mpuzonomempuueckoii popmoil KOMIJIEKCHOTO YHCIIA.

ApudmeTnueckue IeWCTBUS (CIOKEHHE, BBLIYMTAHHME, YMHOXEHHE) HaJl KOM-
IUIEKCHBIMH YHCIIAMHU B areOpandeckoil (hopMe BBITOIHSIOT 110 TPaBUiIaM JIEHCT-

. . 2
BUIf HaJl MHOTOUJIEHAMH, C YIETOM TOTO, YTO i~ = —1:
itz =(x +iy) (g +ivy) =(x £x) +i(y; £ ;)5
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zpzy = (4 ) (3 +1yy) = (0 =y v0) +i(xyy + X 07) -
21 _ %1%
Jlenenre KOMIUIEKCHBIX YHCEN BBITIONHSIOT CIEAYIOINAM 00pasoM: — = ——=—,
Z2 22722
Bo3BejicHrE KOMIUIEKCHOT'O YUCHa z = X + iy = r(COS ¢ + iSin @) B HATYpaJbHYIO
CTerneHb n BBITIOJTHSIIOT, HCIONB3YS dopmyny Mpyaspa:
n

z" = r"(cos(n@) +isin(np)). TlonyuyeHHBIN pPe3ynbTaT NPEACTABISAIOT 3aTeM B

anredpamyeckoit popme.
W3Bneuenue KOpHS ~ M -0l  CTENEHU A3  KOMIUIEKCHOTO  4Hcia
z=x+iy=r(cos@+isin@) (He paBHOTO HYIIO) BBIIOIHSIOT MO (OPMYIIE:

(W;)k =(l/7- cos M +isin LZHIC ,k=012,..,n-1
n n

(3):[301) 4/7- JICUCTBUTEIIBHOE TIOJIOKHUTEINHHOE ‘II/ICJ'IO). Takum o6pa30M, KOpPCHb
CTCIICHU 7 U3 KOMIUJICKCHOI'O 4YKCiia UMECT n Pa3IMYHbIX 3Haqum“1, pacmoJjio-

JKEHHBIX HA KOMIUIEKCHOM TIOCKOCTH Ha OKPY)KHOCTH pajuyca /7 .

Anzedpauueckum MHO20UIEHOM CHENeHU 1 HA3bIBAETCs BhIpAXKEHUE BUA:

n n-1
P (z)=ayz" +a,z"" +..+a, z+a,,
e ze C, ay,a,...,a, - HEKOTOpBIE YKCiIa (BOOOLIE TOBOPSI, KOMILIEKCHBIE), Ha-
3pIBaeMble K0P HUIIMEHTaMH MHOTOUIeHa, MpHYéM a; # 0 .

Anzebpauueckum ypagneHuem cmeneHu 1 Ha3bIBa€TCA ypaBHEHUE BHIA
P,(2)=0. Yucno z,, ama xoroporo P,(z,)=0 Ha3bIBaETCA KOpHEM MHOTOYIIE-
Ha WA YpaBHEHUSL.

Teopema Be3sy. Uucno z, sBnsercs KOpHEM MHorouneHa P,(z) Toraa v TOJIbKO
Toraa, korna P,(z) nemutca Ha (z—z,), T.e. koraa P,(z) mnpeacTaBusercs B
Bune: P, (z)=(z-2z,)-0,.,(2),tae Q,_;(z) - MHOrouneH crenenu (n—1).

Yucno z, HasbIBaeTcs KOpHem Kpamuocmu k MHorouneHa P, (z), ecian

k
P, (2)=(z-2¢)" - O, (2), 1€ O, 4 (z9) #0.

Jl1st MHOTOWIEHOB UMEET MECTO CIEYIolIas TeopeMa:

Teopema I'aycca (ocrosnass meopema aneebpot). Beskuii MHOTOWICH HEHYIIEBOM
CTENeHN 7 WUMEET POBHO /1 KOPHEH, €CIIM KaXIblii KOPEHb CYNTATH POBHO CTOJIBKO
pas3, KakoBa ero KpaTHOCTb .

Beskuii MHorounes P, (z) c neicTBUTENbHBIMHE KO3(QdHIIMEHTAMH BCEra MOXK-

HO pa3JIOKUTh B IPOU3BEACHHE JIMHEHHBIX U KBaIPATUYHBIX MHOKHUTEIEH C AeHCT-
BUTEIBHBIMU KO3 duIeHTamu.
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Besikuit kBajpaTHBI MHOTOUJIEH az? +bz+c¢ ¢ nelCTBHTENLHBIMHU KO3 puIm-
€HTaMH Ha MHO)KECTBE KOMIUIEKCHBIX YUCEJ BCET/Ia MOXKHO Pa3JIOKHUTh B MPOU3BE-

N . 2
JIeHHe JIUHEIHbIX MHOXUTeNneH: az” +bz+c=a(z—z,)(z—z,), Ille KOPHU MHO-

TOWIeHa z; U Z, HAaXOIITCH 0 opMynaam:
-b++/D
2a

b, DI

2)eciu D =h* —4ac <0, 10 Z), = 2 T KOMIUIEKCHO-COTIPSKEHHBIE.
’ a a

1) eciu D=b? —4ac>0, 10 Zi, = - ICHCTBUTENBHBIE;

J1s HaxoXeHnsl KopHelt anrebpandeckoro ypapHenus P, (z)=0 (n=>3)c neit-
CTBHUTENILHBIMU KOI(QHUIIMEHTaAMHU TIOCTYIAIOT, KaK MPaBHJIO, CIEAYIONMM o0pa-
30M: HaXxO[sT OUH U3 KOpHeW moadopoM (HanpuMep, KOpHEM MOXKET OBITh LIEJIbIN
JienuTenb CBOOOJHOrO CIIAraeMoro a,), a 3aTeM, IOCIENOBATENbHO NPUMEHAS
Teopemy besy, cBoaaT HaxoxaeHune KopHell ypaBHeHust P,(z) =0 K HaXOXJIEHUIO
KOpHEH TMHEWHBIX U KBAJIPATHBIX YpaBHEHUI.

Tema. IIpousBonnbie u nudd epeHnHANbI (YHKIIMH OIHOI TIEPeMEHHO¥.
IHpupawenuem ynkyuu y = f(x) B TOUKE X, COOTBETCTBYIOIIUM IpHpAIIE-

HUIO aprymeHTa Ax#0 Ha3bIBAETCS BBIpaKEHHUE
Ay = Af(xg,Ax) = f(xg +Ax) = f(xg) .
IIpouseoonoii 1-020 nopaoxa Gysxuun y = f(Xx) B TOUKE X, HA3HIBAETCA KO-

y , . M(xg,Ax)
HeuHbli npegen f'(xg) = A}clmOT
—

HOH cocTouT B TOM, 4TO 4ucio f'(X,) paBHO yriIoBOMy Kod((HIMEHTy Kaca-

. FeOMeTpI/I‘IeCKI/Iﬁ CMBICJI IPOU3BOI-

TeNnbHOH K rpaduky GyHknun y = f(x) B Touke x,: f'(x,)=1tga , rAe o - yron
HAKJIOHA KacaTeNbHOW K ocM Ox MNPSIMOYrOJBHOM J€KapTOBOM CHCTEMBI KOOPAU-
Hat Oxy .

OyHKIUS, UMEIoLIast IPOU3BOJHYIO B JaHHON TOUYKE, Ha3bIBAaeTCs Ouggpepenyu-
Ppyemoii B 310i Touke. HeoOXomumbIM yciaoBreM qudhepeHIMpyeMOCTH B TOUKE
SIBIISIETCS HETIPEPHIBHOCTh (DYHKIIMU B TAHHOM TOYKE.

. M(xg,Ax)
ECJ’II/I KIUA X HCIIPEPhbIBHA B TOYKEC X, nu 111’1’1 — =00, TO
dyn S(x) pep o Wm0

TOBOPAT, 4TO B TOUKE X, QYHKUUA f(x) UMEET HecKoHeuHyl npou3eoonyio. B
3TOM ciy4ae KacaTelbHas K rpapuky GyHKuu y = f(Xx) B TOdke X, NEpHeH[u-
KyJsipHa K ocu Ox .

100



. Af‘(x()an) . Af(xO,Ax)
Yucna f' = lim —— u [’ = lim ———— Hasbl-
S0 = 0T A L 00 = 0T A

BAIOTCsI, COOTBETCTBEHHO J1€60H Y NPA6oll npou3soonvimu GyHkuun y = f(x) B
Touke X,. Ycmoeue f(x)= f,(x,)papHocunsHo nuddepenuupyemoctu GyHK-
mun f(x) B TOUKe X, mpuaToM f'(xy) = f'(x5) = fl(xg).

