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Maremarnka (B Tpéx yactax): Yacts 3. Vuebro-memoouueckuii kom-
niexc 01 CMyOeHmo8 3A0UHOU U OUCMAHYUOHHOU (hOpM 0DOYUEeHUsE NO UH-
JHCEHEPHO-MEXHUYECKUM — HANPABIeHUAM  HO020MOBKU  0OAKAIABPOS.
/CocraBurens: Yznoe A.H. -HaGepexusie YUennsr: M3n-so: HUU K(ID) DY,
2019, 131c.

1.1lesb ¥ 32724 JUCHMILJIMHBI, €€ MeCTO B Y4eGHOM Tpolecce.
Leas npernonaBaHusl AUCHUILIMHEI «MaTeMaTnka» - (OpPMHUpPOBAaHHE CHCTEMBI
0a30BBIX 3HAaHWW MO JAHHOH NUCHWIUTUHE, KOTOPAas MO3BOJIUT OYIYyIIMM CIierua-
JIMCTaM pelaTh B CBOEH MOBCEIHEBHOM JIATEIBHOCTH aKTyalbHbIE 3a]aull HaAYKH
Y TIPaKTHKH, IIOHUMATh HalMCaHHbIE HA COBPEMEHHOM Hay4HOM YpPOBHE pe3yibTa-
THI JIPYTHX HWCCJIENOBAaHMH M TEM CaMbIM COBEPLIEHCTBOBATH CBOM IMPOQEcCHO-
HaJIbHBIE HaBBIKH.

OCHOBHBIMH 3aIa4aMM AMCHMIUIHHBI SBISIOTCS:

- O3HaKOMJIEHHE OOyJaromuxcs ¢ (yHJAaMEHTAIBHBIMH TOHATHAMHU M (aKTaMu
MaTeMaTUKH, HEOOXOJUMBIMHU ISl TIPUMEHEHUs] COBPEMEHHBIX MaTeMaTHYECKHX
METOJIOB NPH pELIeHNH 3a]a4 HAyKH, TEXHUKH, SKOHOMHUKH U YIIPaBIICHNUS;
-TIpUBJI€YEHIE BHUMAHUS CTYACHTOB K BO3MOXKHOCTSIM MCIIOJIb30BaHUSI MaTeMaTH-
YECKUX METOJIOB TPH UCCIIEAOBAaHNH Pa3IMYHBIX 33724

-pa3BUTHE HABBIKOB K MAaTEMAaTHUYECKOMY MOJIEITMPOBAHHIO TIPUKIIAIHBIX 33]1a4;
-BOCITUTaHUE aOCTPAKTHOI'O MBIIUICHNS! U YMEHHUSI CTPOr0 0OOCHOBATh COOTBETCT-
ByIolIHe QaKThl;

-pa3BUTHE JOTUUECKOTO U AITOPUTMHUUECKOTO MBIIIIJICHUS;

-OBJIaICHHE KJIACCHUECKHM MaTeMaTHYEeCKHM ammapaToM JUIs JalbHEHIero uc-
TIOJTE30BAHUS B ITPUIIOXKEHUSX.

JaHHasi AUCUMIUIMHA SIBISIETCS OCHOBOW INPH M3YYEHWUM AWCIMIUINH, UCIIOJb-
3YIOLIMX COBPEMEHHbIE MaTeMaTHUECKUe METOAbl. B cBOIO ouepenb, s U3ydeHHs
JITAaHHOM TUCLUIUIMHBI HEOOXOTMMO 3HAHUE DIIEMEHTAPHONW MaTEeMaTHKH.

B pesynbrare u3ydeHus JaHHOW AUCIMIUIMHBI CTYAEHT JOJKEH:

- 3HATh TEOPETUYECKHUE OCHOBHI JINHEHHOM M BEKTOPHOU ayreOphl, aHaTUTHYECKON
reoMeTpud, AU (GepeHInaIbHOr0 U WHTErPAIbHOTO MCUMCIEHHUH, uddepeHiy-
aJBHBIX YPaBHEHUH, YHCIOBBIX M (QYHKIIMOHAIBHBIX PS/IOB, TEOPHU BEPOSITHOCTEN
1 MaTeMaTHYECKOW CTaTHCTHKH;

- YMeTh UCIIOJIb30BaTh NOJIyYeHHbIE 3HAHUS JUIsl pEIICHUs] TPAKTUUECKHX 3a/1a4.

W3yueHne MUCHUIUIMHBI TPEAYCMATPUBAET MPOBEICHHUE JIEKIIMOHHBIX, MPAKTH-
YECKUX 3aHSATHH M CaMOCTOSITENBbHYIO paboTy CTYIEHTOB. B yekuusx usmaraercs
coJiepyKaHHe TEeM MPOTrPaMMBI ¢ YI€TOM TpeOOBaHMH, YCTAHOBJIEHHBIX JUIS CIeLa-
JMCTa B KBUIM(HUKALMOHHOW XapaKTeprcTHKe. [IpakTnieckue 3aHsITHsI POBOIAT-
Csl C LETIbI0 3aKPETUICHHs] TEOPETHYECKUX OCHOB Kypca, IOMYYeHUs IPaKTHIeCKUX
HaBBIKOB PEIICHHs] MaTeMaTHuecKuX 3ajqad. KoHTpoib 3HaHWH OCYIIECTBISIETCS C
TIOMOIIIBI0 KOHTPOJIBHBIX paboT, 3a4€TOB U 9K3aMEHOB.
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2. Conep:xanue ¥ CTPYKTypa JMCHUILIMHBI (4acTh 3).

2.1 Conep:xaHue TUCHUIIUHBI (HAMMEHOBAHNE TEM).

Paznen. UHTET'PAJIBHBIE NCUUCJIEHUSI.
Tema. HeonpeneaéHHbINH HHTErpa.

[TepBooOpaszHast ¢yHkiums, e€ cBoiicTBa. HeompenenéHHbIM MHTErpa, yCIOBUSL
€ro CyIlecTBOBaHUs, cBoicTBa. OCHOBHBIE METOJBI MHTEIPUPOBAHMS: HENOCpE/-
CTBEHHOE WHTErPHPOBAHME; WHTEIPHPOBAHHUE 3aMEHOH NMEepeMEHHOH, MHTErPUpO-
BaHHe 110 yacTsM. HemnpaBuiibHblE ¥ TpaBWIbHBIE palMoHaNbHBIE IpoOu. Pasio-
YKEHHUE TPaBWIBHON NpOoOH Ha MpOcCThie. MIHTerpupoBaHUe MPOCTHIX, MPABHIBHBIX,
HENPaBWIBHBIX PallMOHANBHBIX ApoOel. MHTerprpoBanne TPUrOHOMETPUIECKUX U
MpPPalMOHAIBHBIX BHIPAKEHHH.

Tema. OnpenenéHHblii HHTErpa.

OnpenenéHHblii MHTETpaJ, YCIOBUSI €ro CYIIECTBOBAHHS, TI'€OMETPUYECKHUIM
CMBICT U cBo¥icTBa. OlleHKa HHTErpaia u (OpMYIBI CpETHEro 3HaueHus. MHTerpan
C TIEpEMEHHBIM BEPXHHUM HpeiesioM, ero cBoiictBa. @opmyna Herorona-JleioHuma.
@®opmyInbl 3aMeHBI TIEPEMEHHON ¥ MHTErPUPOBAHUS MO YaCTSAM B ONpPEAETEHHOM
uHTrerpaie. IIpuMeHeHne onpenenéHHOro HHTerpajia Juis BBIYUCIICHHS TUIOMaeH
TUIOCKUX (UTYp, AJIMH YT KPUBBIX, 00BEMOB TeJl.

Tema. Heco0cTBeHHbIE HHTErPaIbI.

HecoOcTBeHHbBIE MHTETpabl MO0 OECKOHEYHOMY MPOMEXYTKY HHTETPUPOBAHUS H
OT HeorpaHudeHHOHW (QyHKIMHU. [loHsATHE aOCONIOTHOH M YCJIOBHOH CXOAMMOCTH
HECOOCTBEHHBIX MHTETPAJIOB.

Tema. KpaTHble HHTerpaisl.

[oHsiTHst MBOWHOTO M TPOWHOTO WMHTErpajioB, YCJIOBHUSI WX CYIIECTBOBAHUS, T'€O0-
METPUYECKUH U (U3UIECKUI CMBICI, cBolcTBa. OIleHKAa WHTErpayioB U (HOPMYITBI
cpennux 3HaueHuil. [TonsiTne mpaBuiabHOW oOnactu. [ToBTOpHBIE MHTErpajbl MO
MIPaBUIILHBIM 00JacTsIM. BerauciieHre KpaTHBIX HHTErPasioB MEPEX00M K IOBTOP-
HBIM B JIEKapTOBBIX KOOpJMHaTaxX. J[BOMHOI MHTErpan B MOJSPHBIX KOOpJHMHATAX.
IIpunoxeHus ABOMHBIX U TPONUHBIX UHTETPAJIOB.

Paznen. INOO®EPEHIIUAJIBHBIE YPABHEHMUSI.
Tema. InddepeHnnaibubie ypaBHeHHs ePBOro MOPSiAKA.

[Monsitne nuddepentmansuoro ypasaenus (AY). 1Y 1-oro nopsiaka, OCHOBHbIE
cBeneHns1 0 HUX ((hOpMBI 3amKCH, PElIeHNe, HavyalbHble YCIIOBUS, OOIee W 4acT-
Hoe pemieHus). 3anada Komm. Y ¢ pa3nenéHHBIMU M pa3JeisIFOIUMUCS Tiepe-
MeHHbiMU. OntHopoHoe Y. Jluneitnoe 1Y u ypaBHenue bepnynnu. YpaBHenue B
NoNHBIX JuddepeHnnanax.

Tema. luddepeHnnanbHbie ypaBHEeHUS] BBICIINX NOpsAKoB. Cucrembl audg-
(epeHIIUATBHBIX yPABHEHMIA.



JY nopsiaka 7, OCHOBHBIE CBe/IeHHs O HUX ((hOpPMBI 3aIIMCH, pelIeHUe, Hayajb-
HBIC YCIIOBUS, 00IIee U yacTHOe pereHus). 3anada Komm. /1Y mopsiaka 7, momyc-
Karomue noHwkenue nopsjaka. Jluneitnoe 1Y nopsiaxa 7. JluHeiHo 3aBUCHMBbIE U
He3aBHCUMEBIE cucTeMbl GyHKuui. Onpenenurens Bporckoro. dyHnameHTanbHas
cucrema pemernnii (PCP). Ctpykrypa obmero pemenus JIAY nopsaka 7. [Ipun-
UM CYNEPHO3UIUU YacTHBIX pemieHunil. OnHopoaHsle U HeoxHopoaHsle JIIIY ¢
MIOCTOSIHHBIMH K0d(dureHTamMu. XapakrepucTiieckoe ypaBHeHne. Haxoxenue
@®CP u obmero pemrenus OJIJIY miist pa3nuyHbBIX TUIOB KOpHEW XapaKTepucTHye-
cKkoro ypaBHeHus. Haxoxaenue wactHoro u obmiero permenuit HIIJIY B ciydae
CHeLUaIbHOM NpaBoil YacTH ypaBHEHWs. MeTo]| BapHaliy MMPOU3BOJILHBIX ITOCTO-
sHHBIX. Hopmanbhast cucrema /Y, ocHOBHBIE CBeJeHUSI O HUX ((OpPMBI 3armicH,
pelenye, HadalbHbIE YCIIOBUS, oOliee W yacTHoe penrenus). 3agaya Komm. Ha-
XOXKIEHUE PelIeHHs HOpPMAIbHOM cucTeMbl JIY METooM HCKITIOUEHUSL.

Paznen. PSJIbI.
Tema. UncsoBblie psibl.

ITonsiTue yncnosoro psaa. YactuuHas cymMMma, OCTaToK, cymma psaa. Cxopduiue-
Csl M pacxXoAsIIMecs psAbl, UX cBoicTBa. HeoOXoaMMBIN MPU3HAK CXOAWMOCTH U
JIOCTAaTOUHBIM MPU3HAK PACXOAUMOCTH paja. Paasl ¢ MOM0OKUTETHBIMU WICHAMU,
JIOCTaTOYHBIE IPU3HAKH X CXOJUMOCTH (IpU3HAKK cpaBHeHus, [lamambepa, paau-
KaJbHBIA W MHTErpajbHbIH npu3Haku Komwm). Psn reomerpudeckoii nmporpeccuu u
0000IIEHHBII rapMOHIYECKHUH PSIMl, YCIOBHS UX CXOJAMMOCTH, PACXOJUMOCTH. 3Ha-
kouepenyronecs psabpl. [Ipusnak Jletioauma. OmneHka CyMMBI H OCTaTKa 3HaKOYe-
penymoIerocst paga. 3HaKOIIEPEMEHHbIE PAbl, JOCTATOUHBIA MPU3HAK UX CXOAM-
MOCTH. AGCOIIIOTHO 1 YCIIOBHO CXOJISIIIIMECS YHCIIOBBIE PSI/IbI, UX CBOWCTBA.

Tema. DyHKIMOHATBHBIE PS/IbL.

[Tonsitre ¢pyHKIMOHATIBHOTO psiga. YacTu4yHas cyMMa, OCTAaTOK, TOYKa M 00JIacTh
CXOJUMOCTH, CyMMa (DyHKIIMOHAIBHOTO psiia. HaxoxneHne obmacTy cXoauMOCTH.
Tema. Crenennblie psiabl. Psaabl Teilsiopa u Makiopena.

[Monsitue crenenHoro psna. [Ipusnak Adens. MatepBan u paguyc abCOMIOTHOMN
CXOJUMOCTH CTETEeHHOro psina. OOIacTh CXOAMMOCTH CTENEHHOTO psija, e€ Haxo-
xpaeHue. CBoiicTBa cTeneHHbIX paaoB. Paapl Teinopa m Maxiopena. YcnoBus
paznoxkumoctu ¢yHkiuid B psia Teiinopa. [Ipumenenne psina Teinopa B npuGiu-
XKEHHBIX BBIYMCICHUSAX.

Tema. Tpuronomerpuueckuii psja. Pag @ypoe.

Tpuronomerpuueckuii psn. Psng @ypre. Tpuronomerpuueckre CUCTEMBI QYHK-
uuM, ux cBoiicrBa. YcnoBus Hupuxine. JloctaTouHslii mpusHak upuxie pasio-
XKUMOCTH GYHKIMH B psif Pypbe. Paapt dypbe 11t 4ETHBIX ¥ HEYETHBIX (YHKIHH,
(YHKIMH, 3aITaHHBIX Ha MTOJIOBHHE MIEPUO/A.



Pasnen. TEOPUSI BEPOSITHOCTEM U MATEMATHUYECKAS
CTATUCTUKA.
Tema. Ciryuaiinbie cOOBITHS M HX BEPOSTHOCTH.

[Mpeamer Teopuu BepostHocTed. CiaydaiiHelii skcnepuMeHT. CitydaiiHble cOObI-
TUA, AedcTBUs Haa HuMU. OmpeneneHusi BEpOSTHOCTH W cBoiicTBa. [lpaBuna u
(hopMyITBl KOMOWHATOPUKH, BBEIYUCICHHE BEPOSATHOCTEH C WX ITOMOIIBIO. Y CIIOB-
Hasl BEPOSITHOCTH COOBITHS. (DOPMYIIBI CIIOXKEHUSI ¥ YMHOXKEHUSI BEPOSITHOCTEH,
moJTHOM BepositHOCTH | baiieca. [ToBropHbie ucnbitanus. Cxema u gpopmyna bep-
HYJUIN.

Tema. CiryuyaiiHbie BeJJMYUHBL.

[Tonsitue ciayuaiinoit Benmuuunsl (CB). @yHkums pacnpeneneHus BEpOSITHOCTEH.
JuckperHas u HenipepbiBHas CB, crioco0b! ux 3amanus. @yHKIUS TIOTHOCTH pac-
npeneneHus BepositHocTed. Uucnoble xapakrepuctuku CB. OCHOBHbBIE 3aKOHBI
pacmpenenenus CB: 6unomuanbHelid, [Tyaccona, paBHOMEpHBIH, TIOKa3aTelIbHBIA 1
HopManbHbId. [loHsiTne MHoromepnoit CB. Jluckpernas nsymepnas CB: Tabnuia
pacnpeniesieHus] BEpOITHOCTEH, 3aKOHBI PAaCIIpeeNIeHHs COCTABISAIOIINX, YHCIOBbIE
xapakrepuctuki. Koapouuuent xoppensunu. KoppenmpoBaHHOCTE W 3aBHCH-
MocTs CB. ®yHkuus perpeccuu.

Tema. IIpenenbHbIe TeOpeMbl TEOPHU BEPOSITHOCTEIH.

HepaBencto YeObimeBa. 3akoHbI O0NbIMX drcel B popme Yebbimera u bepHyi-
nu. TloHsiTHE O LEHTpaJIBLHOU MPENENIbHON TEOPEME.

Tema. OcHOBHBbIC MOHATHS M 3aJa4u MaTeMaTH4yeckoil cratuctuku. Ipensa-
puTesibHasi 00padoTKa IKCIEPUMEHTAIbHBIX TAHHbBIX.

IIpenmer u OCHOBHBIE 331a4ll MAaTEMaTHYECKO CTaTUCTUKU. ['eHepabHas coBo-
KYITHOCTh M BBIOOpKa M3 He€. Beibopounslii Meron. IloBTopHas u GecrioBTopHas
BbIOOpkH. CirydaiiHast BeIOOpKa. OCHOBHBIE CIIOCOOBI 3aIMCH BHIOOPKH: BapHally-
OHHBIN PAJ; CTATUCTUYECKUIN TMCKPETHBIA U UHTEPBaJIbHBINA psifibl. YncioBbIE Xa-
PaKTEpPUCTUKHU BBIOOPKH U €€ rpaduuecKoe MmpeacTaBlIeHuE.

2.2. HpaKanecKne 3aHATHSA, UX COACPKAHUC.
Tema. Heonpenenénnniii maTerpas. Onpenesénnniii uaterpaji. HecodcTBen-
Hble MHTerpajasl. KpaTHble HHTErpaabl.

Brruucnenue HeonpenenéHHOro0 UHTErpaja METOJaMH: HEIOCPEICTBEHHOIO UH-
TErpUpOBaHUs, 3aMEHBI IEPEMEHHOM, HHTETPUPOBaHUs 10 yacTaM. MHrerpuposa-
HHUE paIMOHANBHBIX APOOEH, TPUTOHOMETPUUYECKHUX, MPPALOHAJIBHBIX BbIpaXke-
Huil. OnpenenéHHBI WHTErpal, ero BblUHcIeHHe 1o (opmyne HeroroHa-
JletibHnna. Beruucienue miomazel miockux Guryp, JUIMH AT KPUBBIX, 00BEMOB
TeJl C MOMOIIBIO ompeAenéHHoro nHrerpana. HecoOcTBeHHBIE MHTETpabl 1Mo Oec-
KOHEYHOMY IIPOMEXYTKY UHTErpUpOBaHHUs. J[BOIHOI HHTErpal, ero BEIYUCIEHUE B
JIEKapTOBBIX U MOJIAPHBIX KOOpAuHaTax. [IpunoxeHns ABOMHBIX HHTErPaoB.
Tema. /IndpepeHnnaibubie ypaBHeHHs IEPBOro U BHICIINX MOPSIKOB.



Haxoxnenne pemenuit anddepeHInanbHbIX MEpBOro MopsKa: ¢ pas3esIoiu-
MUCS IEPEMEHHBIMHU, OJTHOPOJHBIX, JUHENHHbIX, bepHymnu. Haxoxnenue pemeHunit
mddepeHManbHbPIX YpaBHEHUH BBICIINX HOPSIAKOB: JOMYCKAIOIIUX ITOHWKEHHE
TIOpSAJIKA, JIMHEHHBIX C IMTOCTOSHHBIMH KO3 UIIIeHTaMU ¥ TPaBOW YacThiO CIIEIH-
aJBHOTO BUJIA.

Tema. Uncnosbie psabl. Ctenennsie psaabl. Paabl Teiinopa. Paasr @ypoe.

HccnenoBanue Ha CXOAUMOCTb YUCIOBBIX psfoB. HaxoxneHue pamuyca u 00-
JIACTH CXOIUMOCTH CTENEHHBIX psaoB. Pasnoxenue ¢pyHkuuii B psaasl Teinopa n
Dypse.

Tema. Ciy4aiinble coObITHSI U HX BepoATHOCTH. CiyualiHble BeJHMYHHBI.
IIpensapurenbHas 00padoTKa CTATHCTHYECKUX JAHHBIX.

Beruncienue BeposTHOCTEH CIy4alHBIX COOBITHI C TIOMOIIBIO KIIACCHYECKOTO
orpezieieHust, (OpMyll CIOXKEHUS W yMHOXeHus, hopmynsl beprymmu, dhopmyn
MONHON BeposATHOCTU W baiieca. HaxoskaeHHe 3aKOHOB pacIpenesieHusl TUCKPET-
HBIX U HENpPEpPBIBHBIX CIYYalHBIX BEIWYMH M UX YUCIOBBIX XapakTrepucTHk. Ilo-
CTPOEHUE CTATUCTHYECKUX PSOB, BBIUUCICHHE UX UYHUCIOBBIX XapaKTEPUCTHK U
rpaduueckoe npeicTaBieHuUE.

2.3. Buabl caMoCcTOsAATEIbHOW PadoThl CTY/IEHTOB.
CamocrosgTenbHas pa60Ta CTYACHTOB MPCANOJIaract M3y4€Hue TCOpETUICCKOro
MaTepuajia U BIIIOJTHEHUEC KOHTpOJ'H:HOﬁ pa6OTBI.

3. PeKOMeHHyeMaH Jurepartypa.
OcHoBHas JuTeparypa:

1. Bmagumupckuii b.M., Topctko A.b., Epycanumckuii .M. Marematuka.
OO6mmit kype: Yueonuk. —CI106.: M3n-Bo «Jlanby, 2008. -960c.

2. TI'mypman B.E. Teopust BeposiTHOCTEH 1 MaTeMaTHuecKasl CTaTUCTHKA. Yuel-
HUK A7 By30B. —M.: Beiciias mikona, 2005. -479c.

3. I'mypman B.E. PykoBoACTBO K pelIeHHIO 3a7a4 [0 TEOPUU BEPOSTHOCTEH U
MaTeMaTH4ecKoil CTaTUCTUKE. YueOHWK st By30B. —M.: Bricmias mikoona,
2005. -400c.

4. Mpemukuc A.Jl. Jlekimu mo BeICIIel MaTeMatuke: yaeOHoe mocooue. —CII0.:
JIann, 2009. -640c.

5. Iunaues B.C. Bricmas maremartvka. YueOHHMK Juisi BY30B. -M. Bricmas
mkoia, 2005. -479 c.

6. Illumaués B.C. 3amaun mo BeICHIeH MaTeMaTuke: Y4eO. mocodue Ui By30B.
— M.: Bercmr. mk., 2005. -304c.
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mebnuk. -M.: DU3MATJIINT, 2003. -368c.
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o6mr. pen. .M. Ierpymko. —CII6.: «Jlaunb», 2008. -352c¢.
ITucemennsiit [I.T. KoHcnekr aekuuit mo Beiciiel marematuke: B 2-x 4. Y.2:
Tpunuate nsTh JeKuui. - 6-e uza. - M.: Alpuc-npecc, 2008.
COopHHK 3aa4 0 MaTeMaTuke it BTy30B. U.2. CrienuaibHbIe pa3aebl Ma-
TEMaTHUYECKOro aHanmu3a: Y4ed. mocobue aist BTy30B /bonros B.A., Edumos
A.B., Kapakynun A.®. u np. Ilox obmr. pen. A.B. Epumosa u B.I1. Jlemuno-
Buua. -M: Hayka, 1986. — 368c.
COOpHHK 3a/ad 10 MaTeMaTuke Uil By30B. YueO. mocoOue /I CTY/IEHTOB
By30B. /AOpamoBa B.B., bukuypuna JI.)K., Baneesa M.I. u np.; mox pen.
Kotrmsapa JLM., Yraosa A.H.; 5-e wm3n., mepepabd. m mom -Hab. Yemnsr:
HNHDKA, 2006. — 472c. (I'pud MunucrepcrBa odpazoBanus u Hayku PD)
Conosrés M. A., IlleBenés B.B., Uepsskos A.B., Penun A.IO. Ilpaktuueckoe
PYKOBOJICTBO K pEIIEHMIO 3aja O BHICHIEH Maremaruke. VHTErpupoBaHue
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4. MeToandeckue YKasaHud M0 U3YyYCHUIO TUCIHIUIIJINHDbI.

B nmpouecce U3y4cHusd Z[aHHOfI JUCHUIUIMHBI CTYACHTBI OOJIKHBI CHadajla u3y-

YUTh TEOPETUUECKUN MaTepual ¥ BhIpabOTaTh HABBIKM PELICHHS THUIIOBBIX 3ajad,
UCIIOJIB3Ysl PEKOMEHIOBAHHYIO JINTEPATYPY, & 3aTE€M BBIMOJIHUTH MO OTHON KOH-
TPOJIBHOM paboTe B KaXKIOM M3 CEMECTPOB O0yuUeHHs (3aJaHus I KOHTPOIbHON
paboTHI IpUBENIeHBI B pasnene S.1).

HpI/I BBITTIOJITHCHU U KOHTpOJ'IBHOfI pa6OTI>I HeO6XOI[I/IMO NpUACPIKUBATLCA YKa-

3aHHBIX HUKC IIpaBWI:


http://e.lanbook.com/books/element.php?pl1_id=371

10.

KonTponbHas pabora J0iKHA OBITH BRITIOJIHEHA CTYIAEHTOM B OTAENIBHOHN yde-
HUYECKOH TeTpajy C MOISIMU HE MEeHee 3 CM JUIsl 3aMeYaHHi MperoaBaTers.
Ha obnoxxke TeTpaay yka3pIBaroTCs: Ha3BaHHUE AWCIMIUTMHBI; HOMEp BapHaHTa
1 HOMepa pemraeMbix 3aga4; @.M.0. cTymeHTa, BBINOIHUBIIETO pabOTy, €ro
HOMeEp Ipynnsl U HoMep 3aueTHoW kHxkKH; P.J.O. mpenonaBaTens, npose-
psroniero paboty (oopaser opopmiteHHs 00JIOKKH NPUBEAEH B [Ipunosicenuu
6.4).
Homep BapuaHTa COOTBETCTBYET HOMEPY CTYJICHTA B CIIHCKE TPYITIIHL.
Homepa pemaembix 3amad  BeiOupatorcs w3z TABJIMI[PI HOMEPOB
BBITIOJTHAEMBIX 34JIAHUH (Tlpunooicenue 6.5).
VYcnoBust 3a/1a4 MEPENUCHIBAIOTCS TIOIHOCTHIO, 0€3 COKpAallleHHs CIIOB, MOCIe
Yero MPUBOAUTCSA WX MOAPOOHOE pelieHUe (YEePTEKU MOXKHO BBITIOTHATEH aK-
KypaTHO OT pYKH). B KOHIIE peleHus MPUBOIUTCS OTBET.
B paboty nomkHbEI OBITH BKIIFOUEHBI BCE 3a/1a4H, YKa3aHHBIE B 3aJlaHUH, CTPO-
rO 1O MOpSJIKY HOMepoB. KoHTponbHBIE paboTHI, colepikaliye He Bce 3aja-
HUS, a TAKKE 3a][a4d HE CBOCTO BaApUAHTA, HE 3aUUTHIBAIOTCSL.
Ecnu B paboTe uMeroTcsi OmMOKy, CTYICHT JOJKEH BBITOIHHUTH BCe TpeboBa-
HUS MIPENoAaBaTessl, N3JI0KEHHBIE B PELEH3NH, U CIaTh paboTy ¢ UCIpaBIe-
HUSMH Ha TIOBTOPHYIO POBEPKY.
Hukakue ucnpaBieHUs B TEKCTE YK€ IPOBEPCHHOM pabOTHI HE JTOMYCKAIOTCS,
BCE MCITPaBJICHHS 3aKCHIBAIOTCS MOCIE PELEH3UH NPENoIaBaTeNs ¢ yKa3aH -
€M HoMepa 3aJ1auH, K KOTOpPOH OTHOCSITCSI JIOTIOJHEHHUS ¥ UCTIPABIICHUSI.
PaboTta MoxkeT OBITH BBHITIOJTHEHA 3aHOBO B CIIyYae BBIABIICHHS CEPhE3HBIX 3a-
MEYaHUH U OMHOOK.
B koHIIe TeTpamu peKOMEHIYeTCSl OCTaBJISITh HECKOJIBKO YHCTHIX CTPAHUIY IS
JIOTIOJTHEHUH U UCTIPABIICHUH.

[Tocne mpoBepku KOHTpoNbHAsE pabora mpeabsBisiercss K 3amuTe. Ha 3ammte

CTYJICHT JIOJDKCH ITOKa3aTh CBOC YMEHHUE pEIIaTh 3aJadyd, MOJAOOHBIC TEM, YTO
HUMEIOTCS B €r0 KOHTPOJILHOU padoTe.

OO0pas3err perieHusi THTIOBOTO BapHaHTa KOHTPOJIBHOU paOoTHI npuBenéH B [Ipu-
JaooceHuu 6. 1.

5. MarepuaJibl VIt KOHTPOJISI 3HAHUI CTYACHTOB.

WroroBoii (opMoii KOHTPOIISI 3HAHUH SBJISIETCS SK3aMeH (3a4€T) B KOHIIE ceMe-

cTpa oOyuenusi. Ha sk3aMeHe CTYAEHT MOJDKEH M0Ka3aTh 3HAHWE TEOPETHYECKUX
OCHOB Kypca B 00BEME BOMPOCOB, MPUBEACHHBIX B pas3jieie 5.2 u yMeHUE periaTh
3aJ1auy, OI00HBIE TEM, YTO UMEIOTCSI B €r0 KOHTPOJIBHOH padore.



5.1. 3apanus 1J1s1 KOHTPOJIbHOM PadoThl.

1-10. Haiitu HeonpenenéHHble MHTETPAIBL:

L )j{(le J

J- (B3x—-6)dx

Vx —4x+5

2.a)_[(——3x +—+3x [dx 6)_[

Vx2+2x+2

tg(x+1)dx
) J' b

r).[ x—Hde H)Jx+2dx

2\/;+x3 -sin x —3x°

B)I(4 - 3x)e_3x

cos (x+1)
IM e)J.sin4x-cossxdx
-1
xdx
B)J(2x + 3) cos 4xdx
(x +1)

e)J.sin3 x-cos’ xdx
x—=2

2 2
3. a)_[ 3 de 6)JLxlnxdx B)J(1—6x)ezxdx
X
(5x+11)dx 0 J- 0 _[ cos xdx
1/6x ¥ _5 x+1 sin? x — 6sin x +12

L3
4f s arcsin  xdx
4.a)j£%+5x4_%+ X de 6).[—2 B)J(4—l6x)sin4xdx
X

) (x+1)dx
x2 —-2x-15

5. a)_[{z 3cos dex

COS X

(x +4) dx

‘\/x -2x-8

1-x

J-(x +1)dx of dx

xr—x sin x + cos x

d
o] (x:& ) [ In(x + 4)dx

x +1
3
dx
) dx e)
'[x+3 J3sin2x+500s2x



I+In(x—1
n(—x)dx B)J(3x+4)e3xdx

2 3
6.:1)_[[4)63 ——5+—+6\/;de 6)J.
X

X x—1

(5x+6)dx 4x2 +24x+8 cos? x dx
[XHOE B D e g

3 x e %
xT +4x—12 x(x—2)(x+4) Sinx
2
2)" d 4arctgx— [
7.a)_|‘—(\/;+ ) & 6).[—arch xdx B)J. x3 -Inx dx
2 2
X I+x
5x+2)d 2)d
_[—( X+ n) —(x+ ) dx e)Isinzxcossxdx
x" +2x-8 (x-D(x+6)
5 3
8.2)[ 6x2+—3———3\/ dx ﬁ)j xdx B) [ (5x +6) cos 2xdx
b b x4l

_(Bx—5)dx dx

21)_[
"x +6x420 (x=D(x+2)(x+3)
sin\/;
Vx

dx e) I sin x cos 3x dx

=2 2
e)Ism x-cos” xdx

9.9)[(x+4) (x-2Wx+Ddx 8 dx ) [ (x+5)sin 3xdx

U @w Ihﬁd

) 3
V3+2x x X =X

In x)d.
10. a)j[8x3 —%+%—4%/;de 6).[M B)J(Sx—Z)e3xdx
Xox

X

) (6x —1)dx H)J- X’ e)_[ sin x dx

dx
2 _4x+13 x+3 sin? x + 6¢cos” x

11-20. Boruucnurs onpe/ienéHHbIE HHTEIPAJIBL:

2 [.2
a).!. xx4_1-dx

e

2x + 3x+

10



12. a) | x~ -y1- -dx 0)
'[ '[ \/1+lnx
0
dx
13. a) j 0) | ——
0(25+x )- \/25+x -1 1+3x+1
dx ™2 cos x dx
14. a) o) [ ———
05+2\/; '([4+\/sinx
5 d Je
15. a) [ %) jL
141+ 3x 1 x-\ll—lnzx
24 2 U,
16.a)jx al 6)jezx
0v16— x 1 X
9 1
xd. 4
17. j\/\/__x 6) [(e*—1) eYdx
4 -1 0
14 e
S5xd
18, 3)_[ xdx 5 J(1+lndex
24x+2 1 X
NE)
19. a)

[ o[

0(4—x2 )42 ol+\2x+1

20. a)}xz\/16—x2 - dx G)T dx
0

| x(1+1n2

x)

21-30. Boruucnuth HecOOCTBEHHBIA WHTErpai [-oro poga WM yCTaHOBUTH €r0
PacxXoIMUMOCTh:

“ arctgx d < d « d.
O T S YL
2 xvInx 0 2 3
0 l+x e (x“+1)
< dx °°3x2dx « dx
24 j 25. 26. j—
2
1Vvx+3 11+ x 0x™ +2x+2

11



- T xdx 28, T dx 20, Tln xdx

2 2
0]+ x €xln” x 1 x

o0

2
arctg” x dx
N

2
0 I+x

31-40. Borumciurs:

a) Ioaab GUIryphl, OrpAaHUYCHHON YKa3aHHBIMH JUHUSAMU;

©) 00BEM Tena, 00pa30BaHHOIO BpalieHHeM BOKpYT ocu Ox (GUTrypbl, OrpaHHYCH-
HOU rpadMKaMy yKa3aHHBIX (DyHKIHH.

31.a)y:(x—2)3, y=4x-8 6)y=—x2+5x—6, y=0

32.a) x:(y—2)3, x=4y -8 6) y=5cosx,y=cosx, x=0, x>0

33.a)y=5—x2, y=x-1 6)y=2x—x2, y=4x—2x2

2

34.2) y=4-x-, y=x2—2x 6) y=3sinx, y=sinx, 0<x<rx

35. a) y=sinxcoszx, y=0, OSxS% 0) y=sin2x, x=r/2, y=0

36.a)y=x2, y=\/; 6)x:31/y—2,x=1,y=1

37.a)y=cosxsin2x,y=0,0SxS% 6) y=xe*, y=0, x=1

38. a) y2=2x+1, x—y—-1=0 6)y=2x—x2,y=—x+2,x=0
39.a) y=x2 -5, y=l-x 6) y=e ¥, y=0,x=0, x=1
40.a)y=x2+4x, y=x+4 ﬁ)yzxz, y2=x

41-50. BoIumciuTh JIMHY yTUd KPUBOIA, 33J]AHHON YKa3aHHBIM YPaBHEHHEM;

41. y=Inx, \ESxS\/E

x> Inx

42 y=""-—= 1<x<L2
4 2

43. y= 1—x2 +arcsinx, 0<x<7/9

12



44.

45.

46.

47.

48.

49.

50.

5
y=h{—}, JESxSJg

2x
y=—Incosx, 0<x<7/6
y=2+am$nJ;+Vx—x2, 1/4<x<1
y=In(x? -1), 2<x<3
y=\/1—x2+arccosx, 0<x<8/9
y=—arccos\/;+\lx—x2, 0<x<1/4
y=arcsinx —\V1-x", 0<x<15/16

51-60. Tpebyercs BHIYUCIUTH HBOﬁHOﬁ pHTerpai mo obmactu D, orpaHUYeHHON
b
YKa3aHHbIMU JIMHUSAMMU:

51

52

5

w

54

55

5

(=)

5

<

58

. JJ(IZnyZ +16x3y3)dxdy ,
D

.II(7x2-+)0dkdy,
D

[ G6x% % ~96x% y3)dxdy ,
D

.”UMMW,
D

.ﬂ@ﬂﬁ@g
D

.”ﬁhﬁ@g
D

.”@dw%
D

2
.”ﬁzﬁ@g
Dy

D:szyzxayz—J;
D:x=Ly=Qy=2J;
D:x:Ly:ylyzfg

D:x+y=lx=Qx=J;

D: x=1,y=0,y=15x
D:x=Qx=Jix2+y2=2

D:yzxayzzx

1
D: x=2,y=x,y=—
X

13



\/; S5x
59._[3[[1+T dxdy, D: yz?,y=5\/;
60. ”(3—x)dxdy, D: x=3,y=\/§,y=6\/§
D

61-70. Haiitu ruroma s (C mOMOIIBIO JABOMHOrO WHTErpasia) Gpurypsl D, orpaHu-
YEHHOUN yKa3aHHBIMU JIMHUSIMH:

61.y=§,y=8-ex,y=3,y=8 62.x=8—y2, x==2y
X
_ 2 _ 1 ¥
63. x=27-y°, x=-6y 64. y=—,y=6-¢",y=1,y=6
X
65. y=+/x, y=1/x, x=16 66.y=11—x2, y=-10x
67. y=sinx, y=cosx,x=0(x>0) 68.y=2,y=5-ex,y=2,y=5
X
69.y=&, yzi, x=9 70.x=5—y2, x=—4y
2 2x
71-80. Ycranosurs T J[Y mepBoro nopsaka ¥ HAWTH €ro o0Iiee peleHune.
71. a) 9+y2 dx—ydy=x%ydy 6) 2x—y)dx+(x+ y)dy=0
72. a) 4xa’x—3ya’y:3xzya’y—3xy2 dc 6y =(x+y)/(x-y)
2 2 2 2
73.a) x\/3+y dx+y\N2+x dy=0 0)(x“ -y )dx+xydy=0
74. a) (er +5)dy+ye2x dx=0 6 xy' =yn(y/x)
75.a) 6xdx—6ydy =3x> ydy—2x y? dx 0)xy = y+4/25x% —y?
76.a) y(4+e*)dy—eXdx=0 6)m=tg[1)
X X
77.a) ylny+xy'=0 o) x> dy=(x>+y? +xy)dx
2 \/ 2,
78. a) \/3+y +yVl-x y'=0 6)(x—y)dx+(x+y)dy=0
79.a) y(1+e¥)y' =e* 6)xy'—y=(x+y)1n[x+y]
X

14



80.2) y(I+Iny)+xy' =0 0) (v ++/xy)dx=xdy
81-90. Ycranosuts Tun Y, Haliti ero o0liiee 1 YaCTHOE PEIICHHUSL.

Y

2 —_= 2 — =
82.y ) b +2x,y( 1)

81.)'+ ytgx=cos” x, y[%jz

N | w

1
5

. 2xy 2x? 2
84.)' + =——, ¥0)==.
1+x2  1+x2 ©) 3

)e,y)

83.y'+1=sinx, y(z)=
x

1
—
85.)" — yctgx =2xsinx, y[%j . 86.)' +_=(

87.y'_1221£’ 1) 1 88. y + — ’ y(l):1
¥ X 2x

89.y'—2—y=ex(x+l)2, »(0)=1. 90.y" - 2 =1+x7, y(1)=3.
x+1 1+ x?

91-100. TpebGyercst HaiiTu:

a) obIee perieHue npocteiimero Y nopsaka n : y(”) x)=f(x);

0) oOIee U YaCTHOE PEIICHUS OJHOPOMHOrO JuHEHHOro J[Y 2-oro mopsaka ¢ mo-
CTOSTHHBIMH K03 (h(pHUIEHTaMU;

B) oOuiee penrenue JuHeHOro /Y 2-0oro mopsaxa ¢ mOCTOSHHBIMH KO3(GHIIEeH-
TaMH U MIPaBOW YaCThIO CIIENUAILHOTO BU/IA.

91.a) y" =2x+sin3x 6) y'-3y'+2y=0, p(0)=1, »'(0)=-
B) V'-4y'+4y = x2

92. a) y"’=4/x3 6) y"=5y'+6y=0, p0)=1, »'(0)=2
B) Y'+2y'+5y =—sin2x

93.a) y" = e2¥ ) '+’ —2y=0, »(0)=0, »'(0)=-3
B) Y'-7y'= (x—1)°

94.2a) y"=In2x 0) y'-5y'-6y=0, p0)=1, y'(0)=-1
B) y"'-5y'+6y=2cosx

95.2) 1" =4+ cos 2x 6) V" +61'+25y=0, y(0)=1, »'(0)=2

2

B) V'-2y+5y=x"+1

15



2

96.2) y" =x" —cos3x 6) y'—4y'+4y=0, y(0)=1, y'(0)=0

B) V'-4y'+4y = —x2 43y

97. a) y":sinzx 0) y'-4y"+3y=0, y(0)=3, »'(0)=5
B) y"+7y':e_7x

98.2) y"=x’Inx 6) V'+4y'+29y=0, y(0)=0, y'(0)=5
B) Y"+2y'+10y = —sin 2x

99.2) y"' =3 —sindx 0) 4y"+4y'+y=0, y0)=1, »'(0)=0
B) V'+y =2cos4x + 3sin 4x

100. a) y" = cos? x 0)2y"+y'-y=0, »0)=0, »'(0)=3

B) )'—4y' +3y =e>*

101-110. HccnenoBaTh Ha CXOMMMOCTD PS/IBI U YKa3aTh IPUMEHSIEMbIE IPU3HAKH.

«/4n+ @ n+1 = (2n-1)"

101. a) Z 0 Y ,5—) B) Y ( - J

0 2 o) n 0 n
102.2) 3 =2 +1 &> > B) Y. n4( 2n J

A33 =~ (n+3) o 3n+5

© 1 © ol 3 = [7n+1J”
103.2) Y ———— §) — B)

nzz:lx/n+1+\/; ; (n+1D)! n§2 n-1

© 0% 450 (n+1)3 = N
104.2) > ———— 0) Z B) Y. _n[1+_j

n=l 9p2 _ n=l N = 4 n

2
© ] 2 (n+2) » [2n+1J”
105. a) 6) —— = B
nz=:l nn+1 ; 2" (3n +5) ; 3n-2

106.2) 3 V7 +1 53 n! B3 n3[2n+2J
n=l n n=1 100" n=1 3n+1
2
o 2 o 2\
107. 2) z 2n+5 %) Z 5) (411 3)
n= 14n3 -1 ( +2)‘ Sn+1

16



o0 2 _ 00 0 2]’1
108.2) 3 2l 3 3n+2 B Y [3}1”_1}

n
n=l v n3 +8n n=1 4 n=1

0 2 [o¢) “27’1 0
109.2) 3 2 +1 0> = B) 3 n-arcsin” (lJ
=TI = (2n) p 4n

n2

0 n

110a)z 53 6(n+1) )Z (n+1)
nln +\/_ n=1

111-120. Haiitu HHTepBan, paaryc U 00NacTh CXOJMMOCTH CTEIICHHOTO Psjia;

— 0 3 n
111. Z - 112. Z LCE) G LTS (x +3)
n=l 9" n=l (n +1)5" =l nl
0 n o) _
114. Z M 115. Z & 116. Z M
00 QN
117. Z ﬂ 118. Z & 119. Z &
n=2 p.3" n=l (n+2)-3" n=lp.4"
0 n
120. al
n=1 n(n+1)

121-130. TpeOyeTcs HalTh NepBbIE TPU OTIMYHLIE OT HYJIS YIECHA PA3JIONKEHHS
¢Gynkmun y = f(x) B pax Teinopa B OKPECTHOCTH TOUKH X .

1

121. y= , X =0 122. y= , X0 =0
3+6x 2-x
X x

123. y= , Xo=2 124. y=xe™, x,=0
3-x

125. y—s1n2x, Xy =0 126. y=e3x, X9 =0

127. y:\/;, xo =1 128. y=cos2x, x,=0
1

129. y=—,  x,=I 130. y=+x, x,=4

2
X

17



131-140. TpebOyercs pasnoxuts B psin @ypbe 27 -NEPHOAUYECKYIO ()YHKIHIO
f(x), onpenenéHHyI0 yKa3aHHBIM HIDKE 00pa3oM (B OTBETE yKa3aTh MEPBBIC MATh
OTJIMYHBIC OT HYJISA WICHA Psiia) ¥ IOCTpouTh rpaduk dyakmmm f(x) .

Bl f()= -1, —7<x<0, 132 ()= x+m, —7<x<0,
1, 0<x<nm. T, 0<x<mr.
133, ()= 1, —7<x<0, 134, f(x)= 2, —n1<x<0,
2, 0<x<m. -4, 0<x<m.
135. f(x)= T, —-n<x<0, 136, f(x)= 1, —7<x<0,
T—x, 0<x<m. 0, 0<x<m.
137, f()= x, —71<x<0, 138, f(x)= 5, —m<x<0,
0, 0<x<m. -3, 0<x<7.
139. f(x)=x+7m, —w<x<nm. 140. f(x)=x-7m, nw<x<rm.

141-150. Tpebyercss HaWTH BEPOSTHOCTH YKAa3aHHBIX COOBITHIA, HCIIOIB3YSI
KJlaccuieckoe onpedeienue BeposITHOCTH:

141. a) Bpocarorcst aBa UrpanbHbBIX KyOuka. HaiTi BEpoOSTHOCTH TOTO, YTO YHCIIO
BBINABIINX OYKOB Ha OJIHOM M3 KYOMKOB B /IBa pa3a OoJibliie, YeM Ha JIPyroM.

0) B marasune BbicTaBiieHsl it npogaxu 20 u3genuil, cpeau KOTOpbix 6 u3jie-
JIMH HeKadecTBeHHbIE. HaliTn BEpOATHOCTH TOTO, YTO B3STHIE CIIy4aiHBIM 00pa3oM
2 wm3penust OyIyT HEKa4eCTBEHHBIMU.

142. a) B nepBoM silMKe HaAXOAATCA IApbl C HOMEpaMu OT 1 10 5, a BO BTOPOM — C
HoMepaMH oT 6 10 10. M3 kaxmoro siyka BEIHUMAKOT N0 OAHOMY Inapy. Haiitu
BEPOSITHOCTH TOTO, YTO CyMMa HOMEPOB BBHIHYTHIX IIIAPOB PaBHA JECATH.

6) B maptuu u3z 20 msgenuit 4 u3nenus UMEIOT CKPBITHIN nedekr. Haiitu BeposT-
HOCTB TOTO, YTO M3 B3SITHIX HAyrajy 5 wu3jieiuil JeeKTHBIMU SIBISIOTCS 2 U3Jie-
.

143. a) YuacTHUKY KepeObeBKH TSIHYT U3 SIIMKA XKETOHBI C HoMepam# ot 1 10 35.
Haiitu BeposATHOCTb TOro, 4TO HOMEp MEPBOr0 HayJgauy H3BIEUCHHOIO >KETOHA
COJIEPXKHUT TTUPPY 4.

