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1.Hean 1 3a1aum JMCUUILUIMHBI, €€ MeCTO B y4eOHOM mpoluecce.

MateMaTka — Hayka O KOJIMYECTBEHHBIX OTHOIICHHUSX M IPOCTPAaHCTBEHHBIX
¢opmax. MaremaTuka SBISICTCS HE TOJIBKO MOIIHBIM CPEICTBOM PEIICHUS TPU-
KJIQJHBIX 33]1a4, BOZHUKAIOIIAX B PA3JIMYHBIX 00JIACTAX YEIOBEUCCKON NEATeIHHO-
CTH, HO U YHUBEPCAIHHBIM SI3BIKOM HAYKH, a TAKKE HEOTHEMJIEMOU YaCThIO MUPO-
BO33pEHMSI.

Leap npenogaBaHus AUCHUILTHHBI «MaTeMaTukay - (OPMHUPOBAHUE CHCTEMBI
0a30BbIX 3HAHWI MO JAHHOW TUCIHIDIMHE, KOTOpPas MO3BOIUT OYIYIIUM CIICIHa-
JIUCTaM YCIICIIHO PEIIaTh B CBOCH MOBCEIHEBHOW JEATEIHLHOCTH aKTYaJbHBIC 3a-
JIa4YM TIPAKTHKH, & TAK)KE IMOHUMATh CIICIHATBHYIO JUTEPATypy, HATMCAHHYIO CO-
BPEMCHHBIM HAYYHBIM SI3BIKOM M TE€M CaMBIM COBEPIICHCTBOBATH CBOM mpodec-
CHOHAJIEHBIC HABBIKU.

OCHOBHBIMU 3a]a4aM¥ THCIUIIJIHHBI SBJISFOTCS
- 03HAKOMJICHUE CTY/ICHTOB C POJIEI0O MATEMATHKH B COBPEMEHHOM JKU3HH, C XapaK-
TEPHBIMH YEPTAMH MAaTEMaTHYECKOI'O METO/IA PEIICHUS MPUKJIATHBIX 33]1aY;

- o0y4eHHe CTYJIECHTOB TEOPETUIECKUM OCHOBAM Kypca;

- IPUBUTHE MPAKTUICCKUX HABBIKOB MaTEMATHICCKOTO MOJCITHUPOBAHUS PEATbHBIX
COLMAJIbHO-OKOHOMHYECKUX 3aJ1a4 C UCIIONB30BAHNEM allapaTa JaHHOTO Kypca;

- Pa3BUTHE Y CTYICHTOB HABBIKOB TBOPYECKOIO U JIOTHUECKOTO MBIIICHUS, MTOBHI-
IICHUE OOIIEro YPOBHS MaTEMAaTUIECKOH KYJIBTYPHI.

JlaHHAas MTUCIIMTUIMHA SBJISICTCS OCHOBOW MPH M3yYCHUH MHOTHX OOIIEHAYYHBIX U
CICIMATBHBIX JTUCIUIUINH. B CBOIO ouepesb, I U3yUCHUS JAHHOU JUCIUTLTHHEI
HEO0XOIUMO 3HAHUE IEMEHTAPHON MaTEMaTUKU.

B pesynbraTe n3ydeHus JaHHOW JUCIUTUIAHBI CTYACHT TOJIKCH:

- 3HATh TCOPETHUYCCKUEC OCHOBHI AHATTMTUICCKON TEOMETPUH U TIMHEWHOU aireOpsl,
nudhepeHIMaTHPHOr0 U UHTETPATHHOTO UCUMCIICHUH, TEOPUU BEPOSTHOCTEH U Ma-
TEMATHYECKOH CTAaTHCTHKHY;

- YMeTBb UCIIONI30BaTh MTOJYYCHHBIC 3HAHUS JUIS PEIICHUS MPAKTUYCCKUX 3a/1a4.

N3ydeHne MUCIUILTUHEI TPETyCMAaTPUBAET MPOBEACHUE JICKITMOHHBIX, TPAKTHYC-
CKUX 3aHSATHUA M CAMOCTOSTEIBHYIO pabOTy CTYJICHTOB. B JIEKIUsIX H3araercs co-
JiepkaHue TeM nporpammbl ¢ yuérom tpedoanuii ®I'OC BO k obs3arensHOMY
MUHUMYMY COJICp)KaHHS OCHOBHOM 0Opa30BaTENBHOW TPOTpaMMbl JIISl JAaHHBIX
cnenuanbHOcTel. [IpakTHueckne 3aHATHS TIPOBOJSTCS C LENbIO 3aKpeIIeHHs Teo-
PETHYECKUX OCHOB Kypca, MOJYYCHHUS NMPAKTUYCCKUX HABBIKOB PEIICHHUS MaTeMa-
THYeCKUX 3aaa4. KOHTpONb 3HAHUI OCYNIECTBIISICTCS C IOMOIIBI0 KOHTPOIHHOMN
PpabOTHI M UTOrOBOTO DK3aMEHA 110 OKOHYAHUU O0YICHUS.
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2. Coaep:kanne U CTPYKTYpPa AUCHHUILINHBL.
Cemectp 1.

Pazmen. AHATUTHYECKAS T€OMETPHSI M JIMHEHHAsA airedpa.
Tema. Onpeneanresiu.

Omnpenenutenu 2-oro, 3-ero, NopsAKoB, nopsjaka n. CBoWcTBa onpeaenuTenei.
MuHOpHI U anreOpandecKue NOMOHEHNS. Pa3iokeHue onpeaeuTess mo IeMeH-
TaM CTPOKH WU CTOJIONA. BRIUKCIeHE ONpeIeTUTENCH.

Tema. MaTpuusbl.

Omnpenenenune matpuilbl. Bunsl matpui. JedctBust Hag marpunamu. basucHblit
MuHOp. Panr marpuisl. OOpaTHas MaTpuIa, YCIOBHE CYIIECTBOBAHMS, CIOCOObI €€
HAXOXKJICHUS.

Tema. Cucrembl JHHEHHBIX anredpandeckux ypapuenmii (CJIAY).

CucTeMbl JTHHEHHBIX anreOpanvecKuX YpaBHEHHUI: OCHOBHBIC MOHSTUS U OMpe-
nenenus. Matpuanas 3amuck CJIAY. Pemenne CJIAY mo dopmynam Kpamepa,
meroniom [aycca.

Tema. Bexktopbl.

I'eomeTpudeckue BEKTOPHI, TpadUuecKue qeicTBUA HaJa HUMU. [IpoeKius BeKTo-
pa. [IpsmoyroibHas qekapToBa cUCTeMa KoopauHat. Pajanyc-Bekrop. KoopauHaTh
BEKTOpa W TOYKH. JISHCTBUS HAJ| TEOMETPHUUCCKUMHU BEKTOpaMU (CIOXKEHHUE U BbI-
YUTAHUE, YMHOXKEHHE Ha YHCJIO; CKaJIPHOEC TPOHM3BEACHUC) B KOOPIMHATHOMN
(dopme. Y CITOBUS MEPIICHAUKYIIIPHOCTH, TTAPAJUICIIEHOCTH U KOMIUIAHAPHOCTH BEK-
TOpOB. Penrenne npocTenmx 3aaq BEKTOPHOM anreOpbl: HAaXOKICHUE KOOPAHHAT
BEKTOpa, €ro JUTMHBI U HAMPABJISIONINX KOCHHYCOB; HAXOXJICHUE KOOPIMHAT TOYCK
U PACCTOSTHUS MEXK]Ty HUMM; JICJICHUE OTPE3Ka B TAHHOM OTHOIICHHU.

Tema. JINHMU HA JIOCKOCTH.

[Ipsimas Ha 1uiockoctu. Paznuunble BUbl ypaBHEHHH npsmoil. PaccrosHue ot
TOYKH JIO TPSMOI HA TUIOCKOCTH. YTOJ MEKIY IBYMS NPSIMBIMH. Y CIIOBUS Tapaj-
JIENTFHOCTH U TIEPICHIUKYJSIPHOCTH JBYX NpsAMBIX. KpuBble 2-0ro mopsaka Ha
IUTOCKOCTH: OKPYXHOCTb, SJUTUIIC, THIlepOoia, mapadosa, X OMpeIeIcHus, KaHO-
HUYECKUE YpaBHEHUS U Gopma.

Paznen. Beenenue B ananun3. luddepennuanbHoe ucunciaieHue QyHk-
LMY O/IHOI ITepeMEeHHOI.
Tema. MuoxecTBa. Uucsiopbie MHOKeCTBA. DYHKINU.

MHoxecTBa U onepanuy Haa HUMH. MHOXecTBa dncen. JleficTBUTeNnbHbIe YHuCa,
MOJyJIb YMCNA U €ro cBoicTBa. Yncnossle mpoMexyTku. OkpecTHOCTh Touku. Ilo-
Hatue QyHkuu. CrnocoOwl 3amanus, rpaduk, 3JeMeHTs! noBeaeHus GpyHkuun. Oc-
HOBHBIE AJIEMEHTApHbIe (QYHKIIMHU, UX CBOWCTBa W rpaduku. OOpaTHast U CIOXKHAs
¢GyHKIMU. DieMeHTapHbIe QYHKINH, UX KIacCH(UKAINSL.




Tema. YncnoBpie mocaeqoBaTebHOCTH M psabl. Ilpenen mociienoBareabHoO-
ctu. llpenen ¢pyHKnuu 1 HeMpepLIBHOCTb.

IToHsATHE YNCIIOBOM MOCIIEAOBATEIFHOCTH U YHCIOBOro psaa. Ilpenen mocneno-
BaTeNbHOCTH. beckoHeuHo Maible U Goible HOCIeA0BaTeIbHOCTH. MOHOTOHHAS
TIOCIIE/IOBATENILHOCTD, NMPHU3HAK €€ cxoaumocTH. Yucno e . Ilpenen ¢pyHkumu mnpu

X —Xx, U x—>o. OnHOCTOpOHHME TIpesienbl. beckoHeuHO OonblMe M Majble

¢yHKIMyu, nx coiictBa. Heorpenenénurie Boipaxkenus. OCHOBHEBIE CBOICTBA Ipe-
nenos. IlepBblif 1 BTOpON 3ameuaTenbHble npenensl. Beruucnenue mpenenos. Io-
HSTHE HETPEPHIBHOCTH (YHKIMU B TOYKE M HA MHOXKecTBe. TOUYKH pa3pbiBa QyHK-
WY, WX KIaccu(uKaIys. ACUMITOTH TpaduKa (PYHKITUH.

Tema. Ilponszsognas u nupdepeHnnan GyHKIUA.

[Mpupamenue pyakuun. Onpeenenue npousBoaHol Gynkuuu. Tabdnuna npous-
BOJIHBIX OCHOBHBIX 3JIeMEHTapHBIX (pyHKumii. [IpaBuiia BeIYHCIEHNST IPOU3BOIHBIX
(TIOCTOSTHHOM; CYMMBI, Pa3HOCTH, MPOMU3BEICHUSI M YaCTHOTO (DYHKIIHI; CIOXHON
¢ynxmn). Anddepennuan GyHKIUA U €ro NMPUMEHEHHE B MPHOIMKEHHBIX BbI-
yucnenusix. [IponsBoausie U quddepeHnnans: BEICHINX MOPSIKOB.

Tema. Ucciaenopanne GyHKIM ¢ MOMOIILI0 NPOHU3BOAHBIX, MOCTPOCHHE MX
rpaguKoB.

KacarenbHast 1 HOpManb K IUIOCKOW KPHBOMW, MX ypaBHeHUs. BrramcneHue npe-
JIeTIbHBIX 3HaueHui (yHKIuH 1o npaswiy Jlonurans. HaxokneHne MHTEpBalioB
MOHOTOHHOCTH M BBIMYKJIOCTH (PYHKIIHH; TOYEK JOKAIFHOTO AKCTpEMyMa M Tepe-
ruba rpaduka ¢pyHkimuu. Cxema IMOIHOTO MCCIIEA0BaHNs QYHKINK U TIOCTPOSHHUS
e€ rpaduka. HaxoxeHue JT0KanbHBIX 9KCTPEMYMOB, HAUOOJBIINX M HAUMEHBIITHX
3HAYEHUH QYHKIUH.

Cemectp 2.
Paznen. Anddepennuanpnoe ucuuciaenne GyHKINM HECKOJIbKHUX Iepe-

MEHHBIX.
Tema. OcHOBHBIE NOHATHUS 0 (PYHKIMHM HECKOIBKHUX NepeMeHHBIX.

TMousiTust 1 -MEPHON TOYKH, 71 -MEPHOTO apuU(pMETUUECKOrO MPOCTpaHcTBa R .

OxpectHocTs Touku. Knaccudukanus Touex. MHOXKeCTBa ToUeK B R” : OTKPBITHIE
W 3aMKHYTHIE, CBSI3HBIE, BBINYKIJIbIe MHOXKeCTBa. [loHsATHE GYHKIMU 71 TIepeMeH-
HbIX. OOnacts onpenenenus u rpa¢ux ¢pyHkyy. Jluaun yposHs. [lomHoe u vacT-
Hble TpupameHust GyHKkuuu. [ToHATHS Tpenena W HENpephIBHOCTH (YHKIUH He-
ckonbkux nepemeHHbIx (PHIT). Coiictea ®HII, HenpepbIBHBIX B OrpaHUYEHHON
Y 3aMKHYTOH 00J1acTH.
Tema. IlponsBognbie 1 qupdepeHnanbl GyHKIMH HECKOIBKHUX IIepeMeHHbIX,
WX NPUJIOKEHHUSI.

YacTHble MPOU3BOAHBIE NIEPBOTO M BBICIIMX ITOPSAKOB, X BhrYHCiIeHHe. [1oHs-
tue quddepenmupyemoctu @HII B Touke, ycinoBus quddepenmupyemoctu. Hesa-



BHCUMOCTh CMEIIAHHBIX ITPOU3BOIHBIX OT Hopsaka auddepernuporanus. [ToaHbie
nmuddepentmanst @HIT nmepBoro u BHICIIUX MOPSAIAKOB, UX HaXxokeHUe. [Ipumene-
HUe TiepBoro auddepeHIpana B NpUOIMKEHHBIX BEIYUCICHUSIX.
Tema. JkcTpeMyMbl (PYHKIMI HECKOJIBKHX NePEeMEHHBIX.

CrauuoHapHble U Kputuueckue Toukd. Jlokanbubie sxkcTpemyMbl @HII, ycnoBust
WX CYIIECTBOBaHUS W HaxoxaeHue. ['modansusie sxcTpemymbl ®HIT B orpanudeH-
HOU 3aMKHYTOH 00JTaCTH, HX HaXOXJICHHE.

Paszpen. UuterpajsbHoe ucuncienue. JludpdepennnanbHbie ypaBHeHH .
Tema. HeonpeneaéHHbINH HHTErpa.

[TepBooOpaszHast ¢yHKIMHU, €€ cBoiicTBa. HeonpemaenéHHBIN WHTErpaj, yCIOBUSL
€ro CyIECTBOBAHHS M OCHOBHBIE CBOMCTBA. Tabiuila OCHOBHBIX HEONPEIEIEHHBIX
uHTerpasgoB. OCHOBHBIE METOAbI WHTEIPUPOBAHMS: HEMOCPEICTBEHHOE WHTErpH-
pOBaHME; MHTETPUPOBAHKE 3aMEHOH MEPEMEHHOM U 110 YacTsIM.

Tema. Onpenenénnnlii naTerpan. Hecod0cTBeHHBbIC HHTETPAJIBI.

OnpenenéHHblii MHTETpaJ, YCIOBUSl €ro CYIIECTBOBAHHS, TI'€OMETPUYECKHI
cMbIch U cBoiicTBa. Popmyna Herorona-JleiOHnIa. @opMysisl 3aMeHBI IEpeMeH-
HOHM W MHTErPUPOBAHMS 110 YaCTSIM B OIPEAEIEHHOM MHTEerpaie. I eomerpuueckue
TIPWJIOXKEHUS ONpeeNIEHHOr0 nHTerpana. HecoOCcTBeHHBIE MHTErpalibl MO Oecko-
HEYHOMY NPOMEXYTKY HHTETPUPOBAHUS U OT HEOIPAHWYEHHBIX (YHKIUH.

Tema. [InddepeHuuaibubie ypaBHeHHS.

[Monsitue nuddepentmansroro ypasaenus (AY). 1Y 1-oro nopsiaka: oCHOBHbIE
TIOHATHUS M onpeneneHns (PopMBbl 3aIicy, pelleHre, HadyallbHOe YCIIOBHeE, 0o0Iee 1
yactHoe pemrenns). 3agada Komm. OcHoBHble Trmsl JIY 1-oro mopsizka: ¢ pasme-
JNEHHBIMH U Pa3IeISIIONMMUCS IepeMEHHBIMH, OIHOPOAHOE, INHEHHOe, bepHyn.
[Monsitne nuddepeHMaNBEHOrO ypaBHEHHUS MOpsaKa 7.

Pazgen. Teopusi BeposATHOCTE M MATEeMATHYeCKasl CTATHCTHKA.
Tema. Ciryuaiinbie cOOBITHS M HX BEPOSTHOCTH.

CrnyvaiiHple coOBITHSA, AEUCTBUS Hall HUMHU. Buapl coObituii. BepostHocTh co-
ObITus, €€ onpeznenenus. [IpaBuna u GopMyiel KOMOMHATOPHUKH, BEIYKCICHHUE Be-
poATHOCTEN ¢ uX momombl. GopMyNbl CIOXKEHUS U YMHOXKEHUS BEPOSITHOCTEH,
nojHoH BepostHocTy U baiieca, bepHyny, BelUMCIeHNE BEPOSTHOCTEN C UX TIO-
MOIIBIO.

Tema. Ciryuyaiinble BeJJHYHHBI.

ITonsTue cnyvaiiHOW Benu4uHBL. J{UCKpeTHast U HENpEephIBHAS CIydaliHbIE BEIH-
YHMHBI, CIOCOOBI WX 3aJaHWsl U YHCIIOBBIE XapaKTepUCTHKH. OCHOBHBIE 3aKOHBI
pacnpeneneHusl CIy4aiHbIX BEJIMYMH, UX YUCIIOBBIE XapaKTEPUCTHKHU.

Tema. DiemeHTBI MaTeMaTHdeckoi cratuctuku. IlpenBapurtenbnas oOpa-
00TKA CTATHCTUYECKHUX AAHHBIX.




[MoHsITHS TeHepaIbHON COBOKYMHOCTH M BHIOOPKH. OCHOBHBIE CIIOCOOBI 3AMUCH
BBIOODKH: BapUAIMOHHBIA PsI; MUCKPETHBI W WHTEPBAJbHBIN CTATHCTHYECKUE
psnbl. UncioBble XapaKTepUCTUKH BBIOOPKHU U e€ Tpaduueckoe nzodpaxenue (1o-
JIUTOH, TUCTOTPamMMa).

3. Pexomenayemasi iuTeparypa.

10.

11.

12.
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13. COopnuk 3amau no maremaruke s By3oB. [lox pea. Kornspa JIL.M., Yriosa
A.H. -Ha6. Yennsr: U3a-s0 MHOKA, 2006,2007.

4. MeToau4yecKue YKa3aHUs MO0 U3yYeHU IO JUCHUILITUHBI.

B nporecce u3ydenus qaHHOW JWCHMIUTMHBI CTYJEHTHI JIOJDKHBI CHavaja n3y-
YUTh TEOPETHYECKUH MaTepuall U BHIpabOTaTh HaBBIKM PELICHHs THITOBBIX 3a7ad,
UCTIONB3Ysl PEKOMEHIOBAHHYIO JIUTEPATYpPY, @ 3aTeM BBIIIOJIHUTH OJHY KOHTPOJIb-
HYIO paboty (3a1aHus Ik KOHTPOJIBHOW pabOTHI pUBEEHBI B pazzede 5.1).

[Ipy BBIMONHEHHH KOHTPOJBHOW PabOTHI HEOOXOJMMO MPUAEPKUBATHCS YKa-
3aHHBIX HIKE PaBHII:

1. KonrtponpHas pabora AobKHa OBITH BBINOJIHEHA CTYAEHTOM OT PYKH B OT-
JIeTTbHOM yYEeHNYECKOW TeTpaar C TOJISIMHA HE MeHee 3 CM JUIsl 3aMe4aHuid Tpe-
TOIaBaTeNsL.

2. Ha obGnoxke TeTpaay yKa3bIBAIOTCS: Ha3BaHWE MUCHHMIUIMHBI; HOMEp BapHaHTa
1 HOMepa pemaeMbix 3aaa4; @.M.0. cTymeHTa, BBINOIHUBIIETO pabOTy, €ro
HOMeEp Ipynnsl U HoMep 3aueTHoW kHWxkKU; P.J.O. mpenonasatens, npose-
psroniero paboty (oopaser opopmiteHHUs 00JIOKKH NPUBEAEH B [Ipunosicenuu
6.4).

3. Homep BapuaHTa COOTBETCTBYET HOMEPY CTYJEHTa B CIIMCKE TPYIIIHI.

4. Homepa pemaembix 3amad Bwiouparorcs w3 TABJIMI[PI HOMEPOB BbI-
TTOJIHAEMBIX 3AJJAHUH (Tlpunooicenue 6.5).

5. VYcnoBust 3a1a4 nepenuchIBaOTCS MOJHOCTBIO, 0€3 COKpAIlleHHs CIIOB, IOCIe
Yero NPUBOANTCS X MOAPOOHOE pelieHne (YepTeXHd MOXKHO BBITIONIHSTH aK-
KypaTHO OT pykH). B KoHIIe pelieHns NpUBOANTCS OTBET.

6. B paboty nomxHBI OBITH BKIIFOUEHBI BCE 3aJ]la4M, YKa3aHHBIE B 3aJIlaHUH, CTPO-
rO 1O MOpsSJIKYy HOMepoB. KoHTponbHBIE paboTHI, colepikaliye He Bce 3aja-
HUS, a TaKKe 3a/1a4u HE CBOETr0 BapHaHTa, HE 3aYMTHIBAIOTCS.

7. Ecmu B pabote MMeroTcsl OMMOKH, CTYIEHT JODKEH BBIIIOIHUTH BCE TpeOoBa-
HUS MIPENoAaBaTessl, N3JI0KEHHbIE B PELEH3NH, U CIaTh paboTy ¢ UCIpaBe-
HUSIMU Ha TIOBTOPHYIO ITPOBEPKY.

8. Huxaxwue ncnpaBiieHHs! B TEKCTE YK€ ITPOBEPEHHON pabOTHI HE OMYCKaIOTCs,
BCE MCITPaBJIECHHS 3aMCHIBAIOTCS TIOCIE PELEH3UH NPENoIaBaTels ¢ yKa3aH -
€M HoMepa 3aJ1auH, K KOTOpPOW OTHOCSITCSI JIOTIOJHEHHUS ¥ UCTIPABIICHUSI.

9. Pabora Moxxer OBITH BBHITIOJIHEHA 3aHOBO B CIIydae BBISBJIICHUS CEPhE3HBIX 3a-
MEYaHUH U OMHOOK.

10. B xoHIe TeTpaay pPEeKOMEHIYeTCs OCTaBISATh HECKOIBKO YHCTHIX CTPAHUIL IS
JIOTIOJTHEHUH U UCTIPABIICHUM.

[Tocne mpoBepku KOHTposbHAsE paboTa MpenbsBisiercss K 3amure. Ha 3amure
CTYZIGHT JIOJDKEH II0Ka3aTh CBOE€ YMEHHE pellaTh 3a/add, MOJOOHBIE TeM, YTO
HMEIOTCS B €r0 KOHTPOJIBHON padore.



OO6paserr perieHus] TAIOBOTO BapHaHTa KOHTPOJIHHOW paboTHI npuBenéH B [Ipu-
nooicenuu 6.1.

5. MarepuaJibl VIl KOHTPOJISl 3HAHUI CTYACHTOB.

WroroBoit ¢popMoii KOHTPOIS 3HAHHH SIBIISIETCS] SK3aMeH (3a4€T) B KOHIIE ceMe-
crpa oOyuenus. Ha sk3amene (3a4éTe) CTYIEHT JOKEH I10Ka3aTh 3HAHUE Teope-
THUYECKUX OCHOB Kypca B 00bEMe BOIPOCOB, IPUBEAEHHBIX B pa3jiene 5.2 U yMeHue
peliaTh 3a1auy, N0J00HbIE TEM, YTO UMEIOTCS B €r0 KOHTPOJIBHOU padoTe.

5.1. 3apanus AJs1 KOHTPOJIbLHOI PadoTHI.

Cemectp 1.
1 — 11. Haiitu matpuny C,eciu C= A' B+24.
2 -1 0 -2 0 3 3 -1 -1 0o 2
1.4=|-1 2 0|,B=| 4 1 2 24=|{0 2 -1|,B=|-3 10
I -1 1 -2 10 0o -1 2 {1 2

1 4
3.4=|0 4 -1|,B=|0 3
21

0 -1 4
2 10 0 -2 1 4 02 3
5.4=|1 2 0|,B=|3 1 2| 6.4=|1 4 0|, B=|11 3
-1 13 21 -1 1 2 4 2
72 -2 1 2 -1 9 0 —2 1
7.4=|4 5 -2|,B=|0 3 8.4=|2 7 -4, B=|-1 2
00 3 2.0 -5 2 -2 5 2 11

—_
w N

0
9.4=|1 2 -1|,B=|1 -2 4 10.4=|1 4 -1|, B=|2
0

[SS T
—_

11 — 20. dana cucrema Tpex JIMHEHHBIX YPaBHEHUH C TPEMSI HEU3BECTHBIMH.
TpeOyercsa: a) HaiiTu pemeHue cucreMsl MeToroM Kpamepas
0) HaiiTu pemierue cuctembl MetosoM [aycca.



11.

14.

17.

x+2y+3z=1
5x+8y—z=17
2x-3y+2z=9
xX+y+2z=-1
2x—y+2z=-4
4x+y+4z=-2
x+5y+z=-7
2x—y—-z=0
x=2y—-z=7

xX+2y+z=4
12. < 3x -5y +3z=1
2x+7y—z=38
2x—y—z=4
3x+4y-2z=11
3x-2y+4z=11
x=2y+3z=6
2x+3y—-4z=16
3x-2y-5z=12
2x—y-2z=1

15.

18.

— —

20. < 3x+2y+z=1

2x+3y+3z=0

21 — 30. /Jaus! BeKTOpHI @, b , ¢ . Tpebyercs:

a) Haiitu Bektopsl M =a +2b u n=2b —C;
0) BBIYUCIUTH CKAJSIPHOE MTPOU3BEICHUE 71 - 1 |
B) HAMTH ITPOEKIHIO BEKTOPA 71 HA HAIPaBJICHUE BEKTOPA 7 ;

21.

22,
23.
24,
25.
26.
27.

29.
30.

a=(4,5,2), b=(3,0,1), ¢=(-14,2).
a=03,-52), b=(4,51, ¢=(-3,0,—4).
a=(-2,3,5), b=(,-3,4), ¢=(7,8,-1).
a=(13,5), b=(,2,1), ¢=(5723).
a=(2,4,-6), b=(1,35), ¢=(0,3,7).
a=(4,3,-1), b=(,04), c=(212).
a=03,4,-3), b=(-2,2,0), ¢c=(2,1,—4).
8. a=(-21,7), b=(3,3,-8), c=(54,-1).
a=(1,0,5), b=(3,2,7), ¢=(50,9).
a=(2,1,0), b=(4,3,-3), ¢=(6,5-7).

13.

16.

19.

3x+2y+z=5
2x+3y+z=1
2x+y+3z=11
2x+y—-z=1
xX+y+z=6
3x-y+z=4
x+5y—z=7
2x—y—z=4
3x-2y+4z=11




31-40. JJansr Bepuimnst Tpeyronbauka ABC . Tpebyercs cnenars 4epTéx U Haid-

TH:

a) JUIuHY CTOpOoHbl AB ; 0) ypaBuenue croponbl AB ;

B) ;uuny /i Beicotel CD ; r) wionajap S tpeyronsauka ABC .
31. A(4,1), B(0,-2), C(-5,10). 32. A(-7,3),B(5,-2),C(8,2)

33. A(5,-1),B(1,-4),C(-4,8) 34. A(6,0),B(2,-3),C(-3,9)

35. A(-9,2),B(3,-3),C(6,1) 36. A(7,—4),B3,-7),C(-2,5)

37. A(-14,6),B(-2,1),C(1,5) 38. 4(-8,4),B(4,-1),C(7,3)

39. A(3,-3),B(-1,-6),C(-6, 6) 40. A(-6,5),B(6,0),C(9,4)

41 — 50. [{nsa ykazannodt GyHKIMH y = f(X) HaWTH €CTECTBEHHYIO OBJNACTH OIl-
peneneHust QyHKINU:

1
41. y =+/3—x +arcsin(x +2) 42. y=1lg(l-x)+
Vx+2
43.y=\/x2—5x+6 44,y=;
V3+2x—x>
45. y =arccos (x—3)+1g(4-x) 46. y = al
2x+1
1
47, y= ——— 48. y=Ig(x* +2x-8)
[ 2
x~ =5x
1
49. y=+/2-3x +1gx 50. y=+3x-1+
V5-x

51 — 60. [dns yxazauHoii pyukuuu y = f(x) ycTaHOBUTH YETHOCTH (HEYETHOCTS):
51 y=+l-x> 52 y=

54, y= arf’gf 55. y = x* sin(2x) 56. y=x>+x—1
X"+

53. y=2x-sin? x—3x>

1-x

1- .
57.y=1n[1 x] 58. y=sin®x+cos’x  59. y=|x+1|—|x—1]
+ X

sin 3x

60. y=——
Y 2—cos4x

10



61-70. [{ns ykazanHoii QyHKimu y = f(x) HaliTh TOYKHM pa3pbiBa QYHKIUH U
uccnenoBaTh ux xapakrep. [Tocrpouts rpaduk GyHKInM.

x4l x<0 I/x x<0
I/x x<1
61. y=41 ', 62. y=q1-x 0<x<Z2 63. y=4x 0<x<2
x° x>1
2 x>2 3 x>2
1 <0
¥ ox<l /x . l/x x<1
64. y= 65. y={-+x 0<x<1 66. y =
I/x x=1 > Inx x>1
X x>1
X 0 x+2 x<=2
67.y={e X 68. y=12-x —2<x<0
- >
2x=1 - x=0 x2+2 x>0
2x x<0
6o. y | U* *<l 70. y={x?+1 0<x<I
.y= Jr xol . y=1<x x<
2 x>1

71-80. Haiitu mpoussoanyro y' = f'(x) :

3 o, X
X sin(x 4
71. a)y = 5)y=3w/x2+4x+5 B) ) = (2 ) r)y—amtg X

2-x cos” x ~In(6x—1)
3x+NX :
R.a)y=—5—7— 0)y= 2x-1)-¢ B)y=cos(xlnx) 1)y= varcsin3x
xT4+2 In(5x-1)
ad 2-x 2x-x* ctg3x
73.a)y = o) y=—-—— B)y=e )y =
42 V3+4x? cos’ 7x
In ;
74. a)y:—zx 0)y=x>- 16—4x B)y=e4x An(tgx) 1)y = (.:os 4x
* sin4x+1
s 2
x —3x 2x+3 s In(x*)
75.ﬂ)y: )y:— B)y:s]n X +2’ r)y:—
X - Y3x+5 ( ) \/:
4 L
X - 2+ cos4 sin” 4
76.a)y = 6 Vdx-2 )y = x x

)y = B)y=—"T"—"— nNy=
-1 2x+3 sin3x \1g3x

11



2

I-x 3
77.a)y = 0)y= B)y = x3arctg(4x) ry= _cos” dx
xlnx x+2 In(Sx+1)
4 sin(3x +1 4x
78.2)y =% L gy = N1+ 2) my=—i7—l fy=In
x> X 1-x°
X — 2x+1 4y sin3 4x
79.a)y = 6)y=cos( j B)y=e In(2x) rn)y=
- 1+x° Usx—1
1+vXx 2-¢" i
80.2) y = ZJ_ 0) y=sinVx’ +3x B)y=h ryZEEEﬂL
| e arctg2x
81-90. Boruucnuts npesenst:

. 3x?+5x+1 . 2x7 +5x+3 . sin2x+sin4x
8La) l|im———— Olim———— B®lm—
X—® x“+4 x>-1 X7 —4x -5 x—0 3x

2x° +4 x> -4 x+2Inx
82.3) lim———— o) lim————— B |lim—————
lim e lim s 4 »lim
. x(x+1)(x+2) . 3x7—10x+3 . sin6x+sin3x
8.a)im———— Olm—S—— ®lm— 5 —
x>0 x°+5 o3 X7 =2x-3 X0 1g2x
3 X -X
. X +6x+5 . WVdx-—x . e +e " —2cosx
84.2) im—— — 0 lim— Blim————
xow  3x°+7 x4 x~—16 x—0 X
4 2 . .
X7 +3x+1 x“+6x—-16 sin5x —sin3x
85.2) lim——— 8) 1 B) lim—m0 ———
£1_1’£ 3x* 45 l,glzl 3x2—5x-2 l,clf,l;)l 2x
2 2
. X" 4+2x+6 . V9-x-3 . l—cos(x?)
86.2) Im——— 0 lim——— B) IIm——5 —
x> 3x” +7x—-1 x>0 X +Xx x>0 X
3x% +6x2 +3x x> —3x+2 5x7
87.3) im———— 0 lim————— B) lim—————
%cl—ri} 20x2 +70 1,}31 3x+4x-7 l,gl,oll—cos4x
2
. x~ —6x . l—cosbx
88. 2) hmxz;m 6) lim B) lim———
x>0 IXT+Tx+2 x—>6~/2x—8 -2 x—>0 sindx
. 1-2x? . 2x2—11x+5 .er -l
89.2) |im 0 lim—>— - B) lim

X—0 3x2 +5x+1

s x> =Tx+10

12

o0 In(+2x)



4x—5x2 2x-10 1—-1tgx
90.23) im—— 0 im——— B) lim
lxl_m 2x% +3x+3 1x1—>5 V5x =5 xllm/zt cos 2x

91-100. [{ns ykazauuoii pyHkimu y = f(x) Tpedyercs:
a) HaliTH HauOOJBIIICe U HAUMEHBIIICEe 3HAYCHUS (DYHKIIUU Ha OTpe3ke [a, b] ;
0) coCTaBHThL ypaBHEHHE KacaTeIbHOM K TpaduKy QyHKIMHU B TOUKE X, ;

B) NPOBECTH IOJHOE UCCIICNOBAHUE HEMEPHOMMYECKON (YHKIMU M MOCTPOUTH €€
rpaduk.

91 y=x"-3x" +4, a=0,b=4, x =1.
92.y=3x5—5x4+4, a=0,b=2, x,=1
93. y=(x-1’(x+2),  a=-2 b=0, x, =1
2 3
X x
94.y=2x+———, a=0, b=3, x,=1
2 3
4x° = x*
95. y= , a=2, b=4, x, =1

96. y=x" +6x +9x+4, a=-2, b=0, x,=0

6x° —x"

97. y = , a=1, b=3, x,=0
x=2)(x+4

i e R R

4

99. y=x"'—2x"+3, a=-2,b=0, x, =1
1 3 2

100. y=—x"—x" +4, a=0, b=3, x, =1
3

13



CemecTp 2.

1 —10. {nsa ykazanuoit Gpyukiun z = f(x, y) Tpedyercs:
2

o z o
a) Haiitu muddepeHman dz u ﬁ ; 0) HAlTH JTOKAJIbHBIE SKCTPEM yMBI.
xoy

1. a) z=x2e”, 0) z=x>+xy+y> —12x-3y

2. a) z=/x>+Iny 0) z=x2+xy+y?-3x-6y
3. a) z=45¢" +° 0) z=3+2x—y—x2 +xp—p>
4. a) z=1In(2x+3y) 0) z=y2 —x2 +xy—-2x—6y
5. a) Z=wllnx+y2 0) z=x2+y2+xy—4x—5y
6. a) z=\/x3+2y 0) z=3x+6y—x>—xy+)?

7. a)z=sin(x2+y3) 0) z=3x2—x>+3y% +4y

8. a) z=+/5¢" +x? 0) z=x2—xy+y2+9x—6y+20
9. a) z=xm 0) z=x2 +4xy+y> —8x—10y
10. a) z:cos(x3+y2) 0) z=x2—2xy+4y2+4

11-20. Haiitu HeonpeneaéHHbIe WHTETPANBL: ) HEMOCPEACTBEHHBIM HHTEPUPO-
BaHHeM; 0) 3aMeHON MepeMeHHON UHTETPUPOBAHUS; B) UHTEIPUPOBAHUEM IO Yyac-
TSM.

2 x?+1 3x
11. )j( x\/_ J 6 | o B) [ (4-3x)e

dx
12. a) (— —3x? + +3/x ldx  6) B) | (2x + 3) cos 4xdx
I I NxP+2x+2 '[
2
13.9) [ M 5) J' ¢ dv B) [ (4~ 16x)sin 4xd

14



3

3 . _ 2 2
14. a)j[z\/;-i-x $in x = 3x de 6) J.de B)J(1—6x)e2xdx

X x+1
15.2) | {m}lx 5) J' 8) J' (2= x) cos 3xdx
Ccos” x X +4x—12
4
16.a)j(—+5x4—i2+4/x—5jdx 6)Ix 4ex’ds ) |G+ 4 rdr
X X
4x+3 *
17.9) | \713 dx o [ (; dff B) [ (3~ 2x)sin Sxdx
X —e
-
1s.a)j(6x2+i3-3-i/x—5jdx 6)J' 3% g B) [ (5x + 6) cos 2xdx
X X 3+2x
dx

19.9)[(x+4)- (x=2Jx +Ddx 6 B) [ (x + 5)sin 3xdx

j\/3+2x—x2

20.a)j(8x3—3+%+4%/§jdx 6)J‘25mx dx s)j(Sx—z)e3xdx
X X

COos x

21-30. Tpebyercst BHIYUCIUTS:
a) onpeaenEHHBIA HHTETpal;
©) HecoOCTBEHHBIN MHTErpall [-oro posa (MM yCTaHOBUTB €T0 PacXOJUMOCTD).

1 9
d % arctgx d. -1)d < d.
21 2) xdx : 6 Jarc gx2x 22.2) (x—Ddx 5)_[ . x
1(x +1) 0 1+x 4 Vx+1 0x" +2x+2
1+1nx 2xdx
23. a)j J' dx 24, a)j I
Jx -1 1 \ll—ln X x4+

o0

4 dx
25. a) 26.a)| (e’ —1) e¥dx 6)
J.\/1+ [ '([ lx Inx
1 © 2 1/x +00
arctg ®xdx e dx dx
6) j . 28. a) j — 0|5

272 4x+5 2 4 2x 45
0x+x+ 0 1+x 1 X 0x+x+

15



o0

3 0 4
dx dx dx dx
29 a) 6) [ —— 30. a) 6)
Jl.x+x2 '!\/x+3 '([1"‘\'23”1 ixlnzx

31-40. Berumcnure mwiomans (GuUrypbl, OrpaHHYEHHON TrpadUKaMu YKa3aHHBIX
GbyHKIMA:

31.y=5—x2, y=x-1 32.y=—x2+5x—6, y=0
33.y=4—x2, y=x2—2x 34.y=x2+4x, y=x+4
35.y=x2, y=\/; 36.y=x2—5, y=1-x
37.y=2x—x2, y=4x—2x2 38. y2=2x+1, x—y-1=0
39.y:(x—2)3, y=4x-8 40.y=2x—x2, y=—x+2, x=0

41-50. Tpebyercs Haiiti oOliee pemienre mnpocreimero Y 2-oro mopsiaxa

y'=f).

" . " 4
41. y" =2x+sin3x 4. y ==
X
43. y" = e2X 44. y" = x* —sin2x
45. y" =4+cos2x 46. y"=x? —cos3x
2 _
47. ) = — 48. y" ="
Jx
" . " 3
49. y" =3 —sin 4x 50. y'=—
X

51-60. TpebGyercss HaWTH BEPOSTHOCTH YKA3aHHBIX COOBITHH, HCIIONB3Ys
Kldccuueckoe onpedeienue BepOSTHOCTH:

51. a) Bpocarorcst 1Ba WrpanbHbBIX KyOMka. HaiiTi BepOsSTHOCTH TOTO, YTO YHCIIO
BBINABIINX OYKOB Ha OJIHOM M3 KYOMKOB B /iBa pa3a OoJibliie, YeM Ha JIPYyroM.

0) B marasune BoicTaBiieHs! i npogaxu 20 u3genuil, cpeau KOTOpbIX 6 u3je-
TN HeKadecTBeHHbIE. HaliTn BEpOSTHOCTB TOTO, YTO B3STHIE CIIyYaiiHBIM 00pa3oM
2 wspenust OyIyT HEKaYECTBEHHBIMU.

16



52.a) B nepBoMm siuKke HaxXoIATCs MIAapbl ¢ HoMepaMu oT 1 10 5, a BO BTOPOM — C
HoMepaMu oT 6 10 10. M3 kaxmoro siyka BEIHUMAOT N0 OAHOMY Inapy. Haiitu
BEPOSITHOCTH TOTO, YTO CyMMa HOMEPOB BBHIHYTHIX IIAPOB PaBHA JECATH.

6) B maptuu u3 20 uzgenuii 4 u3zenus UMEIOT CKPhITHI gedexr. Haiitu Beposit-
HOCTB TOTO, YTO W3 B3SITHIX HAyrajy 5 wu3jieiuil JeeKTHBIMU SIBISIOTCS 2 U3Jie-
.

53. a) YyacTHUKM >KepeObeBKH TSIHYT W3 SAIMKA )KETOHBI ¢ HOMepamu ot 1 1o 35.
Haiitu BeposATHOCTH TOro, 4TO HOMEp MEPBOr0 HayJgauy H3BIEUCHHOIO >KETOHA
COJIEPXKHUT TTUPPY 4.

0) Ha TOLI 15 cMeHHBIX MHXKEHEPOB, U3 HUX 3 >KEHIIMHBL. B cMeHy 3aHATO 3 ye-
soBeka. HaliTi BEpOSITHOCTH TOTO, YTO B CIy4aliHO BHIOPaHHYIO CMEHY OKa)KeTcs
JIBE >KEHIIUHBI.

54.a) Bpocarorcst aBa urpanpHBIX KyOuka. HaliTh BeposSTHOCTH TOro, 4TO cymMMa
ylca OYKOB Ha BBIMABIINX T'PaHIX paBHA BOCBMU.

0) 113 maprum, coneprkamieit 10 u3enuii, cpeny KOTOpsIx 3 OpakoBaHHbIE, HAyAAYy
W3BJIEKAIOT 3 W3/enust sl KOHTpons. HalTi BeposSTHOCTH TOro, YTO B BHIOOpPKE
COZIEPKUTCS OTHO OpaKoBaHHOE U3JIEIHE.

55.a) B nepBoM siuke HaXOAATCS MIapbl ¢ HOMepaMu oT 1 10 5, a BO BTOpOM — C
HoMepaMH oT 6 10 10. M3 kaxaoro siyka BEIHUMAIOT O OAHOMY Inapy. Haiitu
BEPOSTHOCTH TOT'O, YTO MPOM3BECHNE HOMEPOB BBHIHYTHIX IIAPOB OOINbIIIE MSTHA-
JIIATH.

0) B marasune umerorca 20 XONOAUIBHUKOB, MpUYeM 15 M3 HUX — UMIOpPTHBIE.
Haiitu BeposATHOCTB TOTO, UTO CPEAU S5 MPOJAHHBIX B TEUEHUE JHS XOIOJMIEHUKOB
OKa)KETCsl TPY UMIIOPTHBIX XOJIOAUIbHUKA.

56.a) YuacTtHHKHM KepeObeBKH TSHYT U3 SIIMKA )KETOHBI ¢ HOMepamu oT 1 1o 35.
Haiitu BeposITHOCTH TOro, 4TO HOMEP MEPBOrO HayAady U3BJICUEHHOIO XKETOHA He
COJIEPXKUT TTUPPY 3.

0) Cpenu 25 cTyzneHTOB, U3 KOTOpPBIX 15 meByliek, pa3birpbiBatoTcs 4 Ouiera B
TeaTp, NpUUeM KaXIblii MOXKET BBIMTPATh TOJIBKO oAWH Omnet. Halith BeposTHOCTB
TOTO, YTO CpeAr obJaaTesell OMIETOB OKaXKyTCsl 1Ba FOHOIIN U JBE AEBYIIKH.