JIrobas snemenrapHas ¢yHkius y = f(x) muddepeHuupyema Bo BCSIKOIH BHYT-
PEHHEH TOYKEe X ECTECTBCHHOM oOmactu ompexaencHus D ¢yHkmuu f(x), B KO-
TOPON aHAJMTHYECKOE BBIpaKEHHE €€ Npou3BOAHON Y’ = f'(x) UMEeT CMBICI.
IpousBomHass f'(x), paccMaTprBaeMasi Ha MHOXECTBE TeX TOYCK X , [/ OHa Cy-

IeCTBYeT, caMa sBisiercs QyHkuer. Omnepamnus HAXOXKICHUS TPOH3BOTHON
f'(x) HasbIBaeTcs Takke ougpgpepenyuposanuem pyuxipn f(x).

Ocnognble npaguna ougpgpepenyuposanus InemeHmapHylxX QyHKyuil.
1. Ecmu f(x) u g(x) muddepenuupyembie yrkimu, C - MOCTOSHHAS, TO:

(©)'=0 (f-8)=rg+/g
(f+e)=/"*g' (i} Kl A
g g
(Cfy=cf’ (LJ & g
g g
2. Ecnu dynkums u = ¢(x) nuddepennupyema B Touke x, a GyHkuus y = F(u)
mubdepennupyema B Touke  uy =@(x,), TO  cloXHas  (QYHKIMA

y=f(x)=F(¢(x)) mubdepenunpyema B ToUke X, U UMEET NPOU3BOAHYIO:

‘f'(xo) = F'(uo)go'(xo)‘ WJIH KPATKO ..
Jlozapugmuueckoit npouzeoonon dpynxuuu ) = f(x) HaspIBaeTCs MPOM3BOJI-
Y_S®

[
IpuMeHeHHe NPENBAPUTENBHOrO JIorapupMUpOBaHusi (DYHKIIUM MPUBOIHUT K
CIIE/IyIOIIEMY, 4acTo Goliee MPOCTOMY, CIIOCOOY BBIUKMCIICHHUS €€ MPOM3BOIHOM:
y'=y(Iny). Hanpuwmep, JUIs CTENIEHHO-T10Ka3aTeNbHON GbyHKIIMN

Hast ot Jiorapudma 1ol Gpyukimy, 1.e. (Iny)' =

y=f(x)=u",tne u(x)>0, v(x) - mupdepenuupyemblie GyHKINH:
(uv) =u’(v-Inu)'.
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Ecmn muddepennupyemas QyHkums y = y(x) 3ajaHa HESIBHO YypaBHEHUEM
F(x,y(x))=0, To npousBogHass y' = y'(x) 3TOW HesIBHON (HYHKIHUH MOXET ObITh
HalineHna w3 ypaBHeHus F(x,y)=0, nuHelHOro OTHOCHTENbHO )'(X), THE

F(x, y(x)) -paccMaTpuBaeTcs Kak CJIOHas! QYHKIUS IEPEMEHHOH X .

Ecmu y=f(x) u x=f'(y)-B3aumuo obpatubie qupdepeHimpyemsie QyHK-

1
wun u y, #0, To cnpasennuBa Gopmyna: x, =—- (npasuno ougghepenyupo-

X
6anus 00paAmMHMOIL PyHKYUU).

Ecmm  muddepenmmpyemas ¢yHkius  y = y(x) 3aJaHa apaMETPUUCCKU:
x=x(), y=y(t) (a<t<pf),rne x(t), y(t) -nuddepennupyemsie GyHKIHU
u x; #0, To cnpaBeumBa popmyna: y' =y, / X, (npasuno ougpepenyuposa-
HUA QYHKYUU 300AHHOT RAPAMEMPUUECKL).

[Tpn auddepeHnupoBaHUN CIOXKHBIX ¥ 00paTHBIX (QYHKIMH, a Taioke (QyHKIUHA
3aJJaHHBIX HESBHO M MapaMeTPUYECKH Ul MPOM3BOJHOW HMCIONB3YIOT 0003Haye-

HHS THTA V), X, )}, X; TaM, IJie He0OXO/IMMO YTOUHHTB, 10 KAKOH TePEMEHHOi
BenéTcs auddepeHIpoBaHue.

Ilpouseoonoii 2-020 nopsioka ot Gy y = f(x) Ha3bBAaETCS MPOU3BOTHASL
OT eé MepBoii MPou3BOAHOI U 06o3Hauaercs "= f"(x), . e. y"=(»")". B 06-
LIEM HPOU36OOHOU nopadKka n (1 -0l NPOU3800HON) HAZBIBAETCS MPOU3BOIHAS
or (n—l)-oii npowssogHoii u  obosmauaercs  y™ = (x), Te.

n

d’y
"

y™ = (DY s mpomssommoii y"™ ucnone3yercs Takke 0Go3HAUCHHE

IIpousBoaHas y(") ¢bynknun  y = f(x) BBYKCHSETCS €€ MOCIIEAOBATEIHEHBIM

mddepenmposannem: ¥, y" =", ¥"'=0"), ...,y =u""). Ecm
¢byHkIMsA y = f(x) 3amaHa MapaMETPUIECKH, TO €€ MPOU3BOIHBIC BBICIINX ITOPSI-

_ (y,'\):‘ " (y:,\);

KOB HaXOZATCA 10 hopMynam: Vo, =

T Ve T, e
t t

Ecmn dyaxums y = f(x) muddepenuupyema B Touke X, TO €€ NpHUpalleHue
Ay = f(x+Ax)— f(x,) MOXKET OBbITb NIPE/ICTABIEHO B BUJIE:
Ay = f'(x)Ax + a(Ax)Ax , tie a(Ax) —> 0 npu Ax — 0.
Mudpgpepenuyuanom dy dyakmpm y = f(x) B TOYKEe X HA3BIBACTCS TIIaBHAS,

JUHEHHAs OTHOCUTENbHO Ax 4Yacth f'(x)Ax mpupamenus Ay GyHKIUH:
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dy = f'(x)Ax . B wactaocty, mis yHkuuu y =x umeeM dy = Ax, T.e. mudde-
peHIMaI He3aBUCHMOI'O NIEPEMEHHOI0 X COBMajaer ¢ npupamieHueM Ax . [Toato-
My aubdepenunan ¢ynkumu y = f(x) 3amuceiBaetcs B Buae dy = f'(x)dx.
®opwma 3anmcu nepsoro auddepeHnrana He UIMEHUTCS U B TOM CiIydae, eciii Iie-
peMeHHast x sBisieTcs (yHKUIUEH OT HOBOW HE3aBHCHMOMW NEpeMEHHOM (ceoiicmeo
UHEAPUAHMHOCIU (YOoPMbL NEP602o Ougpghepenyuana).

Jis GyHKIUU OJHOW TEpeMeHHOW y = f(Xx) CyIIeCTBOBaHHE B TOYKE X €6
muddepennmana dy u npousBoaHoN f'(x) PaBHOCHIIBHBL

Mudpgpepenuyuanom 2-o20 nopaoxka pyakimu y = f(x) HaswsBaercs audpdepeH-

uan ot eé nepsoro auddepeHuana u o0o3Hayaercst d 2 y,T.¢ d 2 y=d(dy).B
obeM OJughgpepenyuanom nopsoxka n HazwpBaetcs muddepernuan ot audde-
pentmana (n—1) -oro mopsiaka u obosnadaercst d”"y, t.e. d"y=d(d"y).

Ecnu x - He3aBucUMas mepeMeHHas, TO Ui Haxoxaenus auddepennuana d”y
dyrxumn y = f(x) cnpasewtusa popmyra d”y = /" (x)dx" .

[epBoiii qupdepeHnman IPUMEHSIOT I TPUOTMKEHHOTO BRIYUCIECHUS 3HAYE-
Huil GyHkuuu y = f(x) B Manoll OKpECTHOCTH TOYKH X, B KOTOPOH (QYHKIHS
nuddepeHmpyema, mo Gopmysie:

S )= fxg)+df (xg) = f(xg)+ f'(x9)Ax, Tae x=x, +Ax.
UeMm MeHblIe 3HaUCHHE | Ax |, TeM TOuHee puOImKéHHas popmyia.
Ypasuenue xacamenvuoii x rpaduxy Gynkuun y = f(x) B Touke M, (x,,¥ )

umeer BUL y-—yo=f(xo)(x—x,), a ypasuenue mnopmanu - BUI:

Y—=Yo = (x—xp) .