0) Ha TOLI 15 cMeHHBIX MHXXEHEPOB, U3 HUX 3 >KEHIIMHBL. B cMeHy 3aHATO 3 ye-
noBeka. HalTi BEpOsITHOCTB TOTO, YTO B CIy4aifHO BHIOPaHHYIO CMEHY OKa)KeTcs
JIBE YKECHIIUHEL.

144. a) bpocatoTcst [Ba UrpajibHBIX KyOuka. HaliT BEposSTHOCTH TOTO, 4TO CyMMa
YHCIIa OYKOB HA BBINIABIIMX I'PAHAX PaBHA BOCEMH.
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0) 13 maprum, coneprkarmieii 10 u3menuii, cpeny KOTopsIx 3 OpakoBaHHbIE, HAyAAYy
W3BJIEKAIOT 3 W3/enust Jjsi KOHTpons. HalTi BeposSTHOCTH TOrO, YTO B BHIOOpPKE
COJIEPKUTCS OTHO OPaKOBaHHOE M3JIEINTHE.

145. a) B nepBoMm silyKe HaXOAATCA LIapbl C HOMEpaMu OT 1 10 5, a BO BTOPOM — C
HoMepaMH oT 6 10 10. M3 kaxmoro siyka BEIHUMAOT O OAHOMY Inapy. Haiitu
BEPOSTHOCTH TOT'O, YTO NMPOM3BECHNE HOMEPOB BBHIHYTHIX IIAPOB OOINbIIE MSTHA-
JIIATH.

0) B marasune umerorca 20 XONOAUIBHUKOB, MpUYeM 15 M3 HUX — UMIOpPTHBIE.
Haiitu BeposATHOCTB TOTO, UTO CPEAU 5 MPOJAHHBIX B TEUEHUE HS XOIOJMILHUKOB
OKa)KETCsl TPY UMIIOPTHBIX XOJIOAUIbHUKA.

146. a) YuacTHUKH *KepeObEeBKH TAHYT U3 SAIIMKA )KETOHBI C HoMepamu ot 1 1o 35.
Haiitu BeposITHOCTH TOro, 4TO HOMEP MEPBOrO HayAady U3BJICUEHHOI'O XKETOHA HE
COJIEPXKUT TTUPPY 3.

0) Cpenu 25 cTyzneHTOB, U3 KOTOPBIX 15 meBymiek, pasbirpbiBatoTcs 4 Ouiera B
TeaTp, NpUUeM KaXXIblii MOXKET BBIMTPATh TOJIBKO oAWH Omnet. HaliTh BeposTHOCTH
TOTO, YTO CpeAr oOJaaTesell OMIIETOB OKaXKyTCsl /1Ba FOHOIIN U JBE AEBYIIKH.

147. a) bpocatoTcst [Ba UrpajibHbBIX KyOuka. HaliTh BEposSTHOCTH TOTO, 4TO CyMMa
YHCIIa OYKOB Ha BBIIIABIIMX I'PAHAX OOJIbINE YETHIPEX, HO MEHBIIIE CEMHU.

©) B marasune BbICTaBIICHBI Tl mpofaxku 18 uznenuit, cpeau KoTophix 8 wuzfe-
JIMH HeKadecTBeHHbIE. HaliTn BEpOATHOCTH TOTO, YTO B3STHIE CIIy4aiHBIM 00pa3oM
3 usnenus OymyT HeKaYeCTBEHHBIMH.

148. a) B nepBoMm siiyke HaXOAATCA Iapbl C HOMEpamu oT 1 710 5, a BO BTOPOM — C
HoMepaMH oT 6 10 10. M3 kaxmoro siyka BEIHUMAIOT O OAHOMY Inapy. Haiitu
BEPOSTHOCTH TOTr'0, YTO aOCOJIOTHAsI BEJIMYMHA PAa3HOCTH HOMEPOB BBIHYTHIX Ia-
POB paBHa JBYM.

6) B maptuu u3 30 u3menuid 5 w3menuii MMEIOT CKPBITHIN nedekt. Haliu BeposiT-
HOCTbh TOTO, YTO U3 B3SITBIX Hayrajg 5 wu3lenuil qeeKTHBIMH SBISIOTCS 3 u3fe-
.

149. a) YuacTHUKY KepeObeBKH TSIHYT U3 SIIMKA XKETOHBI C HoMepamu ot 1 10 35.
Haiitu BeposATHOCTH TOro, 4TO HOMEp MEPBOr0 HayJgauy H3BIEUCHHOIO >KE€TOHA
SIBIISICTCS YHMCIIOM, KPATHBIM 5 (IeNuTCs Ha 5 0€3 ocTaTka).

0) Ha TOLI 15 cMeHHBIX MHXKEHEPOB, U3 HUX 3 >KEHIIMHBL. B cMeHy 3aHATO 3 ue-
soBeka. HalTi BEpOSITHOCTh TOTO, YTO B CIIy4aiiHO BHIOPaHHYIO CMEHY OKa)KeTcs
XOTs ObI OJH MY>K4YHHa.

150. a) bpocatoTcst [Ba UrpajibHBIX KyOuka. HaliT BEposSTHOCTH TOTO, 4TO CyMMa
YHCIIa OYKOB HA BBIABIIMX I'PAHIX MEHBIIIE X ITPOU3BEICHUS.

0) Cpenu 25 cTyzneHTOB, U3 KOTOpPBIX 15 meByliek, pasbirpbiBatoTcs 4 Ouiera B
TeaTp, MpUYEM KaXKAbli MOXKET BBIMTPATh TOJBKO oauH Omner. KakoBa BeposT-
HOCTb TOT'O, YTO Cpe/u oOnagaTeneii OMIeToB OKaXXeTcst XOTs Obl O/IHA JIEBYIIIKA.

151-160. TpebGyeres:
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a) HalWTH BEPOSITHOCTH YKa3aHHBIX COOBITHH, UCIIONB3YS hopMynsl clodcenusn u
VYMHOMCEHUA 8EPOAMHOCIEIL;

0) HAMTH BEPOSATHOCTH YKa3aHHBIX COOBITHH, UCTIONB3Ys hopmyny bepuyinu.

151. a) CryneHT pa3bICKMBaeT HY)KHYIO eMy (GopMyly B Tpex crpaBOYHHKax. Be-
POSITHOCTH TOTO, 4TO (hOpMYJIa CONEPXKUTCS B IepBoM crpaBouHuke 0.8, BO BTO-
poM — 0.7, B TpetbeM — 0.85. HaliTit BEpOSATHOCTH TOTO, UTO (POPMYIIA COMEPHKHUTCS
XOTs ObI B OTHOM CIPaBOYHHKE.

0) Dx3ameH cocTouT U3 6 BompocoB. Ha kaxaplil BONpoC 1aHO YETHIPE BO3ZMOXKHBIX
OTBETa, Cpe/Ii KOTOPBIX HEOOXOMUMO BHIOpaTh ONUH NpaBHIbHEINA. HaliTh BeposT-
HOCTH TOT'0, YTO METOJIOM IPOCTOTO yraJIbIBAaHHsS YIACTCSl OTBETUTh HE MEHEE YeM
Ha 5 BOIIPOCOB.

152. a) B nepBom simmke 5 6enpix u 7 4€pHbIX mapoB. Bo Bropom 3 Genbix u 12
4YEpHBIX MapoB. V3 Kakaoro siyka BEIHYJIM 1O mapy. KakoBa BepoSTHOCTB, 4TO
o0a mapa pa3HOro IBeTa.

6) Ilokymarens npuOOpeEN IIeCTh M3JIENNHA, H3TOTOBJICHHBIX Ha JIAHHOM MpEIpH-
stud, 80% u3aeNUi KOTOPOro COCTAaBJISIET MPOJYKIMS BbIcHiero copra. Hailtu
BEPOATHOCTH TOTO, YTO HE MEHEe ISITH M3 HUX SBISIOTCS M3JEIHSAMHU BBICIIETO
copTa.

153. a) PabGouwnii 0OcIy)XKHBaeT TpU CTaHKAa. BEpOsITHOCTH TOTO, YTO B TCUCHHE Ya-
ca CTaHOK He IOTpe0yeT BHUMaHus pabodero, paBHa s iepBoro cranka 0.9, mis
Broporo — 0.8 u st Tperbero — 0.85. HaliTu BEpOSITHOCTH TOTO, UTO B T€YEHHUE
HEKOTOpPOro Yaca JjBa CTaHKa U3 TPEX MOTpeOyIOT BHUMaHHs padodero.

0) /s HopManbHOM paboThl aBTOOA3EI HA JIMHUY JIOJDKHO OBITH HE MEHEE 8 MaIlliH
n3 10 umeromuxcs. BeposiTHOCTh HEBBIXOJAa KaXkKJOH MalllMHBI HA JMHUIO PaBHA
0.1. Haiiti BepOSITHOCTH TOrO, YTO aBToOa3a OymeT paboTaTh HOPMAaIbHO B OJU-
JKaWIHiA 1eHb.

154. a) Tpu cTpenka cTpensioT 1o pa3y B OAHY MHUILIEHb HE3aBUCUMO IPYT OT JpYy-
ra. BeposiTHOCTh momnajjaHus B 1e7b NepBbIM CTpenkoM paBHa 0.7, BTopbiM — 0.8,
TpetbuM — 0.9. HaiiTi BepoSTHOCTH TOTO, YTO MHIIICH OY/IET OpaXKeHa JiBa pasa.
0) B ypue 20 6enbix u 10 uepHbIX mapos. V3 ypHBI BRIHUMAOT nonpsn 4 mapa,
MIPUYEM KaXKABIA BBIHYTHIM Iap BO3BpAIAlOT B ypHY Mepel M3BIICUYECHHEM Clle-
JIYIOIIEro M IIapbl B YpHE IepeMelnBaroT. Haiitn BeposTHOCTH TOTO, 4TO U3 Ue-
THIPEX BBIHYTBIX LIAPOB OKAXKETCS] TPH OEIBIX.

155. a) Dx3aMCHAIMOHHBIN OUIIET IO TEOPHH BEPOSTHOCTEH CONEPIKUT TPH BOIPO-
ca. BeposiTHOCTH TOT0, UTO CTY/IEHT OTBETHT Ha NEPBBIA U BTOPOI BONPOCH! OHIIe-
Ta paBHbl 0.9; Ha Tperuii — 0.8. HaliTu BepoOSITHOCTH TOrO, UTO CTYAEHT CAACT JK-
3aMeH, €CJIH ISl STOro He00XOMMO OTBETHTH Ha BCE BOIIPOCHL.

0) Jlnsa cTpenka, BBINOJHSIONIErO YNpakHEHHE B TUPE, BEPOSTHOCTh IMONACTh B
«sI0JI0YKO» IIPH OJHOM BBICTPEJIE HE 3aBHCHT OT PE3YJbTaTOB MPEALIECTBYIOIINX
BeICTpenoB U paBHa 0.25. CnoptcMeH caenan 5 BelcTpenoB. Halitu BeposTHOCTB
TOT0, YTO CTPEJIOK IOMAJl B «I0JI0YKO» HE MEHEE YETHIPEX pas.
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156. a) CtyneHT pa3bICKMBaeT HY)KHYIO eMy (GopMyiy B Tpex crpaBOYHHKax. Be-
POSITHOCTH TOTO, 4TO (hOpMYJIa CONEPXKUTCS B IepBoM crpaBouHuke 0.8, BO BTO-
pom — 0.7, B TpetbeM — 0.85. HaliTn BeposSTHOCTB TOTO, 4TO (hOpPMYJIa COIEPIKUTCS
TOJIBKO B O/THOM CITPaBOYHHKE.

©0) Haiitu BepoATHOCTB TOrO, YTO B ceMbe, UMeIoIEeH 6 eTel, He MeHee ABYX Jie-
Bouek. [Ipearmonaraercs, 4To BEPOSTHOCTH POXJIEHHSI MallbuUKa M JI€BOYKH OIIW-
HaKOBBIE.

157. a) B nepBom stiimke 6 GenbIx 1 4 4EPHBIX MIapa, BO BTOPOM -7 OemnbIX U 3 uép-
HBIX. VI3 Ka)x/oro siiyKa HayraJ BEBIHUMAIOT N0 ofHOMY miapy. Uemy paBHa Bepo-
SITHOCTB TOT'O, YTO BBIHYTHIE MIAPHI OJTHOTO IL[BETA.

0) Ox3aMeH cocTouT U3 5 BompocoB. Ha kakaslil BOIpoc JaHO TPU BO3MOMKHBIX
OTBETa, Cpe/Ii KOTOPBIX HEOOXOMUMO BHIOpATh ONUH NpaBHILHEINA. HaliTh BeposT-
HOCTbB TOT'0, YTO METOJIOM ITPOCTOI'0 yra/IbIBaHMs YIacTCsl OTBETUTH Ha BCE BOIPO-
CBI

158. a) PabGounii oOcIy)kHBaeT TpU cTaHKAa. BepOsSTHOCTH TOTO, YTO B TCUCHHE Ya-
ca CTaHOK He IOTpe0yeT BHUMaHus pabodero, paBHa s ieporo cranka 0.9, mis
Broporo — 0.8 u st Tperbero — 0.85. HaliTu BEpOSITHOCTH TOTO, YTO B T€UEHHUE
HEKOTOPOTo Yaca Bce TPU CTaHKa MOTpeOyloT BHUMaHHUs pabodero.

0) Ilokynarens mpuoOOpeN MSTh WU3JCITUM, W3TOTOBJICHHBIX HA JAHHOM IPEIIpU-
stud, 80% u3AeNUi KOTOPOro COCTAaBJSET MPOJYKIMS BbicHiero copra. Hailtu
BEPOSTHOCTB TOTO, YTO YETHIPE U3 HUX SBIISIOTCS M3IEUSIMU BBICILIETO COPTA.

159. a) Tpu cTpenka cTpenstoT o pa3y B OAHY MHUILIEHb HE3aBUCUMO IPYT OT JIpYy-
ra. BeposiTHOCTh momnajjaHus B 1e7b NEpBbIM cTpenkoM paBHa 0.7, BTopbiM — 0.8,
TpetbuM — 0.9. HaliTi BEpOSTHOCTH TOT0, YTO MUILIEHb OyJeT Mopa)keHa XOTs Obl
OJIVIH Pa3.

0) /s HopManpHOM paboThl aBTOOA3EI HA JIMHUY JIOJDKHO OBITH HE MEHee 9 MalliH
n3 10 umeronmxcsa. BeposTHOCTh HEBBIXOJAa KaXkKJOH MalllMHBI HA JMHUIO PaBHA
0.2. Haiiti BepOSITHOCTH TOrO, YTO aBTOOa3a OymeT paboTaTh HOPMAaIbHO B OJIU-
JKaWIIHiA 1EHb.

160. a) Dx3aMCHAIIMOHHBIH OUJIET IO TEOPUH BEPOSTHOCTEH COMNEPIKUT TPH BOIIPO-
ca. BeposiTHOCTH TOT0, UTO CTY/IEHT OTBETHT Ha NEPBBIA U BTOPOI BONPOCH! OHIIe-
Ta paBHbl 0.9; Ha Tperuii — 0.8. HaliTu BepoOSITHOCTH TOrO, YTO CTYAEHT CAACT JK-
3aMeH, €CJIH JIJIsl TOro He00XOIMMO OTBETHTH XOTsI OBl Ha JBa BONpOCa U3 TPEX.

0) BeposiTHOCTD BBIMIpaTh 110 JIOTEpPEHHOMY OWIIETY paBHa 1/ 77 . Haiitu BeposT-
HOCTbH BHIUTPATh HE MEHEE YeM I10 JIBYM OWJIeTaM H3 MIECTH.

161-170. TpeOyercst HaliTH BEPOSITHOCTH YKa3aHHBIX COOBITHM, UCHIONB3YS op-
Mynbl noanoi eepoamnocmu u baiieca.

1161. B marasun nocrynaet npoAykuus Tpéx ¢adpuk. [Ipnuém npoxykuums nep-
Boii (pabpuku cocrasisier 20%, BTopoit -45% u Tperweii -35% nznenuii. M3BecTHO,
YTO CpeIHUH MPOIEHT HEeCTaHAAPTHBIX M3JeNUil A nepBoi Gadpuku pasBeH 3%,

21



JUIst BTOpOH -2%, 1 171t TpeTber -4%. HaliTn BeposITHOCTE TOro, UTO OKa3aBIIeecs
HECTaH/IaPTHBIM H3JIENTUE MPOU3BEICHO Ha TIEPBOi (haOpuKe.

162. Ha cOopouHoe mpennpusTue MOCTYMWIH OJHOTHITHBIC KOMIUICKTYIOIIUE C
Tp€X 3aBOJIOB B KOJMUYECTBE: 25 - ¢ mepBOro 3arojaa, 35 — co BToporo, 40 - ¢
TpeThero. BeposTHOCTh KaUeCTBEHHOTO M3TOTOBJIEHUS M3/IENINI HAa TIEPBOM 3aBOJIE
0.9, na Bropom — 0.8, Ha TpeTbem — 0.7. HaliTu BEpOSITHOCTB TOT'O, YTO B3SITOE CIIY-
YaiHBIM 00pa30M H3/eIHe OYIET Ka4eCTBEHHBIM.

163. Ha nByx cTankax npoM3BOIATCS OJMHAKOBEIE JeTalll. BeposaTHOCTH TOro, 4T
JleTanb cTaHAapTHAs, JJis epBoro cranka paBHa 0.8, ais Broporo — 0.9. I[Ipousso-
JIMTENIFHOCTh BTOPOTO CTaHKa BIBOe Oofblle, uyeM mepBoro. Haitu BeposTHOCTH
TOTO, YTO B3sTasl HAyAady JIETAIb OKaXKETCs HECTAHAaPTHOM.

164. Ha cOopouHoe mpennpusTue MOCTYMWIH OJHOTHITHBIC KOMIUICKTYIOIIUE C
Tp€X 3aBO/OB B koiuuectBe: 40 - ¢ mepBoro 3aBojaa, 35 — co BToporo, 25 - ¢
TpeThero. BeposTHOCTh KaUeCTBEHHOTO M3TOTOBJIEHUSI M3/IENINI HAa TIEPBOM 3aBOJIE
0.9, na Bropom — 0.7, Ha TpetbeM — 0.9. HaliTu BEpoSITHOCT TOT0, YTO B3SITOE CITY-
YaiHBIM 00pa30M H3/eIHe OYIET KaYeCTBEHHBIM.

165. N3BectHO, uT0 90% BBITyCKAaE€MOM 3aBOJIOM NMPOAYKLUH YAOBIETBOPSET CTaH-
JapTy. YTOpolueHHas cXxeMa KOHTpOJISI IPU3HAeT MPUTOJHON CTaHIApTHYIO IPO-
JYKIHIO ¢ BepOosATHOCTBIO 0.95 M mpu3sHaeT NpUroJHON HECTaHAAPTHYIO NMPOAYK-
1o ¢ BeposaTHOCThIO 0.1. HailTu BeposSTHOCTH TOT0, UTO M3/€NNe, He MPOIIE/IIee
YIIPOIIEHHBI KOHTPOJIb, YAOBIETBOPSET CTAHAAPTY.

166. Cpeau mocTymaromux Ha cOOpKY JeTaliell ¢ mepBoro craHka-aBTomMata 1%
HECTaHJIapPTHBIX, CO BTOporo — 2%, c¢ tperbero — 2.5%, ¢ uerBeproro — 5%. IIpo-
HU3BOJIUTENILHOCTH WX OTHOCATCS Kak 4:3:2:1. B3stas Haynauy neranb okaszaiach
cTanzapTHOH. HaliTm BEpOATHOCTH TOro, YTO J€Tanb W3TOTOBJIEHA HA TPEThEM
CTaHKe-aBTOMare.

167. B marazun nocrynaer npoaykuus Tpéx ¢adpuk. [Iprnuém npoaykius mepBoit
(abpuxu cocrapiser 20%, BTOpoit -45% u Tpetheit -35% u3nenuii. 3BecTHO, 4TO
Cpe/HUI TPOLEHT HECTaHAAPTHBIX M3JENUH T nepBoi (adbpuku paseH 3%, s
BTOpOH -2%, U s TpeThelt -4%. Hailtu BepoaTHOCTh TOro, YTO OKa3aBIIeecs He-
CTaHAApTHBIM H3JIeINe IPOU3BEIEHO Ha BTOPOH (adpuKe.

168. Ha cOopouHoe mpennpusTue MOCTYMWIH OJHOTHITHBIC KOMIUICKTYIOIIUE C
Tp€X 3aBOJIOB B KojJMuecTBe: 25 - ¢ mepBoro 3aBojaa, 10 — co Broporo, 15 - ¢
TpeThero. BeposTHOCTh KaUeCTBEHHOTO M3TOTOBJIEHUS M3/IENINI HAa TIEPBOM 3aBOJIE
0.7, na Bropom — 0.9, Ha Tpetbem — 0.8. HaliTu BEpOSITHOCTB TOT'0, YTO B3SITOE CITY-
YaiHBIM 00pa30M U3JeIre OYIET KAaUeCTBCHHBIM.

169. Ha nByx cTankax npoM3BOIATCS OJMHAKOBEIE JeTall. BeposTHOCTE TOro, 4To
JieTanb cTaHAapTHas, JJis epBoro cranka paBHa 0.8, aiis Broporo — 0.9. I[Ipousso-
JIMTENILHOCTh BTOPOTO CTaHKa BTpoe Oosnble, yeM repBoro. Haiitu BeposTHOCTH
TOTO, YTO B3sITasl HayJa4dy JeTailb OKa)XXeTCsl CTAaHAaPTHOM.
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170. Tpoe pabounx M3rOTaBIMBAIOT OJHOTHUITHEIC M3enus. [lepBoiii pabounii u3-
roroBun 40 w3menwuii, BTopoit — 35, Tpetuii -25. BeposTHOCTH Opaka y MepBOro
pabouero 0.03, y Broporo — 0.02, y Tpersero — 0.01. B3stoe Hayran uznenue oka-
3aJ10ch OpakoBaHHBIM. HalTi BEpOSITHOCTB TOTO, UTO TO U3/ENNE U3TOTOBUII BTO-
poii pabouwid.

171-180. TpeOyeTrcst COCTaBUTh 3aKOH PACIPENEICHUS JUCKPETHOW CITy4aiiHOU
BENTUYMHBI X ; MOCTPOUTh MHOTOYTOJNBHHK TOTYYEHHOTO PACTIPEICIICHHUSI;, BBIYHC-
nuTh € MateMaTHueckoe oxxunanne MX wu nucnepcuro DX .

171. B maptuu n3 10 geraneit conepxutcs 3 HecTaHAapTHRIX. Haynauy oToOpaHsl
JBe Aetanu. JuckpeTHas ciydaiiHas BelMYMHA X — YUCIO HECTAHJAPTHBIX JI€Ta-
JIel cpeqy IByX OTOOpaHHBIX;

172. Ctpenox npou3BOJUT IO MUIIEHHU J[Ba BBICTpesa. BeposTHOCTh monafaHus B
MHUIIEHb TIpU KaXkaoM BeicTpene paBHa 0.9. JluckperHas ciaydaiiHas BenuuuHa X —
YKCJIO MONalaHUH B MUIIIEHb.

173. B sKx3amMeHalMOHHOM OujieTe qBe 3a1aud. BeposTHOCTH MpaBUIBHOTO pelile-
HUs niepBoit 3amaun pasHa 0.9, BTopoit — 0.6. JluckperHas ciyyaiiHasi BenmuunHa X
—4HUCIIO TIPaBUJIBHO PEMIEHHBIX 3a/1a4 B Ouiiere.

174. B maptuu u3 6 neraneii umeercs 4 crannapTHeIX. Haynauy oroOpans! 2 jera-
nu. JluckpeTHas cioydaiiHas BequunMHa X — 4MCIO HECTAaHJAPTHBIX JeTajnel cpeau
0TOOpaHHBIX.

175. Ctpenox npou3BOJUT IO MUIIEHHU J[Ba BBICTpesa. BeposTHOCTh monafaHus B
MHUIIEHb NIpU KaXKA0M BeicTpene paBHa 0.7. JluckperHas ciaydaiiHas BenuuuHa X —
YHCIIO MPOMAaXOB.

176. U3 nsitu KymieHHBIX po3 2 kpacHble. J[ns cocraBieHus Oykera Haynady Oe-
pyT 3 po3sl. JluckpeTHas ciydaiiHas BeIn4rHa X — YUCIIO KPACHBIX P03 CPElU OTO-
OpaHHBIX.

177. B maprtuu u3 6 neraneit nmeercs 4 cranaapTHeIX. Haynady otoOpansr 2 nera-
nu. JluckperHas ciydaiiHasg BedMuMHa X — YHCJIO CTAHAAPTHBIX AeTayled cpeau
0TOOpaHHBIX.

178. YcTpoiicTBO COCTOHUT M3 JABYX HE3aBHCHMO PabOTAIOUIMX 3JIeMEHTOB. BeposiT-
HOCTb OTKa3a Ka)KIOro 3JeMeHTa B oJHoM ombiTe paBHa 0.1. JluckperHas ciaydaii-
Has BeIM4MHA X — YUCJIO OTKA3aBIIUX 3JIEMEHTOB B OJTHOM OIIBITE.

179. B ypHe 6 6enbix u 4 u€pHBIX mapoB. 3 He€ n3Bnekn JBa mapa. JJuckperHas
ciry4aiiHasi BeNnn4rnHa X — 9UciIo OeNbIX IapoB CPEAr OTOOPaHHBIX.

180. B ypHe 6 6enbix u 4 u€pHbIX mapoB. 13 He€ n3Bnekin JBa mapa. JuckperHas
cilydaiHasi BeNM4rMHa X — YUCII0 YEPHBIX IAPOB CPEAN OTOOPAaHHBIX.
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181-190. Tpebyercs HaiiTH (HYHKIUIO IUTIOTHOCTH BeposiTHOCTEH f'(x) HempephIB-

HOU CiydaiiHOW BenmuuuHbl X ; BBIYHCIUTH €€ MaTeMaTuyeckoe oxumanune MX |
mucnepcuto DX u Beposithocth P(X € (a, 8)) .

181. HemnpepsiBHas ciywaifHast BennunmHa X 3amaHa (QyHKIUMEH pacripeaeneHus

F(x) =

182. He

F(x)=

183. He

F(x)=

184. He

F(x)=

185. He

F(x)=

186. He

F(x)=

187. He

F(x) =

0 x<0
x2[25 0<x<5, a=1B=4.
1 x>5

0 x<0
x2 0<x<1, a=

13
PR
1 x>1
012 x<-1
DT <2, w0, p-1.

9
1 x>2

0 x<l1
1 x>6
0 x<0

x/4 0<x<4, a=2,B=3.
1 x>4

24

MpepbIBHAs cllydyaiiHasi BelauuumHa X

MpepbIBHAs CllydyaiiHash BelauuumHa X

MpepbIBHAsT cllydyaiiHasi BeauuumHa X
(x-1)/5 I<x<6, a=2,p=5.

MpepbIBHAs CllydyaiiHash BelauuumHa X

MpepbIBHAsT cllydyaiiHasi BeauuumHa X
0 x<0

X2/4 0<x<2, a=1,B=2.
1 x>2

MpepbIBHAs cllydyaiiHasi BelauuumHa X

gx? O_ A x<0

—— 0<x<£2, a=1,p8=2.

116 x>2

3amaHa (yHKIMeH

3amaHa (yHKIWeH

3amaHa (yHKIMeH

3amaHa (yHKIMeH

3amaHa (yHKIMeH

3amaHa (yHKIMeH

pachpe/eneHus

pachpeseneHus

pachpe/eneHus

pachpeseneHus

pachpe/eneHus

pachpe/eneHus



188. HemnpepriBHas ciywaifHast BennunmHa X 3amaHa (yHKIHMEH pacripeaeneHus

0 x<-=2
F(x)= §+% —2<x<2, a=-18=1.
1 x>2
189. HemnpepeiBHas ciywaifHast BennunmHa X 3amaHa (QyHKIUMEH pacripeaeneHus
0 ) x<3
F(x)= =37 3<x<5, a=3,p=4.
1 x>5

190. HempepsiBHas ciywaifHast BennunmHa X 3amaHa (QyHKIUMEH pacrpeieneHus
0 x<2

2 =2 — 2

F(x)={x* —4x+4 2<x<3>» @=2F=—.

1 x>3
191-200. st npuBeaEéHHBIX BEIOOPOK TpeOyeTcs:
a) MOCTPOUTH BAPUAIMOHHBIN U JUCKPETHBINA CTATUCTUUECKUN PSJIbl; BHIUUCIUTD

YHCIIOBBIC XaPAKTEPUCTUKH BBIOOPKH: Xpin, Xmay» 20 (pasMax), X (cpemnee

~2
apudmerudeckoe), O~ (IUCIEPCHIO); IIOCTPOUTH IMOJIUTOH YacTOT;
0) BBIYUCIHTH 4YHCIOBBIE XAPAKTEPHCTHKU TPYNIUPOBAHHOH BBIOOPKH: X, i

max » R (pasmax), X (cpexnee apupmernyeckoe), G’ (mucnepcuro); mocTpo-

UTh THCTOrPAMMY YaCTOT.
191. a) Bribopka odbema n =20

X

0 4 2 0 5 1 1 3 0 2 2 4 3 2 3 3 0 4 51

©) BeiOopouHbIC TaHHBIC 0 MECIYHOM 3apaboTHOI iate X 1o 1exy (B THIC.pyO.)

3ap.nmaarta 2-4 | 46 | 6-8 | 8-10 | 10-12 | 12-14 | 14-16 | 16-18

Ymncao padouux 1 3 10 15 20 12 7 2

192. a) Beibopka obbema n=15:

4 5 6 4 4 6 2 2 5 4 5 5 4 2 3

©) BriObopouHble JaHHBIE 0 pacxone X (GHPM, MPOTAOIINX KOMIBIOTEPHI, HA PEK-
namy (B % k oOrieMy pacxoay GUpMBI):

Pacxon Ha pexinamy | 2-4 | 4-6 | 6-8 | 8-10 | 10-12
Yucao pupm 5 8 [ 16 | 12 9
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193. a) Beibopka obbema n=15:
| 2 2 1 3 4 2 1 1 3 3 43 2 45

0) BeiOopouHbIe TaHHEIC O cTa)ke pabOThl X COTPYTHHKOB OaHKa:
Crawx, jer 0-2 2-4 4-6 6-8 8-10 10-12
Ymncsio cOTPyIHHKOB 3 9 18 14 10 6

194. a) Bribopka odbema n =15
\ 9 8 10 6 6 7 9 9 10 4 10 11 11 11 6

0) BeiOopouHbIC TaHHBIE O TOJOBOM TOBapoobopore X (MITH.pyO) MpPOIOBONBCT-
BEHHBIX Mara3uHOB ropojia

ToBapooGopoT 10-12 | 12-14 | 14-16 | 16-18 | 18-20
Yuco0 marasuHon 17 40 32 8 3

195. a) Bribopka oobema n=20:
5 5 4 2 6 2 1 53 3 15 6 4 3 3 415 5]

0) BeiOopouHbIe TaHHBIE 0 MECSYHOM 3apaboTHOM Tiate X 1o 1exy (B THIC.pyO.)
3ap.miaara 2-4 | 46 | 6-8 | 8-10 | 10-12
Ymncao padouux 5 8 16 12 9

196. a) Bribopka oobema n=20:
‘21231102243303023122

0) JlanHbie u3mepenwii pocra X (B CM) CTYJACHTOB OJTHOT'O U3 BY30B TOpOJIA!
Poct 150-160 | 160-170 | 170-180 | 180-190 | 190-200
Yucsio cTy1€HTOB 10 34 25 21 10

197. a) Beibopka obbema n=15:
‘ 6 8 9 9 4 9 6 8 9 4 6 6 8 6 4

0) BriOopouHble maHHBIE O TOIOBOM TOBapoobopore X (MIJIH.py0) MeOermbHBIX
Mara3uHOB ropoja

ToBapooGopoT 10-20 | 20-30 | 30-40 | 40-50 | 50-60
Ymncyio MmarasuHoB 12 17 46 12 13
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198. a) Boibopka oobema n=15:

‘510109588966688108

0) /lanHbIe M3MepeHuii BHYTpeHHero auaMerpa X (B MKM) IMOPITHEBBIX KOJIEII:
JAuamerp 28-32 | 32-36 | 36-40 | 40-44 | 44-48
UYnciio koJien 5 16 11 8 10

199. a) Beibopka oobema n=15:

‘ 1 0 2 6 5 4 1 4 5 1 2 4 2 2 2

0) Bribopounsie qanHbIE 0 pacxone X (QUPM, MPOAAIOIINX aBTOMOOWIIH, HA PeK-
namy (B % k oOrieMy pacxoay GUpMBI):

Pacxon na pexiamy | 3-5 | 5-7 | 7-9 | 9-11 | 11-13
Yucao pupm 1 6 | 14 7 2

200. a) Beibopka obnema n=20:

‘13320243212222331113

0) Jlannsie o copepikanun X (B Ky0. M) JICTIOBOM APEBECHHBI B OJTHOM JICPEBE:
Conepsxanue nesioBoii npesecunn! | 0.2-0.6 | 0.6-1.0 | 1.0-1.4 | 1.4-1.8
Ymncio nepeBbeB 2 14 15 9

5.2. Bonpochl Kk 3K3aMeHy.

1. TlepBooOpa3Has QpyHKIWS, €€ CBOMCTRA.
HeomnpenenéHHublit HHTErpa, yCIOBUS €ro CylIeCTBOBAHHS H CBOWCTBA.

3. OcHOBHBIE METOJIbl WHTETPUPOBAHUS: HEMOCPENCTBEHHOE HWHTETPUPOBAHHUE;
HHTETPUPOBAHUE 3aMEHOW ePEMEHHON; HHTETPUPOBAHUE IO YACTSIM.

4. BpluncneHre HHTErpaioB BUA!

a) I f(ax +b)dx ©) J (Au+Bydx ¢ (dx+B)dx

2
ax® +bx+c Vax? +bx+c

5. HemnpaBunbHast U IpaBWIbHAs palMOHAJIBHBIE APOOM, Pas3lIoKEHHE IPaBHIIb-
HOHM JpoOu Ha mpoctble. VIHTerpupoBaHue MPOCTHIX, NMPaBUIBHBIX W HEmpa-
BIJIBHBIX PALMOHAIBHBIX JPOOEH.

6. Brruncnenue uHTErpaNoB Bujaa JR(sin X,c0S X)dx. YHUBepcaJbHasi TPUTOHO-
MeTpHYecKasl MOJCTAHOBKA U e¢ MPUMEHEHHE.

7. BbluucneHue MHTErpanoB BUA: A) '[ sin®” x cos 2™ xdx, ((m,n>0);
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

0) '[ sin ox cos Pxdx , '[ sin o sin Bxdx , '[ cos ax cos Bxdx .

'”/”k

k
Brlunciienye MHTErpajoB Buaa J. R| x,(ax+Db) m yerrs(@X + D) dx

Brrunciienre HHTErpagoB BUa J R(x, Vax? +bx+ c)dx .

. OHpe].'[eJ'IeHHI:IfI HUHTETPpAJ KaK Mpeaci HHTeraHBHOﬁ CYMMBI, €T0 I'€OMETPU-

YECKUU CMBICI. Y CJIOBHSI CYILIECTBOBAHUSI OMPENEIEHHOTO HHTErpaia.
OcHOBHBIE CBOMCTBa ompeseneHHOro uHrerpana. OleHMBaHWE HWHTErpala.
dopMyia CpeiHEro 3HaUECHHUSI.

WHrerpan c¢ mepeMeHHBbIM BEPXHUM TNPEJEIOM U ero cpoiictBa. Popmyna
Hrrotona-JleiiOHua.

DopMynbl 3aMeHbI IEPEMEHHOM U MHTErPUPOBAHUS 0 YACTSAM B ONpEesEH-
HOM HMHTErpa’e.

[Tnomans rurockoit GUTypsl U €€ BBIYKMCIEHHE C ITOMOLIBIO ONpPEAeIEHHOTO
HHTErpana.

JlmuHa qyru KpuBOHM U €€ BBIYKMCIEHUE C TTOMOIIbIO ONpeIeIEHHOIO UHTErpa-
na.

OObeM Tena M ero BBIYMCIICHUE C TOMOLIBIO OTpesiesieHHoro uaTerpana. O0b-
€M TeJa BpalleHUs.

HecoOcTBeHHBIE MHTETpalibl O OECKOHEYHOMY MPOMEKYTKY HHTETPUpPOBA-
Hus. HecoOCTBEHHBIC MHTETPAITBI OT HEOTPAHMUYCHHBIX (hYHKITUH.

JIBolHOW MHTerpall Kak Mpejies UHTErPaJbHOW CYMMBI, YCIOBUE €ro CYIIEeCT-
BOBaHUS U T€OMETPUUECKHUIN CMBICII.

OcCHOBHBIE CBOWCTBA JIBOMHOr0 MHTerpana. OLeHUBaHUE JABOWHOTO MHTErpa-
na. dopmyna CpeAHero 3Hau4eHUs.

[MoHsATHE TIPAaBWIHLHON 00JACTH B HANPABJICHHUH KOOPIWHATHBIX OCeH Ox, Oy .
Boruricienne JBOMHOrO MHTErpasia CBEJACHUEM K MOBTOPHOMY HMHTETPUpPOBa-
HUIO.

3aMeHa NepeMEeHHbIX UHTErpUpPOBaHUs B JBOMHOM HHTerpase. [lonspHeie Ko-
OpJIMHATHI, UX CBS3b C JeKapToBbIMU.* (DopMyna 3aMeHbl NMEPEMEHHBIX B
JIBOTHOM MHTErpajie Mpu nepexojie K NOoIsIpHbIM KOOPIUHATAM.

Berunciienue miomaan miockoi Gurypsl 1 00bEMa IMIMHIPUIECKOTO Tea C
MIOMOIIBIO IBOMHOTO UHTETpaIa.

[ousatne nuddepeHIMaNTLHOr0 ypaBHEHHUS IIEPBOTO IOPSIIKA, Pa3IMIHEIC
(dopmsl ero 3amucu. PerieHre, HayalbHBIC YCIIOBUS, 00IIEe U YaCTHOE pelie-
uust 1Y nepBoro nopsaka. 3aaaya Komu.

JY ¢ paznenéHHpIMU U pa3IeNsIOIUMUCS IEPEMEHHBIMU, UX PEIICHUE.
Opnnoponnsle JIY nepBoro nopsaka, ux perieHue.

Jluneitnoe 1Y nepBoro nopsjka u ero peuieHue. Y pasuenue bepuysmim.
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27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

JuddepenunansHoe ypaBHeHHE MOPSIKA 71, pa3INnUHblEe (POPMBI €ro 3aIHCH.
Penrenue, HavyanpHBIC YCIIOBHS, 0OIee U 4acTHOe pemeHus Y mopsaka n .
3anava Komm.

J1Y nopsiaka n, Z0MyCKaroIue MOHIKEHNE MTOPSIIKa, UX PELIEHHE.

[MonsiTne nUHEHHOW 3aBUCHMOCTH M HE3aBHCHMOCTH cUcTeMBbl QpyHKUuMH. Or-
penenutens BpoHckoro. YcinoBus NMHEHHON 3aBUCMMOCTU M HE3aBHCUMOCTH
cucteM (QyHKIHH.

Jluneitnoe 1Y nopsiaxka n . OpgHopoansie U HeomHopoausie JIJIY. CpoiicTBa
YaCTHBIX peleHud, pyHIaMeHTaIbHas cucrema perreHnid OJIIY.

CrtpykTypa 00IIero perieHuss oJHOPOIHOro U HeoaHopoaHoro JIJIY mopsinka
n . [IpyuHIMI Cynepro3nIMY YaCTHBIX PEIICHHH.

OJIAY mopsinka 7 ¢ MOCTOSHHBIMHU KO3 QHUITUEHTAMH. XapaKTepUCTHIECKOe
ypaBHenue. Haxoxnenne ®CP u obmero pemenns OJIJIY B cinydasx koraa
KOpHH XapaKTepUCTHYECKOr0 YpaBHEHHS: a) JIEHCTBUTEIFHBIE W Pa3INYHBIE;
0) nelicTBUTENbHBIE U €CTh KPATHBIE; B) KOMIUIEKCHO-CONPSXKEHHBIE.
Haxoxnenne gactHoro pemrenus HJIJIY mopsinka # ¢ MOCTOSHHBIMH KOd(-
¢$unueHTamMu u IpaBoi YacThIO CIEINATIBHOT O BHJA

e® (P, (x)cos fx+0,, (x)sin f).

Hopmainbhas cucrema JIY. PenieHue, HayampHbIE YCIIOBHS, 0O0IIee M YacTHOE
peuienus HopManbHOU cuctembl Y. 3amaua Kommu. HaxoxxnaeHue pemieHus
HOpMaJIbHOU cUCTeMBbI JIY METOIOM HCKIIIOUEHHUSI.

[Monsitne uncnosoro psipa (UP). Yactnunas cymma m ocratok psipa. Cxops-
yecs ¥ pacxoasmuecs psaasl. Cymma psiza.

OcHOBHEBIE CBOMCTBa cxopsmuxcst psaoB. HeoOXonumblil mpru3HaK CXOIUMO-
CTH U AOCTATOYHBIIN NPU3HAK PACXOJUMOCTH Psizia.

JlocraTouHbIe IPU3HAKN CpaBHEHUS (KIIACCHYECKUH U MpeNeNbHbIH) CXOaUMO-
CTH PSI0B C NOJOKUTEIBHBIMU YJICHAMU.

DTaJIOHHBIE YHCIIOBBIE PsAAbI (T€OMETPUYECKHH M 00O0OIIEHHBIN rapMOHHUYE-
CKHI), YCIIOBHSI UX CXOAMMOCTH U PaCXOJMMOCTH.

Jocratounsle npusHaku Jlanamb6epa n Komm cxoammMocTu psiioB ¢ ITOJIOXKH-
TENILHBIMHM YJIEHAMH, YCIOBHS UX TPUMEHUMOCTH.

3Hakouepemyromuiics aucioBoid psa. IlpusHak JleiOnwma. OleHKa CyMMBI
3HAKOYEpEIYIOUIerocs psiia U ero ocTaTka. BelunMcieHne cCyMMBbl 3HaKo4epe-
JIYIOLIErocs psijia ¢ 3aJaHHOM CTENEHbI0 TOYHOCTU & 7

3HAKONIECPEMECHHBIH YUCIOBON psii. AOCOMIOTHO U YCIIOBHO CXOJSIIUECS YH-
CIIOBBIE PABI, UX CBOMCTBA. JlOCTATOYHBIN MPU3HAK CXOAUMOCTH 3HAKOIEpe-
MEHHOT 0 psija.

OynakunonansHbli psag (OP). Yactnunas cymMMa, 0CTaTOK, TOYKa CXOAUMOCTH,
obnacte orpeseneHust 1 obnactb cxoaumoctu OP. CymMmma (yHKIIMOHAIEHOTO
psna. AbcomrotHo cxoxsuirecs: OP.
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43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.
54.
55.
56.

57.

58.

59.

Crenennoii pan. [Ipusnak AGenst aOCONMOTHON CXOAMMOCTH CTENEHHOTO psijia.
Paanyc u nHTEpBa abCOIIOTHON CXOAMMOCTH CTENeHHOTo psijia. Haxoxnenne
obsacT OOBIYHON M aOCONIOTHON CXOAMMOCTH CTENEHHOro psja. OCHOBHBIE
CBOMCTBA CTEIIEHHBIX PSI/IOB.

Psnpr Teinopa u MaxkiiopeHa. Y CIIOBHS pa3IOKUMOCTH (GYHKIMHU B psa Teit-
nopa. [Ipumenenne psina Teliopa B pHONMKEHHBIX BHIYUCICHUSX.
Tpuronomerpuueckuil psaa. Pag ®@ypee. YcnoBus dupuxie. JJocTtaTouHslit
npusHak J{upuxie pasnoxumoctr GyHKIHHU B psig Dypbe.

Psnp1 @dypbe s 4€THBIX M HEYETHBIX (QyHKuMi. Paznoxenue B psig @ypre
(yHKIMH, 3aTaHHBIX Ha MTOJIOBHHE MIEPUO/A.

IIpenmer Teopun BeposiTHOcTeld. IloHATHS ClydallHOrO 3KCIEpPUMEHTa, CIy-
YaiiHOro coObITHs. CBOWCTBO CTaTUCTUUECKOH YCTOWYMBOCTH HCXOIOB CITY-
YalfHOr0 SKCIEpUMEHTa, PUMEP TaKOr0 SKCIEPUMEHTA.

OnemenrapHoe coObiTre. IIpocTpaHcTBO 31eMeHTapHBIX coObiTHi . Ciry-
YaifHOe COOBITHE, KaK TOJMHOXKECTBO 2 . JIocTOBEpHOE U HEBO3MOXKHOE CO-
obrtust. [peacrarienue coOBITHI B BUIE TUarpaMM Jiiepa-BeHna.

JleWicTBHs Ha/l CITy4alHBIMU COOBITHSIMHU, MX T€OMETPHUYECKast MILTIOCTPAIHS C
noMonipio auarpamm Ditnepa-Benna. CoBMecTHbIE 1 HECOBMECTHBIE, MPOTH-
BOIIOJIO)KHBIE COOBITHSL.

KomOnHaTopuka: rmpaBmia CyMMBbI U TIPOM3BECHUS; COUETAHUS, Pa3MEIIeHUS
U TIEpECTaHOBKH, OACUYET UX YHUCTA.

PaBHOBO3MOXHBIE coObITH. Kitaccnueckoe orpeznerneHne BeposTHOCTH. Yac-
TOTa, OTHOCUTEJIbHAS YaCTOTA TOSBIICHNS! COOBITHA. CTaTHCTHYECKOE OIperie-
JIEHUE BEPOSITHOCTH.

OCHOBHBIE CBOMCTBA BEpPOSITHOCTH. YCIIOBHAsl BEPOSTHOCTH COOBITHS. 3aBH-
CHMBbIE U He3aBHCHMBIE COOBITHSI. DOPMYITBI CIIOKEHHST 1 YMHOXKEHHS BEPOSIT-
HOCTeH (U151 IBYX COOBITH).

[Monnas rpymma coObIThi, rumnore3sl. PopMysIbI TOTHOM BeposTHOCTH, baiieca.
IToBTopHBIe ucnibiTanusi. Cxema bepuymnu. ®opmyna beprysiu.

[Monsitne cnyvaiinoi BennunHbel (CB). dyHKIWS paciipeneneHus cirydaiiHoN
BEJIMYMHBI U €€ OCHOBHBIE CBOMCTBA.

Huckpernas ciyuatinas Bemmuuna (JJCB). Psan pacmpenenenus, MHOrOyroib-
HUK pacrpenenenus, pyHkuus pacrpeaenenus JICB, nx nocrpoenue.
HenpepeiBaast cnyvaiinas BennanHa (HCB). dyHKIUMS MIOTHOCTH pacripese-
neHus, e€ OCHOBHBIE cBoiicTBa. [IpencraBieHne (QYHKIMM pacHpeneseHus
HCB uepe3 ¢pyHKIHNIO ITIOTHOCTH paclpeeIeHHsI.

MateMaTuueckoe OXXKMIaHUE TUCKPETHOW M HENpPEpBIBHOM CllydallHOH Bemu-
yyH. OCHOBHBIE CBOMCTBA MATEMAaTUUECKOTO OXKHUIAHHS.