57. a) bpocatotcst 1Ba UrpanbHbBIX KyOuka. HaiTi BeposITHOCTB TOTrO, YTO cyMMa
YHCIIa OYKOB HA BBIIIABIIMX I'PAHAX OOJIbINE YETHIPEX, HO MEHBIIIE CEMHU.

©) B marasune BbICTaBIICHBI Uil mpofaxku 18 uznenuit, cpeau KoTophix 8 wuzfe-
TN HeKadecTBeHHbIE. HaliTn BEpOATHOCT TOTO, YTO B3STHIE CIIyYaiiHBIM 00pa3oM
3 usnenus OymyT HeKaYeCTBEHHBIMH.

58. a) B nepBom simmuke HaxoAdTcs MIapsl ¢ HOMepaMu oT 1 10 5, a BO BTOpOM — ¢
HoMepaMH oT 6 10 10. M3 kaxmoro siyka BEIHUMAOT N0 OfAHOMY Inapy. Haiitu
BEPOATHOCTH TOTr'0, YTO aOCOJIOTHAsI BEJIMYMHA PAa3HOCTH HOMEPOB BBIHYTHIX IIa-
POB paBHa JBYM.
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6) B maptuu u3 30 usmenuil 5 w3menuii MMEIOT CKPBITHIN nedekt. Haliu BeposiT-
HOCTbh TOTO, YTO U3 B3SITHIX Hayrajg 5 wu3lenuil qeeKTHBIMU SBISIOTCS 3 u3fe-
JUSL.

59. a) YyacTHUKM >KepeObeBKH TSIHYT W3 SAIIMKA )KETOHBI C HOMepamu ot 1 1o 35.
Haiiti BeposSTHOCTH TOTO, YTO HOMEp IEPBOrO HayAady W3BJIEUEHHOTO >XETOHA
SIBIISICTCS YHMCIIOM, KPATHBIM 5 (JIeNUTCs Ha 5 0€3 ocTaTKa).

0) Ha TOLI 15 cMeHHBIX MHXKEHEPOB, U3 HUX 3 >KEHIIMHBL. B cMeHy 3aHATO 3 ue-
noBeka. HaliTi BEpOsITHOCTH TOTO, YTO B CIIy4aiiHO BHIOPAHHYIO CMEHY OKa)KeTCs
XOTs ObI OJH MY>K4YHHa.

60. a, bpocarorcs 1Ba UrpanbHbeIX KyOuka. HaliT BepOATHOCTH TOTO, UTO CyMMa
YHCIIa OYKOB Ha BBIIABIIMX I'PAHSX MEHBIIIE X ITPOU3BEICHUS.

0) Cpenu 25 cTyzneHTOB, U3 KOTOpPBIX 15 meByliek, pa3birpbiBatoTcs 4 Ouiera B
TeaTp, MpUYEM KaXKAbIi MOXKET BBIMTPATh TOJbKO oauH Omner. KakoBa BeposT-
HOCTB TOT'O, YTO Cpe/u oOnagareneii OMIeToB OKaXXeTcst XOTs OBl O/IHA JIEBYIIIKA.

61-70. TpeOyercst HaliTH BEPOATHOCTH YKa3aHHBIX COOBITHH, UCIIONB3YS hopmy-
JIbl CNONHCCHUA U YMHONCCHUA 8EPOAMHOCHEN.

61. CtyneHT pa3bICKUBaeT HYXXHYIO eMy (OpMYJy B TpeX CIpaBOYHUKaX. Beposrt-
HOCTH TOTO, 4TO (pOopMyJa COAEp>KUTCS B mepBoM cripaBoyHuke 0.8, BO BTopoMm —
0.7, B TpetbeM — 0.85. HaiiTi BeposSTHOCTH TOr0, YTO (hOpMyIa COMEPKUTCS XOTS
ObI B OJTHOM CIIPaBOYHHKE.

62. B nepBom stmuke 5 Genbix v 7 4€pHBIX mapoB. Bo BTopoMm 3 Genbix u 12 uép-
HBIX IapoB. M3 KaXk/10ro syKa BEIHYJIM 10 mapy. KakoBa BeposSITHOCTB, 4TO 00a
apa pasHoro IBeTa.

63. Pabounii oOcnyXnuBaeT TpHM CcTaHKa. BeposTHOCTH TOro, 4TO B TEUEHHE Haca
CTaHOK He MoTpedyer BHMMaHMs pabouero, paBHa st nepsoro cranka 0.9, mis
Broporo — 0.8 u st Tperbero — 0.85. HaliTu BEpOSITHOCTH TOTO, UTO B T€YEHHUE
HEKOTOpPOro Yaca JjBa CTaHKa U3 TPEX MOTpeOyIOT BHUMaHHs pabodero.

64. Tpu cTpenka CTpPENSIOT IO pa3y B OJHY MHUILIEHb HE3aBUCHMO APYT OT Jpyra.
BeposTHOCTE momagaHus B Lienb MepBbIM cTpeiakoM paBHa (.7, BTopbiM — 0.8,
TpetbuM — 0.9. HaiiTi BepoSTHOCTH TOTO, YTO MHIIICH OY/IET OpaXKeHa JiBa pasa.
65. DK3aMEeHAIMOHHBIA OWIICT IO TCOPUH BEPOSTHOCTEH COJEPIKUT TPH BOIpPOCA.
BeposiTHOCTH TOTO, YTO CTYIEHT OTBETUT Ha IEPBBIA M BTOPOH BONPOCH OmieTa
paBusbl 0.9; Ha Tperuit — 0.8. Haiitu BepOSTHOCTH TOro, YTO CTYAEHT CHACT dK3a-
MEH, €CJIH JJIsl 9TOro HeoOXOIMMO OTBETHTH Ha BCE BOITPOCHI.

66. CTyneHT pa3bICKUBaeT HYXXHYIO eMy (OpMYJIy B TpeX CIpaBOYHHKaX. Beposrt-
HOCTH TOTO, 4TO (pOpMYyJa COAEP>KUTCS B IepBoM ciipaBouHuke 0.8, BO BTopoMm —
0.7, B Tpetsem — 0.85. Haiitn BeposTHOCTB TOTO, 4TO (pOpMya coaep KUTCS TOIb-
KO B OJJHOM CIIPaBOYHHKE.
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67. B nepBom siuke 6 Oenbix 1 4 4€pHBIX 11apa, BO BTOPOM -7 OelbIX U 3 4EPHBIX.
W3 xaxjoro simuka Hayraj BBIHMMAIOT IO OJHOMY miapy. Uemy paBHa BeposiT-
HOCTb TOT'O, YTO BBIHYTHIE IIIAPHI OTHOTO I[BETA.

68. Pabounii oOCTyXUBaeT Tpu CTaHKa. BEpOATHOCTH TOrO, YTO B TCUCHHE Yaca
CTaHOK He MoTpedyer BHMMaHMs pabouero, paBHa st mepsoro cranka 0.9, mis
Broporo — 0.8 u st tperbero — 0.85. HaliTu BEpOSITHOCTH TOTO, YTO B T€YEHHUE
HEKOTOPOT'o Yaca Bce TPH CTaHKa MoTpeOyloT BHUMaHHUs pabodero.

69. Tpu cTpenka CTpenOT IO pa3y B OAHY MHIIEHb HE3aBUCUMO JPYT OT Apyra.
BeposTHOCTE momagaHus B Lienb NMepBbIM cTpeiakoM paBHa (.7, BTopbiM — 0.8,
TpetbuM — 0.9. HaliTi BEpOSTHOCTH TOT0, YTO MUILIEHb OyJeT TOopa)keHa XOTsl Obl
OJIVIH Pa3.

70. DK3aMCHAITMOHHBIN OWJIET IO TEOPHH BEPOSATHOCTEH COICPIKUT TPU BOIMPOCA.
BeposiTHOCTH TOTO, YTO CTYIEHT OTBETUT Ha IIEPBBIA M BTOPOH BOIPOCH Ouiera
paBHsbl 0.9; Ha Tperuit — 0.8. Haiitu BepOsSTHOCTB TOro, YTO CTYAEHT CHACT dK3a-
MEH, €CJIH JJIsl STOr0 He00XOMMO OTBETHTH XOTS OBl Ha JBa BOMpOCa U3 TPEX.

71-80. TpeGyeTcst HANTH BEPOSTHOCTH YKa3aHHBIX COOBITHIA, CTIONB3YS hopmysry
bepuynau;

71. Ox3ameH cocTouT U3 6 BompocoB. Ha kaxaplil Bompoc JaHO YEThIpE BO3ZMOXK-
HBIX OTBETA, CpPEAM KOTOPHIX HEOOXOIMMO BBIOpaTh ONWH TNpaBWIbHBIA. Haiitn
BEPOATHOCTH TOTO, YTO METOJIOM IPOCTOrO yraJbIBaHHs YIacTCsl OTBETHTh HE Me-
Hee YeM Ha 5 BOIPOCOB.

72. Iokynarens mpuoOper MeCTh U3/ENNi, U3TOTOBIEHHBIX Ha JaHHOM MpEIIpH-
stuu, 80% wu3menuit KOTOPOro COCTaBIseT NMPOAYKIMA BeIciiero copra. Haiitu
BEPOATHOCTH TOTO, YTO HE MEHEe ISITH M3 HUX SBISIOTCS M3JEIHSIMHU BBICIIETO
copra.

73. Jlns HOpMasbHOW pabOTHl aBTO0A3bI HA JIMHHUM JIOJDKHO OBITH HE MeHee 8 Ma-
mvH 13 10 uMerommxcs. BeposTHOCTh HEBBIXO/A KaXKJIOW MAalllMHBI Ha JIMHHIO
pasna 0.1. Haiiti BeposiTHOCTH TOr0, 4TO aBTOOA3a OyneT paboTarh HOPMAJILHO B
OmKalImil NeHs.

74. B ypHe 20 Genbix u 10 yepHsIx mapos. M3 ypHBI BRIHEMaIOT mopsin 4 mapa,
MIPUYEM KaXKAbIA BBIHYTHIM Iap BO3BPAILIAlOT B ypHY Mepel M3BIICUECHHEM Clle-
JIYIOIIEro M IIapbl B YpHE IepeMelnnBaroT. Haiitn BeposTHOCTH TOTO, 4TO U3 Ue-
THIPEX BBIHYTBIX IIAPOB OKAXKETCS] TPH OEIBIX.

75. JIna crpenka, BBIMIONIHSIOIIETO YIPaXXHEHUE B THPE, BEPOSTHOCTh MOMACTh B
«sI0JI0YKO» IIPH OJHOM BBICTPEJIE HE 3aBHCHT OT PE3YJbTAaTOB MPEALIECTBYIOIINX
BeICTpenoB U paBHa 0.25. CnoptcMeH caenan 5 BelcTpenoB. Halitu BeposTHOCTB
TOT0, YTO CTPEJIOK IOMAJl B «SI0JI0UYKO» HE MEHEE YETHIPEX pas.

76. Haiitu BepOATHOCTb TOTO, YTO B CEMbE, UMEIOIIEH 6 JeTeil, He MeHee JIBYX
neBouek. [Ipenmonaraercs, 4To BEPOSITHOCTH POXKACHHUS MAIbUYMKA U JEBOYKH OJIU-
HaKOBBIE.
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77. Ox3aMeH cocTouT u3 5 BompocoB. Ha kaxkaplil BOmpoc JaHO TPU BO3MOXKHBIX
OTBETa, Cpe/Il KOTOPBIX HEOOXOMUMO BHIOpaTh ONUH MpaBUILHEINA. HaliTh BeposT-
HOCTbB TOT'0, YTO METOJIOM ITPOCTOI'0 yraJlbIBaHHs YIAcTCsl OTBETUTH Ha BCE BOIPO-
CBI

78. Tloxynarens npuoOpen MSITh W3JETUH, U3TOTOBJICHHBIX HA AaHHOM IPEIIpH-
stuu, 80% wu3nenuit KOTOPOro COCTaBIseT NMPOAYKIMA BeIciiero copra. Haiitu
BEPOSTHOCTB TOTO, YTO YETHIPE U3 HUX SBIISIOTCS M3IEUSIMU BBICILIETO COPTA.

79. Jlns HOpMabHOW pabOTHl aBTO0A3bI HA JIUHHUM JIOJDKHO OBITH HE MeHee 9 ma-
mvH 13 10 uMeromuxcs. BeposiTHOCTh HEBBIXO/A KaXKJIOW MAallMHBI Ha JIMHHIO
pasna 0.2. Haiiti BeposiTHOCTH TOTr0, 4TO aBTOOA3a Oyner paborarh HOPMAJILHO B
OmKalImil NeHs.

80. BeposiTHOCTD BHIMTpATh 1O JIOTEPEHHOMY OWIIETY paBHA 1/ 7 . Haiitu BeposT-
HOCTbH BHIUTPATh HE MEHEE YEeM I10 JIBYM OWJIeTaM n3 MIECTH.

81-90. CocraBuTh 3aKOH paclpeeeHus] AUCKPETHOM CclydyaifHON BeNWYMHBL X ;
MIOCTPOUTH MHOTOYTOJIFHHK TTOJTy4eHHOT'O paclpe/iesIeHus]; BEIYUCINTD €€ MaTeMa-
tuueckoe oxuganne MX wu aucnepcuro DX .

81. B maptum n3 10 neraneii comepkurcst 3 HecTaHIapTHBIX. Haynauy oToOpaHsi
nBe netand. JJuckperHas ciydaiiHas BeIM4YMHA X — YUCIO HECTaHAAPTHBIX JE€Ta-
JIeH cpeJi IBYX OTOOPaHHBIX.

82. Crpenok nmpou3BOIUT MO MHIIEHH J(BA BBICTpea. BeposTHOCTH mmomnajaHus B
MHUIIEHb NIpU KaXKA0M BeicTpene paBHa 0.9. JluckperHas ciaydaiiHas BenuuuHa X —
YHCIIO TIONaIJaHW B MUIIICHb.

83. B sk3ameHanmoHHOM Owmiere ABe 3a7a4d. BeposTHOCTh PaBUIILHOTO PEIICHHS
nepBoi 3agaun paBHa 0.9, Bropoit — 0.6. [{uckperHas ciydaiiHas BenuyuHa X —
YHCIIO NPAaBUIIBHO PEIEHHBIX 3a7a4 B Ouiere.

84. B maprun u3 6 neraneit umeercs 4 cranaaptHeix. Haynauy oroOpans 2 nera-
mu. JluckperHast cirydaiiHasi BelTMUMHa X — YMCIIO HECTAHIAPTHBIX JIeTajled cpean
0TOOpaHHBIX.

85. Crpenok npou3BOAUT MO MUILEHU JBa BeICTpena. BepodaTHocTs monanaHus B
MHUIIEHb NIpU KaXKA0M BeicTpene paBHa 0.7. JluckperHas ciaydaifHas BenuuuHa X —
YHCIIO MPOMAaXOB.

86. 113 natu KyruieHHBIX po3 2 KpacHble. [l cocTaBnenust Oykera Haynady OepyT
3 po3el. JluckperHas ciydaifHas BeauMuuMHAa X — YMCIO KPacHBIX pO3 Cpeau OTO-
OpaHHBIX.

87. B mapruun u3 6 neraneit umeercs 4 cranpaptHeix. Haynauy oroOpans 2 nera-
mu. JluckperHasi ciydaiiHasi BelnW4rHa X — YHCJIO CTaHJApTHBIX JeTaneil cpeau
0TOOpaHHBIX.

88. YcrpoiicTBO cocTonT M3 IBYX HE3aBUCUMO pabOoTaroOIIMX 3JIEMEHTOB. Bepost-
HOCTh OTKa3a Ka)KIOro 3JeMeHTa B oJHoM omnbiTe paBHa 0.1. JluckperHas ciydaii-
Hasl BeJIMYMHa X — YUCJIO OTKA3aBIIHX HJIEMEHTOB B OTHOM OIIBITE.
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89. B ypHe 6 Oenbix u 4 uépHbIX mapoB. M3 Heé w3Biekau aBa mapa. JucKkpeTHas
cirydaiiHasi Benn4nHa X — 9UciIo OeTbIX IapoB CPEAr OTOOPaHHBIX.

90. B ypHe 6 Oenbix u 4 uépHbIX mapoB. M3 Heé w3Bieku ABa mapa. JJuckpeTHas
cirydaiHasi BeNM4rMHA X — YUCII0 YEPHBIX IAPOB CPEAN OTOOPAaHHBIX.

91-100. Tpebyercs HalTH (QYHKIMIO TUIOTHOCTH BEPOSITHOCTEH f'(X) HempepbIB-

HOU CiydaiiHOW BenmuuuHbl X ; BBIYHCIUTH €€ MaTeMaThdyeckoe oxumanune MX |
mucnepcuto DX u BeposithocTth P(X € (a, 8)) .

91. HenpepsiBHast ciydaiiHas BenM4yMHA X 3ajlaHa (DyHKIMEH pacnpeaeseHus

F(x) =

0 x<0
x2[25 0<x<5, a=1p=4.
1 x>5

92. HenpepbiBHasi ciyuaiiHag BenuunHa X 3ajaHa

F(x) =

0 x<0 | ;
2

x° 0<x<1, a=—,B=—.

4 p 4

1 x>1

93. HenpepoiBHas ciydaiiHas BenuuumHa X 3ajaHa

F(x)=

0 ) x<-1
1
DT <2, w0, p-1.
1 x>2

94. HenpepbiBHas ciydaiiHas BenuuuMHa X 3ajaHa

F(x)=

0 x<l1
(x—l)/S l<x<6, a=2,0=5.
1 x>6

95. HenpepoiBHas ciydaiiHas BenuuuHa X 3ajaHa

F(x)=

0 x<0
x/4 O0<x<4, a=2,p=3.
1 x>4

96. HenpepoiBHas ciydaiiHas BenuuumHa X 3ajaHa

F(x)=

0 x<0
X2/4 0<x<2, a=1,B=2.
1 x>2
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97. HenpepwiBHasi ciydaiiHas BelM4YMHA X 3ajaHa (DyHKIMEH pachpeaeleHus

) 0 4 x<0
8 —x
F(x)= v 0<x<2, a=1p=2.
1 x>2
98. HenpepwiBHast ciydaiiHas BenuuyMHAa X 3ajlaHa (DyHKIMEH pacnpeaeseHus
0 x<-=2
x 1
F()C)Z Z+E —2<XS2, Olz—l,ﬂzl.
1 x>2
99. HenpepsiBHasi ciydaiiHas BenM4yMHA X 3ajlaHa (DyHKIMEH pachpeaeleHus
03 ) x<3
F(x)= 9;?L-3<xﬁi a=3p=4.
1 x>5
100. HempepsiBHast ciydaifHast BennunmHa X 3amaHa (QyHKIHMEH pacripeaeneHus
0 x<2
2 =2 B= >
F(x)={x* —4x+4 2<x<3>» @=2F=—.
1 x>3

101-110. st npuBenéHHON BRIOOPKHU TpeOyeTCs:
a) IOCTPOUTH BapUAIIOHHBIN U AUCKPETHBINA CTATUCTUYECKUM PSbI;

©) BBIYHMCINTD YUCIOBBIE XapaKTEPUCTUKH BHIOOPKHU: X R (pasmax),

min > *max

_ ~2
X (cpennee apudmerndeckoe), O~ (AUCIEPCUIO); B) MOCTPOUTH IOJIUTOH YaCTOT.

101. Bribopka oobvema n = 20:

0 4 2 0 5 1 1 3 0 2 2 4 3 2 3 3 0 451

102. Bribopka obvema n =15

\ 4 5 6 4 4 6 2 2 5 4 5 5 4 2 3

103. Bri6opka o0beMa n =15

\ 2 2 1 3 4 2 1 1 3 3 43 2 435

104. Bri6opka o0beMa n =15

\ 9 8 10 6 6 7 9 9 10 4 10 11 11 11 6

105. Bribopka oobvema n = 20:

‘55426215331564334155

106. Bri6opka o0bema n = 20 :
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21231102243303023122‘

107. Beibopka obbema n=15:

6 8 9 94 9 6 8 9 4 6 6 8 6 4 ‘

108. Beibopka obbema n=15:

510109588966688108‘

109. Beibopka obbema n=15:

1 0 2 6 5 4 1 4 5 1 2 4 2 2 2 ‘

110. Beibopka oobema n=20:

13320243212222331113‘

111-120. [Jnst npuBenéHHON BRIOOPKU TpeOyeTcs:

a) BBIYHCIIUTL YUCIOBBIC XapaKTCPUCTUKU IpyHHPIpOBaHHOfI BI)I60pKI/IZ Xmin »

b R (pasmax), X (cpenmee apupMeTHUECKOE), G’ (mucniepcuro);

max °
0) NOCTPOUTH THCTOrPAaMMY YacTOT.
111. JlannbIe 0 MecsAYHOIM 3apaboTHOM wiaTe X 1o 1exy (B THIC.pyo0.)

3ap.nmaarta 2-4 | 46 | 6-8 | 8-10 | 10-12 | 12-14 | 14-16 | 16-18

Ymncao padouux 1 3 10 15 20 12 7 2

112. JTannsie o pacxone X (upM, MPOAAFONINX KOMITBIOTEPHI, Ha pekiamy (B % K
obmreMy pacxoy GUpMBI):
Pacxon Ha pexinamy | 2-4 | 4-6 | 6-8 | 8-10 | 10-12

Yucao pupm 5 8 [ 16 | 12 9
113. Bri6opouHbie JaHHBIC O CTaxe padboThl X COTPYAHUKOB OaHKa!
Crax, Jjer 0-2 2-4 4-6 6-8 8-10 10-12
Ymncsio cOTpyIHHUKOB 3 9 18 14 10 6

114. JlanHble 0 TOMOBOM ToBapoobopore X (MIIH.pyO) MPOTOBOJILCTBEHHBIX Ma-
ra3vHOB TOpoJa:
ToBapoodopoTt 10-12 | 12-14 | 14-16 | 16-18 | 18-20

Yuco0 marasuHon 17 40 32 8 3
115. JlanHbIe 0 MecsYHOM 3apaboTHON TwiaTe X 1o 1exy (B THIC.pyo.):
3ap.miara 2-4 | 4-6 | 6-8 | 8-10 | 10-12
Ymncao padouux 5 8 16 12 9
116. Jlannbie u3mepenuii pocta X (B ¢M) CTYICHTOB OJHOTO U3 BY30B ropoja:
Poct 150-160 | 160-170 | 170-180 | 180-190 | 190-200
Yucsio cTy1€HTOB 10 34 25 21 10

117. Jlanuble 0 romoBoM TOBapoobopore X (MIIH.py0) MEOENBHBIX Mara3wHOB
ropona:

ToBapoobopoT 10-20 | 20-30 | 30-40 | 40-50 | 50-60
Yucao Mara3uHoB 12 17 46 12 13
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118. [lanHble u3MepeHuil BHyTpeHHero auamerpa X (B MKM) HOPIIHEBBIX KOJIEIl;:

JAnametp 28-32 | 32-36 | 36-40 | 40-44 | 44-48
Yucio kosernn 5 16 11 8 10

119. [Jannsie o pacxone X ¢GupM, IpoaaroNux aBTOMOOWIH, Ha pekinaMy (B % K
obmreMy pacxoay GUpMBI):

Pacxon Ha pexnamy | 3-5 | 5-7 | 7-9 | 9-11 | 11-13
Yucao pupm 1 6 | 14 7 2

120. dannsie o conepxanuu X (B Ky0. M) JIeJIOBOH IpEBECHHBI B OJIHOM JIEpEBE:

Conepsxanue nesioBoii npesecunn! | 0.2-0.6 | 0.6-1.0 | 1.0-1.4 | 1.4-1.8

Ymncio nepeBbeB 2 14 15 9

5.2. Bonpockl K 3K3aMeHy.

Cemectp 1.

1.

10.

11.

[Monsitne marpunsl. YacTHele BUIABI MaTpull (KBaapaTHas, TPEYrojibHas,
JIMaroHajJbHAs, HYJEBas, €IMHHWYHAS). ODJIEMEHTapHble NpeoOpa3oBaHMs
MaTpu. [ToHsTHE SKBUBAJIEHTHOCTH M PABEHCTBA MATPHIIL.

JleiicTBust Hax MaTpuIaMHy (CIIO)KEHHE, BHIYUTAHHE, YMHOXEHUE MaTPHILIBI
Ha YHCII0, yMHO)KEHHE MaTpHIIbl Ha MaTpPUILy), X CBOWCTBA.
Ormpenenutenu 2-oro 1 3-ero nopsijaka, ux BeiuucieHue. OCHOBHbIE CBOM-
CTBa OIIPE/ICIIUTENCH.

[MonsiTne ompexnenutens n-oro nopsaka. MuHOp U anredpandeckoe Jo-
TIOJIHEHNE 3JIEMEHTa ONpeNenuTens. Pa3ioxkeHue onpeneiuTesns 1o de-
MEHTaM CTPOKHU WJIM CTOJIOLA.

[MoHsATHE CHUCTEMBI IMHEHHBIX anreOpamueckux ypaBHeHwit (CJIAY). Ya-
crabie Bunbsl CJIAY (kxBampaTtHasi, OMHOPOAHAS, HEOMHOpPOIHAS). MaTpwuia,
pacumpeHHast maTpuua, onpenenurens CJIAY.

Pemenne, muoxxectBo pemienuit CJIAY. CoBMeCTHOCTh, HECOBMECTHOCTD,
OMpeIeNEHHOCTD, HEONPEAENEHHOCTD, IKBUBaNEeHTHOCTE CJIAY. Dnemen-
TapHsble npeodpasoBanus CJIAY, nx OCHOBHOE CBOHCTBO.

Meron Kpamepa nis pemenust CJIAY, ycnoBus €ro NpUMEHUMOCTH.
Meron T'aycca pemenus CJIAY. YcnoBust HECOBMECTHOCTH, ONpeNENEH-
Hoctu U HeorpeaenénHoctu CJIAY no merony [Maycca.

[MonsiTne oOpaTHOI MaTpuIbl. BeIposkeHHBIE U HEBBIPOXKAEHHBIE MaTpH-
IbI. YCJIOBHE CYIIECTBOBAHHS OOpaTHON MaTpuilbl. OCHOBHEIC CITOCOOBI
HaXO0XJIEHNs1 00paTHOM MaTpPHIIBL.

Marpuunas ¢opma 3anucu CJIAY. Marpuusslii cioco0 (MeTox oOpaTHOH
Matpuusl) pemenust CJIAY, ycinoBus ero npuMeHHMOCTH.

MuHop k -oro nopska, 6a3uCHbBIH MUHOp, paHr MaTpuibl. Kputepuii co-
BMECTHOCTH CHCTEM JINHEHHBIX ajnreOpandeckux ypaBHEHHH.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

INoHsATHE TEOMETPUYECKOTO BEKTOpa. PaBeHCTBO BeKTOPOB. IIpoTHBOIMO-
NoxHbIHA BekTop. OpT Bekropa. KosmiHeapHOCTh U KOMILUIAHAPHOCTh BEK-
TOPOB.

I'paduyeckre mpaBuiia CIOKEHUS, BBIYUTAHUS, YMHOKEHHUS BEKTOpa Ha
yucno. [Tpoekiust BeKTopa Ha BEKTOP.

[TonsiTe nekapTOBOM CUCTEMBI KOOPJIUHAT B R3 . Paguyc-Bextop, koop-
JIMHATHI TOYKU. BhIuncieHrne AIuHBI BEKTOpPa; HAMPABJISIONIMX KOCUHYCOB
BEKTOpa; KOOPJAMHAT BEKTOpA, 3aJaHHOTO JBYMsI TOYKAMU; PACCTOSHUS
MEXIYy TOUKaMHU.

CxaJsipHOe NPOU3BEJEHUE T'€OMETPUUYECKUX BEKTOPOB M €ro CBOWCTBA.
BoipaskeHue CKalsipHOro MPOU3BEACHUS Yepe3 KOOPJAUHATBHI BEKTOPOB.
Boruncnenue yrina Mexay BEKTOpaMu, YCIOBUE UX OPTOrOHAIBLHOCTH.
[psimast TUHKUS HA TUIOCKOCTHU U €€ ollee ypaBHeHue. HopMasbHEIA 1 Ha-
MIPABIIAIONIMN BEKTOPBI MPSIMOM. YpaBHEHUE NMPSMOM, MPOXOJsIIe depes
TOUKY, NEPIEHIUKYIAPHO BeKTOpyY. [locTpoeHue npsiMoi Ha MIIOCKOCTH.
Kanonuueckoe ypaBHeHUE MPSMOIL; ypaBHEHHUSI NPSIMON: MPOXOsIIen ve-
pe3 IBe TOYKH, C yIIIOBBIM K03(dduiinmeHTOM, B oTpe3kax. PaccrosHue ot
TOYKH JI0 MPSIMON Ha MJIOCKOCTU. YTOJ MEXJY MPSIMBIMU Ha MJIOCKOCTH U

ero BblUMCIIeHnE; yenopus | u || mpambix.

OKpY>KHOCTb, 3JUTHIC, Tunepbona, napabona, UX KaHOHHYECKHE ypaBHe-
HUS ¥ TIOCTPOEHHE.
[Monsitne MHOXecTBa. [lomMHOXKeCTBO. Y HUBEpcanbHOE MHOXeECTBO. Crio-
co0bI 3aaHusl MHOXKecTB. Oriepanu HajJi MHOXecTBaMH (0ObeIHEHHE,
riepeceveHre, pa3HoCTh, JIOTIONHEHNE).
MHuokecTBa uncen. JlelcTBUTENbHbIE YKCaa, MOAYJIb YHCIa U €r0 CBOMCT-
Ba. UncnoBbie npoMexxyTKH. OKpecTHOCTb TOUKH.
[onsitne pynxumu. OcHoBHEIE crIocoObI 3aganus GpyHkuun. EcrectBeHHas
obnacte onpeneneHus QyHKUuU. SIBHOE, HESIBHOE, MapaMeTpUYEcKoe 3a-
nanne Gynkuun. ['padux GyHKINM.
OCHOBHBIE AJIEMEHTHI NOBeleHHS (QYHKIUHU (YETHOCTH, HEYETHOCTD, IIe-
PHOIUYHOCTD, OTPAHUYEHHOCTh, MOHOTOHHOCTB).
2 3 -1

OCHOBHBIE 3JIEMEHTapHble (QYHKIUH: Y =X,y=X ,y=X",y=x ,

. x X, _ — _ -
y:x/;, y=a", y=¢e ; y=log,x, y=Inx; y=sinx, y=cosx, y=tgx,
y=ctgx; y=arcsinx, y=arccosx, y=arctgx, y=arcctgx. OCHOBHbIC
CBOIiCTBA, TpaduKy.

[Ipocreiimne 37aeMeHTapHbICE (QYHKIUH: Yy=ax+b , y=ax2+bx+c, ux

CBOMCTBa M IrpadyKH.
[MonsiTne 0OpaTHO# 1 CIOXXHON QYHKIMH. DileMeHTapHbIe (QyHKIIIH.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

@OyHKUMS HaTypaJgbHOrO aprymeHTa. [IoHATHE YMCIOBON IOCIIENOBATENb-
HocTH. OrpaHn4eHHbIe 1 HEOTpaHWYEHHBIE, MOHOTOHHBIE ITOCIIE€A0BaTENb-
HOCTH.

IloHsTHE TIpenena YKCIOBOM MOCIEAOBATEIbHOCTH, €r0 FeOMEeTPUUECKUI
cMmblc. Cxopdupecs M pacxofsdiiyecs IOciIenoBaTeabHOCTH. IIpu3Hak
CXOMMOCTH MOHOTOHHOM nocnenoBarensHocty. Yncno €.

[Monsitne uncnosoro pspa (UP). Yactnunas cymma u cymma psaga. Cxops-
myecss W pacxofsirecs: psjabl, UX CBOMcTBa. ['eomerpuueckuii 1 0000-
IEHHBI TapMOHWYECKUH YUCIIOBBIE PSABI, YCIOBHS HX CXOAMMOCTH M
PacxoauMOCTH.

[MonsiTne npexena GyHKIMM B KOHEYHOH TOYKe M Ha OeckoHeyHocTH. [lo-
HSTHE OJHOCTOPOHHUX TpenenoB. HeoOXomumoe 1 J0CTaTOYHOE YCIIOBHE
CyIIECTBOBaHUS Npeziesna (QyHKIMH B KOHEYHOH TOUKeE.

BeckoHeuHo Mainble 1 GeckOHEUHO OoibInne (BYHKIHMH, B3aUMOCBS3b MEX-
ny HuMHU. OCHOBHBIE CBOWCTBAa OECKOHEYHO MANbIX U OONBIIMX (DYHKIIHH.
Heonpenenénnsie BoIpakeHUsI.

OcHoOBHBIE CBOICTBa TpenenoB (yHKIMH (0 mpeaenax apuMETHIECKHX
oreparii Hajx (QYHKOMSIMM, WMEIONIMMH KOHEUHBIA IIpeneln; o mpererne
AJIEMEHTAPHOMN (DYHKITNH; O MPEIeTLHOM MEPeX0/ie B HEPAaBECHCTBAX).
[lepBrIit 1 BTOpOIi 3aMedaTeNbHbIE MPE/Ebl, UX NPUMEHEHHE NPU BBIYHC-
JICHUU TIPENIETIOB.

Onpenenennsi HEMIPEPHIBHOCTH (QYHKIHMU B Touke. TOuku paspbiBa (QyHK-
LINH, UX KJIACCUPUKALHS.

[MonsiTne HempepbIBHOCTH Ha oTpe3ke. OCHOBHBIE CBOWCTBA (YHKIMH, He-
TIPEPBIBHBIX HA OTPE3KE.

[Mpupamenne ¢ynkuun. OnpeneneHne MPOM3BOAHOW M €€ reoMeTpuye-
ckuil cMbicn. HenocpencTBeHHOe HaX0XA€HUE TPOU3BOIHOM.
KacarenpHast 1 HOpMaib K KpUBOW B IaHHOM TOUKe, UX ypaBHeHus. [Ipo-
W3BOJHBIE BBICIIUX ITOPSIIKOB.

Juddepenumansr ¢ynkiun. IIpuMenenne nepsoro muddepeHnuara B
MPUOIMKEHHBIX BBIYHUCIICHUSX.

[pocreiimue mpaBuiia BHIYUCICHUS ITPOU3BOAHON (IIOCTOSHHOW, CyMMBI,
Pa3HOCTH, POU3BEACHHS U YaCTHOTO (DyHKITHI).

[TpaBuIto BEIYKCIIEHHST IPOU3BOJHOM CIIOKHOM (DYHKIIUH.

[paBuio Jlonurans M ero NpUMeHEHHE ISl PACKPBITHS HEONpeaeIEHHO-

crei: 0/0, oo/oo, 0-00, o©—o0,
JocraTouHslii mpu3HaK MOHOTOHHOCTH (PyHKIMH. CTallMOHAPHBIC M KPH-
THYEeCKUE TOYKU (GyHKIUH. HaxoxkIeHWe WHTEpBAIOB MOHOTOHHOCTHU

GbyHKIMN.
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42. TodYKM JIOKaJILHOTO 3KCTpeMyMa (MakCUMyMa ¥ MHHUMYMA) U JIOKAJIbHBIE
sKcTpeMyMbl pyHKImH. HeoOXxomumoe M A0CTaTOYHBIE YCIOBHS CYIIECT-
BOBAHUsI JIOKAJILHOT'O SKCTpeMyMa (DYHKIIUH.

43. HauOonbiiee 1 HauMeHbllee 3HaYeHHUs] (DYHKIMHM Ha OTpE3Ke, UX HaXOX-
JICHHE.

44. TloHsATHS BBITYKJIOCTH M BOTHYTOCTH (YyHKIUH. JlOCTATOUHBIA IpU3HAK
BBINYKJIOCTH (BOrHYTOCTH) (YHKIIMM Ha MHTepBasie. HaxoxaeHne uHTEp-
BaJIOB BBITYKJIOCTH M BOTHYTOCTH (yHKIMU. Touka meperuba rpaduka
(yHKIMH, YCIIOBUS €€ CyIIeCTBOBaHUS M HAXOXK/ICHUE.

45. Tlonsitme acumnToThl rpaduka (yHKIMU. BepTUKanbHble W HAKIOHHBIC
ACHUMIITOTHI, YCIOBUS UX CYILIECTBOBAHUS U HAXOXKICHUE.

CemecTp 2.

1. Tlonsatne pynkumm 2-x nepeMeHHbIX. EcTecTBeHHas 00acTb onpeeeHus
@®HII, rpaduk ¢pyHKIMN 2-X TIEPEMEHHBIX, JINHAN YPOBHSI.

2. Yacrtusle u nonHoe npupamienuss @HII. YacTtHele npon3BoAHbIE IEPBOTO U
BBICIIINX TOPSAIKOB, UX HaxoxaeHue. He3aBUCUMOCTh CMEIIaHHBIX MPOU3-
BOJIHBIX OT Topsizka quddepeHypoBanus.

3. Huddepennuansr @HII mepBoro U BTOPOro MOpPSIIKOB, UX HaXOXICHHE.
[Tpumenenne nepBoro auddepeHnrana B NpUOIMKEHHBIX BHIYUCICHUSX.

4. CranuoHapHble U KPUTHYECKHE TOYKH. TOUKM JIOKAJIBHOTO 3KCTpEMyMa
(MakcuMyMa ¥ MUHMMYyMa) U JiokajbHble 3kcTpemymbl @HII. Heobxonu-
MO€ U I0CTaTOYHOE YCIIOBMSA JOKaNbHOro 3kcTpemyma OHII.

5. TnobanbHBIC SKCTpEeMyMBI (HauOobiee 1 HanMeHbInee 3HadeHus) OHIT B

OrpaHMYEHHOH U 3aMKHYTOW 00JIaCTH, X HAXOXKCHHE.

IepBooOpaznas QyHKIMS, €€ OCHOBHBIE CBOHCTBA.

7. HeomnpenenéHHblid UHTErpajl, YCIOBUSI €r0 CYIIECTBOBAHUS U OCHOBHBIE
CBOWCTBA.

8. OcCHOBHBIE METOABI UHTETPUPOBAHMA: HEMOCPEICTBEHHOE HHTETPHUPOBA-
HUE, UHTETPUPOBAHNUE 3aMEHOM NMEPEMEHHON U 10 YacTAM.

9. BbluncneHre UHTErpajJoB BUIA:

Ax + B)d.
a) '[ f(ax+b)dx, 6) I o(zxzx:ﬂx):;

&

(Ax + B)dx r)J‘Pn(x)dx .
ax+f3

’B)IJ

9
ax’ +Bx+y
10. OmnpeneneHHbIit HHTETPA KaK NPeAET UHTETPaIbHOM CYMMBI, €M0 F€OMET-
pUYECKUI CMBICI. YCIIOBHS CYIECTBOBAHUS OIPESIEHHOIO HHTErpasa.
OCHOBHBIE CBOWCTBA OIPEAETIEHHOr0 HHTErpaa.

11. WHrerpan ¢ nepeMeHHbIM BEpXHUM MpeAesoM U ero coiictBa. dopmyna
Herorona-JleiiOHnma.

12. ®opMynbl 3aMeHbI IEPEMEHHOW U MHTEIPUPOBAHUA MO YacTIM B ONpejie-
JIEHHOM HHTErpajie.
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13.

14.

15.

16.

17.

18.

19.

20.
21.
22.
23.

24.
25.

26.

27.

28.

29.

30.

OnpenenéHHbll MHTErpal U €ro NPUMEHEHUE sl BBIYMCICHUS ILIOLIA U
IUTOCKOU (DUTYPBHI.

HecoOcTBeHHbIe MHTErpanbl MO0 OECKOHEYHOMY MPOMEXYTKY WHTETPHPO-
BaHUsL.

[MonsiTne auddepeHuanTbLHOr0 ypaBHEHHs MEPBOro MOPsIKa, Pa3IMYHbIe
¢dop™meI ero 3anucu. Pemenune, HayanbHbIE YCIOBHS, O0IIee U YaCTHOE pe-
wenus Y nepsoro nopsaka. 3agada Komm.

OcHoBHbie Buabl JY mepBoro mopsaka (Y ¢ pa3nenéHHBIME U pasje-
JIAIOIIMMUCS TIEpEMEHHBIMU, OfHOpoAHOoe Y mepBoro mopsaka, JHUHEH-
Hoe J1Y mepBoro nopsiika, ypaBHeHue bepHymm).

[onsitue JIY mopsinka 71, paznuunsle GoOpMBI ero 3amucu. Perienue, Ha-
YaJibHbIE YCIIOBUSI, 00Iee U yacTHoe penrenus. 3agada Komm.

Ipocreiimee Y mopaaka n: y" = f(X), HaxoxaeHue ero obIero pe-

LIEHMSI.
[onsiTve ciydallHOro OSKCIIEPUMEHTA, BJIEMEHTAPHOTO COOBITHSA, IIPO-
CTpaHCTBa 3JIEMEHTapHBIX COOBITHH, cilydaiiHOro coObITus. JlocToBepHOE
1 HEBO3MOXKHOE COOBITHSI.

JleiicTBust Hax ciydailHBIMU cOOBITUSIMH. COBMECTHBIE U HECOBMECTHHIE,
MIPOTUBOIOIOKHBIE COOBITHSI.

Knaccuueckoe onpenenennsi BepostHocTH. [lpaBuna u gpopmynsl KoMOu-
HAaTOPHKH, BBIYMCIICHNE BEPOSITHOCTEN C MX TIOMOIIBIO.

OmnpeiereHre YCIOBHOW BEPOATHOCTH COOBITHS. He3aBucuMBbIe U 3aBUCH-
MbI€ COOBITHSI. DOPMYIIBI CIIOKEHHS U YMHOXKEHHUS BEPOSITHOCTEH.
®dopMyiiel MOTHOH BepoaTHOCTH U balieca.

IToBTopHBIe UctibiTanusi. Cxema bepuymnnu. ®opmyna beprysiu.

[TonsiTue cinyuaiiHol BenuuuHbl. JIuCKpeTHast U HENpepbIBHAS claydailHbIe
BEJMYMHBI, OCHOBHBIE CHOCOOBI WX 3ajaHus ((HDyHKIMS pachpeseseHus,
psin pacnpenenenust, GyHKIHS INIOTHOCTH BEPOSITHOCTH).

UncnoBble XapaKTEPUCTHKU CIyYalHBIX BEJIMYHH: MAaTEMaTHYECKOE OXKH-
JlaHue, TUCTIEPCHs], CpeHee KBaApaTUUHOE OTKIOHEHHE, MOJla U MeraHa.
CBoiicTBa MaTEMaTHIECKOT0 OXKHIAHUS U AUCIIEPCUH.

Hopmanbnsiit 3akon pacnpenenenust HCB, ero uncnoBbie XxapakTepucTu-
ku. [IpaBuio «Tpéx curmy».

CranaapTHbI HOpManbHbINA 3akoH. MHTerpan Jlannaca, BEIYUCIEHHE C €T0
TIOMOIIIBI0 BEPOSTHOCTH TOMAAaHHsI HOPMaJIbHOH CITydaifHOW BETMYUHEL.
I'enepanbHast COBOKYITHOCTb, BBIOOpKa 13 He€. OCHOBHBIE CIIOCOOBI 3aIHCH
BBIOOPKH: BapUalMOHHBIA PsJ; CTATUCTUYECKHH JIMCKPETHBIH M HWHTEp-
BaJIbHBIN PS/IbI, UX IOCTPOEHHUE.

UncnoBble XapaKTEPUCTHKN BBIOOPKH (pa3Max, cpefHee apupMeTHIecKoe,
MenuaHa, aucriepens) u e€ rpaduueckoe u3o0pakeHue (IOJIUTOH, THCTO-
rpamma).
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6. [Ipunoxenus.