1
!
J'(xo)
[Tycts HexoTOpas 3KOHOMHYECKas BelNW4MHa (M3IEpKKH NPOW3BOJCTBA, IPH-
ObUTb, ITPOU3BOMUTEILHOCTD U T.J.) 3a1a€Tcs HelpepbIBHOW (QyHKIMend y = f(x).

Torna, npedenvroii s f(x) HaspiBaercs BemumunHa Mf(x) = f'(x), cpeoneii —
()
x
JIeTIbHEIN), OykBa A - coKpalleHHe OT cioBa Average (cpemuuil). IlpenenmbHas

BenmmunHa Af (x) = . BykBa M - cokpamienue or cnoBa M arginal (npe-

BenmuuHa Mf(x) SBJISETCS MEpOW pearMpOBaHUS OJHOMN IMEPEMEHHON BEITHMYMHBI
Ha U3MEHEHUE JPYTOH U TOKa3bIBACT MPHOIMKEHHBIN a0COMIOTHBIN mpupocT f(x)

pu USMCHCHHUU X Ha CAWHUILY.
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Inacmuunocmoro gynxkuyuu y = f(x) B TOYKE X Ha3bBIBACTCA MpeIe

. A
E.(y)= Al:g y—/y Onactuunocts E (), Tawke kak 1 Mf(x), sBisercs Me-

0 Ax/x
poii pearnpoBaHus OJHOM TIEPEMEHHOM BETMYMHBI HA H3MEHEHHUE JPYTOil U TOKa-
3bIBAET MPUOIKEHHBINA TIPOLEHTHBIH TIPUPOCT f(X) TPH U3MEHEHMH X HA OJMH

nporent. Haxomsr osmactuunocts E (y) oyskmmn y= f(x) mo ¢opmyre
x

E()=—"y
Y

Tema. OcHoBHbIe TeopeMbl 0 anddepeHIHPYEeMbIX GYHKIMAX M WX NPUJIO-
JKEeHHUsI.
Teopema Possi. Ecniu ¢pynkius  f(x) HenpepwiBHa Ha otpeske [a,b], mudde-

peHnupyema Ha untepBane (a,b) u f(a)= f(b), To Ha (a,b) cymecTByeT ToYKa
¢ takas, uyto f'(c)=0.

Teopema Jlarpanxka. Eciu ¢ynkuust f(x) HenpepblBHa Ha ortpeske [a,b] u
nmuddepeHmpyemMa Ha uaTepBaie (a,b), To Ha (a,b) cymiecTBYyeT TOYKA ¢ Takas,
uro f(b)— f(a)= f'(c)-(b— a) (popmyna JTazpansica).

Teopema Koumm. Ecin pynknmu f(x) u g(x) HenpepbIBHBEI HA OTpe3ke [a,b],
nmuddepennupyemsr Ha unrepBaie (a,b) u g'(x)#0 npu Bcex x € (a,b), To Ha
uHTepBane (a,b) CymecTBYeT TOYKa ¢ TakKas, 4YTo

fB)-f(a) _ [
gb)-gla) g'(c)

Ipasuio Jlomurans. Ilpenen otHomeHus Byx nuddepeHmpyeMbIX Win Oec-

KOHEYHO MaJbIX WM OECKOHEYHO O0onbmuX QYHKIMH Mpu x —a (a - 49ucio x,

(¢popmyna Kowu).

WY CUMBOJ 0 ) PaBeH Ipe/ielly OTHOLIEHHS UX HMPOU3BOAHBIX (KOHEUHOMY HIH
0€CKOHEUHOMY), €CIIH IIOCTIEHUN CYLIECTBYET B yKa3aHHOM CMBbICIIE:
!
. x) . x
hmﬁzhmf( ).
!
x—=a g(x)  x—a g'(x)
IpaBuno Jlomurans UCHONB3YIOT UL PACKPBITHS HEONPEENEHHOCTEH BUJIIOB
0/0 u oo/o0 . Ha kaxiom sTarne npuMeHenus npasuia Jlonuranis cietyer nojib3o-

BaTbhCA YHNPOIIAOMIMMKU OTHOHICHUEC TOKACCTBCHHBIMU HpeO6pa3OBaHI/IHMI/I, a Tak-
XKE KOM6I/IHI/IpOBaTI> OTO IpaBUJIO C JIFOOBIMH Apyrumu HpI/IéMaMI/I BBIYHCJICHUA
peaciioB. B HEKOTOPBIX ClIy4dasiX MOXET HOTpe6OBaTI>C$I HEOAHOKPATHOC MpUMCEC-
HCHUC TaHHOI'O ITpaBuJia.
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0% nyrém mpeot-

PackpeiTre HeonpenenénHocTeil BuaoB 0-00, 0—o0,1% 0
pa3oBaHuUi:
In f
e =L ) ey = WO ZWS) et _ pains _p Ve
f(x) g(X)—l/g,f(X) g(X)—(l/f).(l/g),f(X) =e =e

IIPMBOJIUTCS K PACKPBITHIO HEOTIPEIeNenHocTeit BuoB 0/0 u oo/o0 .

Tema. UcciaenoBanne PyHKIMIA ¢ MOMOUIbI) MPOU3BOIHBIX, OCTPOCHHE MX

r[gaggmcon.

1. Bo3pactanue, yobiBanue pyHkuuii. JKCTPEMYM.
Oynkuust y = f(x) HazpIBaeTcs go3pacmarouieit (yovigaroujeii) Ha UHTEPBAJE

(a,b), ecnu g moObIX X,X, €(a,b), yIOBICTBOPAIOIUX YCIOBHIO X| < X, ,
BBINIONIHAETCS HepaBeHCTBO f(x)) < f(xy) (f(x))> f(x,)).

Eciu dynkuus f(x) muddepenunpyema Ha uHtepBane (a,b) u f'(x)>0
(f'(x)<0) mpu Bcex x e (a,b), To pyukuust f(x) Bo3pacraer (yObIBaer) Ha
(a,b).

Touka x,, npuHaanexamas oonactu onpenenenus D dynkuun y = f(x), Ha-
3bIBACTCA Kpumuueckoti moukoii QyHKIUN, ecnu B 3ToH Touke f'(xy)=0 wim
f'(xy) He cymectByer. Kpurnueckue Touku ¢yHkuuu y = f(x) pa3duBaroT e

obnacte onpezaesneHust D Ha WHTEPBaJIbl MOHOTOHHOCTH (MHTEPBAJIbI BO3PAaCTaHHs
1 yObIBaHUSA).
Touka x, € D Ha3plBaeTCs MmMOUKOU MuHuMyma (Maxcumyma) QYHKIUH

y=f(x), ecnu CylecTByeT OKPECTHOCTb TOYKHM X, TaKas, 4TO JUISl BCEX TOYEK
X#X, OTOM OKPECTHOCTM BBINOJHSETCS  HepaBeHCTBO  f(x)> f(x,)
(f(x)< f(xy)), auncno f(x) - munumymom (maxcumymom) Gynkuun. Touku

MUHAMYMa U MakCUMyMa (YHKIUH Ha3bIBAIOTCS MOUKAMU IKCIMPEMYMA, a 3Ha-
4yeHHs (YHKIUH B 3TUX TOUKAX — IKCTPEMyMaMH QYHKIIUH.
Heo0xonumoe ycnoBue 3xkeTpemyma. Eciu x, € D - Touka 3KcTpeMyMa QyHK-

i y = f(x), 10 f'(x5)=0 mm f'(x,) He cymecTByer.

IlepBoe mocTaTouHoe yciaoBue 3KcTpemyma. [lycts ¢pyakmms y = f(x) aud-
(epeHIpyeMa B OKPECTHOCTH TOUKH X, € D, B koTopoit f'(x,)=0 wm f'(x,)
He cymiectByer. Torja, ecii npousBojHas f'(x), Ipu mepexoje cleBa HarpaBo

4yepe3 TOUKy X, : 1) MEHSeT 3HaK ¢ «+» Ha « — », TO X - TOUKAa MAKCUMyMa; 2)
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MEHSET 3HaK C 3HaK C « — » Ha «+», TO X, - TOYKa MUHEMYMa; 3) COXpaHseT 3HaK,
TO X, HE ABJACTCSA TOUKON HKCTpEeMyMa.

BTopoe nocraTouHoe yciioBue 3xcTpemyMma. [lycts Gynkius y = f(x) nBax-
1el nuddepeHnupyema B Touke x, € D, B kotopoit f'(x,)=0, f"(x,)#0 . To-
raa: 1) ecmu f"(x,) <0, To X, - Touka Makcumyma; 2) ecu f"(x,) >0, T0 X -
TOYKa MUHUMYyMa.