Hucnepcus u cpeHee KBaApaTUIHOE OTKJIOHEHHE cIy4aiHON BenuuuHbl. Oc-
HOBHBIE CBOMCTBA JAUCIIEPCHH. BrruncieHne qucnepcuy TMCKPETHON U Hetpe-
PBIBHOM CITy4allHBIX BEIUYMH.
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.
70.

OcHoBHbIe 3aKoHBI pactpeaenenus JJCB (OunomuanbHbii, 3akoH [lyaccoHa),
WX YHCIIOBBIE XapaKTEPUCTHKH (MaTeMaTHYECKOE OXKHMIIAHUE U TUCTIEPCHS).
PaBHOMepHBI 3akoH pacnpeaeneHus HCB, ero uncnoBble XapaKTe€pUCTHKU
(MaTeMaTH4YEeCKOE OKHMIAHUE U TUCIIEPCHS).

Ioxa3zaTensHblil 3akoH pacnpenenenuss HCB, ero uncinoBblie XapaKTepUCTUKU
(MaTeMaTHYEeCKOE OKHUIAHUE U TUCIIEPCHS).

Hopmanbheiii 3akoH pacnpenenenuss HCB, ero 4ucioBble XapaKTepUCTUKU
(MaTeMaTHYeCKOE OXHWAAHHWE, IUCIEpCHs, acCUMMETpHs, oskcrecc). ['padux
(YHKIMHY ITIOTHOCTH HOPMAJIBHOT'O PaCIIPEZIeIeHUs], €ro 0COOEHHOCTH.
CraHaapTHbIM HOPMaJIbHBIN 3aKOH pacnpeneneHus. Murerpan Jlamnaca u ero
IIPUMEHEHHE Ul BBIYMCIEHUS BEPOSTHOCTH MOMAJaHUsl HOPMAJIbHO paclpe-
nenénHoi CB B 3aganHblil uHTepBai. [IpaBuino «Tpéx curm».

HepaBencrBa YeOblmeBa. 3akoHbl Ooibmmx uucenl B (opme YUeObiieBa u
Bepnynnu. LlentpansHas npenensHas Teopema TB.

IIpenmer mMaTeMaTUUeCKOW CTAaTUCTUKH, €€ OCHOBHBIE 3aJaud. B3aumocBs3b
MaTEeMaTU4YECKONW CTATUCTUKY U TEOPUU BEPOSATHOCTEH.

I'eHepanbHasi COBOKYIHOCTh M BbIOOpKa. OCHOBHBIE CIIOCOOBI OpraHW3ald
BBIOOPKH (TIOBTOpPHBIN M OECIIOBTOPHEIH 0TOOp). PernpeseHTaTHBHOCTH BHIOOP-
ku. CirydaiiHasi BEIOOpKa.

Bapuanmonnstii psa. Meauana u pa3max BBIOOPKH, WX HaxoxneHue. CraTu-
CTHYECKUH psii pactipesneneHus BbIOOpkH. ['paduueckoe mpejcraBiieHUE BBI-
OOpKH: MTOJIMI'OH, THCTOrPaMMa, UX TIOCTPOEHHE.

Cpennee aprdmeTnieckoe BEIOOPKH, €ro CBOMCTBA U BHIYKCIICHHE.

=2 . o
):[chepcnﬂ (o) BI)I60pKI/I, €€ CBOUCTBA U BBIYUCICHHUC. HCHpaBJ’IeHHaH JnC-

)
nepcust s° BBIGOPKH. B3auMocBs3h aucnepcuii 0 u 52 .
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6. [Ipunoxenus.
6.1. O0pasen peunieHusi KOHTPOJIbLHBIX 32124 THIIOBOI0 BAPUAHTA.

1-10. Haiitu Heor[pe;[eneHHHe HHTETPAJIBL:

a) J(——4x +— +\/ 2 x; 0) JA4c:>-s2xc;x ; B) I(4x—2)cos2xdx;
SN 2ZXx
(x+2)dx . 5x +6x+9

r -[ g J x+3 K '[

b
—6x+5 sinx - cos> x

HaxoxeHre HeonpeaenEHHOr0 HHTErpaia J. f(x)dx cocrouT B TakoM mpeodpa-

30BaHUM ITOJBIHTErPAJILHOTO BEIpakeHUs! [ (x)dXx, 4TOOBI MONYYNUTh WHTErpasIbl

(BO3MOXHO O HOBOU MEPEMEHHOW WHTErPUPOBAHMS) U3 TAOIUIBI OCHOBHBIX HH-
TerpayioB (npunoosicerue 6.3).

Pemenue.
a) HHurerpan BBIUKUCIMM HEMOCPEICTBEHHBIM HHTErpupoBaHueM. Ilomydnm:

J(g—4x3 +xi4+i/x_2jdx=3j'%—4.[x3dx+2j'x4dx+Jx2/5dx =

X
2
UCNONb3YEM 34 441 —+1
X X
=| mabruynvie | =3 ln|x| - +2 + +c=
3+1 441 2
unmezpanet 1,3 5 +1
2 5 5
= 3ln|x| P L e
3x3 7
2
OtBet: 31n|x|—x s Sl s,
3x 7

0) nTerpan BEIYUCINM METOJIOM 3aMeHbl IEpEMEHHON MHTErpUpOBaHUs. 3ame-
HY TIEPEMECHHOW WHTETPUPOBAHUSA X BBITOJHUM METOJIOM TOIBCICHUS (DYHKIIUU

oy 3HaK jauddepenHnuana, UCmoONs3ys JIs 3Toro tadmuny auddepenmnuanos oc-
HOBHBIX 3JIeMEHTapHBIX GyHKIUH (IIpunoscenue 6.3). [omydanm:

UcCnobzyem

= — | —— =| manuunvii unmeepai 4=

. . 2J¢t+4
4+sin 2x sin2x =t no nepemenHol t

,[ cos 2xdx | cos 2xdx = %d sin 2x 1 dt
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6blNOJIHUM
=lln|t+4|+C= obpammyio 3ameny =lln|sin2x+4|+C.
2 ¢t =sin 2x 2
3ameuanue. 3aMeHy NepEMEHHON MHTETPUPOBAHUS B JAHHOM MHTETPaje MOXXHO
BBIMOJHUTG W ciexyromuM  oopasom. Ilomoxum ¢=4+sin2x. Torma

. ' dt
dt = (4 +sin2x) dx = 2cos 2xdx, otkyma cos2xdx = > IToncTaBuB BCe 3TO B
UHTETPAI, MOIYINM:

-l-coszxdx J'z 1 _:_1 |t|+C——ln4+s1n2x+C

4 +sin2x
OtBeT: Eln|4 + sin 2x| +C.

B) I/IHTerpan BbIYHCJIUM MCTOAOM HHTCTPUPOBAHUSA IO YACTIAM, UCIOJIb3Ys (1)0])-

MYy J.f(x)dxz‘[udv=uv—‘|.vdu.
Monmoxum:  u=4x-2, dv=cos2xdx. Haiimém  du=(dx— 2)' dx =4dx ,
d2x=t=x=t/2 ucnonbsyem

v(x) = J.cos 2xdx = —J.cos tdt =| mabnuuneni | =

dx = (1/2)'dt = Lal”
2 unmezpan 8

1. 1.
=—sint=[t=2x]=—sin2x.
2 2

Wurerpan J. dv= J. v'(x)dx B (GopMyse UHTETPUPOBAHHS 10 YACTSAM BBIYUCISICTCS

C TOYHOCTBIO JI0 IMIOCTOSIHHOM, T.€. B KauecTBE (YHKIUU V(X) BHIOUpAETCS OHA U3

nepBOOOPA3HBIX it PyHKIUH V'(X).

Jlyis BBIYMCIIEHHMS WHTErpaa J. cos 2xdx MOXHO HCIIONB30BaTh U CIEIYHOLIEe

CBOWCTBO  HEONPEACIEHHOTO HHTErpajia.  ecid '[ f(x)dx=F(x)+C, T0

J f(ax+b)dx = lF (ax+b)+C,rne J. f(x)dx - TabnuuHeIA HHTETpal. B qanHOM
a

. 1.
ciry4ae, Tak Kak J.cos xdx=sinx+C, 10 Jcos 2xdx = 3 sin2x+C.
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Toraa, monydum:

J.(4x—2)cos 2xdx = (4x—2)'%sin2x—‘|.%sin 2x-4dx = (2x—1)sin 2x -

. . 1 .
—stm 2xdx=(2x—l)s1n2x—2[—gcos 2x]+C =(2x-1)sin2x+cos 2x+C

Oreer: (2x —1)sin 2x +cos 2x + C .
(Ax+ B)dx

F) I/IHTerpan OTHOCUTCA K MHTErpaiaM BUa 3
ox” + fx+y

. JIJ1st ero BBIYMCIICHUSI

CHayaJia BBLICIUM TOJHBIA KBaJIpaT B 3HAMEHATEIe MOJBIHTErPAIbHON (YHKIUH,
3aTeM  cAelaeM  3aMeHy — INE€pPEMEHHOHM  UHTErpUpOBaHMS. Iomy4anm:

x? —6)c+5=()c—3)2 -4
x=-3=t=>x=3+¢ :J.
de=(3+1t) dr =dt

(B+1)+2

> -4

J' (x+2)dx _

: dz:J' ’;5 di =
x°—6x+5 t“ -4

tdt d
=[npedcmaensiem unmezpan 6 sude cymMmbl UHMe2PaIoe] = J. + SJ.

2-4 Y424
y tdt
Brraucium KaXbIM U3 UHTCTPAJIOB B OTACIBHOCTU: 1) J. 5 =
2 -4

npeobpaszyem noObIHMeZPaIbHOE GbIPAJICEHUE, 1 1
tdt = Edtz =5d(12 ~4)|

= ucnonv3ya mabauyy ouggepenyuanos =

2
U 3adMEHUM NEPEMEHHYI0 UHme2pUpoearnusl t°-4=z

1L £=11n|z|+cz[z=t2—4]:11n|12—4|+c.
20 2z 2 2

OpHUM W3 YacTo BBINOJHAEMBIX INPeoOpa3oBaHUil SBIIETCS NpeoOpa3oBaHUeE:

1 1 1
tdt =—d(t2) =—d(at2) =—af(at2 +b), tne a # 0, b - HEKOTOpPEIC YHUCTA.
2 2a 2a

d d ucnojibzyem l 2
Z)J. ! =J. L. maonuuHbLi =—lnt;+C.
12 4 12_22 2:2 |t+2
unmeepan 14
2 1 1 -2
Torna: M:—ln|t2—4|+5-—lnt—+C=[t=x—3]=
x?—6x+5 2 4 r+2
~3)=2 —
=11n|(x—3)2—4|+§1n&+C=11n|x2—6x+5|+§1nx iy
2 4 |[(x-3)+2 2 4 |x-1
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x-=5

x—1

OtBeT: %In‘x2 —6x+5‘+%ln +C.

KoneuHoe BbIpaxkeHue 1js1 HEONPEeIEeIEHHOTO UHTErpaia 3alucChbiBAlOT, yKa3bIBas
OJIHY M3 NIepBOOOPA3HBIX U T00ABIISSI K HEH MPOM3BOJIEHYIO NOCTOSIHHYIO C .

a) VHTerpas oTHOCHTCS K MHTErpajlaM OT pallMOHAJBHBIX Jpobeil. B nanHOM ciy-
Yae MOJBIHTErpasibHast (QYHKIMS SIBJISIETCS IPABHIIBHON pallMOHAIBHOM IpOOBIO.
Jyist BBIUMCIICHUS] WHTETpajla, CHadaja pasliokuM JIpoO0b Ha IPOCThIE APOOH:

5x2 +6x+9 A B
2 - * 2
(x+3)°(x=1) x+3 (x+3)° x-I
Haﬁz[eM MCTOAOM HECOIPECACICHHBIX KO3(1)(1)I/II_[I/IGHTOB. I[J'IH OTOI'0 BBLIPDAXKCHUC B
MPaBOM YaCTH Pa3JIoKEHHs IPUBEIEM K 0OIIEMY 3HAMEHATEIIO:

5x2 +6x+49  A(x+3)x—1)+B(x—1)+C(x+3)*
(x+3)2(x—1) ()c+3)2 (x—l)
U TIPUPaBHSIEM YHCINTEIN TPaBoi 1 JieBoi apodei. [Tomyunm:
5x% +6x+9=A(x+3)x—1)+B(x—1)+C(x+3)* = (4+C)x* +
+2A4+B+6C)x+(-34-B+9C).

, TJIle HEU3BECTHbIC IOCTOSHHBIE A,B,C

I[Ba MHOT'O4JICHa OAWMHAKOBOI'O IMOpAJAKa paBHBI, TOr'ld U TOJIBKO TOr'Ja, KOrjga paB-
HBI UX KOZ)(l)(l)I/IHI/IeHTBI IIpU OJIMHAKOBBIX CTCICHIAX X .

HpI/IpaBHHB COOTBCTCTBYIOLINE KOS(b(bI/IIII/IeHTLI OTUX MHOT'OYJICHOB, IMOJY4YHUM CHUC-

A+C=5
TeMy JIMHEHHBIX ypaBHeHull otHocutenbHo A,B,C: § 2A+B+6C =6 .
-34-B+9C=9

15
PemmB cuctemy (Hampumep, meronomu [aycca mnm Kpamepa), Haiinem A = i

2
B=—9,C=%.Torz[a 5x"+6x+9 15 9 5

+ .
2 2 —
(432 (x=1) 4x+3) (x+3) 4b-1)
3areMm nOoJACTaBUM 3TO PA3JIOKCHHUC B I/ICXOI[HLIf/i HUHTETPpAJI U UCHOJIB3YyEM CBOIi-
CTBO JIMHEMHOCTHA HWHTCTPAJIOB.

J. (af (x)+ Pg(x))dx = J. f(x)dx+p J. g(x)dx,rne a, B -HEKOTOpBIC YHCIA.

omyanm: J

5% +6x+9 15 ¢ dx dx 5 dx
d =—j -9j + j .
( x—1

—_—_— x —_—
(x+3)2(x—1) 47 x+3 x+3)2 4
BbrunciiuM Teneps Kak/blil U3 HHTETPAIOB B OTACIBHOCTH:
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ucnojibzyem

1)J. d = | mabauuneni | =In|x+3|+C.
x+3

unmezpan 4

J ucnonvyem 3)-2+1 |
2) I—xz.[(x+3)72dx= maonuuHbLil =%+C=— +C.
(x+3)? -2+1 x+3
unmezpan 2
ucnonvyem
dx .
3) J. I = | mabmuunoii | =In|x—1]+C .
* unmezpan 4
2
Toraa nomydnm: J. >x +26x 9 X = E1n|x + 3| + +§1n|x —1| +C.
(x+3) (x—l) 4 x+3 4

Otaer: l—51n|x + 3| + + §1n|x - l| +C.
4 4

x+3
e) UuTerpan OTHOCUTCS K WHTErpajaM BHIA JR(sin X,C0s x)dx . Berancienue

WHTErpaja CBOAUM METOJIOM 3aMEHBI NIEPEMEHHON WHTETPUPOBAHMS K BBIUHCIIE-
HUIO TaOJMYHBIX MHTETPAJIOB OT HOBOW MEPEMEHHOMW, ¢ MOCICIYIONMECH 00paTHOM
3aMEHOM MepeMEHHOM.

. . 1
Taxk Kak JuIs MOABIHTErPAIBHON (YHKIIMN R(sm X, COS x) =-—————— BHIIOI-

sinx-cos” x
HSIETCSl yCIIOBHE R(— sin x,—cos x) = R(sin X, COS x) , TO CJEeJaeM IOJCTaHOBKY
t = tgx . Ilomyaum:

tgx =t = x = arctgt dt
J.L— sin x = ! COoS X = ! —I 1+t =
- 3 T 5 T o 3
sin x cos~ x Vi+t2 1412 P 1
dt ’
dx=—— V122 \ V1422
L 1+1¢ |

g2 | J ucnons3yem )
=Iidt=.[[—+t)dt=.[—t+jtdt= mabauunsie =1n|t|+%+C=
t t t

unmezpanvl 1,3

36



6blNOJIHUM 2

1g=x

£ +C.
2

=| obpamuyio zameny | =In | tgx | +

t=1gx

2
OTBerT: 1n|tgx| + tg2 Yic.

11-20. Boraucnurs onpe/iené HHbIE HHTEIPAJIBL:

3/2 0

/ x2dx xdx
a) _[

= 0 At
0 A9 —x2 )1522+\/2x+1

Onpenenéunslii uaTErpan st GyHKIuKA f(X), HENpepbIBHOM Ha otpeske [a,b],

b

BBIYHUCITIOT IO (popmynne HrroTona-JleiiOHMIA: I f(x)dx=F (x)|z =F(b)-F(a),
a

rae F(x)-omHa u3 e€ mepBOoOOpa3HbIX, MCIONB3YS Uil HaxokaeHus F(x) Bce

MPUEMBI U METOIbl BEIYUCIICHUS HEONPEEIEHHBIX HHTETPAJIOB.
CrnencrBusimu hopmyssl HeroToHa-JIeliOHHUIIA SIBIISIOTCS:
b b

1) popmyna MHTETPUPOBAHUS 110 YACTIM I udv = u(x)v(x)|i - I vdu , TIe QyHKIHN
a a

u(x) u v(x) HerpepbiBHO quddepeHnnpyems! Ha [a, b] ;

2) Gopmysia 3aMEHbI IEPEMEHHOW HHTEIPUPOBAHHUS

b x=q(t) B
[ reode= dx = ¢'(t)dt = [ rlone'@ar , e pymamn x=o() -
a a=¢ ), B=0"' )] «

HenpephiBHO quddepeHnupyema Ha otpeske [a, f]. UacTo 3aMeHa nepeMeHHOH B

OHpeZ[eJ'IéHHOM HUHTErpaJi€ BBIMOJHACTCA € NOMOUIBIO IMOJACTAHOBKH l//(x) =! 1o

b yx)=t=>x=y ()| p
dopwyne: [ f(yax=| ax=@yae = [ o o) @y, me
y a=y(a),f=y®) | a

¢byHkIUs W (x) - HempepbIBHO aud hepeHpyeMa Ha oTpeske [a, b] .

Pemenue.
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2
. x
a) IlepBooOpa3Hast Ui MOABIHTErpaNbHON (YHKIMK f(X) = ———= mnpuHaIe-
2
9—x

KHUT K KJIACCy IepBOOOpa3HBIX BHIA J R(x, Va? -x? )dx. C nomopto noacra-

HOBKM x =asint (B HameM ciydae a =3) U (opMysbl 3aMeHbl I€pEeMEHHOU B
OIIPEJICTICHHOM MHTErpalle MOIy4nuM:

x=3sint
dx =(3sint)'dt =3 cos tdt

6
x2dx O$3sint$%, a<t<p ﬂJ/' (3sint)23costdt_

32

2[ 9—x2 3sina=0=a=0 o V9-9sin’¢
. 3 n
Jsinf=—=fF=—
“ 2 F 6

7/6 . 2t ; 7/6
sin - COS .
=9 -[ —dt=9 _[s1n2tdt.
cost
0 0

Z[J'IH BBIYMCIICHUA TIOCJICAHEI0 HWHTCrpajia HCIOJIb3YyEeM (l)OpMyJ'Iy ITOHMKCHUA

crenenu: sin’ ¢ = (1-cos 2¢)/2 . Toraa

32, 7/6 7/6 ) 3
x“dx 1—cos 2¢ 9 9 sin 2t ) 6
J' =9J' = J.(l—cos2t)dt=5 = -
0 \J9—x2 0 0 0
o(z 1. (2 1 9(z 1 3] 6x-9\3
=—|| —=—=sin| —||-|0—=sin0 ||= | ——— — |= ———.
21L6 2 6 2 206 2 2 8
0) IlepBooOpasHas s moAbIHTErpaNbHON QyHKIMH f(X) = — % ornocur-
2+4/2x+1
m my
c1 K TMepBooOpa3sHBIM  BHUIA JR X, ax+fm s ax+f ) n ,...|dx, THOe
w+0o w+0o
+B ok
my,ny, My, Ny,....- Leable uucaa. C moMoIbio OACTaHOBKH 5 =t",rne k -
>+
. . Ly my
HAUMCHBIIMN OOIMI 3HAMEHATENh JApodei — ,—=,... (B HAIlleM CIy4ae — IOJI-
np np
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CTaHOBKH +/2x+1 =¢ ), JaHHBIA WHTETpajJ CBOAMM K MHTErpajly OT pPallMOHaIbHON
(YHKIIMM HOBOH NepeMeHHOH f :

2 -1 2
dx = dl =t dl ldl
0 2 1
xdx J-
0

1
1
_ x| :‘I
‘|.12+w/2x+1 ——<x<0, a<yJ2x+1<p 2+t 20

| el
X=—-——=oa=_[2|-—|+1=0

2 2
x=0=B=+2:0+1=1

HOCJ’IC].'[HI/Iﬁ HUHTCTpall ABJIACTCA UHTCTpajioM OT HeraBI/IHBHOﬁ paHI/IOHaJII)HOﬁ
Z[pO6I/I. I[J'IH €TI0 BbIYUCJIICHUSA, pa3aCINM «YT'OJIKOM)» YUCIUTEIb Ha 3HAMCHATEIIb U
3

> —t
MIPE/ICTABUM TOJIBIHTErPATIbHYIO (DYHKIIHIO 3 B BHJIE:
1+
3
7 —t 6
=12 -2t 43-———.
t+2 t+2

Tornma

0 1 3 ) 1
j _xdy 1 [12 —2t+3—ijdt =l(t——2t7+3t—6ln|t+2|]

L 24+2x+1 0 29 1+2 203 0
2
L3 63 ~(0-0+0-61n2) SUAESWEAY
2113 6 2
P, (t)dt

Jlst HaxoxIeHusI IepBOOOpa3HON BHIA J. —b’ rae P, (t) - MHOTOWIEH TO-
at +

psaKa n, MOXXKHO MCIIOJIb30BATh TaKXK€ MOACTAHOBKY atf + b=z.

67 — 9[

OtBer: 3) ——————; 0) ——31 =

ﬂarclgx

21-30. Borunciauts HecOOCTBEHHBINH HHTErpa [-oro poaa _[ X Wi yc-

0 1+x2

TAHOBUTDL €0 paCXoaANMOCTb.
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Pemenue.

Ho OHpeI[eJ'IeHI/IIO HECOOCTBEHHOTO HHTerpana uMeeM
arclgx w/ arclgx . .
_[ —d = lim _[ dx. OrmpeneneHHbIi UHTErpaj, CTOSIIUHA TOA
o 1+ x? bt 1+ x?
3HAKOM npenena, BBIYHCIIAM METOZIOM 3aMEHBI MepEeMEHHOIA:
[ arctgx =t i
dx

arctgb

=dt arctgb 3/2
J- 1/arctgx 1+x2 _ J' Jid :tT = %(arctgb)y 2

“l0<x<bh a<arcigx<f

x=0=>a=arctgd=0
x=b= [ =arctgh

/ 3/2 3/2
1
Torma J. arctex dx= lim [g arctgb] = g[zj .

l+x b—+o\ 3 3 2

1+x2

NS}
(=]

3/2

OtBeT: HecoOCTBEHHBIN MHTETPA CXOJUTCS U PaBEH E[E] .
31-40.

a) Boumciaute 1wiomans Gurypsl D, OrpaHUYEHHOM JIuHHAMH: y =1— x? ,

y=2+x2, x=0, x=1.

I o D{ asxsh }D A, f2(0)
Jiomaab I/IprLI = = , rae 1 X), 2 X)-
S1) =y < fH(x) Y
HenpepbIBHbIE Ha OTpeske [a,b] (yHKIUM, 3amaBacMble OJHUM aHAJIUTUYECKAM

b
BBIPaXXCHUEM, BBIUUCIAETCS 1O popmyrie: S = J. [f2 ) - 11 (x)]dx

a

g1 <x<gy(»)
Tomams  durypst  D=1°" 2 =D, e g(»),82(»)-
c<y<d
HETpEephIBHBIE HA OTpe3ke [c¢,d]| (yHKIWH, 3a/aBacMble OJHUM AHATHTHYCCKUM
d

BBIpa)KEHHEM, BBIYHCIISiETCS 110 opmyne: S = J. [g2 (M —-gi( y)]dy

4

Pemenne.
1) U3zo6pasum ¢urypy D :
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» D D 0<x<1
encrasuMm D B Buze = .
P Y l—x2£y£2+x2

Ecm D# D, wnn D # Dy, 10 Qpurypy D npsMbIMH, NapajuIeIbHbIMU OCSIM KO-
OpJMHAT, Pa30MBAIOT HA YACTH, TAKWE, YTOOBI OHU UMENU BUI D y w D, . Ilpu

9TOM IuToHIaah GUrypsl D HaXoJAT Kak CyMMY IUIOMIazeH e€ yacTeil.

3) Beruucinum miioniaib:

S:Jj;((zwz)_(l_xz))ix:J;'(1+2x2)4 =(x+2§j

Otset: S=5/3.

1

=1+£=—
3 3
0

©) Berunciants 00bEM Tea, 00pa30BaHHOrO BpalieHueM BOKpyr ocu Ox ¢urypsr

D, orpaHu4eHHON JTUHUAMU: y2 =x-2, y=x3, y=0, y=1.

OO0beM Tenma, oOpa3oBaHHOTO BpamieHHEM BOKpYr ocu  Ox  Quryps
_{ a<x<b
Nx)<y<fr(x)

[a,b] (byHKHI/II/I, 3a1aBa€MbIC OTHUM AHAJIUTHYCCKHUM BBIPAKCHUEM, BBIUYUCIIACTCIA

}sz, rae  f1(x), fo(x)- HempepbIBHbIE Ha OTpeE3Ke

no popmyne: V, = ﬂj). [f22 (x) —f12 (x)]dx.

Pemenne.
1) Uzob6pasum ¢urypy D :
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2) IlpeacraBum D B BUIE Dy.

Ecm D# Dy, o durypy D npsimbivy, napaiensabivu ocu Oy , pasbuBaeM Ha
4acTH, TaKUe, YTOOBI OHU UMEIH BUI D y - IIpu aTOM 00BEM Tena, 00pa30BaHHOTO

BpanieHrueM purypbl D HaXomuM Kak cCyMMy OOBEMOB Tell, 0Opa30BaHHBIX Bpa-
IEeHUEM €€ yacTeil.

Tak kak 3To cienats HEBO3MOXHO, TO ¢urypy D pa3o0bém mnpsmbiMu x =1,

x=2 naTpuyactu D;,D,,Ds, Takue uro D = D; U D, U D3 n npeacTaBuM ux

B BugeD;,,D;,,,D3,:D; =D :{nggl} D, =D :{lgxgz}

y> 2y H3y -l by O£y£x3 ’ 2 2y o<y<i|’
D3:D3y:{ 2=x<3 }.HpI/ISTOMV =V +Vo, +V3,.
/x—zéyél x 1x 2x 3x

3) Beruncnum 00béM Tena Bpamenus: V, =V, +V,, +V3, . Tak kak

1 1 7 1
2
x=ﬂj[(x3) —02:|dx=7t-[x6dx=7{x—J :E,
7 7
2
=7TJ.( x==7rx|12 =7r(2—1):7r
1
3 3 5 3 0
71'_[{ }dx—n"[(fi x)dx 77{3)(——] =71'[9—6+2j=£
2 2 2
2 2 2
b4 r 237
TO: Vx :le+V2x+V3x =7+7T+E=7,
Otser: V, 37[,
14
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o . 2
41-50. BolunciauTh JUIMHY Jyrd KPUBOM, 3aJaHHON ypaBHEHHEM: ) = ln(l—x ),

OSxSl.
4

JlnmHa ayru KpUBOM, 3a71aHHOK ypaBHeHHEM )y = f(x), a < x < b BBIYHCIAETCS 110

b
dopmyne L =J.\l1+(y;)2 dx .
a

Pernenne.
- , 2\ 1 5\ 2x
1) Crnauana Haiiném: y) =({In{l-x“ ) = > I-x7) =- 5 . Torna
1—x 1-x
2 2
L \2 2x 4x? 1-2x% +x% +4x? 1+x2
1+(J’x) =1+4| - =1+ = = .
2 22 2.2 2
1-x (1-x7) 1-x7) 1-x
1/4 1/41 2
2) Boluncnum anuny: L = I x = I +x2 dx . Tlocnennuii WHTErpa
1—x
0 0

SABJIACTCA UHTErpaioM OT HeraBHJ’IBHOfI paHHOHaﬂLHOﬁ I[pO6I/I. I[J'ISI €ro BbBIYUC-
JICHUA, pa3aC/iuM «YT'OJIKOM» YUCIIUTCIIb Ha 3BHAMCHATE/Ib U TPEACTAaBUM IMOABIHTC-

14x2 14x2 2
rpasibHyI0 (QYHKIUIO 5 B BHIE: 5 =-1+ 5 . Tornpa:
-X I-x 1-x
1/4 1/4 1/4 /4
L= J' S dxz—J'dx—zj' dx S LI Ent |
1-x? x2-1 2 |x+l1
0 0 0 0
1_
S ' s A | +=———1n3=1n(5/3)——
L1 0+1 5

Otset: L =In(5/3) —% .

51-60. Borurcnuts 1BOMNHONW MHTErpa Jj (54x2 y2 +150x* y4 )dxdy o 00JacTu
D

D, orpannuennoi muausvu: X =0, x =1, y = x>, y=—/x
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a<x<b
P1(X)<y <oy (x)

pe3ke [a,b] ¢dyHKIMU, 3amaBacMbBIC OJHUM AaHATUTUYCCKAM BBIPAKCHUEM, TO

Ecmm D ={ }: D, , rne ¢;(x),p,(x) - HenpepbiBHbIC HA OT-

JIBOIHOM HWHTETpan BBIYUCIISAETCS o dbopmyie
b @(x)
<x<
J. f(x, y)dxdy = Idx ‘[f(x, y)ydy. Ecm D= {‘//1 ) e 32 (y)} =D, rnme
c<y<
D, a o x) g

v 1(»), ¥, (») -HempepbIBHBIE Ha OTpe3ke [c¢,d] (yHKIMM, 3a7aBacMble OJHUM
QHAJMTUYECKUM BBIpR)KEHHEM, TO JBOMHOW MHTErpasl BBIYMCISAETCS Mo (opmyre

d (»)
_U f(x, y)dxdy = Idywz_[yf(x, y)dx .
D, c v1(»)

Pemenne.
1) N300pa3um obnacte uaTerpupoBanus D :

0< x<1
2) IlpeacraBum D B BUIE Dy: D= Dy = .

~Jx<y<x®

Ecm D# D, wm D#D,, 10 06nacts D mpsSMbIMH, NapAUIEIBHBIMU OCSIM
KOOp/MHAT, pa30MBAIOT HA YacTH, Takue, 4T00bI OHM uMenu Bug D, wmu D, .

[Ipu 3TOM MBOWHOW MHTErpaj Mo 001acTd D HAXOMAT KaK CyMMY JIBOWHBIX MHTE-
IpajioB MO €€ PJIEMEHTAPHBIM YacCTSIM.

3) Beruuciaum JBOWHON UHTErpal:
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3
1 X
.” (54x2y2 +150x4y4 )dxdy = I dx I (54x2y2 +150x4y4)dy.
D 0 —Vx
B 1oBTOpHOM HMHTErpajie CHa4Yasja BEIYMCIUM BHYTPEHHUN MHTErpal 1o mepe-
MEHHOU ) , CUUTas IEPEMEHHYIO X ITOCTOSHHOU BETHYHHOM:

X3 X3 X3
I (54)c2yz+150x4y4)dy=54x2 Iyzdy+150x4 Iy4dy=
—x —Jx —Jx
3 x 5 x 3 5
=54x2(y?] +150x4(y?] =18x2| x? +x2 [+30x*| xP +x2 |=
= x

,
=18x!" +18x2 +30x'? +30x
TenepL BBIYUCIIUM BHCHJHI/Iﬁ I/IHTel"paJ'I 10 nepeMeHHoﬁ X .

13
2

1 7 13 12 2 20 5
— 15 2 2
j18x11+18x2 +30x1% 430x 2 fv =183 — 11824305 1302 | =
12 9 20 s
0 2 2 0

=E+E+£+@=g+4+g+4zll.
12 9 20 15 2

OtBer: jj (54x2 2 +150x4y4)dxdy =11.
D
61-70. Haiitu mwromaas (C mOMOIIBIO ABOMHOrO uHTErpana) Gpurypsl D , orpaHu-

yenHoi mammsavu: x> +y2 =12, x4/6 = y2 (x20).

Pemenne.
1) U3zo6pasum ¢urypy D :
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2) Ilpeacrasum D B BHzE D, .

B nanpasnenny ocu Oy obnacts D sneMeHTapHOM He siBisiercs, T.e. D # D, .
Ecm D# Dy, u D+ D, 1o purypy D NpsMbIMH, IAPAIICILHBIME OCSIM KOOP-
AMHAT, Pa3OUBAIOT HA 4acTH, Takue, 4ToObl OHM nmenu Bux Dy, win D, . Ilpn

9TOM IuToHIaas GUrypsl D HaxXoJAT Kak CyMMY IUIOMIazei e€ yacTeil.

y . |x2+y? =12, y
C sront LEJIbIO COCTaBUM CUCTEMY YpaBHCHUU: J_ 5 " HauJeM opauHa-
6x=y

Tl TOYEK MEPECEUEHUs OKPYXKHOCTU ¢ mapabonoil. s 3Toro, UCKIIOYUB Hepe-
MEHHYI0 X, TIOJydUM YpaBHEHHE OTHOCUTEIBHO MEpEeMEHHOM  y:

y4 +6 y2 —72=0. PemB qaHHOE ypaBHEHUE, HAUIEM Y|, = i\/g . Takum o0pa-

30M: Y| = —\/g , Yo = \/g - OpJIMHATHI TOYEK MEepecedeHus] OKPYKHOCTH C Mapa-

2 [ 2
6omnoit. Torna D=D, = y {/\g/gﬁxi 12J—_y
- < ¥Vs 6

Vo A12-»°
3) Beruncnum mnomangs ¢purypst D@ Sp = J. ‘[ dxdy = J. dy J.dx .
D, 6
V6
B MOBTOpHOM HHTErpajie CHavanga BBIYUCIHM BHYTPEHHHN HHTETpaj IO Iepe-
MEHHOU X , CUUTAs TIEPEMEHHYIO ) ITOCTOSHHOU BETHYHHOM:
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J12-y?
Jar= @ = ha-y? -
2

=(x
e
=
3aTeM BBIYMCIUM BHEIIHUN UHTETPAJI MO IEPEMEHHON ) :
V6 ’ J6 J6
[ 2 [ 2 1
I 12—y A fy = I 12-y“dy—— Iyzdy.
T ve o Ve

ucnojibzyem

Tax xax I\/lz y dy— I\I —y dy— mabnuynvii | =

unmezpan 21

J6
(\/_) l 22 _
( arcsm(\/_] 5 \/E) y J\E
J6
=| 6arcsin 2 +Z -2 = arcsin ﬂ +£. —
‘(6 ()5 y]f(,‘& (zj 2 Jg}

—[6arcsin{—£}—£w/g}=6~%+3+6~%+3 —37+6;

2 2
(PN (o (ol El—s )
yzdyZ(y—] (6 ( 6 D 44/6 , TO [ 12—y2 _Y ly =
% Sl P I@ J

1
=37 +6———46 =37+2. Torna Sp =37+2.

V6
Otser: Sp =37+2.

71-80. YcranoButs THn /1Y mepBoro nopsijaka M HaiTH ero odIee perieHue.
a) 2—y?)y'+2(2x+x)=0 6) 4x-3y+y'(2y-3x) =0

Pemenue.

‘ Tun 1Y nepBoro nopsiika ycTaHaBIMBAIOT TO (opMe ero 3anmcH.
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a) JlanHoe ypaBHeHHe siBisieTcsl U depeHInalbHBIM ypaBHEHUEM C pa3esIsiio-
LIMMHUCS IEPEMEHHBIMY, TaK KaK €0 MOXKHO 3aIUCaTh B BUAE

P ()0 (»)dx + Py (x)Q (y)dy =0.

. d
Z[eI/ICTBI/ITeJ'IBHO, OCYHICCTBUB B UCXOAHOM YpaBHCHUHU 3aMCHY y' = d_y U YMHO-
X

HUB €ro 3aTeM Ha dx , IOIy4UM: 2x(y2 +1px+ (E—yzpy =0, T.e. ypaBHEHUE C
Ppa3IeaSIONUMUCS TEPEMEHHBIMHU.

Haxoxnenue oOmero pemenus ypasHeHus P (x)Q;(y)dx+ P, (x)0,(y)dy =0,

nyTéM aeneHus obeux ero yactedt Ha Q) ()P, (x), cBOAUTCA K UHTErPUPOBAHUIO

ypaBHEHHS C pa3fenéHHBIMA  TmiepeMeHHbIMH  P(x)dx+ Q(y)dy =0, rne

A (x) 9 1)
» 00 =

Py (x) 01(»)

jP(x)dx + j Oy =C.

P(x)= , 00IIlee pelIeHrne KOTOPOro 3alKChIBACTCS B BUJIC

Paznenum obe vacTn ypaBHEHUS 2x(y2 +1px+ (2 - y2 }iy =0 Ha MHOXWTENb

- 2
( y2 +1), momyunm /1Y ¢ pa3nenéHHbIMU TepeMeHHbIMU: 2Xdx + 3 J ; dy=0.
o+

OO01iiee perieHre MOCIEAHETO0 YPaBHEHHS HAWIEM WHTETPUPOBAHUEM KaXKIOTO
CJIaraeMoro Mo CBOE MepeMEHHON U 3aIUIleM B BHJIE:
2—-y 2
J 2xdx + J dy =C ,rne C - mpou3BOJIbHAS MTOCTOSHHASL.
vy +1

Ob1ee perrenve TudQGepeHIMaTFHOrO YpaBHEHUS TIEPBOr0 MOPSIKa JODKHO 005~
3aTeJIBHO COACPKATH OJIHY IPOU3BOJIILHYIO OCTOSHHYIO.

Borurcinm uHTErpaiisl (¢ TOYHOCTHIO 10 MTOCTOSHHOTO CJIAraeMOro):
X 2 2
J 2xdx =2 -5 =x°,

2 2
J-2—y dy=_|.3_(y+;_l)dy=_|. ﬁ—l dy=3_|.yjil—_|.dy=3arctgy—y

Torna obmee perenne audepeHuaIbHOr0 ypaBHEHUS 3aIMIIETCs B BHIE:
2
3arctgy—y+7= C.

2
X
OtBeT: 3arctgy—y + ES =C,rae C - nmpou3BOJIbHAS IOCTOSIHHASL.
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0) /lanHoe ypaBHEHUE SIBISIETCS OJHOPOJHBIM ArdhepeHInaNbHBIM YpaBHEHHEM

[EPBOro IMOps/Ka, TAK KaK ero MOKHO 3amucath B Bujae y' = f [Z] JeiictBu-
X

TEJBHO, BBITIOJTHUB npeoOpa3oBaHus: 4x-3y+y'2y-3x)=0 =

3y—4 3[y]"4
= y'(Qy-30)=3y-4xr = y' =22 norymm y':x—:f[lj’

2y-3x 2(}/]_3 x
X

[Tpu BeIMONHEHMM Tpeobpa3oBaHuii oxHOpoxHOro 1Y mepBoro mopsiaka K BHIY

r

d
y'=f [Z] CIIEYET YYECTh, YTO @ _ y'.
x dx

Haxoxnenue oOlero pemieHusi omHopoaHoro Y mepBoro mopsiaka ¢ MOMOIIbIO
MOACTAHOBKH Yy =x-u, Yy =u+xu' wm dy=udx+xdu, tne u=u(x)- HOBas
Hen3BecTHasi (YHKIMsS, CBOAMTCS K HaxoxaeHHto oOmero pemenust Y c pasue-
JITFOIIIMMUCS] TICPEMEHHBIMUA OTHOCHTEBHO (YHKIMU #(X) C TOCICTYIOMICH 3aMe-

HOH u = l.
x
C IIOMOII[BIO IMOJCTAaHOBKH y=x-u, y=u+xu' YpaBHEHHE

4x-3y+y'(2y—-3x)=0 wmm y' =——<— npuseném k 1Y ¢ pa3aensomumMucs

nepemeHHbIMU Bujga Py (x)0p(u)du+ P, (x)Q, (u)du =0 OTHOCUTEIbHO HOBOM

HEHU3BECTHOU (GyHKIMM u(x). Tomyusm:
u—=4 3u—4 —2u? v 6u—4a yuumvieaem, 4mo
u+xu' = = xu'= —u= , du =
2u=3 2u-3 2u-3 u'=—
dx
2
xdu+2u 6u+4dx:O.
2u-3
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Hocne;lHee YPaBHCHUC €CTb YPABHCHHEC C PA3ACIIAIOIUMUCA MMCPEMEHHBIMU. CBe-
. 2u’ —6u+4
JEM €ro, pasacinB 063 YaCTU YpaBHCHHA Ha MHOXHUTCIIbL X- 2—3 K
v

YPaBHEHHUIO C pa3/ieNE€HHBIMU NepeMeHHbIMU. [Tomydanm:
dx 2u-3
JR— + —_—
X 2u’-—6u+d
OOmiee pemreHre NOCIEAHETO YpaBHEHHs HaWIEM WHTErpHUPOBAHHUEM KayJIOTO
cJaraemMoro 1o CBoeﬁ HepeMeHHOﬁ U 3aIIUIlIeM B BUJIC:

_[ dx . (2u—-3)du
x Yoy’ —6u+4
Beraucnmm uHTErpastsl (¢ TOYHOCTHIO /10 MOCTOSHHOT'O CIIAraeMoro):
dx
[~ =mixl;
X

(Qu—=3)du 1 (Qu—3)du | evioenum 6 suavenamene noanwlil Keadpam |
2w —6usd 200 -3uv2 | wd—dus2=(u=3/2)" -1/4
coenaem 3ameHy
=|u-32=t=u=t+3/2|=
_ e 279 214
du=(t+3/2)'dt =dt

du=0.

=C , TAC C- MPOM3BOJIbHAA NOCTOAHHAA.

—lf (2u —3)du 1p2(e+3/2)-3 .
(

2 u-3/2)* -1/4

a3 1 o coenaem 3ameHy L+ d
LG L 2= a?y=d® -4y | =1 [ =
2 2 29 z

23,2 _
1/4 2 -1/4 2 4=z

2
1
=—In|z|= z=t2—l :lln|12—1/4|: t=u—g =lln u—g _l:
2 41 2 2 2 2 4

1
=—In|u?-3u+2|.
2

Tormaa oOrree penreHue mocaeaHero MU QG epeHaT-HOr0 YPaBHEHHS 3aHIICTCS
| Ucnonb3ys
B BUJIE: In|x| +Eln | u? —3u+2 =C w| ceoucmsa | BUJIE:

n02apu@mos

X2 w? -3u+2) = Cy,rme e’ = C| - HOBas NIPOU3BOJIbHAS IIOCTOSIHHAS.

Tenepb B HaWJIEHHOM peIIEHHHM BEPHEMCS K CTApoOd HEM3BECTHOH (yHKIMH
¥(x) , BBITIONHUB 0OpaTHYIO 3aMeHy u = y/x . B utore nomyunm:
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2
X2 [1] 3240 |=¢, wm 2 -3w+2x? =C.
X X

Ortser: y2 —3xy+ 2x% = C;,rae C| - IpOU3BONbHAS TOCTOSIHHASL.

81-90. YcranoButs Tum JIY, HAWTH €ro 00Iee U YaCTHOE PEIICHUS, SCITHU:
y’—3x2y =x? , y(O) =0.
Pemenne.
JlanHOe ypaBHeHHWE SBISIETCS JHUHEHHBIM UG GEpEeHIINATFHBIM YpaBHCHHEM
(JIAY) mepBoro mopsiika, Tak Kak ero MOXXHO 3amucaTh B Buzie ) + p(x)y = q(x),

rae p(x)= —3x2, q(x) = x2.

Ob6mee pemenue JIJIY mepBoro mopsiaka HaXOTUTCS C MOMOIIBIO MOJICTAHOBKH
y=uv, rne u(x),v(x)- HoBble Heu3BecTHbIe QyHKIMU. OIHY U3 HUX, HAIPUMED

u(x), HaXomAT B BUIE u(Xx) = e_J p (x)dx, rie '[ p(x)dx - xakas-HUOYHb MEPBOOO-
pasHast 11 yHKUMH p(X) , TOrIa IPYTyI0 HEM3BECTHYIO QYHKIHIO V(X) HaXomsT

9
u

B BHjIe obmiero pemrenus Y: v'(x) = . B urore Oyner HaiineHo u obmiee pe-

IIEHHUE UCXOAHOI'O YpaBHCHUA B BUIC Yy = UV

YacrHoe pemienne 1Y, yI0BIeTBOPSIONIEE HAYAIBHOMY YCIOBUIO (X)) = ¥, TO-
Jy4aloT W3 OOLIEro peuieHusl AaHHOTO YpaBHEHHs NPH KOHKPETHOM 3HAaYEHHH
npousBonbHOK nocrosHuoi C = C,. Haxomar C,, kak pelieHMe ypaBHEHHS, I10-
JIy4aeMOro MOJCTaHOBKOI B oOllee pellleHre HaualbHOIO YCIOBHS.

Chauaina Haiinem obuiee pemenue nuHeliHoro JIY nepBoro nopsiaka. Ero wmiem
BBUIAE y=UV, Tl U = u(x) uv= v(x) - HOBBIE HEU3BECTHBIE (DYHKIINH.

(x)dx

OYHKIUIO u(x) HalitéM B BHIE u(x)=e_fp , TIe '[ p(x)dx - xakas-

HUOYb MepBooOpa3Has s QyHKUUH p(x) = —3x? . Bbruncius HHTErpaj, Mnoiay-

3 3
M Ip(x)dx = —3Jx2dx = _3.% =—x>. Torma u(x) = e IPOIdx _ 27

Ipocreiimmm 1Y mepBoro mopsijka Ha3blBaeTcs ypaBHeHHe BUma )'(x) = f(x).
OO0liiee pelieHre TAKOro ypaBHEHHsT HAXOAUTCS WHTETPUPOBAHHUEM U 3aTMChIBACT-

cs B BUE y(x)= '[ f(x)dx+C.
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q(x)
u(x)’

SIBIIETCA MpPOCTEN-

OyHKIHI0 v=v(x) HaiinéM kak ofmee pemrenne JY: v'(x) = rae

2 x3

3 -
u(x) =e* , q(x)= x2. JlanHoe ypaBHeHue v'(x) = x“ e
mmM 1Y mepBoro mopsiaka. Ero oOmiee pemieHue HaiiéM WHTETPUPOBAHUEM U
3
3amumeM B Buae v(x) = J x2e™ dx+C . Brumcnus UHTErpaj (¢ TOYHOCTHIO 110

TIOCTOSTHHOM), MOTY4HM:

coenaem 3ameny

PR RN N SN RPN U SPR: TNl IS O SOV SR I AN
jxe dv=|x?dr =2 d(xY) == 2d (") | = 5jedz_ €' =

1 _

Taxum obpazom v(x)= ——e * +C.