6.1. O6pa3zen pemieHNs: KOHTPOJIbHBIX 32124 TUIIOBOT0 BAPHAHTA.

Cemectp 1.
1-10. Haiiru matpuiy C = B - al 4 34, eciu:
2 1 -1 1 23
A=|10 3 -1}, B={2 1 2/|.
0 -1 3 1 23
Pemenue:
2 1 -1 T 2
1) Tpaucnonnpyem marpuity A : al - 0 3 -1| =|1
0 -1 3 -1
2) Boiuucnsiem npousseneHue Matpun B - AT
1 23 2 0 0
B-al =21 2|1 3 -1f=
1 23 -1 -1 3

1:2+2-143-(=1)

1-0+2-3+3-(=1)

1-0+2-(-1)+3-3

=|2:241-142-(-1)

2:0+1:3+2-(=1)

2.0+1-(-1)+2-3

1:2+2-143-(=1)

1-0+2-3+3-(=1)

3) Haxomum matpuiy 34 :

2 1 -1
34=3-|0 3 -1]|=
0 -1 3

4) Haxomum matpuny C :

1 3 7 6 3

=3 1 5[+[0 9
1 3 7 0 -3

7 6

OtBer: C=|3 10
1 0

3.2 3.1
3.0 3.3
3:0 3-(-1)

-3 1+6
-3]=[3+40
9 1+0

4

2

16

29

(=D 6
3.-1) |=l0 9
3.3 0

1-0+2-(-1)+3-3

C=B-47 +34=
3+3
1+9

3+(-3)

7+ (-3)
5+4(-3) | =
7+9

1 3 7
3 15
1 3 7

7 6 4

3
1

10 2
0 16



4x+y—-4z=-6
11 — 20. dana cucrema ypaBHenuii: §2x —4y + 6z =12. Tpebyercs:
X+2y—z=2
a) HaliTu perieHue cucreMsl MeTogoM Kpamepa;

0) HaliTu peleHue cuctTeMbl MeToJoM [ aycca.
Pemenue.

A) Meton Kpamepa.
1a) BorunciisieM onpeaeanTeab CHCTEMBI U IPOBEPSIEM, YTO OH OTIIMYEH OT HYIIS:

4 1 -4
A=2 =4 6|=4-(-4)- (-D+1-6-1+(-4)-2-2—
1 2 -1

—(~4) - (~4)-1-1-2-(=1)-4-6-2=-56%0.

2a) Tak xkak A = —56 # 0, TO cUCTEMa MMEET €IMHCTBEHHOE pEIIEHHE, ONpee-

Ay Ay Ag
nsemoe popmynamu Kpamepa: x=——,y=—,z=—"
A A A
3a) Boruucnsiem onpenemuremn A, A LA
6 1 -4
A =12 =4 6|=(=6)-(4)-(-1)+1-6-2+(-4)-12-2—
x
2 2 -1
C(4)-(4)-2-1-12-(~1) = (=6) -6 -2 = —56,
4 —6 -4
A =2 12 6|=4-12-(<1)+(=6)-6-1+(-4)-2-2—
y
2 -1
C(4)12-1-(=6)-2-(~1) = 4-6-2 = ~112,
4 1 -6
A =2 —4 12|=4-(-4)-241-12-14+(=6)-2-2—
z
1 2 2
—(=6)-(—4)-1-1-2-2-4-12-2 =168
-56 -112 - 168
4a) Haxomum perenne; x =——=1, y=——=2, z=——=3,
-56 -56 -56
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4.1+2-4-3=-6 -6=-6
5a) Bemmonusiem npoBepky: §2-1-4-2+6-3=12 =4 12=12 .

1+2:2-3=2 2=2
OtBer: x=1, y=2, z=3.

b) Meton I'aycca.
10) 3anuceiBaeM pacIIUPEHHYIO MaTPUILYy CUCTEMBI:

4 1 -4l-6
A=(4|B)=]2 -4 6|12
1 2 -1]2

26) Bomomnnsiem npsimoit xox merona ["aycca.

B pezynomame npsamozo xooa mampuya cucmemvt A 0doadicna bvims npeodbpazo-
8aHA C NOMOWBIO DNEMEHMAPHBIX Npeobpazosanuil cmpoxk Kk mampuye A’ mpe-

!

Y207IbHO20 Ui mpaneuue@u()Hozo 8UOA C dIIEMEHMAMU a”

# 0. Cucmema ypasne-

nui, mampuya komopou A’ sensemcs mpeyzonbnou ¢ 9nemenmamu al'-i =0

(i =12,...,n), umeem eduncmeenHoe peuieHue, a cucmema ypasHeHull, Mampuya

xomopou A" sersemci  mpaneyuesuoHou ¢ DACMEHMAMU al'-i =0

(i=12,..,k, eo0ek <n), umeem beckoneuno MHO2O peueHuil.

4 1 -—-4]-6
) 4 612 U3 6MOpoL CMpPOKU, YMHONCEHHOU HA 2, 8bluumaem nepeyio
1 2 1B u3 mpemveii CmpoKu , YMHONCEHHOU Ha 4, gbluumaem nepeyio

4 1 -4-6
0 -9 1630
0 7 0]14
4
0
0

( K mpemuell CmpoKe, YMHONCEHHOU HA 9,]
L=

npubagisieM 8mopylo CmpoKy, YMHOICEHHYIO HA T

1 -4 -6
-9 16 | 30 |. B pesympTaTe seMEHTapHBIX MPeoOpa3oBaHU MaT-
0 -112]-336

pulia A CUCTEMBI r[pe06pa3OBaHa K ClicuaJIbHOMY BUY A’ . Cucrema YpaBHC-
HHﬁ, Martpuia KOTOpOﬁ A’ , ABJISICTCA TpeyFOHBHOﬁ C HCHYJICBBIMU JUAroOHaJlb-
HBIMHU 3JICMCHTaAMH al'l * O, HUMECT BCCTAa CAMHCTBCHHOC PCIICHUE, KOTOPOEC Ha-
XO0AUM, BBIIIOJIHAA O6paTHI:II>i X0na.
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Ecnu npu evinonnenue npeobpazosanusi pacwupennou mampuyvt A < A' 6

npeobpazosannoii mampuye A' noseisemes cmpoxa (O 0 .. 0 |b'), 20e

b' # 0, mo amo 2060pum 0 HeCOBMECMHOCTNU UCXOOHOU CUCTHEMbI YPAGHEHUI.

36) Beimonnsiem oOpatHblil xon Meroaa ["aycca.
3anucpIBaeM CHCTEMY ypaBHEHHI, COOTBETCTBYIOILYIO MOCIIEIHEH pacIipeHHOM

4 + y - 4z = -6
MaTpule NOpsMOro Xoja: -9y + 16z = 30 u nocnenosa-
-112z = -336
TEJNBHO U3 YPaBHCHUI CHUCTEMBI, HAUWHAS C TIOCIICIHET0, HAXOUM 3HAUCHHS BCEX
z=3

HEM3BECTHBIX:{ —9y =30-16z2=30-16-3)=-18= y=2.
4x=-6-y+4z=-6-2+4-3=4=x=1

4.142-4.3=-6 —6=-6
40) Boimonasiem npoBepky: 12-1-4-2+6-3=12 =4 12=12 .
1+2.-2-3=2 2=2

OtBer: x=1, y=2, z=3.

21 — 30. [lansl BeKTOpH @, I;, c:a=(0,1,2), b=(1,0,1), c=(-1,2,4).

Tpebyercs: a) HaliTH BEKTOPBI m = 2a + 3b u n=3b—2¢; 6) BHYUCIUTH CKa-
JISIPHOE TIPOU3BENEHUE 771 - 71 ; B) HAWTH MPOEKIMIO BEKTOPA 771 Ha HAIpPAaBJIECHHE
BEKTOpA 71

Pemenne.

a) Haxoaum BekTopbl m W 71 :

m=2a+3b =2-(0,1,2)+3-(1,0,1)=(0,2,4)+(3,0,3) =
=0+3,2+0,4+3)=3,2,7);
n=3b-2¢c =3-(1,0,1)=2-(-1,2,4)=(3,0,3) - (-2,4,8) =
=(B3-(-2),0-4,3-8)=(5,-4,-5).
6) BoiuncisieM CKaJIIpHOE NPOU3BENEHUE BEKTOPOB M1 - 11
m-n=3,2,7-(5-4-5=3-5+2-(4)+7-(-5)=-28.

B) Haxo/um mpoeKIMio BEKTOpa 77 Ha HANpaBJICHHE BEKTOpA 71
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Za (-28) 28
Al 5?4y 1 (-5 66

OtBer: a)m =2a +3b =(3,2,7); n=3b—-2¢=(5,—-4,-5);0) m-n=-28;

B) np,m = —28/\/%.

31-40. daubr Bepumnst Tpeyronsiuka ABC : A(4, 6), B(—4,0), C(-1,-4)

Tpebyercs cnenath 4epTéx U HANTHU:

a) uiHy cTopoHbl AC ; 0) ypaBHeHUe cTOpoHbl AC ;
B) JUTUHY /i BBICOTHI BD ; r) wionagap S TpeyronsHuka ABC ..

Pemenne. Caenaem ueptéx:

i
|
[
|

a) Jlnuny croponsl AC HaxoauM Kak JuiHy Bektopa AC :
AC:(xC _anyC _yA):(_1_43_4_6):(_53_10)7

AC =) AC |= {(=5)% + (=10)% =515

0) Vpasuenue croponsl AC HaXoaMM Kak ypaBHEHHE MPAMOM, MPOXO/sIIei de-
pe3 Toukn A(4, 6) u C(—1, —4), u 3anuceiBaeM €ro B BHJC OOIIEr0 ypaBHCHUS
MIPSIMOIA:
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go: XX V7 Va :>x"4:y_6:>(—10).(x—4)=(—5)'(y—6)

Xe=X4 Vo =Vu -5 -10
=>2x-y-2=0.

B) Jlnuny /i BBICOTHI BD HaxoauM Kak paccTosiHue oT Touku B(—4, 0) mo mps-
Mot AC , 3alaHHOM 00IMM ypaBHeHUEM 2x—y—2=0:

[2xp —yp =2] _[2:(4-0-2]_ 10
V27 + (=12 NG V5

h-AC
r) Inomans tpeyronbuuka ABC Haxomum no dopmyne: S = ——. Otkyna
2

10-5-+5
§=——- " _
J5.2

Oteer: a) AC =5V5; 6) AC:2x—y-2=0; B) h=10/"/5; 1) 5=25.

h=p(B, AC) =

25.

41-50. Haiith  ecrecTBeHHYI0  00NacTe  OmpeAeNcHUs  (QYHKIHH
y=el* In@2-3x).
Pemenue.

EctecTBeHHYI0 001aCTh ONpENeIeHUs] HAXOIUM KaKk MHOXecTBO D(y) Bcex 3Ha-

YeHUH aprymMeHTa X (YHKIHH, JUIS KOTOPBIX GopMyna y = e‘/; In(2—-3x) umeer

x20
cmbici: D(y) =<x€R . PermB (Ha ymcioBol mpsMoOil) cucTeMy
2-3x>0
x20
HEpaBEeHCTB 3550’ YCTaHABJIMBAEM, YTO T€OMETPUYECKUM 00pa3oM MHOXKe-
-3x>

ctBa D(y) sBasiercs npomexyTok [0, 2/3) .
OtBer: D(y) =[0,2/3), y=e'* In2-3x);

51-60.  TpebGyercs  ycraHoBUTH  YETHOCTH  (HEYETHOCTH)  (PYHKIUH

y=vx*-13x2 +36.

Pemenue.
Haxogum  cHauwanma  ecTecTBEHHYIO — 00JacTh  ONpeAeNeHus  (QYHKIHUH

y =vx*-13x2 +36: D(y)={xeR| x* —13x2 +36>0}. PemmuB (Ha uncinoBo
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MIPSIMO) HEPaBEHCTBO x* —13x2 +36= (x+3)(x+2)(x—-2)(x—3)>0, ycraHas-
JIMBAaEM, YTO T€OMETPHYECKUM 00pa3oM MHOXecTBa D()) sBisieTcs 0ObeTMHEHHE
npoMeskyTKoB (—oo, —3)U[-2, 21U (3,+w) .

Tak kak o0macts D(y) SBISETCS CAMMETPHYHON OTHOCUTEIBHO TOYKH x = 0, TO
MpOBepsieM BBIIONIHEHUE JUIsl Bcex x € D(y) yemoBwid:  f(—x)= f(x) wim
f(=x)=—f(x), yuurbiBas YETHOCThP U HEUYETHOCTH OCHOBHBIX 3JCMEHTAPHBIX

(G yHKIUH, BXOIAIINX B aHAJTUTHUECKOE BRIpaXkeHue f(x).

Ecnu obnacmv D(y) me cummempuuna ommnocumenvho mouxu x =0, mo f(x)

HA 9MOM MHOMCECMEBE ABIAENICA (ﬁyHKLﬂlelZ 06W€20 euoa.

Hdns sroro Haxomum f(—x) = \/(—)c)4 —13(—)c)2 +36 = \/x4 ~13x% +36 . Ilo-
ckombKy  f(—x)= f(x) mia Beex xe D(y) = (-o,—-3)U[-2,2]U(3B,+x), 1O

byHKIMSA Y = Vx* =13x2 +36 sBmsercs yETHOIL.
OTBeT: QyHkuus y = Vx* =13x% 436 - uérnas.

2

X x<-1
1
61-70. Ina pynaxuun y =9 —, —1<x<1 HaliTd TOUKM paspbiBa (YHKIUH U
x
1 x>1

2

uccnenoBaTh ux xapakrep. [Tocrpouts rpaduk GyHKInm.
Pemenne.

D1 (x)a x< X1

P2(x), X1 <x<xp

Touxamu paspviea @yukyuu y = f(x) = AGNAIOMCS. MOY-

P (X),  Xx>xp
Ku paspwoiea @yuryuti - @1 (x), @5 (x),...,0,,(x) 6 npomesxcymkax (—0,x;),
(X1,X2), .., (X,;_1,+00) , KpOME MO20, MOUKAMU BO3ZMOJICHO20 PA3PLIEa PYHKYUU
v = f(x) asusiomca mouku Xy,Xy,...,X,_| 8 OKDECHHOCHU KOMOPBIX U 6 CAMUX

MOouKax QyHKyust 3a0aémcest pasHbIMU AHATUMUYECKUMU BbIPAICCHUAMU.
Touxa x=x( seniemcs mouxoi HenpepblgHocmu Gyukyuu y = f(x) mozoa u

moavko mozoa, koeoa: lim f(x)= lim f(x)=f(xq).
x—>x0—0 x—x+0
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OyHKIMU @ ()c):)c2 U @3(x) =1 HempephsiBHBI B NMPOMEXYyTKax (-, —1) u
(1,40) Kak smeMeHTapHble (DYHKUUH, ONMpeeiEHHbIE B KaXIOH TOYKE JaHHBIX
IPOMEXKYTKOB, a QyHKIUS @, (x) =1/x B npomexytke (—1,1) umeer Toukoii pas-
peiBa TOuky x=0, B KOTOpOHl oOHa He ompezaencHa. Torma mis (QyHKIUU

xz, x<-1

y=11/x,-1<x<1 Touka x=0 sBIAETCA TOYKOI pa3pbiBa, a TOUKH Xx=—1 U
1, x>1
x=1, B OKPECTHOCTH KOTOPBIX U B CAMHX TOUYKax (DYHKIHS 3a7aéTCsl Pa3HBIMU

AQHAJIUTUYECKVMHU BBIPAXKEHUSIMHU, ABJISIOTCA TOYKaAMH BO3MOXHOTO pa3phiBa.
Uccnenyem Ha pa3psiB Touku x = —1, 0,1 1 ycTaHOBMM XapakTep pa3pblIBa:

1 lim f(X)— 1inllof(X)if(—1) =

x——-1-0

[ lim f(x)= lim x>=1, lim = im (1/x)——l 1= 1)—1}

x—-1-0 x—>—1-0 x—>—1+
=1 —1 #1.
CrnenoBatenbHO, TOUKa x = —1 - TOUKa pa3pLIBa 1-ro pona ¢yskuu y = f(x).

2) lim f (X)— hm f(X) f(O)

x—0-0

. .1 . .1
lim f(x)= lim —=-oo, lim f(x)= lim —=+o0, £(0) - HeOmpeeEeHO .
x—>0-0 x—=0-0 x x—0+0 x—0+0 x

CrenoBatensHo, Touka x =0 - To4ka GECKOHEYHOro paspeiBa (2-ro poaa) GyHK-
i y = f(x).

3) lim f(x)— lim f(x) f(l) =

x—>1-
{ lim f(x)= lim (I/x)=1, lim f(x)= lim 1:1,f(1):1} =1=1=1.
x—1-0 x—1-0 x—1+0 x—1+0
CrnenoBaTenbHO, TOUKa x =1 - TOYKa HENpepbIBHOCTH QyHKIMH y = f(X).

x2 , x<-1
Ipaduk pyukuun y =41/x, —1< x <1 umeer BU1, U300paKEHHDBIN HA PUCYHKE:
1, x>1
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OtBeT: x =-1 - Touka paszpsiBa 1-ro poaa, x = (- Touka OECKOHEYHOT O pa3phIBa.

71-80. Haiitu mpoussoanyro y' = f'(x) :

2
x —6x+3 /
a) y=———  0) y= —x B)y—e4x J1-2x; r)y _xsm “3x

x=3 In (5x+2)

Haxoorcoenue npouseoonoi y' = y'(x) ¢ynuxkyuu y = y(x) zadannoil ssno, ¢

NOMOWbI0 NPasul Ougpepenyuposanus.

(O)'=0(C=const), (fxg)=f"%g", (f-&)=f'g+fg", (Cf)Y=C-f",

! _ ! l ! ! , , ,

[i} :%’ (_J :_%’ (/) :fg(f .§+(lnf)gj’
g g g g f

f'(x)= (F (u) imp (x)) =F'(u)@'(x) c600sam Kk naxodcoenuio mabaudHblx npous-
600HbIX (npunodcenue 6.3).
Pemenne.

) : S _ s

, [ x"—6x+3 o
a) ) =| ——— | = g 2 -
x=3

f(x)=x2—6x+3, g(x)=x-3
(x> = 6x+3)(x-3)—(x* —6x+3)(x—=3)
i (x-3)
(x* —6x+3) =(x") = (6x) +(3) =2x—6(x) +0=2x—-6-1=2x—-6,
(x=3) =(x)-(3)' =1-0.
(2x—6)(x-3)—(x" —=6x+3)-1 x"—6x+15
(x—3)° T -3

, TIe

!

Torma y =
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0) V= (\/4 1-x° ) = (1 —x )Z . IlpencraBuM QyHKIMIO B BHUIE CIOXHOW

1 1

S\
GbyHKIIMN (l—x )4 =ut U MPUMEHUM IPaBWIO BBIUUCIEHUS MPOU3BOA-

u=l-x

’
12) [y =yl ]= (") =

u=1-2x u

y y ( 1/4
HOU cloXHOW QyHKIMU | u

1 _
— 1 3

:l 4 ./:_ 7)(27 *XZVZ 1_ 2!:1!_ 2!20_2 :_2 _
4u u, 4(1 ) a ) [( x)=>0)-(x") x x]
1 1 (<2x) X

= (2X)=——"

4 -2y 2a-xy

B) y':(e4x~3«/1—2x) :(e4x)3«/1—2x +e4x(3v1—2x) , THIE

(e =) =), e e uy =¥ = [y = 4wy =a] =464
1

{=2e] =020 =) ay =@y =13 g =
-2

3/(1-2x)?

4
Torma ' =4e*31-2x +e* .| - 2 _ 2™ (5-12x)

R(1-2x)2 ) 3R1-2x)>

b o - xsin?3x | (xsin? 3x)"-In(5x+2) —xsin? 3x-(In(5x +2))’ e
In(5x+2) n2(5x +2) ’

- % (1-2x) 2P (1= 2x) = [(1-2x) = (1) - (2x) = 0-2(x) = -2] =

(xsin?3x) = (x)'sin? 3x+ x(sin® 3x)’ =
(x)'=1

(sin® 3x)'=((sin3x)2) = W | yeginay) = @) uls = 2uu’, =2sin3x (sin 3x)’

(sin3x)' = (sin u|u:3x) = (sinu);, u), =cosuu) =cos3x(3x)’
(B3x)' =3(x)'=3-1=3
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=1-sin2 3x+x-2sin3x-cos 3x-3 = sinZ 3x +3xsin6x .

r ' r r l r l r
(InGx+2)) =(Inuf,_sein) =(nw) uf =—u',= (5x+2) =
u S5x+2
=[(5x+2) = (5x)' +(2)' = 5(x)'+0=5-1=5] = >
Sx+2
(sin 3x -+ 3xsin 6x) In(5x + 2) — x sin 2 3x~[5 > 2]
Torma y'= 5 Xte)_
In?(5x+2)
~ (5x+2)(sin? 3x+3xsin 6x) In(5x +2) — 5xsin? 3x

(5x+2)In%(5x+2)

81-90. Boruucnuts npesenst:
3x® —12x+1 V2—x-x+6 :
Vlim——> -— 9 lm-——> ——— ® lim=—
Yo X7 +2 Y2 x°—-x-6 x—0 sin4x

tg2x + sin 3x

Buryucnenue npedena lim ¢(x), 20e a =x,,0, Hauunaom 6ce20a ¢ NOOCHA-
X—a

nosku 6 Q(X) npedenvnozo 3mavenus eé apeymenma x. B peszyibmame mozym
HOIYUUMbCSE HEONPeOeNEHHOCIU O/ 0, 00/ 00, 000, 00— 00, ..., KOMOpbIE PACKPLIBA-

om uny movcoecmeennvimu npeobpazosanusmu (X) maxumu, umobvl npeopa-

308AHHOE BbIPANCEHUE NONYYUIOCH ONPEOCNEHHbIM, UMU NPUMEHEeHUeM Npasuid
Jlonumanns.

Tlpu eviuucnenuu npedenog bez npumenenust npasuia Jlonumains 6yoem ucnoio-
3068amMb CEOUCNBA KOHEUHBIX NPedesios U OeCKOHeUHO DObUUX U MATBIX (YHKYUL,

a maxyce credyiowue uzgecmmuvie npederwi;  lim X" =oco, lim — =0,
X—>o0 x—wo x"
. n n—1 . 1
lim (aox +ax +m+an):oo, lim 1 =0.
X—>00 oo gx" +ax" ++a,
) X 0 0 ) "(x
Ipasuno Jlonumans lim /) = [— WA —J = lim f'( ) , e0e f(x)ug(x)-
x—>a g(x) 0 0 xoa g (x

@ynryuu, ouggepenyupyemvie 6 OKpeCmHOCIU A = Xy, 0, NO360IAEN 60 MHOUX

CYUASIX CYWECTNBEHHO YNPOCIMUMb BbIYUCTeHUE Npedenos. B nekomopuix ciyuasx
ModHcem nompedosanmvCca HEOOHOKPAMHOe NpUMeHeHue 0anHo20 npasuna. Ile-
peo ouepednvim npumenenuem npasuna Jlonumansa ciedyem 00s3amenbHo npoge-
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pumb, umelom au mecmo neonpedenéunocmu 0/0 w oo/, eciu — da, mo dannoe

NpAasUIo MOICHO npumeHums ewé pas. Ha xasicoom smane e2o npumenenust ciedy-
em UCHONIb308aMb, YRPOWarouue OmHoueHUe modicoecmseenubie npeodpaso6aHusl,
a makaice KOMOUHUPOBAMb IMO NPABUNO C JOOLIMU OPYUMU U3BECHBIMU NPUE-
MAMU 8bIYUCTEHUSL NPEOEIO8.

3x° —12x+1
Pewenue. a) |y —————

5 =? Ilpu moacTaHOBKE BMECTO MEPEMEHHOU X €€
X0 x°+2

MIPEICIbHOTO 3HAUYEHUSI 00 TOJIYYMM HEONpPEeNEeNEHHOCTh [oo/oo]. Jlnst e€ packpbl-

THS CHAYAla Pa3JeNdM YHCIUTETb M 3HAMEHATEb APOOH HA X° (CTAapIIyio CTe-
MCHb MEPEMEHHON X B YHCIHMTENC U 3HAMEHATENE), MOCIe Yero HCIOIb3yeM CBOA-
CTBa KOHEUYHBIX MMPEIETIOB U OECKOHEUHO OOJBIINX M MaybiX (QyHKImiA. [Tomyunm

12 1

3 Aa-2,1) 521

i 3x —12x+1_{2}_1. 23 o x> X
e xte2 Le) IR a1 2 AR 1 2
X x3 X x3
3-0-0 3

= —|=| — :[3-@]:CD.

0+0 0

0) im — = =7 llpu noxcraHoBKe BMECTO MEPEMEHHON x €€ mpe-
x>-2 x“-x-6

JIETIBHOTO 3HAYEHUS X( = —2 MHOJIyYUM HEONPENEIEHHOCT [O/ O]. Jnst e€ packpsl-

TUS BBIICTUM B YHUCIHUTENEC M 3HAMEHATENC NpOOM OOIMH MHOXUTEIh BHIA

(x—x¢)%, Tme @ € R - HEKOTOpOE YHCIIO, T.e. MHOXHTENb (x+2)% . 3ateM co-

KpaTUM Ha HETO YUCIUTEIb U 3HAMCHATCIIb I[pO6I/I, IOCJIC Y€TO0 UCIOJIb3yEM CBOM-
CTBa IPCACIOB.

1) B keadpamnom mpéxunene ax> +bx+c MHOMICUMEND bIOCIAIOM PAZNOHCE-
HUeM K8aopamuozo mpéxuieHa no gopmyne ax? +bx+c= a(x—x;)(x—x,), 20e
—b+b*~4ac

2a
2) B svipadicenuu (m - m ) MHOdICUmMENb BbIOCAAIONM MAKUM CHOCOOOM.
_(x/ax+b—\/cx+d)(\/ax+b+\/cx+d)_ d-b (a—c)

X2 =

a—c¢
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B pesynbrare nonyuum |im 5
x>-2 x“-x-6

(V2=x=Vx+6)W2—x +Vx+6) (-2)
Vo—x—Jx+6= e D
v V2-x+4x+6 (e )«/2—x+«/x+6

0

xP—x—6= (x+2)(x-3)
. (x+2)(-2) . -2 1
T G2 m 6 A G W2 xivri6) 10
Ilpumeuanue. JlanHbIi npeaes JETKO BBIYUCINUTG U MO paBuity JlonuTans:
E-MZHZ o (2mx—xre)

lim ,
=2 x2—x—6 0] »>2 (*-x-6)

_ (\/;—M)':(\/;)'_(M)': -1 1

202-x 2Nx+6 |=

(x2 —-x-6) =2x-1

-1 1 [ -1 B 1 j
(2\/2—x_\/x+6j 2\/2_(_2) 2\/_2"'6 _1/2:L

= lim = = .
x—>=2 2x -1 2.(=2)-1 -5 10
. tg2x+sin3x
B) hmg— = ? Ilpu noacTaHOBKE BMECTO HEPEMEHHON X €& mpeeb-

x>0  sin4x
HOro 3HaueHus ( MHOIy4HuM HEONPEJENEHHOCTD [O/ O]. Beruucaum mpezen 1o npa-

tg2x +sin3x _ {0} ~ lim (tg2x + sin 3x)’ _

0

suiy Jlonurans. Iomyaum lim

x—0 sin 4x x—0 (sin4x)’

(tg2x +sin3x)’ = (1g2x) + (sin3x)" = +3cos3x

cos” 2x =
(sindx)’ = cos4x-(4x) =4cosdx

2
+3cos3x —+3-1

— 1im 08" 2x _1 :é
4

x—0 4cosdx 4.1

OTBerT:
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3x° —12x+1 V2-x-+x+6 1 .. tg2x+sin3x 5
D lim =230 [im ~—— — =B im=———— ==
Yo X7 +2 Y2 x°—-x-6 1 x—0 sin4x 4

91-100. [qns ykazauuoii pyHkimu y = f(x) Tpedyercs:

o 3 2
a) HaiiTH HauOOJNbIICe W HaUMEHbIee 3HaYeHUS QYyHKIMH y =x —9x~ +3 Ha
OTpe3Ke [1, 7];

6) COCTABUTH ypaBHEHHE KAacaTeIbHOH K rpaduKy (YHKIHH ) = X / (\/; -1) B

TOuke X =4;

(x+ l)2

B) MIPOBECTHU TMOJTHOE UCCIICAOBAaHNE QYHKIIUU ) = , IOCTPOUTH €€ TpaduK.
x +2x

Pemenne a).

Haubonvuwee u naumenvuee snauenus ynkyuu y = f(x) HenpepvisHOU u Ky-

COuHO-Oughhepenyupyemoii (Ouppepernyupyemotl, 3a uckmoueHuem, Ovlmb Mo-
JHcem, KOHeUHO20 HUCaa moyek) na ompeske [a,b] docmuzaemcs unu 6 moukax

x; €(a,b), 6 komopvix f'(x;)=0 wm f'(x;) He cywecmeyem, unu na KoHyax

ompesKa.

1a) Haxomum niepByIO IPOM3BOJHYIO (DYHKIIHH:
y=(x>=9x2 +3) = (x?) —(9x2) +(3)’ = 3x% —18x

U ompejensieM BHYTpEeHHUE KPUTHYECKHE TOUYKU QpyHKIMU y = f(x), T.e. TOUKH
x; €(1,7) Bxoropex f'(x;)=0 mwmm f'(x;) He CyIECTBYET:

, 2 {x =0e(1,7) ,
y=3x"-18x=3x(x-6)=0 = , Touek x; €(1,7) B KOTOpBIX Y

x=6¢e(,7)

HE CYIIECTBYET HeT. TakuM 00pa3oM, eNMHCTBEHHON BHYTPEHHEH KPUTHICCKOMN
(craumonapHoit) Toukoi ¢pyHKIMK y = f(Xx) Ha oTpe3ke [l, 7] sBisIeTCS TOUKa

x=6.

2;) Beruncnsiem 3HaueHnst yHKuuu y = f(x) BO BHYTPEHHHX KPHUTHYECKHX TOY-
Kax W HA  KOHI[AX  oTpe3ka  [1,7]: f(6)= 6°-9-62+3=-105 ,
f)=1>-9.12+3=-5, £(7)=7>-9.7% +3=-95.

3a) CpasuuBaem 3Hauenus f(1), f(6), f(7) m HaxoauM HaWMeEHbIIEEe W HaU-

OonbIee 3HaYeHUS QyHKIMH y = f(x) Ha orpeske [1, 7]:

M= Y aun =g1i71}f(x)=f(6)=—105, M =y ,0u6 =r[rlla7>]<f(x)=f(1)=—5.
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Otser: m= f(6)=-105, M = f(I)=-5.
Pemenne 0).

Ypasuenue xacamenvroui k epaguxy gyuxyuu y = f(x) 6 mouxe M,(x,,y,)

umeem 6uo: y—yo, = f'(x)(x —xy)

2
4
10) Beiuncnsem 3HaueHue QyHKuuK y = f(x) B Touke xo =4: f(4)= T =16.
41
x? '
20) Haxoaum mepByro npou3BoAHYIO QyHKImU: )’ = \/_ =
x—1
1
2)c(x/;—1)—x2 —
N 2 '
- -1 -
= () (\/; )X (\/; ) = 2x = 3rx —dx W BBIYUCIIS-

x-1)2 Wrx-n>  2(x-1?
3:44-4.4
2(J4-1)?

36) CocraBmseM ypaBHeHHE KacaTelnbHOI: y—y,=[f'(x))(x—x,) =

eM e 3HaueHue B Touke xg =4: f'(4) =

y—16=4(x—4) u3anuceiBaeM eroBBuae y=kx+b: y=4x.
OtBeT: y =4x - ypaBHEHUE KacaTEIbHOM.

Pemenne B).

s nocmpoenus epagura nenepuoouuecko yuxkyuu y = f(x) HysucHO:

1) navimu obnacme onpedenenusi QyrHKyuu,

2) naiimu obnacms Henpepul6HOCMU (PYHKYULU U MOYKU pA3PbIEA,

3) uccredosams yHKYUIO HA YEMHOCMb, HEUEMHOCTb,

4) naiimu mouxu nepecevenus cpapuxa c ocamuU KOOpOuHam,

5) natimu acumnmomul epagpuxa PyuKyuu;

6) Hatimu unmMepPBabl B03PACMANUS U YOBIBAHUS, IKCIPEMYMbL (DYHKYUU,
7) Hallmu UHMepB8aIbl BLINYKIOCMU, 60ZHYIMOCMU U MOYKU nepeauba.

1B) Haxomum obnacte onpenenenus ¢yHkuun: D(y) = {x ER| x242xx O}
=(—00,-2) U (-2,0) U (0,4+).

2B) [Tockonbky naHHast (GYHKIMS SBISIETCS dJEMEHTapHOW, TO o00JacTpio eé
HETIPEPBIBHOCTH SIBIISETCS 001acTh onpeneneHuss D()), a TOYKaMHu pa3pbiBa SB-
JSAIOTCS TOYKW x=-2 W x =0, He mpuHaMIeKaue MHOXecTBY D()), HO sB-

JISTFOTIIAECS TPEETEHBIMUA TOYKAMU 3TOT0 MHOXKECTBA (TOYKAMU B JTFOOOW OKpecT-
HOCTH KOTOPBIX COJEpKATCS TOYKU JaHHOTO MHOXKecTBa). Mccimemyem xapakrtep
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paspblBa B TOYKaxx =-2 M x =0, BBUACINB B HUX OJHOCTOPOHHHE IPENEIBI
byHKIUM:

2 2
lim (x+1) _ 1 — oo, lim (x+1) _ 1 _
x>-2-0 x2 12 (-2)-(-0) x>-240 x2 2% (-2)-(+0)
2 2
lim (x+D)” 1 - lim (x+D” 1

x>0-0 y2 4 2x  (<0)-2 x—0+0 y2 42y (+0)-2
Tak kak oJHOCTOpOHHHE Tpenesbl GYHKIUMU B Toukax x=-2 U x=0 - Oecko-
HEYHbIE, TO JJAHHBIE TOYKH SIBJISIOTCS] TOYKAMU OECKOHEYHOT'O Pa3phiBa.
3B) IIpoBepsiem sBisiercs M GyHKIMA 4€THOW mim Heu€rHOW. Tak kak obnacth
ompenenenus pyakipu D(y) =(—00,-2)U(-2,0) U (0,40 ) HE CUMMETpUYHA OT-
HOCHUTENBHO TOUKH x = (0, TO qaHHast QyHKIMS — OOIIEero BUA.
4B) Haxomum Touky niepecedcHus rpaduka ¢ OCIMHU KOOPIHHAT.

Tak xak x =0 ¢ D(y), To TOoUek nepeceueHus rpaduka ¢ ocbto Oy HeET.

()c+1)2

x2 +2x

x =—1. CnenoBarensHo, Touka (—1, 0) - Touka mepecedenus rpaduka ¢ ocrto Ox .

ITonoxum y =0 u pemium ypaBHEHUE ) = =0. Ero pemenuem sBnsercs

5B) HaxonumM BepTHKaJIbHbBIE M HAKIOHHBIE aCHMITOTHI rpaduka (GyHKINH.

HpﬂMa}Z X =X, Aejiiaemci GepmMKaJleOMV acwwnmomozl, mozoa u MoibKo mo-

20a, Ko20a X, A6NAEMCA MOUKOlU OeCKOHeUH020 paspbléa QyHkyuy y = f(X).

Tak kak Toukn x=-2 u x=0 - TOYKH OECKOHEUHOTO pa3pbiBa AaHHOW (PyHK-
UM, TO BEPTHKAIBHBIMH aCUMIITOTaMU Tpaduka (YHKIMU SIBISIOTCS IpSIMBbIC
x=—2ux=0.

Ilpsmas y=kx+b sensemcsi HaxionHou acumnmomou epaguxa GyHKyuu

y=f(x) npu x — to moeda u moibko moeda, K020a 0OHOBPEMEHHO CYUechi-

. x .
6y10m Koneunvle npedenvl: lim PACI ku lim (f(x)-kx)=b.
x—>too X X—>to0
BrIuucisieM cHavana Ipeensl IpH X —> —o0
2 2
+1 1

fim L~ i CEDT ok tim (f) k) = lim (x;—):l:bl.

x—-0 X X—>—00 (x + 2x)x X—>—0 X2=0 x< 4 2y

B oanvnetiwwem Oydem umems 6 6udy Ciedyrowull Yacmo eCmpedarouulics npe-

; -l o ecnu n>m
. aox +a1x +...+an

den: lim - =dag/by ecnmu n=m
x20 pox™ +bx" T 4. +b

0 1 m 0 eciu n<m
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CrnenoBatensHo y=kyx+b; =0-x+1, T.e. y=1 - HawIOHHAs (TOPU3OHTAJIbHASA)
acuMIToTa rpaduka QyHKIUHA P X —> —00 .

AHaJ'IOFI/IqHO BBIUUCIISIEM peaciibl npu X —> +00
2 2
. . +1 ) ) +1
fim L pim ST ok im () -k = fim STy
x—>+0 X X—>+00 (x2 + 2x)x X—>+00 X—>+00 x2 +2x

CrnenoBatensHo y =k,x+by, =0-x+1, T.e. y =1 - HakIOHHAasA (TOPU3OHTAIbHASA)
acuMIToTa rpaduka QyHKIUHA IPH X —> +00 .

6B) OrmpenensieM HMHTEpBaJbl BO3pAacTaHUs, YOBIBAHMS, SKCTPEMYMBI (QYHKIHH.
J1y1s1 5TOr0 HAXOMM MEPBYIO IPOU3BOHYIO (DYHKIIMH:

Ve D __ ((x+1)2)' (2 +20) - (x+ 1) (P +20)'
x2+2x (x? +2x)?
2+ D +20) - (x+ D @x+2)  2(x+])
- (x2 +2x)> (2 420)?

U OTpesIeNsieM KPUTHUECKHE TOUKU GYHKIMH y = f(X), T.e. Touku x; € D(y) B
koTopeIX f'(x;)=0 mmm f'(x;) He cymecTByer:
2(x+1
y':_—z(x )2 =0= x+1=0= x=-1eD(y);

(x“ +2x)

y' He CYIIECTBYET MpU x2+2x=0= x=0¢ D(y) m x=-2¢ D(y).
Takum 006pa3om, eAMHCTBEHHON KPUTHYECKOH (CTAIMOHAPHOM) TOUKOH (HyHKIMH
v = f(x) sBusercs Touka x; =—1.

HUccnenyem 3Hak mpousBoaHoi )’ = f'(x) B MHTepBanaX, Ha KOTOPBIC KPUTHYE-

cKkue TOYKM (QyHKIuU y = f(x) pa3duBaroT e€ obmactb ompexaencaus D(y), u

HalEM MHTEpBaJIbl BO3PACTaHUs, YOBIBAHUS, SKCTpeMYMbI QyHKIMH. Pe3ynpraTs
UCCIIEI0OBAaHUS NIPEICTaBUM CIeayromleil Tabmuiei:

X (—OO’ - 2) (_25 - 1) -1 (_15 O) (Oa OO)
y' + + 0 _ _
y BO3pAacTacT | BO3pacTaeT 0 yOBIBaET yOBIBaET

Taxk Kak Ipu Mepexo/ie ClieBa HAMpaBo uepe3 TOUKy x = —1 npousBogHas [ '(x)
MEHSIET 3HaK C «+» Ha « — », TO TOUKa x = —| SBJIAETCS TOUKOH JOKAJIHHOI'O MaK-
CUMYMa U Y. =y(=1)=0.

78) OnpejienseM UHTEPBANbI BHITYKIOCTH, BOTHYTOCTH, TOYKH Niepernoda rpaduka
Gbysakun. [ 3TOro HaXOAUM BTOPYIO MPOU3BOIHYIO (DYHKIIUH:
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2x+1) ] :_2((x+l)'(x2 1202 —(r+1)(x2 +2x)2)']:

(x% +2x)? (x? +2x)*

y"=(y')'=(—

:_2[1.(;;2 12102 —(xt1)-2- (22 +2x)(2x+2)j: 23x2 +6x+4)
(x% +2x0)4 (x? +2x)°

U omnpejienisseM TOYKM BO3MOXHOro meperuba y = f(x), T.e. Touku x; € D(y) B

2(3x% +6x+4)

3 3 # 0, Tak Kak
(x” +2x)

kotopsIxX f"(x;)=0wumn f"(x;) He cymectByer: " =

3x2 +6x+4%0 (KBaJ[paTHOE ypaBHEHHE HE UMEET ICUCTBUTEIBHBIX KOpHEit); )"

HE CyIIECTBYET MPH x2+2x=0= x=0¢ D(y) m x=-2¢ D(y).

Takum obpazom, pyHKIMs ¥ = f(x) HE UMEeT TOYeK BO3MOKHOI'O TIepernoa.
Hccnemyem 3HaK BTOpOi mpousBoaHoit y” = f"(x) B MHTEpBalax, Ha KOTOpbIE

TOYKH BO3MOXKHOT'O Ieperuda QyHkiuu y = f(x) pa3OuBaroT e€ o0IacTb onpee-

nenus D(y), ¥ HalaEM MHTEPBAJbl BBIIYKIOCTH, BOTHYTOCTH, TOYKH Mepernoda

rpaduka QyHKIUH. Pe3ynbTaThl HCCIEAOBAHKS IPEACTABUM TAOIHIICH:

X (—OO, - 2) (_25 O) (05 + OO)
' + - "
y rpaduK BOTHYTHIH rpaduK BBITYKIIBIH rpauK BOTHYTHIN

Touek nepernda Her.
8B) Ha ocHOBaHMM NONY4EHHBIX PE3YJIBTATOB CTPOMM Ipaduk HYHKIHM:

_JN
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CemecTp 2.
1 —10. {ns ykazanuoit Gpyrkiun z = f(x, y) Tpedyercs:

o'z
Ox0y

0) HallTu JIOKaJIbHBIE SKCTPEMYMBI, €CIIH Z = x>+ 3)cy2 -15x-12y (x>0,y>0).
Pemenne a).

a) Haiitu muddepeHnman dz u ,ecmu z = arctg(x/y);

Tepeuiii ouppepenyuan ynkyuu z = f(x,y) umeem eud dz =z dx + z;,dy.

Yacmuvle npouzeoonvie ynkyuu z = f(x,y) GbIUUCIAIOMCA NO 0DbIYHBIM NPA-

sunam ouggepenyuposanus GyHKyuu 0OHOU NEPeMeHHOU, 8 NPEONOLONCCHUU, YIMO
ecau npouzsooHas bepémcsi no apeymenmy X (apeymewmy y ), mo opyeou apey-

MeHm Yy (apeymenm X ) cuumaemcsi NOCHOSHHbIM.

! !
1a) Haxonum 4acTHbIC IPOM3BO/HbIC IEPBOIO NOPsAKA ) U z), (QyHKIMM

X , X !
z= arctg(—j: z, = arctg(—j = | arctgu
y Y =
X

1, 1 Dol
= 2“": 2. _j = (_J :_.(x)x:_ :%,
I+u l+(xj Y. Yo Y Y| x“+y

= (arctgu), -u', =

=
<=

-~

! x ! ! ! r 1
z), =| arctg| — =| arcigu| = (arcigu), -u) = Ty =
y u=— 1+u
y y y

1 (xj ' (x} ' (IJ ' ( (J’)'y] x x
[ —— = — =x| — =x| — == ——
2 2 2 2 2
(xj Yy Yy Yy y y X< +y
1+ —
y
Torna nepseiit muddepeHnnan dz GyHKIUM UIMEET BU:

dZ=Z;dx+z;dy:%dx+{_ X z}dy:ydx—xdy.

x2+y x2+y x2+y2
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2a) Bropyro 4acTHyI0 NpOU3BOJHYIO P (W KpaTKo zY,, ) HAXO/MM Kak Iep-
X

BYIO YaCTHYIO IPOM3BOJHYIO 10 apryMeHTy y OT byHKuuu z, = fy (x, ) :

' 2 2 2 257
o’z L y )y T Y)Y (T Y)),
ﬁzz"y:(z")y: 2. 2| * 2. 2.2 -
xay X +y y (x“+y7)
- )y =1 -
(x> +y2), = (x>, +(»?), =0+2y =2y
2 2 2 2
LG4yt -y2y  xT-y
(x> +y%)? (x> +y%)?
2 2 2
OTtBeT: dZ:M, 07z :Z;,cy :%.
x2+y2 Ox0y (x“+y7)
Pemenne 6).

s HaxoocoeHus JIOKANbHbIX IKCMPEMyMOo8 Oughgepenyupyemoi  @yHKyuu
z= f(x,y) Heobxooumo.

1) Haiimu obaacme onpedenenus D(z) pynkyuu.

2) Haiimu nepebvie yacmmuvie Npou3eoonsie z', u z'y dyuxyuu.