2. HauboJibliee M HauMeHblllee 3HAYeHUs QYHKIMU.
Haubonvwee u naumensvuiee 3navenusn GyHkuun y = f(X) HeNpepbIBHOH U

KyCOYHO-u(pGepeHupyeMot (audhepeHIupyeMoii, 3a UCKITFOUEHHEM, OBITh MO-
JKeT, KOHEYHOTO YUCIIa TOUEK) Ha oTpeske [a, b] mocTuraercs WM BO BHYTPEHHHX
KPUTHYCCKHUX TOYKAX TN Ha KOHIIAX OTPE3Ka.
3. BbINYyKJI0CTb, BOTHYTOCTh, TOUKH Nlepernda. ACMMNTOTHI.

Oynkuus y = f(x) Ha3bBaercs ewinykioii (6oznymoii) Ha wHTEepBane (a,b),

eci e€ TpaduK JISKHT O] KacaTeNIbHOU (HaJl KacaTeIbHOM ), IPOBEAEHHON K Tpa-
¢uKy naHHol QyHKIMH, B 1r000H Touke uHTepBana (a, b) .

I/IHOFJ_'[a BBIITYKJIOCTb Ha3bIBAIOT BBIITYKJIOCTBIO BBEPX, 4 BOTHYTOCTH — BBIITYKJIO-
CTBIO BHU3.

Ecmm ¢yskmus  f(x) mBaxnasl auddepeHnmpyema Ha wuHTepBane (a,b) u
f"(x)>0 (f"(x)<0) npu Bcex x € (a, b), TO PYHKIHUS ABISIETCA BOTHYTOH (BbI-
mykJioi) Ha (a, b) .

Touka x,, NpuHaaiexamas oonactu onpenenenus D dyHkuun y = f(x), Ha-

3bIBACTCSl MOUKOU nepezuda HYHKIUY, €CIU NIPU HEpexojie uepe3 Heé MEeHAeTCs
HampaBjieHue BbIMykiIocTd ¢GyHkiuu. Touka (x,, f(x,)) TpH ITOM Ha3bIBaeTCS

mouKoii nepezuda paguxa HyHKIUN,
Touka x, €D Ha3bplBa€TCd MOUKOW 603MOXHCHO20 nepecuba GyHKIUH

vy = f(x), ecmn B 310t TOuKe f"(x,)=0 wmm f"(x,) He cymecTByeT. DTH TOUKU
pa3buBarot obsacts onpeneneHuss D GyHKIMU y = f(X) HA HHTEPBAJIBI BBITYKIIO-

CTHU U BOTHYTOCTHU.
Heo0xomumoe ycnosue nmepernda. Eciu x, € D - Todyka mepernda (QyHKINH

y=f(x), 10 f"(x0)=0 mmm f"(x,) He cymecTByer.

Jocrarounoe ycioBue nepern6a. [Tycte pyHkims y = f(x) aBaxasl nudde-
peHIupyeMa B OKPECTHOCTH TOYKU X, € D, B KoTopoit f"(xy)=0 mmu f"(x,)
He cymecTByeT. Torzaa, ecnu npousBognas f"(x), IIpU mepexoje 4epe3 TOUKy X,

MEHSET 3HaK, TO X - TOUKa Ieperuoa.
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Ipsimast L waseBaercs acummnrorod rpaduka I' ¢pynkmum y = f(x), ecau pac-
crostHue OoT Touku M €I’ 1o mpsiMoii L CTpeMHTCS K HYIIO IpU OECKOHEYHOM
yJaJIeHUU TOYKU M OT Havaja KOOpAWHAT.

IlpsiMast x = X, Ha3BIBAETCSA 6EPMUKAILHON acumMnmomoii rpapuka QyHKINH
y=f(x), ecnu xoTst ObI OOMH M3 OAHOCTOPOHHHX TpenenoB lim  f(x) wiu

x—x—0

lim o f(x) paBeH OECKOHEYHOCTH.

XX+
0

Ilpsimast x = x,, ABNsiETCA BEPTUKAIBLHOW acCHMMITOTOH, TOrJa M TOIBKO TOrAa,
KOrJa X, SBIISieTCS TOUKOM OeCKOHEYHOro paspbiBa QyHkuun y = f(x). Hempe-
PBIBHBIC (DYHKIIMM HE UMCIOT BEPTUKAIBHBIX ACHMIITOT.

Mpsmast y =kx+b Ha3bIBaeTCA HAKIOHHOU acumnmomou Tpaduka (QyHKIUU
y=f(x) mpu x — —oo (mpu x —> +00), ecin l_i)m (f(x)—kx—b)=0 (cootrBer-

X——00

crBenHo, lim (f(x)—kx—b)=0). YacTHbIM CllydaeM HAKIOHHON ACHMIITOTHI
X—>+0

(pu k = 0) ABIISETCS 20PU3OHMANBHAA ACUMPINOMA.
Mpsmast y=kx+b sBIICTCI HAKAOHHOU acumnmomou Tpaduka (QyHKIUU

y=f(x) mpu x — -0 (mpU Xx —> +0 ) TOrJa U TOJIBKO TOTJA, KOTJa OJXHOBpE-

£y,

MEHHO CYIIECTBYIOT Hpeaensl: lim

n lin} (f(x)—kx)=b (cooter-
pAC) ( )

CTBeHHO, lim
X—>+0

4. llocTpoenne rpa(pmcon (_'I_)VHKIII/II/I.
Just moctpoenust rpaguka GyHKImMU y = f(x) HyxHO: 1) HaiiTh 00aacTh ornpe-

=k un hm (f(x) kx)=b).

JeneHnst pyHKIWM; 2) HAUTH 00J1aCTh HEMTPEPHIBHOCTH (DYHKIIMK U TOUKH pa3pbIBa;
3) uccrienoBarh GYHKIMIO Ha YETHOCTh, HEYETHOCTh U MEPHOIUYHOCTD; 4) HaUTH
TOYKH NepecedeHus rpaduka ¢ ocsiMM KOOpAMHAT; 5) HAlTH acUMITOTHI rpaduka
¢$yHKIMY; 6) HAWTH WHTEPBAJIbI BO3PACTAHUS M yOBIBAHMS, SKCTPEMYMBI (pyHKIINY;
7) HaliTH UHTEPBAIIBI BBITYKIOCTH, BOTHYTOCTH M TOUKH Iepernoa.

Tema. OcHOBHBIE TOHATHUS 0 GYHKIIUH HECKOJLKHUX MepeMeHHbIX.
Beskuii ynopsjoueHHbliH Ha0op M3 71 AHCTBUTENBHBIX uHced (X, X;,...,X,)

HA3BIBACTCS MOYKOU N -MEPHO20 apugmemuueckozo (KOOPIUHATHOTO) HpoO-
cmpancmea R" u obozHavaercs x win M (x1,%5,...,X,), IPA 3TOM YUCNA X;
Ha3bIBAIOTCA €€ KOOpOuHamamu.
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IpoctpancTBo R" Ha3bIBaeTCH €6KAUOOBBIM, ECITU PACCTOSHUE MEXKLY JTFOOLIMU
IByMs ero ToukamMu M (x;,...,x,) u My(x,...,X,,) omnpenensercs Gopmymnoit
2 2
P M) =5y = 30)> (1, = ,0)”

Ilycts X < R" u Y < R - HekoTopbie MHOKeCTBA Touek R" u R . Eciu kak-
Joit Touke M € X cTaBUTCS B COOTBETCTBHE IO HEKOTOPOMY MpaBWIy f OIHO

BIIOJTHE ONpEJICTIEHHOE IEHCTBUTEIBHOE YUCTIO y € ¥, TO TOBOPST, YTO HA MHOXeE-
ctBe X 3amaHa u4uciaoBas (QYHKOUS OT 7 TEPEMEHHBIX U IHIIYT
y=f(x;,x5,...,x,) unu xpatko y= f(M) u y= f(x), npu 5ToM X Ha3bIBa-
erca obaacmovio onpeoenenus, Y - MHOMCECMEOM 3HAUEHUI, X|,X5,...,X, -
apecymenmamu (HE3aBUCUMBIMHU TIEPEMCHHBIMU) (DYHKITHH.