Torna ob1ee peleHre NCXOIHOTO YpaBHEHUsS 3aITUILIETCS B BUIE:

3 1 _3 301
y=uv=e* :|——e ¥ +C|=Ce" —=.
3 3
Tenepp HalinéM uyacTHOE pElIEHHE, YJOBJIETBOPSAIONIEEC HAYAILHOMY YCIOBHIO
301

y(O) = 0. Ero nonyuum u3 obmiero pemenus y = Ce™ -3 IIPU KOHKPETHOM 3Ha-

YEHHMHU TPOM3BONBbHON mocTosiHHON C = C(y, KOTOpoe HahAEM U3 ypaBHEHMS, IIO-

JIy4eHHOTO MOJICTAHOBKOH Hauanshoro ycnosus y(0)=0 B obmee pemenue. B
301 1
pesynbrate nomyuum: 0= ce’ -3 = C=(Cy =§. Torga yvactHoe pelieHHE

ucxofHoro U bepeHIMaTbHOr0 YpaBHEHHS, YAOBIETBOPAIONIEE HAaualbHOMY
YCIIOBHIO y(O) = 0, 3anuiuercs B BUJE:

1 3 1 1( 3 )
=—e ——=—|e" -1].
YT3° 7373 (

O | (3
OtBet: y=Ce -3 o01ree perieHue; y = 3 e —1| yacTHoe peuieHue.

91-100. TpeGyercst HaiiTu:
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Inx
- b
Vx
0) oOmiee M YacTHOE pEIICHHs OIHOPOIHOrO JIMHEWHOro IuddepeHraIbHOro
ypaBHEHHS 2-TO MOpsIIKa ¢ TOCTOSTHHBIMH K03((DUIMEHTaMHU:
=5y'=6=0, y(0)=1, y'(0)=0;
B) oOmee penienue auHeiHOro JIY 2-ro mopsiika ¢ MOCTOSHHBIMHA KO3(dHIIUEeH-
TaMH U IPAaBON YaCThIO ClIeNUaIbHOrO Buaa: y"'+4y'+4y =50cos x.

a) obmee penrenne npocteimero Y nopsaka n: y" =

Pemenue.

O0mee penrenue npocreiiero /1Y # -ro nopsinka y(") = f(x) HaxomaT, BBHIIOI-
HSISI TTOCIIEIOBATENIFHO /1 WHTETPUPOBAHUM, U 3aITUCHIBAIOT B BUJIE!

y=deJ...Jf(x)dx+C1x"71 +C2x”72 +...+C,
< 4

n pas

Obmee pemieHrue TUQQGEPEHIMATHFHOIO YPAaBHEHHS TMOpsAKa 7 JIODKHO 00s3a-
TENBLHO COMIEPIKATh 7 PA3HBIX MPOU3BOJIBHBIX TOCTOSHHBIX.

a) /lanHoe ypaBHEHHE IBAXKIbl IPOUHTETPUPYEM.

Inx
[Tocne mepBOro MHTErpUPOBaHUS HONTYy4HUM: )'= J de+C1. WnTterpan BbI-
X

YHUCIIUM (C TOYHOCTBIO JIO0 TIOCTOSIHHOT'O CJIaraéMoro) METOZI0M HHTEIPUPOBAHHMS 110
yactaM. [lonyuum:

u=lnx:>alu=ﬂ

1 d.

Jﬂdx = dx dx * :1nx~2x/;—.|‘2\/;7x:
—:>v=_|.—:2\/;

Vx Vx

zzﬁlnx—EJ% =2x/;1nx—4\/;.Torz[a y':2x/;lnx—4\/;+C1.
X

ITocne BTOPOTO HMHTETPUPOBAHUS MOTY4HM:
y=[@Vxinx-4Vx+Cydv+Cy =2[VxInxde-4[Vxdv+C [dx+Cy .

Beruncinm uHTErpaltsl (C TOYHOCTHIO JI0 MOCTOSHHOTO ciiaraeMoro). [lomyunm:

53




6blYUCTIUM

dx
Memodom u=lnx:>du=7
J \/; In xdx = | unmezpuposanus | = 1 3=
1 , 2
no uacmsam dv=\/;dx:v=JJ;dx=Jx2dx=€x2
2 2 2 d 2 2 . 2 3 22 2
Inx-=x2 —J—xz oLk 1nx——.[x2dx=—x2 Inx-=-Zx2 =
3 x 3 3 3 33
BN T R T . 1 2

2
J.\/;dxzj'xl/zdxz—xyz; dezx.
3
Torna y:2~[£x3/2 lnx—ix3/2j—4~zx3/2 +Cix+C, =
3 9 3
32

4
=§X3/2 11'1)(*;)(3/2 +C1X+C2 .

4 32
OtBer: y =gx3/2 1n)cf;x3/2 +Cix+C,y.

OO1iee penieHre 0JJHOPOJHOrO JHHEHHOTO J[Y BTOpOro mopsiaka ¢ MocTOSHHBIMU
koapourmentamu ay” +by'+cy =0 umeer Bug y =Cyy; +C,y,, THC {yl , yz} -
(dbyHIaMeHTaIbHasd CUCTeMa ero 4acTHeIX pemteHuit; Cy,C, -IPOU3BOJIBHBIE I10-
CTOSIHHBIE.

dyHaaMeHTalbHAsl CUCTEMa pelleHu i {yl, yz} CTPOUTCS Ha OCHOBE Xapakrepa

KOpHEH XapaKTepUCTHYECKOTO YPaBHEHUS al* +bA+c=0. A uMeHHO: 1) ecnn
A1, - Hapa pa3IMYHBIX JEHCTBUTENIBHBIX KOPHEH XapaKTEPHCTHYECKOTO ypaB-

Henus, To ®CP umeer Buja {ellx’elzx }; 2) ecmu Ay,A4, - mapa OJMHAKOBBIX

(A4 =4, =) neiicTBuTenbHBIX KopHEdi, To ®CP nmeer Bu {e’lx ,xe* }; 3) ec-

i Ay, =atiff - napa KOMIUIEKCHO-CONPsIKEHHBIX KOpHEH, To ®CP nmeer Buja

{ea ¥ cos Bx,e*" sin ﬂx}.

KopHu xapaxkTepucTHUeCKOro ypaBHEHUS al* +bA+c= 0, sBisromIerocst KBaj-
paTHBIM, HaXO/SIT HA MHOXKECTBE KOMILIEKCHBIX YHCE 10 (hOpMyJiam:

—b+D

1) eciu muckpuMuHanT ypasrenns D = b —4ac >0, To Mo = 3
’ a
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. b .NID|
2) ecan JUCKPUMMHAHT ypaBHeHust D <0,To A1, =atiff = —2—iz o
’ a a

0) CHauvana Haiiném obmiee pemenue 1Y B Buge: y =Cy; +C,y,, Il {yl,yz} -
(b yHIaMEHTaJIbHAS CUCTEMA €r0 YaCTHBIX PEIICHHH.
Hnst waxoxngenuss @DOCP, cocTtaBUM  XapaKTepUCTHUUECKOE  ypaBHEHUE

2% =51-6=0 m1s gaHHOTO g hepeHIMaIbHOrO YpaBHEHUS U HAWIEM ero Kop-
HA Ha MHOXECTBE KOMIUIEKCHBIX uyucel. Tak Kak JUCKPUMHHAHT
—(-5)tv49 5%7
= =
2-1 2
A =-1, A, =6, T.e. XapaKTEepPUCTHIECKOE YPABHCHHE HUMEET JBA PA3JIHIHBIX

D=(-5)%-41:(-6)=25+24=49>0, 10 A, =

JiecTBUTENbHBIX KopHs. CrnenoBarensHo, ®CP umeer Bujg {efx s e%* }

Torna o6uiee pemenne ganuoro JIY sanumercs B Buze: y = Cje”* +C, e

Teneps HaiinéM gacTHOE perreHue qaHHOro /1Y, yIoBIeTBOPSIONEe HAYAIBHBIM
yeaosusim: y(0)=1, y'(0)=0. [dys atoro cHavyana HaiaéM mpousBoAHy0 »'(x)
obuero pemenns: y' = (Cje ™ +Cre%) = —Cie ™ +6C,e% . 3atem noxcrasum

HayaJbHbIE JAHHBIC B BBIPAXEHMS UL OOLIEro pelleHHs U ero IPOU3BOLHOM, 1o-
JIy4UM CUCTEMY JIMHEIHBIX anreOpandecKuX ypaBHEHHH Ul ONpeAesieHus 3Haue-
HHUH IPOU3BOIBHBIX NMOCTOSHHBIX C| 1 Cy:

y(0)=1 Cre ?+Ce®? =1 C1+Cy =1
: = 0 60 _ o
»'(0)=0 —Cie™" +6C,e”" =0 -C,+6C, =0

Pemms cucremy, Haiiném: C; =6/7, C, =1/7. Torna 4acTHOE pelIeHHE TAHHOTO

—x 1
x +_e6x

6
JY zanumiercs B Bune: y = 78 2

OtBeT:

_ 6 _ 1
O6uee pemenne: y = Cje ™~ +C,e% ; uactnoe pemenne: y=—e * +—e%
7 7

Oobee penieHue HeogHopoanoro JIJIY 2-ro nopsaka ay”+by'+cy = f(x) ume-
erBun y=y,+y,rae yg=Ciy;+C,y, - obluee pelieHre COOTBETCTBYIOLIECTO
OJIHOPOJIHOTO YPaBHEHWs, ) - KaKoe-HUOY/b YaCTHOE PEIIeHHE JaHHOIO HEOJ-
HOPOJHOT'O YpaBHEHHUSL.
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YacTHOE pelleHHe V ypaBHEHHS C TPaBOM YacTBIO CIIENMANBHOTO BUJA

x)=e** [P, (x)cos fx+Q, (x)sin Bx] wiuercs memodom Heonpeoerénuvix Ko-
m !

spuyuenmos B Buge § = x*e® S (x)cos fx+ Ty (x)sin Bx], tae k=0, ecin
N N

Yucino A =q +iff He SBIAETCS KOPHEM XapaKTepUCTHYECKOTO ypaBHEHHMs, U k
PaBHO KpaTHOCTU KOpHA A = +iff B npotuBHoM ciydae; Sy (x) u Ty (x)-
MOJTHBIE MHOTOWICHBI cTerieHn N = max{m,/} ¢ HeonpenenéHHpMu K03 urm-
eHTamu. [IpumepaMu MOJHBIX MHOTOYJIEHOB C HEONpeaeaEHHBIMU K03 duImeH-

Tamu crenean 0,1,2,3,... COOTBETCTBEHHO SBIISIFOTCSA: a, ax+b, ax? +bx+c,

ax® +bx? +ex+d.,.... Jnis HaxoxaeHus K03(pQUINEHTOB MHOIOWIEHOB S, (X)
u Ty (x), HAZO MOJACTABHTH PELIEHHE ) B HEOAHOPOJHOE Iu(depeHInanbHoe

YpaBHEHHE U NMPUPABHATH KOI(M(GHUINEHTHI ITPY NOA0OHBIX WIEHAX B JIEBOHM U Ipa-
BOM YacTsAX MOJYYEHHOrO PaBEHCTBA. B pe3ynbpTaTe monyduM cHCTEMY ypaBHe-
HUMH, pelIB KOTOPYIO, HalIEM 3HaYeHHs KO PHUIIMEHTOB.

YacrHoe pemieHue Y HeogHopoxuoro JIIY ¢ mpaBoii  €acTeio
f(x)=f;(x)+ f,(x) paBHO CyMMe YacTHBIX peIIeHHIl Y =), + ), HEOMHOPOA-
HBIX YpaBHEHUH C TOH e JICBOM 4acThIO U MPaBBIMU HacTsIMU f|, f, (nmpunyun

HAOJCEHUs. peUeHUlL).

B) OOwee pemrenue nanHoro AV maiiném B Bume: y=Cyy; +Chy, +¥, The
{yl ,V 2} - (hyHIaMeHTaNbHas CHCTEMA YaCTHBIX PENICHUI COOTBETCTBYIOLIETO EMY
oxuopomHoro IY: y"+4y'+4y =03 J - kakoe-HUOYAb YaCTHOE PEIIEHUE JAHHOIO

HEOJTHOPOIHOTO TU((epeHINATBHOTO YPaBHEHHUS.
Cuavana waiinégm ©OCP {yl,yz} COOTBETCTBYIOIIETO OAHOpoaHOoro JY

V'+4y'+4y =0. g 3TOro COCTaBUM  XapaKTEpPUCTHUECKOE ypaBHEHUE

A% +4A+4=0 g1 naHHOrO OHOPOTHOTO JU(PEPEHIMATBHOIO YpaBHEHUS H
HaIEM ero KOpHH Ha MHOXKECTBE KOMIUIEKCHBIX 4ncel. Tak Kak JUCKPUMHHAHT

—4+0 -4
21 2
T.C. XapaKTCPUCTUYCCKOC YpPABHCHHUC HMCCT JBa OJWHAKOBBIX I[eﬁcTBPITeJ'IBHBIX

D=4%-414=16-16=020,10 A, = I ==2, Ay =-2,

xopusi. Crenoatensno, ®CP umeer Byt {efzx ,xe 2% }
3ateM HailijiéM YacTHOE pelieHHe )  HEOJHOPOJHOTO  ypaBHEHUS
V"'+4y'+4y =50cos X, HUMEIOIIET0 MPaByld YacTh CIEUUAIbHOrO  BUJA

f(x)=50cos x =e**[P, (x)cos Bx+ Q) (x)sin fx], rtme a=0, B=1,
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P,(x)=50=>m=0, Q,(x)=0=¢=0. YacTHoe pemieHue Haiiném B BHIE
¥ =x*e**[Sy (x)cos fx+Ty (x)sin fx], tae k=0, ecnu uncno A=a+ifi He
SIBJISICTCSI KOPHEM XapaKTePUCTHYECKOTO YPAaBHEHHUS, © k PABHO KPaTHOCTH KOPHS
A=a+if BnporusHoM ciyuae; S, (x) u Ty (x) - HOIHbIE MHOIOWICHBI CTEIe-
HU N =max{m,[} ¢ HeonpenenEHHbIMU KO3 uImeHTamu. B nanHom cirydae: 1)
guciao A=a+iff =0+i-1=i He ABIICTCA KOPHEM XapPAKTEPUCTUICCKOTO YpaB-
HeHusi, mnodtoMy k=0; 2) N=max{m,/[}= max{(), O} =0, mno3tomy
Sy(x)=So(x)=a, Ty(x)=Ty(x)=b, rne a,b - HeusBecTHbIE MOCTOSHHEIE,
MOUIEeKAIIUE OonpeeNieHnto. TakiuM 00pa3oM, YaCTHOE pelieHHEe ¢ HEU3BECTHBIMU
MOCTOSTHHBIMY 3aIUIIETCS B BUJIE:
5 =x"e"*[acos(1-x)+bsin(1-x)|= acos x+bsin x.

Jlnst onpeeneHus 3HaY€HUH TIOCTOSHHBIX a ¥ b , HaliiéM npor3BoaHEIE ', )"
Y TIOJICTABUM BBIPKEHUS It V, ', J" BMeCTO y, V', »" B HEOIHOPOIHOE ypaB-
Henue y"+4y'+4y =50cos x. YuuTsiBas, 4ro:

y'=(acosx+bsinx) =—asinx+bcos x,
Y"=(y") =(-asinx+bcos x)' =—acos x—bsin x,
TONTYYHM:
—acos x—bsinx+4-(—asin x+bcos x)+4-(acos x+bsinx)=50cos x =
(3a+4b)cos x +(—4a+3b)sinx =50cos x .

[IpupaBHsB, B NpaBoil U JE€BOH 4aCTU MOJIYYEHHOIO PAaBEHCTBA, MOCTOSHHBIE KO-
3¢ QUINEHTHI, CTOSIME NPH OJUHAKOBBIX (PYHKUMSX, MOTYYUM CHCTEMY JIMHEH-
HBIX anreOpanvyecKux ypaBHEHWH OTHOCHTENIFHO HEHM3BECTHBIX d W b

3a+4b=50
—4a+3b=0

MUIIETCS TOT/Ia B BHAE: P = 6¢0s x + 8sin x .

. Pemmus cucremy, Haiiném: a =6, b =38. YacTHoe pemienne y 3a-

TenepL 3aIIMIICM 06mee PEeHICHUC UCXOJHOI'0 YPAaBHCHUSA B BUJIC!

y=Cyy+Coyy +5 = Cre 2 +Coxe > +6c0s x+8sin x.

Orser: y=Cje 2" +Cyxe > +6c0s x +8sinx .

101-110. I/ICCJ'IeI[OBaTB Ha CXOAMMOCTb PS/IbI U YKa3aTh IPUMEHACMbIC IPU3HAKH:

1-4-7...(3n-2
a) nz H )Z (23”1 ), )Zn -arctg [4]

1101’! +1 n=l1 n=l1
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o0
Ecmu oOmuii uieH u,, 4MCIOBOTO psiaa Zu ,» TPENCTaBIsAeT COOOH OTHOIICHHE
n=1
MHOTOWICHOB WM anreOpandeckux (YHKIUH OTHOCHTENILHO apryMeHTa 1, TO
HCCIIEIOBAHKE €r0 Ha CXOJUMOCTh CIEAYeT HAYMHAThH C MPOBEPKH HEOOXOUMOTO
MpHU3HAKa CXOAUMOCTH. ECIM OH He BBIMONHSETCS, TO PsiJ PACXOAUTCS, B MPOTHB-
HOM CJIydae HPOBOJST JOHOIHUTEIIBHOE UCCIEI0BAHNE HAa CXOAUMOCTE, HCHOIB3YsI
NpenesbHbI TPU3HAK CPaBHEHWs, TJI¢ B Ka4yeCTBE PsJa CPABHEHHS BBIOHPAIOT
0000IIEHHBII TAPMOHUYECKUH PsiI.

Ecnu B BhIpakeHHe OOLIEro 4ieHa u, YHUCIOBOrO psjaa Bxomsar: nl,a”, To juis
HCCIIEIOBAHUS €r0 Ha CXOJMMOCTh CIEAyeT MPUMEHUTh npu3Hak Janambepa. Ecnu
BBIpXKEHHE JUI 4, MOXHO NPEACTaBUTH B Buue u, = f(n)=(g(n))", 1o mis

HCCIIEIOBAaHUS psifla HAa CXOJIUMOCTH CJEyeT MPUMEHUTh PaJUuKaJIbHBIMN MpHU3HAK
Kommn.

Pemenne.
a) Iy maHHOTO psijia MPOBEPUM CHAYasla BEIMOJHCHUE HEOOXOIUMOr0 MpH3HaKa
cxopumocty: lim u, =0 (ecnu oH He BBIIOIHACTCH, TO psAA pacxoautcs). I[lomy-

n—0
. A o] Vn
qUM lim u, = lim ———=|—|= lim ———=
n—0 n—o10n2% +1 o n—>® 5 1
n”|10+—
n
. 1 1 .
= lim = =0. Tak kakx HeOOXOAMMBII NMpPU3HAK CXO-
n—w 4, 10 1 - (10+0)
e

n
JUMOCTHU BBIIIOJIHACTCA, TO Tpe6yeTCfI JOMOJIHUTEIIBHOC HCCJIICAOBAHUE DPAda Ha
CXOOAUMOCTb.
I/ICHOJ-H)3yeM JUIST UCCJIEAOBAHUS Ha CXOAUMOCTH Hpe/:[eJILHLII?'I MpU3HAK CpaBHC-
o0 o0 l

Hus. B xadectBe psijia cpaBHEHUs BHIOEpEM i Zvn :ZW’ KOTOPBIH CXO-
n=1 n=17
o0

JIATCSA, KaK OOOOIIEHHBIN TapMOHHYECKHH PST Z—p ¢ IOKa3aTeleM CTEIEeHU
n=17

p=32>1.
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[Tpu BBIOOpE B KaudecTBe psija CpaBHEHHsS OOOOIIEHHOTO T'apMOHHUYECKOTO psijia
o0

. . A
Z— PYKOBOJCTBYIOTCS CIEAYIOIMM, ecad lim u, = lim —, roe A#0 -
o n? n—>00 n—o ¢

o0
HEKOTOPOC YUCI0, TO P CPABHCHUS UMCCT BUJ Z— .
a
n=1N
TOFI[a, 110 npeacibHOMY MNpU3HAKY CpaBHCHUH, TakK KakK

n

2 3/2 2
. u . 10n° +1 . n-n . n ) 1
lim 2= lim ~——2= lim J_—: Iim —=|—|=—=0, T0
no® vy o n>o 10n2 +1 noolon?+1 L] 10
032
PAABI Zu Zv WA OTHOBPEMEHHO CXOJSATCS, WU OJHOBPEMEHHO PacXo-
n=l
. KOJIbK ST =y — XOJIUTCSI T ST
JUATCSE [Mockonbky pan Zv z 3/2 CXOZIUTCH, o pan
n=17
o0 o0
n
z u, = 4 TaKKe CXOUTCS.
n=l1 n=l1 10n~ +1
o0
OrtBer: Psn ———— CXOJIUTCA 11O MPE/IETLHOMY NPU3HAKY CPABHEHUS.
n=l1 10n° +1

HpI/I HCCIICAOBAHNNU PAAOB Ha CXOAMMOCTH CICAYET UMETh B BUAY CICAYIOIIHNC

b2
npenenbHbie 3HavueHUs] QyHkuui: In(+0) = -0, In(+w) =+, arctg(+w)=—,

T +o |T 0 npu a>1 o 0 npu a>1
arctg(-o)=——, a' = a =

2 0 nmpu O<a<l’ +oo npu O0<a<l’
TaKxKe HU3BECTHBIE TIpeIeTIbl: lim n!= o0 (n!=1-2-3-...-n),
n—>0
. k k-1 _ . -
lim (agn”™ +an" +...+a;)=o, lim =0,
n—>0

n=% gon +alnk71 +...t+a
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B 0 ecwm k<m

a nk+a nk 'y . +a 1Y
lim —2 1 : %% ag /by ecnu k=m, 1im[l+—] =ex2.72
n—>® pon™ +bn™ " +...+b, noo\ N

o ecau k>m
lim&n =1.
n—»o0

0) [aHHBI psg vccieyeM Ha CXOIUMOCTH TIo Tpu3Haky [lanambGepa. s aToro

BBIYUCIIUM npeaen lim 2w f , rae
n—oo U,
(1~4~7~...~(3n—2)(3n+1))
Upsl _ (2n+2)! :(1-4-7-...-(3n—2)(3n+1))-(2n)!. B rony-
u, 1-4.7-...-3n-2) 1-4-7-...-(3n—2))-(2n+2)!
(2n)!
Upyl

YCHHOM I

BBIPOKEHUH BBITIOJIHUM TpeoOpa3oBaHue € (aKTOpHAIOM
un
2n+2)!=2n)!2n+1)(2n+2) 1 cokpaTUM YHCIUTEIH U 3HAMEHATENb Ha O0IIHe

. . 1
MHoOXxHTeNHU. [lomydanm lim 274 = fim G +1) =0=L

nso u, now2n+)2n+2)

Tak kak L =0 <1, To o npusHaky JlamamOepa psiji CXOIUTCS.

1-4-7...(3n-2)
OtBeT: Psin Z— cxonuTcs 1o npusHaky Jlamamoepa..
- (2n)!
n=1
B) JlaHHBIN psi MCCIEYyEM Ha CXOAMMOCTD TI0 PaUKaIbHOMY npu3Haky Korm.
Hns 3TOrO BBIYHCITAM npezen lim Yu, =L, e
n—oo
1 Iy
- T\ |n - T .
Yu, =(,)" = n4arctg” — =n" -arctgl —|. C y4éToM H3BECTHOTO
4n 4n
4
. . . - V4
npexena  lim % =1, nonyuum  lim Yu, = lim|n" -arctg| — || =
n—0 n—oo n—oo 4n

n—o0

= lim {(%)4 -arctg[%ﬂ =14 ~arctg0=0=L . Tak xkak L=0<1, To o paau-
n

KaJIbHOMY IPHU3HAKY Komm pAa CXOAUTCA.
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o0

T

OrtBer: Pin Z nt arctg” [4—] CXOZUTCS 110 paAuKaIbHOMY Npu3Haky Komm.

n
n=1

111-120. Haiitu wHTepBan, paauyc U 00JAaCTh CXOAUMOCTH CTEIIEHHOTO psijia
= (x+1)"

n=1 n\/; .

o0
HutepBan cxomumoctu (xo —R,x( +R) cTemeHHoro psaaa Z a,(x—xy)"
n=0

Uy (X)

O0BIYHO HAXOIIT pemas HepaBeHCTBO L(x)<1, rme L(x)= lim ®
u,(x

n—oo

>

u,(x)=a,(x—xy)", R - paauyc CXoLMMOCTH.

O6NacTbi0 CXOAUMOCTH CTENIEHHOTO psAfa SBISETCS HHTEpBAl CXOAMMOCTH
(xg —R,xo + R), K KOTOPOMY TIPUCOEMHAIOTCA TOYKH X+ R, €Clu B HUX psinl
cxomutes. Jlyis MccnenoBaHus CXOJMMOCTH Psi/ia HAa KOHIAX MHTEPBAJIA CXOAUMO-
CTU OOBIYHO TIPHMEHSIOT MPU3HAKM CPABHEHUs (VI PANOB C TIONOKHTEILHBIMU
ueHamMu) u npu3HAK JleiiGHuma (1715 3HAKOYepeyIOIHXCs PSIOB).

Pemenue.

1) Haiiném untepBan (xy — R, xq + R) CXOAMMOCTH CTENEHHOrO PAja. Jns
(x + 1) n+l
. |un+1(x)| . | (m+Dyvn+1
9TOr0 CHavaja BEIYHUCINM MPEae lim = lim =
n—>oo| u, (x) n—o (x+1)”

nn

3 3
. 1)-n2 . . 32
i [ ey tim | o lim — =
n—>0) 3 o300 3 now 3 1 3/2
(n+1)2 (n+1)2 n2[1+]
n
|x+1|y}f§oﬁ:|x+l|.m:|x+l|:]4(x)' 3areM pemuM Hepa-
[1+
n

BeHcTBO L(x) =/ x+1|<1. IlomydeHHOE HEpaBEeHCTBO PaBHOCHILHO CHCTEME Hepa-
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x+1<1
BEHCTB , oTkyna: —2< x < 0. Takum 00Opa3oM, UHTEPBAJIOM CXOIH-
-(x+1)<1
MOCTH JIaHHOTO psijia siBisiercst uHrepBan (—2,0) .
2) Paquyc R >(0 cXOAMMOCTH CTENEHHOTO pAja HaWAEM, YUUTHIBas, 4YTO UHTEPBa-

JIOM €ro CXOAUMOCTH (x( —R,xy +R), rae xy =—1, aBnsercsa unrepsan (-2,0),

T.e. u3 ycnoBust (—1—- R, -1+ R) = (-2, 0) wm .Orkyma R=1.
-1+R=0

3) [ HaxoxKAeHUs] 00JacTH CXOMUMOCTH CTEIICHHOTO Psijia UCCIEIYyeM ero CXo-

JIMMOCTh Ha KOHIaX WHTepBaja cxoammoctu (—2,0), T.e. B TOUKax x=-2 W

x=0.

HUccne-

n
IIpu x=-2 mnomyuyuM 3HAKOUEPENYIOUIUICS YMCIOBOU Psij z( \/)_
n=1 1

JTyeM €ro Ha CXOJMMOCTH 10 Nipu3HaKy JleiOHua.

o0
[pusHak JleiiOHMIa. 3HAKOYEPETYIONTUICS PSIT Z(—l)”un , roe u, >0, cxo-
n=l

autest, ecmu: 1) lim w,, =03 2) uy >uy >us >... (MOXKET BBINONHATHCSA HAUMHAS C
n—oo

HOMepa 1 = ng ).

st atoro HpOBepI/IM BBINOJTHEHNE YCIIOBHH NpHu3HaKa JleloHua:

) limu, = lim — F}:o; 2) L>L>L>.... Ob6a ycioBus

nom " o nf 0 Wi 242 33

0
BBITIOJIHAKOTCA U, CJICA0BATCIIBHO, 3Ha1<oqepe/:[y10mm710ﬂ paa

D"
n=1 n\/;

CXOAUTCS
o npu3HaKy JleiOHuna.

IIpu x =0 nomy4uM YUCIOBOH pAfa z SIBJISTFOLMICS 000OIIEHHBIM Tap-

n= 11’!\/_
MOHMYECKUM DPAZIOM C TokasateneM crenend p =3/2. Tak xkak p=3/2>1, o

OTOT pAd CXOAUTCA.
I’l

Taxum oOpa3om, B Toukax x =-2 U x =0 CTEeNEeHHOU pAx Z( CXOIUT-

nln\/_

CA1 1 TOT/Ia 0GJIACTBIO €10 CXOIMMOCTH SIBJIETCS POMEKYTOK [—2,0].
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0 n
x+1
OtBet: [l cTemeHHOro psjaa Z ( )

n=1
R =1 - paguyc cxoaumocTy; [— 2,0] - 0071aCTh CXOMMOCTH.

(—2,0) - wHTEpBad CXOIUMOCTH;
nyn

121-130. Tpebyercss HaliTH TIepBBIE TPH OTIHYHBIC OT HYJIS WICHA Pa3lIOKCHUS

X o
¢yHkn y = f(x) = 3 B psaj Telnopa B OKDECTHOCTH TOUKH X = X =1 ;
X+

Psnom Teiinopa gynkiun f(x) B TOuKe X = X( Ha3bIBAETCS CTENEHHOMN psiJ

(n) "
SO0 gy = s+ L0 g L (2

n=0

Pemenne.
Haiiném cHavana nepBbie TPU OTIUYHBIC OT HYJIS IPOU3BOAHBIC PYHKIMH f(X) B

Touke xy =1: f(o) O=fO, f'M, f"Q),.... Homyuanm:

) _ L 1o,
SEW=r0=1 3*0s
f,(x):[ % ],:(x)'(x+2)—x(x+2) Led-xl 2
X+2 (x+2)? (x+2)?  (x+2)>
2 2
' 1) = =220 :
=0 (1+2)* 97
, ' 2\ '
f"(X)=(f'(x)) _ 2 :_2.((x+2) ) :_2.2(x+2)(x+2) _
(x+2)? (x+2)* (x+2)*
2(x+2)-1 4 , 4 4
=-2. =— )=- ——— 20
(x+2)* (x+2)° = S0 1+2)3 277
TenepL IIoaACTaBuUM Haﬁl[eHHLIe HCHYJICBBIC 3HAUCHUS IMPOU3BOJHBIX B PA Teitno-
pa QyHkmum  f(x) = % B OKPECTHOCTM TOYKM x=1 U MOIYyIUM:
" 2/9 4
§:f () Y %+(L)w i)+ (- / )(+D
n=0 !

1 2 2 2
=—+—(x+)——((x+D".
3 9( ) 27( )
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1 2 2 2
OrmBer: —+—(x+1)——(x+1)~.
3 9( ) 27( )

131-140. TpeGyercs pasznoxuts B psaa Dypbe 27 -NEPUOANIECKYIO (YHKIIUIO
.. -x,—-1<x<0,

f(x) onpenenéHHyro ciemyronmmMm odpasom: f(x) = (B oTBeTE
x, 0<x<nm.

yKa3aTb IMepBbIe MATh OTIIMYHBIE OT HYJIS WIEHA psia) U MOCTPOUTD rpaduK QyHK-

11U f(x)

Paznoxenne B pag @Dyppe 27 -mepuoanmveckoid ¢GyHKuuH f (x) - KYCOUHO-
MOHOTOHHOM U HENPEPBHIBHON HAa MPOMEXKYTKE [—7, 7], 3a UCKIIOUEHUEM KOHEU-
HOT'O YHMCJIa TOYEK pa3pblBa MEPBOrO POAA, BO BCSIKOH TOUKE €€ HENPEpBIBHOCTU

o0
a .
UMeeT BUI: flx)= Rl I Z (a, cos nx+b, sinnx),

n=l
rae koapduuuents! a, n b, onpenensrorcs Gopmynamu:

V4 V4
a, =% If(x)cosnxdx,nzo,l....; b, =% If(x)sinnxdx, n=12...
- -

Pemenne:
1) Haiiném xoaddunuentsl pana ®ypee: a, (n=0,1,2,..) u b, (n=12,...):

17 1t R R
ag = Jf(xﬁxz; J.(—x)dx+;_|.xdx=; -— +; 5
- - 0

2
b4 0 b4
1 1 1
a,=m=12,..)=— If(x)cos nxdx =— I(—x)cos nxdx +—_[xcos nxdx =
T T T
- - 0
[Ona bruucnenus unmezpanos npumenuM Memoo UHMESPUPOSAHUSL RO HACHIAM]

u=x=du=(x)dx=dx

T
T T
=—+_=7
2 2
0

-

= 1.
dv =cosnxdx =>v = J €os nxdx = —sin nx
n

0 . T
sin nx 1|(x .
—J dx |+—|| —sinnx
n |\ n

- -
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0 T

0
1(x . 1 1(x .
=——|| —sinnx —| ——cos nx +—| | —sin nx
z|\n B n? z|\n
7 -

= —_{Lz —chos(—mr)} + %{nizcos(mr) _Lz} =

n n n

g 1
- (— — cos nxj
0 n

YUUMBIBACM, YMO
sin(nz) =sin(-nx) =0 2(=1)" 1)

0

>

cos(nm) =cos(-nm)=(-)" | 1,2
sin(2nz) =0, cos(2nm) =1

17 1t 17
b,=n=12,..)=— _[f(x)sin nxdx =— J.(—x)sin nxdx +—_[xsin nxdx =
/4 /4 /4
- - 0
[On5 sLiuvCIeHUA UHMESPAN08 NPUMEHUM MEMOO UHMEZPUPOSAHUS NO YACHIAM]

u=x=du=(x)dx=dx

= . . 1
dv=sinnxdx =>v= Jsm nxdx = —— cos nx

n
0 0 T
coS nx 1 X COS nx

- J [ ]dx +— [—cosnx] —J[ ]dx =
3 n T n 0 0 n
. r
( sin nx 3
> =
0

T -r
0 . 0 T
sin nx 1 X
o +—|| ——cos nx
T n
- n - n 0
yuumolieaem, 4mo

O ™ sin(nz) =sin(-nz) =0
+— [— — COS YZX]
z\ n

/4

1 X
=——|| —=cos nx
T n

1 X
=——| ——cos nx
T n

Takum 06pa3om, MONTYUHIIH, YTO:

cos(nm) = cos(—nn) = (-1)"

0

sin(2nm) =0, cos(2nm) =1 |

— n_
ag =7, an=&zl) (n=12,..), b, =0 (n1=12,..).
nn
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-x, -t <x<0,

2) 3anwmiieM pas3iokKeHue 277 -MIEPUOUICCKON GyHKIUU f(x) =
x, 0<x<nm.

a
4
2

HonyquHoe PaBCHCTBO UMECCT CMBICJI BO BCEX TOYKAX.

B psan Oypee: f(x) = COS nx .

S . © (=" =1
Z(an cos nx+b,, sin nx) :%_,. Lz)
n=1 ]

el TH

Ecnu 27 -mepnoaynyeckas GyHKIMS IMEET TOYKU pa3pbiBa 1-ro pona, To:
NONYYeHHOe PABEHCIMBO UMEEN CMBIC] 80 6CeX MOUKAX, KPOMe MOYeK e€ pas3pulea.

3) 3anumeM pa3lokKeHUe, yka3aB B HEM IEpBbIE ISITh HEHYJIEBBIX WIEHOB psza
®ypre. {15 3TOr0 BHIUMCINM TEPBBIE ISITH HEHYNEBBIX Koddduimenrta psga Dy-

1
() s S

pee:  ag,ap,by,ay,by,...0a90=7#0, 5 #0, b =0,
7l T
2((=)* -1 2A-DP-n 4
a2=—2=0, by, =0, =—2=——¢O, by =0,
T2 73 o
2(-1* -1 2((-1)° -1 4
a4:M:0’ by=0, as= (D" -H __ #0, bs=0,
r4? r52 257
(-8 -1 2(-17 -1 4
ag =2 D o s, 0 22ED D 4 L e o6
76> 772 497
pasoM, TIEPBBIMU TIATHIO HEHYJIEBLIMU Kod(duimentaMu psaa DOypbe SBISIOTCA
KO3(HUIMEHTHI b4 4 4 4 4 u
ag=m, ay=——, a3 =——, Qs =———, A7 =———
0 P B o T ase T 4o
. -x, -t <x<0,
pasnoxkenue 27 -nepuoguueckoil pyHkuuun f(x) = B psin Dypee
x, 0<x<nm.

4 4 4 4
umeer Bua:  f(x) = 08 X = €08 3% ———— COS 5X — —— 08 TX + ...
2 or 257 497

4) IMoctponM rpaduk 27 -nepuoandeckor GyHkuuu f(x):
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4 4 4 4
OtBer: f(x) = 08 X~ €08 3% ———— COS 5X — —— €08 TX + ...
2 or 251w 497

141-150. TpeGyercs HaliTH BEPOATHOCTh YKA3AHHOIO COOBITHS, UCTIONB3YS KAdC-
cuueckoe onpedesieHue BEpPOITHOCTH.

a) Bbpocatorcst 1Ba UrpanbHbBIX KyOuka. HaiiTh BeposSTHOCTH TOro, 4TO CyMMa O4-
KOB Ha BBINABIINX TPAHSAX — YETHAsI, IIPUYEM Ha TPaHH XOTs OBl OIHOTO M3 KyOH-
KOB ITOSIBUTCS ILIECTEPKA.

Ipy KITACCHYECKOM OINpPEASICHUH BEPOSITHOCTh CIIy4aifHOro coObITHs A ompene-
m(A)
n

nsieTcst paBeHCTBOM: P(A) = , Tme m(A) - 4ucio sIeMEHTapHBIX (Janee He-

JIETUMBIX U B3aUMHO UCKITIOYAIOIIUX JIPYT JAPYyra) UCXO0B IKCIEPUMEHTA, OJ1aro-
MIPUATHBIX TOSIBIICHUIO COOBITHSI A ; 1 - 00Ilee YHCIO PAaBHOBO3MOXKHBIX DJICMCH-
TapHBIX HCXOJOB OSKCIEPUMEHTA. PaBHOBO3MOMXHOCTH 3JIEMEHTapHBIX HCXOJI0B
o0ecreunBacTCss TAKUMHU YCIOBUSMU MPOBEICHUS YKCIIEPUMEHTA (OIbITa, UCIIHITA-
HUS), TIPU BBIMTOJIHEHUH KOTOPHIX MOXXHO CYHTAaTh, YTO HU OJUH W3 UCXOIOB HE
SIBIIICTCS OOBEKTUBHO 00JIce BO3MOXHEBIM, YeM JIPYTHUE.

Ecnu coOpiTiie A OIMpenenseTcs CJI0OBaAMU «XOTsI OBl OJUH. ..», TO HEMOCPEICTBEH-
HOoe HaxoxaeHue P(A) 1mo ¢Gopmynie KIACCHYECKOro OMpENeSeHHUs] BEPOSITHOCTH

MIpUBOAUT 00BIYHO K TPOMO3JAKHUM BBIYUCICHUAM. Hpome CHayJaja HauTH BEpOAT-

HOCTB COOBITHS A , MPOTHBOMOJIOKHOTO COOBITUIO A U ONPEAEIAEMOro CJIOBAMU
«HH OJIMH...», a 3aTeM, HCHONB3ysA (GOpPMYIy s BEPOATHOCTEH MPOTHBOITOIOK-

HBIX coObITHil: P(A)=1-P(A), BEIMUCINTD BEPOITHOCTH HICKOMOT'O COOBITHSI.

m(A)

JI71st HaX 0K IEHUS BEpOSITHOCTH COObITHSA TI0 hopmyie P(A) = HEOOXOIMO:

1) Paccmotpets coObiTHE A , BEpOSITHOCTH KOTOPOTO CIEAYET HANTH.

2) IIpaBHIBHO ONpPEIETHUTh, YTO SBJSIETCS B JAHHOM HCIBITAHWW 3JIEMEHTAPHBIM
HCXOJIOM.

3) Haiitu oOrmiee yucino # 3JI€MEHTapHBIX UCXOAOB, PEABAPUTEILHO BBIITHCAB UX
BCE HEMOCPENCTBEHHO. Eciu BhIMMcaTh Bce dJieMEHTapHBIE MCXO/bI HE MPEACTaB-
JISIeTCsl BO3MOXHBIM M3-3a UX YPE3MEPHOr0 KOJIIMYECTBA, TO MPHU MOACUYETEe MX YHC-
JIa MCTIOJIB3YIOT MpaBmiia ¥ (OpMysIbl KOMOWHATOPHKY.

4) YcraHOBUTH Kakoe 4nucio m(A) 3IEeMEHTapHBIX MCXOJOB JTAHHOTO UCIIBLITAHUS

OJIATONPHSITCTBYIOT MOSIBIICHHUIO COOBITUS A .

Pemenue.
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Paccmotpum coObiTne A4 = {cyMMa 04YKOB Ha BBINABIINX I'PAaHSIX — YeTHas,
NMpUYeM HA TPAHU XOTH ObI OHOT0 U3 KYOMKOB MOSIBUTCS IIECTEPKA}.

DNeMEHTapHBIMU HCXOJAaMHU JTaHHOTO WCIBITaHUs (TOAOpachkiBaHUE JBYX WI-
PATBHBIX KYOMKOB) SIBJISIFOTCS BCEBO3MOXKHBIC KOMOWHANUU O4YKOB: 1,2,3,4,5,6,
KOTOpPBIC MOTYT MOSIBUTHCS HA BEPXHUX TPAHAX JIBYX KYOUKOB.

OO11ee YUCIIO EMEHTAPHBIX UCXOMIOB /1 JAHHOTO MCIBITAHUS HAWIEM, HCIIOTh-
3ysl MPABUJIO YMHOXKEHUSI KOMOUHATOPHUKH.

Iycte @, a,— AeHCTBUS U3 HEKOTOPOr0 KOHEYHOIO MHOJKECTBA JEHCTBUI.
IIpaguno ymnoxncenun. Ecnu nefictBue oy MOXHO BBIIOJIHHUTH 7y CIOCO0aMU U,
HocJIe KaKJOro TaKOro BBINONHEHHUs, IEHCTBUE () MOXHO BBINOJIHHUTH 7, CIIO-
cobamy, TO IOCIEAOBATEIbHOE BBHIIOIHEHUE Hapbl AEHCTBUM @ U ) MOXKHO

OCYIICCTBUTb N =Ny Ny crocobamu.

Ha xaxxpoM urpainbHOM KyOuke 6 rpaHeil, IO3TOMY BO3MOXKHBI IIECTh HCXOJ0B
OpocaHust Kaxzaoro u3 Hux. Eciau ucnblTaHue IpencTaBUTh B BHJIE HOCIENOBa-
TEIbHO BBIIONHAEMBIX MOAOpachlBaHUI KyOHKOB, TO II€pBO€ MOAOpachIBaHHE
MOKHO BBIMONHUTE 7y =6 crmocobamMu, BTOpoe noadpaceiBanue - 1, =6 Croco-
Oamu, Torja IOCIEAOBATEIbHO BBINOIHAEMOE MOAOpachIBaHUE [ABYX KyOHKOB
MOXKHO OCYILIECTBUTb 1 =My Ny =6-6 =36 crnocodamu.

OO11ee 4nCIIo0 3JIEMEHTapHBIX UCXOJ0B /I MOXKHO HaWTH M, BBIMCAB HEMOCPE/ICT-
BEHHO BCE BO3MOYKHBIE HCXO/IbI UCITBITAHUS:

1, (1,2 (13 1,49 (1,5 (1,6)

2D 22 23 249 25 (20

3,1) (32 (33 (G4 @G5 @G0

41 42 @3 G4 &5 @6

G,1) 52) (53) 54 (5,5 (5.6)

6,1) (6,2) (6,3) (6,4 (6,5 (6,0).

Tenepb HaWAéM YMCIIO BIIEMEHTApHBIX HMCXOMO0B m(A) NAHHOTO HCIBITAHUS,

OaronpUsITHBIX COOBITHIO A , BBIITUCAB UX HEMOCPEACTBEHHO. TaKUMU UCXONAMH,
OYEBHUJIHO, SABISIOTCS: (2,6); (4,0); (6,2); (6,4); (6,6). x uncmo m(A)=5.

Tornma uckomast BeposaTHOCTh P(A4) = % ~0.139.

OtBet: P(A4) = S ~0.139.
36

0) B ypHe HaxonsTcst 5 uepHbIX U 6 Oenbix mapoB. CiaydaliHBIM 00pa3oM U3 YpHBI
BBIHMMAIOT 4 mapa. HaliTu BepoATHOCTH TOrO, YTO CPEAM BBIHYTHIX IIAPOB OKa-
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KYTCS: «2 OCIBIX Mmapay; «He 00Jee OTHOr0 OETIOro Iapay; «XOTs Obl OUH OCIBIi
map.

Pemenne.

Paccmotpum coObiTust: A = {cpean 4eTHIPEX BBHIHYTHIX HIAPOB - 2 OeJIBIX},
B = {cpean 4YeThIpéX BHIHYTBHIX HIAPOB — He 0o0Jiee OTHOrO 0eJIOr0 Imapa},
C = {cpenu 4eThIPEX BHIHYTHIX HIAPOB - XOTH ObI OUH OeJIbIii map}.

DJeMeHTapHBIMH UCXOJaM1 JaHHOTO UCTIBITaHus (CydaifHOe BHIHUMaHHE YeThl-
pex IapoB) SIBJISAIOTCS BCEBO3MOXHBIE KOMOMHAIMY TI0 4 1I1apa U3 HaXOSIIUXCS B
ypHe 11 mapos.

Juist mopcuéra o01iero yncia IeMEeHTapHBIX UCXOM0B /1 JAHHOTO UCIIBITAHUS U
gucen m(A), m(B), m(C) >IeMEHTapHBIX HCXOMOB, OJArONPUSATHBIX COOBITHAM

A, B, C , ucrionb3yeM npaBuiia u popMysibl KOMOMHATOPUKH.

Iycte @, a,— AeHCTBUS U3 HEKOTOPOrO0 KOHEYHOTO MHOJKECTBA JEHCTBUI.
IIpasuno cnoscenun. Ecnu feiicTBie o MOXHO BBIIONHUTE 1] CHOCOOaMH, JEH-
CTBUE (!, - JIPYT'UMH K, CHOCOOAMH, OTJIMYHBIMU OT IEPBBIX 7, TO BHIIOIHEHUE
OJIHOTO U3 JEHCTBUI: WIM o), WIH O (HO HE JABYX OJHOBPEMEHHO) MOXKHO OCY-

LIECTBUTb 71 =71| + 1, CIIOCOOAMH.

Couemanusmu uz n 31eMEeHMO6 RO M HA3BIBAIOTCS BCEBO3MOXHBIE KOMOWHA-
[[MH 3JIEMEHTOB, OTIMYAIOIINECS PYT OT JAPYra TOJIBKO COCTaBOM 31eMeHTOB. OHU
paccMaTpPUBAIOTCS KAaK AJIEMEHTApHBIE MCXOMbI SKCIIEPHMEHTA, COCTOSIIETO B OfI-
HOBPEMEHHOM HEYIOPSIOYCHHOM BbIOOpE 63 BO3BpAICHHS M DJIEMEHTOB U3 71
Pa3INYHBIX 3IEMEHTOB, a uX obmiee uncno C,' omnpexensercs popMyIoi:

m n!

C, =———, rnen=1.2-3-..-(n-1)-n, Ol=1.
m(n—m)!

