MunuctepcTBo 0Opa3oBaHus U Hayku Poccuiickoit denepamnnn
HabepexxHoueTHUHCKII UHCTUTYT ((riran)
(enepaabHOro rocyAapCTBEHHOTO aBTOHOMHOT O
00pa3oBaTENbHOT0 YUPEKICHHUS BBICIIEr0 00pa3oBaHUs
«Kazanckuii (IIpuBomkckuit) henepaabHBI yHUBEPCUTET

Kadeapa MaTeMaTUKI

MATEMATHUKA (B 1ByX 4acTsx):
Yacrp 2

YYEBHO-METOJUYECKHWA KOMILIEKC

0151 CMYOEeHmMOo8 3a04HOU U OUCMAHYUOHHOU PopM 00VUeHUs
10 IKOHOMUYECKUM HANPABIEHUAM NOO20MOBKU OAKAIA8PO8

r. HaGepe:xxublie YeaHbl
2019



Maremaruka (B AByX 4yactsx): Yacre 2. Yuebno-memoouueckuil kom-
NJIeKC 05t CMYOEHMO8 3A04HOU U OUCMAHYUOHHOU (hopM 00yUeHUst NO IKO-

HOMUYECKUM HANPAGIeHUsIM N0020mosKu baxanaspos. /CoctaButenb: Ye-
n06 A.H. -Habepexusie Uennsr: Uzn-so: HUM K(IT)DY, 2019, 108 c.

1.1lesb ¥ 32724 TUCHUILJIMHBL, €€ MeCTO B Y4eOHOM mporuecce.
Ieas npernonaBaHusi AUCHUILIMHEI «MaTeMaTHka» - (OPMHUpPOBAaHHE CHCTEMBI
0a30BBIX 3HAaHWW MO JAHHOH NUCHUIUTUHE, KOTOPAas MO3BOJIUT OYIYyIIMM CIIerua-
JICTaM pellaTh B CBOEH MOBCEIHEBHOM JIEATEIBHOCTH aKTyalbHbIE 3a]aull HAYKH
Y TIPaKTHKH, IIOHUMATh HAIMCaHHbIE HA COBPEMEHHOM HayYHOM YpPOBHE pe3yibTa-
THI JIPYTHX HWCCJIENOBAaHMH M TEM CaMbIM COBEPILIEHCTBOBATH CBOM IMPOQeEccCHO-
HaJIbHBIE HaBBIKH.

OCHOBHBIMH 3aIa4aMH AMCHMIUIHHBI SBISIOTCS:

- O3HaKOMJIEHHE OOyJarommxcs ¢ (yHJAaMEHTAIBHBIMH TOHATHAMHU M (aKTaMu
MaTeMaTuK{, HEOOXOJUMBIMHU ISl TIPUMEHEHUs] COBPEMEHHBIX MaTeMaTHYECKHX
METOJIOB NPH PELICHUH 3aa4 HAyKH, SKOHOMHUKH U YIIPaBIICHNS;

-TIpUBJICYEHIE BHUMAHUS CTYACHTOB K BO3MOXKHOCTSIM MCIIOJIb30BaHUSI MaTeMaTH-
YECKUX METOJIOB TPH UCCIIEAOBAaHNY Pa3IMYHBIX 33734

-pa3BUTHE HABBIKOB K MAaTEMAaTHUYECKOMY MOJIEITMPOBAHHIO TIPUKIIAIHBIX 33]1a4;
-BOCITUTaHUE aOCTPAKTHOI'O MBIIUICHNS! U YMEHHUSI CTPOTrO0 0OOCHOBATh COOTBETCT-
ByIolIHe QaKThI;

-pa3BUTHE JOTUUECKOTO U AITOPUTMUUECKOTO MBIIIIJICHUS;

-OBJIaICHHE KJIACCHUECKHM MaTeMaTHYEeCKHM ammapaToM JUIsl JalbHEHIero Hc-
TIOJTE30BAHUS B ITPUIIOXKEHUSX.

JlaHHasi AMCUMIUIMHA SIBISIETCS OCHOBOM INPH M3YYEHWM AWCIMIUIMH, UCIIOJb-
3YIOLIMX COBPEMEHHBIE MaTeMaTHUECKUe METOAbl. B cBOrO ouepenb, A U3ydeHHs
JITAaHHOM TUCLUIUIMHBI HEOOXOIMMO 3HAHUE DJIEMEHTAPHONW MaTeMaTHKH.

B pesynbrare u3ydeHus: JaHHOW AUCIMIUIMHBI CTYAEHT JOJKEH:

- 3HATh TEOPETUYECKHUE OCHOBHI JINHEHHOM W BEKTOPHOU ayreOphl, aHaTUTHYECKON
reoMeTpud, Au(M(PEpeHINATLHOIO U HWHTErPabHOTO HCYUCICHUH, YUCIOBBIX H
(YHKIIMOHAIBHBIX PSAAOB, TUPQEpEeHIMANTEHBIX YPaBHEHUH, TEOPUH BEPOSITHOCTEH
1 MaTeMaTHYECKOW CTaTHCTHKH.