OyHKIMIO IBYX NEPEMEHHBIX YacTo 00o3HayarT z = f(x,)), QyHKIHIO TPEX
nepeMeHHbIX - u = f(x, y,z). Obnacte onpenenenus GpyHkumu z = f(x, y) npen-
CTaBJsIeT co0OH HEKOTOPOE MHOXKECTBO TOUEK IIOCKOCTH, QpyHKIMK u = f (X, Y, z)

- HEKOTOPOE MHOXKECTBO TOUEK IIPOCTPAHCTBA.
Haubonee pacnpocTpaHEéHHBIM CIIOCOOOM 3aJaHus (QyHKIMU SABISETCA aHAIUTH-
YecKuil cnocod, mpu kotopoMm ¢(yHkums 3amaércs dopmynoi. Ecmecmeennoi

obnacmuio onpedenenus Gynkupu y = f(M) HasbiBaeTcs MHOKeCTBO D — R”
Touek M (x;,X,,...,X,) , A KOOPAUHAT KOTOPHIX (hOpMyIa HMEET CMBICI.

TI'pagpuxom gynxkuuu z = f(x,y), (x,y) € D B IpAMOYroibHOHN CHUCTEME KOOP-
quHAT Oxyz , HA3BIBAETCS MHOXKECTBO TOYEK MPOCTPAHCTBA C KOOPAWHATAMH
(x,y, f(x,9), (x,y) e D, npeacrassioriee coOoii, BOOOIIE TOBOPs, HEKOTOPYIO
IIOBEPXHOCTH B R*.

Jlunueii ypoeus ¢ynkuuu z= f(x,y) wHaswBaercs muaus f(x,y)=C Ha
wiockoctd Oxy , B TOUYKAaX KOTOPOHM (DYHKIMsI IPUHAMAET OHO M TOXKE 3HAUEHUE
z=C.

Yucno b HaswiBaercsa npedenom @ynkyuu y = f(M) npu M — M, (umu B

Touke M), ¥ ULIyT Mlinz\ll f(M)=b, ecnu ans moboro uucna ¢ >0 HainéTcsa
-
0

yucno O6(g) >0 Takoe, YTO TpH Bcex M , YIOBIETBOPSIOIIMX YCIOBHIO
0<p(M,M,)<6(¢), BoimonHseTCA HepaBeHCTBO | f(M)—b|< ¢ . Ina dyHkimn

z= f(x,y) numyTt }g{{) f(x,y)=b. Boruncnenue npejena GyHKIUN HECKOIb-

Y=y
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KUX MCPEMEHHBIX YaCTO CBOAAT K BBIYMUCIICHUIO IIpEciia (l)yHKHI/II/I OI[HOﬁ nepe-
MEHHOM ¢ MOMOUIbIO 3aMEHBI IICPEMECHHBIX.

@Oynkuusa  y = f(M) HazpiBaeTcsl HenpepwvieHoil 6 mouke M, ecnn

Mlin]}/[ J(M)=f(M,). OyHkius HenpepbIBHASA B KaX/(0H TOUKE HEKOTOPOH 00-
—Mo

JIACTH, HA3BIBAETCS HenpepbléHoil ¢ 3Tok obnacmu. Eciu B Touke M, HapylmieHO
XOTs OBl OJTHO W3 cienyromux ycnosuit: 1) dyakuus f(M) ompenereHa B TOUYKE

My, 2) CYILECTBYET KOHEYHBIN npenen lim f(M); 3)
M->M,
Mlin]}/[ SM)=f(M,), To M, HasbBacTCsi mouKoi paspviéa GyHKIUNI
—Mo

y=f(M). Toukn pa3psiBa MOT'YT OBITH N30JIMPOBAaHHBIMH, OOPAa30BBIBATH JINHUU
pa3pbiBa, MOBEPXHOCTH Pa3phiBa.

Tema. IIpousBoannie H nuddepennyranbl QYHKINH HECKOJLKHX Iepe-
MEHHDIX, X PUJI0KEHHSI.
Yacmmuoit npouzeoonou (1-ozo nopsaoxka) dyskuuu y=f(M)B TOUKe

M(x;,...X;,...,x o TIepeMEHHON X Ha3bIBACTCS npenen
1 k n k p

" f(xl,...,xk +Axk,...,xn)7f(x1,...,xk,...,xn)

m , €CIIH 3TOT Tpeien Cy-
Ax; —0 Axk

0
mecTByeT. YacTHYIO IIPOU3BOAHYIO 0003HAYAOT < WIN y;k .
Xk

YacTHbIC TPOU3BOJIHBIC BBEIYUCIISIOTCS 1O OOBIYHBIM TpaBmiaM auddepeHimpo-
BaHUS (YHKIMM OJHON IMEPEMEHHOHN, B TPENMOIOKCHUH, YTO BCE apTryMEHTHI
GbyHKIMH, KPOME apryMeHTa X, , 0 KOTOpoMY 6epETcs MPOU3BOAHAS, OCTOSHHBI.

Yacmusimu npouszeo0HbIMUu 6mopozo nopsoka Gyuxkuuu y = f(M) Ha3bBa-

FOTCA YaCTHBIC MPOMU3BOJAHBIC OT €€ YaCTHBIX MPOU3BOAHBIX IMEPBOI'0O MOPAAKaA. HpI/I
OTOM HUCITOJIB3YIOTCH 0003HaYEHUS:

o (av) oy o (av)_ &%y _,
—| T Y e T T Y (k#=m).
Ox; \ Ox,, ox; ox,, \ Ox; 0x,0x,,
o%y
[MpousBopHble ———— ( k # m ) Ha3bIBAIOTCS CMEUIAHHBIMU. AHATIOTHYHO OI-

X OX
penensrorcss ¥ 0003HAYAIOTCSl YAaCTHBIE TPOW3BOIHBIE IOPSJKA BHIIIE BTOPOTO.
Jua dyakuun z = f(x, y) 9acTHBIE IPOM3BOJIHBIE 0003HAYAIOTCS:
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oz 0z 0%z 9%z 9%z 0’z T R

r
T T s s e WML Z4 2 2 2 2, Ty e

Ecnu cMeliaHHble 4aCTHbIE MPOU3BOJIHBIE, MOJUICKAIINE BBHIUUCICHHIO, HEpe-
PBIBHBI, TO PE3yJIbTAT MHOTOKPATHOTO Au(depeHITUpOBaHus (QYHKIIUU 0 Pa3iny-
HBIM TIEPEMEHHBIM HE 3aBHUCHT OT Mopsiaka quddepeHimpoBaHus.

Honnvim npupawenuem @ynkyuu y = f(M) B Touxke M (x;,x,,...,X,), COOT-

BETCTBYIOIIUM TPUPALICHUAM apryMeHToB Ax,,Ax,,...,Ax, Ha3bBaeTcia pas-

n
HOCTb Ay = f(X; +Ax), Xy +AXy, ..., X, +Ax,) = f(x],X5,...,X,).

DyHKIUA y=f(M) Ha3bIBae€TCs  Ougppepenyupyemonn B TOUKE
M(x,,x,,...,X,), ecIn €€ TMONHOe NPUpPAIICHHE MOXKET OBITh NMPEJICTABICHO B

BUJIE Ay = A Ax; + AyAx,y +...+ A, Ax,, +0o(p) , e

p=yA? +AF 4 +AZ >0 mpu Ax —0,Av, >0,...,Ax, >0,

Ay, A,,..., A, -uucna, He 3aBUCAIIUE OT Ax;,Ax,,...,Ax

n

Honnvim ougppepenyuanom dy byaxuum y = f(M) B Touke M Ha3bIBaeTCS
rJ1aBHas, JIMHEeWHAst OTHOCHUTENIBHO Ax;, Ax,,..., Ax, 4acTh
AAx; + AyAxy +...+ A,Ax, TmonHoro mpupamenus Ay  GYHKIUMH, paBHas
dy =a—yabc1 +a—ydx2 +...+a—ydxn ,rae dx; = Axy,...,dx, = Ax, .

ox, X, 0ox,,

Oyuknus y = (M), obnagaromas B Touke M HENPEepPHIBHBIMUA YACTHBIMH IIPO-
W3BOJHBIMH, BCET/Ia UMEET B 3TOM TOYKE MOJHbIA nuddepentman dy . Jng GpyHk-
mn y = f(M) maddepeHIpyeMOCTh B TOUYKE paBHOCHIbHA CYIICCTBOBAHHIO B

9TO# Touke e€ momHoro auddepeHuana.
dopma 3amucu nepBoro auddepeHimana He U3SMEHUTCS U B TOM CJIydae, eCiu