O6H1€e YHUCJIO DJIEMCHTAPHBIX MCXOA0B /1 JTAHHOI'O MCHBITAHUSA, OYCBUIHO, PaB-
HO YHUCITY BCCBO3MOKHBIX HCYHNOPAAOUYCHHBIX KOM6HHaHHI>i mo 4 apa U3 Haxons-

!
mmxcs B ypHe 11 mapos, T.e. uncny couerannii C 11 - Torma:
1 1 7+8-9-10-11
4 - - 0-11 _ 330.
4r11-4y 47t 1.2.3-4.7!

[Monmcunraem Temepb YHCIIO AJIEMEHTapHBIX ucxonoB m(A), m(B), m(C) Omaro-

i’l—Cll

MPUATHBIX COOBITUSAM A, B, C , COOTBETCTBEHHO.
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CoObiTHe A = {cpean YeTHIPEX BBHIHYTHIX HIAPOB - 2 0eJILIX} O3HAYAET, 4TO
Cpeiu BBIHYTHIX IIApoB — «2 Oe’bIX M 2 yepHbIX Imapay. CiemoBarenbHO, Oiaro-
MIPUSITHBIMU COOBITHIO A SBISIFOTCSI BCEBO3MOXKHBIE KOMOHMHAIMK 1o 4 1mapa (1aBa
OeNnbIX W JBa YepHBIX IIapa) u3 Haxomsmuxcs B ypHe 11 mapos. Ux gucno m(A4)

HalEM, MCTIONB3Ys TIPABUIO YMHOXEHUsS] KoMOMHATOpUKH. [IpencraBum st aTo-
ro BBIOOp YETHIPEX IIAPOB B BUAE JBYX IOCIEIOBATENHHO BBIMOIHIEMBIX JIEHCT-
BHI: cHayasia BBIOOp IBYX OEINBIX IIapoB U3 UMEIOMINXCS B YpHE 6 OeNbIX MapoB 1
3aTeM BBIOOp JBYX YEPHBIX MIAPOB U3 HMMEIONIMXCS B YpHE 5 4€pHbIX mapos. [lo-

6! 5! 150
ayanm: m(A) = C6 C5 =————=15-10=150. Torga: P(4)=——~0.455
2141 2131 330
CoObiTre B = {cpenu 4eTHIPEX BHIHYTHIX IIAPOB — HE DoJiee OHOTO 0eI0oro
1mapa} O3Ha4aeT, YTO CPEIH BBIHYTHIX IIApOB - WM «OIUH OEJBIA M TPU YEPHBIX
mapa», WIH «4eTblpe 4E€pHBIX Imapay. CienoBarenbHO, OnaronpHsTCTBYIONMMHA
COOBITHIO B SIBISAIOTCS BCEBO3MOXHBIE KOMOMHAIMU 1o 4 mapa (oquH OeJblid u
TPH YEPHBIX WM YETHIpE YEpHBIX MIapa) u3 Haxomsamuxcs B ypHe 11 mapos. Mx
guciao m(B) HaWAéM, UCTIONB3YS TPABUIA CIOKCHUS U YMHOXCHHS KOMOWHATO-
pukn. CHavaia, UCrosb3ysl MPAaBUIIO YMHOKEHHS KOMOWHATOPHKH, HAHIEM YUCIIO
crnocoboB  BbIOpaTh OOMH Oedblidi W TpH  YepHbIX mapa. [lomydum
1 ~3_ 60 51
Ce-Cs = 1151 3121 =6-10=60. 3areM, ucnonb3ys MPaBUIO YMHOXEHUS KOM-
OMHATOpPUKM, HaWAEM YHCIO cHocoOOB BHIOpaTh 4 4€pHBIX mapa. [lomydum
C ? = m =5. Tenepp, ucronb3ys MPaBUIIO CIOKEHHUST KOMOMHATOPUKH, HalIEM

yucino m(B) crocoOoB BEIOpaTh WM OAMH OENbINA M TpH YEPHBIX IIapa, WIN YEeThI-

pe uépHbix miapa. Ilomyaum m(A4) = Cé -C53 + C? =60+5=065. Tornma
P(B) _ 6 ~0.197.
330

CobOpiTie C = {cpeau 4eTHIPEX BHIHYTHIX IIAPOB-XOTA ObI OAMH OeJIbIi map }
OIpEeJIeIISIETCS CIIOBaMU «XOTs Obl ofMH...». IIpsiMoe pemieHue 3a1auu, yIuThIBas,
410 coObiTHe C O3HAYaeT, CPey BBIHYTHIX IIAPOB: WM «OIUH OENbIH U TPH 4ep-
HBIX IIapay, WIN «1Ba OEJbIX U JBa YEPHBIX IIapay, WIN «TPU OENBIX ¥ OAMH Yep-
HBIN IIap», WIN «YeThIpe OEJbIX Iapay, MPUBOIUT K IPOMO3JKUM BBIUYUCICHUSIM.

[MosToMy cHauana HaiEM BEpOSTHOCTH IPOTHUBOMIONIOXKHOTO coObITHs C ={cpenn
BBIHYTBIX YeTHIPEX MIAPOB HET HHU OHOTO 0esIoro mapa, T.e. Bee Haphbl — Yep-

m(C) _

upre}. Homyanm m(C)=C ? =5, torna P(C)= —— . 3arem mo opmy-
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e P(C)=1-P(C) HaWIEM BEPOSITHOCTh HCKOMOT'O COOBITHS:

2
P(C):l—izﬁzo.%s.
330 330
150 65 325
OrBer: LAY ; P(B)=——~0.197; P(C)=--=~0.985.
P(A) 330 0.455; P(B) 330 ©) 330

151-160. TpebGyeres:

a) HaliTH BEPOSTHOCTH YKa3aHHBIX COOBITHI, UCIIONB3YsS: hOpMYIbl CllodHceHuUsn U
VYMHOMCEHUA 8EPOAMHOCIEIL;

0) HAMTH BEPOSATHOCTH YKa3aHHOTO COOBITHS, UCTIONB3Ys hopmyay bepuyinu.

a) DK3aMCHAIMOHHAs CECCUSl COCTOUT M3 TPEX dK3aMeHOB. CTyINEHT OLICHUBAET
CBOM HIAHCHI YCIEIIHO CAATh K3aMEHBI CIEYIOUIUM 00pa30oM: BEPOSTHOCTh CHATh
nepBbIit 3x3amed - 0.8, BTopoit — 0.9, tpernii — 0.7. Haliti BepoaTHOCTH TOTO, YTO
CTYZIGHTOM OY/IyT yCHEUTHO CIAaHBI: «BCE TPH DK3aMEHa», IO KpaiHeil Mepe 1Ba
9K3aMeHa», «XOTs Obl OfMH 3K3amen». [Ipeamnonaraercs, 4To cpavya SK3aMEHOB —
HE3aBHCUMBIE COOBITHSL.

Crnootcnvim Ha3bIBAalOT COOBITHE, HAOMIOZaeMOe B 3KCIEPUMEHTE U BhIpaXkaeMoe
4epe3 Apyrue HaOIroJaeMble B TOM K€ SKCIEPUMEHTE COOBITHS C IOMOIIBIO JI0-
ITyCTUMBIX alreOpanyeckux onepanyii HajJ COOBITHUSIMH.

BeposiTHOCTD OCyIIECTBIIEHHS TOT'O WIIM HHOT'O CIIOXHOT'O COOBITHSI BEIYHCIISIETCS
C TIOMOILBIO POPMYI YMHOICEHUS. 6EPOSIMHOCTNEN:
1) P(A-B)=P(A)-P(B|A), P(4)>0;
2) P(A-B)= P(A)- P(B) (anst HE3aBUCHMBIX COOBITHIA)
U hopMyn crodcenus eposmHOCment:
3) P(A+B)=P(A)+ P(B)—-P(A-B);
4) P(A+ B)= P(A)+ P(B) (1 HECOBMECTHBIX COOBITHIA).

Cobbitist Au B Has3bIBaOT Hecoemecmuvimu, ecii A-B =& . HecoBMeCTHBIMU
COOBITUSIMHU SIBIISTIOTCS, HATIPUMEP, SIIEMEHTAPHBIC HCXOJIBI IKCIICPUMEHTA.

Cobbitisi A ¥ B, Ha3BIBAIOTCSA HE3a6UCUMbIMU, SCITH BBIIOIHACTCS PABEHCTBO
P(A|B)=P(A), B IPOTUBHOM CJIy4yae OHH Ha3bIBAIOTCA 3asucumvimu. Yacro,

HE3aBHCHUMOCTEL COOBITHIMA OMpPEACIACTCA YCIIOBUAMU IPOBECACHU A SKCIICPUMCHTA.

Jlis perieHus 3a71a4 ¢ MCIOJIB30BaHUEM (DOPMYJT CIIOXKEHUSI M YMHOXEHUSI BEPOSIT-
HOCTEH CIEIyeT:
1) paccMOTPETh «CII0XKHOE» COOBITHE, BEPOSITHOCTh KOTOPOT'O HY>KHO BBIYHCITHTH;
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2) BBIPA3UTh «CJIOXKHOC»H CO6I>ITI/Ie, MOoCPEACTBOM IOIMYCTUMBIX anre6pa1/1qe(:1<1/1x
OHepaHHﬁ, qepes Ha6J'IIOI[aeMBIe B TOM K€ OKCIICPUMECHTEC «IIPOCTHIC» CO6I>ITI/I$I,
BEPOATHOCTU KOTOPBIX U3BCCTHBI WJIN JICTKO OMNPEACIIAIOTCA U3 YCJ'IOBI/Iﬁ 3aJga4u,
Harpumep, 1o (bopMyne KIIACCUYECCKOI'0 ONPECACIICHNUSA BEPOATHOCTHU,

3) BBIYHCIIUTE BEPOATHOCTH «CJIIOKHOT0» COOBITHS C IIOMOIIIBIO (bOpMyJ'I CJIIOXKCHUA
1 YMHOKCHUA BepOHTHOCTeﬁ, Y4uUThIBas 3aBUCUMOCTb UJIKM HE3aBUCUMOCTDH, COBMEC-
CTHOCTB UJIM HECOBMECTHOCTh COCTABJIAIOIINX €0 COOBITHIA.

Pemenne.

PaccMotpum «cioxHbIe» COOBITHS: A = {CTYIEHT YCHENIHO CAACT BCe TPH IK-
3aMeHa}, B = {CTyJeHT yCHeNIHO CAACT MO KpaiiHeil Mepe aBa IK3aMeHa W3
Tpéx}, C = {CTydeHT yCNelIHo CAACT XOTs ObI OUH IK3aMeH U3 TpeX}.

BeIpasuM cHauana «cioxHbie» coObITHS A, B,C 4epe3 «IpocTbie» COOBITHS:

D; = {cTymeHT ycHmemHO CcOacT MHepBBI dK3aMeH}, D, = {CTyAEHT YCHEIIHO
clIacT BTOPOH 3K3aMeH}, D3 = {CTYJIEHT YCHENHO COAaCT TPETUii SK3aMeH}, BEpO-
ATHOCTH KOTOPBIX M3BECTHBI U paBHbl: P(D;)=0.8, P(D,)=09, P(D;)=0.7.
3arem BeramMcIuUM BepositHocTH P(A), P(B), P(C), ucnons3ys GopMysIbl CloXe-

HMS M YMHO)KEHMSI BEPOATHOCTEH, yUMTBIBAs IPU STOM 3aBUCHMMOCTH M HE3aBHCH-
MOCTb, COBMECTHOCTb M HECOBMECTHOCTb COCTaBIISFOIINX COOBITHIA.
CoOwiTve A mnpeactaBuMm B Buae A =Dy -D, -D;. Torna, yauTeiBas He3aBUCH-

MocTb coObITui Dy, D, , D3, 10 hopMyse yMHOKEHHUs BEPOATHOCTEH 17151 He3aBH-
CUMBIX coObITHi nonyunm: P(A) = P(D;)-P(D5)-P(D5)=0.8-0.9-0.7 =0.504.

CobwiTHe B 03HA4YacT, OUYCBUIHO, YTO CTYACHT CHACT HUJIKM BCC TPU 5K3aMCHA,
WJIM TOJIBKO JIIOOBIE JiBa dK3aMeHa U3 Tpex CrnenoBarenbHO:

B=D,-Dy-Dy+ Dy-Dy-Dy+Dy-Dy-Dy+D,-D,-Dy,
rae 51 ,52, 53 - COOBITHS, TMPOTHBOMNOJOXKHBIE K CcOObITHIM Dj,D,,Ds3:
51 = {CTYJICHT HE CIACT TIEPBHIA IK3aMEH}, 52 = {CTYJICHT HE CIaCT BTOPOH K-
3aMeH}, 53 = {CTy/IEHT HE CIIACT TPETHUH PK3aMECH}, BEPOSITHOCTH KOTOPHIX:
P(D;)=1-P(D;)=02, P(Dy)=1-P(D,)=0.1, P(D;)=1-P(D5)=0.3.
Torma, y4uTbIBas HECOBMECTHOCTh COOBITUH D ~52 ~53 . 51 D, ~53 .
51 ~52 - D3, ABNAIOMIUXCS 3J€MEHTAPHBIMU HCXOaMU 3KCIIEPHMEHTA (9K3aMeHa-

IIMOHHOM ceccuM), a TaKkKe HEe3aBUCHMMOCTh cobbithit Dy,D,, D5, Dy,D,,Ds,

UCTIONB3Ysl POPMYIIBI CIOXKEHUS (/17151 HECOBMECTHBIX COOBITHI) M YMHO)KEHHS Be-
POSITHOCTEH (JUTS HE3aBUCHMBIX COOBITHIN), TTOTyIHM:
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P(B)= P(Dy)-P(Dy)-P(D3)+ P(Dy)-P(Dy)-P(D3)+ P(D))-P(Dy)-P(D3)+
+P(D1)~P(D2)~P(53) =0.504+0.2-0.9-0.7+ 0.8-0.1-0.7+0.8-0.9-0.3=0.902

CobpiTie C , onpenenseMoe CIOBaMU «XOTsl Obl OAMH», 03HAYAET, YTO CTYAEHT
clacT WIX BCe TPU SK3aMEHA, WIM TOJBKO JIIOObIE [Ba dK3aMeHa U3 TPEX, WIU
TOJIBKO JTF00OH OnMH 3k3aMeH u3 TpéX. [IpsMoe BbIUKCIEHNE BEPOSTHOCTH JaHHO-
TO COOBITHS TIPUBOJUT K TPOMO3JAKAM BBIYHCIEHUSIM. [loaTOMY, CHavana Haiiném

BEPOSITHOCTh MPOTHBOIOIOKHOIO COOBITHS C ={CTYIEHT He CAACT HH OTHOIr0
JKk3amena}, npencrasisemoro B Buge C = Dj-D,-Dy. YuuTHBas HE3aBUCH-
MocTh cobbiTHil Dy, Dy, Dy, 110 (hOpMyJie YMHOKEHHs BEPOATHOCTEH /I HE3aBH-
cuMBIX coGbITHi momyuanm: P(C) = P(Bl )-P(Bz)-P(53) =0.2-0.1-0.3=0.006 .
Torma P(C)=1-P(C)=1-0.006=0.994 .

OtBet: P(A)=0.504, P(B)=0.902, P(C)=0.994.

0) B ypue 15 Genbix u 10 yepHbIX mapoB. M3 ypHBI BEIHUMAIOT HOAPS 5 MIAPOB,
MIPUYEM KaXKAbIA BBIHYTHIM IIap BO3BpAIIAlOT B ypHY Mepel M3BIICUYECHHEM Clle-
JIYIOIIIETo U IIaphl B YpHE IepeMelnBatoT. HaiiTu BeposTHOCTH TOrO, 4TO U3 MSTH
BBIHYTBIX [IAPOB OKaXKEeTCs He Oojiee IBYX OelbIX.

Cxemoti Bepnynnu Ha3bpIBalOT MOCIENOBATENIBHOCTh UCHBITAHUN, YAOBIETBOPSIO-
LIYI0 YCJIOBUSM: 1) pe3ynbTaToM KaXKJOrO HCIIBITAHUS SIBJISETCS OOUH U3 JBYX
BO3MOXKHBIX HCXOJIOB: «ycIiex» (IOSIBIIEHHE HEKOTOPOro coObITH A ) M «Heyda-
Yay; 2) UCHBITaHUS SBIISIOTCS HE3aBUCUMBIMH, T.€. BEPOSITHOCTh «YCIIEXa» B KaXK-
JIOM CIIETyIOIIEM HWCITBITAHUM HE 3aBHCHT OT PE3yJIbTaTOB HPEIBIAYIIUX HCIIBITa-
HUI; 3) BEpOSTHOCTH «ycIleXa» BO BCEX HCIBITAHUSAX OJMHAKOBA W paBHA

P(A)=p.
BeposarHocte P, (k) TOro, uTo B n MCHBITAaHUSAX MO cXeMe bepHynnu nponsoiaér
POBHO k «YCHIEXOBY», Onpenensercs gpopmynou bepuynu:

P, (k)=Ckp*(1-p)"*, k=0,1,2,...,n.
Cruencreuem ¢opmyisl Beprymm siBsiercst popmyna: P, (k>1)=1-(1-p)" -
BEPOATHOCTB TOTO, YTO B /1 UCIBITAHUAX MO cxeMe bepHyum «ycrex» HacTymnuT
XOTsI OBI OJTUH pas.

Jlns perenus 3a7a4 ¢ UcHoNb30BaHUueM (GopMyis! beprymnu cienyer:

1) ycTaHOBUTB, YTO AKCIIEPUMEHT IIpe/cTaBisieT coboli cxemy bepHyim (BeposT-
HOCTH COOBITHI, CBS3aHHBIX C TaKUM SKCIEPUMEHTOM, BCErJa MOXKHO BBIPA3UThH
gepe3 BepoATHOCTU P, (k) , Beraucnsemsle o popmyne beprynin);
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2) paccMOTpeTh coObITHE A , KOTOPOE€ MOXKET HACTYIUTh WIIM HE HACTYIHUTH B Ka-
KJIOM MICIIBITAHUH Y BBIYUCIIUTH €TI0 BEPOSITHOCTE p = P(A);

3) paccMoTperb coObITHE B , BEPOSTHOCTH KOTOPOT'O HY)KHO HaWTH U KOTOPOE CO-
CTOHT B TOM, 4TO COObITHE 4 B JaHHOM SKCIIEPUMEHTE MOSBIISIETCS ONpeeIEHHOe
YHCIIO pa3;

4) naiitu P(B), BBIpa3uB €€ mpenBapuTenbHO, Yyepes BeposiTHocTH P, (k) , BpIduc-

asieMble 1o opmyie Beprysmm.

Pemenne.

DKCIIEpUMEHT (TT0CIIe0BATEIbHBINA BHIOOD IISITH MAPOB U3 YPHBI C HEM3MEHHBIM
COCTaBOM HIAPOB) MPE/ICTaBISIET COOOH, 04eBUHO, cxeMy bepHymn.

Paccmotpum coObiTHEe A = {BBIHYTBIH M3 YpHBI IIap — Oe’blii}. ITO coObITHE
MIPOUCXOUT WM HE MPOMCXOAUT MPHU Ka)KAOM BBIOOpE IIapa U3 YpHBI C OXHON U
m(A) 15 3

25 5

Paccmotpum coObiTie B = {u3 IATH BBIHYTHIX M3 YPHBI IIApOB, OENbIX - HE 0O-
nee aByX}. Takum oOpa3oM, cOOBITHE B COCTOUT B TOM, YTO B JJAHHOM DKCIIEPH-
MeHTe coobiTne 4 mponsoiaér 0,1 wmm 2 pasa.

TOH K€ BEPOSITHOCTBIO p = P(A) =

Bripasum P(B) uepe3 P, (k) -BeposTHOCTH TOTO, UTO COOBITUE A B 71 HCIIBITa-
HUSX 10 cxeMe bepHynn npousoinér posHo k pas: P(B) = Ps(0)+ Ps(1)+ Ps(2) .

Beruncium BepositHocTn P, (k) 1o dopmyne beprynn:

0 5
P5(0)=C? @] [3] =1~1~%=0.01oz4,

5
1 4
2 1
P5(1)=c§.@] [E] =5%~6T65=0.0768,
2 3
Ps(z)zcg.[%] @] =10~2;’5~%=0.2304.

Torma P(B)=0.01024+0.0768+0.2304=0.31744~0.32.
OtBer: P(B)~0.32 - BepoATHOCTH TOI'O, YTO CPEOH IIATH BHIHYTHIX IIAPOB
OKaxxyTcs He 0ojee IByX O€JbIX LIapoB.

161-170. TpebyeTcss HalTH BEPOATHOCTH YKA3AHHOTO COOBITHS, MCIIONB3YS (hop-
MYIbl nOJHOU sepoamuocmu u baiteca.

B rpynme u3 20 cTyeHTOB, IPUIIEANINX CIaBaTh 3K3aMeH Mo « Teopuu BepoSaTHO-
cTeil», 3 cTyJeHTa MOJArOTOBJIEHbI HA «5», 5 —Ha «4», 8 —Ha «3» 14 — Ha «2». B
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9K3aMEHAIIMOHHBIX Omiierax umeercss 60 BompocoB. OTIMYHO MOATOTOBIICHHBIN
CTYJIEHT MOXXET OTBETUTh Ha Bce 60 BOMPOCOB, XOpoilo — Ha 45, yJAOBIETBOpH-
TenbHO — Ha 30 1 HeyzmoBneTrBopuTenbHO — Ha 20. Haynady BbI3BaHHBIA CTYAEHT
OTBETWJI Ha MPOU3BOJILHO 3aJJaHHBIH MpernoiaBareneM Borpoc. Hailtu BeposiTHOCTh
TOT0, YTO CTYJICHT OBLT MOATOTOBJICH HEYIOBJICTBOPUTEIHHO.

Jlost 1060T0 HABIIF0aEMOr0 B SKCIIEpUMEHTE COOBITHSI A MMeeT mecmo gopmyna nomno

n n
sepossmnocmu: P(A) = ZP(Hl- )P(A|H;), tne P(H;)>0, ZP(HI-) =1. 3nmech
i=1 i=1
H,,H,,...,H, - nabmonaemble jUIsi JJAHHOTO 9KCIEPUMEHTA COOBITHS, IONAPHO HECO-
BMECTHBIE U 00pPa3yIOIKe HOJIHYIO IPYIILY, TOILKO C OJHHM U3 KOTOPBIX COObITHE A IpO-
ucxonut. Takue cOOBITUS HA3BIBAIOT 2UNOMe3aMi 10 OTHOMIEHHIO K COOBITHIO A .
EciH cTajo H3BECTHO, YTO B PE3YNILTATE SKCIIEPUMEHTA COObITHE A IPOM30LLIO0, TO MOKHO

n

TIePEOLIeHATE anpuophble (Ooonsimubie) BepostrocTi P(H ;) rumores o gpopmyne Baiieca:
P(H;)-P(4| H;)
P(4)

BarOT TOraa anocmepuopHviMu (noczzeonblmnbmu) BEPOATHOCTAMU I'MIIOTE3 Hi .

, rne P(A)= Zn:P(Hl- )VP(A|H;). P(H;|A) nazbl-

i=1

P(H, | 4) =

Jlis pereHust 3a7a4 ¢ MCIOJb30BaHHEM (OPMYJ ITOJHON BeposiTHOCTH 1 balieca
clenyer:

1) paccmotperb coObITHE A , BEPOSTHOCTH KOTOPOTO HY>KHO HaTH 1 HAabOp rurmo-
te3 H,,H,,...,H, - Ha0II0J]aeMbIX B TOM K€ 3KCIEPUMEHTE COOBITUIH, ¢ OXHUM
13 KOTOPBIX COOBITHE A TIPOMCXONUT;

2) BBIYMCIIUTD BEPOATHOCTHU TUnoTe3 P(H;) u ycnoBHele BeposTHOcTH P(A|H;)

n

coOBITHS A , B TIPETIONOXKEHNH, YTO MeNa MecTo runore3a H;
3) o popmyre MONHON BeposiTHOCTH Haiitu P(A) u, ecmu 310 Tpedyercs 1o yc-

JOBWSIM 3a/aud, HaWth mo ¢opmyne baiieca amocreprnopHble BEpOSTHOCTH
P(H; | A), B npexmnonoxennn, 4ro codbite A B SKCIEPUMEHTE NPOHU3OIILIO.

Pemenne.

Paccmotrpum coObiTHe A4 = {Hayna4dy BbI3BAHHBIH CTYJ€HT OTBETHJI HA TPO-
W3BOJIBHO 3a/IaHHBIH Bompoc}. J[aHHOe COOBITHE, OYCBUIHO, MOXKET POH30UTH
TOJIBKO C OJHUM U3 CIEIYIOUIMX HECOBMECTHBIX coObITHH (rumores): H, = {Hay-

Jady BBI3BAHHBII CTyIEHT IOATrOTOBNIEH Ha «5»}, H, = {Haynauy BbI3BaHHBII
CTYZEHT TOATOTOBJIEH Ha «4»}, H; = {Haynauy BBI3BAHHBIH CTYJIEHT MOJATrOTOB-

neH Ha «3»}, H, = {Haynauy BbI3BaHHBIN CTYACHT MOATOTOBIECH Ha «2»}. U3 yc-

75




JIOBUSI 3aJla4y CJEIYeT, YTO B OKCIEepUMeHTe (crava sK3ameHa) coObiTHe A Tpo-
U30IUI0 U HEOOXOAUMO IEPEOLEHUTh BEPOSTHOCTb TUIOTE3bl H 4, ¢ yuéToM J0-
MTOJTHUTEIEHOW WH()OPMAITUH OTHOCHTEIBHO OCYIIECTBIICHUS coObiTHs A . Perre-
HHE TaKOH 3aJauu, CBOAUTCS K HaXOXJICHUI0 BepoaTHocTd P(H 4 | A) no popmyie

P(Hy4)-P(4] Hy) 5 ,
D , e P(4) = Z‘P(H,.) P(A|H;).

Beruncnnm, cHavana, ucmonbs3ys GopMyiTy KIACCHUECKOTo OIpEeIeHUs Bepo-
ATHOCTH, BepoATHocTH P(H;) rumores [; U YyCIOBHbIE BEPOATHOCTU

Baiieca: P(H4 | A) =

P(A4| H;)cobbitust A, B IPENONOKEHHH, YTO UMeJIa MECTO KaX/1asi U3 TUMOTE3:

H H
[«Hd):fﬂ_i22512015, [{Hz):fi_lzzfizogsj
20 n 20
m(H3) 8 m(Hy) _ 4 <
PH;))=—=—=04, PH;))=—"-=—=0.2, PH:)=1;
(H3) o (Hy)=— === 21 (H)
A|lH Al H
P(A|H )::Zfﬁ__L__lezfgzzzlj P(A|H )::ZfE_J__gllzszi::0,75,
! 60 2 n 60
Al H AlH 2
p(A|H3):M:£:0,5, p(A|H4):M:_OzO'33'

60 n 60
3arem, 110 (hopMyJie ITOTHOM BEPOSITHOCTH, BEIUUCTHM P(A):

4
3 60 5 45 8 30 4 20 725
P(A)=) P(H;)-P(A|H;) = =

——t——F——4—-—=——~0.60.
pary 20 60 20 60 20 60 20 60 1200

IMocne uero, no Gopmyne baiieca, Haiiném P(H, | A) :
4 20

P(Hy)-P(A|Hy) 20 60

P(Hy | A) = (Hy4)-P(A1H4) _ 20 60 _ 80 411,
P(A) 725 725
1200

OtBer: P(H,|A)~0.11- BeposTHOCTb, TOrO Ha 3aJaHHBII IperojaBaTeleM
BOIPOC OTBETHII CTY/ICHT MOATOTOBJIEHHBIH HEY/I0BJIETBOPHTEIHHO.

171-180. TIpousBoasaTcs mocnenoBaTeNbHbIE HE3aBUCUMBIEC UCIIBITAHUS MATH TpU-
60poB Ha HaJEKHOCTb. Kak/1plii cieqyromuii mpuOop MCIBITHIBACTCS TOIBKO B TOM
cirydae, eI MpebIYIHUN OKa3aJics HaIe)KHBIM. BeposiTHOCTh BBIIEpKATh MCTIBI-
TaHUs JUIS KaXIoro u3 npubopos pasHa 0.9. Tpebyercs: cOCTaBUThH 3aKOH pacrpe-
JIeTIeHNs] TUCKPETHOM CITydaiiHOW BeTMYMHBI X — YHCIIAa MCIBITAHHBIX MTPUOOPOB;
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MOCTPOUTH MHOTOYTOJILHHK MOMyYEHHOTO PACTIPECIICHHUS;, BHIYUCIUTD € MaTeMa-
tuueckoe oxuganue MX wu aucnepcuro DX .

3akon pacnpenenenus JJCB yno0HO 3a1aBath psiioM pacrpeneneHus. Psoom pac-
npeodenenuss JICB Ha3piBaloT TaONUIly, B KOTOPOH MEPEYNCIIEHBl BCE BO3MOXHBIE
3HAUEHUd X[, X,,... 3TOH CIyuyaliHO! BEIMYUHBI U COOTBETCTBYIOIINE UM BEPOST-

HOCTU Dy, Py, ....

Pemiennue.
Crnyualinas BemuunHa X — YHCJIO UCIBITAHHBIX MPHOOPOB, MOXKET, OYCBHUIHO,
NpUHUMATh 3HaueHus: 1,2,3,4,5. BplUUCIUM BEpOSTHOCTH JTHX 3HAUYEHUU

p; = P(X =x;), ucnione3ys HopMysbl CIOKEHHS U YMHOKEHHS BEPOSITHOCTEM.

I[J'IH BBIYHCJICHUA BepOHTHOCTeﬁ p; MOryr, B 3aBUCMMOCTH OT yCJ'IOBI/Iﬁ 3aJa4u,

WCIIONIb30BAThCsl TaKXkKe (POPMYJBI KIACCHYECKOTO OMNpEAETICHHS BEPOSTHOCTH H
Bepnyniu.

Paccmotpum coObiTHS  A; = {i -blii HCNBLITAHHBIH NPHOOP — HAAEKHBIN}
(i=123,4,5), BEepOsATHOCTb KOTOPBIX OAAMHAKOBA U paBHa P(4;)=0.9 . IIpotuso-
TIOJIOKHBIMH K COOBITUSIM A4; SIBIAIOTCA COOBITHSA ZI = {i -plii HCTIBITAHHBIA
NpuOOpP—HeHANEKHBII |, BEPOATHOCTH ux OJIMHAKOBA u paBHa
P(4;)=1-P(4;)=0.1.

Beipasum cobbitus X = x; , e x; €11, 2,3,4,5}, yepes coObITus A4; u ZI :
{(X=1= Zl = {MCIIBITBIBAJICS] OTUH NIPUOOP},

(X =2} =4 ~Zz = {UCIIBITHIBAJINCE JBa pubOpa},

{(X=3}=4,-4, ~Z3 = {MCIBITHIBAJINCH TPH Npubopa},

{(X=4=4,-4y 43 ~Z4 = {MCIBITHIBAIINCH YETHIpe pubopa},

(X =5/=4,-4y-A3- A4 '(ZS + As) = {MCTIBITBIBAINCh BCE MATh NPHUOOPOB}.

O‘IeBI/IZ[HO, BCC IIATH HpI/I60pOB 6yJ_'[yT HCIBITaAHBI TOJIBKO MNpPH YCJIOBUH, YTO IIEP-
BBIC YCTHIPEC OKa3aJIUChb HAACKHBIMU, MPHUICM OHHU 6y):[yT HCIBITAHBI TPpHU JIFOO0OM

HUCXOAL IATOIO UCIIBITAHUA: A5 nim A5 .

BeruniciuM  BeposTHOCTH p; = P(X =x;), ucnonb3ysd (OpMyabl yMHOXKEHHS
BepOHTHOCTeﬁ JUTA HE3aBUCUMBIX, IO YCIIOBUAM 3a/1avu, CO6I>ITI/II>1 Ai u ZI .
p1=P(X =1)=P(4)) =1-P(4) =01,
Py =P(X =2) = P(4) - A2) = P(4))-(1- P(45)) = 0.9-0.1=0.09,
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p3 = P(X =3)=P(4) - Ay - 43) = P(4])- P(43) (1= P(43)) = 0.9-0.9-0.1 = 0.081
ps=PX =d4)=P(d) Ay Ay - Ag) =

= P(4})- P(Ay)- P(43)- (1= P(44)) =0.9° -0.1=0.0729.
P35 = P(X =5)=P(A)- Ay - A3 Ay - (A5 + A5)) =

= P(A])P(Ay)P(43)P(44)P(As5 + A5) = 0.9%.1=0.6561.

Ecmu Ipyu BBIYUCIICHUN BepOHTHOCTeﬁ p; TPOU3BOIMUTCA OKPYIJICHMC HX 3HA4C-

HHﬁ, TO OKPYTJICHUEC BBINTOJIHACTCA TAKUM 06pa30M, YTOOBI Z Pi= 1.
i

Torna psin pacnpeneneHus JUCKPETHON ciy4yaiiHOM BeTMuuHbl X HMMEET BU;
x; |1 2 3 4 5

1

p; 10.1]0.09 |0.081|0.0729 | 0.6561

s HarmsaHOCTH 3akoH pacnpenernenus JJCB n3obpaxaror rpadudyeck, Ui 4ero
B IIPSIMOYT'OJIBHOM CHCTeMe KOOPAMHAT CTPOSAT TOUKH M ;(x;, p;) U COSIMHSAIOT UX
OTpe3KaMHu MpsAMbIX. [1oNy4eHHYI0 (QUTYpY U Ha3BIBAIOT MHO20Y2ONbHUKOM DPAC-
npeoenieHusl.

HOCTpOI/IM B HpHMoyFOHBHOﬁ CUCTCMC KOOpANHAT, MHOTI'OYT'OJIbHUK IMOJYYCHHO-
To pacupeacICHUs:

0.65

0.1; 0.9 0.08 [foo1

!
]
i
[
[
[
!
t

1 2 3 4 5

o

Mamemamuueckum odicuoanuem (CpeJHAM 3HAUCHWUEM) AMCKPETHOM CIy4alHOM

n
Benn4uHbl X HasbBaeTcsa 9ucio MX = Z Xip; =X\p1+XaPy +.. X, Dy
i=1

Brruncinum Matematuueckoe oxxuganue MX :

78



5
MX=le-pl- =1-0.1+2-0.09+3-0.081+ 4-0.0729+5-0.6561 = 4.0951~ 4.10 .
i=1

Jlucnepcueti cnyyaiinoti @enuuunvl X HA3bIBAETCS HEOTPHUIATEIBHOE YHUCIIO
DX =M(X -MX )2 Jucnepcuto nuckpeTHoW ciy4yaiiHOM BenWYMHBI X BBIYHC-
nsiroT 1o popmynam: DX = Z (x; —MX)2 p; nm DX = Z xl-zpl- —(MX)2 .

j i

1

Hucnepcuto DX Borumcnum 1o gopmyne DX = M (X 2 )—(MX )2 , The

5
MX?)=> 5 p; =12 01+2% 0,09+
i=1
2 2 2
+32.0.081+4%-0.0729+5% -0.6561 = 18.7579 ~ 18.76..
Torna DX ~18.76—(4.10)% =1.95 .
| 1] 2] 3 4 5

OtBet: | , MX ~4.10, DX ~1.95.
p; | 0.1]0.09]0.0810.0729 | 0.6561

181-190. Haiitn (yHKIUIO TIOTHOCTH BEpOSTHOCTEH f(x) HENMpPEepBIBHOW CITy-
yalHOU BEJIMYUHBI X, 3a/1aHHOM ¢byHKIIIEH pacnpenene-
0 x<1

(x2 -X) ..
Hust F(x)=q——— 1<x<2; BBYUCIUT, €€ MaTEeMaTHYECKOE OXKUJAHHE
1 x>2

MX , nucnepenro DX w Bepositnocts P(X € (5/4,3/2)) .

3aKoH pacrpe/ieicHUs] HEMPEPBHIBHOW CIyUaliHONH BEITUYMHBI YJOOHO 3a7aBaTh
(yHKIMEH TUTOTHOCTH BEPOATHOCTEH [ (X) - HEOTPUIIATEIIEHON W HHTETPUPYEMOM
B OECKOHEYHBIX Tpeenax GyHKIHeH.

@OyHKIMS IOTHOCTH BeposTHocTell f(x) B Toukax, rae F(x) muddepeHumpye-
Ma, ompejenseTcs paBeHCTBOM: f(x) = F'(x). B Toukax, rame F(x) ue audde-
peHipyema, f(x) ompenensiercss MPOU3BOIBHBIM 00pa3oM, 4Yalle BCero Io He-
TIPEPHIBHOCTH CJIEBA WIIN CIIPABa.

HenpepeiBHast pyHKums, 3a1aBaemMasi B 001aCTH CBOET'O ONPEIEIICHHs] HECKOIBKH-
MU aHAJTUTUYCCKAMHU BBIPOKCHHUSAMU, MOXET OKa3aThCs He muddepeHnupyemMoi B
TOYKaX, B OKPECTHOCTH KOTOPBIX OHA 3a7aéTCs pa3HBIMU aHATUTUYCCKUMHU BBIpa-
KCHUSMU.
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Pemenne.
Haiiném ¢yHKIMIO IUIOTHOCTH BeposTHOCTEH [ (X), KaK MPOU3BOJHYIO OT (pyHK-

0 x<1
(* - x) :
UK pacnpeneneHust F(x) = Ea— 1<x<2. Vuuremasg, uyro: (0)'=0
1 x>2
5 ' 0 x<1
x°—x 2x -1 2x-1
= , (D)'=0, noomyunm x)=
{ 5 ] 5 @ yd S(x) 5
0 x>2

B Toukax x=1 u x =2, ABISIOIUXCS KOHI[AMHU TPOMEXyTKa, rae f(x) >0, u B
KoTopbIX (yHKIMA F(x) HenmbdepeHmpyema, GYHKIMIO TTIOTHOCTH BEPOSITHO-
creir f(x), ONMpeeTIn TaKuM 00pa3oM, YTOOBI Ha KOHIIAX MPOMEXKYTKA OHA ObI-
JIa HETIPEePBIBHOM cripaBa (B TOUYKe x =1 ) u cieBa (B Touke x =2).

Mamemamuueckum odcudanuem HENPEPHIBHON CIydaiiHON BeMMUMHBI X Ha3bIBa-

+00
ercs uncino MX = J xf(x)dx .

—00

Brruncinum MatemaTuueckoe oxxuganue MX :

+00 1 2 (2)(—1) +00 2
MX:_[Xf(X)dX=J.x-de+_1|.x- 5 dx+£x-0dx=0+_ll.[x2—§]dx+0=

2
3 2
S B R I R B
345 3 4) 12

Jycnepcuio HeNMpepbIBHOW Cly4aifHOM Benn4rHbl X BBIYUCISIOT 110 (hopMyliam:

DX = jw (x—MX)? f(x)dx wm DX = jw x2 f(x)dx —(MX)? .

—00 —00

Hucnepcuto DX  Beuucaum mo  ¢dopmyne DX =M (X 2 )-(MX )2 , TIzae

M(X )—T)x f(x)dx—_[ 2 de+_[ 2 ( 5 _[ 2.0dx=
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_(16_ 8 ) (1_1)_31 ,se
4 6) 4 6) 12

Torna DX ~2.58(1.58)% ~0.08 .

J71st HenpephIBHOM CITy4aiiHOW BEIMYMHBI X CIpaBeInBa GopMysa:
PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

BepositHocts P(X € (5/4,3/2)) Bbrunciaum 1o opmyiie:

P(X €(5/4,3/2) = = [%]_F[%j:(xzz_x] _(xzz_xl
x=3/2

x=5/4

_G’-G/) -G T ix
2 2 32 7
0 x<1
2x—1
OTtBert: f(x)= 1<x<2, MX = 1.58, DX =0.08,
0 x>2

P(X e(5/4,3/2))~022.

191-200. a) /Tana BeiObOpka o0bema n =15 :

23 23 21 20 20 23 23 25 23 20 20 24 21 25 21

TpeOyercs: MOCTPOUTH BapUAIMOHHBIA M JUCKPETHBIH CTaTUCTUUECKHH PSIBI;

BBIUUCITMTL YUCJIOBBIE XAPAKTEPUCTUKM BBIOOPKH: X .., X, R (pasmax),

_ ~2
X (cpemnee apudmerndeckoe), O~ (JIUCHEPCHIO); TOCTPOUTH TOJIUTOH YACTOT.

Bapuayuonneim paoom BBIOOPKH X;,X,,...,X, Ha3bIBAae€TCs TaKOH crocob e 3a-
MTUCH, TP KOTOPOM 3JIEMEHTHI BHIOOPKH YIOPSIOYMBAIOTCS 110 BEIUYMHE, T.€. 3a-
[MCBIBAIOTCA B BHUAE  IOCIIEI0BATEILHOCTH X1)>X(2)ys-eesX(ny»  THE

X1y SX() S... <X, . PasHOCTB X, — X)) = R naspiBaercs pazmaxom evibopku.
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Pasnuynble 3HaueHus x;, i = L_k (k<n), HaswBaroTCA 6apuanmamu. Yucno n,
HOBTOPEHUH BapHAHTHI X; B BEIOOPKE HA3bIBAeTCA €€ 4acmomoi.

Huckpemuvim cmamucmuueckum psoom Ha3bIBACTCS YIOPSIOYCHHAS B MOPSIIKE
BO3pACTaHHs 3HAYEHHWI BapuUaHT X; IIOCIENOBATENBHOCTH map (X;,n;), i=1k.

OOBIYHO €ro 3aIUCHIBAIOT B BUJIC Ta6J'II/IHI>I, nepBasg CTOKa KOTOpOfI COACPIKUT Ba-
PHAHTHI X;, a BTOpas UX 4aCTOThI.

Tonueonom vacmom HasbiBaeTcsi QUrypa, pacrnojoKeHHas MOJ1 JIOMaHO! JIMHUEH ¢
BEpIIMHAMHU B Toukax M ;(x;,n;).

Pemenue.
[MocTpouM BapHAIMOHHBINA Ps BBIOOPKH, PACIIONIOXKUB JJIEMCHTHI BHIOODKH B
MOpsIJIKE BO3pacTaHus ux 3HadeHui. [lomyuum:

20 20 20 20 21 21 21 23 23 23 23 23 24 25 25

[MocTpouM MMCKPETHBINA CTATUCTHYCCKUM S ¥ 3AIHINEM €r0 B BUZC TAOJUIIBI, B
MIEPBOI CTPOKE KOTOPOU PACIONIOKHUM PA3JIMIHBIC 3HAUCHUS JICMEHTOB BRIOOPKH B
MOPSJIKE UX BO3pACTaHUs, @ BO BTOPON COOTBETCTBYIOIIKE UM 4acTOThl. [lomydum:

x .

7 120121(23(24 25
n; | 413 |5|1]2

1

Ecnu  BBIOOpKA 3amucaHa B BHJE JUCKPETHOrO CTATHCTHYECKOTO  psijia
k

, TIe an- =n, TO cpednee apupmemuyeckoe 8blOOPKU
i=1

X X1 Xy | | Xk

n;

nl n2 e nk

k

_ 1 5

X BBIYHCISIIOT 1O GopMylie X =— E x;n; , a oucnepcuio 6vibopxu O~ - 1o Gop-
i=l

1 <& P — 1 k
~2 —\2 =2 2 —\2
MylIam: o =—Z(x,. —-X)'n, umu 6- =x"—(X)", rae x? =—le-2nl- .
i=1 n<
= i=1
_ 5 — =2
BerupcnuM uMCIOBBIE XapPAaKTEPUCTHKH BBIOOPKM: X .., X, R, X, 0.
IMomyunm: Xmin =20, Xmax =25, R=x_ —x_=25-20=5,

S 1 332
X=— xm; =—(20-4+21-3+23-5+24-1+25.2)=""=~22.13,
ni 15 15
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[

~492.93,

k
—Z (202 4+21%.3+232.5+242% .1+252%. ) 7f94

§

6’ =x —()_c) ~492.93—(22.13)> ~492.93-489.74 =3.19 .
IMocTponM MONMIroH YacToT. sl ero MOCTPOECHHsSI B MPSIMOYTOJBHOW CHCTEMe
KOOpJIMHAT, B KOTOPOH MO OCH abCIHMCC OTKIAAbIBAIOTCS BAPUAHTBI Xj, TIO OCH

opAuMHAT — YacCTOThl 7n;, HayajlOo CHCTCMbI KOOPAMHAT COBMCIICHO C TOYKOI

(Xmin » 0) , u300pasum Touku M ;(x;,n;) U COCJIMHAM UX OTPE3KAMH.

t
) I !
20 2 25 24 25 T,
OtBet: BapuanmoHHsiil pan;
20 20 20 20 21 21 21 23 23 23 23 23 24 25 25

x; 2021232425

JIMCKpETHBIN CTaTUCTUYECKUM PSI:
n | 4135|112

=20, x.,, =25, R=5, x~22.13, 6> ~3.19.

0) [TomydeHs! qaHHBIC O conepkanuu Meau (B %) B 60 oOpasiax cruiasa:
Conepxanue Meau 52-56 | 56-60 | 60-64 | 64-68 | 68-72

Yucsio 06pa3uos cijiaBa 3 9 18 14 16
TpeOyeTcs: BBIYMCIUTH YHMCIIOBBIE XapaKTEPUCTUKH TPYIIHPOBAHHON BBIOOPKH:

R (pa3max), X (cpeaHee apu(h)METHUECKOE), G’ (mucniepcuro);

Xmin > *max >
MOCTPOUTH TUCTOTPAMMY YacTOT.
Ecnu  BhIOOpKa 3amucaHa B BHIE WHTEPBAIBHOIO CTATUCTHYECKOrO psijia
Ji [y [ Iy | | I k

, TIIe Z n; =n, T0 cpedHee apugmemuyeckoe 6b100PKU

n; np ny | Ny i=1

=

X BBIYUCIISAIOT IO POpMylie X =—

S

IR ~2
le-nl- , @ oucnepcuio gvloopku O~ - 1o (op-

&3




— k

Mynam: G- =—Z(x ~-X)’n, wm 6’ =x —(x) , e x> lz

n i=1 n i=1
cepeauHa HHTEpBana J; .
Pemenue.

BbraucauM 4YMCIOBBIE XAPAKTEPUCTHKH BBIOOPKH: X, Xpax » R, X, o’
Iomyanm: Xmin =52, Xmax =72, R=x, —x, =72-52=20,
k
- 1o~ 1
X=—Y %n =5~(54~3+58~9+62~18+66~14+7O~16)= 3844 64.07,
n

—_ k
x? =122i2n,- =61—0~(542 :3+582.94+622.18+66% -14+702 ~16)=
n-

_ 247600 412667,

62 = x> —(X)? ~4126.67 — (64.07)* ~4126.67—4104.96 =21.71 .

T'ucmoepammori yacmom Ha3bpIBaeTcs CTyleHYaTas (pUrypa, COCTAaBJIEHHAs U3 Ips-
MOYTOJIEHUKOB, IOCTPOECHHBIX Ha HHTEpBajlax TIPYNIUPOBKU TaK, YTO ILIOUIA]b

KaXxaoro npsAMoOyrojibHHKa paBHa 4aCToTe n,;, i= l, k. Ecou JUJIMHBI BCEX MHTCPBA-

n.
JIOB OAMHAKOBBI U PaABHbI h , TO BBICOTBI ITPAMOYTOJIbHUKOB PaBHbBI 71 .