N zy =0
3) Pewwums cucmemy ypasueHuili (Heobxooumoe yciogue IKcmpemyma) § oY
z) =
Hatimu mouku M ;(x;,y;) € D(z) (c yuémom 603MOIICHbIX OOROTHUMENbHBIX 02Pa-
HUYEeHUl Ha 3HAYEHUS. APSYMEHMO8 X,y ) B03MOJCHO20 JIOKANLHO20 IKCHMPEMyMd

@yHryuu.
4) Haimu emopvie uacmuvle npoussoonvie A(x,y)=zy., B(x,y)= z;y ,

2
C(x,y)= Z;',y ; cocmasumbu gvipadicenue D(x,y)=A-C— B~ u evluuciumo 3Haue-
nust D\ s u Al 6 Kaoicooi mouke M ; 603M00ICHO20 S9KCmpemyma.

i i l

5) Coenamov 661600 0 manuuuu s3xcmpemymos @yukyuu z = f(x,y), ucnoawvsys

docmamounoe yciogue sxcmpemyma: ecau D M; < 0, mo 6 mouxe M; sxcmpe-

Myma Hem, eciu D‘ M; >0 u A‘ Mm; >0, mo 6 mouxe M; - n0KanbHIIL MUHUMYM,
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ecau D‘ M; >0 u Ay, <0, mo 6 mouke M; - nOKGnbHOIL MAKCUMYM; €Ciu

D‘ Mm; =0, mo mpebyemcs 0ononHUmenbHoe uccieoosanue mouku M; (nanpu-

Mep, nO OnpeoeieHuio).
6) Hatimu noxanbHwle sKCmpemympl (IKCMpeManbHble 3HAYeHUs) (DYHKYUU.

16) Haxonum obnacts onpenenenust GpyHkmu D(z) = {(x, y) € R?

x>0
y>0[
'y:

! 2 ! ! 2 ! ! !
2t = (x2 +30% —15x—12y), = (%), +Bxp?) , —(15x), —(12y)" =
= (x>), +3y% (), —15(x), —0=3x? +3y? -1-15-1=3x% +3y% —15
! 2 ! ! 2 ! ! !
2, = (27 +3xp” —15x =129, = (7)), + Bxy?) , =(15%)), —(12y)), =

26) Haxonum nepBble 9acTHBIE IPOU3BOJHBIE z, U Z

=0+3x(y%)), —0-12(y), =3x-2y—-12-1=6xy—12.

z. =0 2 2 _15=
30) CoctaBUM CHUCTEMY YypaBHEHMH {x = {3)( +3y"-15=0 =

z), =0 6xy—12=0

n pemmmM e€. [lomyunmm wereipe pemenus: (1,2), (2,1),

3x2 +3y% =15
xy=2

(-1,-2), (-2,-1). VU3 HuX TOYKaAaMH BO3MOXHOI'O JKCTpeMyMa (QYHKIHH
z= f(x,y) Bobnactu D(z) sBistoTcs Toabko ase Touku: M (1, 2) u M, (2,1).
46) Haxonum BTOpbIE YaCTHBIEC TPOU3BOIHBIE:

ACx,y) =20 =(2)), =(Bx +3y7 =15), =(3x7), +(By?), — (1)} =
=3(x%), +0-0=3-2x=6x;
B(x,y) =2y, =(2})), =(Bx* +3y* =15)}, =(3x7), + 3y?), —(19)), =
=0+3(y%), ~0=3-2y=6y;
Clx,y) =25, =(2})), = (6xy—12)), =(6xy), —(12)), =6x(»)’, —0 = 6x,

cocTaBysieM BelpakeHue D(x, y) = AC-B? = 6x-6x—(6y)2 =36x? —36y2 u
BBIYHCIISICM
Dl yry1,2) =36:17 =36-2% ==108<0; D[y, 2,1y =36-2% =36:1> =108 >0,

A ryany =6-2=12>0.
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50) /lenaem BBIBOJ O HAJIMUUU 3KCTPEMYMOB. Tak Kak:

D‘ M, =—108<0, 1o B TOUKE M (1, 2) 9KCIpeMyMa HET;

D‘ M, =108>0, 4}/, =12>0, To B T0UKE M (2, 1) - TOKAIBHBIA MUHIUMYM.
60) Haxonum yoxanbHbI MUHUMYM

- 2, 1)=23+3.2.12 ~15.2-12.1= 28.
Otser: z;, = f(2,1)=-28

11-20. Haiitu HeonpeneaéHHbIe WHTETPANBI: a) HEMOCPEACTBEHHBIM HHTEMPUPO-
BaHHeM; 0) 3aMeHON MepeMeHHON MHTETPUPOBAHUS; B) UHTEIPUPOBAHUEM IO Yyac-
TSM.

a) J(%—4x3 +i4+§/x—2 X 3

2x+10

61) I—d X 62).[ (o +2)dx . 63) J cos 2xdx

—6x+5 4 +sin2x

B) J 4x-2 cos2xdx;

Haxooicoenue neonpedenénnozo unmeepana J. f(x)dx cocmoum ¢ maxom npe-

00pazosanuu nOObIHMeZPaIbHO20 evipadcenus f(x)dx, umobsl nomyuumes unme-

epanvl (603MOJCHO NO HOBOU NEPEMEHHOU UHMESPUPOBAHUS) U3 MAOIUYbL OCHOB-
HbIX UHMe2panos (npunoxcenue 6.3).

Pemenue.
a) Muterpanm BBIUKCIMM HEMOCPEJACTBEHHBIM UHTErpupoBaHueM. Ilomyunm:

J(%—4x3 +xi4+i/x_2jdx=3j'%—4.[x3dx+2j'x4dx+Jx2/5dx =

2
ucnonvzyem 341 _a41 —+1
x x x5
=| mabauunvie | =3 ln|x| -4 +2 + +c=
341 —-4+1 2
unmezpanet 1,3 —+1

5
=3ln|)c|—)c4 —%+§x§/x_2+c .
3x 7

©01) MHTerpan BeIYMCINM METOOM 3aMEHBI IEPEMEHHON HHTETPUPOBAHMUS.
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HUnmeepan suoa , 20e P, (x) - mnocounen nopsoka n, naxooam me-

J P, (x)dx
x+p

MOOOM 3aMeHbl NEPEMEHHOT C NOMOWbIO NOOCMAHOBKU AL X+ B =1 .

2 9% +10 xol=t D2 =2(t+1)+10
J‘x —2x+ dx = x=1+1 :J'(t"') ( )

de=(+1)dt=

2
t +9 UCnoIb3yeM mabIuuHble ¢
J' di = Itdt+9j { }=—+91n|t|+C=
2

unmezpanor 1,3

dt =

x—1 t

8bINOIHSEM OOPAMHYIO 3AMEHY (x - 1)2
= =——+9In|x-1|+C.
t=x-1
Ax+ B)d
02) UnTerpan oTHOCUTCS K MHTErpajaM BUjaa (;c—)x Jnst ero Beuucie-
ox” + Px+y

HUSI CHaYaja BBIACIUM MOJHBIN KBaJpaT B 3HAMEHATeNe MOABIHTErPAIbHON (yHK-
UM, 3aTeM CcJeJaeM 3aMeHy MepeMeHHOM uHTerpupoBaHus. [lomyuum:

—6x+5=(x—3) -
J.(;-F—z)dx= x-3=t=>x=3+¢ :J.(3-;t)+2dt=_|. = dt =
—6x+5 dx=(3+t)'dt:dl 2 4

dt

Beruucnum Ka)KI[I)Iﬁ 13 UHTETPAJIOB B OTACIBHOCTU:

2
noaoxcum t- —4 =z, mozoa

d - 2 2 ' - | === =
4_ dit"—4)=dz= (" —4)dt=dz |= Z_ =
21dt = dz = tdt = dz/2
ucnonvzyem GHINOTHUM
= | mabruunoiii unmezpan 3 | = ;ln | z| +C = | obpamuyro sameny | = éln | -4 |+C .

no nepemenuoll t z=¢"—4
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ucnovsyem

1 -2
Z)J. dt =J. dt = | mabnuunvrii unmezpan 16 =—lnt—+C.
l2—4 12_22 2:2 |t+2
no nepemenHoul t
2 1 1 -2
Torna: M:—ln|t2—4|+5-—lnt—+C=[t=x—3]=
x?—6x+5 2 4 t+2
—3)— 1 -
=32 —a+ 2w 22 o a2 x5+ 20
2 4 |(x-3)+2 2 4 |x-1

Koneunoe svipasicenue 0nst HeonpeOdenénnozo unmespana 3anucbi8aron, yKazol-
6as 00HY U3 NEPEOOOPAZHLIX U 000AGISsL K Hell NPou3eoabHylo nocmosauuyio C .

03) nTerpan BBIUMCINM METOJOM 3aMEHbI IepeMEHHOM nHTerpuposanus. Ilomy-
YUM:

nonodcum 4 +sin2x = t, mozoa

cos 2xdx ) ) , dt 1 ¢dt
J'—_= d(4+sin2x)=di = (4+sin2x)dx=dt |= [ Z=—[Z =
4 +sin 2x 2t 27 ¢
2cos2xdx = dt = cos2xdx = dt/2 |
ucnonvzyem swnonnun |
1 1
= | mabnuunvii unmezpar 3 | = —1In |t | +C = | o6pamuyio sameny | =|—1In |4 +sin2x | +C|.
2 2

no nepemenuoll t t =4 +sin2x

B) [HTerpan BBIMMCINM METOIOM HMHTErPHPOBAHHS IIO YacTsIM, MCHONB3Ys dop-
Myny [ reod =[udv=uv={ vau.

Tlonoxum: u =4x—2, dv=cos 2xdx . Haiiném du = (4x - 2)' dx =4dx ,
2x=t=x= t/2 UCnONb3YeM

v(x) = J.cos 2xdx = dx = (1)2)'di =%dt = EJ.COS tdt =| mabnuunwiil | =

unmeepan 8

1 . 1 .
=—sint =[t=2x]=—sin2x.
2 2

HUnmeepan J. dv = J. v(x)dx 6 gopmyne unmezpuposanus no HACMAM GbIYUCISL-

emcsi ¢ MOYHOCMbIO 00 NOCMOSIHHOL, m.e. 8 Kauecmee Qyukyuu v(x) evloupaemcs
00HA U3 nepeoobpasnvix o pynxyuu v'(x).
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,ZZJZ}I BblUUCTICHUA UHmMezpala J.COS 2xdx MOMCHO UCNONBL306AMb U Cﬂe()yiowee

CBOUCMBO  HEONPeOeléHHO20  UHMeSPana: eciu '[ f(x)dx=F(x)+C, mo

Jf(ax+b)dx 1 F(ax+b)+C, 20e J.f(x)dx - mabauunelli unmeepai. B oan-

a

. 1.
HOM cayuae, max Kaxk J.cos xdx=sinx+C, mo Jcos 2xdx = 3 sin2x+C.

Toraa, monydum:

j(4x—2)cos 2xdx = (4x—2)~%sin2x—‘[%sin 2x-4dx = (2x—1)sin 2x —

_2.[Sin 2xdx=(2x—1)sin2x—2[—%cos 2x]+C‘=(2x—l)sin2x+cos 2x+C‘

Onpeoenénnviil unmezpan 0 Qyuxyuu f(x), Henpepvisno Ha ompeske [a,b],

b

sviuucsiiom no gopmyne Horomona-Jletibnuya: I f(x)dx=F (x)|i =F(b)-F(a),
a

20e F(x)-o0na us eé nepsoobpasmnvlx, ucnoavsys 0ns Haxoocoenus F(x) ece

npuémul U Memoobl GblUUCACHUsL HEONPEOeLEHHBIX UHMESPATIO8.
Cneocmesusmu ghpopmynvl Horomona-Jleubnuya sensiomes:
b b

1) gpopmyna unmezpuposanusi no 4acmsm Iudv = u(x)v(x)|i —Ivdu, 20e QyHK-
a a

yuu u(x) u v(x) nenpepwieno oupgepenyupyemol na [a,b];

2) popmyna 3ameHbl NEPEMEHHOU UHMESPUPOBAHUSL

b x=q(t) B
[ reode= dx = ¢'(t)dt = [ rlowne'ar, 2e dymapn x= o) -
a a=¢ ), B=0"' )] «

HenpepvisHo Jug@epenyupyema na ompesxe [a, B].

Yacmo 3amena nepemeHHOll 6 ONPeOeNEHHOM UHmMeSPAe GbINONHACMCI C HOMO-
woio nooCmaHo8Ku v(x)=t no dopmyne:
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b yx)=t=>x=y ()| p
[r@a=|  ar=w oya |=[reoOw O, e gy
y a=y(a), f=y®) | a

v (x) - HenpepvisHO OughPepenyupyema Ha ompesxe [a,b].

xdx
21-30. TpebGyercst BEIYUCIUT: a) ONPEAEIEHHBIN HHTErpal I 5
+

P i
S 24++4x+1
. & \Jarctgx
0) HeCOOCTBEHHBIN MHTETpall J. —d (MM yCTaHOBUTH €r0 PacXOIUMOCTh).
1+x2
0

Pemenue.
a) OnpenenéxHHbIN UHTErpajl BEIYUCINM 3aMEHON NepeMEHHON NHTErPUPOBAHUS.

Jx+l=t=>x=t"-1 ]

. dx = (£* —1)dt = 2tdt
d
[—F—=|-1<0<0=a<Vx+1<p|=
2+4x+1
x=—1=2a=+v-1+1=0
x=0=p=~0+1=1
[Tocneanuii nHTErpai BHIYUCIIAEM TAKKe 3aMEHON MEPEMEHHOM.
i t+2=z=>t=2z-2 ]
1, =(z-2)dz=1-dz=d= 3 s
-t -2y —(z-2
2J. dt=|0<t<l, a<z=t+2<p =2dez:
t+2 z

0 =0 = a=0+2=2

L t=1 = p=1+2=3
3

-6z +11
262" +11z- 2[(2 —6z+11——)dz-
2

2+t 0 t+2

j(r2 ~1)2tdt 2‘ (£ —1)dt
0

z

J3.
2
z z 3
=2 ? 6- ? +11z—-6In| z| ‘ ) no gopmyne Hotomona — ﬂeu6Huua]

33 32
:2(( —6-—+11-3- 61n3J ( -6 —+11 2- 61n2D
3 2
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14/3-121n(3/2). Otser: 14/3-121n(3/2).

6) ITo onpeueneHmo HEcOOCTBEHHOTO HHTErpana nMeeM
ﬂarclgx w/arclgx . .
_[ —d = lim _[ dx. OmnpeneneHHBI WMHTETpall, CTOSANIUN IO
0 1+ x b—)+ooo
3HaKOM npezena, BBIUUCIIUM METOAOM 3aMEHbI MEpPEMEHHOI:
[ arctgx =t i
dx

arctgb

=dt arctgb 3/2
J- 1/arctgx 1+x2 _ J' Jid :tT = %(arctgb)y 2

“l0<x<bh a<arcigr<f

x=0=>a=arctgd=0

| x=b= B =arcigh
,/arclgx

5 Y2y N2
dx= lim | —arctgh =—:— .
1+ x b—+oo\ 3 3 2

32
y 2
OTBerT: HeCO6CTBeHHBII/I HUHTETPpAJ CXOAUTCA U paBCH g [E] .

1+x2

[\
(=]

Tornma J.

31-40. Borumcnurs mwiomans (GuUrypbl, OrpaHHYEHHON rpadUKaMu YKa3aHHBIX

GbyHKIMA: y:1—x23y=2+x2,x20,x=1

a<x<b
Inowaow gueypuet Dz{ }zD , 20e  f1(x), fo(x) - Henpe-
i) <y <fr(x) g
pulgHble Ha ompeske [a,b] @ynkyuu, 3a0asaemvle OOHUM AHATUMUYECKUM GbIDA-
b

JiceHueM, evluucisiemcs no gpopmyne: S = J.[fz ) - 11 (x)]dx
a
g1 <x<gy(y)

c<y<d } x 20e g1(y), &2(y) - nenpe-

Inowaow gueyper D = {

pulgHble Ha ompeske [c¢,d] @ynkyuu, 3a0agaemvle OOHUM AHATUMUYECKUM GblpA-
d
JiCeHueM, 8bluucasiemcs no popmyne: S = J.[gz (M -g( y)]dy

4

Pemenne.
1) U3zob6pasum ¢urypy D :
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0<x<1
2) llpeacrasum D BBuge D), = .

1-x2 £y£2+x2

Ecu D#D, um D# Dy, mo ¢ueypy D npsmelmu, napaiieasnolmu ocam
Koopounam, pasousaiom na uacmu, maxue, 4moovl onu umeau 6u0 D, umu D,

Tpu smom nrowaode gueyper D naxodsm kax cymmy niowjaoell eé yacmei.

3) Beruucinum miioniaib:

1
3

S=j;((2+x2)—(1—x2))4x=J;'(Hzxz)i - x+2"T =1+§=§.

0
Otser: S=5/3.
41-50. Tpebyercs Haiiti oOliee pemienue mnpocreimero JIY 2-oro mopsiaxa
, Inx
Jx
Pemenne.

o n
Obwee peuwterue npocmetiwezo J{Y emopoeo nopsioka y- = f(x) naxoosam, evi-
NOJIHAS NOCIe008AMENLHO 084 UHMESPUPOBAHUS, U 3ANUCHIBAIOM 6 8U0e:

y=J(If(x)dx)dx+C1x+C2.

Obwee peutenue OupghepeHyuanbHO20 YPasHeHUs 6Mopoco NOPsioKd OO0ANCHO
00513amenbHO co0epacamy 08¢ PA3HbLE NPOU3BOJIbHBIE NOCTOSHHbIE.

JlanHOe ypaBHEHHE JBaXKIIBI IPOUHTErpUpyeM. [lociie mepBoro HHTErPUPOBAHUS
Inx
Moy4YnM: )'= J —=dx + C| . luTerpan BeIYUCIUM (C TOUHOCTBIO JI0 MTOCTOSHHOTO

NP

CJIaraeMoro) METOA0M WHTErpupoBaHus 110 yacTsiM. [Tomydmm:
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u=lnx:>alu=ﬂ

X =1nx-2&—j2&ﬂ=
—2Jx x

Jx ) dv=ﬁ3v= x
Jx Iﬁ
=2\/;1nx—2j% =2/xInx—4yx . Torna y'=2yx Inx—4/x +C;.
X
ITocne BTOPOr'O HWHTErpPUPOBAHUS TIOJLY4UM:
y=[@Vxinx-4Vx+Cydv+Cy =2[VxInxde-4[Vxdv+C [dx+C, .

Berancinm uHTErpaltsl (C TOYHOCTBIO JI0 MOCTOSHHOTO ciiaraeMoro). [lomyunm:

eblHuUciIuUmM dx
Memodom u=lnx:>du=7
J \/; In xdx = | unmezpuposanus | = 1 3=
1 , 2
no uacmsam dv=\/;dx:v=_[\/;dx=_[x2dx=€x2
2 2 2 2 d 2 2 . 2 3 22 2
Inx-=x2 —J—xz oLk 1nx——.[x2dx=—x2 Inx—=-=x2 =
3 3 x 3 3 3 33

N T J PP . L3
3 9

J.\/;dxzj'xl/zdxzéxyz; dezx.

2 4 2
Tornma y :2~[gx3/2 lnx—§x3/2j—4~€x3/2 +Cix+C, =

4 32
:;x3/2 111)c7;)c3/2 +Cix+C,y.

4 32
OtBert: y =gx3/2 111)cf;x3/2 +Cix+C,y.

51-60. TpebGyercss HalWTH BEPOSTHOCTH YKA3aHHBIX COOBITHH, HCIIONB3Ys
Kaccuieckoe onpedeienue BepoITHOCTH:

a) Bbpocatorcst 1Ba UrpanbHbBIX KyOWka. HaiiTh BeposSTHOCTH TOro, 4TO CyMMa 04-
KOB Ha BBINABIINX TPAHSAX — YETHAs], IIPHYEM Ha TPaHH XOTs ObI OIHOTO U3 KyOH-
KOB TOSIBUTCA IIECTEpPKa.

0) B ypHe HaxomsTcs 5 yepHbIX U 6 OenbIX mapoB. CaydaiiHBIM 00pa3oM U3 yPHEI
BBIHMMAIOT 4 mapa. HaliTu BepoATHOCTH TOrO, 4TO CPEAM BBIHYTHIX IIAPOB OKa-

57



KYTCS: «2 OCIBIX Mmapay; «He 00Jee OTHOr0 OETIOro IMIapay; «XOTs Obl OUH OCIBIi
map.

Ipu xnaccuueckom onpedenenuu 8eposimHOCb CAy4atino2o cobvimusi A onpe-
m(A)

Oensiemcest pagencmeom: P(A) = , 20e m(A) - uucno snemenmapmwix (Oanee

HEeOenUMbIX U 83AUMHO UCKTIOHAIWUX Opye 0pyea) ucxoo0o8 3kcnepumenma, O1a-
2ONPUSIMHBIX NOAGNEHUIO cobbimus A, n- obwjee YUci0 PasHOBO3IMOICHbIX die-
MEHMAPHBIX UCX0008 IKChepumenma. Pasnososmosicnocms snemenmapHuix ucxo-
008 obecneuugaemcs MaKuMu YCJIOGUAMU NPOBeOeHUs IKCHEPUMEHma (onvima,
UCHBIMAHUS), NPU BLINOJIHEHUU KOMOPBIX MOJICHO CHUMAMb, YMO HU 0OUH U3 UCXO-
0086 He s6/18emcsi 00beKMUGHO OoJiee BO3MONCHBIM, Yem opyeue.

Ecnu cobvimue A onpedensiemcst crogamu «xomsi Obl 0OOUH...», MO HENOCPEOCH-
seHHoe Haxoocoenue P(A) no gpopmyne knaccuweckozo onpedeneHus 6eposmMHO-
cmu npugooum 06bINHO K 2POMO30KUM gbluucienusm. [Ipowe cnauana navimu 6e-

poamuocme cobvimus A, nPOmMUBONON0NCHO20 cobbimulo A u onpeoensemozo
CROBaAMU «HU OOUH...», 4 3ameM, UCNONb3Ys (hopmyy O/t GepOSIMHOCHEN NPOMU-

sononodichvix cobvimuti: P(A)=1-P(A), evluuciumo 8eposmuocmb UCKOMOZO
cobbImusi.

m(A)

HeobxXo0uUMo:

s naxoorcoenusi eeposmuocmu cobvimusi no gpopmyne P(A) =

1) Paccmompemu cobvimue A, 6eposimHOCHb KOMOPO20 Cledyem HAumi.

2) Ilpasunvro onpedenums, 4mo sA6IAemcsi 8 OAHHOM UCHBIMAHUU DJIeMEHMAPHbIM
UCXOOOM.

3) Hatimu obwee wucio n 31eMeHmapHbix UCX0008, NPeOBAPUMENbHO 6bINUCAB UX
6ce nHenocpeocmeenno. Eciu evinucame 6ce snemenmapmvie ucxoowvl He npedcmas-
JISLEMCSE BO3MOJICHBIM U3-34 UX YPE3MEPHO20 KOAUYecmsd, mo npu noocueme ux
YUCIA UCHONIL3YIOM NPABUILA U POPMYIIbL KOMOUHAMOPUKU.

4) Yemanosumo kaxoe uucio m(A) saemenmapHuix ucxo008 OaHHO20 UCHbIMAHUS

bnazonpusmcemasyiom noseneHuio coovimus A .

Pemenne.

a) PaccmorpuMm coObiTHe A4 = {cyMMa 0YKOB Ha BBINABIINX I'PaHSIX — YeTHad,

NMpUYeM HA TPAHU XOTHA ObI OHOT0 N3 KYOHMKOB MOSIBUTCS IMIECTEPKA}.
DNeMEHTapHBIMU HCXOJAMHU JaHHOTO WCIBITaHUs (TOAOpachiBaHUE IBYX WI-

PATBHBIX KYOMKOB) SIBJISIFOTCS BCEBO3MOXKHBIC KOMOWHANWU O4YKOB: 1,2,3,4,5,6,

KOTOPBIC MOT'YT NOSIBUTHCS HAa BEPXHUX I'PAHAX IABYX Ky61/IKOB.
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OO11ee YUCIIO EMEHTAPHBIX UCXOMIOB /1 JAHHOTO MCIBITAHUS HAWIEM, HCIIOTh-
3ysl MPABUJIO YMHOXKEHUSI KOMOUHATOPHUKH.

Ilycmv @y, a,— Oelicmaus u3 HEKOMOPO20 KOHEUHO20 MHOICECHBA OeUCTEUIL.
IIpaguno ymnoxncenusn. Ecau Oeticmeue o1f MOINCHO 8bINOTHUMb 11| CHOCODAMU U,
nocie Kajicoo20 maxo20 6blNONHEHUs, OeliCmeue Oy MOJICHO BbINOJHUMb Ty CHO-
cobamu, mo nocredoeamenvHoe EbINOIHEHUEe Napbl OeUCmEUll o U Oy MOICHO

ocywecmeumos n=ny -ny cnocobami.

Ha xaxxpoM urpainbHOM KyOuke 6 rpaHei, IO3TOMY BO3MOXKHBI LIECTh MCXOJ0B
OpocaHust Kaxxaoro u3 Hux. Eciau ucnblTaHue NpencTaBUTh B BHJIE IOCIENOBa-
TEIbHO BBIIONHAEMBIX MOAOpachlBaHUII KyOHKOB, TO II€pBO€ IOAOpachIBaHHE
MOKHO BBIMONHUTE 7y =6 crnocobaMu, BTOpoe noadpaceiBanue - 1, =6 Croco-
Oamu, Torja IOCIEAOBATEIbHO BBINOIHAEMOE IOAOpachIBaHUE [ABYX KyOHMKOB
MOXKHO OCYILIECTBUTb 1 =1y Ny =6-6 =36 crnocodamu.

Obwjee uucio 1eMeHMapHBIX UCX0008 N MOICHO HAUMU U, BLINUCAE HENOCPeO-
CMBEHHO 8Ce BO3MONCHBIE UCXOObI UCTILIMANHUL:
(.,1) (L,2) (1,3) (1,4) (15 (1,6)
2,1) (22) 23) (24) (25 (26)
1) 32 (33 (34 (35 (306
41) 42 “43) “44) 45 4590
5.1 (52 (53) (54 (55 (506)
1) (62) (63 (64 (65 (606).

Tenepb HalWéM YMCIIO BIIEMEHTApHBIX HMCXOMOB mM(A) IAHHOTO HCIBITAHUS,
ONaronpusITHHIX COOBITHIO A , BBIITICAB UX HEMOCPEACTBEHHO. TakMMU UCXOIaMH,
OYEBHUJIHO, SABISIOTCS: (2,6); (4,0); (6,2); (6,4); (6,6). Ix uncmo m(A)=5.

Torna uckomas sepositiocts P(A4) =5/36~0.139.

Oteer: P(A4) = 5/36 ~0.139.

6) Paccmotpum coObiTus: A = {cpeau 4eTHIPEX BHIHYTHIX IIAPOB - 2 GeabIX},
B = {cpean 4eThIpéX BHIHYTBHIX HIAPOB — He 0o0Jiee OTHOrO0 0eJIOro Imapa},
C = {cpenu 4eTHIPEX BHIHYTHIX HIAPOB - XOTH ObI OUH OeJIbIii map}.

DJeMeHTapHBIMH UCXOJaM1 JaHHOTO UCTIBITaHus (CIydaifHOe BHIHUMaHHE YeThl-
pex IapoB) SBJISAIOTCS BCEBO3MOXHBIE KOMOMHAIMH 1O 4 11apa U3 HaXOJIIUXCS B
ypHe 11 mapos.

Juist mogcuéra o0O1iero yncia eMEeHTapHbIX UCXO0B /1 JAHHOTO UCIIBITAHUS U
gucen m(A), m(B), m(C) >IeMEHTapHBIX HCXOMOB, OJArONPHUATHBIX COOBITHSM
A, B, C , ucrionb3yeM npaBuiia u popMysibl KOMOMHATOPUKH.
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Ilycmb @y, a,— Oelicmsus u3 HEKOMOPO20 KOHEUHO20 MHOJCECHBA OeUCTUIL.
IlIpaguno cnosxcenus. Ecnu Oelicmsue Q| MOMCHO bINOIHUMbL Ny CHOCOOAMU,
Oelicmeue Oy - Opy2umMu N, CHOCOOAMU, OMAUUHBIMIU ONL NEPBbIX Ny, HO bINOI-
HeHue 00HO20 U3 Oelcmuil. Ul oy, Ul Oy (HO He 08YX 0OHOBPEMEHHO) MONHCHO

ocywecmeums n=ny +n, cnocobamiu.

Couemanuamu u3 n 1eMEeHMO8 HO M HA3LIBAIOMCS BCEBO3MONCHbIE KOMOU-
Hayuu 31eMenmos, Omuuyarowuecs opye om opyea moibko COCMAagoM 31EeMeHMO8.
OHu paccmampusaiomest Kax 3J1eMeHmapHvle Ucxoovl IKCREPUMERmMA, COCMosiuje-
20 8 OOHOBPEMEHHOM HEYNOPAOOUEHHOM 6blOOpe 6e3 036PAUeHIs. T DNEMEHMO8
U3 N pasIUUHLIX 2IeMeHmos, a ux obujee uucio C,' onpedensiemcs popmynou:

m n!

g =——, 20en=1.2.3.-...-(n=D-n, 0O=1.
mh(n—m)!

O6H1€e YHUCJIO DJIEMCHTAPHBIX UCXOA0B /1 JAHHOI'O MCHBITAHUSA, OYCBUIHO, PaB-
HO YUCITY BCCBO3MOKHBIX HCYNOPAAOUYCHHBIX KOM6HHaHHI>i mo 4 apa U3 Haxons-

!
mmxcs B ypHe 11 mapos, T.e. uncny couerannii C 11 - Torma:
1 1 7+8-9-10-11
&= = = =330.
4r11-4y 47t 1.2.3-4.7!

[Momcunraem Temeph YHCIIO AJIEMEHTapHBIX ucxonoB m(A), m(B), m(C) Omaro-

MPUATHBIX COOBITUSM A, B, C , COOTBETCTBEHHO.

CobObiTHe A = {cpeAn YeTHIPEX BBIHYTHIX IIAPOB - 2 0eJIBIX} O3HAYAET, 4TO
Cpeiu BBIHYTHIX IIApoB — «2 OeJbIX M 2 yepHbIX Imapay. CiemoBarenbHO, Oiaro-
MIPUSITHBIMHU COOBITHIO A SBIISIFOTCSI BCEBO3MOXKHBIE KOMOMHAIMKU 1o 4 1mapa (1aBa
OeNnbIX W JBa YepHBIX IIapa) u3 Haxomsmuxcs B ypHe 11 mapos. Mx gucno m(A4)

HaEM, MCTIONB3Ys TIPABUIO YMHOXEHUsS] KoMOMHATOpuKH. [IpencraBum st aTo-
rO BBIOOp YETHIPEX IIApOB B BUAE JBYX IOCIEIOBATENHHO BBITOIHIEMBIX JIEHCT-
BHIi: cHayasa BBIOOp BYX OEINBIX IapoB U3 UMEIOIINXCS B YpHE 6 OeNbIX MapoB 1
3aTeM BBIOOp JBYX YEPHBIX MIAPOB U3 HMMEIOIIMXCS B YpHE 5 4€pHbIX mapos. [lo-

ii =15-10=150. Torma: P(A) =ﬂ ~0.455
2141 2131 330
CoObiTre B = {cpenu 4eTHIPEX BHIHYTHIX IIAPOB — HE DoJiee OHOTO 0eIoro
mapa} 03HA4YacT, 4YTO CPCAN BBIHYTHIX HIAPOB - WIN «OAUH Oenblil U TPpHU YCPHBIX
mapa», Win «4€TbIpC lIépHI;IX mapa». CJ'IeZ[OBaTeJ'II;HO, 6HaFOHpI/IHTCTBy10HII/IMI/I
COOBITHIO B SIBISAIOTCS BCEBO3MOXHBIE KOMOMHAIMU 1o 4 mapa (oquH OeJblid n
TPH YEPHBIX WM YETHIpE YEpHBIX MIapa) u3 Haxomsamuxcs B ypHe 11 mapos. Mx

ayanm: m(A4) = C62 -C52 =
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gruciao m(B) HaWAéM, UCTONB3YS TPABUIA CIOKCHUS U YMHOXCHHS KOMOWHATO-

pukn. CHavaia, UCrosb3ysl MPAaBUIIO YMHOKEHHSI KOMOWHATOPHKH, HAHIEM YUCIIO
crnocoboB  BbIOpaTh OOMH Oedblidi W TpH  YepHbIX mapa. [lomydum
15!
1 3 6! !
CeC5 =———
151 3121

OMHATOpPHUKH, HaWAEM YHCIO cHocoOOB BHIOpaTh 4 4€pHBIX mapa. [loaydum

=6-10=60. 3areM, ucHonb3ys MPABUIO YMHOXEHUS KOM-

!
4 : N
Cs = VIRt =5 . Tenepb, HCIIOIB3YS MPABUIIO CIOKCHHUS KOMOMHATOPUKY, HAUIEM

yucino m(B) crocoOoB BEIOpaTh WM OAMH OENbINA M TpU YEPHBIX IIapa, WIN YEThI-
pe uépHbix miapa. Ilomyuaum m(A4) = Cé -C53 + C? =60+5=065. Tornma
P(B)=65/330~0.197.

CobOpiTie C = {cpeaH 4eTHIPEX BHIHYTHIX IAPOB-XOTA ObI OAMH OeJIbIi map }
OITpEeJIeIISIETCS CIIOBAaMU «XOTs OBl OfMH...». IIpsiMoe pemieHue 3a1auu, yIuThIBast,
410 coObiTHe C O3HAYaeT, CPey BBIHYTHIX IIAPOB: WM «OXUH OENbId U TPH dep-

HbIX HIapa», WIN «J1Ba OeNbIX U JIBa UCPHBIX Iapa», Uin «Tpu OeNbIX U OJIUH 4Y€p-
HBIN map», Win «4€TbIpe OenbIxX mapa», NpuBOAUT K T'POMO3JAKHUM BbIYUCICHUSAM.

[TosToMy cHauana HaiEM BEpOSTHOCTH IPOTHUBOMIONIOXKHOTO coObITHs C ={cpenn
BBIHYTBIX YeTHIPEX MIAPOB HET HHU OHOTO0 0esIoro mapa, T.e. Bee Haphbl — Yep-

m(C) _ 5

upre}. Homyanm m(C)=C ? =5, torna P(C)= 50 3arem o dopmy-

e P(C)=1-P(C) HalIEM BEPOSITHOCTh HCKOMOT'O COOBITHS:
P(C)=1-(5/330)=325/330~0.985.
Oteer: P(A)=0.455; P(B)=~0.197;, P(C)=~0.985.

61-70. TpeOyercst HaliTH BEPOSATHOCTH YKAa3aHHBIX COOBITHH, UCIIONB3YS hopmy-
J1bl CNONHCCHUA U YMHONCCHUA 8EPOAMHOCHIEN.

DK3aMEHaIMOHHAs CECCUSI COCTOMT M3 TPEX SKk3aMeHOB. CTY/IEHT OLIEHUBAET CBOU
IIAHCHI YCIENIHO CJaTh SK3aMEHBI CIEAYIOIUM 00pa3oM: BEpOSTHOCTh CATh Mep-
BbII 3K3ameH - 0.8, BTopoit — 0.9, Tpetuit — 0.7. Haiftu BepossTHOCTH TOrO, 4TO
CTY/IGHTOM OY/yT yCHEUTHO CIAaHBI: «BCE TPH DK3aMEHay», IO KpaiHeill Mepe 1Ba
9K3aMeHa», «XOTs Obl OfMH 3K3amen». [Ipearmonaraercs, 4To cpadya SK3aMEHOB —
HE3aBHCUMBIE COOBITHSL.

Pemenue.

CnoscHbim Hazvisarom codvimue, HabOOaeMoe 6 IKCHEPUMEHme U gbipajicae-
Moe yepes Opyeue Habmooaembvle 8 MoM JHce IKCHEPUMEHIEe COObIMUsL C NOMOUbIO
0onyCcmumblx aneedpaudecKux onepayutl Hao coObMUsIMU.
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Beposimuocmuv ocywecmenenusi mozo unu uHO20 CIONCHO20 COObIMUS BbIYUCTS-
emcsi ¢ NOMOWbIO YOPMYIL YMHOICEHUS. 6EPOATNHOCTNEUL.
1) P(A-B)=P(A)-P(B|A), P(A)>0;,
2) P(A-B)=P(A)- P(B) (01s ne3zagucumvix coowvimuti)
U GhopMyn CrOdICEHUsE BEPOSIMHOCIEN:
3) P(A+B)=P(A)+P(B)—P(A-B);
4) P(A+ B)= P(A)+ P(B) (011 necoemecmuuix coObimuii).
Cobvimuss AuB nazvieaiom necoemecmuvimu, ecnu A-B =& . Hecoemecmubimu
COOLIMUAMU AGTAIOMCSL, HANPUMED, dTIEMEHMAPHbIE UCX00bl IKCNEPUMEHMA.
Cobvimus A u B, Hazvieaiomcs He3aBUCUMBIMU, eCllul 6bINOTHACTICS PAGCHCNEO
P(A|B)=P(A), 6 npomusnom ciyuae OHU HA3LIBAOMCA 3asucumvimu. dacmo,
He3a8UCUMOCHb COOBIMULL ONPeOensiemcs YCI108UAMU NPOBEOCHUsL IKCHEPUMEHMA.

s pewenus 3a0au ¢ UCnoib3068anHuem QOpMYI CIONCEHUS U YMHOICEHUSI 6EPO-
amuocmet ciedyem:
1) paccmompems «crodcHoe» cobvimue, 6epomMHOCHb KOMOPO2O HYHCHO BbIYUC-
aUms,
2) ebipasums «C0ACHOEY» COObIMUE, NOCPEOCMBOM OONYCIUMbIX A12eOpaAUIecKUx
onepayutl, uepez Habuodaemvle 8 MOM Jice IKCNepUMEenne «npocmuley cooblmus,
6EPOAMHOCTNU KOOPBIX U3BECHIHbL WU 1€2KO ONPeOeNsomcs U3 YCiosull 3a0adi,
Hanpumep, no hopmyie Kiaccuvecko2o onpeoeneHus 6eposmuocmu,
3) eviuucaUmMb 8EPOAMHOCTIG (CAOICHOZ0» COOBIMUS C NOMOUWBIO POPMYTL CLOdICE-
HUS U YMHOJMCEHUSI 8ePOSMHOCIET, YYUMbI8As 3A6UCUMOCIb UTU HE3A8UCUMOCNY,
COBMECTNHOCTG UL HECOBMECTNHOCTG COCMABIAIOUWUX €20 COObIMULL.

PaccMotpum «cioxHbIE» COOBITHS: A = {CTY/EHT YCHEUIHO CAACT BCe TPH IK-
3aMeHa}, B = {CTyJeHT yCHeIIHO CAACT MO KpaiiHeii Mepe aBa IK3aMeHa W3
Tpéx}, C = {CTydeHT yCMeuIHo CAACT XOTs ObI OUH IK3aMeH U3 TpeX}.

BeIpasuM cHauana «cioxHbie» coObITHS A, B,C depe3 «IIpocTbie» COOBITHS:

D, = {cTymeHT ycHIemHO CcOacT MHepBBI 3K3aMeH}, D, = {CTyAEHT YCHEIIHO
ClIacT BTOPOH 3K3aMeH}, D3 = {CTYJIEHT YCHENHO COAacT TPETUii SK3aMeH}, BEpo-
ATHOCTH KOTOPBIX M3BECTHBI U paBHbl: P(D;)=0.8, P(D,)=09, P(D;)=0.7.
3arem BeramMcIUM BepositHocTH P(A), P(B), P(C), ucnons3ys GopMysIbl Cloxe-

HMS M YMHO)KEHMS BEPOATHOCTEH, YUMTBIBAs IPHU STOM 3aBUCHUMOCTb M HE3aBHMCH-
MOCTb, COBMECTHOCTh M HECOBMECTHOCTb COCTaBIISFOIIMX COOBITHIA.
CoOwiTve A mnpenctaBuMm B Buae A =Dy -D, -D;. Torna, yauTeiBasi He3aBUCH-

MocTb coObITuil Dy, D, , D3, 10 hopMysae yMHOXKEHHUs BEPOATHOCTEH 17151 He3aBH-
CUMBIX coObITHH nonyunm: P(A) = P(D;)-P(D,)-P(D5)=0.8-0.9-0.7 =0.504.
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CobriTHe B 03HAa4YacT, OUYCBUIHO, YTO CTYACHT CHACT HUJIK BCC TPU 5K3aMCHA,
WJIM TOJIBKO JIIOOBIE JiBa dK3aMeHa U3 Tpex CrenoBarteabHO:

B=D,-Dy-Dy+ Dy-Dy-Dy+Dy-Dy-Dy+D,-D, -Dy,
rae 51 ,52, 53 - COOBITHS, TMPOTHBOMNOJOXKHBIE K CcOObITHAM Dj,D,,Ds3:
51 = {CTYJICHT HE CIACT TIEPBHIA IK3aMEH}, 52 = {CTYJICHT HE CIaCT BTOPOH K-
3aMeH}, 53 = {CTy/IEHT HE CIIaCT TPETHUH PK3aMECH}, BEPOSITHOCTH KOTOPHIX:
P(D;)=1-P(D;)=02, P(Dy)=1-P(D,)=0.1, P(D;)=1-P(D5)=0.3.
Torma, y4uTbIBass HECOBMECTHOCTh COOBITUH D, ~52 ~53 . 51 D, ~53 .
51 ~52 - D3, ABNAIOMIUXCS 3J€MEHTAPHBIMU HCXOAaMHU 3KCIIEPHMEHTA (9K3aMeHa-

IIMOHHOHN ceccuM), a TaKkKe HEe3aBUCMMOCTb coObithit Dy,D,, D5, Dy,D,,Ds,

UCTIONB3Ysl POPMYIIBI CIOXKEHUS (/17151 HECOBMECTHBIX COOBITHIH) M YMHOXKEHHS Be-
POSITHOCTEH (JUT HE3aBUCHMBIX COOBITHIN), TIOTyIHM:

P(B)= P(Dy)-P(Dy)-P(D3)+ P(Dy)-P(Dy)-P(D3)+ P(Dy)-P(Dy)-P(D3)+
+P(Dy)-P(Dy)-P(D3) =0.504+0.2-0.9-0.7+ 0.8-0.1-0.7+0.8-0.9-0.3 = 0.902

CoOritre C , ompenenseMoe CIOBaMH «XOTs Obl OUH», O3HAYAET, YTO CTYICHT
C/aCT WIIM BCE TPW 5K3aMEHa, WIIM TOJBKO JIIOObIE J[Ba dK3aMeHa U3 TPEX, WiIn
TOJIBKO JIFO0O0H OJMH 3K3aMeH U3 Tpéx. [IpsMoe BRIYKCICHUE BEPOSITHOCTH JaHHO-
r0 COOBITUS TPUBOJUT K TPOMO3JKHUM BBIYHCICHUSAM. [103TOMY, CHauama HaimaéMm

BEPOSITHOCTh MPOTHBOIOIOKHOIO COOBITHS C ={CTYIEHT He CAACT HH OTHOIr0
JKk3amena}, npencrasisemoro B Buge C = Dj-D,-D;. YuuThBas HE3aBUCH-
MocTh cobbiTHit Dy, Dy, Dy, 110 (hOpMyJie YMHOKEHHs BEPOATHOCTEH /I He3aBH-
cuMBIX coGbITHiA momyuanm: P(C) = P(Bl )-P(Bz)-P(53) =0.2-0.1-0.3=0.006 .
Torma P(C)=1-P(C)=1-0.006=0.994 .

OtBet: P(A4)=0.504, P(B)=0.902, P(C)=0.994.

71-80. TpeGyeTcst HANTH BEPOSTHOCTH YKa3aHHBIX COOBITHIA, CTIONB3YS hopmysry
bepnynnu;

B ypue 15 6enbix n 10 4epHbIx mapoB. V3 ypHBI BBIHUMAIOT MOJAPSA S5 MIapos,
MIPUYEM KaXKABIA BBIHYTHIM IIap BO3BpAIIAlOT B ypHY Mepel M3BIICUECHHEM Clie-
JIYIOIIIETo ¥ Iaphl B YpHE IlepeMelnBaioT. HaiiTu BeposTHOCTH TOro, U4TO U3 MSTH
BBIHYTBIX [IAPOB OKa)KeTcsl He OoJiee ABYX OeIbIX.

Pemenne .

Cxemoii bepnynnu naszvieaiom nocie0o8amenbHOCHb UCHBIMANULL, YOOBIEmE0-
parowyio ycaosusm: 1) pezyiomamom Kaxicoo2o UCHbIMAHUSL AGIAEMCs 0OUH U3
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08YX 803MOJICHBIX UCX0008. «YCHex» (noseieHue HeKomopoeo cobvimus A ) u «He-
yoauay, 2) ucnvblmanus s6IsS0mMcs He3a8UCUMbBIMU, M.e. 6ePOSIMHOCHIb (YCReXa» 6
KancOOM CReoyiowemM UCNbIMAHUL He 3a6UCUm O Pe3Vibmamos npeobloyujux
ucnvimaHull; 3) 6eposmHOCb «VCHEXa» 80 6CeX UCHBIMAHUAX OOUHAKOBA U PAGHA
P(A)=p.