NEPEMCHHBIC  X{, X, ,..., X, SBIAIOTCA (byHKHI/IHMI/I HOBBIX, HE3aBUCUMBIX IIEpEC-

MEHHEIX (C80licH60 uHeapuanmuocmu (opmol nepeozo oughhepenyuana).
Jugppepenyuanom 2-o02o nopaoka dbyskumu y = f(M) HnaswBaercs nudde-
permman ot e mepBoro nupdepeHnmana u o0O03Hauvaercs d 2 y, T. €.
d*y=d(dy) . B obueM ougppepenyuanom nopadka m naswizaercs aupepes-
y
uyan or auddepennuana (m—1)-oro nopsaxka u oGo3Hadaerca d™y, T.e.
d"y=d@d"'y).
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Ecnu x - He3aBrcHMas TIepeMeHHast, TO Aj1d Haxoxaenus auddepennuana d” y

G yHKIIIU yv=f(M) CIIpaBeInBa CHUMBOJIMYECKAS bopmymna

w0 2"
d"y= a—dxl +. +6_ ¥, GOpMaIbHO pacKpbiBaeMasi 10 OMHOMHAIEHOMY
X1 X

3akoHy. Hanpumep, mns ¢yskmum  z = f(x,y) cropaBemauBbl  (HOPMYIIBI:

2 2
o= Cai Egy, a22-C P2 2 02 ey 2y,
Ox oy ox? axay oy?
Ou ou ou
a st yHKmu u = f(x, y,z) - Gopmynsl: du =2 dx +—dy+—dz,
Ox Oy oz
2 2 2
d%u —a—udx ﬂd +a—udz +2 o’ drdy+ 2 dndz+ 227 g
ox? oy? oz’ 0x0y Ox0z 0yoz

[MepBoiii auddepeHnnan NPUMEHSIOT I NPUOIMKEHHOTO BBIYMCIECHHS 3HAYe-
Huit GyHKIMU y = f(M) B MaJoil OKPECTHOCTU TOUKU M, B KOTOPOH (hyHKIUS

mupdepennupyema, o dopmyne: f(M) ~ f(My)+df (M) .
B YaCTHOCTH, JUIst byHKIIH z=f(x,y) o ¢dopmyme:
Sp) = f(x0,00) + [i (X0 0)Ax + £, (X0, y0)Av , THE X=X +Ax, y=yy+Ay. Uem

MEHBIIIE 3HAUYCHUE \[(Ax)z + (Ay)2 , TeM TO4YHee GopMyIa.
Ecmu ypaBHenue F(x;,X,,...,x,,¥)=0, e F - nuddepenimpyemas QyHk-

1Ml TIO TIEPEMEHHBIM X, X,,...,X,,) , ONPEIENsieT » Kak (YHKIHIO HE3aBHCH-
MBIX MEPEMEHHBIX X[, X,,...,X, , TO YACTHbIE MPOM3BOJHBIE 3TOH HESBHOH (QyHK-
UH =1 (x,x5,...,x,) BBIUUCIIAIOTCS o ¢dbopmynam:

p F! 0 F! i F!
<2 __ x'l , @ _ ? ,...,—y=— Af’ npu yciosuu, uto F) # 0.
Ox, F)  ox, Fy ox, F

B wuwacrnoctn, ms dyHkumu  y = f(x), 3aJaHHOM HESBHO YpaBHEHUEM

d F,
F(x,y)=0 cnpaseniusa popmyna y' = d_y = —F— , ipu ycnosuu F) # 0, a st
X z
¢byakmmu y = f(x, y), 3ananHoi ypaBHeHueM F(x,y,z)=0
0z F! oz F
cHpaBeTBbl GOpMyIIbl: — = ——~, — = ——— 1pH ycj1oBuu I, #0 .
p hopmy. x Foy F pH Y

YacTHbIe MPOW3BOAHBIC BBICIIUX TOPSIKOB BBIYUCISIOTCS IOCIEIOBATEIEHBIM
QG GepeHIIMPOBAHUEM TaHHBIX (HOPMYIL.
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MuoxectBo Touek X < R" Ha3bIBAETCS GbINYKIbLM, €CTU BMECTE C JIIOOBIMU
JIByMSI CBOUMH TOUKaMU A W B, OHO COJEPKUT U OTpe30K AB .

Oynkuua y = f(x,...,x,), oNpeAenéHHas Ha BBINYKIOM MHOXecTBE D R"
Ha3bIBACICSl GLINYKION 66epx, €cIU Ui BCeX TOUeK X,X, €D, rxme
X=X X0 ) s Xy = (X150, X050, X,p) U 0I5 EOOOTO ¢ €[0,1] BBIIONHS-
erca HepaBeHCTBO f(tx, +(1-6)X,)>tf(x))+(1—-1)f(X,) u evinyknoii enus,
€CJIU BBINONHAETCS HepaBeHCTBO f(tx; +(1-1)X,) <t f(x))+(1-0)f(X,).

TI'paouenmom dynkyu u = f(x,y,z) Ha3bIBACTCSA BEKTOP

Ou- Ou- Ous
radu=—i +—j+—k .
& Ox X / Ox
Ilpouseoonasn gpynuxyuu u = f(x,y,z) no HANPASIEeHUIO POU3BOIBHOTO BEKTO-
pa i=1 x? +/ yj +/ Zlg BBIUUCIIAETCS o dopmyne
ou

ou ou ou
—=—cosa+—cos B+—cosy, IJie CoSa, COS 5, COSy - HAMPABJISIOIHNE
ol Ox Oy oz

KOCHHYCBI BeKTOpa (.

I'pamuent ¢ynkumm u = f(M) B Touke M (x,y,z) HampaBieH IO HOPMalId K
MOBEpXHOCTH ypoBHA f(x,y,z)=C , npoxomsmuiei uepe3 M(x,y,z) B CTOPOHY
Bo3pacranus (YHKIIUHU, & €r0 MOAYb | gradu | paBeH HaWOONBIICH TIPOU3BOIHOMN
TI0 HAIIPABJIEHHIO B ATON TOUKE.

Tema. JxcTpemMyMbl GyHKIHIT HECKOTBKHX NTEPEMEHHBIX.
Touka M (xyy,...,%,y) , IPUHAANEKamas ob6aacTH onpeaenenus D GyHKINH

y=f(x,...,x,)= f(M) , Ha3bIBACTCS CIMAKUOHAPHOU MOUKOU DYHKIHH, CCIH
B OJTOH TOUKe Kaxjaas U3 e€ YaCTHBIX IIPOU3BOJAHBIX paBHAa HYNIIO, T.€.
f;l (M0)=O,...,f;n (M0)=O um df (M,)=0.

Touka M, HaspBaeTcd moOUKOU Munumyma (maxcumyma) GyHKINH
y = f(M), €CTI1 CYIECTBYET OKPECTHOCTL TOYKHU M, Taxas, 4TO /I BCEX TOYEK
M # M, »oToif OKPecTHOCTH BBINONHAETCS HepaBeHCTBO f(M)> f(M,)
(f(M)<f(My)).

Touky MUHHMYMa M MakcuMyMma (YHKIMHM Ha3bIBAIOTCS MOYKAMU IKCHMPEMY-
Ma, a 3HAYEHHS GYHKIMU B OTHX TOUKAX — IKCHIPEMYMAMU PYHKUUU.
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Heo0xonumoe ycaosue 3xcrpemyma. Eciu M () - Touka JOKaabHOTO BDKCTPE-

myma GyHkuuu y = f(M), mddepennupyemoit B Touke M, To M - crammo-
HapHast TOYKa (QYHKIHH.
JocraTounoe ycaosue 3kerpemyma. Ilycts M, - cTalmoHapHas TOYKa JBaX-

ael nudepennupyemoit B Touke M, dynkuuu y = f£(M). Toraa, eciu mpu Bce-
BO3MOMKHBIX HaOopax 3HaueHuil dx,,...,dx,, He PaBHBIX OJHOBPEMEHHO HYIIO:
1) dzf(MO) <0, T0o B Touke M, OyHkuus f(M) uMeeT MakcumyMm; 2)
dzf(MO) >0, 1o B Touke M, (yHKIHA UMEET MHHUMYM; 3) dzf(MO) MIPUHU-
MaeT KakK IOJOXHTENbHbIE, TAK U OTPHIATENbHBIE 3HAUEHUsA, TO B Touke M
¢ynxms  f (M) He UMeeT FKCTpeMymMa.

B uactHocTH, dyHKIMA z = f(X,)) B cTanuoHapHoi Touke M (x,,y,), IpH
‘A B

ycnoun D= C=AC—13’2¢O, e A=fl.(My),B=f1,(M,),

C=f,,(My): 1) nmeer makcumym, eciu D >0 u A<0; 2) UMeeT MUHUMYM,
ecii D >0 u A>0;3) He umeeT 3KcTpeMyma, eciit D <0 .