Yacro, npu MOCTPOEHUH THCTOIPAaMM YacTOT 10 MHTEpPBalIaM PaBHOW JUIMHBI, BbI-
COTY NPSIMOYTOJIbHUKOB BBHIOMPAIOT PaBHOW YacToTe.

HOCTpOI/IM TUCTOIpaMMy 4acCTOT. Z[J'IH 9TOro B HpHMoyFOHBHOfI CUCTEME KOOpau-
HaT, B KOTOpOﬁ 10 OCH a6CHI/ICC OTKJIAABIBAOTCS MHTCPBAJIbI Ji , 10 OCH OpJAUHAT

— 4acTOTHl 71; , HAYAJIO CHCTEMbI KOOPIMHAT COBMEIIEHO C TOUKOH (X ;,,0), Ha

HUHTEpBaJIax Ji , KaK Ha OCHOBAHMSX, ITIOCTPOUM IIPAMOYT'OJIbHUKM BBICOTHI 77; .
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ILL‘
200 18

15t i
10 t g
513

6

5 56 60 64 68 12 Ji

OtBer: x,: =52, x... =72, R=20, x~64.07,6> ~21.71.

min

6.2. KpaTkue TeopeTnyeckue CBeIeHMsI.

Tema. HeonpeneJéHHblii HHTErpaJ.
Oynxuust F(x) HazbIBaeTcs nepeooopaznoil Uit yHKIMU f(X) Ha MPOMEXKYT-

ke X, ecmu F'(x)= f(x) st Bcex xe X . Oynkuust f(x) MOXET UMeTh pas-
JIMYHBIE IEPBOOOPA3HBIE, HO BCE OHU OTIHYAIOTCS JAPYT OT APYyra TOIBKO MOCTOSH-
HbIMHK ciaraeMbiMu. [loaTomMy Bce epBooOpasHbie st f(x) comepkarcsi B BbIpa-

xennn F(x)+C , tne C € R - nponu3BOJIbHAS [TOCTOSTHHAS, KOTOPOE M HA3bIBAETCS

Heonpedenénnovlm unmezpanom or GyHknuud f(x) u oOo3HAUAETCS '[ f(x)dx.

Takum 00pa3oM, IO OIPEACTICHUIO '[ f(x)dx=F(x)+C.

Omnepanust HaXOXJEHUs NEPBOOOPA3HON MM HEONPEAENEHHOrO MHTerpana oT
¢byHkmu  f(x) HaszpBaeTcs unmezpuposanuem 3toi GyHkimu. Oynkimus f(x)

JUIsS. KOTOPO# Ha MPOMEXYTKe X CyllecTByeT nepBooOpa3Hasi WM HEonpeaenEH-

HBII MHTETpall Ha3bIBACTCSI UHMezpupyemoli Ha 3ToM npomexyrke. [lepBoodpas-

Hasl ¥ HEONpeIACAEHHBIN HHTETpal HA MPOMEXYTKe X CYIIECTBYIOT Y JIFO0OH He-

MIPEPHIBHOM Ha 3TOM MpoMexyTke QyHKImu. HaxokaeHne HeonpeaenéHHOro HH-

Terpajia COCTOUT B TaKOM TPEOOpPa30BaHUU MOABIHTETPATHHOTO BHIPAKEHHS, YTO-

OBl TIOJTYYUTh UHTETPAJIBI U3 TAOJIHITBI OCHOBHBIX HHTETPAJIOB (npunodicerue 6.3).
OcHogHble ceoiicmea HeOnpeoenéHHO20 UHmMmezpana:

1. ([ f(x)dx)' = f(x). 2. j Fi(x)dx = f(x)+C.
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3. jkf(x)dx = kj F()dx (k=const,k£0).

4. [ (f) % g = [ f(0dx+ [ gy
1
5. Ecmn Jf(x)dx =F(x)+C,To Jf(ax+b)dx =—F(ax+b)+C, a+0.
a
OCHOBHBIMH METOJIAMH HUHTETPUPOBAHUS SIBJISIFOTCS: HEMIOCPEICTBEHHOE HHTET-
pUpOBaHHE, HHTEIPUPOBAHNE 3aMEHOMN [EPEMEHHOM M 10 YacTsIM.
Henocpedcmeennsim unmezpuposanuem (MHTCTPHPOBAHUEM MEMOOOM pA3-
noocenus) GyHKMM [ (x) Ha3BIBAIOT OTBHICKAHWE HEONpeNeNEHHOrO HHTerpana

'[ f(x)dx ¢ moMoupI0 TOXIECTBEHHBIX NPEOOpPa3OBaHHUN IOJBIHTErPAIBHOM

¢ynxmu  f(x), cBoicTB 3-4 HeonpeneNnEHHOro UHTErpaia U TabJIUIBI OCHOBHBIX
WHTETPajoB.

Yacro, 3aMeHON MEPEeMEHHOW WHTEIPUPOBAHUS X —> ¢, YNAETCsl CBECTH HaXOX-
JICHUE WHTETpaja '[ f(x)dx x HAXOXKICHUIO OOJIee MPOCTOrO HHTETPaia '[ g(dt ¢

MOCJEAYIONEeN 3aMEeHON ¢ — X .
CylecTBYIOT /IBa BAPHAHTA 3aMEHBI IEPEMEHHOM HHTETPUPOBAHHUS:
1) Memoo noosedenusn gpynkyuu noo 3nak ougpgepenyuana.
Ecnu noppiaTerpanbpHoe BeIpaxenue f(x)dx MOXeT ObITh 3aIMCaHO B BUJIE
S (x)dx = g(p(x))g'(x)dx = g(p(x))de(x) , tne ¢(x) - mddepenumpyemas GyHk-
IIUs, TO OCYIIECTBIIsAETCS 3amMeHa ¢(x)=¢. Torma

J £ = [ etotndo =lpto = A=[ ewar _ .

[Ipu noxeeneHnu QyHKIUN monM 3HAK audQepeHnrara MMUPOKO UCIONB3YIOTCI
cBolicTBa MU depeHmanoB u tadmuia auddepeHInaioB OCHOBHBIX 3JIEMEHTap-
HBIX (GYHKIMH (npurodcenue 6.3), B 4aCTHOCTH, TPe0Opa30BAHUSL:

dv=d(x+b) = Ld(ax+b): 1 v=2aix
a

N

xdx:ld(xz) =ld(x2 +b) =id(ax2 +b), a#0.
2 2 2a

2) Memoo noocmanosku.
Ecnu Gynkims x =y(f) muddepenmupyema u umeer obpathyio £ =y ' (x) Ha
COOTBETCTBYIOIEM MPOMEXKYTKE, TO CIPABEIUBO PABEHCTBO

x=y(1)

bty dt} = [ Fw oy (de =] g(r

j £ (x)dx {

t=y = 1(x)
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Oynkimsa x =y (¢f) nondupaercs TaKuM 00pa3oM, YTOOBI MOJBIHTEPATBLHOE BbI-
pakeHue MPUHSIO Oonee yMOOHBII sl MHTErpUpOBaHus BUI. Bribop e€ onpene-
JSIETCS KOHKPETHBIM BHJIOM MOJIBIHTETPAILHOTO BHIPAKCHHSI.

Ecmn u(x) u v(x) - nubdepenuupyemsle GYHKIMH, TO CIIPABEAINBA hopmyna
UHMEZPUPOBAHUA NO YACHAM:

Iu(x)v'(x)dx =u(x)v(x)— '[ v(x)u'(x)dx wmu KpaTko Judv =uv— '[ vdu .
Ota (QopMyna HCIONB3YeTCA B TEX CIAy4asX IS BBIYHCICHUS '[ f(x)dx, xorma
TIOABIHTETPAIEHOE BhIpaXKeHUe [ (X)dX MOXHO Tak MpEACTaBUTh B BUAE udv , 4To
HHTErpai Ivdu MOYKET OKa3aThCs MPOIIEe HHTErpaia Iudv .

DTUM METOZIOM BBIYUCISIOTCS: 1) HHTErpasbl BUIA Ix" cos(ax + B)dx

no: n_ox+p n_ox+f -

x" sin(ox + B)dx, | x"e dx, |x"a dx , mpu4éM B KadecTBe u(X) BBI-
Oupaercst x"; 2) WHTErpajbl, HObIHTErPaIbHas (QYHKIHSA KOTOPHIX CONEPXKUT B
KayecTBe MHOXUTENA OfHY U3 clenyoommx ¢yHkmui: Inx, log, x, arcsinx,

arccos x , arctgx , arcctgx , IpU4EéM B KadecTBe u(x) BBIOMpAeTcst OfHA U3 yKa-

3aHHBIX BBINIC (QYyHKIMH. YKa3aHHBIC TPYIITBI HHTETPAJIOB HE MCYCPIBIBAIOT BCEX
0€3 HCKITFOUCHUS HHTETPAJIOB, OSPYIIUXCS METOJAOM HHTETPUPOBAHUS 110 YACTSIM.
HNHTerpupoBaHue OCHOBHbIX KJIACCOB 3/J1€MEHTAPHBIX () YHKIMIA.

(Ax+ B)dx (Ax+ B)dx
Bbruncienre nHTErpagoB Braa > u J , BBIICISIS B
oax” + fx+y Jox? + r+y
KBaJIpaTHOM TpEXueHe ax? + fx+y HOJIHBIN KBaJpaT
2 2
oax? + fx+y = a[x +2£] +y —f— H Jienasi 3aMeHy TIepeMEHHON HHTerpupoBa-
a a

HUS X +2£ =1, CBOJAT K BBIYHMCIIEHUIO TaOIMYHBIX HHTEIPAJIOB (CM. npunodicenue
a

, KOTOPBIC CBOAAT K TaOJIUYHEIM

6.3) ¥ MHTETPAJIOB BUJIA J Lt u J. tdt
t*+a’? Vi? +a?

3aMEHOH nepeMeHHOoN t?+a’ =z .
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Brruncnenue HWHTETPAJIOB BHUJA J , JAcjiasg 3aMCHY Iepe-

dx
(px+q)\/00c2 + Px+y

. 1
MEHHOW MHTETPUPOBAHUSI —— =1, CBOAAT K BBIYHMCICHHIO WHTErpalioB, pac-
px+gq
CMOTPEHHBIX BHIIIE.
Payuonanwvnoii  0po6blo Ha3bIBaeTCs palMoHaibHas QyHKuuS R(x) Buaa

P,(x) byx"+...+b, x+b,

R(x) = . Ecniu m >n, T0 1pobb Henpasunvua,

0,(x) ayx"+..+a, x+a,
B IIPOTHBHOM ClIy4ae — npasuibhas. Besakyro HENIpaBUIIbHYIO IpoOb BCET/a MOXK-
Pm—(x-):Tmfn(x)'i-S[—(x-)ﬂ rne Tmfn(x)a S]()C) -
0, (%) 0,(x)
MHOTOWIEHB OT X, mpu4éM [<n. Bpigenenwe nenoil wactm (MHOrowieHa
T,_,(x)) B HempaBUILHON APOOH MPOM3BOAAT JEIEHUEM YHUCIUTENS HA 3HAMEHA-

HO TMpCACTaBUTL B BUIC

Tellb, BBIOJHIAEMOE «YronKom». Takum o0pa3oM, MHTErpupOBaHNE HENPaBHILHON
paluroHaIbHOM IpOOM CBOOWTCS K MHTETPUPOBAHUIO MHOTOWIEHA M IPaBHIBHON
panyoHaIBHOM JpooH.

WHTerpupoBaHue NMpaBmIbHON palioOHaIbHON JpOoOH OCHOBAHO Ha €€ MpecTaB-
4, Ay

ax+f’ (ax+p)f

JICHUU B BHUIC KOHEYHOMU CYMMbI HpOCTeﬁIHPIX z[p06e171 BuUaa

B 11X + Cl B kX +C k
2 ’ 2 k
ox” +Px+y  (ax” + Px+y)
HE UMeeT JIeHCTBUTENBHBIX KOpHEW. Bua 3Toro pasnoxeHus: onpenensercs pasio-
’KeHueM 3HameHatens (), (x) ApoOH Ha JMHEHHbIE U KBaJAPaTUYHbIE MHOXKUTENH

(k=2), (k= 2), mpuuém Tpéxuinen ax? + Px+y

(He UMeEIOIIHE ICHCTBUTENBHBIX KOPHEH).

KaxoMy JnHeiHOMY MHOXHTemo Buaa (ox+ ), rae k>1, B pasnoxeHun
COOTBETCTBYET cymma u3 k npoCTeHImX npobeit BUJIA

A A A
L4 2 +..+ E .

ax+f  (ax+pf) (ax+ B)
BHJIA (ooc2 + fx+ )/)k ,Tne k>1, B pa3joxKeHUH COOTBETCTBYET CyMMa U3 k Tpo-
Bix+C B,x+C B, x+C

1 (. 2 2 Ly k k

oo+ Bty (ol +Pe+r): (ot + P+ y)

Ka)KI[OMy KBaJpaTUIHOMY MHOXUTCIIO

cTedmmx apodeit Bua
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Hensgectnele nocrosinueie 4;, B;, C; B pa3noXKeHu MPaBUILHON PalliOHANb-
S;(x)

n
0eNéHHbIX KOIhpuuyuenmos. Iy 3T0ro NpaByro0 4acTh MUCKOMOTO Pa3fIOXKEHUs
NPHUBOAAT K 001IeMY 3HaMeHaTento (uM Oyzaer MHorouneH Q, (x) ), Mocie Yero y

HOH apobu B CyMMY IIPOCTEHIINX Apo0eil onpenensior memooom neonpe-

MOJYYUBIIETOCS B YHCIUTENE€ MHOTOWIEHA C HEU3BECTHBIMU IOCTOSHHBIMU U Y
MHOrouwsieHa S;(Xx) NpUPaBHUBAIOT KO3()(QUIUEHTHl NPH OJMHAKOBBIX CTENCHAX
x . B pe3ynmpTaTte mony4arT CHCTEMY JHHEHHBIX YPaBHCHHH, pelas KOTOPYIO Ha-
XOIAT HEMU3BECTHHIE NMOCTOsIHHBIE. MOXKHO Takxke onpenenars A4;, B;, C;, nox-
CTaBJIAsl B PaBEHCTBO, ITOJNy4eHHOE NpUpaBHUBaHMEM uuciurend S, (x) K 4uciu-
TENO JPpOOU ¢ HEW3BECTHBIMHU MMOCTOSHHBIMH, MOJTYYEHHOW MOCTE MPUBEICHHS
npocTeiux Apodeit k obuiemy 3HameHaTenmo (, (x) , BMECTO X HEKOTOpHIE CIie-
[UATEHO TOA00paHHbIe Yncia (OOBIYHO JCHCTBUTEIBHBIC KOPHH 3HAMCHATEIS
0,(x)) (memoo uacmuvix 3nauenuii). Yacto, MpU HAXOKIECHUU HEM3BECTHBIX
MTOCTOSIHHBIX, KOMOWHUPYIOT 00a crocooa.

WHrerpansl Buna IR(sin X,cos x)dx , Tne R -panmoHanbHasi (QYHKIUS OTHOCH-

TENIFHO apryMEHTOB Sin X W COS X , IPUBOASATCS K MHTErpajlaM Buja IRI (Hdt ,

rae R, (¢) -pauuoHanbHas (YHKIUS OTHOCUTEIBHO apryMeHTa ¢, C IOMOIIbIO
YHUGEpCanbroii mpuzonomempuyeckoii noocmanosku tg(x/2)=t. Ilpu >1om
UCTIONB3YIOTCS (DOPMYJIBI

2t 1-¢2 2dt

>, Cosx= > dx = -
1+1¢ 1+t 1+1¢

HpI/IMeHeHI/Ie yHHBepcaHBHOﬁ NOACTAaHOBKHU, MHOrJa MPUBOAUT K I'POMO3JIKHUM
BBIYUCJICHUSAM. B YaCTHBIX CJIy4dasX UCIOJb3YIOT MOJACTAHOBKU:

sin x =

1) cosx=t, ecnmu R(—sin x,cos x) = —R(sin x, cos x), mpu sToM: sinx=+1-72 |
dx=—dt/\/l—t2 ;

2) sinx=1¢, ecuu R(sin x,—cos x) = —R(sin x, cos x) , mpu 3TOM: cos x =/1—72 |

dx=dt/\/l—t2 :

3) tgx=t, ecim R(—sin x,—cos x) = R(sin x, cos x) WX R(sin x, cos x) = R, (tgx) , 1pH

JTOM: sinxzt/\/l+t2 , cosle/ 1+¢2 dx=dt/(l+tz);
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4) ctgx=t, ecnmu R(sinx,cos x) = R, (ctgx) , Ip1 3TOM dx = — dt/(l + 12) . 3necp R, -
panuoHaibHast GYHKIUS OTHOCUTEIBHO aPTYMEHTOB 12X , CIgX .

Wurterpainsl Buga Jsinzm axcos?" axdx, Tae m, n - LeNble HEOTPULATEIbHbIC
YKCIIA, BRIYKCIIAIOT, IPpeodpa3ys MOABIHTErPaIbHYI0 (DYHKIIMIO C TOMOIILI0 (op-
myst: sin? ax = (1—cos 20x)/2 , cos” aox = (1+cos 2ax) /2.

WuTerpansl Buga J sin ax cos fxdx , J sin oox sin Bxdx J COS ax cos Bxdx , BEIUUCISA-
0T, TIpeoOpa3yst MOJBIHTETPATBHYIO (YHKIUIO IO (hOPMYIIaM:

sin acos b = [sin(a — b) + sin(a + b)]/2 ;

sin a sinb =[cos(a — b) — cos(a + b)]/2 ;

cos acos b =[cos(a — b) + cos(a + b)]/2 .

WnterpupoBanue runepOoanYeckux (GYHKIMH aHAJIOTMYHO HHTETPUPOBAHHIO
TpuroHoMmerpuyaeckux Gpynkuuii. [Tpu sToM ucnons3yorest GopMyIsI:

h2x—1 h2x+1
ch*x—sh*x=1; shzxz%; chzxz%; sh2x =2shxchx .
m ny
WHTerpansl  Buma JR X, M " , M "2 ,...ldx, rTtme R -
w+0 w+0
paroHanbHast (QYHKIUS CBOUX ApPIYMEHTOB, Miy,Hy,Mly,H,,... -LEJIbIE YHCIA,

=tk , Tne k - HaUMEHBIIHWH 00-

BBIYHUCIIAKOTCA C IIOMOIIBIO ITOJCTaHOBKU S
X+

. . My My
IUid 3HAMEHATENb JApodeit —,——,....
o

Beruncienne  WHTErpajioB  BHIA J R (x,\/oocz +px+y)dx, Ttme R -
panroHanbHas (YHKIUS CBOMX apryMEHTOB, BBIICICHHEM IOJHOIO KBajapara B
KBaJIPATHOM TPEXUWICHE ax? + Px+y = a(x + [3/(201))2 +y—-p 2/(40:) U 3aMEHOM

x+ B/(2a) =t , cBOMUTCS K BHIMUCIIEHUIO MHTETPAIIOB BUJIA:

1) .[Rl (t,Na* —t*)de; 2) .[Rl (t,Na* +t*)de; 3) .[Rl (t,Nt* —a*)dt, rae

Rl - paiMOHaJIbHas (1)yHKHI/IH CBOUX apTYMCHTOB.

HOCJ’ICI[HI/IC HUHTCTpaibl, COOTBETCTBECHHO, C IOMOIIBIO TPUTOHOMETPUUCCKUX
nim I‘I/IHep6OJ'II/I‘IeCKI/IX IOACTAaHOBOK:

1)t=asinz wi t =a thz;
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2) t=atgz wiu t =ashz ;

3)t= WK t =a chz

oS z
TIPUBOAATCS. K MHTErpajaM BHUIA JRz (sin z,cos z)dz wm JRz (shz,chz)dz , tne

R2 - palMOHaJIbHas (1)yHKHI/IH CBOUX apTYMCHTOB

Tema. OnpeneéHHbIA HHTErpaJl.

K moHsTHIO OnpeieléHHOr0 HHTErpaia MOKHO NPUITH, pelas 3a1a4qy O BhIYKC-
JICHUM TUTONIA ¥ KPUBOJHHEHHOW Tpameyu, T.e. (QUIYphI, 3aKITIOYEHHON MEXITY
npsIMBIMH X =a, x=b, y=0 u xpuBodl y= f(x). YHucmo, paBHOE ILIONIA TN

KpUBOJIMHEWHOW Tpamneuuy, NpudyéM IUIOmAb TOH YacTH, KOTOpas JIEKUT BBILIE
ocu Ox OepéTcs CO 3HAKOM «+», H HIKE € — CO 3HAKOM « — » U HA3bIBACTCSI ON-

pedenénnvim unmezpanom ot Gyakuuu f(x) Ha otpeske [a,b]. OnpenenéHHbIH
b

UHTETpa 0003HAYACTCS I f(x)dx, tne uucna a,b HA3BIBAIOTCA HUNCHUM U
a

6epXHUM npedenamu UHMeZPUpPoBCaHus.

Oyakust y = f(x), A1 KOTOPOH Ha OTpe3ke [a,b] cymecTByeT ompeneiEHHbIN

HHTETpall, Ha3bIBACTCS UHMeZpUpyemoil Ha 3toM otpeske. Jocmamounvim ycio-

euem unmezpupyemocmu Gynkuuu y = f(x) Ha orpeske [a,b] sBusercs e€ He-

MPEPHIBHOCTH HA TAHHOM OTpE3KE.

Ecmu gynknus f(x) uaTerpupyema Ha [a,b], TO, IO ONPENEICHUIO, MTOJATatoT

a a b
J' F(x)dx=0, J' F(x)dx = — J' F(x)dx.
a b a
Ocnoeénuie ceoiicmea onpedeJlé'Huozo uUnmeszpaia:

b b
1. J' kf (x)dx =k J' f(x)dx (k = const) .
Z ’ b b
2. J' (f(x)+ g(x)) dx = J' F(x)dx + J' g(x0)dx.

3. if(x) dx =j f(x)dx+ ‘[i f(x)dx.
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b b
4.Ecmn f(x)< g(x) wa [a,b], 10 J' f(x)dx < J' g(x)dx.
a a
5. Ecnmu f(x) HempepbIBHA Ha oTpe3ke [a,b], m - HauMmeHbInee, M - HauOOIb-

b
miee 3HaueHus f(x) Ha [a,b], TO m(b—a)< I f(x)dx <M (b-a) (meopema 06
a
OUEHKe ONPeOeIéHHO20 UHMeZPana) .

6. Ecmu f(x) HempepbIBHa Ha OTpe3ke [a,b], TO cymiecTByeT Touka c €[a,b]
b
TaKasl, 4TO CIPaBE/JIMBO PABEHCTBO I f(x)dx=f(c)(b—a) (meopema o cpeonem

a

b
1
3nauenuu). Yucmo f(c) = = I f(x)dx Ha3BIBaETCS TPU STOM CPEOHUM 3HAUe-
—a
a

Huem QyHKIMH f(X) HENPEPBHIBHOM Ha OTpe3ke [a,b].

[NonsiTHe ompenenéHHOro WHTErpalia TECHO CBA3aHO C MOHATHEM HEOMpe/enéH-
HOT'0 UHTErpana (mepBooOpasHoOLL).

Ecmu ¢ynknus f(x) HempepblBHA Ha oTpe3ke [a,b] u F(x) - omHa u3 e€ mep-
BOOOPa3HbIX, TO CIPABEIUBO PABEHCTBO:

b
I f(x)dx=F (x)|z = F(b)—F(a) (¢popmyna Horomona-Jleiionuua).
a
CrenctBusivu popmyinsl HeroroHa-JleliOHUIIA SBISFOTCS (DOPMYIBI 3aMEHBI Iepe-
MEHHOH U HHTETPUPOBAHUS IO YACTSAM B ONpENeIEHHOM HHTErpale.
Ecmu dynaxumm u(x) m v(x) HenpepsBHO nuddepeHnupyemMsl Ha [a, b], To
b b
Iudv = u(x)v(x)|i - I vdu (¢popmyna unmezpuposanus no wacmam).
a a
Ecmu pynkius x = @(t) - HenipepsiBHO auddepeHupyema Ha otpeske [a, f] u
¢byuakmus f(x) HempepbiBHA Ha otpeske [c,d]D[a,b], tne a=@(a), b=e(B)
([c,d] -obpa3 otpes3ka [a, B], T.e. OTpe30K it KOoToporo ¢ < ¢(t) < d mpu Bcex
a<t<p), 1o

b B
I f(x)dx = I f(p@)p'(t)dt (popmyna 3amenst nepemennoir).
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[Tpu 3aMeHe mepeMeHHOH B OIpeAENEHHOM MHTErpaje B OTIMYHME OT BHIYMCIICHHUS
HEOnpeeN€HHOr0 He HY)KHO BO3BpAIaThCs K MCXOJHOMY apryMEHTY, TaK Kak
IpeoOpa30BaHHbIA ONpeAENEHHbIH HHTErpai OepETcs Mo TOMY OTPE3KY, MO KOTO-
POMY M3MEHSETCS] HOBBII apryMeHT.

[Ipy BBIYMCIIEHWW HeONpeaeNi€HHOrO0 HMHTErpaia Mo yMOJYaHHIO Mpenoliara-
JIOCh, YTO NEPBOOOpa3Has HAXOJWTCS Ha TE€X MPOMEXYTKaX, Ha KOTOPBIX BHINOJ-
HsieMbIe TIPe0Opa30BaHMsl ITOABIHTETPAILHON (DYHKIMH SBISIFOTCSI TOXK/IECTBEHHBI-
Mu. [Ipy BBIUUCIEHHH K€ ONPEAENEHHOr0 MHTETpaia MepBooOpa3Hasi HaXOAUTCS
Ha 3aJIJaHHOM OTpE3Ke, II09TOMY 37eCh YK€ HEOOXOANMO CIIEIUTh 32 TOXKIIECTBEH-
HOCTBIO BBITIOHSIEMBIX IPE00pa3oBaHuii.

I'eomeTpHuyecKkne NPUI0KEHHUS ONPe/IeJEHHOTO0 MHTErpaJia.

IMnomans durypst (puc.l) a<x<b, fi(x)<y < f,(x) paBHa

b
S =[ (20 ().
IMnomans durypst (puc.2) g, (y; <x<g,(y), c£y<d paBHa

d
S =[(8:(0)-g1 )y

o

AN

1 p.
V9=
'

Puc.1 Puc.2
Ecmu ¢urypa (puc.3) orpaHndeHa KpuBOH, 3aJJaHHON MMapaMeTPUICCKUMU ypaB-

HeHusIMH X =Xx(f), y = y(t), npsAMBIMH X =a , x =b # ocblo Ox, TO €€ IUIOIAab
)
paBHa S = J y(O)x'(t)dt, rne t; u t, OUpemENAIOTCS W3 ypaBHeHH# x(¢)=a,
4
x(t,)=b (y(t) =20 Ha otpe3ke [t,,¢,] ).
ITnomanp kxpuBonuHeitHoro cexkropa (puc.4) a << f, r(p)<r<r,(p), rae

B
7,@ - TIOJSIPHBIE KOOPAWHATHI, paBHa S = % J (1"22 (p)— rlz (p)do .
a
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Puc.3 Puc.4
Jmiaa myru totockoit kpuBoi y = f(x), a < x<b paBHa

L:},/H(y;,)z dx .

JnuHa tyru miockoi KpUBOH, 3alaHHOM MapaMeTpUYeCKUMU YpaBHEHUAMU

)
x=x(t),y= (), t, <t<ty, pasma L= [(x))> +(y))* dt .
n

JlnuHa Tyryu NpOCTPAHCTBEHHOH KPHBOM, 3aIaHHOM MapaMeTpUYECKUMH ypaBHe-
HuaMH x =x(¢), y=y(¢), z=z(t), t; <t<t,, paBHa:

5}
r\2 r\2 r\2
L= D)2+ +GD? dr.
ul
Z[J'II/IHa Ayru TUTOCKOH KpHBOﬁ, 3a£[aHHOI>i B MOJIIPHBIX KOOPpAUWHATAX YPABHCHUEM

B
r=r(p), a <p<f, paBHa L:J‘Jr2 +(r(/'))2 do.
a

Ecmn S = S(z) - miomanp cedeHus Tena miocKoCThI0, MEPIEHANKYIISIPHON K OCH
b
Oz , B TOUKE C alIUIMKaTOl Z , TO 00BEM 3TOro Tena paBeH V = JS(z)dz ,TIe a u
a
b - anmIMKaThl KpalWHUX CEYEHUH Tema.
OO0béM Tena, oOpa3OBAaHHOIO BpalleHHEM BOKPYT ocu Ox IUIOCKOW (HTypHI

b
(puc.5) a<x<b, 0< f,(x)<y< f,(x) pasen V, =;zj[f22 (x) - f2(x)]dx.

94



OO6béM Tema, 0Opa3OBaHHOIO BpANIEHHEM BOKPYr ocH Oy INIOCKOH (UIypHI

d
(puc.6) 0< g () <x<gy(»),c<y<d,pasen V, =x[[g}(»)-g (»)]dy.
O0BéM Tema, 0Opa30BaHHOTO BpalllcHWEM BOKPYr ocu Oy ¢urypsl (puc.7)

b
0<a<x<b,0<fi(x)<y<f,(x), paBen V, =2ﬂjx[f2(x)—ﬁ(x)]dx.

]
L
i 8
/ *® N
- p L 0] = sx
; 0 &:U ~-at---f —
Puc.5 Puc.6

Tema. HecoOCTBeHHBbIE HHTEIPAJILI.
1. UHTerpansl ¢ 6ecCKOHEeYHBIMH NpeAeIaMH.

Ecmu ¢pyakims y = f(x) uaTEerpUpyeMa Ha OTpe3ke [a,b], To HecodcmeenHbiM
UHmMezPanom nepeozo pooa or PyHkmu f(x) HA MPOMEKYTKE [a,+00) Ha3bIBa-

b +00 +00 b
erca lim j f(x)dx u obosnauaercs j F(x)dx, Tee. j f(x)dx= lim j F(x)dx .
b—+0 b—>+w

b b
AHaNOru4Ho: J f(x)dx= lim J f(x)dx.
a——o

—00
Ecnu npenen cymiecTByeT U KOHEUEH, TO HECOOCTBEHHBIN HHTETPAl Ha3bIBACTCS

CcX00aMUMCA, B IPOTUBHOM CITy4ae — PACXO0OAUUMCA.
+00

HecoOcTBeHHbII HHTETpa J f(x)dx onpeensiercsi paBEHCTBOM:

—00

+00 [ +00
J f(x)dx = J f(x)dx + J f(x)dx , e ¢ € R - NpOU3BOIIBHOE YHCIIO, TPUIEM HH-

TErpal B JICBOW YaCTH PAaBEHCTBA CXOIUTCS, CCIIM CXOAATCS 00a MHTErpaja B mpa-
BOI1 4acTH.

2. UHTerpasbl 0T HEOrPAHMYEHHBIX (DYHKIUH.
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Ecmn ¢ynkmus y = f(x) uHTerpupyema nmpu a<x<b m lim f(x)=o0, TO
x—>b-0

HecoOcmeenHbiM uUHmMezpanom emopozo pooa or ¢yHkmuA f(x) Ha OTpe3Ke

b—¢ b
[a,b] Ha3bIBACTCS lim J f(x)dx u o0o3HauaeTcs J f(x)dx,
e—>+0
a a
b b—¢
T.C. J f(x)dx= lim J f(x)dx. Amnanormuno, B ciysae a<x<b Wu
a e—>+0 g

b b
lim f(x) = oo : j f(x)dx = lim j F(x)dx.
x—¢ e—>+0
a a+e
Ecnu nipenen cymiecTByeT M KOHEUEH, TO HECOOCTBEHHBIN HHTETPal Ha3bIBACTCS
CX00AWUMC, B TIDOTUBHOM CITYYae — PACXO0OAUUMCA.

Tema. KpaTHble HHTErpaJbl
3aMkHYyTYI0 O0bOmacte D = {(x, y)ia<x<b, g (x)<y<e, (x)}, rae QyHKIUH
®,(x), @,(x) - HePepHIBHBI U 331aHBI OJJHUM aHAJTUTUYECKHM BEIPKCHHEM HA

otpeske [a,b], Oyaem Ha3bIBaTh 1emeHmapHol ¢ nanpasienuu ocu Oy ¥ 0060-
3Hauate D, (puc.8).

3aMkHyTYIO 0Omacte D = {(x, Vv (M<x2Zy,(»),c<y< d}, rae GyHKIUH
w,(»), ¥,(y) - HEPEePHIBHBI U 33AHEI OJJHAM aHAIUTHYCCKUM BBIPKCHHEM Ha
otpeske [c,d], OyleM Ha3bIBaTh y1eMeHmapHoll 6 Hanpagienuu ocu Ox 1 000-

3Ha4yath D, (puc.9).

L

T | —7

Puc.8 Puc.9
OO6nacTb, dJIeMEHTapHAsT B HAIMIPABIICHUU OJTHOM W3 OCei, He 00s3aHa OBITH dJie-
MEHTapHON B HampaBJIEHUH IPYTOH.
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b ‘/’z(x)
Beipaxenue de J f(x,y)dy Ha3bIBaeTCs nNOGMOPHBIM UHMEZPAIOM OT
a 9 (x)
d Vo)
ynkunn f(x,y) no obnacmu D, , a BoipaxeHue de J f(x, y)dx HaszpBaercs
¢y
noemopHvimM unmezpanom ot Gynkuun f(x,y) no oénacmu D, .

B MOBTOpHBIX MHTErpajiaX CHavajaa BRIYUCISIOTCS BHYTPEHHHUE WHTETPAbl, IPU-
4éM WHTETPUPOBAHHUE MPOU3BOJMUTCS IO BHYTPEHHEHW TNEPEMEHHOM, a BHEITHSSA
MIEpEMEHHAST CUUTACTCS TIOCTOSHHON. B pe3ynpTare MONMy4YHTCS TOABIHTErpATbHAS
(G yHKIUS IS BHEIITHETO MHTETPalia, MHTETPUPYS. KOTOPYIO MOYIUM YHUCIIO.

b Pr(x) d Vo)

HNmeer MecTo  paBEHCTBO de J f(x,y)dy :de J f(x,y)dx, ecmu
a ? (x) c l//l()/)

D=D,= Dy . Eciu D He sBisieTcss MHOXKECTBOM TaKOrO BHJA, TO MPU U3MEHE-

HUH TIOPSAIKA MHTETPUPOBAHMS, €€ TIPEICTABIISIIOT B BH/IE KOHEYHOTO O0ObEIMHEHHS
k

HerepeceKaronmxcs (6e3 oOIMX BHYTPEHHHX Touek) obnacteit D= U D, , Kax-
i=1

Jlasi U3 KOTOPBIX SBJISICTCS JICMEHTAPHOW B HATIPABJICHUU TOH WU JPYTOH KOOp-
JMUHATHOW och. Torna B CHTy aJUINTUBHOCTHU TIOBTOPHEIN HHTErpa mo odonactu D
OyZeT paBeH CyMMe IIOBTOPHBIX UHTErpasioB 1o obnactam D,,D,,...,D; .

k

[Mpencrapnenue odnactu D B Bune D = ul D, , 4acTo cyIIecTBEHHO yIpomaeT-
i-

sl IpH M300pakeHn obnact D Ha uepTexe.
/Jleoiinvim unmezpanom ot HenpepslBHOW QyHKIMU f(x,y) TO OrpaHMYEHHON

3aMKHy1“OI71 obOnacTH D HAa3bIBACTCsA qucio
[[rpddy=lim B¥ fCvy)AAy; e Ak =3, -,
D max ij—>0 b

Ay; =y —y; U CYMMUPOBaHHE BEAETCS M0 TEM 3HAYEHUAM i M j, JUIi KOTO-
poix (x;,y;)eD.

JBoiino# unTerpan no obnactu D = D, Bbruucnsercs no Gpopmyie

b (x)
[[ e yydxay = | dxmj £ )y
D a  p(x)

JIBoiiHoit unTerpan no oonactu D = D . Bbruncisercs no popmyse
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d v
jjf(x dvdy = [dy [ f(x,y)dx.
¢y
Eciu D He sBIsieTCS MHOXXECTBOM TaKOro BHAA, TO €€ MPEICTABISIOT B BHIC
o0beIMHEHUST Hemepecekatonmxcs (0e3 oOIUX BHYTPEHHUX TOYEK) oOjacTeit

D=uv Di , KaXJ1asd U3 KOTOPBIX ABJIACTCA SHGMGHTapHOﬁ B HallpaBJICHUU TOMW WMIIH
i=1

I[pyFOﬁ ocH. Pa3bueHne 3aBHCUT OT JKEIaeMOro nopsaka pacCTaHOBKU MNPEACIIOB
HUHTCETpUPOBAHUS. Torna B cuiny a):[):[I/ITI/IBHOCTI/I JIBOWHOT'O HUHTETpaIa

jjf(x Ddsdy=Y [[ £ Cx y)dxay

i=l D;
HpI/I nepexoae B I[BOfIHOM HUHTETpAJIC OT NPAMOYTOJIbHBIX KOOPAWHAT (x, y) K
NOJIAPHBIM KOOpAWHATaAM (}’, (0) , CBA3aHHBIM C NPAMOYT'OJbHBIMHU KOOpAWHATAMU

COOTHONICHUSIMH X =FrCOSQ , y=rsin@, UMeeT Mecto  ¢opmyna

J:[ f(x,y)dxdy = ﬂ f(rcos,rsin@)rdrdp , tne D* - 061acTh UHTErpPUPOBAHUS
D D*
B IUIOCKOCTH TIEPEMEHHBIX (@ H 7.

Ecmu obmacte D™ umeer Bux D* ={(@,r):a <o < B, r(9)<r<r(p)}, rae

byakuuu 7 (@), 7,(p) - HEIPEPBIBHBI U 3a/laHbl OJHUM aHATUTUYECKUM BBIpaxKe-

HHEM Ha oOTpe3ke [a,fB], TO [BOWHOW WHTErpal ﬂ filo,r)rdrde , tne
o

fileo,r) = f(rcos go, rsin @), BBIUUCIIAETCS o dopmyne
1(9)

ﬂ filo,r)rdrde = J. do J. fi(@,r)rdr . Eciu obnacte unTerpupoBanus D He

D" a  n(

MIPUHAUISKUT K PACCMOTPEHHOMY BHJy, TO €€ pa3OMBAarOT HA YacTH, KaKaas u3

KOTOPBIX SIBJISETCSl 00JIACThIO TAHHOTO BHJIA.

ITnowaow oonacmu D Brraucnsercs no gopmyne S, =J dxdy . Tlpu nepexo-
D
Ji¢ B IBOWHOM HHTErpaje OT MPSIMOYTOJbHBIX KOOpAUHAT (X, ) K MOJSPHBIM KO-

opauHataMm (7, ), UMeeT MecTo dopmyna S, = ﬂ rdrdp, tne D" - obnacTb

5

D
HUHTETPUPOBAHUS B INIOCKOCTU IICPEMECHHBIX @ U F .
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Cpeonee 3nauenue nenpepolenoil pyuxkuyuu [ (x,y) 6 obnracmu D BbrYuCHIICT-
1
cst o popmyne f,, = S_H f(x,y)dxdy .
b p

00vém U yununopouda, OrpaHIYEHHOrO CBEPXY HENPEPHIBHON NMOBEPXHOCTHIO
z= f(x,y), CHA3Y IDIOCKOCTBbI0O z =0 W C OOKOB MpSMOHN IMIMHAPHIECKOH I10-
BEPXHOCTBIO, BhIpe3aroliel Ha rmiockocth Oxy oOmactb D, BBMHCIAETCS I10

dopmyne U= ﬂ f(x,y)dxdy . Tlpu nepexone B JBOHHOM HHTErpajie OT MPSIMO-
D
YrOJbHBIX KOOpPAWHAT (X, y) K IMOJSPHBIM KOOpAWHATaM (7, ), UMEET MECTO

¢dopmyna U = ﬂ f(rcoso,rsing)rdrdp, tne D* - o6nacTb MHTErPUPOBaHMS B

D
IIJIOCKOCTH NTEPEMECHHBIX @ U 7.

Tema. /luddepeHnnanbuble YPABHEHUS NEPBOro Nopsika.
VYpasuenue Buna F(x,y,y")=0, rme y = y(x) - uckomas QyHKIIHS, HA3bIBACTCS

00bIKHOBEHHbIM Oudepenyuanvuvim ypasHenuem nepeozo nopaoka. OyHxkuus
¥ =¢@(x), obpamiaromias ypaBHEHHE B TOX/IECTBO, Ha3bIBACTCS peuteHuem ypas-
HeHus, a rpaduk 3Toi QYHKIUM — ukmezpanvhoi Kpueoii. Ecin penienue ypas-
HeHus 3a7aHo B HesBHOM Buae P(x,y)=0, To OHO OOBIYHO HA3BIBACTCS UHMIE-

epanom ypasHenus. [Ipomecc HaxXOXXIEHUs pelleHUH Ha3bIBACTCS UHMEZPUPOsa-
Huem ougepenyuanvbHoz0 ypasHeHuA.

VYpaBuenue Buna y' = f(x,y),rne f(x,y)- 3amaHHas QyHKIHS EPEMEHHBIX X
u y, HaswiBaercs JY nepeozo nopsaoka, pa3zpeuénnolm OMHOCUMENbHO RPOU3-
6o0noii. Oty Gopmy 3ammcu Y HA3BIBAIOT HOPMAABbHOU. YUUTHIBAas, YTO
y'=dy/dx, 1Y mepBoro mopska, paspemiéHHOE OTHOCUTENHLHO MPOM3BOHOM,
MOXXHO BCeraa 3ammMcaTthb B oughghepenyuanvuon copme:
P(x, y)dx+QO(x,y)dy=0, tne P(x,y) u Q(x,y) - 3anaHHple (YHKIUH TEpe-
MEHHBIX X U .

VYenosue y(xy)=y,, TOe X,, V,-33JaHHbIC UMCIA, HA3BIBAETCS HAUATLHLIM
ycnosuem. 3ajada HaXOXKJICHUS peUIeHHs ypaBHeHus V' = f(x,)), YyIOBIETBO-
PSIOIIET0 3a/laHHOMY HAayajbHOMY YCIOBHIO J(X,)=y,, Ha3blBacTCs 3adaueil
Kowu.

Obwum pewenuem JIY mepBoro mopsjaka HaspiBaercs pemienue y = @(x,C),
3aBHUCALIEe OT OJHOM MPOM3BOIBHOM HOCTOSHHOW C, Takoe, U3 KOTOPOro INpHU
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HaJIeKalieM BeiOOpe 3HaueHus nocTosHHON C = C, MOXXHO MONYYUTh PELICHNE
y=¢(x,C,), ylOBIEeTBOpsIOIIEE 3aJaHHOMY HAadallbHOMY YCIOBHIO J(X,) =Y.
Ob6mee pemieHne, 3aganHoe B HessBHOM Buje D(x, y,C) =0, Ha3bIBaeTCS 00uyum

UHMeZPaAnoM ypaBHEHHS.
Yacmueim pewenuem JIY TIepBOro TOpsIKAa HA3bIBACTCS  pELICHUE
y=¢(x,C,), nonydaeMoe U3 OOLIEr0 NpPHU KOHKPETHOM 3HAYEHHU NOCTOSHHOM

C=C, (mpu 3ToM He HCKIOUYalOTcs U 3HaueHus C =zxoo ). YacTHoe pelenue,

3afaHHoe B HesBHOM Bune P(x,y,Cy) =0, Ha3pIBACTCS YACHIHBIM UHMEZPATIOM

YpaBHEHHUS.

Pemenne 1Y nepBoro mopsijika, B KaXkJ0i TOYKE KOTOPOro HapyILIAeTCsl AUHCT-
BEHHOCTH penieHust 3agaun Komm, HazeiBaeTcs: ocodsim. Ocoboe pereHne He co-
JepxKuTcs B hopMye oOIIero pelieHuss HU MPH KaKOM YHCIIOBOM 3HAYECHHH MPO-
W3BOJIBHOW TIOCTOSIHHOM, BKITtoUass C = +oo . Ocoboe pernieHrne Bceraa MOXXHO 00-
Hapy)XHUTh B MPOIIECCE ITOCTPOEHHS 00IIero pemieHus (00Iero HHTerpana) JaHHO-
ro IY. OT1o Te pemieHunsi, KOTOpPbIE MOTYT OBITH YTEPSIHBI NPH IPeoOpa3oBaHUIX
JTAHHOTO yYpaBHEHUS, TIEPEBOISINNX 3TO YpaBHEHHE B €ro olImee penieHue (00
UHTETpa).

AY Buma P(x)dx+ Q(y)dy =0 Ha3pIBaeTcs ypaBHEHHEM C PA30eAEHHbIMU He-

pemennsimu. Ero oOnmii MHTErpai UMeeT BUIT IP(x)dx + '[ Oy)dy=C.

AY Buma y'= f(x)g(y) wm P (x)Q,(¥)dx+ P, (x)0,(y)dy =0 Ha3bmBaercs

YPaBHEHUEM C pazoensalouiumuca nepemeHnvimu. Ero uHTErpupoBaHue, myTéM
JeneHus odeux uyactell ypaBHenus Ha g(y) wm Q,(»)- P, (x), cBoxurca (¢ yué-

ToM y'=dy/dx ) K HHTErPUPOBAHNIO YPABHEHUS C Pa3/IeEHHBIMU TIEDEMEHHBIMA.
[1pu BHIMIOIHEHHH JIENICHUs] BO3MOXKHA TTOTEPs PelIeHHH, 11 KoTopeix g(y) =0
wia Q,(»)- P, (x)=0. IlorepsHHbIe pelleHns Win coaepxkarcs B opmyne oouie-

IO pelIeHHs] MPH KAKOM-TO KOHKPETHOM 3HAYEHHWH MPOM3BOJIHON IMOCTOSHHON
(TIpU 3TOM HE MCKIIOYAroTCs U 3HaueHus] C =to0) WM SBISIOTCS OCOOBIMH pe-
HIEHUSMU.

Haiitu wactHoe pemierue audepeHnrnanIbHOr0 ypaBHEH s IEPBOrO MOPsIIKa —
3Hauut: 1) HalitTm ero obOmee pemeHue y=@(x,C) win oOmMUN HHTErpa

®(x,y,C)=0; 2) HaifTu To yacTHOe pemieHne y = @(x,C,) (4aCTHBIA MHTErpan
P(x,y,Cy)=0) KoTOpOE yHOBIETBOPSET 3aJAHHOMY HAUYAJILHOMY YCIIOBHIO

y(xg)=Yo -
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HuddepennnansHoe ypaBHEHUE BHJA y'=f (y/ x) WIH
P(x,y)dx+QO(x,y)dy=0, tne P(x,y) u Q(x,y) - omHOpOIHbIC (HYHKIUU OIH-
HaKOBOM CTEIEHU, HA3bIBACTCS 0OHOPOOHBIM.

®yukuus  f(x,y), obnagaromas csoiicteom f(Ax,Ay)= A% f(x,y) mpu Bcex
A >0, HAa3bIBAETCA 0OHOPOOHOI YPyHKUUEl CmeneHu o .

OnHOpOJHOE ypaBHEHHE MPUBOMUTCS K YPABHEHHIO C PA3[CISIOIIUMUCS Mepe-
MEHHBIMU  TIOJICTAHOBKO# , V' =u+xu' wm dy=udx+xdu, rne
u =u(x)- HoBass HemsBecTHas (yHkiwmsa. UuTerpupys Y ¢ pasaensronmmucs
MEePEMEHHBIMU OTHOCHUTEIBHO QYHKIMHK #(X) U BO3BPAIIASICh K HCKOMO# (DyHKIIUH
y(x), Haxo[MM ofliee perieHHe UCXOMHOro ypaBHeHus. VHorna menecoobpasHo
BMECTO MOACTAHOBKA ) = XU/ , NCIOJIBb30BATh MOACTAHOBKY | X = yu|, rae u =u(y)-
HOBasi HEU3BECTHAs (DYHKIIHUSL.