Bepoamnocme P, (k) moeo, umo 6 n ucnuimanusx no cxeme bepuynn npo-
uzot0ém poero k «ycnexosy, onpeodensiemcs gpopmynou bepuynnu:

ko k n—k
P (k)y=C,p"(1-p)"", £=0,1,2,...,n.
. _ n

Cnedcmeuem popmynvt bepuynnu senaemes popmyna: P, (k=>1)=1-(1-p)" -
6EPOSIMHOCTIG MO20, YMO 8 N UCHBIMAHUSAX NO cxeme bepHyniu «ycnexy Hacny-
num xomsi Obl 00UH pas.

s pewenust 3a0au ¢ ucnonvzoeanuem gopmynvt bepnynnu ciedyem:
1) ycmarnogums, umo sxcnepumenm npeocmagisiem coooul cxemy Bepnyinu (sepo-
AMHOCU COObIMULL, C8A3AHHBIX C MAKUM IKCHEPUMEHTNOM, 6Ce20a MOICHO 8bIPa-
3umb uyepes seposmuocmu P, (k) , eviuucnaemvie no gopmyne beprynnu);
2) paccmompems cobvimue A, KOMoOpoe MONCem HACMYNUMy UIU He HACHYNUmy
6 KadicOOM UCHBIMAHUU U BLINUCTUMb €20 eeposimHocmb p = P(A) ;

3) paccmompems cobvimue B , 6eposimHOCHb KOMOPO2O HYICHO HAUMU U KOMOPOe
cocmoum 6 mom, umo cobvimue A 6 OAHHOM IKCHEpUMEHmE NOAGTACCS onpede-
JIEHHOE YUCTO pas;

4) naiimu P(B), evipasue eé npedsapumenvro, uepes eeposmuocmu P, (k), 6vi-

yucasiemvle no popmyne bepuynnu.

DKCIIEpUMEHT (ITTOCIIEI0BATENbHBINA BHIOOD IISTH IAPOB U3 YPHBI C HEM3MEHHBIM
COCTaBOM HIAPOB) MPE/CTABISIET COOOH, 04eBUHO, cxeMy bepHymn.

Paccmotpum coObiTHe A = {BBIHYTBIH M3 YpHBI IIap — Oe’blii}. ITO coObITHE
MIPOUCXOIUT WM HE MPOMCXOAUT MPHU Ka)KAOM BBIOOpE IIapa U3 YpHBI C OXHON U
TOM K€ BEPOSITHOCTBIO p = P(A) = m4) = 13 = 3 =0.6.

n 25 5

Paccmotpum coObiTie B = {u3 IATH BBIHYTHIX M3 YPHBI IIApOB, OENbIX - HE 0O-
nee aByX}. Takum oOpa3oM, cOOBITHE B COCTOUT B TOM, YTO B JJAHHOM DKCIICPH-
MeHTe coobiTie 4 mponzoiaér 0,1 wmm 2 pasa.

Bripasum P(B) uepe3 P, (k) -BeposTHOCTH TOTO, UTO COOBITHE A B 71 HCIIBITA-
HUSX 10 cxeMe bepHynin npousoiaér posHo k pas: P(B) = Ps(0)+ Ps(1)+ Ps(2) .
Beruncium BepositHocTn P, (k) 1o dopmyne beprynn:

0 5
P5(0)=C? @] @] =1~1~%=0.01oz4,
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1 4
Ps(1)=Cl [3] [3] =5%~£=0.0768,

5) 5 625
2 3
Ps(2)=C2 @] @] = 10~2%~% =0.2304 .

Torma P(B)=0.01024+0.0768+0.2304=0.31744~0.32.
OtBet: P(B)=0.32 - BEpOATHOCTH TOTO, YTO CPEIH MSATH BBIHYTHIX IIAPOB OKa-
KYTCS HE OoJiee TBYX OENBIX MIapoB.

81-90. IMpousBomsTCs MOCIEAOBATENBHBIC HE3ABUCUMBIE UCTIBITAHUSI TISITH TIPHGO-
POB Ha HAJEKHOCTh. KaxIplil CiieIyronuii mpruOOp UCIIBITHIBAETCS TONBKO B TOM
cilydae, eCliv IPebIAYIINi 0Ka3acs HaJIeKHBIM. BepOsATHOCTD BBIJIEPIKATh HCIIBI-
TaHUs JUIS KaXIoro u3 npubopos pasHa 0.9. TpeOyercs: cOCTaBUThH 3aKOH pacrpe-
JIEJICHUs] TMCKPETHOU CITy4aiiHOM BennunHbl X — YMCia UCIBITAHHBIX MPUGOPOB;
MOCTPOMTH MHOTOYTOJIBHUK TIOJTYYEHHOT'O PACIIPEICICHHS; BHIYUCIUTD €€ MareMa-
tuueckoe okupane MX u mucnepcuto DX .

Pemenne.

3axon pacnpedenenus JICB yoobno 3adasamv psioom pacnpedenenus.. Paoom
pacnpedenenun [[CB nazviearom mabauyy, 6 KOMopou nepeyucieHvl 6ce 803MONC-
Hble 3HAYEHUS X|,X,,... MO CAYYAUHOU 6eIUYUHbI U COOMEEMCmEYIoujue UM

6EPOAMHOCIIU Dy, Dy s....

Crnyualinas BemuunHa X — YHCJIO UCIBITAHHBIX MPHOOPOB, MOXKET, OYCBHUIHO,
NpUHUMATh 3HaueHus: 1,2,3,4,5. BplUUCIUM BEpOSTHOCTH JTHX 3HAUYEHUM

p; = P(X =x;), ucnone3ys HopMysbl CIOKEHHS U YMHOKEHHS BEPOSITHOCTEN.

ﬂflﬂ 6blHUCTIEHUA eepo;zmHocmeL? p; mozcym, 6 3asucumocmu om yCJlO6l/ll/lv 361@611{1/!,

UCNONb308AMBCS MAKICE POPMYIbI KAACCULECKO20 ONpedesieHUsi 8eposimHOCMU U
Bepnynnu.

Paccmotpum coObiTHS  A; = {i -blii HCNBLITAHHBIH NPHOOP — HAAEKHBIN}
(i=1,23,4,5), BEepOsATHOCTb KOTOPBIX OAAMHAKOBA M paBHa P(4;)=0.9 . IIpotuso-
TIONIOKHBIMH K COOBITUSIM A4; SIBIAIOTCA COOBITHSA ZI = {i -plii HMCTIBITAHHBIA
NpuOOpP—HeHANEKHBII |, BEPOATHOCTb ux OJIMHAKOBA u paBHa
P(4;)=1-P(4;)=0.1.

Beipasum cobbitus X = x; , e x; €11, 2,3,4,5}, yepes coObITus A4; u ZI :
{(X=1= Zl = {MCIIBITBIBAJICS] OUH NIPUOOp},

(X =2} =4 ~Zz = {UCIIBITHIBAJINCE JIBa pubOpa},
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{(X=3}=4,-4, ~Z3 = {MCHBITHIBAJIMCH TPH Npubopa},
{(X=4=4,-4y 43 ~Z4 = {MCIBITHIBAIINCH YETHIpe Mpuoopa},
{X=5/=4-4y-A3- A4 '(ZS + As5) = {MCTIBITBIBAIMCh BCE MATh NPHUOOPOB}.

O‘IeBI/IZ[HO, BCC IIATH HpI/I60p0B 6yJ_'[yT HCIBITaAHBI TOJIBKO MpPH YCJIOBUH, YTO IIEP-
BBIC YCTHIPEC OKa3aJIUChb HAACKHBIMU, MPHUYICM OHHU 6y):[yT HCIBITAHBI TPpHU JIFOO0OM

HCXOAC IISATOr0 UCIIbITaAHUA: ZS 501051 A5 .
BoruriciuM  BeposTHOCTH  p; = P(X =x;), ucnonb3ysd (OpMyabl yMHOXKEHHS
BepOHTHOCTeﬁ U HE3aBUCUMBIX, IO YCIIOBUAM 3a/1avu, COGHTI/If/i Ai u Zl .
p1=P(X =1)=P(4)) =1-P(4) =01,
Py =P(X =2) = P(4) - A2) = P(4))-(1- P(45))=0.9-0.1=0.09,
p3 = P(X =3)=P(4) - Ay - 43) = P(4])- P(45) - (1- P(43)) = 0.9-0.9-0.1 = 0.081

ps=PX =4)=P(d) Ay Ay - Ag) =

= P(4})- P(4y)- P(43) (1~ P(Ay)) =0.93.0.1=0.0729.

P35 = P(X =5)=P(A4) - Ay - A3 Ay - (A5 + A5)) =

= P(A])P(Ay)P(43)P(44)P(As5 + A5) = 0.9%.1=0.6561.

Ecnu npu ebluucienuy 6eposmnocmei p; npou3600umcs OkpyaieHue ux Haye-

HULl, MO OKpy2lieHue bINOIHAEMCs MaKum 0opazom, ymoowl Z p; =1
i

Torna psin pacnpeneneHust JUCKPETHON ciy4yaiiHOM BeTuuuHbl X HMMEET BU;
x; |1 2 3 4 5

1

p; 10.1]0.09 |0.081]|0.0729 | 0.6561

s Haensonocmu 3axon pacnpedenenus [JCB usobpadicarom epaguuecku, 0ns
ue20 6 NPAMOY20NbHOU cucmeme Koopounam cmposam mouku M . (x;, p;) u coedu-
HAIOM ux ompesxkamu npsamvix. [lonyuennyto ghueypy u Hasvleaom MHO20Y20IbHU-
Kom pacnpedenenus.

IMTocTporuM MHOTOYTOJIBHUK MONTYYEHHOTO pachpe/ieeHus:
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0.65

0.1" 09 0.08 [oot

)
i
i
|
I
|
[
1

£ 2 3 4 5§ 1,

Mamemamuueckum oxcudanuem (CpelHUM 3HAUCHHEM) AUCKPETHOU cilyuai-
n
HOM Benu4uHbl X Ha3bplBaeTcs uucno MX = Z X;p; =X\ P +XoPy+... X, Dy
i=1

Brruncinum Matematuueckoe oxxuganue MX :

5
MX=le-pl- =1-0.1+2-0.09+3-0.081+ 4-0.0729+5-0.6561 = 4.0951~ 4.10 .

i=1

Hucnepcuein cnyuaitnoit eenuuunvt X Ha3v18aemcsi HCOMPUYAMETLHOE YUCTIO
2 . ..
DX =M (X —MX)~ . Jucnepcuio ouckpemnou ciyuaiiHol eeiudutvl X GbluUC/sl-

tom no gopmyaram: DX =Z(xl- —MX)zpl- unu DX :le-zpl- —(MX)Z.
' i

1

ucnepcuro DX BelumcauM mo  ¢opmyne DX =M (X 2y (MXx 2, rae
p

M(Xz)zzs:xizpi =12.0.1+22.0.09+
i-1
+32.0.081+42.0.0729+52 -0.6561 = 18.7579 ~ 18.76..
Torna DX ~18.76—(4.10)% =1.95 .
x;, | 1] 2] 3 4 5

OtBet: | , MX ~4.10, DX ~1.95.
p; | 0.1]0.09]0.0810.0729 | 0.6561

91-100. Haiitn pyHKUIMIO IUIOTHOCTH BeposSTHOCTEH f(x) HENpephIBHOHM Cirydaii-
HOM BEJIMYMHBI X, 3aJIaHHOM ¢dbyHKIMEH pacnpenene-
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0 x<1
(x> =x)
2

1 x>2
MX , nucnepenro DX Bepositnocts P(X € (5/4,3/2)) .

Hus F(x) = 1<x<2; BBHYHCIUTL €€ MaTeMaTHYECKOe OXHNJaHUC
b

3aKoH pacrpe/ieicHUs] HEMPEPBHIBHOW CIyUaliHONH BEITUYMHBI yJOOHO 3a7aBaTh
(yHKIMEH MIIOTHOCTH BeposTHOCTEH f(X) - HEOTpUIATENILHON U HHTETPUPYEMOI
B OECKOHEYHBIX Tpeenax (GyHKIMeH.

@OyHKIMs IOTHOCTH BeposTHocTell f(x) B Toukax, rae F(x) muddepeHumpye-
Ma, ompezensercs paBeHcTBoM: f(x)=F'(x). B Toukax, rne F(x) He mubpde-
peHmpyema, f(x) ompenensiercss MPOU3BOIBHBIM 00pa3oM, 4Yalle BCero Io He-
TIPEPHIBHOCTH CJIEBA WIIN CIIPABa.

HenpepeiBHast pyHKuums, 3a1aBaeMasi B 00J1aCTH CBOETO ONPE/ACIEHHsT HECKOIBKH-
MU aHAJIUTUYECKHMHU BBIPKEHUSIMH, MOXET OKa3aThesl He MU depeHIpyeMoii B
TOYKaxX, B OKPECTHOCTH KOTOPHIX OHA 3a1aéTCs pa3HbIMU aHAJIUTUYECKHMHU BBIpa-
KEHHUSIMHU.

Pemenne.
Haiiném ¢yHKIMIO IUIOTHOCTH BeposTHOCTEH [ (X), KaK NPOU3BOJHYIO OT (pyHK-
0 x<1
(* - x) :
UK pacrnpeneneHust F(x) = Ea— 1<x<2. Vuureag, uyro: (0)'=0,
1 x>2
5 0 x<l1
- 2x—1 2x—
% = x2 , (1)'=0, nomyuum f(x)= al 1<x<2.
0 x>2

B Toukax x=1 u x =2, ABISIOIUXCS KOHI[AMHU TPOMEXyTka, rae f(x)>0, u B
KotopbiX pyHkums F(x) He muddepeHunpyema, GyHKIMIO IUIOTHOCTH BEPOSITHO-
creir f(x), ONpeaeTIn TakuM 00pa3oM, YTOOBI Ha KOHIIAX MPOMEXKYTKA OHA ObI-
JIa HeMpepBIBHOM cripaBa (B Touke x =1) U cieBa (B Touke x =2).

Mamemamuueckum odicudanuem HENPEPHIBHON CIydaiiHON BeMMYMHBI X Ha3bIBa-

+00
ercs uncino MX = J xf(x)dx .
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Brruncinum Matematuueckoe oxxkuganue MX :

+00 1 2 2
MX = _[xf(x)dx= _[x~0dx+_[ (22 )d + _[x 0dx = O+I[x —E]dx+0—
—0 —© 1 2 1

2
B Bl
. 3 3 04) 12

Jlycnepcuio HeNMpepbIBHON CIy4aifHOM Benn4rHbl X BBIYUCISIOT 110 (hopMyIiam:

DX = jw (x—MX)? f(x)dx wm DX = jw x2 f(x)dx —(MX)? .

—w —0

Hucnepcuto DX Borumenum 1o gopmyne DX = M (X 2 )—(MX )2 , The
+00

MX )—_[x f(x)dx—_[ 2 de+_[ 2 ( 5 _[ 2.0dx=

(e 3 (11 31 s,
4 6 4 6) 12

f x? X ’
:O+I X -l +0=| -
1 2 4 6 .

Torna DX ~2.58-(1.58)% ~0.08 .

J71st HenpephIBHOM CTy4aiiHOW BEIWMYMHBI X CIpaBeInBa GopMyra:
PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

BepositHocts P(X € (5/4,3/2)) Borunciaum 1o dopmyie:

P(X €(5/4,3/2) = = [%]_F[%j:(xzz_x] _{xzz_xl
x=3/2

x=5/4

LG’/ -G T im
2 2 32 7
0 x<1
2x—1
OrtBerT: f(x)= MX ~1.58, DX =~ 0.08,
0 x>2

P(X e(5/4,3/2))~022.
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101-110. [Tana BeiGopka o0veMa =15

23 23 21 20 20 23 23 25 23 20 20 24 21 25 21

Tpedyercs: a) MOCTPOUTH BaAPHAIIIOHHBIN U AUCKPETHBIA CTATUCTUYECKUI PSI/IbI;

©) BBIYHMCINTD YUCIOBBIE XapaKTEPUCTUKH BHIOOPKHU: X R (pasmax),

min > *max

_ ~2
X (cpennee apudmerndeckoe), O~ (IUCIEPCUIO); B) MOCTPOUTH IOJIUTOH YaCTOT.
Pemenne.

Bapuayuonuvim padom evioopxu x,,Xx,,...,X, HA3bI6AEMCA MAKOU Cnocob eé

3anucu, npu Konmopom 3J1emMeHmbl 6bl60pKM ynopﬂ()oqueafomwz no eenuduHe, m.e.
3anucoslearomcs 6 8uoe nocne0o8amenbHOCmu X(]) 5 X(z) seees X(n) B 20e

X1y $X) ... S X,y . Pasnocme x,, — X, = R naseieaemcs pazmaxom 6v160pKu.

Pasnuunvie snavenus x;, i=1k (k<n) Hasviearomca eapuanmamu. Hucno
n; NOBMOPeHUIl 6apUANmbl X; 6 6blOOPKe HA3bIBAENCS €€ YACHOmOIl.

Jluckpemnbvim cmamucmuuecKkum paoom HA3bl6AeMCs YNOPAOOUEHHAs. 8 NO-
DpAOKe 603paAcmaHus 3HAYEHULl 6apuanm X; nocieoosamenvHocms nap (x;,n;),

i=1k. Obviuno eco 3anucviearom 6 eude madauybl, NePeas CMoKa KOMopou co-
Oeporcum 6apuanmul X;, a 6MOPAs UX YACMOMbL.

Honuzonom wacmom wasvisaemcs Queypa, pacnonodicenHas noo JOMaHoll au-
Huell ¢ gepuunamu 6 moukax M ;(x;,n;).

a) [locTtpoum BapualMOHHBIN psiZi BEIOOPKH, PACIONOKHB 3JIEMEHTHI BEIOOPKH B
HopsiIKe Bo3pacTaHus ux 3HadeHuil. [lomydanm:

20 20 20 20 21 21 21 23 23 23 23 23 24 25 25

[TocTpouM IMCKPETHBINM CTATUCTHYCCKUH PsIJ] M 3AIHIIEM €T0 B BHJIC TaOJHUIIBI, B
MIEPBOM CTPOKE KOTOPOU PACIOIOKHUM Pa3JIMIHBIC 3HAUCHUS JICMEHTOB BRIOOPKU B
MOPSJIKE UX BO3pACTaHUs, @ BO BTOPOW COOTBETCTBYIOIIKE UM 4acTOThI. [lomydum:

x; 2021232425

n; | 413 |5|1]2

1

Ecnu evibopra 3anucama 6 6ude OUCKPEMHO20 CMAMUCMUYECKO20 pOd

Xi X1 Xy | | Xk

k
, 20e Zni =n, mo:
i=1

n:

i|Mm "y

k
cpeoHee apumemuueckoe bl00PKU X GbIMUCTAIOM NO hopmyne X = — Z x;n;,
i=1
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~2 ~2 —\2
oucnepcuto  6vlOopKu O - no c¢opmyre o =—Z(x,. -X)'n,  ww

k
— 1
6 =x" —(X), e0e x* =—le-2nl- .
=

5 o= =2
0) BbrumncnuM 4MCIOBBIE XaPAKTEPUCTHKH BBIOOPKM: X0, Xjax> R, X, O .

HOJ'Iy‘II/IMi Xmin = 20, Xmax =25, R=x_, —-x . =25-20=35,
332
=—Zx (20-4+21-34+23-5+24-1+25- 2):F~2213
— k
x2=lle.2nl.=i-(202-4+212-3+232-5+242-1+252- ) 7394 L1277 249293,
n“ 15 15

6 =x"—(X)" ~492.93—(22.13)" ~ 492.93-489.74 =3.19.

B) [locTpouM monurod vacror. JJst ero mocTpoeHusl B NPSIMOYroJIbHOW CHCTEME
KOOpJIUHAT, B KOTOpOfI 10 OCHu aGCHI/ICC OTKJIAABIBAOTCS BapHUAHTHI xl- , 110 OCH
OopAuHAT — YaCTOThI I’ll- , HadaJlo CHUCTEMblI KOOpAWHAT COBMCHICHO C TO‘IKOf/i

(Xmin » 0) , u3006pasum Touku M ;(x;,n;) U COEJIMHUM HX OTPE3KAMH.

t
1
| : 2
) ' j
20 2 25 21 26 X

OTtBet: a) BapuanuoHHslii psi;

‘20 20 20 20 21 21 21 23 23 23 23 23 24 25 25

20| 21(23]24|25
4135 1]2

Xi

JIMCKpETHBIN CTaTUCTUYECKUM PSL;:

n;

=20, Xpax =25, R=5, X~22.13, 6" ~3.19.

0) X min
111-120. s npuBeaéHHON BEIOOPKH:

Jlannvie o cooepocanuu meou (6 %) 6 60 obpasyax cniasa:
Conepxanue Meau 52-56 | 56-60 | 60-64 | 64-68 | 68-72
Yucsio 06pa3uos ciiiaBa 3 9 18 14 16
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TpeOyercs: a) BEIYMCIUTD YNCIIOBBIE XapaKTEPUCTUKU IPYNIUPOBAHHON BHIOOPKH:

_ ~2
Xpmin » Xmax » 20 (pasmax), X (cpemtee apudmernieckoe), O (LUCIEPCHIO);
0) NOCTPOUTH THCTOrPAaMMY YacTOT.

Pemenue.

Ecau evibopra 3anucama 6 6ude UHMEPSATLHO20 CHIAMUCTIUYECKO20 pAOd
Ji | S| Ja | | Tk L

, eoe Z”i =n, mo: cpeonee apupmemuueckoe 6bl-
n ,
i=1

iM%

Oopxu X ewviuucisiiom no gopmyne x =

I |-

k

~ ~2
le-nl- , oucnepcuio ¢vl6opku O~ - no
i=1

k — — k
~2 1 ~ —\2 2 2 —\2 2 1 ~2 ~
dopmyne o :—Z(xi—x) n,oww ¢ =x —(x), 20e x =—le- n;, X;-
n . n-—
i=l1 i=1
cepeouna unmepeana J; .
S = =2
a) BerupciuM umMcIOBBIE XapPaKTEPUCTUKU BBIOOPKM: X1, Xpax»> R, X, O .

xmin = 52 ’ xmax = 72 2 k = xmax

—x,. =72-52=20,
3844

= 64.07,

177

k
lezzfn-=—L~643+5&9+6218+6644+701®=
n 60

= 247600/60 ~ 4126.67 ,
6" =x" — (%)’ ~4126.67 - (64.07)" ~ 4126.67 —4104.96 = 21.71 .

Tucmozpammoit uacmom naszvieaemcsi CmyneHuamas Queypa, COCmasieHHas u3
NPAMOY20bHUKOG, NOCMPOECHHBIX HA UHMEPBALAX 2PYNNUPOGKY MAK, MO NIOWadb

Kadcoo20 npamoy20nbHuKa pasra yacmome n;, i =1,k . Ecau onuner 6cex unmep-
647106 OOUHAKOBbL U PABHBL i, MO 6bICOMbL NPAMOY20NbHUKOE PAGHbL N, / h.

Yacmo, npu nocmpoeHuy 2ucmozpamm Yacmom no UHMepEaIdm pasHot OUHbL,
8bICOMY NPAMOY20IbHUKOG BbIOUPAION PAGHOU Yacmome.

0) IToctpoum rucrorpamMmmy 4actoT. JJis 3TOro B MPsSIMOYTOJILHOW CHUCTEME KOOp-
JIMHAT, B KOTOPOH 10 ocH abClMCC OTKIIaAbIBAIOTCA HHTEpBabl J; , 0 OCH OpJHU-

HAaT — YacTOThl 7; , HAYAJI0 CUCTEMBI KOOPJMHAT COBMELIEHO C TOUYKOM (Xmin, 0),

Ha MHTCpBAJIax Ji , KaK Ha OCHOBAHMSIX, ITIOCTPOUM IIPAMOYT'OJIbHUMKM BBICOTHI 77; .
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ﬂL‘
a7 18

15 1 #
10 g
513

6

5 56 60 64 68 32 U;
OtBer: a) X, =52, X0 =72, R=20, ¥~64.07, 6> ~21.71.

6.2. KpaTkue TeopeTnyeckue CBeIeHHs.

Cemectp 1.
Tema. OnpeneanTesan.

Keaopamuoii mampuyeii nopsioka n Ha3bIBAacTCsA KBaJpaTHas TaOJUIA U3 YU-

_ _ a1 7 Y
cen a; (i=Ln, j=Ln) A=| -+ - - |, cocrosiias u3 7 CTPOK U N

anl e ann

CTONOIOB. Y  KBaApaTHOW MATPHIBl pa3IM4Yal0T T[JaBHYIO JHArOHAJb:
ay1>d9ys--dpy M MOOOYHYIO JIHAarOHAJb: Aoy 15y - JIro0oii kBaj-
patHoi Matpuiie A TOpsAAKa 7 MOXKHO TIOCTaBUTh B COOTBETCTBHE YHCIIO
iy o Ay

, paBHOe anrebpanveckoii cymme 71! ciaraeMbIx, COCTABIEHHBIX

a a

nl nn

OMIPE/IEIEHHBIM 00PA30M M3 SIIEMEHTOB d;; MATpHIbl A | Ha3bBACMOE ONpE/IE/H-
Tenem Matpuipl. Kpatko oGosnauaercs | A|, A.
Onpedenumenem 1-020 nopsadka naswisaeres uncno | A= a,, |= a,,.

Onpedenumenem 2-020 nopa0Ka Ha3bIBa€TCS YHCIO

a a
_ 4 %2 _
| 4= =4dyytdpy —app -4y
dzp 4y

Onpedenumenem 3-e20 nopadKa Ha3bIBACTCS YUCIO
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a1 912 913
| Al=lay) ayy ap3|=
d31 d3p 933

a a a +a a a +a a a -dada a a -a a a -a a a .
11 22 33 12 23 31 13 21 32 13 22 31 12 21 33 11 23 32

Munopom snemenma Q; HasbBaeTCs onpenenutens M ., oTydeHHbIH U3 or-

ij>
penenurens | A | BEIYEPKUBAHUEM [ -OH CTPOKK M ] -OTO CTOJIOIIA.

Anzebpauueckum 0ononiHeHuem Al./. lemenma (; Ha3BIBACTCS €ro MHUHOP

M

o i+j .
; » B3ATBIN co 3HaKoM (—1) :
e (—1)i+j e Mij ecau (i + j) —uémmnoe yucno
y y - Mij ecnu (i + j) — newémnoe uucno

Onpedenumenem nopadka 1 Ha3bIBa€TCA YHUCIO

i i

n
[ o= 2y Ay = agp A Fappdpy +eetag Ay,

Ay 7 App

Paznoscenuem onpedenumens | A| no i-oii cmpoke (i =1,n) HasbiBaeTCs

n
COOTHOIIECHHE: | A= zaik Ay = a4, +ad, +...+a, 4, .
k=1

Pasznoscenuem onpedenumensn| A| no j-omy cmonoyy ( j =1,n) HasbiBaercs

n
coorromenue: | 4 |= zak/Ak/ =a,;4,;,+a,;4,; +...+a,4,
k=1

Onpedenumenu 061a0ar0m CleyOIIUMU CEOUCHEAMU:
1) onpenenuTens He U3MEHHUTCS TIPH 3aMEHE BCEX €r0 CTPOK CTONOLAMHU C TEMH XKe
HOMEpaMH;
2) omnpenenuTesab U3MEHUT 3HAK HA MPOTUBOMOJIOXKHBIH, €CIIH MePeCcTaBUTh MeCTa-
MU JIFOOBIC JIBE CTPOKH (JIBa CTOJIOIA) ONPEACITUTEIS
3) oOmmmii MHOXKHUTENb 3JIEMEHTOB KaKOH-T100 CTPOKU (CTOJIOIA) MOXKHO BHIHECTH
3a 3HaK ONPEEIUTENS;
4) onpenenuTenb paBeH HYJIIO, €CIIH OH COAEPKUT HYJIEBYIO CTPOKY (cTonben), ABe
OJTMHAKOBEIC WJIH TIPOTIOPIIMOHATBHEIC CTPOKH (CTONOIA);
5) onpenenuTens HE U3MEHUTCS, €CIIH K KaKOH-TH00 cTpoke (cTonOIy) NprbaBUTh
JIPYT'YIO CTPOKY (cTonber), yYMHO)KEHHYIO Ha JIF000€ YnCII0;
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6) ompenenurens TPEyroibHOrO BHUJA (KOIJ@ BCE 3JIEMEHTHI, JISKAIHUE IO OJHY
CTOpOHY OJIHOW M3 €ro JHuaroHajed paBHbI HYJI0) PaBeH MPOW3BEAEHHIO JUAro-

I Y12 7 Y
0 a ea

HAJIbHBIX DJIEMEHTOB: | A |= 22 2n| = ap| gy e lpy -
0 0 r dpn

Tema. MaTpuubl.

Mampuueu pasmepa m X n HA3bIBACTCA MPAMOYTOJIbHAA Ta0IMIA U3 YUCel ai/-

— _ “ar 7 Yn
(i=Lm, j=Ln) A4=| - .- ... |, cocrosmas U3 m CTPOK U 7 CTOJIO-

Ymn

1oB. Eciu Heo6X0aMMO ykasaTh pasMepbl MATPHLbL, TO iyt A, .
Ecmn m = n, To matpunia A Ha3bIBaeTCs K6AOPAMHOUL.
Hyneeoit naswiBaercs marpuna (), Bce BJIEMEHTHI KOTOPOW paBHBI HYJIIO, Ha-

000 .
npuMep: Oy, 3 = 00 0/ Eounuunon Ha3bIBaeTcs KBajJpaTHas MaTpuna E
HAa IJIAaBHOM AMAroHAJIU KOTOPOM CTOSIT €JUHHUIIB], & BCE OCTAJIbHBIE YIEMEHTHI pPaB-
1 00
Hbl HYJIO, Hampumep: Es 4 =10 1 0. Tpeyzonvnoii Ha3bIBAETCSl KBaJpaTHAs
0 0 1

MaTpuia A , BCC DJICMCHTBI KOTOpOﬁ PACIIONOKEHHBIC IO OAHY CTOPOHY OT TIJIaB-

a1 42 93
HOW JMaroHalM paBHBI HYJIO, HaNpUMeEp: Az 3 =1 0 apy apy |- Tpaneyue-
0 0 033

6UOHOU (cmyneHYamoil) Ha30BEM MaTPUILLY Amxn (m < n), Bce 2JIEMEHTHI KOTO-

poii, pacronoxennsie Hike dnementoB @, # 0 (i=12,...,m) pasHsl Hyo,

a1 912 913 914
Hanpumep: As 4 =| 0 apy ap3 apy
0 0 az ay
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Matpunsl 4 U B Ha3bIBAIOTCS pagHslmu U MUIIYT A = B, eclli OHU OAMHAKO-
BOTO pasmepa u ux COOTBETCTBYIOIINE 3IIEMEHTHI PaBHBL
ajj :bij’i =lm,j=Ln.

Matpurisl MOXHO TPaHCIIOHUPOBATh, CKIIAAbIBaTh, BHIUUTATh, YMHOXATh HA YHUC-
JI0, YMHOXATb Ha APYTYIO MAaTPHILy.

T
nxm

Tpaucnouupoeauuou K MaTpuLe Amx Ha3bIBACTCA MaTpHIla A CTONOIIaMHU

n

KOTOpOfI SABJIAIOTCA COOTBETCTBYIOIINUE CTPOKU MaTpHUILIbL Amxn .

Cymmoiut (paznocmeuio) mampuy A 1 B ONHOTO pazMepa m x n, Ha3bIBAETCA
marpulia C = A+ B TOro e pa3mepa, sl KOTOPOH:

cjj =4 J_rbij, i=1lm,j=1n.

Ilpouseeoenuem mampuyvt A pazMepa mxn Ha uucao O Ha3bIBAe€TCs MaT-

puua B = aA TOro xe pazmepa, st KOTOpOH: bij =oa, i=lm, j=Ln.
Ilpouseedenuem mampuyvr A, ., na mampuyy B, , Ha3bIBaeTcs MaTpuua

mek = Amxn B

n

Ka)KI[Hﬁ QJICMCHT KOTOpOﬁ Ci/' BBIYHCIIACTCA 110 IpaBUITY:

nxk >
n RN JRN—
¢y =apb; +apby; +...+a,b, = Zaisbsj ,i=lLm, j=lLk.
s=1
Onepanusi yMHOXXCHHSI MATPHIIbI HA MAaTPHILy OMpE/eNieHa He Ul BCEX MATPHII, a
TOJNBKO JJIS TAKUX y KOTOPBIX YHUCIO CTONOIIOB JIEBOH MATpHlpl 4 DPABHO YHUCTY
CTpOK MpaBod Marpuilbl B . Takue MaTpHIBI Ha3bIBAIOTCS COTVIACOBAHHBIMH IS
yMHOXeHUsI. [103TOMY Tpex/ie 4eM BBIMONHATH JAaHHYIO Omepaiuio cieayeT: 1)
MPOBEPHUTh MX COTNIACOBAHHOCTH JUISl YMHOXEHHs; 2) ONpENeiuTh pa3MepHOCTh
MaTtpHibl-nponsseneHus: A, - B, = C, . OCOOEHHOCTh ONepanuu yMHOXKe-
HUS MaTPHIl COCTOUT B TOM, 4TO B 00IIeM ciydae: A-B#B- A .
Dnemenmapuvimu npeodpa3z0eanuAMU Mampuybl Ha3bIBAIOTCS:
1) mepecTaHOBKa CTPOK (CTOJIOIIOB);
2) yMHOXKEHHE CTPOKH (cToJ01[a) Ha YHCIIO, OTIMYHOE OT HYJIS;
3) mpubaBiieHHE K 3JIEMEHTaM CTPOKU (CTONIOIa) COOTBETCTBYIOIIMX 3JICMCHTOB
Jpyro# cTpokH (cTonbia), yYMHOKEHHBIX Ha JF000€ YHCIIo;
4) BEIYEpKUBAHUE HYJIEBON CTPOKH (CTONOIA).
Matpunsl A U B, nonydeHHbIe OJlHA U3 APYrOil B pe3yabTaTe AJIEMEHTapHBIX
npeoOpa3oBaHUil HA3BIBAIOTCS IKGUGAICHMHBIMU Y TIHIIYT A <> B.

O0parHoii X KBaJpaTHON Marpuile A TOpsaKa 71, Ha3LIBAETCS MaTpHIA A7

TOr0 € NOopsiJIKa, €CIIN: AV A=4-4"=E , tne E - equHuyHas Matpui@a mno-
panka n.
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KBanparHas mMatpuiia 4 Has3bIBaCTCS HEGbIPOHCOEHHOIL, SCIA € ONPENeITUTENb
| A |# 0. O0partHas MaTpuIa BCera CyecTBYeT ISl HEBBIPOXKAEHHBIX MaTpPHIIL.

OHAM U3 METOJIOB BEIYUCIICHUS OOPATHOW MATPUIIBI SBIISICTCS:
Memoo npucoedunénnoir mampuywt. Eciu A -HEBBIpOXKJAEHHAs] MaTpulla, TO

T
o 1 Ay e Ay, .

A
A4 = A =——] e e e , Tme A - npucoequHEHHAs] MaTpuIa, s
41 141, p

nl nn

KOTOPOIA: a; = Aj,., rae i,j =1,...,n.3n0ecp A4 - anreOpanyecKue JOTOTHEHUS

BJIEMEHTOB (I ; MATPUILBI A.

T
apy  ap  ap N Ay A A
B uactHoCTH, eciit A=|ay; ay day |,T0O A =m- Ay Ay Ao
az; a4y 4y Ay Az As

Mampuunvimu Ha3pBatoTcs ypaBHenus Buaa: AX =C, XA=C, AXB=C,
rae matpuubl 4, B, C - U3BeCTHbI, MaTpulla X - HeW3BecTHA. Ecnu KBajpaTHbIE

Matpullbl 4 U B - HEBBIPOXKJIECHHBIE, TO PEILIEHUS] MATPUYHBIX YpaBHEHUH 3aIlu-
CBIBAIOTCS, COOTBETCTBEHHO, B BUJIE: X = A7'c , X = ca™! , X = A 'cp™!.

Tema. CucTeMbl JJHHEHHBIX AJIre0pandecKux YpPaABHEHUIA.

ay Xy +apx, +...+a,x, =b
. Ay Xy + Ay Xy +...+ay, X, =b
...Cucrema YpaBHCHUM BUIA: 2171 272 2n 2 Ha3bIBAaCTCA Ccuc-

A X) +AyoXy +..+a,, x, =b,

memoii M JTUHEHbIX ypaeueuuﬁ ¢ N neuzeecmuvimu. Yncna al./. HAa3bIBAIOTCA

KOS(l)(l)I/IHI/IeHTaMI/I, bl. - CBO60)1HI>IMI/I YJICHaAMH, x/- - HCU3BCCTHBIMH CUCTCMBbI.

B maTpuuHoii opme cucrema umeet Bun: AX = B,

0 B T X1 by
a a ea X b

e A=| 2 2 2 , X = 2 ,B= 2| 3pecs 4 -MaTpula CUCTEMBI,
Al 9m2 " Ay Xn bm

X -matpura-croi0en HeU3BECTHBIX, B -MaTpuIia-cToa0en CBOOOIHBIX YWICHOB.
Ecnu B = O, T0o cucteMa Ha3bIBaeTCs 0OHOPOOHOI, B IPOTUBHOM CITy4ae Heoo-
HOPOOHOIL.
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Cucrema, Matpunia 4 KOTOpPOH SIBISIETCS TPEYTOJIBHOM C JAMArOHAIBHBIMH dIle-
MeHTaMu @, # 0, naseBaercs mpeyzonbnoi. Cuctema, mMatpuna A KOTOpOW

SIBIIIETCA TpalelIMEeBUIHOMN, HA3bIBAETCS mpaneyueguoHoil.
Pewenuem cucmemsbl HA3BIBACTCS BCAKUAN YIOPSJIOYCHHBIM HA0Op dHCeN

a = (al,az,...,an), oOpamaromuil KaXxa0e ypaBHEHHE CUCTEMBI B PaBEHCTBO.

COBOKYITHOCTB BCEX PEIICHHUI HA3bIBACTCS MHOMNCECIBOM PEUIEeHUI CUCHIEMDbL.

CucremMa Ha3bIBaCTCS CO8MECHHOI, €CITU OHA MMEET, M0 KpaiHell Mepe, OIHO
PEIICHUE; onpedenénnoll, eCii OHa UMEET TOJBKO OJTHO PEIICHUC, HeonpeoenéH-
HOIl, €CTTU OHa UMEeT OCCKOHEUYHO MHOT'O PEIICHUI; HeCO6MeCmHOM, eCIIA OHA HE
HMEET pelIeHui.

OnHOpoHAs CHCTeMa ypaBHEHUH BCErlla COBMECTHA, TaK KaK BCET/Ia UMEET, IO
Kpaitaeii Mmepe, Hynesoe pemerue 0 = (0,0,...,0) . TpeyronsHas cucrema sBISCT-
Csl ONpEJICTIEHHOM, TPAIlCIIMEeBUIHAS CUCTEMA — HEOMPEICIIEHHOM.

JIBe cucTeMBbl HA3bIBAIOTCS IKBUBAICHMHBIMU, SCITU MHOXCCTBA MX PEIICHUN
COBIIAIAIOT.

DnemenmapHuvimu nPeooPA306AHUAMU CUCHEM YPAGHEHUIl HA3BIBAIOTCS:

1) nepecTaHOBKa ypaBHEHMUIA;

2) nepecTaHOBKA MECTAMHU CIAraeMblX d; - X ; B KaXIOM U3 yPaBHCHHIi CHCTCMBI,
3) yMHO)KEHHE YpaBHEHUS] Ha YHUCJIO, OTIIMYHOE OT HYJIS;
4) npubaBieHNe K ypaBHEHHIO JIPYTroro, YMHOKEHHOIO Ha JII000€ YUCIIO;
5) BbruépkuBanme ypapHenus Buaa: 0-x; +0-x5 +...4+0-x, =0.
OCHOBHBIMU TOYHBIMH METOJAMH PEUICHUs] CUCTEM JIMHEWHBIX ypaBHEHHH SIB-

nstroTest MeToabl: Kpamepa, o0paTHoit Mmatpuiiel u aycca.
Ecnu gmcno ypaBHeHUI B CUCTEME m COBIAJAET C YUCIIOM HEU3BECTHBIX 1 U

OTIPEICIUTENh MATPUIBI cucTeMbl A =| 4 |# 0, TO cucTeMa MMeeT eIUHCTBEHHOE
pelieHre, KOTopoe MOXKHO HaWTH:

a) memooom Kpamepa nio popmymnam: x j= A / A, j= 171 e A j - onpene-
J

JINTCIIb, HOJ'Iy‘IaeMBIfI H3 OoNpeCaACIUTEC/IA MAaTpHUllbl CUCTEMbI A 3aMeHOM ] -0ro

CTOJIOIA Ha CTOJI0EI CBOOOIHBIX UJICHOB;

0) memooom oopamnoii mampuysl 110 opmyne X = 47" B.

Memooom I'aycca HaXOIAT pellIeHUE NPOU3BONBHON CUCTEMBI JTUHEHHBIX ypaB-
HeHWI. MeTos COCTOUT B NPUBECHUN CHCTEMBI YPaBHEHUH, C TIOMOIIBIO 3JIEMEH-
TapHBIX NPeoOpa30BaHU, K CHCTEME CHENUAILHOTO BH/A, SKBUBAJICHTHOW HCXO[-
HOH, perieHue koTopoi oueBuaHo. IIpeoOpa3zoBaHus mo meroxy l'aycca BbImoiu-
HSIOT B J1Ba oTana. [1epBeIii 3Tan Ha3bIBAIOT MPSIMBIM XOJIOM, BTOPOH - 0OpaTHBIM.
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B pe3yabTaTeC MPAMOI0 XO0Aa BBIACHAIOT: COBMECTHA WA HET CUCTEMA U €CIIHU
COBMECCTHA TO, CKOJIbBKO UMECT peIHeHI/Iﬁ - OJHO WJIA OCCKOHEUYHO MHOT0. Hpe06pa-
30BaHUA MPAMOTro XOJa BBIIOJHAIOT, KAaK IMPaBWUJIO, HAJl paCHJHpeHHOﬁ ManPIHeﬁ

cucrteMbl A = (A | B), KOTOpYIO MOIY4YaloT, IPUIUCHIBAs CIIpaBa K MaTpHIIE CHUC-

TeMbl A cTONOEI CBOOOIHBIX WICHOB B . B pe3ynbraTe 3eMeHTapHBIX mpeodpa-
30BaHUI CTPOK ¥ MEPECTAHOBKOM CTOJOIIOB, MAaTPHUIIA CUCTEMBI A JOJIKHA OBITh
npuBeieHa K Marpuiie A TPeyroabHOr0o MIIM TPAIEHEBUIHOIO BUIA C dJIEMEH-

vy v !
tamu  aj; # 0. [Ipn oTOM, CHCTeMa ypaBHEHNH, MaTpuLa KOTOPO A", aensercs

TPEYroJbHON C TUaroHaIbHBIMU AJIEMEHTaMU al'-l- #0 (i=12,...,n), Oyner umMeTh

eIMHCTBEHHOE PEIICHHE; CHCTEMa ypaBHEHHH, Matpuua kotopoit A', sasercs
TPaNEIUEBUIHON C DIIEMCHTAMU al'-l- #0 (i=12,.,k, e0ek <n),Oyner umers
0eCKOHEYHO MHOrO perieHuid. ECiu, npu BBIMOIHEHHH NpeoOpa3oBaHUii paciiu-
PEHHON MAaTPHIIBI R npeoOpa3oBaHHON MaTPHIIE A' nosurcs CTpOKa
(O 0 ... 0 |b'), rae b’ # 0, TO 3TO TOBOPUT O HECOBMECTHOCTU MCXOHOM

CHUCTEMBI YpaBHEHUI.
B pesysnpraTe o0paTHOro Xoma HaxoJsT pelleHHe cucTeMbl. [IpeoOpazoBaHust
00paTHOTO X0J1a YacTO BBIMOIHSIOT HEITOCPECTBEHHO HaJl YPABHEHUSIMH CHCTEMBI,

COOTBETCTBYIOIIEH MOCIEHEN pacMpeHHoi Matpuie 4’ mpsmoro xoxa. B ciy-
Yyae eIMHCTBEHHOI'O PEICHHS, €ro ITOJIy4aloT, HaX0/sl MOCIEA0BaTEIbHO 3HAUYCHHU S
BCEX HEM3BECTHBIX U3 YPaBHECHUI CUCTEMBI, HAUMHAS C TIOCIICTHETO.