Touka M, € D Ha3bpIBACTCS MOUKOU YCINO6HO20 MUHUMYMA (MAKCUMYMA)
bysKIMHM y = f(x,,...,x,) = f(M), €CIIU CYLECTBYET OKPECTHOCTb TOYKH M,
TaKas, 4To JUIs BceX Touek M # M, 3TOi OKPECTHOCTH, YIOBIETBOPSIONINX ypaB-
HEHUSIM CBA3U @ (x),...,X,) =@, (M)=0 (k= I,_m, m < n’) BBINOJHSAETCS HEpa-
BeHCTBO f(M)> f(My) (f(M)< f(M,)). Touku yCIOBHOrO MHHMMYyMa H

MakcHuMyMa (DYHKIMH Ha3bIBAIOTCS MMOYKAMU YCIO6HO20 IKCMpeMyMmd, A 3HaUe-
HUS QYHKITUH B 3THX TOUKAX — YCIOGHBIMU IKCHIPEMYMAMU hyHKYUU.
3aaya HaXOXKACHUS YCIOBHOTO 3KCTPEMyMa CBOJUTCS K HAXOXKJICHHIO OOBITHO-

ro skctpemyma @yukyuu Jlacpannca L(M,A,...A,)=f(M)+ i Ay (M),
k=1
rae A, (k= l,_m ) —HOCTOSIHHBIE MHOMcumenu Jlazpanrca.

Heo0xoaumoe yciioBue yca0BHOro 3kcTpemyma. Eciiu M ) - Touka ycI0BHOTO
sKkcTpeMyMma GyHkuuu y = f(M) npu Hanuuuu ypaBHeHMH cBs3u @, (M) =0
(k= Lm,m<n ), TO B TOuKe M, BBINOIHAIOTCS YCIOBHSA

OL(M,) —

0 (i=1,
ox; ¢ n) .

1

P (M)=0 (k=1,m)
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Pemmas naHHYy!O CHCTEMY, HAXOAAT HEU3BECTHbIE KOOPAMHATHI TOUKH M ), B KO-
TOPOH BO3MOXKEH YCIIOBHBIA 3KCTPEMYM M COOTBETCTBYIOIIHE €i 3HAaueHHS MHO-
xureneit Jlarpawka Ay, Ay, 4,0 -

Bonpoc o cymecTBoBaHMM M XapaKTepe YCIOBHOIO 3KCTpeMyMa peliaeTcs Ha
OCHOBaHMU W3y4YCHUS 3HaKa BToporo muddepennuana ¢yaknun Jlarpamka

2
d°L(My, Ay, Ao ) BTOUKE M, IpH 3HAYEHUAX A,q,..., A, , TA€ dx,...,dx,

D N
CBSI3aHBI COOTHOIICHHSMH: —— dx; +... +aﬂdxn =0 (k=1,m).

X, X,
B YaCTHOCTH, JUTSt G yHKIIIU z=f(x,y) HCCIIeyeTCs 3HaK
2 2 2
L L L
alsza abc2+2a abcafy+a dy? HpI/IyCJ'IOBI/II/Ia—ngx+a—¢dy=O.
o Ox0y oy? Ox oy

JocraTounoe ycaoBue ycJaoBHOro sxcrpemyma. Ilycts M, - Touka BO3MOX-
HOT'0 YCIIOBHOTO 3KCTpeMyma GyHKIUH y = (M), T.e. B 3TOH TOYKE BBHIOIHCHEI

HEeo0XOIUMBIE YCIIOBHS YCIOBHOIO 3KCTpeMyMa. Torna, eciiu pH BCEBO3MOKHEIX
HaOopax  3HAuYCHWH dx;,...,dx YIOBJIETBOPSIOMIMX  COOTHOLIEHUSIM

0 0 —
1 dx, +...+ﬂdxn =0 (k=1,m) u He paBHBIX OJHOBPEMCHHO HYJIO: 1)
ox, ox,,

no

dzL(MO,ﬂ.lo,...,ﬂ.mo) <0, 10 B Touke M, ¢ynkius f(M) uMeeT yCIOBHBIH
MaKcumyM; 2) dzL(MO s A0 seees Ao ) >0, TO B Touke M, QyHKIMS MMeeT ycioB-
HBIA MUHUMYM; 3) d 2L(M 05410 5++>Apo) TPHHUMAET KaK TMOJOKHUTENbHBIE, TaK U
OTpHIIaTENbHbIE 3HAUEHHs, TO B Touke M, byHkius f(M) He UMEET yCIOBHOrO

JKCTpEMyMa.
Ecmu ¢ynkums y = f(M) muddepeHnmpyemMa B orpaHNYEHHOH W 3aMKHYTOM

O6J'IaCTI/I, TO OHAa JOCTUT'a€T CBOUX HauOOJIBIIIErO U HAUMEHBIIIEr0 3HAUECHUI B TOU
00J1aCTH WU B CTaHHOHapHOﬁ TOYKE, WU B rpaHPI‘IHOﬁ TOYKE 00JIaCTH.

Tema. [Ipuo:keHuss K o0uieii IKOHOMUYECKOI TeOPUH.
Yacmusie rnacmuunocmu QyHkuuu z = f(x,y) BBIUHCIAIOTCS TO (GOPMY-

0 0
nam: E, (z) = rZ , E,(2)= 2% Yactumie snactuunoctn E.(z), E,(2) sB-
z Ox z Oy

JIIOTCSL MEPAMM PEarpoOBaHUsS MEPEMEHHOW z Ha U3MEHEHHE NEPEMEHHBIX X U
¥, ¥ IOKa3bIBAIOT MPUOIMKEHHBIA MPOIEHTHBIN NPUPOCT Z NPHU U3MEHEHHH X |

Yy Ha OAWH NPOUECHT, COOTBETCTBCHHO.
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Ion npouzeoocmeennoii ynxyueii nonnmaercs Gynxuns y = f(x;,...,x,),
HE3aBUCHMBbIE IIePEMEHHbIe KOTOPOH X,,...,X, HMEIOT CMBICI 00BEMOB HCIIONb-

3yeMBIX PECYpCOB, a 3aBUCHMasl MepeMeHHass y — 00b&Ma BBITYCKaeMOM MpOayK-

TN,
IIpedenvuoii no nepemennoii x; nna y = f(x,,..., X, ) HA3pIBAETCS BETMUNHA
0 . X[yeees X
M % fH =al, cpedneli— BeTMYMHA sz‘ f) =M . Bykea M - co-
X X;

KpalleHue OoT cioBa M arg inal (MpenenbHbI), OykBa A - COKpalleHHe OT CJIoBa
Average (cpemHuit).

Ilpouseoocmeennonu gyukyueii Koooa-/[yenaca naszpBaercs (yHKIMS BUia
0=0(K,L)=A4K “IP  rme A4,a, [ - HEKOTOpBIC MOCTOSTHHBIE, K - 00BEM mpo-
W3BOJICTBEHHBIX (POHIOB, L - 00BEM TPYHOBBIX pecypcoB, O - 00bEM BHITyCKae-
MOM MPOAYKIUH.
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6.3 OcHoBHBIe MaTeMaTHYeCKHEe (POPMYJIBL.
(I)ODMVJ'IBI coxpamém{oro YMHOKCHUSA

1. (a +b)* =a® +2ab +b*
3. (a+b+c)* =a® +b* +c* +2ab + 2bc + 2ac
4.(a+b) =a’ £3a’b+3ab* £b°5.(a £b)(a* Fab+b*)=a’ +b°
(I)ODMVJ'IBI TPUTOHOMETPUMN

2. (a—b)a+b)=a’ -b*

.sin‘a+costa =1,

. 1+tg2a=1/cos2a,
sin(a £ ) =sina -cos f £ cosa -sin B

sin2q = 2sina - cos o
. cosa+cos B =2cos|(a+ B)/2] cos[(a - B)/2]
10. cos a —cos = —2sin[(a + B)/2]-sin[(ex - 8)/2]

1
3
5
6. cos(at fB)=cosa-cosf Fsina -sinf
7
9

11. sin +sin g = 2sin|(a + B)/2]- cos[(a - B)/2]
12. sin & —sin 8 = 2sin[(a - §)/2]- cos[(a + B)/2]

2

2. fga-ctga =1,

4. l+cigloa= l/sin2 o.