VYpaBuenne Buma '+ p(x)y=q(x) Ha3plBacTCA JIUHEUHbIM. YPaBHEHHE
¥'+ p(x)y =0, B KOTOPOM MpaBasi 4YaCTh TOXISCTBEHHO paBHA HYJIIO, HA3bIBACTCSI

00HOPOOHBIM TUHETHBIM YPABHEHUEM.
OO1ee pelieHue HEOTHOPOJHOIO IMHEHHOIO YPaBHEHUS HAXOAUTCS T1OJCTaHOB-

Koit [y=u-v], y'=u'-v+u-v',rae u=u(x) u v=v(x) - HensBecTHbIC QyHKUUN
oT x. YpaBHeHue Toria mpumer Bunm [u'+ p(x)u]-v+u-v'=gq(x). IpupaBHss
HYJIO BBIp@)KEHHE B CKOOKax, MOJIyYHM YpaBHEHHUE C Pa3/eIIIOIUMHUCS TIepeMeH-
HbIMH u'+ p(x)-u =0, U3 KOTOpOro HailnéM u(x) B BUIE €ro YAaCTHOTO PEIICHHUS

U= e_I P (x)dx’ rie '[ p(x)dx - kakas-HuOyns mepBooOpasHas mist p(x). Ilon-

CTaBUB 3aTeM HalIeHHOE BBIPaYKEHHE u(x) B ypaBHEHUE
[u"+ p(X)u]-v+u-v'=q(x), mONyduM ypaBHEHHE C Pa3AENSIONIUMUCS MEPEMEH-
HeIMH uV' = g(x) , U3 KOTOpOro HailnéM v(x) B BHJE ero oduero pemuienus. B pe-
3yJbTaTe HAWAEM U 00lllee pelieHHe HCXOHOTO YPaBHEHHS B BUIC ) =1-V .

VpasHenue Buga y' + p(x)y=q(x)y%, tie a #0 u o #1, HasbIBaeTCa ypas-
nenuem bBepuynnu. Penienve ypaBHeHus: BepHymau, Takke Kak W JIMHEHHOrO,

HAXOJUTCS MOACTaHOBKOMN .

Tema. nddepeHuaJIbHbIe YPABHEHUS BBICIINX NOPAAKOB. CHCTEMBbI
muddepeHINANLHLIX YPABHEHHH.

VYpasaenue Buma F(x, y,y',...,y("))zo, rae y = y(x)- uckomas (yHKIHS,
Ha3bIBaeTCsl Ougppepenyuanvuvim ypasHenuem n-20 nopaoka. DOyHKUuUs
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¥ =¢@(x), obpamiaromias ypaBHEHHE B TOXJIECTBO, HA3bIBACTCS peuteHuem ypas-
HeHus, a rpaduk 3Toi QYHKIUM — ukmezpanvhoi Kpueoii. Ecin penienue ypas-
HeHus 3a7aHo B HesiBHOM Buae D(x,y)=0, ToO OHO Ha3BIBACTCS UHMEZPATOM
YpaBHEHHUSI.

YpaBHeHUE BHIA y(") =f(x,9y,..., y("fl)), HA3bIBACTCS YpaBHCHHEM, pa3-

PCUIEHHBIM OMHOCUMENbHO cIapuelil npou3eooHol. Ity Gopmy 3amucu Y n -
TO MOPSIIKA HAa3BIBAIOT HOPMAIbHO.

_ ’ o -1 _ . (n-D)

VYcnoBus Y(xg) =0, ' (x9) = yo,...,y(" )(xo) =yy s rue
Xos Vo s Vo 5 - 3ajaHHble YHMCIA, HA3BIBAIOTCS HAUATBHBLMU YCIOCUAMU.
Bajaua Haxoxenns pemenus ypasuenus y = f(x,y,y',...,y" ™), yrose-

TBOPSIIOIIETO 33/JaHHBIM HAYaJbHBIM YCIOBUSAM, Ha3bIBacTCs 3adaueli Kowu.
Oowgum  pewenuem 1Y n-ro  TOpSAKAa  Ha3bIBaeTCd  pelleHUE
y=0x,C,C,,...,C,), 3aBuciliee OT 7/  TPOU3BOJIBLHBIX IOCTOSHHBIX

C,,C,,...,C,, Takoe, U3 KOTOPOTO MPH HAJUIEXKAIIEM BbIOOpE 3HaYeHHMiH MmocTo-
SIHHBIX C, =Cy,,Cy=Cy,....,C,=C,,  MOXKHO  TIONYYUTH  DEIUIEHHUE

y=0(x,C,y,Cy,...,C,) , YIOBIETBOPSIOLIEE 3aJaHHBIM HAUYATBHBIM YCIOBHAM

V(x0) =20,V (X0) =V o yrh (xo) = y(()"fl). O01iiee penieHue, 3aJaHHOE B
HesBHOM BHae D(x,y,C;,C,,...,C,)=0, Ha3bBaeTCi 0O0WUM UHMEPATIOM
YpaBHCHUS.

Yacmueim  pewenuem JIY  n-ro mopsAaka  Ha3bIBaeTCsl  peEllEHUE
y=0(x,C,...,C,q), MoNydaeMoe U3 OOLIEro MPH KOHKPETHBIX 3HAYEHHUSX IO-
croaunbix C; =Cg,...,C, =C,,. YacTHoe pelleHue, 3aJaHHOE B HEABHOM BUJIE

D(x,»,Cig,...,Cpp) =0, HA3BIBAETCS UACMHBIM UHMEZPATIOM.

Ecmu mns mckomoro wactHoro pemenust y =@(x,Cg,...,C,y) ypaBHeHHUS
vy =y, ") 3a/1aHbI HauaJbLHbIE YCIIOBUS
V(X)) =20,V (X0) =V0 05 y (xo) = y(()"’l) W U3BECTHO oOOIIee peleHne
y=0(x,C,,C,,...,C,) ypaBHeHus, To 3Hauenus C,,,C,,...,C,, TPOU3BOIb-

HbIX TOCTOSAHHBIX OHNPEACIAOTCA, €CJIM 3TO BO3MOKHO, U3 CUCTCMBI ypaBHeHI/Iﬁ
@(XO,CI,Cz,...,Cn) =Yo
r r
%4 (x03C13C23'--3Cn) =)Yo
(n—1) _ (=1
% (x03C13C23'--3Cn)_y()
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YpaBHeHue BUIA y(") = f(x) Ha3bIBaeTCA npocmeiimum oudphepenuuanbHboIm
ypasuenuem n-20 nopsaoka. Ero oblee penieHre HaXOST, BBIOIHASA TOCIEN0-
BaTEIbHO 7 MHTEIPUPOBAHMI, U 3AIUCHIBAIOT B BHIIC

y =Jach‘...J‘f()c)abc+C1x"71 +Cox" 2 4.+ C
| S

n pas
(k+1)
5

-
YpasHenue Bunma F(x, y(k) , ¥ ..,y(")) =0, 1<k <n, He coaepxalee sB-
HO MCKOMOH ()yHKIMH Y(X), C MOMOIIBIO MTOJCTAHOBKU y(k) =z, e z=z(x)-
HOBass HEW3BeCcTHas (YHKIWs, TPHUBOAMTCA K ypaBHCHUIO (n—k) mopsaka
F(x,z,z',...,z("fk)) =0.

Oyukiu y; = y,(x), ¥y =y, (X),..., ¥, =,,(X) Ha3bpIBAIOTCA JIUHENHO 3a-

eucumoimu Ha (a,b), ecnm CyImECTBYIOT NOCTOSHHBIE Q,Q,...,C, , HE BCE

m>

paBHBIE HYIIO, TAKUe, YTO ;)| + Ay Y, +...+,,y,, =0 11 Bcex x €(a,b). Ec-

JIK PaBCHCTBO BBINOJIHACTCA [JId BCEX xe(a, b) TOJIBKO TIIpU YCJIOBUH

o, =a, =...=a,,, TO J1aHHbIe (YHKIUN Ha3bIBAIOTCS JIUHEHHO HE3A8UCUMBIMU
Ha (a,b).
M1 Ya A
i ya oo Y
Omnpenenurens W(X) =Wy, Vosees V] = ! 2 " | HazbI-
-1 -1 -1
Sy

BaeTCs onpedenumenem Bpouckozo (eponcrkuarnom).

Ecnu ¢yskimuu y,(x), y,(x),...,»,, (x) nuHelHO 3aBUCUMBI Ha (a4, b), TO om-
penenurens Bpouckoro W(x)=W[y,,¥5,..., ¥, ]1=0 s Bcex x € (a,b) (neoo-
X00umoe ycnoeue NuHeinol 3a6UcCUMOCI).

Eciu W(x)=W[y,,¥5,.-»¥,,]#0 xoTa Obl B ofHOl Touke x € (a,b), TO
byaxkmuu y,(x),y,(x),...,»,, (x) nuHeliHO He3aBucuMbl Ha (a, b) (docmamou-
Hoe ycosue TUHEHHON He3a8UCUMOCIN).

Vpauenne Buma ¥ +a,y"V +...+a,y=f(x) wHasbBacTCA uUHeRHBIM
ougppepenuyuanvnovin ypasnenuem (JILY) n-20 nopsoka , rne xo3hHUIUCHTEI
a;,a,,...,a,- HenpepeiBHble QyHKUMKM Mnu noctosHHble. Ecmu f(x)=0, To
YpaBHEHUE HA3bIBACTCS 0OHOPOOHbIM. OIHOPOHOE TMHEHHBIM ypaBHEHHE 7 -TO

nopsiaka umeer sug y'" +a1y("71) +..+a,y=0.
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JIrobass cucteMa W3 n JIMHEHHO HE3aBUCHMBIX YAaCTHBIX  PEIICHUN
»1(x),¥,(x),...,»,(X) OIHOPOAHOrO JIMHEHHOrO ypaBHEHHUs HA3BIBAETCS yH-
0aMEHMAIbHOU CUCIEMOTL ETO PeUieHU.

Oomee peueHue OJTHOPOJTHOTO JIUHEHHOTO YpaBHCHUS
v 4a,y" V4 4a,y=0 wumeer Bux y=Cy, +Coy, +...+C,y,, TIe
Y1>V25--» Y, - OyHIaMeHTanpHas cuctema ero pemennit; C,,C,,...,C, - mpo-
U3BOJIBHBIC TIOCTOSHHBIC .

@dyHaaMeHTaNbHas CUCTEMA PEIEHUH ), Y,,...,, omaHopoanoro JIJIV c¢ mo-
crosumbMi kodpdummentamu y™ +a,y"™ +.. +a,y =0 crpoutcs Ha ocHoBe
Xapaxrepa KOpHe# Xapakmepucmuueckozo ypasHeHus
A" va X+ va, Ata, =0.

A numenHo: 1) ecnu A - 1eHCTBUTENBHBIN NPOCTONH KOPEHb XapaKTEPUCTUUECKOTO
ypaBHeHus, To eMmy B @CP coOTBETCTBYyeT YacTHOE peleHue e muddepenny-

aJbHOrO YpaBHEHUS; 2) €l A - JEHCTBUTENBHBIM KOPEHb KPATHOCTH k , TO EMY

B OCP coorBeTcTBYET k JUHEWHO HE3aBUCUMBIX YAaCTHBIX pELICHUM:

Ax Ax Ax -1 _Ax .
™ xe™  x2eM L xf e 3) ecnm A1, =atiff - mapa IpOCTBIX KOM-
IJIEKCHO-CONPSKEHHBIX KOPHEH XapaKTepUCTHUECKOro ypaBHeHHs, To e€if B dCP

v} ax
COOTBETCTBYET JIBa JIMHEHHO HE3ABUCHUMbBIX YACTHBIX pELICHUs: e~ cosfx
ax . . . o
e " sinfx; 4) ecnmu A, =atiff - mapa KOMIUIEKCHO-CONPSIKEHHBIX KOPHEH

kpaTHocTU k , TO eif B @CP cooTBeTCTBYET 2k JIMHEHHO HE3aBHCHUMBIX YAaCTHBIX

v ax ax . ax ax -
PEIIICHMIA; e “cosPx, e~ sin fx, xe " cosPx, xe "~ sin fx,

k-1 _ax k-l ax
, X" e TcosPx, x" e~ sin fx.

O6mee pemenne Heomuopomsoro JIY y™ +q,y™ 4

..+a,y = f(x) umeer
BUL y=yo+y,rme yo=Cy; +C,y, +...+4C,y, - o0llee PELICHHE COOTBET-
CTBYIOLIETrO OJJHOPOJIHOrO YPaBHEHHUS], V - KAKOe-HUOYIb YaCTHOE PEIIeHNE JIaH-
HOT'O HEOJTHOPOJIHOTO YpaBHEHHSI.

YacTHOe pelleHHe J ypaBHEHHUsS C IPaBOM YacCThIO CIEIMAIbHOTO BHIA
f(x)=e" [P, (x)cos fx+Q,(x)sin fx] HUIETCI MemMoOoM HeonpedenéHHbIX

~ k ¢ .

KoIpPpuyuenmos B Bune y =x" e[Sy (x)cos fx+Ty(x)sin Bx], tne k=0,
€ClU YUCI0 A =@ +if3 He SIBISIeTCS KOPHEM XapaKTEePHUCTUUECKOTrO ypaBHEHHUS, U
k paBHO KpaTHOCTH KOpHA A =q +if3 B npoTuBHOM ciyuae; Sy (x) u Ty (x) -

MOJTHBIE MHOTOWICHBI cTerieHn N = max{m,/} ¢ HeonpenenéHHpIMu k03¢ purm-
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eHtamu. [IpumepaMu MOJHBIX MHOTOYWJIEHOB C HEONpeaeaEHHBIMI K03 duImeH-
tamu crenenn  0,1,2,3,... cooTBercTBeHHO sBIsAOTCA: A, Ax+B,
Ax? +Bx+C, AxX> +Bx>+Cx+D,.... st HaxoxaeHus K03 PUIIMEHTOB MHO-
rowteHoB Sy (x) un Ty(x), HAgO MOACTABUTH pEIICHHE )V B HEOIHOPOIHOE
muddepeHnmansHOoe ypaBHEHHE M TPUPABHATH KOA(PQUIMEHTHI NP TTOK00HBIX
YJieHaX B JIEBOW M NMPaBOW YacTsAX MOJYYEHHOr'O paBeHCTBA. B pesymbrare moiy-
YUM CHCTEMY ypaBHEHHUH, PEHINB KOTOPYIO, HAlAEM 3HaueHUs KO3 (HUIIMEHTOB.
YactHoe pemeHue Y HeomHopomuHoro JIIY ¢ mpaBoii  4acThio
f(x)=f;(x)+ f,(x) paBHO CyMMe YacTHBIX peIIeHHIl Y =), + ), HEOMHOPOA-
HBIX YPaBHEHUH ¢ TOH ke JEeBOU 4acThlO U IPAaBbIMU YacCTAMU f|, f, (npunyun

HAN0JCEHUS PeUuteH ).
YacTHoe peliieHHe y ypaBHEHusl ¢ Jio0oi mpaBoil 4acTeio f(x) MOXKeT ObITh

HaWJICHO MemoooM eapuayuu RPOU360abHBIX nocmoannslx. s nuddepeHiu-
IBHOTO YpaBHEHHsI BTOPOTO Mopsiaka y"+a,y'+a,y = f(X) MeTox cOCTOUT B

cneqyromeM. Ecnu u3BecTHa (yHAaMeHTanpHas cucTeMa peuleHuit y,,y, OAHO-
poxHoro ypaBHenus y"+a,y'+a,y =0, TO 4aCTHOE PEIICHHE COOTBETCTBYIOIIE-
r0 HEOAHOPOJHOro ypaBHeHwus uuercs B Buge y = C,(x)y, +C,(x)y,, rie Heus-
BectHble QyHKIMU C,(x),C,(X) OmpeneNsroTCcs U3 CUCTEMBbl YpaBHEHUIA:

Ciln +Cr(x)yy = 0

Cl)p{ +Ch(x)yy = f(x)

dv.
Cucrema muddepeHIUANBHBIX YpaBHEHHUA BUIA % =15V, ,)
X

(i=12,...,n), tae y; = y;(x)- uckomble (QYHKIHH, HA3bIBACTCS HOPMATbHOIL
cucmemoiul oughghepenyuanvuulx ypagnenui. Yucino n Ha3bIBAeTCs HOPAOKOM
cucmempl. CoBOKYMHOCTE 71 QyHKIHH 3, =@, (X), y; =@, (x),..., ¥, =@, (x)

0o0pamaromux Kaxaoe ypaBHEHHUE CUCTEMBI B TOXJICCTBO, HA3bIBACTCS peuieHuem
S3TOU CUCTEMEIL.

Venosust V1(x0) =210, Y2 (X0) =205 ¥y (X0) = V4o,  THE X5 V10>
Y90 »-+» Vpo - 3AJAHHBIE UHCITIA, HA3BIBAIOTCS HAYANLHBIMU YCI06UAMU. 3a71aua

HAXOXJCHUS PEIICHUS HOPMAJIBHOW CHUCTEMBI YpPaBHCHUU, YIIOBIICTBOPSIOIICTO
3aJIaHHBIM HauaJIbHBIM YCIIOBUSIM, Ha3bIBaeTcs 3adaueit Kowu.
Oouwum pewienuem HOpMabHON cucteMbl Y Ha3bIBaeTcs pelieHue:

yl :gol(xacla---:cn)ay2 :goz(xacla---:cn)a"'zyn =§0n(x,C1,...,Cn),
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3aBUCAILEE OT 7 IPOM3BONBHBIX MOCTOAHHBIX C|,C,,...,C, , Takoe, U3 KOTOPOro
NpH HaJUIeXKalleM BeiGope 3HadeHui nocrosuubx C, =C),...,C, = C,, MOXHO
MOJYYUTh PEIICHUE, YAOBJICTBOPSIONICC 3aJaHHBIM HAYaJbHBIM  YCIOBUSM
Y1(x0) = Y1050 Y, (Xg) =y,0. OOlllee pelieHue, 3afaHHOE B HESBHOM BHIE
D, (X, ¥,¥25-,Y,)=C;, (i=12,...,n) Ha3pIBACTCS OOUIUM UHMEZPATIOM CHC-

TEMBEI.
Yacmuovim peuienuem CUCTEMbI Ha3bIBaCTCsA peuicHue

=0 (x’ Clo""’ CVlO) ) (x’ ClO""’CnO) s Y =@y (xr ClO""’CnO) , II0IIYy-
yaemMoe M3 ~ OOmEro  TNpH  KOHKPETHBIX  3HAYEHMSX  ITOCTOSIHHBIX
C,=Cy,...,C, =C,,. Ecin 111 HICKOMOr0 YaCTHOT'O PEIIEHUS CUCTEMEI 3a/1aHbl
HavalbHbIE YCIOBHA 1 (Xo) = Vig5---» ¥, (Xg) =¥, ¥ U3BECTHO 00llee pelieHHe
V1 =¢(x,C,....CL) 0 ¥, =0, (x,Cq,...,C, ) CHCTEMBI, TO 3HAYCHHUS

ClO yenns CnO MPOM3BOJIBHBIX MOCTOAHHBIX ONPEACIAOTCA, €CJIM 3TO BO3MOXKHO, U3

gol(xo,Cl,Cz,...,C,,) =)o
CUCTEMBI ypaBHeHI/Iﬁ

go,,(xo,Cl,Cz,...,C,,) =Yno

Hopmainbhsie cucremsr Y ¢ HEOONBIIMM YUCIIOM YpaBHEHUH PEIIAIOT Memo-
00M UCKTI0YeHUsA HEU3BECTHHIX (YHKIMH NPUBOAS UX K OJHOMY nuddepeHIy-
aJBHOMY YPAaBHEHHUIO 71 -TO TOpSAKA WIIM K HECKOJIBKMM YpaBHEHHSAM IIOps/IKa,
MEHBIIETo YeM 7 .

JJist HaxoKJeHUs! peleHns], HarpuMep, HOpMaJIbHOW CUCTEMBI IBYX ypaBHEHHH
& = f(t,x,y) ’d_y =g(t, x,y), tne x=x(t), y=y(t)- Heu3BeCTHbIC (HYHKIMU
dt dt
HE3aBHCUMOW TEPEMEHHON ¢ IMOCTYNalT cileAyromuMm odpazoM. CHavana mud-
(epeHIUpYIOT MO ¢ TepBOE M3 ypPaBHEHMH CHCTEMbI M TOIYy4YaroT ypaBHEHHUE

2
ax = g+g f(t,x,y) +g g(t,x,y) . 3areM onpeaenstoT y U3 NEepBOro ypaB-
dt> ot oOx oy

HEHUSI CUCTEMBI U MOJICTABIISIIOT HAJIEHHOE BBIpAXKEHUE ) = y(l, X, x,') B ypaBHe-

2
of 0 0
ax_of + L + L g . B pesynbraTe nonyudaror JIY BTOpOro nopsaka or-
dt? ot ox oy

HOCHTEIFHO HEW3BecTHOM (yHKuumM  x(f), pemas KOTOpoe  HaXOIAT

HHUC

x=¢(x,C,,C,), tne C; u C, -npousBoibHble INocTosHHbIE. IloxcraBss

x=¢tC,,C,) B dopmyny y= y(l, X, X, ), ONPENENAIOT  (PYHKIIUIO
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y=w(tC,,C,). CoBokynHocTs QpyHkimid x=¢(t,C;,C,),y=w(C;,C,) naér
o0I1Iee penieHue CUCTEMEL.

Tema. UncjioBbI€ pAALIL.

Breipaxkenne BUAa u; +u, +...+u, +..., TAE U;,U,,...- TOCIEAOBATEILHOCTh
o0

YHUCCII, Ha3bIBACTCsA YUC106bIM p}JOOM u 00o3HauaTcs Zun . PHI[
n=1

o0

Zun =u,. +U,,,+... HA3BIBACTCS OCHMAMKOM 7 -020 NOPAOKA WCXOIHOTO
n=k+1
pana u obozHavaercs r,. Cymma S, =u, +u, +...+u, n TEpPBBIX YWIEHOB piaa
HAa3bIBACTCS 7 -0l YACMUYHOU CYyMMOIL PsNia.

o0
PHI[ Zun Ha3bIBACTCA cxobnmumcn, €CJIN CYIICCTBYCT KOHEYHBIH npeaei
n=1

lim S, =S u pacxodawumcea, eciu npenen He cyuecrByer. Yucno S Ha3sbiBa-
n—>0

o0
eTCS CYMMOIL CX00AWEe20CsA PAOd, TIPU STOM MUIIYT S = Zun . OHOBpEMEHHO C
n=l
o0
paaomM Zun CXOOUTCA U PACXOAUTCA €ro OCTAaTOK r,. B cJ1ydac CXoAdaIerocs
n=l
pdaaa €ro OCTaToK 3aIlCbIBAlOT B BUAC r, = S-S "

CXOI[I/IMOCTI: WK pacXoAUMOCTh psAda HC HAPYHIUTCA, €CJIN HpI/I6aBI/ITB UJIn OT-

6pOCI/ITI> KOHCYHOC YHUCJIO €T0 YICHOB.
0

Ecnu psin Z u, cxomurcs, T0 lim u, =0 (reobxodumvlit npusHaK cxo0uMo-
n=1 n—e
cmu psada). OGpaTHOE YTBEPHKICHUE HEBEPHO.
o0

Ecmu lim u, #0, To psn Z U, Ppacxomurcs (0ocCmamouHblil NPUIHAK PacXo-

00
n— n=1

oumocmu paoa).

o0 o0
Ilpusznak cpasnenusn. Ecnn nos psnoB U : Zun nlb: Z\/n , HAaUMHAas C HEKO-
n=1 n=1
TOPOTrO 7, A4 BCEX 1 = 1 BeIMonHAeTcs ycnosue 0<u, <v, , TO U3 CXOOUMO-
CTU psama V' caenyer cxomuMocTh pana U, u3 pacxoauMoctd psapa U caenyer
pacxoaumMocTs psaga V.
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Ilpedenvhutii npuznak cpasnenus. Eciv cynecTByeT KOHEUHbIN U OTJIIMYHBIA OT
0

. u
HyIIs pegen lim —- (B 4aCTHOCTH, €CIH U, ~V, TPU N —> o0 ), TO PSIBI E u,
n—oo
n n=1

0
" Zvn (u, >0, v, >0 HauMHAsA C HEKOTOPOIO 7, ) CXOAATCSA UM PACXOAATCA
n=1
OJTHOBPEMEHHO.
Jis mpuMeHeHHs PU3HAKOB CPaBHEHUS HEOOXOIUMO HAJIMUUE «ITAJIOHHBIX)
PSIOB, CXOAMMOCTD MIIM PacXOJMMOCTh KOTOPBIX M3BECTHA. B KadecTBe «3TasoH-
HBIX» PSJIOB IIUPOKO HCIHONB3YIOTCA: 1) 0000wiénnslii 2apmonuyeckuii psao

0
3 1 y

—p , KOTOPBIM CXOOUTCA IIPU p >l u pacxoaguTcsa npu p <I; 2) ceomempude-
n=1 "1

o0
cKutl pao Z ", KOTOpbI cxogured npu 0 < ¢ <1, mpu 3TOM €ro cyMMa paBHa
n=1

S= > u pacxoautcst mpu g > 1. Takum 0Opazom, 11t IPUMEHEHHS [TPU3HAKOB
-q

. A
CpaBHCHUA HYXHO HAWTHU NOCJICAOBATCIILHOCTH _p nim Bqn , Tac A,B - HCKO-
n

A
TOpbIE HCIIA, TAKYIO, UTO U, ~—- WIA U, ~ Bq" npu n— o,

n
[Tone3Ho MMeTH B BUIy SKBHUBAJICHTHOCTH (TIpH 77 —> 0, p >0):
(1 1 ! 1 1 1
sin| — | ~tg| — | ~arcsin| — |~arctg] — | ~In| 1 + — | ~—,
n? n? n? n? n? ) n?
nl~2zn-n"-e™",

a take ouenku (Inn)® <nf <a" <nl<n" (a>0,B>0,a>1), nMeroue Me-

CTO, HAYMHAS C HEKOTOPOTO 7 , JUIsl BCEX 1> 71).

0
Ilpuznax Jlanaméepa. Ecniu nns psmaZun (u, >0 HaunHasg C¢ HEKOTOPOro

n=1

Lu
n lim - = , TO pspa cxomurcsa npu L <1 u pacxomurcs npu L >1. Ecion
o) p p p p

n

L=1 , TO pAd MOKET CXOAUTCA WIH paCXOJUTCA; B 3TOM CJIydac €ro CXOAUMOCTb
HCCIICAYETCA C IOMOUIBIO APYTUX IMTPU3HAKOB.
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o0
Ilpusnax Kowu (padukansusui). Ecnn nns pﬂz[aZun (u, >0 HaunHas ¢ He-

n=1

KoToporo n,) lim%u, =L, To psan cxomurca npu L <1 u pacxomuTcs mpH
n—>0

L>1. Ecnmu L=1, TO psl MOXKET CXOJUTCS W PACXOJIUTCS; B 3TOM CIIydae €ro
CXOJUMOCTb UCCIIETYEeTCs C TOMOUIbIO IPYTUX MPU3HAKOB.

Ipu npumeneHun npusHaka Ko moje3Ho uMers B BHIY, 4To: lim4/n =1,
n—>0

lim&Inn =1, lim%P,(n) =1, tae P,(n)- MHOrOWIEH HOpsIKa M OTHOCH-

n—>0 n—>0

TENBbHO 7 .

Humezpanvnoiii npusnax Kowu. Ecin u, = f(n), rne dyskius f(x) mono-

0

KUTENbHA, MOHOTOHHO YOBIBAaE€T U HENpephIBHA NPH X = 1, =1, TO pAx Zun u
n=1

+00

HHTerpa _[ f(x)dx cXomsITcs MM pacXomsITCs OXHOBPEMEHHO.

i)
o0 0
Psan z U, Ha3bIBaCTCA aoconiommuo cxoo;uuumc;l, €CIIM AL Z| u, | CXOIUT-
n=1 n=1

0
csa. Cxopsmuiics pAn zun Ha3bIBACTCA YC106HO cxobnmwuc;l, €Clin pAan
n=1

o0

Z| u, | pacxoauTcs.

n=1

CyMmMa abCONIOTHO CXOJSIIETOCS PsAZia HE M3MEHSETCS TPU IEPECTaHOBKE diie-
HOB psiga. CyMMy YCIOBHO CXOJSINETOCS psia MyTEM MEPECTAHOBKH €r0 YJIEHOB
MOXHO CJIeJIaTh PABHOM JIIOOOMY YHCITY.

o0
Ecmm pAaAn zun a0COIIIOTHO CXOUTCA, TO OH ABJIACTCA CXOAAIIHUMCA (00cma-
n=1
MmMoOUHbLIL RPU3HAK cxooumocmu 3HAKONEPEeMEHHO020 p}l()a).
Z[J'IH HCCIICOOBAaHUA psaa Ha a6COJ'IIOTHYIO CXOOAUMOCTh HMCITIOJIB3YIOT U3BCCTHBIC
0
TIPU3HAKW CXOOUMOCTHU 3HAKOMOJOXHUTEIBHBIX PAIT0B. B YaCTHOCTH, PAX Zun

n=1

u

. 1 .

cxomuTes abeomioTHo, ecnu im—"~ <1 wm lim §/|u, | <1. B obwem ciydae
n—ol U, n—om
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o0 o0
U3 PACXOAUMOCTH Psfa ZI u, | He clexyeT pacXomUMOCTh Psa Z u, . Ho ecin

n=1 n=1

0
. |u .
lim| 1> 1 wma lim 2 |u, | >1, To pacxoauTCsl HE TOIBKO DS Z| u,|,Ho

n—0 un n—0

0
pan Zun .
n=1

Psn HasbiBaercs 3Hal<oltepet)ylomumm, €CJIM BCC €0 COCCAHHUE YJICHbBI UMCIOT
Pa3HbIC 3HAKU.

n=1

Ilpuznax Jlenbonuuya. Ecnu JUTSt 3HaKOUYEPEeNYIOIIeTroCs pana
0

Uy —ty +uy —ty o+ (=) u, 4= Z(—l)””un (u, >0) mMomyns ero oG-
n=1

IIETO WIeHa |u, | MOHOTOHHO CTPEMHTCS K HYJIO, T.€. BBINONHEHHI ycnoBus: 1)
U; >uy >uy >... (MOXKET Ha4yaTh BBINOJHATHCA HAUMHAS C HEKOTOPOro 71 ); 2)

lim u,, =0, To 3HaKOUEPENYIOUIUHACS P CXOAUTCS (IO KpalHel Mepe YCIOBHO).
n—>0

Js ocTaTKa psiga 7, B 3TOM Cllydae CIIpaBeUIMBa OLEHKA |, <, .
CyMMy 3HaKO4YEpeIyIONErocs paaa ¢ 3aJaHHON CTENeHbI0 TOYHOCTH & BBIYMC-

. o np+l1
JISFOT 110 NPUONMKEHHOH Gopmyne S = S"o =uy—uy +uy—ty+... 4170 Uy »
TIe 7, - MUHAMAJbHBIH U3 HOMEPOB, JUI KOTOPBIX U, < & .
Tema. OYHKIHUOHAJIbHBIE PAIbL
Beipaxkenne Buma u;(x)+u, (x)+...+u,(x)+..., tae u;(x),u,,(x)...- nocue-

J0BaTCIbHOCTDb (byHKHHﬁ, OHpeI[eJ'IéHHI)IX Ha OJHOM U TOM K€ MHOXCCTBC DcR ,

Ha3bIBaCTCsA ¢yHKuu0HllJlebl.M p}lOOM, OHpeI[eJ'IéHHBIM Ha D wu o0o3HauaeTcs
0

Z u,(x). Oyakmusa S, (x) =u;(x)+...+u,(x) HazpIBaeTCA 71 -0l YACMUYHOU
n=l
cymmoii GyHKIMOHAIBHOTO psijia.
o0
Touka x; €D, B KOTOPOH CXOAMTCA YMCIOBOU DSl Zun (xo), Ha3bIBaeTCs
n=l
mouKoii cxooumocmu GyHKIHOHAIBHOrO psina. MuoxectBo Dy, — D , cocrosiiee
U3 BCEX TOYEK CXOAMMOCTH (YHKUIMOHAJIBHOTO Psja, Ha3bIBAETCS €r0 00.1acmbio
cxooumocmu. O6mact D cXomuMoCcTH (QyHKIMOHAIBHOTO Psiia OOBIYHO YXKe,

YeM 00JIacThb €ro ONPEACIICHUA D.
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o0
Psn Zun (x) Ha3bIBaeTCA ABCOMIOMHO CXOOAWUMCA HA MHOXecTBe D™,

n=1

o0
ecnu Ipu Beex x € D cxomuTcs paj Z| u, (x)|. Besxwuit psi, aGCOMIOTHO CXO-
n=1
(v * *
JISIIAACS HA MHOKECTBE D, cXoamTcs Ha 3ToM MHoxecTBe. O6nacte D™ abco-
JIOTHOW CXOIMMOCTH psifia OOBIYHO YK€ ero 001acTH cXOmuMocTu D, .

@Oynkuuo S(x), onpenenéHHyro B 001acTH CX0MUMOCTH D, (yHKIMOHAIBHOTO
psza TaKyo, 4To mpu oboM ¢ukcupoBanHoM x € D, lim S, (x)=S(x), Ha3bI-
n—>0

BAaIOT CyMMOU psaioa v muuryt S(x) = Zun (x). IIpu x € D, ocraTok psina mpex-
n=1
cTaBisieT coboi Taxkke OQyHkumo 1, (x)=S(x)-S,(x), rmer,(x) >0 mpu

n—> 00 M IIpH JI1000M x € D .
0
Jns HaXoXeHUs 00IacTU CXOAMUMOCTH psja zbtn(x) HPUMEHSIOT M3BECTHBIE
n=1
HPU3HAKK CXOJMMOCTH YHCIIOBBIX PAZOB, CUUTast x € D (DUKCHPOBAHHEIM.
B uactHocTH, Ha ocHOBaHMM npu3HakoB JlamambOepa u Komm (paguxaibsHOro)
MOXHO YTBEpPXJaTh, 4YTO PAA CXOAUTCA (M TIPUTOM aOCOMIOTHO), €ciH

LU, (x .

lim Uaer () =L(x)<l u lim% |u,(x)|=L(x) <1, COOTBETCTBEHHO, U PaCXo-
n—o| U, (x) n—>o0

qurest, ecnmn L(x) >1. B Toukax x, B koTopbix L(x)=1, cxomuMocTh psiaa Hc-

CIIEYIOT C MOMOIIBIO APYTUX MPU3HAKOB (HATpUMeEp, NPH3HAKOB CPABHEHHUS, UH-
TerpajbpHoro npusHaka Komm, npusnaka JlefiOnuna) .

Tema. Ctenennblie psaabl. Psaabl Teiiiopa m MakJjopeHa.
Cmenennvlm  paoom Ha3bIBAETCS (GYHKIMOHANBHBIA  pAl  BHJA

o0
no_ 2 .

Zan (x=x¢)" =ayg+a;(x—xy)+a,(x—xy)" +..., THE a;,X,- HNeHCTBHUTEID-
n=0
Hble uncna. Yncna a; HasblBAIOTCS KO3(hguyuenmamu psna.

Bcskuii CTENEeHHOM Pl CXOAUTCA B TOYKE X = X .

o0
Paoduycom cxooumocmu CTENEHHOTO pAna Z a,(x—x,)" Ha3pIBAETCS YHCIO
n=0

R Takoe, 4To MpU |Xx—Xx, |[< R paA cxoauTcs (M NPUTOM aOCONIOTHO), a MpU
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| x—x, |> R pacxomurca. Marepsan (x, —R,x, +R) Npu 3TOM Ha3bIBAETCS UH-
mepeanom cxooumocmu pijga. Ha koHIIax MHTEpBaga CXOJMMOCTH, T.€. B TOYKaX
X=X, R, ps MOXKET KaK CXOIUTCS, TaK U PACXOJUTCS.

OO0nacTbi0 CXOJMMOCTH CTEIIEHHOTO psfa SBISETCS WHTEPBAN CXOAWMOCTH
(xg =R,xy +R), K KOTOpOMY NPHUCOEANHSAIOTCS TOYKU X, = R, €ClIM B HUX DAl
cxomurcsi. B wactHocTH, paguyc cxomuMocTH R Moxer ObTh paBeH 0, Toraa
00671aCTh CXOMMMOCTH Psifia COCTOUT M3 OJHOM TOYKM X, U +00, TOrAa 001acThio
CXOJMMOCTH psiJia SIBJISIETCS BCS YUCIIOBAsK MpsiMast) .

Hurepsan cxogumoctu (x — R, X, + R) onpesenstoT 00bIYHO ¢ MOMOIIBIO NPH-
3HakoB Jlamambepa wnm Komwm  (paaMkanbHOro), BBIUUCISS — IIPEIEIbI
lim Uaer () =L(x) wm lim %/|u, (x)| = L(x) u pemas uepasenctso L(x) <1
n—o| U, (X n— " '

BuyTpu oOmero uHTepBanma cxoamMmocTn (x,—R,x,+R) creneHHsle Dbl

MOXHO IMOYJICHHO CKJIAAbIBATH U BbBIYWUTATH, IMOJYYCHHBIC IIPU 3TOM PSAJAbl UMCIOT
TOT K€ MHTCPBAJ CXOAUMOCTHU:

> oa,(x=x0)" £ b, (x=x,)" = Y (a, £b,)(x—x)"
n=0 n=0 n=0

BuyTpu nHTepBana cxoguMocTd (x, —R,x, +R) CTeneHHON psJ MOXHO IIO-

YJICHHO I[I/I(l)(l)epeHHI/IpOBaTB U UHTCIpUPOBATH, IMMOJYUCHHBIC ITPU 3TOM PAAbI UMC-
TOT TOT K€ MHTECPBAJI CXOAUMOCTH!

d [ < " - .
1) — Zan(x—xo) =Znan(x—x0) s
dx n=0 n=1

n+l

2) | ian(x—xo)" dx=iM+C.
n=0

=0 (n+1)

CreneHHOH psx ———~(x—x,)" HasbiBaercs padom Teiviopa GyHKuNH

Z A (”)( Xg)
n=0 !
f(x) B Touke x=x,.IIpu x, =0 psan Teinopa HaswBaercs padom Maknopena:

0 (n) "
500, [0, [0

=0 21

=f(0)+
f(”)( Xp)

Ipencrasnenue ¢pyukuu f(x) B Buge f(x)= z (x—x,)", Ha3bIBa-

eTcs pasnokenueMm [ (x) B psn Teiinopa. PaBeHCTBo AMEET MECTO TOTJIa U TOJBKO
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n 0 ()
TOrJa, KOrJa OCTaTOK psaga 7, (x)= f(x)_z x 0

k=1
n— o0 JUIA BCEX X U3 HeKOTOpOﬁ OKpPECTHOCTHU TOYKH X, BXOZ[HIIIeﬁ B MHTCPBAJ

(x—xo)k —>0 mpu

cxomuMOoCTH psifa. JIs orfeHkn octatka psina Teimopa 9acTo moib3yrores GopMmy-
1
(x—x )H

T e e, e 0<0 <1
n+1)!

ao# 7, (x) =

Tema. Tpuronomerpuyeknii psia. Pag @ypee.
Tpuzonomempuueckum psidom @ypve byaximu f(x) Ha orpeske [—/, (] Ha3bI-

. ay, ~ nwx . N7X
BaeTcsl PyHKIMOHAIBHBIN psJ BUIa — + Z a, cos——+b, sin—— |, rae uuc-
n=1 4 4
na a, u b, , HasbiBaeMble KoapPpuyuenmamu Dypve GyHkuun f(x), BBIYUCIS-
10TCA 110 (hopMyIaM:

l l
a, =%J‘f(x)cosn77fxdx . b, =%Jf(x)sinn77f)cdx, n=012,....
- -/

Oynkuust  f(x) Ha3bIBaeTCSd KyCOYHO-MOHOMOHHOU Ha oTpeske [o, B, ecnn
9TOT OTPE30K MOXKHO Pa30UTh KOHEYHBIM YHCIOM TOYEK X, Xj,...,X;_; HA HHTEp-
Banbl (@, X;),(X;,%5),...,(X;_;, B) TaK, 4TO Ha KaXJOM U3 MHTEPBAJIOB (yHKIUS
700 TOIIBKO BO3pAcCTaeT, JIMOO TOIBKO yOBIBAET, INOO MOCTOSHHA.

Ecnu ¢pyukuus f(x) Ha orpeske [—(, /] KycOYHO-MOHOTOHHA U HETIPEPHIBHA, 34
HCKJIIOYCHHEM, ObITh MOYKET, KOHEYHOIO YKCIIa TOYEK pa3pbiBa IEPBOrO pona, TO
BO BecsikoW Touke x € (—(, /), B xoTopoil f(x) HenpepbiBHa, (hYHKIHIO MOXKHO
pa3noXuTh B TPUTOHOMETPHUYECKHH psin dypbe

f(x)= C‘?o + Z(an cos ’%x +b, sin n_;rxj . B Toukax paszpeBa x € (—(,() ¢dyHK-
n=l1

mun  f(x) u Toukax x =1/ cymma psma Dypbe omnperaensercs GopMmyiaMu

S(x) — f(X—O);f(X+O) - S(—f) :S(() _ f(_(+0)2+f((—0) '
B wactHocTH, ecnu: 1) dyrkmus f(x) - uémuan, 10 B Toukax x € (—¢, () He-

TIPEPBIBHOCTH GbyHKIMH MeeT MECTO pasiokeHue

) 14
f(x)=a—0+2[an cosn—mj ,rae a, =%Jf(x)cosn—mdx,n=0,1,2,...;
2 / ZO l
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2) pynkmms f(x) - Heuémmuasn, T0 B TouKax x € (—/(, /) HENPEPHIBHOCTU QYHKIUH

0 l
HUMEET MECTO pasznioxkenue f(x)= b sinn—ﬂx ,rme b, = 2 x sinn—ﬂxdx ,
! l Ty l
0

n=1
n=12,.... Ecmu ¢pynakius f(x) 3amgana Toneko B uHTepBaie (0,7), To e€ MOXHO
MIPOJOIDKUTE B uHTepBan (—¢,0) nmubo kak 4érHyro, TMOO KaK HEYETHYIO, a 3aTeM
pasnoxuth €€ B uHTepBane (0,() B HemomHbIA psg Dypbe MO CHHycCaM WM 1O
KOCHHYCaM.

Tema. CayyaiiHble cOOLITHSI M HX BEPOSTHOCTH.
1. Kitaccuueckoe M reoMeTpuYecKoe onpe/ie/ieHnsi BEPOSITHOCTH.
[pu knaccuueckom onpedenenuu eeposmuocmov P(A) cayuaiinozo coovimus

m(A)

A ompenensercs paBeHCTBOM P(A) = , Te m(A) - 9UCIO 3JIEMEHTAapPHBIX

HCXOJIOB IKCIIEPUMEHTA (OIBITA, UCIIBLITAHUS), OJIATONPUATCTBYIOMIUX ITOSIBIICHUIO
coObITUsL A4 ; n - 00IIlee YUCIO PABHOBO3MOXKHBIX JJIEMEHTAPHBIX MCXOJOB KCIIe-
pumenTta. Kaxiprii U3 MCXOmOB (Jajiee HENETMMBIX M B3aUMHO HCKITFOYAFOIIIX
JIpYr ApYyra) SKCIIEpUMEHTa HA3bIBAETCS €r0 I1eMEeHMAapHbIM UCX000M (DIIeMEH-
TapHBIM COOBITHEM) U O0O3HAYAETCS @ . DJIEMCHTapHBIC MCXOJBI HA3bIBAKOTCS
PABHOBO3ZMONCHBIMU, €CITM B CUIIy YCJIOBHH INPOBENCHUS DKCIIEPUMEHTa MOXHO
CUHTaTh, YTO HU OJIMH U3 HUX HE SBJISCTCS OOBEKTUBHO 00Jice BO3MOXKHBIM, YEeM
npyrue. MHOXECTBO BCEX JJIEMCHTapHBIX HCXOJIOB 3KCIIEPUMEHTA HAa3bIBACTCS
RPOCMPAHCMEOM INIEMEHMAPHBIX UCX0006 1 obo3Hadaercst ) . Mcxon @ Hasbl-
BaeTCsl 0J1A2ONPUAMCIMEYIOWUM TAHHOMY COOBITHIO, €CIIH €T0 MOSBJICHUE BICUYET
3a 00Ol HACTYIUICHUE TAKOTO COOBITHS.

IIpomueononoscusim coobiTuio A Ha3bIBaeTCS COOBITHE A , COCTOSIIEE B TOM,
410 coObITHE A He mpoucxoaut. Hampumep, MPOTHBOMONIOKHBIM COOBITHIO, OI-
penensieMoMy CIOBAMH «XOTS OBl OMHUH...» SIBISIETCS COOBITHE, OMpPEaesieMoe

CJIOBaMU «HH OJHUH...». Ecmmn BEPOATHOCTDH P(A) HU3BCCTHA HJIM JICTKO MOXCT

OBITh HalijieHa, TO BeposATHOCTE P(A) BhruucisioT mo popmyne: P(A)=1-P(A).
Juist BIYMCIIeHns O0IIEero Yucna # 3JIeMEHTAPHBIX UCXOJ0B 1 uncia m(A) aie-

MEHTapHBIX HCXOJI0B, OJarompHUATCTBYIONINX PACCMATPUBAEMOMY COOBITHIO, IIIU-
POKO HCTIONB3YIOTCS MpaBmia u (GopMyasl kKoMOMHAaTOpuKU. OMHON M3 OCHOBHBIX
3a/1a4 KOMOWHATOPUKHU SBJISICTCS MOACYET YKCIa KOMOMHATOPHBIX KOH(HUTYypanuit
(KOMOWHAITMI 3JIEMEHTOB), O0Pa30BAaHHBIX M3 3JIEMCHTOB HEKOTOPBIX KOHEYHBIX
MHOXECTB B COOTBETCTBUH C 3aJJaHHBIMH INpaBmwiamMu. [IpuMepaMu Takux KOMOH-
HalUH ABJISIOTCS IEPECTAHOBKH, Pa3MEIIEHUS] U COUETaHusI.
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Couemanuamu uz n 31eMeHMOE NO M HA3BIBAIOTCS KOMGI/IHaHI/II/I OJIEMCHTOB,
oTJIMYaromuecsa Apyr OT JApyra TOJIbKO COCTABOM 3JICMCHTOB. (0):11 paccMaTpuBa-
IOTCA KaK 3JICMCHTAPHBIC MCXOAblI OKCIIEPUMEHTA, COCTOAIIETO B OAHOBPEMECHHOM
BBI60pe 0e3 BO3BpaIllCHUA JMOOBIX 7 3JEMEHTOB U3 71 Pa3JIMYHBIX 3JICMCHTOB, a

ux oburee ynciao C,' ompenensiercs GopMyIIOi:
!
C)l=———,tme n!=1-2-3-...-(n-1-n, 0=1.
mh(n—m)!