Tema. BekTopbl.

Apugpmemuueckum 6ekmopom Ha3bIBAIOT YIIOPSITOYCHHYIO COBOKYITHOCTD U3 71
qHCeN: X;,X,,...,X, M 0003HaYalOT X =(X;,X,,...,X,). Yncia X, Ha3bIBAIOT
KOMNOHEHmMAMU BEKTOPA X , YUCIIO KOMIIOHEHT Ha3bIBAKOT €10 PAIMEPHOCHLBIO.

BekTopsl X W ) Ha3bIBAIOT PAGHBIMU, CCITA OHU OJUHAKOBOW Pa3MEPHOCTH U
nux COOTBeTCTByIOHlI/Ie KOMITOHCHTBI paBHHZ xl- = yl , i= 1, n.

Cymmoii 6ekmopoe X W )y OJHOW Pa3MEPHOCTH, HA3bIBAIOT BEKTOp Z = X +
TOH 7K€ Pa3MEPHOCTH, ISl KOTOPOro:  z; = X; + y;, i =1,n.
Ilpoussedenuem éekmopa X na wucao Of Ha3bIBAIOT BEKTOp Y = OLX TOH Ke

Pa3sMEpHOCTH, JUIsl KOTOpOro:  y; = ax;, i =1,n.
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MHoxecTBO Bcex 7 -MCPHBIX BEKTOPOB, B KOTOPOM BBCJICHLI OIICpALINN CJIOXKE-
HUA U YMHOXCHHSA Ha YHUCIO0, YAOBJICTBOPAIOIIHNEC OHpeZ[eJ'IéHHI:IM Tpe6OBaHI/I$IM

n
(axcMoMaM) Ha3BLIBAIOT 6EKMOPHLIM NPOCMPAHCMEom U 0bo3HadaoT R .
CkaJisipHbIM NpPoU3BEAeHHEM JIBYX apu(hMETHUECKUX BEKTOPOB

— no= n
X =(x,X,...,x,) ER" y y= (J’p)’2>~-~>yn) € R Ha3pBalOT 4KCIIO:
X-Y=X\ Y, + Xy Yy +t X, Y, .
JlBa BeKTOpa X M ) HA3bIBAIOT opmozonansheimu, eciu X -y =0 .

Bexmopom (2eomempuueckum) Ha3bIBa€TCS HAIpPaBIEHHBIM OTPE3OK, 3ajaBae-
MBII YIIOpSIOUEHHOW Mapoil Touek (HayasoM M KOHIOM Bekropa). O0o3HayaroT

—_

BEKTOp AB v C_Z . Paccrosinue MCKAY Ha4aJIOM U KOHIIOM BEKTOpA HA3bIBACTCS

€ro OauHol 1 0003HaYAETCS |E| WIH 4 . Yenom mexcdy éekmopamu a v b
/\_

HasbiBaercs yron @ =(a,b), 0<@ <7, Ha KOTOpBIH ClieAyeT NOBEPHYTh OIHH

U3 BEKTOPOB, UTOOBI €I'0 HAIIPABIEHUE COBIAJIO C HAIIPABJICHUEM JIPYroro BEKTOpa,

NpH YCJIOBHH, YTO MX Hayana coBnanawt. IIpoexkyueit éekmopa a na eekmop b

A
HA3BIBACTCS YUCIIO npgﬁ =|a|-cos(a,b).

BeKTOpBI HAa3bIBAIOTCA KOIUHEAPHbIMU, CCIIN OHU PACIIOJIOKCHBI Ha OJTHOM
HpHMOﬁ WJIK Ha NMapaJuICJIbHBIX MPAMbBIX. BeKTOpLI Ha3bIBAIOTCA KOMNIAHAPHbIMU,
€CJIM OHHU PpaClOJIOKCHBI B OJIHOM TIJIOCKOCTH WJIH B napaljICJIbHbIX IJIOCKOCTAX.

BekTopsl @ W b Ha3bIBAIOTCA pagHsimu W MAMYT @ =b , €CIH OHU KOJUTHHE-
apHBI, OJIMHAKOBO HATIPABJIECHLI U UMEIOT PABHBIE JJIMHBL BekTopsl @ u b Hasbl-

BAalOTCA RPOMUBONOIOINHCHBIMU U TIULTYT a=-b , €CJIM OHM KOJUIMHEAPHbI, Ha-
MPaBJICHBI B Pa3HBIC CTOPOHLI U UMCIOT PAaBHBIC IJIMHBI.

Cymmoii BEKTOPOB a U b Ha3bIBAETCS BEKTOp C =da +b , coeuusiomuil Ha-
4ajo BEKTOpAa @ WU KOHEL BEKTopa b , IIPU YCIOBHHM, YTO KOHEL BEKTOpA & COB-
Najaer ¢ HauanoM Bektopa b (mpasuno mpeyeonvhuxa). Ipouseedenuem eek-
mopa G na OelicmeumensHoe YUcno ). Ha3bIBACTCS BEKTOp b = A -4
1) xomTHHeapHbIil BeKTOpY @ ; 2) mMeroumit mmuny | b |=| A || a |; 3) Hanpas-

JIEHHBIM OJMHAKOBO C BEKTOPOM « , €ciu A >0, U NPOTUBOINOJIOXKHO, €CIH
A<0.

Opmom eexmopa 0 , Ha3HIBACTCS BEKTOP &', MMCIOUIMH CAHHUUHYIO JUTHHY ¥

HanpaBiieHue Bextopa @ : . =ad/|a|.



3 o
bazucom 6 npocmpancmee R’ nasbiBaercs YopsAao4Y€HHass TpOMKa HCKOMILIA-

HapHBIX BEKTOPOB, 0A3UCOM HA HIOCKOCHU R® - YHOPAAOUYEHHAs [apa HEKOJIH-
HEapHbBIX BEKTOPOB, Oa3ucom Ha npamoii R — 11000 HeHYIEBOH BEKTOp Ha 3TOM
npsiMoii. basnc, B KOTOpOM BCe BEKTOpHI MONApHO MEPHEHIUKYISIPHBI U UMEIOT
EIUHUYHYIO JUIMHY, HAa3bIBACTCS OPMOHOPMUPOSAHHBIM. BEKTOPEI OPTOHOPMHPO-

BaHHOTO 6a3uca 0003HAYAIOTCA: i, W k , ¥ HA3BIBAIOTCA OA3UCHBIMU OPMAMU.
Pa3nuuaroT NpaBblii M JIEBBIi OPTOHOPMHpPOBAaHHBIE 6asuchl. basuc (i, j) -
HA3BIBACTCS MPABBIM, €CITU KpaTYaWIUi TTOBOPOT OT ik j coBepIIaeTcs MPOTHB
XOJa YacOBOH CTPENKH, B NPOTHBHOM clydae OH — JeBbli. bBasuc (i, ], l?) -
HA3BIBACTCS [IPABBIM, €CIIM W3 KOHI[A BEKTOpa k KpaTYaIHii MOBOPOT OT BEKTOpa
i k J BHJIEH COBEpIIAIONIMMCS MPOTUB XOJ1a YACOBOH CTPENKH, B IIPOTHBHOM CITY-
4yae OH — JIEBBIi.

Ycnoseuem konnuneapnocmu eexmopos a u b sBusercs PaBEHCTBO: b=X-a,
rae A - HEKOTOPOE YHCIIO. YCa06uem KOMRAAHAPHOCMU 6eKMOPO8 G, b u C

SIBIISICTCS PABEHCTBO: ¢ = -a + B -b ,The o, 3 - HEKOTOPBIC YUCIA.

Besikuit reoMeTpudecK il BEKTOP MOKET OBITh Pa3jiokKeH eIUHCTBEHHBIM 00pa-
30M MO BEKTOpaM 0Oasmca, KO3 UIMEHTHI PA3JIOKCHUS HA3BIBAIOTCS TPH 3TOM

Koopounamamu éexmopa B 1aHHoM Oasuce. Hanpumep, ecmu BR3 = (I;1 ,1;2,1;3) -

3 _
Gasuc R° wm @eR®, To Bcerja CylIeCTBYeT EMHCTBEHHOE Pa3JIOKEHHE:
a=o,b +o,b, +asb;, rae uncna a,,0,,0; - KOOPAUHATH BEKTOpA a B Oasu-

— 3
ce 3R3 , IpY 3TOM MUIIYT a =(0,Q,,03) 5 Ecmu B R™ 3aukcupoBan opro-
R

HOPMHpOBAaHHEIA Gasuc (i, /,k) u @€R’, To paBHOCHIBHBI 3aIHCH:

a=aji+o,j+azk u a=(a,a,,a;) (6 3anucu eekmopa 6 KOOPOUHAMHOU
opme opmoHOpMUPOBAHHDBLIL OA3UC He YKAZbIEAIOM).

[pencraBieHre reOMETPUUECKHX BEKTOPOB B KOOPIMHATHOM (hopMe, MO3BOJISET
BBIMOJIHATH JEUCTBUS HAJl HUMHU, KaK HaJ apU(PMETHIECKUMU BEKTOPAMHU:

5"'1;:((11,(12,(13)+(ﬂl,ﬂ2,ﬂ3):(al +ﬂl:a2 +ﬂ23a3 +ﬂ3)9
A-a=A-(a,ay,a3)=(Aay, Aay, Aag) .

Jlekapmoeoii npAMOY2oabHOIL CUCMEMOIL KOOPOUHAM 6 NPOCMPAHCHEe HA3bI-
BaeTcsl COBOKYITHOCTHh TOYKM () (Ha4ajgo KOOpJWHAT) M NPaBOrO OPTOHOPMHUPO-

BaHHOTO 0Oaswmca <0, i, 7, l€)> u obosHauaercst Oxyz . [Ipsmeie Ox,Oy , Oz , po-
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XOOAIUEe Y€pe3 HavaJI0 KOOpAUHAT B HAIIpaBJICHHUU 0a3HMCHBIX BCEKTOPOB, HA3bIBA-
HOTCA KoopOuHamewu ocAamu: 1icpBas — OCbIO a6CHI/ICC, BTOpas — OCbIO OpAUHAT,
TPETh — OCbIO aIlIJIMKAT. HJ'IOCKOCTI/I, npoxoadne 4€pe3 oCu KOOpAHAT, Ha3bl-
BAarOTCsA KoopOuHamewu njaockocmamu. AHAJIOTMYHO BBOJUTCS CHCTEMa KOOp-

JIMHAT HA IIOCKOCTH: <O, @i, ]_)> =0Oxy .
Ilycts M - mpoW3BONbHAS TOYKA MPOCTPAHCTBA, B KOTOPOM BBEIEHA CHCTEMa

KOOpJUHAT <0, i, 7, l€)> =0Oxyz . Paouyc-eekmopom mouxku M Ha3bIBaeTCs BEK-

Top OM , KOTOpBIiA BCErja eIMHCTBEHHBIM 00pa30M MOKHO IMPECTABUThH B BHJIE:
OM =xi+yj+zk=(x,y,z). Uucna x,y,z , SBISIONIACCS KOOPJAUHATAMH PaJTU-

yC-BEKTOpA, COBMAAIOT ¢ MPOEKIUAMH Bektopa OM Ha GasucHbIE OpTHI i, | U

k (wa xkoopmuHathbie ocu Ox,Oy u Oz ). Koopounamamu mouxku M B cucteme

KoopauHaT Oxyz Ha3bIBAIOTCS KOOpAMHATHI €€ pamuyc-Bektopa OM w muumyt
M (x,y,z). B cBoto ouepenb, KOOpUHATHI TOUKU M (X, y,z) TOTHOCTBHIO ONpeEe-
0T 8 pammyc-ektop OM = (x, y,z)=xi +yj + zk . Besiknii reomeTpueckuii
BeKTOp @ € R B cucteMe koopauHaT Oxyz , BCEra MOXHO IPEICTABHTH KAK Pa-
JINYC-BEKTOP HEKOTOPOH TOYKH u 3armcarth B BHUJIE!
c_z=x017+yaj+zal€=(xa,ya,za) .

JnuHa |a | BekTOpa @ , 33JaHHOr0 KOOpAWHAaTaMH a =(X,,Y,,Z,), ONpeens-

o= (2 2 2
ercst opmynoit: |al|=+x; + v, +z, . Hanpaenaowumu xocunycamu eexmopa

— _N X _"
a Ha3pBalOTCA uWcia: cosa =cos(a,0x)=—-, cos ﬂzcos(a,Oy)zy_”,
la| la|
(= o Za 2 2 2
cosy—cos(a,Oz)—|_|, MpU 3TOM Ccos” o +cos” B +cos” y=1.
a

Koopounamur  eéexmopa AB, 3aganHoro Toukamu  A(x,,V,,z,) U
B(xp,y5,z5) ompenenstorcs no gopmyne: Ez(xB —X Vg —VurZp—2Z4)-
Paccmosanue p(A, B) mexncdy mouxkamu A(x,,y,,z,) u B(x,,y,,25) on-

penensercs Kak JUTHHA BEKTopa AB ¥ HaXomuTcs 1o GopMyiie:
-z 2 2 2
P(AB) = AB = [(xy —x.) +(yg =y + (25 —2)" .
Koopounamer mouxku C(x.,y-,zo) Oenaweit ompe3ok AB nononam naxo-
X4 t+Xp _YatDVs _Za*Zp

Jares mo Gopmynam: x. :T’ Ye S Zc >
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Ckanapuvim npousee0eHueM BEKTOPOB a W b HaspBaeTcs YHUCIO
p— p— /\_
a-b=la|-|b|-cos(a,b).CkanspHoe npousBeacHIE 00JIaaCT CBOUCTBAMH:

H)ab=b-a; 2) (A-a)-b=A-(@-b) rue A - uncio;

a-b+a-c; 4 a-a=a*=al

S\albeab=0; 6)i-j=0,ik=0,-k=0,i>=1, j>=1,k*=1.

Jlnst BEKTOpoB a H b , 3aJaHHBIX CBOMMHM KOOpAMHATaMH a = (X ,y,,Z,),

b= (x,,¥y,2,) CKanIpHOE MPOM3BEAECHNE BBIYHUCIAETCA MO popMyIe:
E-I;zxaxb +YaVp *tZaZp-

CKaJ'IprHOG MNMPOU3BCACHUC TPUMCHSIOT!: 1) JUI BBIYMCIICHUA YyTJIa MEKIAY BCKTO-

R .
I - a-b
pamu g u b no popmyne: cos(a,b) = W; 2) [UIs BBIYHMCIICHUS TIPOSKITUH
a .
_ — _ a-b
BEKTOpa a Ha BekTop b mo popmyne: np;a = |5 ; 3) B KauecTBe YCIOBHUS

TIepreHIUKYISPHOCTH BEKTOpoB @ U b : @ lbea-b=0.

Tema. JINHUN HA MJIOCKOCTH.
Hopmanonuvim eexmopom npamoui L , Ha3pIBaeTCsl BCSIKUNA HEHYJIEBOW BEKTOP

N nepneHauKyIspHeId JaHHOW npsMoil. Hanpaenawowum eexmopom npamoi
L , Ha3bIBAETCA BCSKHIA HEHYIIEBON BEKTOP ¢ TapasuieibHbI JaHHON IPSMON.

Ilpamaa L na nanockocmu B cucteme koopauHaT Oxy MOXKeT ObITH 3ajaHa
YpaBHEHHEM OTHOT'O U3 CIEMYIOIIUX BUIOB:
1) Ax+ By +C =0 - oowee ypasnenue npsmoii, rne (A4, B) = N - HOpMalb-
HBII BEKTOP MPSIMOIL;
2) A(x—-xy)+B(y—yy)=0 - ypaBHeHHe NpsMOH, NMPOXOJsIIEH uepe3 TOUKY
Mo (xg, o) NEPNEHTUKYIIPHO TAHHOMY BEKTOPY N =(4,B);
X-xy V=Y

I 0m

M (xg,yo) MapajenabHO TaHHOMY BeKTOpy ¢ = (I,m) (Kanonuueckoe ypasHe-

3) YpaBHEHHE MpPSIMOM, MNpOXOoJsledl uepe3 TOUKY

Hue);
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4 X—X _Y—n - -
) = - YpaBHEHUE NPAMOMU, MPOXOASIIEN Yepe3 ABE TaHHbBIE TOY-
Xo =X Va— N
KM Ml(xlnyl) s Mz(Xz,yz) 5
5) y-= Yo +k(x—xp)
kx+b

k=tga , tne My(xg,yy) - TouKa uepe3 KOTOPYIO TNpsAMas TNPOXOIHT; «

- ypaBHEHUS MNPSMOH € y2i06biM KoIpduuuenmom

(—m/2<a <m/2) — yron, KOTOpbIii IpsMas COCTaBNsSET ¢ ocblo Ox; b - JuMHa
oTpe3ka (co 3HaKOM * ), OTcekaeMoro mpsiMoii Ha ocu Oy (3HaK « + », €CITU OTpe-

30K OTCEKAETCs Ha MOJIOKUTEITHHON YaCTH OCH M « — », €CIIH Ha OTPHUIATCIBHOI).
X y .

6) —+ 5 =1 - ypaBHECHHUE NIPSIMOI 6 ompe3Kax, TIA¢ a U b - JUIMHBI OTPE3KOB (CO
a

3HAKOM * ), OTCEKAeMBbIX MPSIMON Ha KOOPJAMHATHBIX ocsiXx Ox u Oy (3HaK «+ »,
€CJIH OTPE30K OTCEKAeTCsl Ha MONOKHUTEIBHON YaCTH OCH U « — », €CIIU Ha OTpU-
[ATEITBHOM).

Paccmosnue om mouku M *(x*, y*) 00 npamou L , 3amaHHON OOIUM ypaB-
HeHHeM Ax + By + C = 0 Ha TUIOCKOCTH, HAXOIUTCS TI0 PopMyIie:

|Ax*+By*+C|
\/AZ+B’2

Yeon ¢ =(Ly,L,), (0<@<n/2) mesxucdy npameimu L, u L,, 3a1aHHBIMH

p(M™,L)=

OOIMMU YPAaBHEHUSIMU WITH YPABHEHHUSIMU C YIIIOBBIM KO3 (PHUITHEHTOM, HAXOIUT-
Csl TI0 OJTHOH U3 CIeMyoIuX GopMyIt:

INAR N |1V1'1V2| k2_k1
cos @ = cos(N |, Ny) |z —=——=—; tgp = |——.
[Ny [-| N,y | 1+ kiky
- | = A B
LylILy, ecmu N, ||N,=-L=—L wm ky =k,.
4, B,

Ll 1L Lz ,ECJIN Nl J_Nz le N2 :OjAlAZ +Ble =0 wm klkz =-1
Koopounamuer mouku nepeceuenusn npamoix L, 1 L, HaXOIATCA Kak pellICHUE
Ax+By+C =0 {y=k1x+b1
WA

CUCTEMBI JIMHEWHBIX YpPaBHEHUH:
Ayx+B,y+C, =0

y=k2x+b2'

Tema. MuoxecrBa. UncjioBbie MHOKeCTBA. DYHKIIUMN.
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[lon mmuoscecmeom TOHUMAIOT HEKOTOPYIO COBOKYITHOCTH OOBEKTOB JHOOOM
MIPUPOJIBI, PA3TUIUMBIX MEXIY COOOM U MBICIUMYIO Kak enuHoe nenoe. OObEKTEHI,
COCTAaBIIIOIINE MHOXECTBO HA3BIBAIOT €r0 21emenmamu. MHOXECTBO MOXKET
OBITh OCCKOHCYHBIM (COCTOHUT M3 OCCKOHEYHOTO YHCIIAa 3JIEMEHTOB), KOHCYHBIM
(COCTONT W3 KOHEYHOT'O YHUCIIA 3JICMEHTOB), MYCTHIM (HE COJCPKUT HU OJHOTO
aneMeHta). MHoxectBa oOo3HawarotT: 4,B,C,...,X,Y,Z,.., a UX DJICMEHTHL:
a,b,c,...,x,y,z,.... llycroe MHOKeCTBO 0003HaUAIOT & .

MHOXXeCTBO B Ha3bIBAIOT HOOMHOMCECHE0OM MHOXKECTBA A, €ClIu BCe dJie-
MEHTHI MHOKECTBA B TpuHayie)xat MHOKeCTBY A unmmyr B C A.

MmuoxectBa A U B Ha3BIBAIOT paéHbIMU, €CITA OHU COCTOSAT M3 OJHUX M TEX XKE
snmemenToB U tmmyt A= B. JIsa mHoxectBa A m B OyayT paBHBI TOrAa M
ToJBKO TOrAa, Korqa A B u BC 4.

MuoxectBo U Ha3bIBAlOT yHuUGepcanvHvim (B paMKax JTAHHOW MaTeMaTHde-
CKOM TEOpUH), €CITH €ro JIEMEHTAMHU SIBJISFOTCS BCE 00BEKTHI, pacCCMaTPUBAECMBbIC B
JTAHHOKM TCOPHH.

MHOX€eCTBO MOXKHO 33aTh: 1) epeuncieHreM BCeX €ro JIEeMEHTOB, HallpuMep:
A= {al,az,...,an} (TONMBKO JUIS KOHEYHBIX MHOXKECTB); 2) 3aJaHUEM IpaBHIIa
P onpenenenus mpuHaUIEKHOCTH JIEMEHTa U YHUBEpCalbHOro MHOXecTBa U ,
JaHHOMY MHOXKeCTBY A : A= {u eU| P(u) }

Obveounenuem Muoxects A u B Ha3bIBaeTCS MHOXECTBO

AuB={ueU|ueA WIH ueB}.

Ilepeceuenuem vuoxectsB A 1 B Ha3bIBaeTCs MHOXKECTBO

AﬁBz{ueU|ueA u ueB}.
Paznocmuio muoxects A 1 B Ha3bIBaeTCs MHOXKECTBO
A\B={ueU|ueA u ueB}.

Jononnenuem vaoxectsa A (no yHusepcanbHoro Muoxkecrsa U ) Ha3bIBaeTCs

MHO)kectBo A =U\ 4.

Jsa muo:xectBa A u B HaswBarorcs skeusanenmusimu v numyr A~ B | ecin
MKy SIEMEHTAMH STHX MHOMECTB MOKET OBITh YCTAHOBJIEHO B3aMMHO OJIHO-
3HAYHOE COOTBETCTBUE. MHOXECTBO A Ha3bIBAETCS CYéMHBIM, €CII OHO KBUBA-
JIEHTHO MHOJKECTBY HATypanbHbIX uncen N : A~ N . Ilycroe MHOXKECTBO II0 OII-
PENIEIIEHIIO OTHOCUTCA K CYETHEIM.

Meiicmeumensnpim (BEIIECTBEHHBIM) YUC/10M HA3BIBAETCS OECKOHEYHAS JECH-
THYHAS JpoOb, B3ATasA CO 3HAKOM «+» MIH «— ». JleliCTBUTEIbHEIE YHCIa OTO-

KIACCTBJIAOT C TOUKaMU YHCIIOBOI HpHMOﬁ.
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Mooynem (aOCONIOTHOW BEIMYMHON) JCHCTBUTEIBHOTO YHCIA X HA3BIBACTCS

—x, ecan x<0
HEOTPULIATENBHOE YUCIIO: | X |=
x, ecou x>0

MuoxectBO X Ha3bIBAETCSA HUCAOGBIM, ECIIM €r0 DIEMEHTAMH X SBJISIOTCS
JEACTBUTENbHBIE YUCTA. UUCTOBLIMU HPOMENCYMKAMU HA3BIBAIOTCS  MHOXKECTBA
yucen: (a,b),[a,b),(a,b],[a,b],(-x,b) ,(—w0,b],(a,+®),[a,+0) , (—w.,+w0) .

MHOX€ECTBO BCEX TOYEK X HA YHCIOBON MPSIMOM, YIOBJIETBOPSIOIIUX YCIOBHIO
0<x—x,l<e, tne £>0 - ckoib yroaHo Majoe YHCIO, HA3BIBACTCS & -
okpecmnocmplo (MM TPOCTO OKPECTHOCTBIO) TOYKH X, M OOO3HaYaeTcs
O, (x,) . MuoxecTBO Beex Touek X ycinoBueM |X[>E, rae E>0 - ckomb yroz-
HO GOJIBIIOE YHCIIO, HAsbIBaeTCs E -okpecmmuocmobio (Wiv IpocTO OKPECTHOCTHIO)
Geckoneunoct u obosHadaercst O ().

BeJ'II/I‘II/IHa, Coxpansdmomasds OAHO U TOXKE YHUCIIOBOC 3HAYCHHE, HA3BIBACTCA RO-
CHOAHHOMU. BeJ'II/I‘II/IHa, IpUHUMAaromas pa3jnvHbIC YUCJIOBLIC 3HAYCHUA, HA3bIBa-

erca nepemennoi. @ynkyuell [ HA3bIBAeTCS MPABUIO, IO KOTOPOMY KaKIOMY
YUCIy x € X CTaBUICS B COOTBEICTBUE OJHO BIIOJNHE ONPEEIEHHOE YHCIO
yeY ,nmumyr y = f(x). MHOXecTBO X Ha3bIBACTCS 001aCMbl0 ORpedeieHuUs

byHkIMY, Y - MHOMCecmeom (Wi OONACTBIO) 3Hauenuti pyHkiuu, x € X - ap-
2YMEHmMOM, y c Y - 3Hauenuem ynkyuu. Haubonee pacnpocTpaHEHHBIM CIIOCO-

00M 3aaHus (QYHKIUU SIBJISETCS aHATUTHYECKUA CIIOCO0, IPU KOTOPOM (PYHKITHS
3amaéres  Gopmynoit. Ecmecmeennoit oonacmeio onpedenenus  QyHKIUU
y = f(x) Ha3pIBaeTCs MHOXXECTBO [ 3HAYCHUH apryMeHTa X, JUIsl KOTOPOTO
naHHas Gopmyna umeer cMuict. I paghuxom pyuxyuu y = f(x), x € D B npsMo-
YroJbpHOW cucteMe KoopanHat Oxy , Ha3bIBAETCS MHOXECTBO BCEX TOUYEK ILIOCKO-
ctH ¢ koopauHatamu (x, f(x)), xe D .

Oynkuums f(x) Ha3bIBaeTCs 4émHOl Ha MHOXKECTBE X , CHMMETPUYHOM OTHO-
cutenbHO TOUkM x=0, ecnum g Bcex xe€ X  BBHINOJHACTCS YCIIOBHE!
f(=x)= f(x) u Heuémmnoi, ecnu BeIONHsCTCS yenoBue f(—x)=—f(x). B mpo-
TUBHOM citydae f(x) - (GyHKUus OOIIero BUa Win HU Yémhas, Hu He4émHan.

Oynkuus f(x) Ha3bIBaeTCs nepuoduueckol Ha MHOXKECTBE X , €CIIHM CYIIECT-
ByeT uncio T #0 (nepuod ¢pynkyuu), Takoe, 9to s BceX X € X BBINOIHACTCS
ycnmosue:  f(x+7)= f(x). Haumensmree uucino 7 >0 Ha3bIBACTCS OCHOBHBIM

HEPUOIOM.
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Oynkums  f(x) Ha3bIBAaeTCS MOHOMOHHO 6o03pacmaioujeit (yoviealoujeit) Ha
MHOXeCTBe X, eclnu OONbllIeMy 3HAYCHHIO apryMeHTa x € X COOTBETCTBYET
Oorneiee (MeHbIIee) 3HaUeHUE GyHKIUU [ (X).

Oynknus f(x) Ha3bIBACTCS 02PAHUYEHHOU HA MHOXECTBE X , €CITH CYIIECTBY-
er uucno M >0, Takoe, 4TO A BCceX x € X BbINONHAETCA ycinoBue: | f(x) <M .
B npoTuBHOM ciiydae QYHKIUS - HEOZPAHUYEHHAA.

Oébpamnoi x pynxkumn y = f(x), xe€ X, y€Y HazpiBaercs Takas QyHKIHS
x= f7'(y), KoTopas ompeaeneHa HA MHOKECTBE ¥ H KaXIOMy y €Y CTaBHT B

cooTBeTcTBME Takoe xe X, uro f(x)=y. [J1a HaxoxaeHus GyHKIUHA

x=f 71(y), obpatHOi K ¢yHKIMM y = f(X), HYKHO pEIIUTh YypaBHEHHE
f(x)=y otHOcHuTenbHO . Ecmu QyHkmms y = f(x), x€ X sBIsgercs CTPOro

MOHOTOHHO#M Ha X , TO OHa BCerja UMeeT OOpaTHYIO, MPU 3TOM, €CIH (PYHKIHUsS
Bo3pacraer (yObIBaer), ToO oOpaTHast QyHKITUS TakKe Bo3pacraer (yObIBaer).

Oynxmms  y= f(x), mnpencraBmsemas B Bume y=f(x)=F(p(x)), rae
y=F(u), u=¢@(x)- HekoTOopble (QYHKIMM TaKHWe, YTO OONACTb OIpeIeNeHUs
¢byHkmu F(u) comepKHUT BCE MHOXKECTBO 3HaUeHNH GYHKIMN ((X), HA3bIBAETCS
CN0JCHOU (hyHKYuell HE3aBUCHMOTO apryMeHTa x . [lepeMeHHYI0 # Ha3bIBaIOT
IIPH 3TOM MPOMEXKYTOYHBIM aprymeHToM. Crnoxuyro Qyakmuio f(x) = F(p(x))
Ha3bIBAIOT TAK)KE KOMITO3MIMEH QYHKIMHA F 1 @ , u mumyt: f = Fo@.

Ocnosnvimu Inemenmapuvimu QYHKIUSIMU CUUTAIOTCS: CMeneHHas QyHKIUS
y=x%, nokazsamenvnaa dGyuxuus y=a’ (a>0, a#1), nozapupmuueckan
obynkus y=log, x (a>0, a#1), mpuzonomempuueckue Gynkuun y =sin x,
y=cosx, y=tgx, y=ctgx, o0pamuvie mpuzonomempuyeckue GHYHKINN
y=arcsinx, y=arccosx, y=arctgx, y=arcctgx. InemeHmapHoii Ha3bIBaECT-

csl QyHKIMS, MTOJTydeHHAast U3 OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIMH KOHEYHBIM YHC-
JIOM X apu(METHUECKUX ONepaIivii U KOMITO3UIMH.

2 .
I'paduxom ¢yHkimu y =ax” +bx+c sBusercs napadoia ¢ BEPUIMHON B TOYKE

(—b/(2a), Cc— bz/(4a)) , BCTBU KOTOpOﬁ HampaBJICHbBI BBEPX, €CIU a > 0 wmm

BHM3, eciu a < 0.

B HEKOTOPHIX ClTydasx MPH MOCTPOCHUU rpaduka GyHKIMU 1enecoodpa3Ho pas-
6uTh €€ 00JacTh ONpeIeNieHHsT Ha HECKOJIBKO HEMEPECEKAIOIIUXCSI POMEXYTKOB U
MOCJIEI0BATENILHO CTPOUTH rPpaMK HA KAXKJIOM U3 HUX.
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Tema. UncJioBble mocjeaoBaTeJbHOCTH U psabl. TIpeaen mocje1oBaTeaLHO-
ctu. Ilpenes GpyHKIMU U HENPEPbLIBHOCTD.
Ecnmu xaxxaomMy HaTypaJbHOMY YHCITY # TIO HEKOTOPOMY MpaBWITy [ TOCTaBlie-

HO B COOTBETCTBHE OJHO BIIOJHE OMNPEAEIEHHOE JEHCTBUTEIBHOE YHUCIIO
x,=f(n), TO TOBOPAT, 4YTO 3aJaHa HYUC06AA NOC]IE006AMENILHOCHLL
X15X5,...,X,,.... KpaTko 0003HavaroT (x,) . Yucno x, Ha3bIBAaeTCS 0OuquMm uie-

HOM nocnedosamensvnocmu. IlocnenoBaTenbHOCTh HAa3BIBAIOT TaKKe (YHKIMEH
HaTypajpHOro aprymeHrta. IlocienoBaTenbHOCTb BCErAa COAEPIKUT OECKOHEUHO
MHOT0 3JIEMEHTOB, CPEAN KOTOPHIX MOT'YT OBITH paBHEIE.

UYucno a HasbiBaeTca npedenom nociedogamenvrocmu (x,), W IHIIYT

lim X, =a, ecIm I nroboro yncna ¢ >0 Halinércs nHomep N(g) Takoif, uro
n—>0

npH BeeX 7> N(&) BBINONHAETCS HEPABEHCTBO | X, —a (<€ .
IMocnenoBaTenbHOCTh (X, ) , UMEIONIAs KOHEUHBIH Ipeen, Ha3bIBACTCS CX00:-
wielica, B IPOTUBHOM CIIy4ae — PACX00AUEUCA.

ITocnenoBaTenbHOCTH (x,) Ha3bIBAETCS: 1)  ybwisawowen, eciu
X, >Xy,>...>X, >...; 2) eospacmaioweit, ecmi X, < X, <...<Xx, <...; 3)
neyOvisarowen, ecmi X, <x, <...<x, <...; 4) Hesospacmaiowei, €ciu
X, 2X,2...2Xx, 2... . Bce BblIENEPEUNCIECHHBIE OCIEN0BATENLHOCTH Ha3bI-

BAarOTCAd MOHOMOHHbIMU.
ITocnenoBaTenbHOCTh (xn) Ha3bIBACTCA ozpauuueuuoﬁ, €CJIN CYIICCTBYCT YUC-

710 M >0 TaKoe, 4T0 s Becex n € N BbImonusiercs ycinosue: | x, [< M . B mpo-

TUBHOM CJIy4ae I10CIIEI0BATEIIbHOCTD - HEOZPAHUYEHHAA.
Bcesikast MOHOTOHHAsI OrpaHHYEHHas MOCIE0BATEIBHOCTh MMEET Ipesen (Teo-
pema Beiiepmrpacca).

IMocnenoBaTenbHOCTE (X, ) HA3BIBACTCS HECKOHEUHO manoii, ecnu lim x =0.
n—>0

IlocnenoBaTenbHOCTh (X, ) HA3BIBACTCS Oeckoneuno 6onbuioli (CXOMAIICHCS K

OECKOHEYHOCTH), ecli lim x = oo .
n—owo N

n

Yucnom e Ha3bIBaeTCA peaci nmocjacaoBaTCIIbHOCTHU (xn ), r1e Xy = 1+—
n

IMocrosaayro e =2.718281.... Ha3BIBaIOT HEMEPOBLIM YKCIIOM. Jlorapudm drcia
X 1O OCHOBAHHIO € HA3bIBAETCS HATYPAILHBIM JIOTapU(PMOM UKCIa X U 0003HA-

gaercs log, x=1Inx.
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Beipaxkenne BUAa u +u, +...+u, +..., TAE U;,U,,...- TOCIEAOBATEILHOCTh
o0
YHCEeN, HA3BIBACTCA YUCA06bIM PpPsadoM U 0003HAUATCS Zun . Cymma
n=l
S, =u; +u, +...+u, 7n NEPBBIX YIECHOB DANa HA3BIBACTCA 71 -0 YACMUYUHOU
cymmou psaa.

o0
PHI[ Zun Ha3bIBACTCA cxobnmumcn, €CJIN CYIICCTBYCT KOHEYHBIH npeaei
n=1

lim S, =S u pacxodawumcea, eciu npenen He cyuecrByer. Yucno S Ha3sbiBa-
n—>0

o0
eTCS CYMMOU CX00AUe20CcA pAod, TIPU STOM AT S = Z u, .
n=1
o0
Ecnu psin Z u, cxomurcs, T0 lim u, =0 (reobxodumvlit npusHaK cx00UMO-
n=1 n—>0
cmu paoa). O6paTHOE YTBEpKICHNE HEBEPHO.
o0
Ecmu lim u, #0, T0 psn Z u, pacxomurcs (0ocmamouHblil NPUIHAK pacxo-
n—>0 n=1
oumocmu paoa).
0
0000 éHHBIM 2APMOHUYECKUM PAOOM HA3BIBAIOT P Z—, KOTOpBIN cXo-
n=1"1 b
JuTCa pu p > 1 u pacxogurca npu p <1.
0

—1 o
Teomempuueckum psadom HaA3BIBAIOT P Zq” , KOTOpBIA CXOJIUTCS TPHU

n=1

1
0<g¢g <1, npu 3TOM €ro cymMmma paBHa S = T U pacxoauTca mpu g > 1.
-q

Yucno b HaswiBaercs npedenom gyuxyuu y = f(x) npu x — x, (WA B TOUKE

X)), u manryt lim f(x)=5b, eciu mwst moboro umcna ¢ >0 Halia€res 4ucio
X—>X
0

8(¢)>0 Takoe, YTO OpU BCEX X, YIOBJIETBOPAIOUMX  YCIOBHIO

0 <] x—x, |<d(¢), BhIMONHsAETCS HEpaBeHCTBO | f(X)—-b < & .
Uucno b HazpiBaercsi npedenom yukyuu y = f(x) npu x —> o, W IUIIYT

lim f(x)=b, ecnu ana moboro uncna ¢ >0 Haiinéres uucno A(g) >0 Takoe,
X—>00
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YTO TPH BCEX X, YAOBICTBOPSIONIUX YCIOBUIO | X |> A(€), BBIIOIHACTCS HEpa-
BEHCTBO | f(x)-bl|< e .

PaccMaTpHBalOT TaKKe OJHOCTOPOHHHUE Mpeens! GyHKimii:  lim . f(x),
X—>Xo !
lim f(x), lim f(x), lim f(x), rae x crpemurcst K Xx,, +%, —0 WM
X=X +0 X—>+0 X—>—%0

TOJIBKO C JIEBOH CTOPOHBI WM TOJNBKO C IPABOH CTOPOHEL
OCHOBHBIEC yTBEPXKACHHUS, HCTOIB3YEMbIE [UISl BHIUUCICHHS NPEeinoB (yHKIHNA

npu x — a (B JAaNbHEHIIEM a - WM YUCTIO X, MM CUMBOJ 0 ):

1) Ecu ¢ - nocrosHHAs BenmuumHa, To M c=c .
xX—a

2) Ecnu cyuiecTByIOT KOHeuHbIe ipefensl lim f(x) =5, lim g(x) =4 , 1o:
xX—a xX—a

a) £i£r;(f(x)ig(x))=bid; 0) £i£r;(f(x)'g(x))=b'd;
B) lim(cf(x))=c-b (c =const); r) lim S&) _ 2, ecmu d #0.
x—a x—oa g(x) d

[Ipu BEIUUCTICHUH TPENEIOB MOCTOSHHO MOJMB3YIOTCS U TEM, UTO JIIs JTF000H oc-
HOBHOI! arieMeHTapHON GyHKIMU f(x) M TOUKH X, U3 €€ 00JacTU OmpeJeeHus

crpaBeIMBO cooTHomenue 1M f(x) = f(x,) .
X—)XO

Oynkmmst  f(x) Ha3bIBaeTCI OeCKOHeuHo 0O0nbwiol TPH X —>da, €clH
lim f(x) =0 . ®yukiusa f(x) Ha3bIBaETCA HecKOHewHO MANON P X —> a , €CIH
xX—a
lim £ (x)=0.

xX—a

OcHOBHBIE yTBEp)KJCHUS Uil OECKOHEYHO OONBIIMX (YHKLMHA, MCIONb3YyeMble

JUTSl BBIYHCIICHUS TIPEJIETIOB IPH X —> @ !

1) Eciu lim f(x) = o0, 10 lim =0
xX—a

=0 ,ecmu lim f(x) =0, To lim
x—a f(x) x—a

x—a f(x)
2) Ecin ljrnf(x):w " ljrng(x)zd, TO ljrn(f(x)ig(x)):w.

=

3) Ecm lim £ (x) = +o0 lim g(x) = +0, 10 LIM(f(x)+g(x)) = +o0.

_m(f(x) g(x))=0.
5) Ecin ljrn f(x)=b u limg(x)=w, T0 ljrn(f(x)/g(x)) =0.

xX—a

=

lim g(x)=d #0,10 1

xX—a X

4) Ecnu ljrn f(x)=0
6) Ecin ljrnf(x)=b¢0 u ljrng(x)zﬂ, TO ljrn(f(x)/g(x))zw.
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Ecnu HemocpeaCTBEHHOE NPUMEHEHHE CBOMCTB KOHEUYHBIX IPEAENIOoB U GecKo-
HEYHO GONBIINX (YHKIMI IPUBOXUT K HEONPEACIEHHBIM BBIPAXKECHHSIM, CHMBOJII-
uecku o6ozHauaembM: 0/0, 00/00,0-00,00—00, TO JUIl BHIYUCIEHUS TIPEJENa —
«PACKpPBITHsI HEONPENENEHHOCTH» - NPe0OPa3OBBIBAIOT BBIPAXKCHHE TaK, YTOOBI
IOy Y9UTH BO3MOXKHOCT €TI0 BBIYHCIIHTb.

. sinx
Ilepevim 3ameuamenvhviM npedesiom Ha3bIBAECTCS MPEIeI: hn(l) =1. Ero
x—0 x
. tgx arcsin x . arctgx
CIEICTBUAMU SABJISIFOTCA Tpenensl: lim —=1, lim ———=1, lim ——=1

x—=0 x x—0 X x—0 X
Bmopbm 3ameuamesibHbIM npe@erM Ha3bIBAIOTCA NPEACIIbI:

X
. 1 . .
lim|{1+—| =lim(+x)" =e,
X—>00 X x—0

rae e=2.71828...-ocHOBaHHE HaTypajbHBIX Jorapudmor (umcio Hemepa). OH
UCIONIB3YETCS JUISl BBIUUCICHUS Mpeaeia CTENEHHO-TIOKA3aTebHOU (YHKITHH

lim u(x)"™, e lim u(x)=1 u lim v(x) = .
x—a x—a x—a

Ecmn ¢ynkius f(x) ompeneneHa BCIOJY B HEKOTOPOH OKPECTHOCTH TOYKH X,

(JIeBOH TOMYOKPECTHOCTH, TPaBOH MOIyokpecTHOcTH) u  lim f(x)= f(x,)
X—)XO

( Alir}nio J(x)=f(xg), hm Of(x) = f(xy) ), To pynknusa f(x) Ha3bIBaeICs He-

npepoienoil 6 mouke x, (HEIPEPHIBHOI CI€Ba, HENPEPHIBHOMN CIIPaBa).

Kaxxmas ocHOoBHas aneMeHTapHast (GyHKIMS HETpephIBHA B KaXKAOW BHYTpEHHEH
TOYKE CBOEH 00JIaCTH OIpeIeIeHHs.

Eciu B Touke x, lim f(x)# f(x,), T0O X, HasblBaeTcs mMouKoil paspviea
X—>Xo

¢ynxmn  f(x) . IIpr 5TOM pazauyaroT ciaeayromue Crydaun:

1) Ecm lim f(x)= lim f(x)= f(x,), T0 x, HasbBaeTcs moukoii ycmpa-
x—>x5—0 x—x,+0

Humozo pazpuiea pyakvu f(x).
2) Ecan B Touke x, GyHKIMSA f(X) MMEeT KOHEUHbIE OJAHOCTOPOHHHE IPeJlENbl

lim f(x) uw lim f(x), HO OHM He paBHBI JPYT APYry, TO X, HA3bIBAETCS
0 - v

X=Xy~ xX—xy+0
moukoii paspwiea 1-ozo pooa.
3) B ocTanbHBIX CiIydasx X, Ha3bIBAETCSA MOUKOI papbléa 2-020 pooa .

Oynkuus f(x) Ha3BIBACTCS HenpepvléHoUl Ha ompe3Ke [a, b] , ecau oHa Herpe-

PpbIBHA B Ka)KI[Oﬁ €TI0 TOYKEC (B TOYKC a - HCHIPEPbIBHA CIIpaBa, B TOYKE b - HEpe-
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poiBHa cieBa). dyHkums f(x) HenmpepbIBHas Ha oTpeske [a, b] obmamaer cBoicT-
Bamu: 1) orpanuuena Ha [a, b] ; 2) nocturaer Ha otpe3ke [a, b] cBOEro HaMMEHb-
IIIero 3HAYEHHs /1 ¥ HauOOJbIIero 3HaueHust M

[psimast L HaswiBaeTcs acumnmomoii cpagpuxka ' ¢yHxkmmu y = f(x), eciu

paccrosiHue oT Toukd M €' 1o mpsMoil L CTpeMHTCS K HYJIIO TIPH OECKOHEYHOM
yIaNeHHH TOYKH M OT Hadaia KOOpIHHAT.