8. cos2a=cos’a—sin’a

1 . 1
13. cos“ a =5(1+cos 2ct) 14. sin’a =E(l—cos 2ct)
DopMYJibl IPUBEIEHHUS.
% 3
OyHKIUSA ﬂ=5ia f=rta ﬂz%ia f=2r—-«a
sin 3 +cosa Fsina —cosa —sina
cos f3 —Ccosao tsina +cosa
tgf Fctga tea Fetga —tga
—tgp Figa tTctga Figa —ctga
3HayeHUs1 TPUTOHOMETPHYECKUX (PYHKIMI HEKOTOPBIX YIJIOB.
a 0 | z/6 | n/4 n/3 7/2 | 2x/3 T 3r/2 | 27
sina 0 1/2 \/5/2 \/5/2 1 \/5/2 0 -1 0
cosa |11 3/ | 22 1/2 0 -1/2 -1 |0 1
1ga 0 1/\/5 1 \/5 o0 _ \/5 0 o0 0
ciga 0 \/5 1 1/\/5 0 _1/\/5 o0 0 o0




Taoauia npon3BoAHLIX U An( depeHaJI0B 0CHOBHLIX

3JIeMEHTAPHBIX QYHKIHIA.
Ne n/m f(x) S(x) df (x)
! x* (a#0) axa_l axafldx
2 a* (a>0,#1) a¥Ina a”™ Inadx
eX eX eXdx
log, x (a>0,#1) 1 dx
xlna xlna
5 Inx 1 dx
X X
6 sin x COos x cos xdx
7 cos x —sinx —sin xdx
8 18x 1 dx
cos? x cos? x
9 ctgx 1 dx
sin 2 x sin? x
10 arcsin x 1 dx
1- x2 1-x2
11 arccos x 1 dx
1-x2 1-x2
12 arctgx 1 dx
1+x 2 1+x2
13 arcctgx 1 dx
1+x2 1+x2
14 chx shx shxdx
15 shx chx chxdx
16 thx 1 dx
ch 2 x ch’x
17 cthx 1 dx
sh 2 x sh’x
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6.4 Oopa3zen opopmiieHHs 00J10:KKH ¢ KOHTPOJIbHOM padoToii.

®denepajibHOE TOCYIAPCTBEHHOE AaBTOHOMHOE 00pa30BaTeIbHOE
yupekIeHHe BhICHIEro mMpodeccHoHAIBLHOT0 00pa3oBaHusl

«Habepe:kHOYeTHUHCKMI HHCTUTYT

Kazanckoro (IIpuBoskckoro) penepaibHOro yHUBEpCUTETA»

Kajeapa MmaTreMaTHKH

KonTpoJuabHast padora
10 AUCIIUIIIINHE «MaTtemaTuka»

Bapuanrt Ne

HomMmepa BbINOJIHAEMBbIX 321aHU I

BoInmogHuWI: cryaeHT rpynnbl Ne
D.U.0. cmyoenma
3a4. KHIGKKa - Ne
IIpoBepuJi: mpenogaBatesib Kadeapbl MATEMATHKH
@D.U.0. npenodasamens

Hao0epe:xxubie Ueanbl
201...
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6.5. Tabuimna HoMepoB BHINOJIHSIEMBIX 3aaHHUIA.

Homep Homepa svitnonnaemvix 3a0anuii

sapuanma I 2134567187197 10
1 1 | 11| 21 | 31 | 41 |51 |61 | 71| 81| 91
2 2 2|2 |92 |52 62| 2|82 2
3 3 | 1323334353 |63 73|83 93
4 4 | 14 | 24 | 34 | 44 | 54 | 64 | 74 | 84 | 94
5 5 | 15|25 35| 45|55 | 65| 75| 85 | 95
6 6 | 16 | 26 | 36 | 46 | 56 | 66 | 76 | 86 | 96
7 7 117127137 |47 57 61| 77| 87| 97
8 8 | 18|28 | 38 | 48 | 58 | 68 | 78 | 88 | 98
9 9 |19 2939|4959 | 69 | 79 | 89 | 99
10 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
11 3 |12 21 |32 | 43|52 |61 | 72|83 | 92
12 4 | 1322334453 | 62| 73| 84| 93
13 5 |16 |27 |38 |49 | 60 | 69 | 78 | 87 | 96
14 6 | 17 | 28 |39 | 50 | 59 | 68 | 77 | 86 | 95
15 7 |18 29 | 40 | 49 | 58 | 67 | 76 | 85 | 94
16 8 | 19|30 |39 |48 | 57 | 66 | 75 | 84 | 93
17 9 |20 2938|4756 |65 ]| 748 | 92
18 1 | 1223344556 | 67 | 78 | 89 | 100
19 2 | 1324 [ 35|46 | 57 | 68 | 79 | 90 | 99
20 3 |14 2536 | 47 | 58 | 69 | 80 | 89 | 98
21 4 | 1526 |37 48|59 |70 | 79 | 88 | 97
22 5 14233241 5263|7485 9
23 6 | 15|24 |33 | 42|51 | 62| 73 | 84 | 95
24 7 116 | 25 |34 | 43 | 52 |61 | 72 | 83 | 94
25 8 | 17|26 |35 | 44 | 53 |62 | 71 | 82| 93
26 9 | 1827 [ 36 | 45 | 54 | 63 | 72 | 81 | 92
27 10 | 19 | 28 [ 37 | 46 | 55 |64 | 73| 82 | 91
28 2 |11 | 223344 |55 | 66 | 77 | 88 | 99
29 3 1221 [ 324354 |65 76 | 87 | 98
30 4 | 132231 42|53 64| 75|86 | 97

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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Homep Homepa gvinonnsaemovix 3a0anuil
éapuanma 11 |12 | 13 | 14 | 15| 16 | 17 | 18 19 20
1 107 | 118 | 129 | 140 | 149 | 158 | 167 | 176 | 185 | 194
2 106 | 117 | 128 | 139 | 150 | 159 | 168 | 177 | 186 | 195
3 105 | 116 | 127 | 138 | 149 | 160 | 169 | 178 | 187 | 196
4 104 | 113 | 122 | 133 | 144 | 153 | 162 | 173 | 184 | 193
5 103 | 112 | 121 | 132 | 143 | 152 | 161 | 172 | 183 | 192
6 110 | 120 | 130 | 140 | 150 | 160 | 170 | 180 | 190 | 200
7 109 | 119 [ 129 | 139 | 149 | 159 | 169 | 179 | 189 | 199
8 106 | 115 | 124 | 133 | 142 | 151 | 162 | 173 | 184 | 195
9 107 | 117 | 127 | 137 | 147 | 157 | 167 | 177 | 187 | 197
10 106 | 116 | 126 | 136 | 146 | 156 | 166 | 176 | 186 | 196
11 105 | 115 | 125 | 135 | 145 | 155 | 165 | 175 | 185 | 195
12 104 | 114 | 124 | 134 | 144 | 154 | 164 | 174 | 184 | 194
13 103 | 113 | 123 | 133 | 143 | 153 | 163 | 173 | 183 | 193
14 102 | 112 | 122 | 132 | 142 | 152 | 162 | 172 | 182 | 192
15 101 | 111 | 121 | 131 | 141 | 151 | 161 | 171 | 181 | 191
16 104 | 113 | 122 | 131 | 142 | 153 | 164 | 175 | 186 | 197
17 103 | 112 | 121 | 132 | 143 | 154 | 165 | 176 | 187 | 198
18 102 | 111 | 122 | 133 | 144 | 155 | 166 | 177 | 188 | 199
19 110 | 119 | 128 | 137 | 146 | 155 | 164 | 173 | 182 | 191
20 109 | 118 | 127 | 136 | 145 | 154 | 163 | 172 | 181 | 192
21 108 | 117 | 126 | 135 | 144 | 153 | 162 | 171 | 182 | 193
22 107 | 116 | 125 | 134 | 143 | 152 | 161 | 172 | 183 | 194
23 108 | 118 | 128 | 138 | 148 | 158 | 168 | 178 | 188 | 198
24 105 | 114 | 123 | 132 | 141 | 152 | 163 | 174 | 185 | 196
25 104 | 115 | 126 | 137 | 148 | 159 | 170 | 179 | 188 | 197
26 103 | 114 | 125 | 136 | 147 | 158 | 169 | 180 | 189 | 198
27 102 | 113 | 124 | 135 | 146 | 157 | 168 | 179 | 190 | 199
28 101 | 112 | 123 | 134 | 145 | 156 | 167 | 178 | 189 | 200
29 109 | 120 | 129 | 138 | 147 | 156 | 165 | 174 | 183 | 192
30 108 | 119 | 130 | 139 | 148 | 157 | 166 | 175 | 184 | 193

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIIbI.
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