Pazmewienuamu uz n 31eMeHmMO8 N0 m HA3BIBAIOTCS KOMOWHAIIMHU JIEMEHTOB,
OTJIMYAIOIINECS IPYT OT APYra Kak COCTABOM 3JIEMEHTOB, TaK U MOPSAKOM HX CJie-
noBaHuss. OHU pacCMaTPUBAIOTCS KaK AJIEMEHTApHbBIE UCXOJIBI IKCIIEPUMEHTA, CO-
CTOSILIETO CHavana B OMHOBPEMEHHOM BhIOOpe Oe3 BO3BpallleHHs JTIOOBIX m dJe-
MEHTOB U3 1 Pa3IMYHBIX 3JIEMEHTOB, a 3aTEM B TIPOM3BOJILHOM HX YIIOPSIOYNBA-

n!
(n—m)~

Ilepecmanoékamu u3 n 31eMeHMO6 HA3bIBAIOTCS KOMOHWHAIIMHM JJIEMEHTOB,
OTJINYAIOIINECS JPYT OT ApYyra TOJBKO MOPSIKOM UX ciemoBanus. OHH paccMaTt-
PHBAIOTCSI KaK 3JIEMEHTAPHBIE UCXO/bI IKCIIEPUMEHTA, COCTOSIIETO B MPOU3BOJIb-
HOM YIOPSIIOYMBAHUU MHOXECTBA, COCTOSIIETO U3 7 PA3IMYHBIX SJIEMEHTOB, a UX

obmee uncno P, onpenenserca popmynoit P, =n!.

Juist mopcyéra yucia BCEBO3MOXKHBIX KOMOMHATOPHBIX KOH(PUTYpalMid IIMPOKO
UCTIONIB3YIOTCS PaBUIIa KOMOWHATOPHKH.

Hun. OG1ee uncino A, pasmernenuii onpenensiercst popmysoit: A4, =

Ilycts o,0a5,...,0 - DAEMEHTHI (IEHCTBUA) U3 HEKOTOPOIO KOHEYHOIO MHO-
JKECTBA DJIEMEHTOB (JIEHCTBHIA), KOTOPHIE MOXKHO BBIOpATh (BBIMOJIHUTB), COOTBET-
CTBEHHO, Nj,H,,...,N; cnocobamu. Torna cipaBeIMBEI CIEMYIOIHE IPABHIIA.
IIpaguno cnoxycenun. OCymecTBUTH BEIOOP (BBINONIHEHUE) TOIBKO OAHOTO U3 Jle-
MEHTOB (elicTBUi) MOXHO N =n, +n, +...+n; cIoco0aMu.

Ilpasuno ymnoscenun. OCylieCTBUTH TOCIIEIOBATEIBHBIA BHIOOP (BBIMOIHEHUE)
BCEX JJIEMEHTOB (AeiicTBuil) MOXHO N =n, -7, -...-n; CIOCOOAMH.

[TycTh SKCHIEpUMEHT COCTOMT B TOM, YTO HayJauy OpOcaeTcsi TouKa B HEKOTOPYIO
obnacte Q . CiioBO «Haynady» O3HayaeT, 4TO B TAKOM JKCIEPUMEHTE BCE TOUKH
obnactu ) «paBHOBO3MOXHBI». B 3TOM cirydae BEpOSITHOCTb ITONaAaHHs TOUYKH B
HEKOTOpyIo 4acTh A obmactn () paBHA OTHOIIEHWIO MEPHI (JIMHBI, ILIOLIA[IH,

p(4)
H(€2)
YTO yKa3aHHbIE Mephl onpenenensl, npuuém u(Q) # 0 . JlaHHoe onpezeneHue Be-

00béMa) 9Toi YacTu K Mepe Bceil obmact Q@ P(A4) = , B TIPE/ITIOIOKEHUH,

POATHOCTH COOBITHS Ha3bIBAIOT ceomempuuecKum OHPEOEJIEHMEM eéepoimuocmu.
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2. Yc/10BHAs BepPOATHOCTH. POpMYJIbI _CJI0KEHHSI H YMHOKEHUS] BEPOSITHO-
creil. Popmysia nosiHoi BeposTHocTH. Popmyna Baiieca.

Bcesikoe cnywaiiHoe coObiTHe A MOXKHO paccMaTpHBaTh Kak MOAMHOXKECTBO ()
(oOpaTHOe yTBepiKIeHHE, BOOOIIE TOBOPS, MECTa HE MMEET), COCTOSIIEE U3 BCEX
TeX w € (), KOTOphIe OMAaronpusITcTBYIOT coObITHi0 A (w € A). MHOX)ecTBO )
Ha3bIBAIOT OOCHOBEPHBIM COObIMUEM, A TTYCTOE MHOXECTBO (J , SIBIISIOIIEECS 10
OITPEIEITICHUIO ITOJMHOXKECTBOM (2 , HA3BIBAIOT HEGOZMONCHBIM COOBIMUEM.

Ecnu A < B, To rOBOpSIT, UTO codvimue A eneuém codovimue B .

Hpoussedenuem cobvrmuii A n B HazwBaloT cobbiTHE A- B, TIpoMCXosllee
TOTJla U TOJIBKO TOT/IA, KOTJa MPOUCXOAAT OJHOBPEMEHHO oba coObitusi A uB .
Cobbitust Au B Ha3bIBAIOT Hecoemecmubimu, eciii A-B = .

Cymmoii coovimuii A 1 B HaswBaror cobbiTue A+ B, mpoucxopsinee Toraa u
TOJIBKO TOT/1A, KOT/a MPOUCXOJUT XOTsI ObI OJJHO U3 COOBITHIT A Wi B .

Paznocmuio cobvimuit A m B HazbBaroT coObiTHe A\ B, mpoucxozsiiee To-
IJla ¥ TOJILKO TOT/Ia, KOT/ia IIPOUCXOMUT COOBITHE A , HO HE POUCXOIUT COOBITHE

B . Cobbitne A=Q\ 4, MIPOUCXOJISIIIIEe TOT/AAa U TOJNBKO TOIZA, KOTJa COOBITHE

A He NPONUCXOIUT, HA3BIBAIOT HPOMUBORONONHCHBIM COOBITHIO A . Pa3zHOCTH co-

ObITHIT A\ B BCErJa MOXHO TIPEICTABHTh B Buae A\B = A-B .

W3 onpenenenuii BEpOSTHOCTH CIEAYIOT CIEIyIOIUE e€ CBONCTBA:

1) P@)=0;2)P(Q)=1; 3)0<P(4)<1; 4)Ecnu Ac B, 10 P(A)< P(B);
P(A4)+ P(B), ecmu A-B=0

P(A)+P(B)—P(A-B), ectu A-B#J’

I[lyctb A u B - HaOmogaeMbie COOBITUS B dKCHepuMeHTe, nmpuaéM P(A4)>0.

5) P(A)=1-P(A); 6) P(A+B) =

Ycnosnou eéeposmuocmoero P(B| A) ocyuiecTBicHUs codbimus B 1ipu ycrnoBuwy,
4TO0 COOBITHE A MNPOU3ONUIO B PE3YJbTAaTE AAHHOTO IKCIIEPUMEHTA, Ha3bIBAETCS
P(A-B)

P(A)

Cobbitnss A u B, uMerolie HeHyNIEBYIO BEPOSTHOCTD, HA3bIBAIOTCS HE3ABUCH-
MbIMu, €CITU BBINONHSAETCS paBeHCTBO P(B|A)=P(B) wimu P(A|B)=P(A), B

BENUYMHA, onpenensiemMas paBeHcTBoM: P(B| A) =

TIPOTHBHOM Cilydae coObITHs A M B Ha3bIBAIOTCS 3A6UCUMBIMUL.

Cnoxcupim Ha3bIBAIOT COOBITHE, HAOTIOaeMOE B HKCIIEPHMEHTE U BBIPAXKEHHOE
4epe3 Apyrue HaOIroJaeMble B TOM K€ SKCIEPUMEHTE COOBITHS C IOMOIIBIO JI0-
ITyCTUMBIX alnreOpanyeckux ornepanyii HajJ COOBITHUSIMH.

BeposiTHOCTD OCYyIIECTBIIEHHS TOT'O WIIM HHOT'O CIIOXHOT'O COOBITHS BBEIYHUCIISETCS
C TIOMOILBIO YOPMYTL YMHONCEHUA BEPOAMHOCIENL:

1) P(A-B)=P(A)-P(B|A), P(4)>0;
2) P(A-B)= P(A)- P(B) (ans HE3aBUCHMBIX COOBITHIA)
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U hopmyn cnodcenus 6eposmHuocmell:

3) P(A+B)=P(A)+P(B)-P(A-B);

4) P(A+ B)= P(A)+ P(B) (1 HECOBMECTHBIX COOBITHIA).
HOyers H,,H,,....H

nonapHo HecoBMecTHbie (H,; - H ; =& npu i # j ) 1 00pasyrouue noaHyko rpyI-

, - HabIIonaemMble COOBITHS JUISi JAHHOTO JKCIIEPUMEHTa,

ny coOwrtuit (H, +H, +...+ H, =Q ). Takue coObiTHs [; NPHUHATO Ha3bIBATh

2unome3amu 10 OTHOIIEHHUIO K coObITHIO A4 . Toraa amns modoro HabI0AaEMOro B
9KCIEPUMEHTE COOBITH A UMEET MECTO hopMyia NOIHOU 6EPOAMHOCIU.
n
P(4)=) P(H,)P(A|H,), tne P(H,;)>0.
i=1
Nycts H,,H,,...,H, - COBOKYyITHOCTb I'MIIOT€3 10 OTHOLLIEHUIO K COOBITHIO A ,

0e3yCcloBHBIE BEPOSTHOCTH KOTOphIX P(/1;) >0, Ha3zpiBaeMble anpuopHvimu (0o-

n

ONbIMHBLIMU), U3BECTHBI M TTYCTh CTAJ0 U3BECTHO, YTO B PE3yJIbTAaTE IKCIICPUMEHTA
cobwite A mpousonuio. Torna anocmepuopnvie (nocieonvimusie) BEPOITHOCTH
P(H;| A) runore3 H; mpu yCIOBHH, YTO COObITHE A HMEIO MECTO, BBIUMCIS-
10TCA 110 hopmyne baiteca:
P(H;)-P(4|H,;)
P(4)
®opmyna balieca Mo3Boe€T NEPEOLICHUTH BEPOSTHOCTh KaXKJOW U3 THUIOTE3 MO-
CJie TIOCTYIUICHHS JTOTONHUTEIBHON MHQOPMAIIMH OTHOCHUTEIHLHO OCYIICCTBICHUS
TeX MU UHBLIX HAOII0JaEMBIX COOBITHIMA.
3. Cxema bepuyiuiu. @opmyaa bepHyiin.

Cxemout Bepuynnu Ha3bIBAIOT TOCIEAOBATCIBHOCTh HCIBITAHUH, YIOBICTBO-
pArONIyIo ycnoBusaM: 1) pe3ynbTaToM KaXKIAOTO HCIBITAHUS SBISICTCS OJIUH U3 IBYX
BO3MOXKHBIX HCXOJIOB: «ycCHex» (MOSIBIICHHE HEKOTOPOro COObITH A ) M «Heyna-
4ay; 2) UCIBITAHUS SBJISIOTCS HE3aBHCUMBIMHU, T.C. BEPOATHOCTh «YCIEXa» B KaXK-
JIOM CJICTYIONIEM HUCIBITAHUHM HE 3aBUCUT OT PE3YyJIGTATOB MPEIBIIYIIUX UCIIBITA-
HUM; 3) BEPOATHOCTH «YCIEXa» BO BCEX WCIBITAHUAX ONWHAKOBA W paBHA
P(4)=p.

BeposarHocte P, (k) Toro, 4To B n MCHBITaHUSX 1O cxeMe bepHynan nponsoit-

Jrae P(A)= 3 PUH)P(AIH,)

i=1

P(H, | 4) =

JIET pOBHO k «yCIIEXOBY, ompenensiercs ¢popmynoii bepuynnu:
P, (k)=Ckp*(1-p)"*, k=0,1,2,....n.
CrnencrBusivu hopMyibl BepHYIITH SBISIOTCS (POPMYITBI:
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ky
1) P (ky<k<k,)= z P, (k) - BEpOSTHOCTb TOTO, YTO B 7 HCIBITAHUAX MO CXe-
k=ky
Mme bepHynnu «ycnex» HacTynuT He Oonee k; pa3 u He MeHee k, pas3;

2) P,(kx1)=1—(1—p)" - BepOATHOCTb TOrO, YTO B 1 HCIBITAHUSX IIO0 CXeMe
BepHynnu «ycrex» HaCTYIUT XOTs ObI OUH Pa3.

Tema. Cayuaiinble BeIHYUHbI. CHCTEMBI CJIYYAHHBIX BeJINYNH.

1. OnHoMepHBIe ci1y4aliHble BeJMYUHBI.

Ilon cayuainoni eéenuuunoit X TOHUMAIOT BEIMYUHY, NPUHUMAIONIYI0 CBOU
BO3MO)KHBIE 3HAYEHHSI X B 3aBUCHMOCTH OT UCXO/a (I DKCIIEPUMEHTA, C KOTOPHIM
OHa CBS3aHa.

3axkonom pacnpedenenus (seposmuocmetl) CIy4alHON BEIWYMHBI HA3BIBAIOT
m000€e MpaBUII0, MO3BOJISIIOIIEE HANTH BEPOSTHOCTH TOT'O, YTO CITydaifHas BEJNYH-
Ha NMPHUMET 3Ha4YeHNE U3 HEKOTOPOTo MTOJJMHOXKECTBA CBOMX BO3MOXKHBIX 3HAYCHHUH.
OOmMM 3aKOHOM pacHpeIeNIeHns], IIPUCYIIMM BCEM CIIy4aiHBIM BEIWYMUHAM, SIBIIS-
ercst pyHKIUS pacripeeeHusl.

Dyuxyuei pacnpeodenenusn (seposmuocmeti) CIy9IaiHOW BeTUUMHBI X  Ha3bI-
BaeTcst QyHKIMs F(x) NEHCTBUTENLHON MEPEMEHHOW X, —oo < X < 400, OIpese-

nsiemast popmynoid F(x) = P(X <x).
Kaxnas dynkums pacnpenenenust F(x) obnanaer cieqyrolMMH CBOHCTBAMHU:
1) 0<F(x)<1, —0< x<+0; 2) F(x) He yObIBaerT;

3) F(—w)= lim F(x)=0,F(+0)= lim F(x)=1; 4)F(x)HenpepriBHa cJeBa.
X—>—00 X—>+00

JIrobast HeyOwIBaroIIasi HempephIBHAs cieBa JelcTBUTeNnbHas QyHkmus F(x),
YIOBJICTBOPSIONIAS YCIOBUAM F(—0) =0 u F(+w) =1, sBnasgercs QyHKIMEH pac-
Mpe/ielIeHUsI HEKOTOPOH ClydyalHONM BETUYHHBI.

BeposiTHOCTE coOBITHS a < X < b omnpenensercs: GopMymou:

Pla<X<b)=F(()-F(a).

CnyudaiiHas BenuuuHa X Ha3bIBACTCA OUCKPEHMIHOU CAYUANHOU 6eUYUHOU
(ACB), ecnu MHOXECTBO €€ BO3MOXHBIX 3HAU€HUH {x;,X,,...} KOHEUHO HIH
cuérHo, npuuéM P(X =x;)=p,; >0, Z p; =1, TIe cyMMHUpOBaHHE PacIpoCTpa-

i
HSETCS Ha BCE BO3MOXKHBIC 3HAUCHUS [ . DYHKIUS PaCIpPECIICHNS B 3TOM CIIydae

MMeeT CTyNeH4YaThli BU U 3amaércst popmynon F(x) = ZP(X =X;), e CyM-
Xj<x

MHPOBAHUE PACIIPOCTPAHACTCA Ha BCC 3HAUCHUA UHICKCA 1, s KOTOPBIX X; <X.

118



3akon pacnpenenenus JICB ymoOHO 3amaBaTh psaoM pachpencieHus. Psoom
pacnpedenenus JICB Ha3pIBAIOT TAaOIUILY, B KOTOPOH MMEPEYUCICHBI BCE BO3MOXK-
Hbl€ 3HAUEHUs X;,X,,... STOU ClydaliHON BEIMYMHBI U COOTBETCTBYIOIUE UM Be-
POSITHOCTH P, Py, .... JJI4 HarmsgHOCTU 3aKoH pacnpenenenus JICB uzobpaxa-
10T TpaUYecKH, Uil Yero B HPSIMOYTONBHON CHUCTEME KOOPIUHAT CTPOSIT TOUKH
M (x;, p;) M COCAUHAIOT UX oTpe3kamu npsMeiX. [lomyuennyro ¢burypy Hasbipa-
10T MHO20Y20/1bHUKOM pACnpedeieHuU.

Mamemamuueckum oxcudanuem NUCKPETHON ClIydalHOW BeNIWYMHBI X Ha3bl-

Baercs ynuciao MX = Z X;P; =X Py +X, Py +..., €CIHU PSI CXOAUTCS AOCOIIOTHO.
i

Jucnepcueit cayuaitnoit éenuvunpsl X Ha3bIBACTCS HEOTPUIATEIBHOE YUCIIO

DX =M(X -MX )2 . Hueno o(X)=+DX Ha3bBaercst cpednum Keaopamuu-

HbIM OMKJIOHCHUEM.
Jlucriepcuio TUCKPETHOM CITydaltHON BETUUMHBI X BBIYUCIISIOT IO (hopMysaam:
DX =" (x;~MX)* p, um DX = x}p; -(MX)*.
1 1
[Iycts C -mocTosiHHAs BeMuurHA. MaTeMaTHUECKOE OXKHIAHUE U TUCTICPCHS
CITy4aiiHOM BEJIMYHMHBI 00JIaIAIOT CIIEAYIONIMMHU CBOHCTBAMHU:
CBoiicTBa MmaTemaTnieckoro oxxuganusi: 1) MC=C; 2) M(CX)=CMX ;

IIMXEY)=MXEMY ;4 M(XY)=MX-MY ,ecin X u Y He3aBUCHMBIL
CsoiicTBa qucnepcun: 1) DC=0;2) D(CX) = C’DX ;3) D(X+(C)=DX;

4) DX :M(Xz)f(MX)2 ;5 D(X+Y)=DX+DY ,ecniu X U Y HE3aBUCHUMBL.
CnyuaiiHass BemuunHa X Ha3BIBACTCS (AOCOMOMHO) HENPEPbIGHOU C/IYUANHOIL
séenuyunon (HCB), ecnmu €€ (yHKIUs pacnpeneieHus MpeaCcTaBiIseTCs B BHIC

X
F(x)= J f()dt, —o<x<+00, rne f(x)-HeoTpularenbHas U WHTETpUpyeMas B
—00
OeCKOHEUHBIX Tperenax (YHKIW, Ha3blBaeMas iyHKuuei niomuocmu (pacnpe-
Oenenusi) eepossmuocmeit. MHOXECTBO BO3MOXKHBIX 3HAUCHUHN HEMPEPHIBHON CITy-
YaliHOM BEJIMYMHBI HECYETHO M OOBIYHO IMpECTaBIIsIeT cOOONH HEKOTOpPHIA KOHEY-
HBIN WM OECKOHEYHBIH IPOMEXYTOK YHCIOBOH MTPSIMOH.

Oynkuus pacnpenencHuss F(x) HenpepbIBHOHM CIydailHOW BeTWYUHBI X SIBIIS-
eTcsl HeTPEepbIBHOM HeyObIBatolIel (GyHKIMEH Ha BCeil YMCIOBON NPSIMOM, TpU4éM
BEPOATHOCTH IIOMAJIaHUsI B JIIOOYI0 (UKCUPOBAHHYIO TOYKY paBHa HYIIO:
P(X=x)=0, —co<x<+00.
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Oynkust f(x) sBIsIETCS TUIOTHOCTBIO BeposTHocTed Hekotopoid HCB X, To-
+00
IJla ¥ TONBKO Toraa, korma: 1) f(x)>05  2) Jf(x)dx =1.

[TnotHOCTH BepossTHOCTEH f(x) B TOukax, rie F(x) muddepeHupyema, omnpe-
nensiercst paeHcTBoM:  f(x) = F'(x) . B Toukax, rae F(x) He auddepeHnupyema,
IUIOTHOCTb BEPOSITHOCTEH f(X), ompenenseTcss MpOW3BOJIBHBEIM 00pa3oM, darie

BCETO MO HENPEPBIBHOCTH CJIEBA WM CIIPABA.
Jlna HempephIBHOM ciydallHONM BeMMUYMHBI X C IUIOTHOCTBIO BEPOSITHOCTEH
f(x): PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

Mamemamuueckum oxcudanuem HETPEPHIBHON ClIydallHON BEeNWYMHbI X Ha-
+00

3pIBaeTcs yucino MX = J xf (x)dx , ecny MHTETpaI CXOAUTCS AOCONIOTHO.
—00

Jlucnepcuio HenpepbIBHOM CITydaifHOW BETMYMHBI X BBIYMCISIOT MO GOpMyam:

+00 +00
DX = j (x—MX)® f(x)dx wm DX = j X2 f(x)dx — (MX)? .
—00 —00
Meouanoii nenpepuligroll cayuaiinol eeauyunst X HaszpBaercs uucino Me(X),
ynoBieTBopsitoniee ycnoputo P(X < Me) = P(X > Me) win F(Me)=0.5.
Hauanonoim momenmom k -2o nopsaoka (k =0,1,2,...) pacnpeneneHus cirydai-
HOM Benu4uHBI X (€CJIU OH CYLIECTBYET) Ha3bIBA€TCs YUCIO V; = M (X k) .
Ienmpanvnoim momenmom k -2o nopsaoka (k =0,1,2,...) pacupeneneHus Ciy-
yaiiHOW BemuumHBl X (€COIM  OH  CYIIECTBYET) HA3bIBACTCS  YHCIIO
i, =M(X - MX)*
Js1 HenpepbIBHOM ciyyaliHOW BeMuWYMHbI X HadalbHbIE W IIEHTpaJIbHbIE MO-
+00 +00
MEHTHI BEIYUCILIIOT 110 OpMyTIaM: v, = Jxkf(x)dx , Uy = J(x—MX)k f(x)dx .
—00 —00
2. OcHOBHBIE 3aKOHBI pacnpe/ieJeHUs 0OAHOMEPHbBIX CJOYYAHHBIX BEJTHYHH.
JuckperHast ciydaiiHas BenmuuuHa X WMEET OUHOMUAIbHOE PACHpedeeHue

B(n, p), ecm: P(X =k)=Ckp*q"™*, &k =0,n. Ecm X~B(n,p), 10:
MX =np, DX =npq .
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JuckperHas cnyuaiinas Benmuuuna X umeer pacnpedenenue Ilyaccona P(A)

k-2 -
ecru: P(sz)lee' (A>0), k=0,0. Ecmu X~P(1), To:
MX=A,DX=A1.
HenpepsiBHas criyvaiinas BenuuuHa X HMEET pagHomepHoe pacnpedenenue

1/(b—- ,b
R(a,b), ecrm: f(x)= [(b-a) *€(b) . Ecm X~R(a,b), to
0 x ¢ (a,b)
2 J—
MX:“_”” DX:(I’_")’ p(agX<ﬁ):ﬁ @
2 12 b—a
HenpepbiBHas crnydaiiHas BenuunHa X UMEET noKazamesibhoe pacnpeoesienue
0 x<0
EQ), : = _ A1>0). Eciu X ~E(A), To:
. e 10={" " as0) *

MX =12, DX =1/2%, Pa<X<p)=e "% -,
HenpepsiBHast ciydaiiHas BeJNWYMHA UMEET HOPMAIbHOE pachHpedeienue
1 e—()c—cz)2/20'2

o2z

X~N(a,0), 10 MX=a, DX =o2, P(|X—a|<g)=2®[ij,
o

—w<x<+4oo. Ecmu

N(a,o), ecm: f(x)=

P(a£X<ﬂ):CD[ﬂo__a]—CD[a;aj, rae CD(x)—\/_J‘ - /zdt byHKIMS

Jlannmaca, 3HaYeHUsS] KOTOPOH HAXOST C IIOMOIIBIO CITCITUATEHBIX TAOJTHIIL.

Tema. IIpeneabHble TeOPeMbl TEOPUH BEPOSITHOCTEIA.
Ecnu nng HeoTpunaTensHON cny4yaiHON BenuuuHbl X > () CyIIecTByeT MaTeMa-
THYECKOe okuanue MX , To ajisi BceX £ > () BBINONHSIETCS HEPABEHCTBO:

MX
P(X =2 &) <—— (nepeoe nepasencmeo Yeodviuiesa).
&g

Ecnu pns cnywaiiHo# BennuuHbl X cymecTByeT aucnepcuss DX , To ans Bcex
& > 0 BBINOIHAETCA 6mopoe Hepasencmeo Yebviuesa:
2
DX M(X
P(|X—MX|28)S—2 WA P(|X|Z€)S¥
g g

BTopoe HEPABCHCTBO YeOpbImeBa 4acTo HCIIOJIB3YIOT B BUC!
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DX M(X?
P X -MX|<g)>1-22 P( X <o) >1-MED
2 2
£ &
IMocnenosatensHOCTh Caydanbix BenmuuuH X, X,,..., X, ,... Ha3BIBAIOT CXO-

osaweiica no éepoamuocmu K CiydaiiHoi BenmunHe X (KpaTko 3aIiChIBAaeTCs

P
X, > X),ecmmanascex € >0: lim P(| X, -X|>¢)=0.
n—0

n—»o0
ToBopsir, 4TO JUISt MOCJIEN0BATEILHOCTH CITy9aifHBIX BEJIMYUH
X, X5,...,X,,..., IMEIOIIUX MaTeMaTHIeckue oxupanus MX,, i=12,..., BbI-

1< L
TIOJIHSIETCA 3AKOH 001buux uucen, €Ciu —ZX ;= —ZMX ; » T.e. UL Bcex

n—o 1N~

i=1 i=1

n n
£>0 lim P lZXl. —lZMXI. >¢|=0.

RGN = i
3axkon 6oavuiux uucen ¢ gpopme Ueodvimesa. Ecnn nocnenoBaTebHOCTh HE3a-
BUCHUMBIX CIydalHbIX BenmuuuH X, X,,..., X, ,...TaKoBa, 4To CymecTByoT MX;
u DX;, npuuéM QUCIIEPCUM ITUX BETMYUH PABHOMEPHO OrpaHUYEHbI (HE MPEBHI-
[Iar0T mocTostHHOrO yrcna C ), TO sl He€ BBITIONHSAETCS 3aKOH OONBIINX YHCEIT,
i

n—o N~

1< Pl .
T.€. —ZX ;= —ZMX ; - B uactHOCTH, ecnM CloydaliHblE BEITUMYMHBI X
n-
i=1 i=1

i=12,... SBIAIOTCA TaKKe OAWHAKOBO pacCHpeneNEHHbIMU (B 3TOM Ciydae

n—0

1< P
MX;=a, DX;=0c"),10 =) X, > a.
n-z
i=1
3axon 6onvwux uucen 6 popme bepuynnu. Eciu m, - 4UCIO YCIEXOB B 71
UCTBITAHUAX TI0 cXxeMe BepHyIUTH ¢ BEpOATHOCTBIO ycIieXa p B OTJACIBLHOM HCITBI-

P
i m
TaHuu, T0 —~ —> p, T.e. mABcex ¢ >0 lim P||——p|>¢ |=0.
n now n—w n

3akoH 0osplIMX yhcen B (hopMe BepHyMTH SBISETCS YaCTHBIM CIIydaeM 3aKOHA
6onbinx uucen B hopme YeOblesa.

Llenmpanvuas npedenvnuas meopema. Ilycte X, X,,..., X - TIOCJIeI0Ba-

noce.

TCIBHOCTh HEC3aBHUCHUMbIX OJHWHAKOBO paCHpeZ[eJ'IéHHI)IX CHy‘IaﬁHBIX BCJIIMYHMH

2.
(MX;=a, DX, =0", i=1,2,...), Toria nociaeaoBaTelIbHOCTh HOPMHPOBAHHBIX

— 1
,rne X, = —Z X, , cxoouTcd 1o pacupene-

X, —a
(O'/\/;) noo

CIIyJaWHBIX BEIHYHH Z, =
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JICHUIO TIPH 71 — o0 K CTaHAapTHOH HopMmanbHOW Benmmuune Z ~N(0,1), T.e. s
. L[ ,2h
BCeX xe€R: Fy (x)=P(Z, <x) - Fz(x)z—'[e dt.
n—ow 271-
—00

Tema. OCHOBHBIE NOHATHSI U 3324l _MaTeMATHYECKOI CTATUCTUKH.
IIpeaBapuTteabHas 00pad0TKA IKCIEPUMEHTAILHbIX JAHHBIX.

Buoiooproii 00béMa 1 U3 TeHEpANTbHON COBOKYITHOCTH X HAa3bIBAETCSI COBOKYII-

HOCTb X;,X5,...,X, HaOIIOJaeMbIX 3HAaUEHHH CIydaiiHON BenmM4nuHBl X , COOTBET-

CTBYIOIIMX # HE3aBHCHUMBIM MOBTOPEHUSIM CIYy4alHOTO SKCIEPUMEHTA C KOTOPHIM
cBsi3aHa BenuunHa X . B MaTemaTtudeckod CTaTUCTHKE T'€HEPAJIBbHYIO COBOKYII-
HOCTb OTOXECTBIISIOT CO CIy4alHOW BENIMYMHOM, COBOKYITHOCTH BCEX BO3MOXK-
HBIX 3HAUYEHUI KOTOPOH U HAa3bIBAIOT 2EHEPAIbHOU COBOKYRHOCHbIO.

BriOopka MoxeT OBITH 3ammcaHa B BHJC BapHAIMOHHOIO W CTATHCTUYCCKOTO
(IUCKPETHOTO WU WHTEPBAIBHOTO) PsI0B. BEIOOPKY, 3aMUCaHHYIO B BUJIC CTATH-
CTUYECKOI0 Psijia, Ha3bIBAIOT ZPYHHUPOCAHHOI.

Bapuayuonnvim padom BBIOODKH X;,X,,...,X, Ha3bIBaeTCA Takoil crocod eé
3aIKCH, TIPU KOTOPOM 3JIEMEHTHI BHEIOOPKHU YIIOPSIOYUBAIOTCS IO BEIHYUHE, T.C.
3alMChIBAIOTCS B BHWJE  IOCJIEIOBATEIHLHOCTH X(1)sX(2ysees X(mys  THE

X1y SX(g) S... S X, . PasHOCTE X, — X)) = R wasbBaetcs Pazmaxom 6bloopKu.
Bcrony B nanbHeineM BEIOOPOYHBIE XapaKTEPUCTHKU Oy7eM, Kak MpaBHiIo, 000-
3HAYaTh CUMBOJIOM C « A » HaBEPXY.

PasnuyHble 3HaUeHUs X;, = L_k (k<n), nHaseBarotrcs eapuanmamu. Yucio
n; TOBTOPEHH BAPUAHTBI X; B BHIOOPKE HA3bIBACTCS €€ YACMOMOl, 3 OTHOLICHHE
W; =n; [n Ha3bIBAETCS e OMHOCUMENLHOI YACHOMOIL.

Huckpemnbim cmamucmuyeckum pAooM HA3BIBAETCS YIIOPAJ0YEHHAS B IIOPSJI-
K€ BO3PACTaHUs 3HAYEHUI BApHAHT X; MOCIEA0BATENbHOCTh Map (x;,n;), i = Lk.

OOBIYHO €ro 3aIUCBLIBAIOT B BUJC Ta6J'II/IHI>I, nepBasd CTOKa KOTOpOﬁ COACPIKUT Ba-
PHAHTHI X;, a BTOpas UX 4aCTOThI.

ITonuzonom wacmom HaspiBaeTcs (HUrypa, pacloIOKeHHAs M0 JOMaHOH IUHU-
eif ¢ BepmIMHAMU B Toukax M ;(x;,7n;), MOCTPOEHHBIX B MPAMOYTOJIBHON CUCTEME

KOOpP/IMHAT.
Hnmepeanvhsim cmamucmuyeckum paoom HaA3bIBACTCS MOCIEAOBATEIBHOCT

nmap (J;,n;), i=Lk, rne J,,J,,...,J, - HemepeceKkarolnecs: UHTEPBAJIbI, KaK
MPaBUIIO, PABHOM JJIMHBI, 00BEIUHEHUEM KOTOPBIX SIBIISIETCS OTPE30K J , cozep-
Kalluii Bce BHIOOPOUYHBIE 3HAYEHHS; 71; - YaCTOTA MHTEpBaNa J;, paBHAs YUCIY
9JIEMEHTOB BBIOOPKH, 3HAUCHHUSI KOTOPBIX MOMAIM B JaHHBIH uHTepBasi. OOBIYHO
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€ro 3arucCbIBarOT B BUIOC Ta6J'II/IIH)I, nepBast CTpoka KOTOpOﬁ COACPIKUT T'paHUILIbI
HWHTCEPBAJIOB WIN UX CCPCANHBI Ei , d BTOpas — 4aCTOTbl UHTCPBAJIOB.

Tucmozpammoit wacmom Ha3bIBaeTCsl CTyNeHUYaras (UTypa, COCTABICHHAS U3
NPSMOYTONBEHUKOB, TOCTPOCHHBIX HA MHTEpBANIaX TPYMIUPOBKH TaK, YTO TUIONIA b

KaXxxaoro npsAMoOyrojibHHKa paBHa 4aCToTe n,;, i= l, k. Ecou JJIMHBI BCEX MHTCPBA-

n.
JIOB OAMHAKOBBI U PABHbI h , TO BBICOTHI ITPAMOYTOJIbHUKOB pPaBHBI 71 .

OCHOBHBIC YHCJIOBBIC XaPAKTEPHCTHKH BBIOOPKH.

HerpynnpoBaHHast BBIOOpKa I'pynnupoBanHas BEIOOpKa
1.Cpennee apudpmMeTniecKoe BEIOOPKU
_ 1= _ 1 k_
X=—2x; xX=—3Xx;n
ni=1 nj=1

2./lucnepcusi BEIOOPKH

o, I _ IR
cfzz—g(x,.—x)2 (722—2 (%, —X)’n,
= n iz

3.McnpaB/ieHHas AUCTIePCHs BRIGOPKH: S~ = NG~ / (n—-1)

4. Pa3max BeiOopki: R=x__ —X .
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6.3 OcHoBHBIe MaTeMaTHYeCKHEe (POPMYJIBL.
(I)ODMVJ'IBI coxpamém{oro YMHOKCHUSA

1. (a +b)* =a® +2ab +b*
3. (a+b+c)* =a® +b* +c* +2ab + 2bc + 2ac
4.(a+b) =a’ £3a’b+3ab* £b°5.(a £b)(a* Fab+b*)=a’ +b°
(I)ODMVJ'IBI TPUTOHOMETPUMN

2. (a—b)a+b)=a’ -b*

.sin‘a+costa =1,

. 1+tg2a=1/cos2a,
sin(a £ ) =sina -cos f £ cosa -sin B

sin2q = 2sina - cos o
. cosa+cos B =2cos|(a+ B)/2] cos[(a - B)/2]
10. cos a —cos = —2sin[(a + B)/2]-sin[(ex — 8)/2]

1
3
5
6. cos(at fB)=cosa-cosf Fsina -sinf
7
9

11. sin +sin g = 2sin|(a + B)/2]- cos[(a - B)/2]
12. sin & —sin 8 = 2sin[(a - §)/2]- cos[(a + B)/2]

2

2. fga-ctga =1,

4. l+cigloa= l/sin2 o.

8. cos2a=cos’a—sin’a

1 . 1
13. cos“ a =5(1+cos 2ct) 14. sin’a =E(l—cos 2ct)
DopMYJibl IPUBEIEHHUS.
% 3
OyHKIUSA ﬂ=5ia f=rta ﬂz%ia f=2r—-«a
sin 3 +cosa Fsina —cosa —sina
cos f3 —Ccosao tsina +cosa
tgf Fctga tea Fetga —tga
—tgp Figa tTctga Figa —ctga
3HayeHUs1 TPUTOHOMETPHYECKUX (PYHKIMI HEKOTOPBIX YIJIOB.
a 0 | z/6 | n/4 n/3 7/2 | 2x/3 T 3r/2 | 27
sina 0 1/2 \/5/2 \/5/2 1 \/5/2 0 -1 0
cosa |11 3/ | 22 1/2 0 -1/2 -1 |0 1
1ga 0 1/\/5 1 \/5 o0 _ \/5 0 o0 0
ciga 0 \/5 1 1/\/5 0 _1/\/5 o0 0 o0




Taoaua npon3BoAHLIX U An( depeHaJI0B 0CHOBHBIX

3JIeMEHTAPHBIX QYHKIIHIA.

Ne n/m f(x) S(x) df (x)
! x“ (a#0) axa_l axafldx
2 a* (a>0,#1) a¥Ina a”™ Inadx
eX eX eXdx
log, x (a>0,#1) 1 dx
xlna xlna
5 Inx 1 dx
X X
6 sin x cos x cos xdx
7 COos x —sin x —sin xdx
8 18x 1 dx
cos? x cos? x
9 ctgx 1 dx
sin” x sin? x
10 arcsin x 1 dx
1- x2 1-x2
11 arccos x 1 dx
1-x2 1-x2
12 arctgx 1 dx
1+x 2 1+x2
13 arcctgx 1 dx
1+x2 1+x2
14 chx shx shxdx
15 shx chx chxdx
16 thx 1 dx
ch 2 x ch’x
17 cthx 1 dx
sh 2 x sh’x
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Ta0JaHuIa OCHOBHBIX HeoIlpeae

JICHHBIX HHTEIpaJjaoB.

Ne x)dx Ne x)dx
» [r@ » [r@
1 k+1 2 k+1
k X X+a
Ix dx = k+l+C J.(x+a)kdx=%+c
(keR, k=-1) (keR, k+-1)
3 4 d.
j@=1n|x|+c j Y In|x+al+C
X xX+a
5 x 6 X _ X
_[axdxza +C '[e dc=e" +C
Ina
(a>0,a#1)
7 Jsinxdxz—cosx+C 8 Jcosxdxzsinx+C
9 10
=tgx+C dx =—ctgx +C
g .2
cos” x sin“ x
11 dx X 12 dx (x ﬂ)
=Injtg—{+C =gl =+= |+ C
-[sinx g2 '[cosx g 2 4
13 1 14 _
_[ zdx =—arctg£+C J. d :Llnx a+C
> +a’ a a x> —q%> 2a |x+a
1 16
S J‘\/i—arcsmx+c I%=lnx+x’x2ia2 +C
x“*a
17 J.shxdxzchx+C 18 J.chxdxzshx+C
19 20
_[ > =thx+C _[ d); =—cthx+C
ch”x sh”x
21 2
I\laz—xzdxza?-arcsin£+§-\/a2—x2+C
a
22

_[sz iazdxziélnx+\/x2 +a? \+%\/x2 +a? +C
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6.4 Oopa3zen opopmiieHHs 00J10:KKH ¢ KOHTPOJIbHOH padoToii.

(I)EJIepaJ'II)HOQ rocyiapCrB€HHOC aBTOHOMHO€ 06pa30BaTeJ’lBHOe
YUYPECKACHUE BBICIICTO oﬁpa303a}mﬂ

«Habepe:kHOYeTHUHCKUI HHCTUTYT
Kazanckoro (IIpuBoskckoro) ¢penepaibHOro yHUBEpCUTETA»

Kajeapa MaTeMaTHKH

KonTpoJuabHast padora
10 AUCHUIIIIMHE « »

Bapuanrt Ne
(HoMepa BBINOJIHSAEMBIX 3aJaHUIM: )

BbInmogHWI: cTyaeHT rpynnbl Ne
D.U.0. cmyoenma
3a4. KHIGKKa - Ne
ITpoBepuJi: mpenogaBaTensb Kadeapsl MaTeMaTHKH
@D.U.0. npenodasamens

Hao0epe:xxubie Ueanbl
201...
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6.5. Tabumua HoMepoB BHINOJIHSIEMbIX 3aJaHHUIA.

Homep Homepa gvinonnsaemovix 3a0anuil
éapuanma 1 2 3 4 5 6 7 8 9 10
1 1 11 | 21 | 31 | 41 | 51 | 61 | 71 | 81 91
2 2 12 | 22 | 32 | 42 | 52 | 62 | 72 | 82 92
3 3 [ 1323 |33 |43 |53 63|73 |8 93
4 4 14 | 24 | 34 | 44 | 54 | 64 | 74 | 84 94
5 5 15 | 25 |35 |45 |55 |65 | 75| 85 95
6 6 | 16 | 26 | 36 | 46 | 56 | 66 | 76 | 86 | 96
7 7 17 | 27 | 37 | 47 | 57 | 67 | 77 | 87 97
8 8 | 18 | 28 | 38 | 48 | 58 | 68 | 78 | 88 | 98
9 9 [ 19 [ 29 |39 49 |59 | 69|79 |8 | 99
10 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
11 3 12 | 21 | 32 | 43 | 52 | 61 | 72 | 83 92
12 4 13 | 22 | 33 | 44 | 53 | 62 | 73 | 84 93
13 5 |16 | 27 | 38 |49 | 60 | 69 | 78 | 87 | 96
14 6 | 17 | 28 |39 | 50 | 59 | 68 | 77 | 86 | 95
15 7 |18 [ 29 | 40 | 49 | 58 | 67 | 76 | 85 | 94
16 8 |19 |30 |39 | 48 | 57 | 66 | 75 | 84 | 93
17 9 [ 20 |29 |38 |47 |5 | 65| 74| 8 | 92
18 1 | 12 |23 |34 |45 |56 | 67 | 78 | 89 | 100
19 2 |13 24 |35 |46 | 57 | 68 | 79 | 90 | 99
20 3 [ 14 |25 |36 |47 | 58 | 69 | 80 | 89 | 98
21 4 | 1526 |37 | 48 |59 |70 | 79 | 88 | 97
22 5 14 | 23 | 32 | 41 | 52 | 63 | 74 | 85 96
23 6 | 15 |24 |33 |42 |51 | 62|73 | 84 | 95
24 7 |16 | 25 |34 | 43 | 52 | 61 | 72 | 83 | 94
25 8 | 17 [ 26 |35 |44 |53 |62 |71 |8 | 93
26 9 | 18 | 27 |36 |45 | 54 | 63 | 72 | 81 | 92
27 10 | 19 | 28 | 37 | 46 | 55 | 64 | 73 | 82 | 91
28 2 11 | 22 | 33 | 44 | 55 | 66 | 77 | 88 99
29 3 12 | 21 | 32 | 43 | 54 | 65 | 76 | 87 98
30 4 [ 13 22 |31 |42 |53 |64 |75]| 86| 97

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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Homep Homepa gvinonnsaemovix 3a0anuil
éapuanma 11 |12 | 13 |14 | 15 | 16 | 17 | 18 19 20
1 107 | 118 | 129 | 140 | 149 | 158 | 167 | 176 | 185 | 194
2 106 | 117 | 128 | 139 | 150 | 159 | 168 | 177 | 186 | 195
3 105 | 116 | 127 | 138 | 149 | 160 | 169 | 178 | 187 | 196
4 104 | 113 | 122 | 133 | 144 | 153 | 162 | 173 | 184 | 193
5 103 | 112 | 121 | 132 | 143 | 152 | 161 | 172 | 183 | 192
6 110 | 120 | 130 | 140 | 150 | 160 | 170 | 180 | 190 | 200
7 109 | 119 [ 129 | 139 | 149 | 159 | 169 | 179 | 189 | 199
8 106 | 115 | 124 | 133 | 142 | 151 | 162 | 173 | 184 | 195
9 107 | 117 | 127 | 137 | 147 | 157 | 167 | 177 | 187 | 197
10 106 | 116 | 126 | 136 | 146 | 156 | 166 | 176 | 186 | 196
11 105 | 115 | 125 | 135 | 145 | 155 | 165 | 175 | 185 | 195
12 104 | 114 | 124 | 134 | 144 | 154 | 164 | 174 | 184 | 194
13 103 | 113 | 123 | 133 | 143 | 153 | 163 | 173 | 183 | 193
14 102 | 112 | 122 | 132 | 142 | 152 | 162 | 172 | 182 | 192
15 101 | 111 | 121 | 131 | 141 | 151 | 161 | 171 | 181 | 191
16 104 | 113 | 122 | 131 | 142 | 153 | 164 | 175 | 186 | 197
17 103 | 112 | 121 | 132 | 143 | 154 | 165 | 176 | 187 | 198
18 102 | 111 | 122 | 133 | 144 | 155 | 166 | 177 | 188 | 199
19 110 | 119 | 128 | 137 | 146 | 155 | 164 | 173 | 182 | 191
20 109 | 118 | 127 | 136 | 145 | 154 | 163 | 172 | 181 | 192
21 108 | 117 | 126 | 135 | 144 | 153 | 162 | 171 | 182 | 193
22 107 | 116 | 125 | 134 | 143 | 152 | 161 | 172 | 183 | 194
23 108 | 118 | 128 | 138 | 148 | 158 | 168 | 178 | 188 | 198
24 105 | 114 | 123 | 132 | 141 | 152 | 163 | 174 | 185 | 196
25 104 | 115 | 126 | 137 | 148 | 159 | 170 | 179 | 188 | 197
26 103 | 114 | 125 | 136 | 147 | 158 | 169 | 180 | 189 | 198
27 102 | 113 | 124 | 135 | 146 | 157 | 168 | 179 | 190 | 199
28 101 | 112 | 123 | 134 | 145 | 156 | 167 | 178 | 189 | 200
29 109 | 120 | 129 | 138 | 147 | 156 | 165 | 174 | 183 | 192
30 108 | 119 | 130 | 139 | 148 | 157 | 166 | 175 | 184 | 193

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.

130




COAEP)KAHUE

1. Ilenu u 3a7a4M AUCIUIUIMHEL, €€ MECTO B yueOHOM IpoIecce. . ... ... 2
2. ConepkaHUE U CTPYKTYPA JTUCIUTIIIHBL. .. .euveneenetenenennennennns 3
3. PEKOMEHIYEMAST JIUTEPATYPA. + - vvenreenneenneenneennnareeeneeennnneennns 6
4. Meronnveckue yKazaHUs 110 U3YUCHUIO AUCHUIUIUHEL. . ................7
5. Marepuaisl 11 KOHTPOJIS 3HAHUM CTYZECHTOB. .....vennrenniirieennnne . 8
5.1 3agaHus 11 KOHTPOIBHOM PAOOTBL. .. \v'vvertenreniineaneennaneennennn 9
5.2 BOIIPOCHT K OKBAMEHY .. ...t eteenteenttenaeenneenneenneeneennearinneannens 27
L 000703 (07451 1. OO 32
6.1 OGpa3zern perieHnst KOHTPOJIBHBIX 3a7]a4y TUTIOBOIO BapUaHTa. . ....... 32
6.2 KpaTKue TEOPETHUECKIE CBEHCHM . ... uuveeneeenneenneennnennnennannnn. 85
6.3 OCHOBHBIC MATEMATHYCCKUAEC (DOPMYJIIBL. ...\ vserrenranrerrnenrannanenans 125
6.4 O0pa3zerr opopmiteHUs] 00JIOKKH ¢ KOHTPOJIBHOU paboToii. .......... 128
6.5 Ta0yuiia HOMEPOB BBITOJHACMBIX 3aTAHUM . ..\.'veeerenransennnnnn, 129

131