Ilpsamas x = x, Ha3bIBACTCS GEPMUKANBbHON acumnmomoii rpaduka QyHKIUHU
y=f(x), ecnu xoTst ObI OOMH M3 OAHOCTOPOHHHX TpenenoB lim  f(x) wiu

x—x—0

lim f(x) paBeH GeCKOHEUHOCTH.

x,+0

0

Ipsamas x = x,, sBJIAETCS BEPTHKAIBHON acCHMITOTOH, TOTJa M TOJNBKO TOT[A,
KOrJa X, SBIISieTCS TOUKOM OeCKOHEYHOro paspbiBa QyHkuun y = f(x). Hempe-
pbIBHBIC (DYHKIIMU HE UMEIOT BEPTUKATIBHBIX ACUMIITOT.

[psmast y =kx+b Ha3bpIBaeTCA HAKIOHHOU acumnmomou Tpaduka (QyHKIUU

y=f(x) mpu x —>—oo (mpu x —>+o), ecnu lim (f(x)—kx—b)=0 (coorBer-
X—>—00
crBenHo, lim (f(x)—kx—b)=0). YacTHbIM CllydaeM HAKIOHHON ACHMIITOTHI
X—>+0

(pu k = 0) ABIISETCS 20PU3OHMANBHAA ACUMPINOMA.
Mpsamass y=kx+b sBIICTCI HAKAOHHOU acumnmomou Tpaduka (QyHKIUU

y=f(x) mpu x — —o (mpuU Xx —> +0 ) TOrJa U TOJIBKO TOTJA, KOTJa OJXHOBpE-

MEHHO CYIIECTBYIOT Mpeaensl: lim f( ) =k u lim (f(x)-kx)=b (cootBer-
x—>—00 x—>—00
. () ( )
cTBeHHO, lim =k un hm ( f(x)—kx)=b).
X—>+00

Tema. Hpomnonnaﬂ " zmMepeHunan dyHKnMM 01HOI NepeMeHHO.
IHpupawenuem dynkyuu y = f(x) B TOUKE X, COOTBETCTBYIOIIUM IpHpAIIE-

HUIO aprymeHTa Ax#0 Ha3bIBAETCS BBIpaKEHUE
Ay = Af(xg,Ax) = f(xg +Ax) = f(xg) .
IIpouseoonoii 1-020 nopaodxa Gysxuun y = f(Xx) B TOUKE X, HA3HIBAETCA KO-

y , . M(x,Ax)
HeuHbli npegen f'(xg) = A}clmOT
—

HOM cOCTOUT B TOM, 4TO 4uci0 f'(X,) paBHO yriIoBoMy Kod((HIUEHTy Kaca-

TeNnbHOH K rpaduky GyHknun y = f(x) B Touke x,: f'(x,)=tga , rAe o - yron

. FeOMeTpI/I‘IeCKI/Iﬁ CMBICJI IPOU3BO/I-

92



HAKJIOHA KacaTelbHOW K ocM Ox MNPSIMOYrOJBHOM J€KapTOBON CHCTEMBI KOOPAU-
Hat Oxy .

OyHKIUS, UMEIoLIasi IPOU3BOJHYIO B JaHHON TOUYKE, Ha3bIBAaeTCs Ougepenyu-
Ppyemoii B 310ii Touke. HeoOXomuMbIM yciaoBreM qud(hepeHInpyeMOCTH B TOUKE
SIBIISIETCS HETIPEPHIBHOCTh (DYHKIIMHU B TAHHOM TOYKE.

JIrobas snemenrapHas ¢yHkius y = f(x) muddepeHuupyema Bo BCSIKOIH BHYT-
PEHHEH TOYKEe X ECTECTBCHHOM oOmactu ompexaencuus D ¢yHkmuu f(x), B KO-
TOPON aHAJMTHYECKOE BBhIpaKEHHE €€ Npou3BOAHON Y’ = f'(x) UMEeT CMBICI.
IpousBomHas f'(x), paccMaTprBaeMasi Ha MHOXECTBE TeX TOYCK X , [/l OHa Cy-
IIeCTBYeT, caMa sBisiercs QyHkpen. Omnepamus HAXOXKICHUS TPOH3BOTHON
f'(x) HasbIBaeTcs Takke ougpgpepenyuposanuem pyuxipn f(x).

Ocnognble npaguna oughghpepenyuposanusn InemeHmapHylxX QyHKyuil.
1. Ecmu f(x) u g(x) muddeperuupyembie yrkimm, C - MOCTOSHHAS, TO:

(©)'=0 (f-8)=rg+/g
(f+e)=/"*g' (i} Al A
g g
(Cfy=cf’ (LJ & g
g g
2. Ecnu dynkums u = ¢(x) nuddepennupyema B Touke x, a GyHkuus y = F(u)
mubdepenuupyema B Touke Uy =@(x,), TO  CclOXHas  (QYHKIMA

y=f(x)=F(¢(x)) tubdepenunpyema B ToUke X, U UMEET NPOU3BOAHYIO:

‘f'(xo) = F'(uo)go'(xo)‘ WJIH KPATKO ..

[Mpn muddepenumrpoBanny CIOXKHBIX GYHKIUHA JUIS POM3BOJHON HCIONIB3YIOT

0003HAYCHHS THIIA y; Tam, rJe HeoOXOIMMO YTOUYHUTH, MO KAKOH MepeMEeHHOI
Benércs auddepeHIpoBaHue.

Ilpouseoonoii 2-020 nopsioka ot Gy y = f(x) Ha3bBAETCS MPOU3BOTHASL
OT eé mepBoii MPou3BOAHOI U 06o3Hauaetcs "= f"(x), . e. y"=(y")". B 06-
LIEM HPOU36OOHOU nOpadKka n (1 -0l NPOU3800HON) HAZBIBAETCS MPOU3BOIHAS
or (n—l)-oii npowssogHoii u  obosmauaercs  y™ =/ (x), Te.

n

d"y

y(") = (y("’l))' Jlst mpou3BoHOM y(") UCTIONB3YyeTCS TakkKe 0003HAUCHUE o
x
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[IpousBonnas y(") ¢byakmmu  y = f(x) BBMHCIICTCA €€ IOCIEIOBATEIBHBIM
mappepentmposanmenm: y', " =), y" =", ..y" ="y,

Mudpgpepenuyuanom dy dbyaxkumu y = f(x) B TOUKE X HA3BIBACTCS BBIPAXKCHUE
f'(x)Ax, 1.e. dy = f'(x)Ax . B yactHOCTH, st PYHKIIMU Y = X UMeeM dy = Ax ,
T.e. TUQQepeHIIHaT HE3aBUCHMOr0 MEPEMEHHOTO X COBIMAJACT C MpHpaIlCHHEM
Ax . Tloatomy muddepennman ¢yskuuu y = f(x) 3amnuchiBacTCI B BUJC
dy = f'(x)dx .

Mudpgpepenuyuanom 2-o20 nopaoxka pyakimu y = f(x) HazwsBaercs auddepeH-

uan ot eé nepsoro auddepeHuana u 00o3Hayaercst d 2 y,T.¢c d 2 y=d(dy).B
obeM OJughgpepenyuanom nopsoxka n HazwpBaetcs muddepernuan ot audde-
pentmana (n—1) -oro mopsiika u obosnadaercst d”"y, t.e. d"y=d(d"y).

Ecnu x - He3aBucUMas mepeMeHHas, TO Uil Haxoxaenus auddepennunana d”y
dyrxumn y = f(x) cnpasewiusa popmyna d”y = /" (x)dx" .

[epBoiii qudepeHnman IPUMEHSIOT I TPUOTMKEHHOTO BRIYUCIECHUS 3HAYE-
Huil GyHkuuu y = f(x) B Manoll OKPECTHOCTH TOYKH X, B KOTOpOH (QyHKIHS
nuddepeHmpyema, 1mo Gopmysie:

F(x) = f(xg)+df (xg) = f(xg)+ f'(xg)Ax, rae x=x,+Ax.
UeMm MeHblIe 3HaUCHHE | Ax |, TeM TOuHee puOImKéHHas popmyia.

Tema. UccienoBanne PyHKIMIA ¢ MOMOUIbI0 MPOU3BOIHBIX, OCTPOCHHE MX

F[!ﬂg!PIKOB.

Ypasuenue xacamenvuoii x rpaduxy Gynkuun y = f(x) B Touke M, (x,,¥ )

uMeeT BUA: ¥ — Yo = f (X)) (x —x;),

YpagHeHue HOpMAnu - BUIL. Y — Y, = — (x—xp) .

1
f'(x0)
[pasuno Jlomurans. [Ipexen otHomeHus AByX audGepeHIUPYEeMbIX Wiu Oec-
KOHEYHO MasbIX WM OECKOHEYHO OonbmuX QyHKUMH mpu x —a (a - 49ucio x,
WA CUMBOJI 00 ) paBEH MpeAeTy OTHOIICHHUS WX MPOU3BOJHBIX (KOHCYHOMY WU
0OECKOHEYHOMY), €CITH MTOCIICTHIMA CYIIIECTBYET B YKa3aHHOM CMBICTIC:
lim L& _ jjm L&
x>a g(x)  xoa g'(x)
[paBwmo Jlomuranst UCHOIB3YIOT JIUIS PACKPBITHA HEONMPENCIEHHOCTEH BHUIIOB
0/0 u oo/o0 . Ha Kaxom sTarne npuMeHenus npasuia JIonuranis cietyer nojib3o-
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BaThCs YNPOIIAIOIIUMH OTHOIIEHNE TOX/ECTBEHHBIMHU MPE0Opa30BaHUSIMH, a TaK-
K€ KOMOWHHPOBATh 3TO MPAaBWIO C JIIOOBIMH JPYTUMH MPUEMAaMU BBIYHCICHHS
npeziesioB. B HEKOTOPHIX CiIydasx MOXKET IMOTpe0OBaThCS HEOTHOKPATHOE IpHUMe-
HEHHE JAHHOTO MpaBUIa.

PackpriTre HeonpeaenéHHocTelH BUIOB 0-00, 00 —oo MyTEM NpeoOpa3oBaHuii:

)-8 =L (0= g = LWL
g 1/1)-/g)
IIPMBOJIUTCS K PACKPBITHIO HEOTIPEIENenHocTeit BuoB 0/0 u oo/oo .

Oynkuust y = f(x) HaspIBaeTcs go3pacmarouieit (yovigaroujeii) Ha UHTEpBAJE
(a,b), ecnu g moObIX X, X, €(a,b), yIOBICTBOPAIOIUX YCIOBHIO X| < X, ,
BBINIONIHAETCS HepaBeHCTBO f(x;) < f(xy) (f(x))> f(x,)).

Eciu dynkuus f(x) muddepenunpyema Ha uHtepBane (a,b) u f'(x)>0
(f'(x)<0) mpu Bcex xe€(a,b), To dyHkumsa f(x) Bo3pactaer (yObIBaeT) Ha
(a,b).

Touka x,, NpuHaaiexamas oonactu onpenenenus D dynknun y = f(x), Ha-
3bIBACTCA Kpumuueckoti moukoii GyHKIUN, ecnu B 3ToH Touke f'(xy)=0 wim
f'(xy) He cymectByer. Kpurnueckue Touku ¢yHkuuu y = f(x) pa3duBaroT e

obnacte ornpezaesneHust D Ha WHTEPBaJIbl MOHOTOHHOCTH (MHTEPBaJIbl BO3pAaCTaHHs
1 yObIBaHUSA).
Touka x, € D Ha3plBaeTCs MmMOUKOU MuHuMyma (Maxcumyma) QYHKIUH

y=f(x), ecnu CylecTByeT OKPECTHOCTb TOYKHM X, TaKas, 4TO JUISl BCEX TOYEK
X#X, OTOM OKPECTHOCTM BBINOJHsETCS  HepaBeHCTBO  f(x)> f(x,)
(f(x)< f(xy)), auncno f(x,) - munumymom (maxcumymom) GyHkuun. Touku

MUHAMYMa U MakCUMyMa (YHKIIUM HAa3bIBAIOTCS MOUKAMU IKCIMPEMYMA, a 3Ha-
4yeHus (YHKIUH B 3TUX TOUKAX — IKCTPEMyMaMH QYHKIIUH.
Heo0xoaumoe ycnoBue 3xeTpemyma. Eciu x, € D - Touka 3KcTpeMyMa QyHK-

mm y = f(x), 10 f'(x5)=0 mm f'(x,) He cymecTByer.

JlocTtaTounoe yciaoBue 3xcrpemyma. [lycts pynkuus y = f(x) muddepenmm-
pyeMa B OKpPeCTHOCTH TOUKH X, € D, B kotopoi f'(x,)=0 mwm f'(x,) He cy-
miectByer. Torma, ecnu npousBoaHas f'(x), Opu mepexojie CAeBa HANPABO Yepes
TOYKY X : 1) MEHSET 3HaK C «+» Ha « — », TO X, - TOYKa MAKCUMYMa; 2) MEHSET
3HAK C 3HAK C « — » Ha «+», TO X - TOUKa MUHMUMYMa; 3) COXpaHSET 3HAK, TO X,
HE SIBJIACTCS TOYKOHU IKCTPEMyMa.
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Haubonvwee u naumensvuiee 3navenus GyHkuun y = f(X) HeNpepbIBHOH U

KyCOYHO-u(pdepeHmpyeMot (auddepeHIIupyeMoii, 3a UCKITFOUEHHEM, OBITh MO-
JKeT, KOHEYHOTO YMCIIa TOUEK) Ha oTpe3ke [a, b] mocTuraercs WM BO BHYTPEHHHX

KPUTHUYECKHUX TOYKAX WM Ha KOHI[AX OTpe3Ka.

Oynkuus y = f(x) Ha3bBaercs ewinykioii (6ozwymoii) Ha wHTEepBane (a,b),
ecu e€ TpaduK JISKHUT O] KacaTeNIbHOU (HaJl KacaTeIbHOM ), IPOBEAEHHON K Tpa-
¢uky nanHoOM (HyHKIMH, B JIF0O00H TOUKe UHTEpBaia (a, b) .

Ecmm ¢yakmus  f(x) mBaxasl audpdepeHimpyema Ha wuHTepBane (a,b) u
f"(x)>0 (f"(x)<0) npu Bcex x € (a, b), TO PYHKIHUS ABISIETCA BOTHYTOH (BbI-
mykJioi) Ha (a, b) .

Touka x,, npuHaanexamas oonactu onpenenenus D dyHkuun y = f(x), Ha-

3BIBACTCS MOUKOU nepecuda HYHKIMU, €CIU TPU NEepexoje depe3 He€ MeHseTcs
HampaBjieHue BbIMyKIocTH GyHkimHu. Touka (x,, f(x,)) TpH ITOM Ha3bIBaeTCS
mouKoi nepezuda cpaguxa HyHKIUN,

Touka x, €D Ha3bpIBaeTCd MOUKOW 603MOMHCHO20 nepecuba GyHKIUH
vy = f(x), ecmu B 310#t TOuKe f"(x,)=0 mwmm f"(x,) He cymecTByeT. DTH TOUKU
pa3buBarot obsacts onpeneneHuss D GyHKIMU y = f(X) HA HHTEPBAJIBI BBITYKIIO-
CTH U BOTHYTOCTH.

Heo0xonumoe yciaosue meperuda. Eciu x, € D - Touka neperuda KIUH

0
y=f(x), 10 f"(x0)=0 mmm f"(x,) He cymecTByer.

Jocrarounoe ycioBue nepern6a. ITycte pyHkims y = f(x) aBaxasl nudde-
peHIupyeMa B OKPECTHOCTH TOYKH X, € D, B KoTopoit f"(xy)=0 mmu f"(x,)
He cymecTByeT. Toraa, ecnu npousBonHas [ "(x), IIpU Mepexo/e 4epe3 TOUKy X,
MEHSET 3HaK, TO X - TOUKa Ieperuoa.

Jnst nocmpoenus epagpuxa dyaxkuun y = f(x) HyKHO:

1) HaiiTu oOnacTh onpeneneHus QyHKINH;

2) HaiiTi 001aCTh HEMPEPBIBHOCTH (QYHKIMK U TOYKH Pa3pbiBa;

3) uccienoBath HYHKIUIO HA YETHOCTh, HEYETHOCTD U MEPHOTUYHOCTD;
4) HaliTH TOYKH MepecedeHus rpadrka ¢ OCIMU KOOPIUHAT;

5) naiiTn acumMnToTH TpaduKa QyHKIHH;

6) HaliTy MHTEpPBAJIBI BO3PACTAHUS U YOBIBAHHS, SKCTPEMYMbI (DYHKIIUH;
7) HaliTH MHTEPBAIIBI BBITYKIOCTH, BOTHYTOCTH M TOUKH Ieperuoa.
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CemecTp 2.

Tema. Auddepennuanbnoe ucuucienne (GpyHKIMN HECKOJIbKHX IepeMeH-
HBIX.
Beskuii ynopsioueHHbli Ha0op M3 71 A€HCTBUTENBHBIX uHMced (X, X;,...,X,)

HA3BIBACTCS MOYKOU N -MEPHO20 apugmemuueckozo (KOOPIUHATHOTO) HpoO-
cmpancmea R" u obosnavaerca x win M (x1,%5,...,X,), IPA 3TOM YUCNA X;
Ha3bIBAIOTCA €€ KOOpOuHamamu.

Ilycts X < R" u Y < R - HekoTopbie MHOKeCTBA Touek R" u R . Eciu kak-
Joit Touke M € X cTaBUTCS B COOTBETCTBHE IO HEKOTOPOMY MpaBWIy f OIHO

BITOJIHE ONPEACIEHHOE NEHCTBUTEIFHOE YUCIO Y € Y , TO TOBOPST, YTO HA MHOXe-
crBe X 3amaHa  uyucioBas (YHKOMSL OT 7 TEpPEeMEHHBIX W MUIIYT
y=f(x;,x5,...,x,) unu xpatko y= f(M) u y= f(x), npu 5ToM X Ha3bIBa-
erca obnacmoio onpeodenenus, Y - MHOMCECMEOM 3HAUEHUI, X|,X5,...,X, -
apzymenmamu (HE3aBUCUMBIMH NTEPEMEHHBIMH) (DYHKIUH.

OyHKIMIO BYX NEPEMEHHBIX YacTo 00o3HayarT z = f(x,)), QyHKIHIO TPEX
nepeMeHHbIX - u = f(x, y,z). Obnacte onpenenenus GpyHkumu z = f(x, y) npen-
CTaBJsIeT co0Ol HEKOTOPOE MHOXKECTBO TOUEK IIOCKOCTH, pyHKIMM u = f (X, y, z)

- HEKOTOPOE MHOXKECTBO TOYEK POCTPAHCTBA.
Yacmnuoit npouzeoonou (1-ozo nopsaoxka) dyskuuu y=f(M)B TOUKe

M(x),... X ,.00,%,) no nepeMeHHOM Xy Ha3bIBACTCS npezen
" f(xl,...,xk +Axk,...,xn)7f(x1,...,xk,...,xn)

m , €CIIH 3TOT mpefen cy-
Ax; —0 Axk

0
mecTByeT. YacTHYIO IIPOU3BOAHYIO 0003HAYAOT < WIN y;k .
Xk

YacTHble TPON3BOHBIE BEIYHUCIISIOTCS IO OOBIYHBIM NpaBuiaM auddepeHupo-
BaHUS (QYHKIMU OJHOM IIEPEMEHHOW, B IPEIIIOJIOKEHHH, YTO BCE apryMEHTHI
GbyHKIMH, KPOME apryMeHTa X, , 0 KOTOpoMYy 6epETcs MPOU3BOAHAS, OCTOSHHBI.

Yacmuvoimu npou3eo0HbiMu 6mopozo nopaoka Gynxuyu y = f(M) Ha3biBa-

FOTCA YaCTHBIC MPOMU3BOJAHBIC OT €€ YaCTHBIX MPOU3BOAHBIX IMEPBOI'0O MOPAAKaA. HpI/I
OTOM HUCITOJB3YIOTCH 0003HAYEHUS:

o (v 2y _, o (v )__ 2%

= , — = =yl k=m).
ox, \Ox; ) ox} Y ox,, | ox, ) ox,ox, Vo (k#m)
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Py

IIpousBonHeie
X, 0X,,

(k # m ) Ha3BIBAIOTCS CMewaHHbIMU. AHATIOTUIHO OIT-

penensrorcss U 0003HAYAIOTCSl YAaCTHBIE NPOW3BOIHBIE IOPSJKA BHIIIE BTOPOTO.
Jusa dyakuum z = f(x, y) 9acTHBIE IPOM3BOJIHBIE 0003HAYAIOTCS:

0z Oz 822 822 822 822 ' ' " " " "

T T s s e WML Z4 2 2 2, 2, Ty e

Ecnu cmemanHble yacTHBIE NMPOU3BOAHBIC, MOJIEXKAIINE BBIUUCICHUIO, HETpe-
PBIBHBI, TO PE3yJIbTaT MHOTOKPATHOTO An(depeHIpoBaHms QYHKINU 1O pa3yind-
HBIM IIEPEMEHHBIM HE 3aBHCHT OT Mopsaka quddepeHnypoBanus.

Honnvim ougppepenyuanom dy byaxuum y = f(M) B Touke M Ha3bIBaeTCS

0 0 0
BEIpa)KeHHE BUza dy = s dx, + 2 dx, +...+ 2 dx, , rie

X1 X2 n

dxl = Axl,...,dxn = Axn .

Mudpgpepenuuanom 2-o20 nopaoxka dyaxumu y = f(M) HazwsBaetcs mudde-
permman ot e mepBoro nupdepeHnmana u obO03Hayvaercs d 2 y, T. €.
d? y=d(dy). B obmem oughgpepenyuanom nopsaoka m uHazwviBaercs auddepen-

myan or auddepennuana (m—1)-oro nopsaxka u oGo3Hadaerca d™y, T.e.

d"y=dd™y).
Jnst pyrknmm z = f(x, y) cnpaBeIUBBI (POPMYITBL:
2 2 2
dz =a—zdx+%dy, d*z =2dx2 +2 oz dxdy+a—zdy2.
Ox oy ox? OxQy 8y2

[eperiit quddepeHnman NPUMEHSIOT I MPHOIMKEHHOTO BHIYHUCIICHUS 3HAYE-
Hui GyHKIMU y = f(M) B MaJoil OKPECTHOCTU TOUKU M, B KOTOPOH (hyHKIUS

mupdepennupyema, mno Qopmyne: (M)~ f(My)+df(My). B uacrtHocTH, M8
dynkmmm z = f(x,y) no popmyne: f(x,y)~ f(xg, o)+ /3 (X0, yo)Ax + f}(x0,10)AV

TIe x=xy+Ax, y=y,+Ay. UeM MeHblIE 3HAaUCHHE \[(Ax)z +(Ay)2 , TEM TOYHEE
¢dopmyna.
Touka M (xy,...,%,y) , IPUHAANEKamas ob6aacTH onpeaenenus D GyHKINH

y=f(x,...,x,) = f(M), Ha3pIBaeTCA cmayuonaprou moykou GpyHKIUU, ecIu
B JTOM TOUYKEe Kaxkaas M3 €€ 4YacTHBIX NPOU3BOJAHBIX paBHA HYJIO, T.€.

SLM)=0. f] (M) =0 wm df (M) =0.
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Touka M, HaspBaeTCd moOUKON Munumyma (maxcumyma) GyHKINH
y = f(M), €CIi CYIIECTBYET OKPECTHOCTb TOUKH M, Takas, 4TO JUIsl BCEX TOUEK
M #M, »>TOH OKPECTHOCTH BBINOJIHIETCS HEPABEHCTBO M)> f(M

0 0
(f(M)<f(My)).
Touky MUHHMYMa M MakcuMyMma (YHKIMH Ha3bIBAIOTCS MOYKAMU IKCMPEMY-

Ma, 3 3HAYEHHS QYHKIMU B OTHX TOUKAX — IKCHIPEMYMAMU PYHKUUU.
Heo0xonumoe ycaosue 3xcrpemyma. Eciu M () - TouKka JOKaabHOTO BKCTPE-

myma GyHkuuu y = f(M), maddepenuupyemoit B Touke M, To M - crammo-
HapHast TOYKa (QYHKIHH.
JocraTounoe ycaosue skerpemyma. Ilycts M, - cTalmoHapHas TOYKa JBaX-

ael nudepennupyemoit B Touke M, dynkuuu y = f£(M). Toraa, eciu mpu Bce-
BO3MOMKHBIX HaOopax 3HaueHuil dx,...,dx,, He PaBHBIX OJHOBPEMEHHO HYIIO:
1) dzf(MO) <0, T0o B Touke M, OyHkuus f(M) uMeeT MakcumyMm; 2)

dzf(MO) >0, 1o B Touke M yHKIHA MMEET MHHUMYM; 3) dzf(MO) MIPUHU-
MaeT KakK IOJOXHTENbHbIE, TAK U OTPHIATENbHBIE 3HAUEHUs, TO B Touke M
¢ynxms  f (M) He UMeeT FKCTpeMymMa.

B uactHocTH, dyHKIMA z = f(X,)) B cTanuoHapHoi Touke M (X, ), IpH
‘A B

ycnoun D= C=AC—13’2¢O, e A=fl.(My),B=f1,(M,),

C=f,,(My): 1) nmeer makcumym, eciu D >0 u A<0; 2) UMEET MUHUMYM,

ecii D >0 u A>0;3) He uMmeeT 3KcTpeMyma, eciit D <0 .

Tema. HeonpeneaéHHbIH HHTErpaJl.
Oynxuus F(x) Ha3bIBaeTcs nepeoodpaznoil Uit yHKIMU f(X) Ha MPOMEXYT-

ke X, ecmu F'(x)= f(x) st Bcex xe X . Oynkuust f(x) MOXET UMeTh pas-
JIMYHBIE IEPBOOOPA3HBIE, HO BCE OHU OTIHYAIOTCS JAPYT OT APYyra TOIBKO MOCTOSH-
HBIMH cliaraeMbiMu. [loaToMy Bece epBooOpasHbie st f(x) comepikarcsi B BbIpa-

xennn F(x)+C , tne C € R - nponu3BOJIbHAS [TOCTOSTHHAS, KOTOPOE M HA3bIBAETCS

Heonpedenénnvlm unmezpanom or GyHknuua f(x) u oOo3HAUAETCS '[ f(x)dx.

Takxum 00pa3oM, IO OIPEACTICHHIO '[ f(x)dx=F(x)+C.

Omnepanust HaXOXJEHUs NEPBOOOPA3HON HIM HEONPEAENEHHOrO MHTerpana oT
¢byHakimu  f(x) HaszpBaeTcs unmezpuposanuem 3toi GyHkimu. Oynkius f(x)
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JUIS KOTOPOH Ha MPOMEXYTKe X CyllecTByeT nepBooOpasHas WM HEoNpeaenEH-

HBII MHTETpall Ha3bIBACTCSI UHMezpupyemoli Ha 3ToM npomexyrke. [lepBoodpas-

Has ¥ HEONPEACIEHHBIN HHTETpal HA MPOMEXYTKe X CYIIECTBYIOT Y JIFO0OH He-

MIPEPHIBHOW HAa 3TOM MpoMexyTke QyHKIwn. HaxokaeHne HeonpeaenéHHOro HH-

Terpajia COCTOUT B TaKOM TPEOOpPa30BaHUU MOABIHTETPATHHOTO BHIPAKEHHS, UTO-

OBl TIOJTYYUTh UHTETPAJIBI U3 TAOJHITBI OCHOBHBIX HHTETPAJIOB (npunodicerue 6.3).
OcHogHble c8oiicmea HeOnpeoenéHHO20 UHmMmezpana:

1. ([ f(x)dx) = f(x). 2. j Fi(x)dx = f(x)+C.
3. jkf(x)dx = kj Fo)dx (k= const,k£0).

4. [ (f() % g = [ f(x0)dx+ [ gy

1
5. Ecmn Jf(x)dx =F(x)+C,To Jf(ax+b)dx =—F(ax+b)+C, a+0.
a
OCHOBHBIMU METOJIAMH MHTETPHUPOBAHHUS SBJSIFOTCS: HEMOCPEICTBEHHOE WHTET-
pHUpOBaHKE, UHTETPUPOBAHKE 3aMEHOM MTEPEMEHHOM U 110 YaCTSIM.
Henocpeocmeennvim unmezpuposéanuem (MHTSTPUPOBAHUEM MemMOOOM pa3-

noxcenust) GyHKmu f(X) HA3BIBAIOT OTHICKAHWE HEOIPENCNEHHOrO HHTErpala
'[ f(x)dx ¢ moMompI0 TOXIECTBEHHBIX NPEOOpa3OBaHHUN IOJBIHTErPAIBHOM

¢ynkmu  f(x), cBoicTB 3-4 HeonpeneNnEHHOro UHTErpaia U TabJIMIBI OCHOBHBIX
WHTETPajoB.

YacTo, 3aMeHON MEPEMEHHOW WHTEIPUPOBAHUS X —> ¢, YNAETCsl CBECTH HaXOX-
JICHUE WHTErpaja '[ f(x)dx x HAXOXKICHUIO OOJIee MPOCTOrO MHTETPAaia '[ g(dt ¢

MOCJIeAYIONEeN 3aMEeHON ¢ — X .
OueHb 4acTO MPUMEHSIOT CIEIYIOMINI CIOCO0 3amMeHbl nepemMeHHOl unmezpu-
posanus:

p(x)=t
B do(x) = dt B
[ £(x)dx = oy — di = Ig(r)dz\(p ot?

f(x)dx = g(p(x))e'(x)dx = g(t)dt
rae @(x) - nekoropas nudpepenuupyemas pyuxuus. Oynxius @(x) nondupaert-
csl TaKMM 00pa3oM, YTOOBI MOJBIHTErPaJIbHOE BBIpAXKEHHE MPUHSIIO Oonee ynoo-

HBIN U1 UHTCTPUPOBAHUA BUI. BBI60p eé OIMpeaAcCIa€TCad KOHKPCTHBIM BUIOM I10-
JBIHTCTPAJIBHOI'O BBIPAKCHU.
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Ecmn u(x) u v(x) - nubdepenuupyemsle GYHKIMH, TO CIIPABEAINBA hopmyna
UHMEZPUPOBANUA NO YACHAM:
Iu(x)v'(x)dx =u(x)v(x)— '[ v(x)u'(x)dx wmu KpaTKo '[ udv =uv— '[ vdu .
Ota QopMyna HCIONB3YeTCS B TEX CIAy4asX IS BBIYHCICHUS '[ f(x)dx, xorma
TIOABIHTETPAIBHOE BhIpaXKeHUE [ (X)dX MOXHO Tak MpEACTaBUTh B BUAE udv , 4TO

HHTErpan Ivdu MOYKET OKa3aThCs MPOIIE HHTErpaia Iudv .
DTUM METOZIOM BBIYUCISIOTCS: 1) HHTErpasbl BUIA Ix" cos(ax + B)dx
n o n_ox+p n_ox+f -
x" sin(ax+ f)dx, | x"e dx, |x"a dx , mpu4éM B KadecTBe u#(X) BBI-

Oupaercst x"; 2) WHTErpajbl, HObIHTErPaIbHas (QYHKIHSA KOTOPHIX CONEPXKUT B
KauecTBE MHOXMTENS OfHY M3 chefyromux ¢ynkuumii: Inx, log, x, arcsinx,
arccos x , arctgx, arcctgx, Ipu4éM B KadyecTBe u(X) BHIOMpaeTcsl OfHA M3 yKa-

3aHHBIX BBIIIC (byHKHHﬁ. Vka3annnie TPpYHIIIbl UHTETPaIOB HEC MCUCPIIBIBAIOT BCEX
0€e3 UCKITIOUEeHHUS HUHTErpaJioB, 6epy1u1/1xc;1 MCTOAOM HMHTCIPHUPOBAHUA T10 YaCTAM.

(Ax+ B)dx (Ax+ B)dx
BhIuncIieHHe MHTETPAJIOB BHIA _[ > u J , BBIIEJISIS B
oax” + fx+y Jox? + r+y
KBaJpaTHOM TpéXuIieHe ax? + fx+y TIOJTHBIH KBaJIpaT

2 2
ax? + Px+y = a[x +2£] +y —f— U Jienasi 3aMeHy MepeMeHHON UHTErpUpoBa-
a a

must X+ f3/(2) =t, cBORAT K BHIMMCIEHMIO TaOJIMYHBIX MHTETPANIOB (CM. Mpu-

tdt
Ja0xyceHue 6.3) M MHTETPaJIOB BUIA J _

" J‘ tdt
EEYE Nt? +4?

TaGIHYHBIM 3aMEHOI IIepeMeHHoi 12 +a’ =z .

KOTOpPbIC CBOIAT K

Tema. Onpenenénnpiii naTerpan. Heco6cTBeHHbIE MHTEIPAJIBL.

K nonsituio onpeaenéHHOro HHTErpajia MOXHO MPUNTH, peras 3a/1lady O BbIUKC-
JICHUW TUIONIAd KPUBOJIMHEWHOW Tpameryu, T.e. (PUryphl, 3aKIIFOYEHHON MEXTY
npsIMBIMH X =a, x=b, y=0 u xpuBodl y= f(x). YHucmo, paBHOE ILIONIA TN

KpUBOJIMHEHHOW Tpamneuuy, NpuyéM IUIOMAaAb TOH YacTH, KOTOpas JIEKUT BBIIIE
ocu Ox OepETcs CO 3HAKOM «+», M HIKE € — CO 3HAKOM « — » U HA3bIBACTCS ON-

pedenénnvim unmezpanom ot Gpyakuuu f(x) Ha otpeske [a,b]. OnpenenéHHbIH
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b
UHTETpa 0003HAYACTCS I f(x)dx, tne unucna a,b HA3BIBAIOTCA HUNCHUM U
a
6epXHUM npedenamu UHMeZPUpPoBCaHus.
Oynkus y = f(x), uig KOTOpOit Ha oTpe3ke [a,b] CyliecTByeT onpeneIéHHbIN
HHTETpall, Ha3bIBACTCS UHmMezpUpyemoil Ha 3ToM otpeske. Jocmamounvim ycio-
euem unmezpupyemocmu Gynkuuu y = f(x) Ha orpeske [a,b] sBusercs e€ He-

MIPEPBIBHOCTH HA JJAHHOM OTpe3ke. Eciu dynkius f(x) wHTerpupyema Ha [a,b],
a a b

TO, TIO OTIPEIICIICHUIO, ITOJIATAt0T I f(x)dx=0, I f(x)dx=- I f(x)dx .
a b a

OcHogHble C80TICEA ONPEOENEHHO20 UHMEZPANA:

b b b b b
1. J' kf (x)dx =k J' Fx)dx (k = const). 2. J' (f(x)+ g(x)) dx = J' F(x)dx + J' g(x0)dx.

3. if(x) dx =j f(x)dx+ ‘[i f(x)dx.

[oHsATHE ONMpEENEHHOr0 UHTETPaAia TECHO CBSI3aHO C MOHSATHEM HEOPEAETEH-
HOT'0 UHTErpana (mepBooOpa3HoOLL).

Ecmu ¢ynkuus f(x) HempepblBHA Ha oTpe3ke [a,b] u F(x) - omHa u3 e€ mep-
BOOOPA3HBIX, TO CIIPABEIIMBO PABEHCTRO:

b
I f(x)dx=F (x)|z = F(b)—F(a) (¢popmyna Horomona-Jleiionuua).
a
CrnenctBusimu opmyibl Hetorona-JIeliOHUTIA ABISIOTCS (OPMYIIBI 3dMeHbl nepe-

p(x)=t
. do(x)=dt p
MEHNOIL: jf(x)dx = @'(x)dx = dt = Ig(t)dt U un-
‘ S (x)dx = g(p(x))g'(x)dx = g(t)dr | *

pl@a)=a, @b)=p
b b
b .
mezpupoeanus no YAcmsam I udv = u(x)v(x)|a - I vdu B onpeJienéHHOM UHTErpa-

a a
ne. Ilpu 3aMeHe nnepeMeHHO! B ONpeAeIéHHOM HHTErpajie B OTJIMYME OT BhIYMCIIE-
HUSI HEONpeIeIEHHOT0 He HY)KHO BO3BPAILIAThCSl K UCXOJJHOMY apr'yMEHTY, TaK Kak
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peoOpa30BaHHbIA ONpeAENEHHbI HHTErpai OepETcs M0 TOMY OTPE3KY, MO KOTO-
POMY M3MEHSETCS] HOBBII apryMeHT.

[Ipy BBIUMCIIEHWM HeONpeaeNEHHOr0 HMHTErpaia Mo YMOJYaHHIO Mpenoliara-
JIOCh, YTO NEPBOOOpa3Hasi HAXOJWTCS Ha TE€X MPOMEXYTKaX, Ha KOTOPBIX BBINOJ-
HsieMbIe TIPe0Opa30BaHMsl ITONBIHTETPAILHON (DYHKIMH SBISIFOTCSI TOXK/IECTBEHHBI-
Mu. [Ipy BBIUUCIEHHH K€ ONPEAENEHHOr0 MHTErpana MmepBooOpa3Has HaXOAUTCs
Ha 3aJIJaHHOM OTpE3Ke, II03TOMY 37eCh YK€ HEOOXOANMO CIIEIUTh 32 TOXKECTBEH-
HOCTBIO BBITIOHSEMBIX IPE00pa3oBaHuii.

ITnowaos uzypwr (puc.l) a<x<b, fi(x)<y< f,(x) paBHa

b
S =[ (20 ().
ITnowaos uzypwr (puc.2) g,(y)<x<g,(y), c<y<d paBHa

d
$=[(8:0)-g1 )y

' Yy, Y
:54{1} g d.
a ' [
I
) Y= 1< -
' 1
Puc.1 Puc.2

Ecmu ¢pyakims y = f(x) uaTEerpUpyeMa Ha OTpe3ke [a,b], To HecodcmeenHbIM

UHnmezpaiom no 6(ZCKOH€‘£HOM_V RPOMENHCYMKY UHmMEZPpUPO6aAHUAa OT (byHKHI/II/I
b

f(x) Ha mpomexyTtke [a,+o) HaspBaercs lim | f(x)dx wu obo3Hayaercs

b—+0
+00 +00 b
j F(x)dx Te. j f(x)dx= lim j F(x)dx . AHAJIOTHYHO:
p p b—+0 .

j)[f(x)dx = liri; jA f(x)dx.

Ecnu nipenen cymiecTByeT U KOHEUEH, TO HECOOCTBEHHBIN HHTETPAl Ha3bIBACTCS
CX00MUMCA, B IPOTUBHOM CITyYae — PACXOOAUMUMCA.
Tema. IuddepeHnnajinLHbIe YPABHEHHUS.
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VYpasuenue Buna F(x,y,y")=0, rme y = y(x) - uickomast QyHKIIHs, HA3bIBACTCS
00bIKHOBEHHbIM Oudepenyuanvuvim ypasHenuem nepeozo nopaoka. OyHkuus
¥ =@(x), obpamiaromias ypaBHEHHE B TOXJIECTBO, HA3bIBACTCS peutenuem ypas-
HeHusi. Ecim penienne ypaBHeHus 3amaHo B HessBHOM Buzae P(x,y)=0, To oHO
0OBIYHO HA3bIBAa€TCS UHMezpanom ypaBHeHus. [Iporiecc HaxoXIeHHS pelIeHHH
Ha3bIBACTCS UHMEZPUPOSAHUEM OuhepenyuanbHozo ypasHenus.

VYpaBuenue Buna y' = f(x,y),rne f(x,y)- 3amanHas QyHKIHS EPEMEHHBIX X
u y, HaswBaercs JAY nepeozo nopsaoka, pa3zpeuténnolm OMHOCUMENbHO RPOU3-

60o0noii. Oty ¢dopmy 3ammcu Y Ha3BIBAIOT HOPMAABbHOU. YUUTHIBAas, YTO
y'=dy/dx, 1Y mepBoro mopsska, paspemiéHHOE OTHOCUTENHLHO MPOM3BOHOMN,

MOXXHO BCeraa 3ammucarthb B oughghepenyuanvuon copme:
P(x, y)dx+QO(x,y)dy=0, tne P(x,y) u Q(x,y) - 3anaHHple GYHKIUH TEpe-
MEHHBIX X U .

VYenosue y(xy)=y,, TOe X,, V,-33JaHHbIC UNCIA, HA3BIBAETCS HAUATLHLIM
ycnosuem. 3ajada HaXOXKJICHUS peUIeHHs ypaBHeHHs V' = f(x,)), YyIOBIETBO-
PSIOIIETO 3a/JlaHHOMY HayajbHOMY YCIOBHIO J(X,)=y,, Ha3blBaeTCs 3adaueil
Kowu.

Obwum pewenuem JIY mepBoro mopsjaka HasbiBaercs pemienue y = @(x,C),
3aBHUCALIEe OT OJHOM MPOM3BOIBHOM HOCTOSHHOW C, Takoe, U3 KOTOPOro INpHU
HaJlIeKalieM BeiOOpe 3HaueHus nocTosHHON C = C, MOXXHO MONYYUTh PELICHNE
y=¢(x,C,), yl1OBIETBOpsIOIIEE 3aJaHHOMY HadyallbHOMY YCIOBHIO J(X,) =Y.
Ob6mee pemieHne, 3aganHoe B HessBHOM Buie D(x, y,C) =0, Ha3bIBaeTCS 00uyum

UHMeZPaAnNoM ypaBHEHHUS.
Yacmuvim pewenuem JIY TIepBOro TMOpsIKa HA3bIBACTCS  pELICHUE
y=¢(x,C,), nonydaeMoe U3 OOLIEro NpHU KOHKPETHOM 3HAYEHHU IOCTOSHHOM

C=C, (pu >ToM He HCKIOYalOTcs U 3HaueHus C =zxoo). YacTHoe pelenue,
3ajaHHoe B HesBHOM Bune ®(x,y,Cy) =0, Ha3pIBACTCS YACHIHLIM UHMEZPATIOM
YpaBHEHHUS.

AY Buma P(x)dx+ Q(y)dy =0 Ha3pIBaeTCs ypaBHEHHEM C PA30eAEHHbIMU He-
pemennsimu. Ero oOnmii MHTErpai UMeeT BUIT IP(x)dx + '[ Oy)dy=C.

AY Buma y'= f(x)g(y) wm P (x)Q,(y)dx+ P, (x)0,(y)dy =0 Ha3bmBaercs
YPaBHEHUEM € PA30eAWUMUCA NnepemeHHbimu. Ero MHTErpupoBaHue, myTéM

JeneHus odeux uyactell ypasHenus Ha g(y) wm Q,(»)- P, (x), cBoxurca (¢ yué-

ToM y'=dy/dx ) K HHTErPUPOBAHMIO YPABHEHUS C Pa3/IeEHHBIMU TIEDEMEHHBIMA.
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Haiitu wactHoe pemierue audepeHnrnanbHOr0 ypaBHEH s IEPBOro MOPsIIKa —
3Hauut: 1) HalitTm ero obOmee pemeHue y=@(x,C) win oOmMUN HHTErpa

®(x,y,C)=0; 2) HaifTu To yacTHoe permieHne y = @(x,C,) (JacTHBIA MHTErpan
P(x,y,Cy)=0) KoTOpOE yHOBIETBOPSET 3aJAHHOMY HAYAJILHOMY YCIIOBHIO
¥(x0) =y -

JubdepenuunanapHoe ypaBHeHue Buaa ) = f (y/ x) Ha3bIBAETCSI 0OHOPOOHBIM.

OIHOpOHOE ypaBHEHHE MPUBOAUTCS K YPABHEHUIO C Pa3JIENAIONIAMUCS TIepe-
MEHHBIMH T[IOACTAHOBKOH [y =xXu], y'=u+xu' wm dy=udx+xdu, rne

u =u(x) - HoBast HeusBecTHast (yHkius. Muterpupyst Y ¢ pasiensommmucs
MepeMeHHBIMHA OTHOCUTENLHO (PYHKIUK #(X) ¥ BO3BPAIIAACH K HCKOMOM (hyHKIHH
y(x) , HaxoauM 0OIIIee pEIICHUE UCXOMHOTO YPAaBHCHUS.

VYpaBuenne Buma '+ p(x)y=¢g(x) Ha3bIBa€TCA JIUHEUHbIM. YPaBHEHUE

¥'+ p(x)y =0, B KOTOPOM MpaBasi 4YaCTh TOXISCTBEHHO paBHA HYJIIO, HA3bIBACTCSI

00HOPOOHBIM TUHETHBIM YPABHEHUEM.
OO1ee pelieHue HEOTHOPOJHOIO IMHEHHOIO YPaBHEHUs HAXOAUTCS T1OJCTaHOB-

VpasHenue Buga y' + p(x)y=q(x)y%, tie a #0 u a #1, HasbIBaeTca ypas-
nenuem Bepuynnu. Ero penieHie HaXOQUTCS MTOACTAHOBKOM .

VYpaBuenue Buga F(x, y,y',...,y("))zo, rae y = y(x)- uckomasi (QyHKIUS,
Ha3blBaeTCsl Ougppepenuyuanvuvim ypasHenuem n-20 nopaoka. DOyHKUuUS
v =@(x), obpamaromias ypaBHEHHE B TOXKIECTBO, HA3BIBACTCS peuteHueM ypas-
Henus. Eciu peuieHue ypaBHeHusl 3amaHo B HesiBHOM Buzme D(x,y)=0, To oHO
HA3bIBACTCS UHIMEZPAIOM YPABHEHHUS.

-1
YpaBHeHUE BHIA y(") = f(x, y,y',...,y(" )), HA3bIBACTCS YpaBHCHHEM, pa3-

PCUEHHBIM OMHOCUMENbHO cmapueil npou3eooHoil. Ity Gopmy 3amucu Y n -
TO MOPSIIKA HA3BIBAIOT HOPMAIbHO.

_ ’ o —1 _ . (n-D)

VYcnoBus W(xg) =0, (x9) = yo,...,y(" )(xo) =yy s rue
Xos Vo s Vo 5 - 3ajiaHHble YHCIA, HA3BIBAIOTCS HAMATBHOLMU YCTOCUAMU.
Bajaua Haxoxenns pemenus ypasmenums y = f(x,y,y',...,y" ™), yrose-

TBOPSIIOIIETO 33/JaHHBIM HAYaJIbHBIM YCIOBUSAM, Ha3bIBacTCs 3adaueli Kowu.
Oowgum  pewenuem 1Y n-ro  TOpSAKAa  Ha3blBaeTCd  pelleHUE
y=0x,C,C,,...,C,), 3aBucillee OT 7/  TNPOU3BOJIBLHBIX IOCTOSHHBIX
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C,,C,,...,C,, Takoe, U3 KOTOPOTO MPH HAJUIEXKAIIEM BbIOOpE 3Ha4YeHHMH mocTo-
SIHHBIX C, =Cy,,Cy=Cy,....,C,=C,,  MOXKHO  TIONYYUTH  DEIUEHHUE

y=0(x,C,y,Cy,...,C,) , yIOBIETBOPSIOLIEE 3aJaHHBIM HAUYATBHBIM YCIOBHAM

V(x0) =20,V (X0) =V o yh (x0) = y(()"fl). O01iiee pereHre, 3aJaHHOE B
HesBHOM BHae D(x,y,C;,C,,...,C,)=0, Ha3bBaeTCi 0O0WUM UHMEPATIOM
YpaBHCHUS.

Yacmueim  pewenuem JIY  n-ro mopsAaka  Ha3bIBaeTCsl  pellleHUE
y=0(x,C,...,C,q), MoNydaeMoe U3 OOLIEro MPH KOHKPETHBIX 3HAYEHHUSX IO-
croaunbix C; =Cg,...,C, =C,,. UacTHoe pelleHre, 3aJaHHOE B HEABHOM BUJIE

D(x,»,Cig,...,Cpp) =0, HA3BIBAETCS UACMHBIM UHMEZPATIOM.

) _

YpaBHeHue BUma y f(x) HaszwIBaeTCst npocmeniwum oughghepernyuanvrHovim

ypasuenuem n-20 nopsaoka. Ero oblee penieHne HaXOST, BBIIOIHAS TOCIEN0-
BaTEIbHO 7 MHTEIPUPOBAHMIA, U 3AIUCHIBAIOT B BHIIE

y=J‘ach‘...J‘f()c)abc+C1)c"71 +Cox" 2 4.+ C
< 4

-
n pa3

Vpaeuerne Buma ¥ +a,y"V +...+a,y=f(x) wHasbBacTCA UHeNHBLM
ougppepenuyuanvnovin ypasnenuem (JILY) n-20 nopsoka , rne xo3hHUIUCHTHI
a,,a,,...,a,- HenpepeiBHble QyHKIMM Hnu noctosHHble. Ecmu f(x)=0, To
YpaBHEHHE Ha3bIBAeTCS 0OHOPOOHbIM. OTHOPOTHOE JTUHEHHBIM ypaBHEHUE 71 -TO
nopsaka umeer B ¥ +a,y" "V +.+a,y=0.
Tema. Ciyuaiinble COObITHSI U UX BEPOSITHOCTH.

[pu knaccuueckom onpedenenuu eeposmuocmov P(A) cayuaiinozo coovimusn

m(A)

A onpenensercs paBeHCTBOM P(A) =

, Tne m(A) - 4ucio 3IeMeHTapHbBIX

HCXOJIOB IKCIIEPUMEHTA (OIBITA, UCIIBLITAHUS), OJIATONPUSITCTBYIOIIUX TOSIBIICHUIO
coObITUSL A4 ; n - 00IIlee YUCIO PABHOBO3MOXKHBIX JJIEMEHTAPHBIX MCXOJOB KCIIe-
pumenTta. Kaxprii U3 MCXOmOB (Jajiee HENETMMBIX M B3aUMHO HCKITFOYAFOIIIX
JIpYr ApYra) SKCIIEpUMEHTa HA3bIBAETCS €r0 I1eMEHMAapHbIM UCX000M (DIIeMEH-
TapHBIM COOBITHEM) U O0O3HAYAETCS @ . DJIEMCHTapHBIC MCXOJBI HA3bIBAKOTCS
PABHOBO3ZMOMNCHBIMU, €CITM B CUIIy YCJIOBHM IPOBENCHUSI DKCIIEPUMEHTa MOXHO
CUHTaTh, YTO HU OJIMH U3 HUX HE SBJISCTCS OOBEKTUBHO 00Jice BO3MOXKHBIM, YeM
npyrue. MHOXECTBO BCEX JJIEMCHTapHBIX HCXOJIOB 3KCIIEPUMEHTA HAa3BIBACTCS
RPOCMPAHCMEOM INIEMEHMAPHBIX UCX0006 1 obo3Hadaercst Q. Mcxon @ Hasbl-
BaeTCsl 0J1A2ONPUAMCIMEYIOWUM TAHHOMY COOBITHIO, €CIIH €T0 MOSBJICHUE BICUET
3a co0OM HACTYIUICHUE TAKOTO COOBITHS.
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IIpomueononoxcusim coobITuio A Ha3bIBaeTCS COOBITHE A , COCTOSIIEE B TOM,
410 coObITHE A He mpoucxoaut. Hampumep, MpOTHBOMONIOKHBIM COOBITHIO, OI-
penensieMoOMy CIIOBAMH «XOTSI ObI OJHUH...» SBISIETCS COOBITHE, OMPEAEIsieMOoe

CJIOBaMU «HH OJHUH...». Ecmmn BEPOATHOCTDH P(A) HU3BCCTHA HJIM JICTKO MOXCT

ObITH HaiiieHa, TO BeposTHOCTh P(A) Borancisior o gopmyie: P(A)=1-P(A).

JUst BBIUMCIIEHUs O0IIero ynuciaa n 3JIeMEHTapHBIX UCXOJ0B U uucna m(A) sie-
MEHTapHBIX MCXOJIOB, OJIarONpPHATCTBYIOUIMX PAacCMaTPUBAEMOMY COOBITHIO, IIIH-
POKO HCTIONB3YIOTCS MpaBuiia ¥ (HopMyssl KoMOMHATOpUKH. OMHOIM W3 OCHOBHBIX
3a/a4 KOMOMHATOPUKH SIBIISIETCS MOJCYET YMCIIa KOMOMHATOPHBIX KOHQUTYparyi
(KOMOMHAIMH 3JIEMEHTOB), OOpa30BaHHBIX W3 AJIEMEHTOB HEKOTOPBIX KOHEYHBIX
MHO)KECTB B COOTBETCTBHMHU C 3aJlaHHBIMH IpaBWwiaMu. IIpuMepaMu Takux KOMOU-
HaIWi SBJSIFOTCS IIEPECTaHOBKH, PA3MEIIEHUS U COUETAaHUsL.

Couemanuamu u3 n 31eMeHmO8 nO m Ha3bIBAIOTCS KOMOUHALMU 3JIEMEHTOB,
OTJIMYAoImuecs APYr OT Apyra TOJIbKO COCTaBOM 3JeMeHTOB. OHM paccMaTpuBa-
I0TCS KaK DJIEMEHTapHBIE MCXObl SKCIIEPUMEHTA, COCTOSIIEr0 B OTHOBPEMEHHOM
BbIOOpe 0€3 BO3BpAllEHUs JTIOOBIX 71 3JIEMEHTOB U3 71 Pa3/IMYHBIX JIEMEHTOB, a

ux oburee yncao C,' ompenensiercs GopMyIIoii:

n!
s =————, e n!=1-2-3-...-(n=-1)-n, 0=1.

mh(n—m)!

Pazmewienuamu uz n 31eMeHmMO8 N0 m HA3BIBAIOTCS KOMOWHAIIMH JIEMEHTOB,
OTJIMYAIOIINECS IPYT OT APYra Kak COCTABOM 3JIEMEHTOB, TaK U MOPSAKOM HX CJie-
noBaHuss. OHU pacCMaTPUBAIOTCS KaK AJIEMEHTApHbBIE UCXOJIBI IKCIIEPUMEHTA, CO-
CTOSIIIET0 CHa4yaja B OJHOBPEMEHHOM BBIOOpe Oe3 BO3BpalleHHs JTIOOBIX m djie-
MEHTOB M3 1 Pa3JIUYHBIX JIEMEHTOB, 4 3aTEM B ITPOU3BOJILHOM HX YIIOPSI0YHBA-

n!
(n—m)!

Ilepecmanoskamu u3 n 3I1eMeHMOE HA3BIBAIOTCS KOMOWHAIIMM 3JIEMEHTOB,
OTJIMYAIOIINECS JPYT OT APYyra TOJBKO MOPSIKOM UX ciemoBanus. OHM paccMart-
PHBAIOTCS KaK 3JIEMEHTAPHBIE UCXOJbI IKCIIEPUMEHTA, COCTOSIIETO B MPOU3BOJIb-
HOM YIOPSIOYMBAHUN MHOXECTBA, COCTOSIIErO U3 7 PA3IMYHBIX SJIEMEHTOB, a UX

obmee uncno P, onpenenserca popmynoit P, =n!.

Hun. OG1ee 4ncino A, pasmernenuii onpenensiercst popmysoit: A4, =

Just mopcyéra uucia BCEBO3MOXKHBIX KOMOHMHATOPHBIX KOH(PUTYpalMi IIMPOKO
UCTIONIB3YIOTCS NPaBUIIa KOMOWHATOPHKH.

Ilycts o,a5,...,0 - DTAEMEHTHI (IEHCTBUA) U3 HEKOTOPOrO KOHEYHOIO MHO-
JKECTBA DJIEMEHTOB (JIEHCTBHIA), KOTOPHIE MOXKHO BBIOpATh (BBIMOJIHUTB), COOTBET-
CTBEHHO, Hj,H,,...,N; crnocobamu. Toraa cipaBeuIMBEI CIEMYIOIKE IPABHIIA.
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Ilpasuno cnoycenus. OcymecTBUTH BHIOOP (BBITOIHEHUE) TOIBKO OIHOTO U3 dIle-
MEHTOB (elicTBuUi) MOXHO N =n, +n, +...+n; cIoco0aMu.

Ilpasuno ymnoscenun. OCylieCTBUTH TOCIIEIOBATEIBHBIA BHIOOP (BBIMOIHEHUE)
BCEX JJIEMEHTOB (AeiicTBuil) MOXHO N =n, -7, -...-n; CIOCOOAMH.

Bcesikoe cnywaiiHoe coObiTHe A MOXKHO paccMaTpHBaTh Kak MOAMHOXKECTBO ()
(oOpaTHOe yTBepiKIeHHE, BOOOIIE TOBOPS, MECTa HE MMEET), COCTOSIIEE U3 BCEX
TeX w € ), KOTOphIe OMAaronpusITCTBYIOT coObITHi0 A (w € A). MHOX)ecTBO )
Ha3bIBAIOT OOCHI0GEPHBIM COObIMUEM, & IIyCTOE MHOXECTBO & , ABIAIOLIEECS 110
OITPEIEITICHUIO MTOJMHOXKECTBOM (2 , HA3BIBAIOT HEGOZMONCHBIM COOBIMUEM.

Ecnu A < B, T0o TrOBODSIT, UTO codvimue A eneuém codovimue B .

Hpoussedenuem coburmuii A n B HazwpBaloT cobbiTHE A- B, TIpoOMCXOJAllee
TOTJla U TOJIBKO TOT/IA, KOTJa MPOUCXOAAT OJHOBPEMEHHO oba coObitusi AuB .
Cobbitust Au B Ha3bIBAIOT Hecoemecmusimu, eciii A-B = .

Cymmoii coovimuii A n B HaswBaror cobbiTne A+ B, mpoucxopsinee Toraa u
TOJIBKO TOT/1A, KOT/Ia MPOUCXOJUT XOTsI ObI OJJHO U3 COOBITHI A Win B .

Paznocmuio cobvimuii A m B HazbBaroT coObiTHe A\ B, mpoucxozsiiee To-
IJla ¥ TOJIBKO TOT/Ia, KOT/ia IMIPOUCXOMUT COOBITHE A , HO HE POUCXOIUT COOBITHE

B . Cobbitne A=Q\ 4, MIPOUCXOJISIIIIEe TOT/AAa U TOJNBKO TOIZA, KOTJa COOBITHE

A He NPONUCXOIUT, HA3BIBAIOT HPOMUBORONONHCHBIM COOBITHIO A . Pa3zHOCTH co-

ObiTHii A\ B Bceraa MOXKHO NIPENCTaBUTh B Busie A\B = A-B .

W3 onpenenenys BepOATHOCTH CIEAYIOT CIEAYIOIUE e€ CBOWCTRA!

1) P@)=0;2)P(Q)=1; 3)0<P(4)<1; 4)Ecnu Ac B, 10 P(A)< P(B);
P(A4)+ P(B), ecmu A-B=0

P(A)+P(B)—P(A-B), ectu A-B#J’

I[lyctb A u B - HaOmogaeMbie COOBITUS B dKCHepuMeHTe, nmpuaéM P(A4)>0.

5) P(A)=1-P(A); 6) P(A+ B) =

Ycnosnou eéeposmuocmoero P(B| A) ocyuiecTBicHUs codbimus B 1ipu ycrnoBuwy,
4TO0 COOBITHE A MNPOU3ONUIO B PE3YJbTAaTE AAHHOTO IKCIIEPUMEHTA, Ha3bIBAETCS
P(A-B)

P(A)

Cobbitnss A u B, MMerolie HeHyNIEBYIO BEPOSTHOCTD, HA3bIBAIOTCS HE3AGUCH-
MbIMu, €CITU BBINONHsAETCS paBeHCTBO P(B|A)=P(B) wm P(A|B)=P(A), B

BENUYMHA, onpenensiemMas paBeHcTBoM: P(B| A) =

IIPOTUBHOM ciTydae coObitiss A M B Ha3bIBAIOTCA 3A6UCUMBIMU.

CnosicHbim Ha3BIBAIOT COOBITHE, HAOIOaEMOE B IKCIICPHUMEHTE W BBIPAKCHHOE
4epe3 Apyrue HaOIroJaeMble B TOM K€ IKCIEPUMEHTE COOBITHS C MOMOIIBIO J10-
MYCTUMBIX ANreOpanyecKuX OMepalui Haji COOBITHAMH.

BeposATHOCTD OCYIIECTBIICHUS TOTO MM HHOTO CIIOKHOTO COOBITHS BBIYUCIIACTCS
C IOMOIIBIO YOPMYIT YMHONCEHUA 8EPOAMHOCIEN:
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1) P(A-B)=P(A)-P(B|A), P(4)>0;

2) P(A-B)= P(A)- P(B) (anst HE3aBUCHUMBIX COOBITHIA)

U hopmyn cnodcenus eeposmuocmeil:

3) P(A+B)=P(A)+ P(B)—P(A-B);

4) P(A+ B)= P(A)+ P(B) (uis HECOBMECTHBIX COOBITHUIA).
HOyers H,,H,,....H

nonapHo HecoBMecTHbie (H,; - H ; =& npu i # j) 1 00pasyrouue noaHyko rpyI-

, - HabIIonaemMble COOBITHS JUISl JAHHOTO JKCIIEPUMEHTa,

ny cooertuii (H, +H, +...+ H, =Q)). Takue coOblTust H . TPUHATO HA3LIBATH
y 1 2 n i 1p

2unome3amu 10 OTHOIICHUIO K coObITHIO A . Tornma ams iro0oro HaOIIIaeMoro B
9KCIEPUMEHTE COOBITH A UMEET MECTO hopMyia NOIHOU 6EPOAMHOCIU.
n
P(4)=) P(H,)P(A|H,), tne P(H,;)>0.
i=1
Nycts H,,H,,...,H, - COBOKYITHOCTb I'MIIOT€3 10 OTHOLLIEHUIO K COOBITHIO A ,

0e3yCcloBHBIE BEPOSTHOCTH KOTOphIX P(/1;) >0, Ha3zpiBaeMble anpuopHvimu (0o-

n

ONbIMHBLIMU), U3BECTHBI M TTYCTh CTAJ0 U3BECTHO, YTO B PE3yJIbTAaTE IKCIICPUMEHTA
cobwite A mpousonuio. Torna anocmepuopnvie (nocieonvimusie) BEPOITHOCTH
P(H;| A) runore3 H; mpu yCIOBHH, YTO COObITHE A HMEIO MECTO, BBIUMCIS-
10TCA 110 hopmyne baiteca:
P(H;)-P(4| H;)
P(4)

®opmyna balieca mo3BoeT NEPEOLICHUTH BEPOSTHOCTh KaXKJOW U3 THIOTE3 MO-
CJie TIOCTYIUICHHS JTOTONHUTEIBHON MHQOPMAIIMH OTHOCHUTEIHHO OCYIICCTBICHUS
TeX WIN UHBIX HAOII0JaeMBIX COOBITHIA.

Cxemout Bepuynnu Ha3bIBAIOT TOCIEAOBATCIBHOCTh HCIBITAHUH, YIOBICTBO-
psroNIyIo ycnoBusaM: 1) pe3ynbTaToM KaXKAOTO HCIBITAHUS SBJSICTCS OJIUH U3 IBYX
BO3MOXKHBIX HCXOJIOB: «ycCHex» (MOSIBIICHHE HEKOTOPOro COObITHS A ) M «Heyna-
4ay; 2) UCIBITAHUS SBJISIOTCS HE3aBHCUMBIMHU, T.C. BEPOATHOCTh «YCIEXa» B KaXK-
JIOM CJICTYIONIEM HUCIIBITAHUH HE 3aBUCUT OT PE3YJIBTATOB MPEIBITYIIHX UCIBITA-
HUM; 3) BEPOATHOCTh «YCIEXa» BO BCEX WCIBITAHUSAX OJWHAKOBA W paBHA
P(A)=p.

BeposartHocte P, (k) Toro, 4To B n MCHBITAaHUSX 1O cxeMe bepHynan nponsoit-

P(H, | 4) =

rxe P(4)= Y P(H,)P(A| ).

i=1

JIET pOBHO k «yCIIEXOBY, ompenensiercs ¢popmynoii bepuynnu:
P, (k)=Crlp*(1-p)"*, k=0,1,2,...,n.
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Cruencrauem ¢opmyist beprymm sisisiercst popmyna: P, (k>1)=1-(1-p)" -
BEPOATHOCTB TOTO, YTO B /I UCIBITAHUAX MO cxeMe bepHyum «ycrex» HacTyrnuT
XOTsI OBI OJTUH pas.

Tema. CayyaiiHble BeTHYUHBI.

Ion cayuainoii éenuuunoit X TOHUMAIOT BEIMYUHY, NPUHHMAIONIYI0 CBOU
BO3MOXKHBIE 3HAYEHHSI X B 3aBUCHMOCTH OT UCXOa (I DKCIIEPUMEHTA, C KOTOPHIM
OHa CBS3aHa.

3axkonom pacnpedenenus (seposmuocmetl) CIy4alHON BEIWYMHBI HA3BIBAIOT
T000€ MpaBUII0, MO3BOJISIIOIIEE HANTH BEPOSTHOCTD TOT'O, YTO CITydaifHas BEJNYH-
Ha NMPHUMET 3Ha4YeHHe U3 HEKOTOPOTo ITOJJMHOKECTBA CBOMX BO3ZMOXKHBIX 3HAUCHHUH.
OOmMM 3aKOHOM pacHpeeNieHns], IIPUCYIIMM BCEM CIIy4alHBIM BEINYNHAM, SIBIIS-
ercst pyHKIUS pacripeeeHus.

Dyuxyuei pacnpeodenenusn (seposmuocmeti) CIyIaiHOW BeTUUMHBI X  Ha3bI-
BaeTcst QyHKIMs F(Xx) NEHCTBUTENLHON NMEPEMEHHOW X, —oo < X < 400, OIpese-

nsiemast popmynoid F(x) = P(X <x).
Kaxnas dynkums pacnpenenenust F(x) obnanaer cieqyrolMMH CBOHCTBAMHU:
1) 0<F(x)<1, —0< x<+0; 2) F(x) He yObIBaerT;

3)F(—w)= lim F(x)=0,F(+0)= lim F(x)=1; 4)F(x)HenpepriBHa cJeBa.
X—>—00 X—>+00

BepositHOCTE coOBITHS a < X < b omnpenensercs: GopMymou:
Pla< X <b)=F()-F(a).
CnyudaiiHas BenuuuHa X Ha3bIBACTCA OUCKPEHIHOU CAYUANHOU 6elUYUHOU
(ACB), ecnu MHOXECTBO €€ BO3MOXHBIX 3HAU€HUH {x;,X,,...} KOHEUHO HIH

cuérHo, npuuéM P(X =x;)=p,; >0, Z p; =1, TIe cyMMHUpOBaHHE PacIpoCTpa-
i

HSIETCS HA BCE BO3MOYKHbIE 3HAUCHHUS | .

3akon pacmpenenenus J[CB ymoOHO 3amaBaTh psaoM pachpencieHus. Psoom
pacnpedenenus JICB Ha3pIBAIOT TAaOIUILY, B KOTOPOH MEPEYUCICHBI BCE BO3MOXK-
HbI€ 3HAUEHUs X;,X,,... STOU CIydaliHON BEIMYMHBI U COOTBETCTBYIOIUE UM Be-
POSITHOCTH Py, Py, .... JJI4 HarmsgHOCTU 3aKoH pacnpenenenus JCB uzobpaxa-
10T TpauYecKH, Uil Yero B NPSIMOYTOJBHON CHUCTEME KOOPIUHAT CTPOSIT TOUKH
M (x;, p;) ¥ COCAUHAIOT UX oTpe3kamu npsMeiX. [lomyuennyro ¢burypy Hasbipa-
10T MHO20Y20/1bHUKOM paAcnpedeieHu .

Mamemamuueckum oxcudanuem NUCKPETHON CIydalHOW BeNIWYMHBI X Ha3bl-

Baercs ynuciao MX = Z X;P; =X P +X, Py +..., €CIU PSA CXOAUTCS AOCOIIOTHO.

1
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HAucnepcueil ciyuaitnoii éenuyunbpl X Ha3bIBaeTCAd HEOTPUIATEIBHOE UYHUCIO
DX =M(X -MX )2. Yucno o(X)=+DX Ha3bIBaeTcs cpeonum Keaopamuu-

HbIM OMKIOHEHUEM.
Jlucrepcuio TUCKPETHOM CITydaltHOM BETUUMHBI X BBIYUCIISIOT IO (hopMysaam:

DX =" (x;,~MX)* p, um DX = x}p; -(MX)*.
i i

ITycte C -mocTosiHHAS BEJIUUYMHA.
CBoiicTBa MmaTemaTnieckoro oxxuganusi: 1) MC=C; 2) M(CX)=CMX ;

IIMXEY)=MXEMY ;4 M(XY)=MX-MY ,ecin X u Y He3aBUCHMBI
CsoiicTBa qucnepcun: 1) DC =0;2) D(CX) = C?’DX ;3) D(X+(C)=DX;

4) DX :M(Xz)f(MX)2 ;5 D(X+Y)=DX+DY ,ecniu X u Y HE3aBUCHUMBL.
CnyudaiiHas BenuunHa X Ha3bIBACTCS HENPEPBLIGHOU CAYUAUHOU 6eUYUHOU
(HCB), ecmu e€ yHKIUS pacmpefesicHus TPEACTABISLCTCS B BHIC

X
F(x)= J f(@)dt, —o<x<+00, rne f(x)-HeoTpulaTenbHas U UHTETpUpyeMas B
—00
OeCKOHEUHBIX Tperenax (YHKIWsS, Ha3bIBaeMasl iyHKuuei niomuocmu (pacnpe-
Oenenusi) eepossmuocmeit. MHOXECTBO BO3MOXKHBIX 3HAUCHUN HEMPEPHIBHOMN CITy-
YaliHOM BEJIMYMHBI HECYETHO M OOBIYHO IMpECTaBIIsIeT cOOOH HEKOTOPHIA KOHEY-
HBIN WM OECKOHEYHBIH IPOMEXYTOK YHCIIOBOH MTPSIMOH.

Oynkuus pacrpenencHust F(x) HenpepbIBHOHM CIydailHOW BeTUYUHBI X SIBIIS-
€TCsl HeTPepbIBHOM HeyObIBatolIel (GyHKIMEH Ha BCeil YMCIOBOW NPSIMOM, TpU4éM
BEPOATHOCTH IIOMAJIaHUsI B JIIOOYI0 (UKCUPOBAHHYIO TOYKY paBHa HYIIO:
P(X=x)=0, —co<x<+00.

Oynkmust f(x) sBIsETCS IUIOTHOCTBIO BeposTHocTed Hekotopoi HCB X, To-
+00
IJla ¥ TONBKO Toraa, korma: 1) f(x)>05  2) Jf(x)dx =1.

Jlna HempephIBHOM ciydallHOM BeNMUMHBI X C IUIOTHOCTBIO BEpPOSITHOCTEH
f(x): PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

Mamemamuueckum oxcudanuem HETPEPHIBHON ClIydyallHON BEeNWYMHbI X Ha-
+00

3pIBaeTcs yucino MX = J xf (x)dx , ecnu MHTETpal CXOANUTCS AOCONIOTHO.
—00

Jlucnepcuio HenpepbIBHOM CITydaifHOW BeTMYMHBI X BBIYMCISIOT MO GOpMynam:
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DX = f (x—MX)? f(x)dx wm DX = jw x2 f(x)dx —(MX)? .

Meouanoii nenpepuligroll cayuaiinol eeauyunst X HaszpBaercs uucino Me(X),
ynosuerBopsitoniee ycinoputo P(X < Me) = P(X > Me) wmu F(Me)=0.5.

Tema. DiemMeHTHI MaTeMaTH4YecKo crarucTuku. IlpexBapurenbHas o6pa-
00TKa CTATHCTHYECKUX JAHHBIX.
Buoiooproii 00béMa 1 U3 TeHEpANTbHON COBOKYITHOCTH X HAa3bIBAETCSl COBOKYII-

HOCTb X;,X5,...,X, HaOIIOJaeMbIX 3HaUEHHI CydaiiHON BenmM4nuHbl X , COOTBET-

CTBYIOIIMX # HE3aBHCHUMBIM MOBTOPEHUSIM CIYy4alHOTO SKCIEPUMEHTA C KOTOPHIM
cBsi3aHa BenuunHa X . B MaTemaTtndeckod CTaTUCTHKE T'€HEPAIBbHYIO COBOKYII-
HOCTb OTOXJECTBJIIOT CO CIy4alHOW BENIMYMHOM, COBOKYITHOCTH BCEX BO3MOXK-
HBIX 3HAUYEHUI KOTOPOH U HAa3bIBAIOT 2EHEPAIbHOU COBOKYRHOCHbIO.

BriOopka MokeT OBITH 3ammcaHa B BHJC BapHAMOHHOTO W CTATHCTUYECKOTO
(IUCKPETHOTO WU WHTEPBAIBHOTO) PsI0B. BEIOOPKY, 3aMUCaHHYIO B BUJIC CTATH-
CTUYECKOI0 Psijia, Ha3bIBAIOT ZPYHHUPOCAHHOI.

Bapuayuonnvim padom BBIOODKH X;,X,,...,X, Ha3bIBAaeTCA Takoil crmocod eé
3aIKCH, TIPU KOTOPOM 3JIEMEHTHI BHEIOOPKHU YIIOPSIOYUBAIOTCS IO BEIHUYUHE, T.C.
3alMChIBAIOTCS B BHWJIE  IOCJIEIOBATEIHLHOCTH X(1)sX(2)sees X(mys  THE€

X1y S X2y S... <X, . PasHOCTE X y = R HasbIBaeTCs pazmaxom 6b100pKU.

m ~*a
Bcrony B nanpHelieM BBIOOPOYHBIE XapaKTEPUCTHKH OyJeM, Kak MpaBHIIo, 000-
3HA4YaTb CUMBOJIOM C <K A » HaBery.

Pasnuynble 3HaueHus x;, i =1,k (k<n), HaswBaroTCa eapuanmamu. Yucno
n; TOBTOPEHH BAPUAHTBI X; B BHIOOPKE HA3bIBACTCS €€ YACMOmOil, a OTHOLICHHE
W; =n; /n Ha3bIBAETCS e OMHOCUMENLHOI YACHOMOIL.

Huckpemnuovim cmamucmuyeckum paoom Ha3bIBAETCS YIOPSIOUEHHAs B TOPA-
K€ BO3PACTaHUs 3HAYEHUH BApHAHT X; MOCIEA0BATENbHOCTb Map (x;,n;), i = L_k
OOBIYHO €ro 3aImKCchIBAIOT B BUJE TaONHUIBI, NIepBasi CTOKa KOTOPOI COAEPIKUT Ba-
PHMAHTBI X;, @ BTOPas UX YaCTOTHI.

ITonuzonom wacmom HazpiBaeTcs (HUrypa, PacHoIOKEHHAs M0 JOMaHOH IUHU-
eif ¢ BepmIMHaMU B Toukax M ;(x;,n;), MOCTPOEHHBIX B MPSAMOYTOJIBHON CUCTEME

KOOpP/IMHAT.
Humepeanvhsim cmamucmuyeckum paoom HaA3BIBACTCS IMOCIEAOBATEIBHOCTD

nmap (J;,n;), i=Lk, rne J,,J,,...,J, - HemepeceKkaromnecs: UHTEPBAJIbI, KaK
MPaBUIIO, PABHOM JJIMHBI, 00BEIUHEHUEM KOTOPBIX SIBIISIETCSI OTPE30K J , cozep-
’Kalluii Bce BHIOOPOUYHBIE 3HAYEHHS; 71; - YaCTOTAa MHTEpBala J;, paBHAs YHUCIY
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9JICMCHTOB BI)I60pKI/I, 3HAa4UYCHUA KOTOPLIX IONAJIN B Z[aHHBIﬁ HUHTEpBAJI. OOBIYHO
€ro 3arucCbIBalOT B BUIC Ta6J'II/IHI>I, nepBas CTpoka KOTOpOﬁ COACPIKUT T'paHUILIbI
HWHTCEPBAJIOB WIN UX CCPCANHBI Ei , d BTOpas — 4aCTOTbl MHTCPBAJIOB.

T'ucmozpammon wacmom HaszbIBaeTCsl CTyneH4artas (UTypa, COCTaBJICHHAs H3
MPSMOYTONBEHUKOB, TOCTPOCHHBIX HA MHTEPBANiaX TPYMIUPOBKH TaK, YTO TUIONIA b

Kaxxaoro npsAMoOyrojibHHKa paBHa 4aCToTe n,;, i= l, k. Ecou JUJIMHBI BCEX UHTCPBA-

JIOB OAMHAKOBBI U PaABHbBI h , TO BBICOTBI IPSIMOYT'OJIBHUKOB PaBHBI 71, /h .

OCHOBHBIE YHCJIOBBIE Xa

AKTEPUCTHKHU BHIOOPKH.

HerpynnpoBaHHast BBIOOpKa

I'pynnupoBanHas BEIOOpKa

1.Cpennee apudpMeTniecKoe BEIOOPKU

X:n,
A
i=1

M=

_ 1
X=—
n

2./lucnepcusi BHIOOPKH

1 n
¢l == (x,-%)
noi

1 k

2 - —2

o :_Z(xi_x) n;
niy

3.UcnpaBiieHHas1 AUCTEPCHS BHIOOPKH:

n o~
o)

§* =
n—1

4. Pasmax Boibopki: R =X, — X
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6.3 OcHoBHBIe MaTeMaTHYeCKHEe (POPMYJIBI.
D opMYJIbI COKPAILEHHOI0 YMHOKEHHS 2

1. a®> —b* =(a+b)a-b).
3. a° +b° =(a+b)a’ —ab+b?).

4. (a +b)? =a* +2ab+b>.

6. ax’ +bx+c=a(x—x)(x—x,),r0€ X, =(—bi\/b2 —4ac)/2a.

HdeiicTBMSI ¢ HATYPAJIbHbIMU Jorapugmamu.

2. a®-b® =(a—b)(a® +ab+b?).

5. (a+b)’ =a’ +3a’b+3ab* £ b*

1.Ina+Inb=In(ab). 2. Ina—Inbd= ln(a/b). 3. —Ina =ln(l/a).

4. blna =1In(a").

5.lne“ =a

D opMyJIbI TPUTOHOMETPHH.

I.sin2a+cos’a=1.

3. 1+tg’a = l/cos2 o.

DopMyJIbI CJI0KEHUS:

5. sin(a = ) =sina cos f £ cosa sin B
6.cos(a = f)=cosacos fFsinasin
®opMyJIbI ABOIHBIX yIJIOB:

7. sin2¢ =2sina -cosa
IIpeobpasoBanue cymMmMbl QyHKIMII B IPOU3BEACHUE:

9. cosa +cos =2 cos|(a+B)/2] cos|(a - B)/2]

2. tga -ctga =1.

4. 1+ctg’o = l/sin2 o.

) )
8. cos2a =cos“ a —sin

10. cos a —cos = —2sin[(a + B)/2]-sin[(ex - 8)/2]

11. sina +sin g = 2sin|(a + B)/2]- cos[(a - B)/2]
12. sin & —sin 8 = 2sin[(a - 8)/2]- cos[(a + B)/2]

Ilonm:kenue crenenu:

13. cos’ o = (1+ cos 2a)/2

14. sin’ a = (1-cos2a)/2
D opMVJIbl NPUBEACHNS.

T 3z
OyHKIUSA ﬂ=5ia f=rta ﬂZTia f=21r-«a
sin 8 +cosa Fsina —cosa —sina
cos 8 —Ccosa tsina +cosa
tgf Fetga tea Fctga —tga
—tgp Figa tTctga Figa —ctga
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3HaveHHsS] TPMTOHOMETPHYECKUX (DYHKIUI HEKOTOPBIX YIJI0B.

a 0 | z/6 | n/4 n/3 7/2 | 2x/3 T 3r/2 | 27

sima [0 [ 12 | 2/ [ B2 |1 RE -1 |0

cosa |1 | 3/ | 22 1/2 0 -1/2 -1 |0 1

1ga 0 MJE 1 V@ o _Jg 0 o 0
ctga 0 \/5 1 1/ﬁ 0 _1/\/5 o 0 o

Ta6anna npou3BoAHLIX M (¢ epeHIaloB OCHOBHBIX
3JIeMeHTAPHbIX ) YHKIMA.

Ne n/m f(x) S(x) df (x)
1 ¥ (keR) kx*! k x*'dx
2 a* (a>0,#1) a¥Ina a”™ Inadx
3 eX eX eXdx
4 log, x (a>0,%1) 1 dx
xlna xlna
5 Inx 1 dx
X X
6 sin x cos x cos xdx
7 cos x —sinx —sin xdx
8 18x 1 dx
cos” x cos” x
9 ctgx 1 dx
sIn” x SiIl 2 X
10 arcsin x 1 dx
1- x2 1-x2
11 arccos x 1 dx
1-x2 1-x2
12 arctgx 1 dx
1+x 2 1+x2
13 arcctgx 1 dx
1+x2 1+x2
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Ta0aua oCHOBHBIX HeONpeaeJeHHbIX HHTEIrPaJioB.

No No
- j F(x)dx - j F(x)dx
1 k+1 2 k+1
X x+a
Jxtae=g—C Jerafde =0
+ +
(keRk=-1) (keRk=-1)
3 4
j@=1n|x|+c [ D _ln|x+al+C
X xX+a
5 X 6 X ;. X
_[axdxza +C '[e dc=e" +C
Ina
7 Jsinxdxz—cosx+C 8 Jcosxdxzsinx+C
9 10 d
=tgx+C al =—ctgx +C
)
cos” x sin“ x
1 J.tgxdxz—ln|cosx|+C 12 J.ctgxdlen|sinx|+C
13 dx x 14 dx x 7
=Injtg—{+C =gl =+= |+ C
-[sinx g2 '[cosx g(z 4)
15 d 1 16 1 _
J-z—xzz—arctg£+C J- d =—ln|x a|+C
x“ +a a a x> —a? 2a |x+a|
17 18
J d =arcsin£+C J‘Lzlnx+vx2ia2 +C
22 _ 2 a Vx?2 + 42
19 2
I\laz—xzdxza?-arcsin£+§-\/a2—x2+C
a
20 2
J-\/xziazdxzi%ln\x+\/x2ia2\+%\/x2ia2+C

IpenenbHble 3HAYEHUSI HEKOTOPLIX (PYHKIIUIA.

arctg(+w) = 71/2 , arctg(—m)=— 71/2 , In(+0)=-00, In(+w)=+o0,

e =+, e =0, cig(£0)==0, P, (x0)=00,

lim n!=w, e n!=1-2-3-...-(n—1)-n - daxropuan uucna ».

n—o0
3HauyeHusl HEKOTOPbIX G YHKIMIA:

arcsin0=0, arctg0=0, sin0=0, cos0=1, ¢’ =1, In1=0, Ine=1.
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6.4 O6pa3zen opopmiieHHs 00J10KKH ¢ KOHTPOJIbHOH padoToii.

(I)EJIepaJII)HOQ rocyrapCrB€HHOC aBTOHOMHO€ 06pa30BaTeJ’le06
YUYPECKACHUE BBICIHICTO oﬁpa303a}mﬂ

«Habepe:kHOYeTHUHCKMI HHCTUTYT

Kazanckoro (IIpuBoskckoro) penepaibHOro yHUBEpCUTETA»

Kajeapa MmaTreMaTHKH

KonTpoJuabHast padora
10 AUCIIUIIIINHE «MaTtemaTuka»

Bapuanrt Ne
(HoMepa BBINOJIHSAEMBIX 3aJaHUI: )

BbInmogHWI: cryaeHT rpynnbl Ne
D.U.0. cmydenma
3a4. KHIGKKa - Ne
IIpoBepua: mpenogaBarennb Kadeapbl MATEeMATHKH
@D.U.0. npenodasamens

Hao0epe:xxubie Ueanbl
201...
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6.5. Tabuimna HoMepoB BHINOJIHSEMBIX 3a1aHHUIA.

Homep Homepa ébinonnsemoix 3a0anuit
éapuanma Cemecmp 1.

1 2 3 4 5 6 7 8 9 10

1 1 11 | 21 | 31 | 41 | 51 | 61 | 71 | 81 91
2 2 12 | 22 | 32 | 42 | 52 | 62 | 72 | 82 92
3 3 13 | 23 | 33 | 43 | 53 | 63 | 73 | 83 93
4 4 14 | 24 | 34 | 44 | 54 | 64 | 74 | 84 94
5 5 15 | 25 |35 |45 |55 | 65| 75| 85 95
6 6 16 | 26 | 36 | 46 | 56 | 66 | 76 | 86 96
7 7 17 | 27 | 37 | 47 | 57 | 67 | 77 | 87 97
8 8 18 | 28 | 38 | 48 | 58 | 68 | 78 | 88 98
9 9 19 | 29 | 39 | 49 | 59 | 69 | 79 | 89 99
10 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
11 3 12 | 21 | 32 | 43 | 52 | 61 | 72 | 83 92
12 4 13 | 22 | 33 | 44 | 53 | 62 | 73 | 84 93
13 5 16 | 27 | 38 | 49 | 60 | 69 | 78 | 87 96
14 6 17 | 28 | 39 | 50 | 59 | 68 | 77 | 86 95
15 7 18 | 29 | 40 | 49 | 58 | 67 | 76 | 85 94
16 8 19 | 30 | 39 | 48 | 57 | 66 | 75 | 84 93
17 9 20 | 29 | 38 | 47 | 56 | 65 | 74 | 83 92
18 1 12 | 23 | 34 | 45 | 56 | 67 | 78 | 89 | 100
19 2 13 | 24 | 35 | 46 | 57 | 68 | 79 | 90 99
20 3 14 | 25 | 36 | 47 | 58 | 69 | 80 | 89 98
21 4 15 | 26 | 37 | 48 | 59 | 70 | 79 | 88 97
22 5 14 | 23 | 32 | 41 | 52 | 63 | 74 | 85 96
23 6 15 | 24 | 33 | 42 | 51 | 62 | 73 | 84 95
24 7 16 | 25 | 34 | 43 | 52 | 61 | 72 | 83 94
25 8 17 | 26 | 35 | 44 | 53 | 62 | 71 | 82 93
26 9 18 | 27 | 36 | 45 | 54 | 63 | 72 | 81 92
27 10 | 19 | 28 | 37 | 46 | 55 | 64 | 73 | 82 91
28 2 11 | 22 | 33 | 44 | 55 | 66 | 77 | 88 99
29 3 12 | 21 | 32 | 43 | 54 | 65| 76 | 87 98
30 4 13 | 22 | 31 | 42 | 53 | 64 | 75 | 86 97

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTYJICHTA B CIIMCKE I'PYIIIbI.
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Homep Homepa evtnonusaempix 3a0anuii
éapuanma Cemecmp 2.

112131456789 |10 11| 12

1 1 |11 21|31 4151617181 91 |101] 111
2 2 122232425262 |72 82| 92 |102 | 112
3 3 /1323133435363 |73[83)| 93 |103]113
4 4 |14 (24 34|44 |54 |64 |74 84| 94 | 104 | 114
5 5 115[25|35/45|55|65|75 /85| 95 | 105|115
6 6 116 26[36 46 56|66 |76 | 86| 96 | 106 | 116
7 7 1172737475767 |77 |87] 97 [107 | 117
8 8 | 18|28 |38 /48 |58 | 68|78 | 88| 98 | 108 | 118
9 9 1191293949 (59]169]79[89| 99 |109 119
10 10 |20 {30 /40 |50 |60 |70 | 80|90 | 100 | 110 | 120
11 3 /1221324354165 |76|87| 98 | 109 | 120
12 4 132231 (4253|164 |75[86| 97 | 108 | 119
13 5 1141233241 5263|774 /85| 96 | 107 | 118
14 6 | 152433 /425162 |73 /84| 95 [106 | 117
15 7 116 [25[34 143 52|61 |72 |83]| 94 [105]| 116
16 8 |17 [26|35/44 53|62 |71 82| 93 |104 | 115
17 9 |18 [27 3645|5463 72|81 | 92 |103|114
18 10 |19 28 /137 |46 |55/64 | 73|82 91 | 102 | 113
19 1 [12/23/34|45[56|67 |78 89100109 | 118
20 2 /1324|3546 |57168]79/90| 99 | 108 | 117
21 3 1142536 /47 58698089 98 | 107 | 116
22 4 115]26|37 4859|7079 |88 97 | 106 | 115
23 5116[27[38/49 1606978 87| 96 | 105|114
24 6 1172839505968 |77 86| 95 | 104 | 113
25 7 118[29[40 149 |58 |67 |76 85| 94 | 103 | 112
26 8 119(30[39 48 |57[66|75|84] 93 | 102 | 111
27 1 |11 /2233144 |55]66|77 88| 99 | 110 | 120
28 2 1122334 /45|56|67 78|89 100|109 119
29 3 113[24|35/46 571687990 99 | 108 | 118
30 10 |20 (29 138 47 (5665|7483 92 101|111

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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