- YMeTh UCIIOJIb30BaTh NOIyYeHHbIE 3HAHUS JUIsl pEIICHUs TPAKTHUECKHX 3a/1a4.

W3yueHne MUCHUILIMHBI TPEAYCMATPUBAET NPOBEIECHHUE JIEKIIMOHHBIX, MPAKTH-
YECKUX 3aHSATHH M CaMOCTOSITENBbHYIO paboTy CTYIEHTOB. B yekuusx usmaraercs
coJiepyKaHHe TEM MPOrpaMMBI C YI€TOM TpeOOBaHMH, YCTAHOBJIEHHBIX JUIS CIelra-
JIMCTa B KBUIM(HUKALMOHHONW XapaKTeprcTHKe. [IpakTniecKkue 3aHsITHs POBOIAT-
Csl C LETIbI0 3aKPETUICHHsI TEOPETHYECKUX OCHOB Kypca, IOMYYeHUs! IPaKTHIeCKUX
HaBBIKOB PEIICHHs] MaTeMaTHuecKuX 3ajqad. KoHTposib 3HaHWH OCYIECTBISIETCS C
TIOMOIIIBI0 KOHTPOJIBHBIX paboT, 3a4€TOB U 9K3aMEHOB.



2. Conep:xanue ¥ CTPYKTYpa JMCHUILIMHBI (4aCTh 2).
2.1 Conep:xaHue TUCHUNIUHBI (HAMMEHOBAHNE TEM).
Pazgen. UHTerpajsbHOe HCUHC/ICHHE.

Tema. HeonpenenéHnblii nHTEpa.

[lepBooOpasnas ynkiwms, e€ cBoiictBa. HeonpenenEHHbIN HHTETPA, YCIOBUS €ro
CyIIECTBOBaHUs, cBOicTBa. OCHOBHBIE METO/IbI MHTETPUPOBAHHUS: HETTOCPEICTBEH-
HOE WHTETrpPUPOBAaHWE; MHTETPUPOBAHHE 3aMEHOH IEepEeMEHHOH, WHTErpHpOBaHHE
mo vactsM. HempaBwibHble M TpaBWIbHBIE palMOHalIbHBIE OpoOH. PasznmoxkeHue
MIPaBUIILHOM IpoOu Ha mpocTeie. IHTerpupoBanue MpOCTHIX, NPaBUIIbHBIX, HENpa-
BIJIBHBIX PallOHANBHBIX JApoOeil. MHTerpupoBanue TPUrOHOMETPHUUYECKUX U Hp-
palMOHAIBHBIX BBIPAXKEHHH.

Tema. Onpenenéunniii uHTerpasi. HecodOcTBeHHbIE MHTErPAJIbIL.
OnpenenéHHblii MHTETpall, YCIOBHS €ro CyIIeCTBOBAHMUS, T€OMETPHUECKUN CMBICI
u cBoiictBa. OleHka uHTErpana u GopMysbl CpeHero 3HadeHus. Murerpan c ne-
PEMEHHBIM BEpXHUM IIpezieioM, ero cBoicrBa. ®opmyna Herorona-JleitOnuma.
@®opmynbl 3aMeHBI TIEPEMEHHON ¥ MHTErPUPOBAHUS MO YaCTSAM B ONpPEAEIEHHOM
uHTrerpaiue. IIpuMeHeHne onpenenéHHOro HHTerpajia Juis BBIYUCIICHHS TUIOMaen
IUTOCKUX (UTYp, JUTMH JYT KPUBBIX, 00bEMOB Tesl. HecoOcTBeHHBIE HHTErPaAJIBI IO
OECKOHEYHOMY TIPOMEXKYTKY MHTETPHUPOBAHMS U OT HEOTPaHUYEHHOW (DYHKIUH, UX
CXOJUMOCTB M PACXOIMUMOCTb.

Paszpnen. IndpepenumanbHbie ypaBHeHH .

Tema. {udppepennmaibable ypaBHEHHS NEPBOro MOPSIAKA.

[onsitne nuddepenumansHoro ypasaenus (AY). Y 1-oro mopsinka, ocHOBHBIE
cBeneHns1 0 HUX ((hOpMBI 3amKCH, PEIIeHNe, HavyalbHble YCIIOBUS, O0Iee W 4acT-
Hoe pemieHus). 3amada Komm. Y ¢ pa3nenéHHBIMU M pa3JeisIOIUMUCS Tiepe-
MeHHbIMU. OntHOpoaHOoe Y. Jluneitnoe 1Y u ypaBueHue bepHyiiu.

Tema. Inddepennuanbabie ypaBHEeHUS! BBICIIUX IOPSIKOB.

J1Y nopsinxa 7, OCHOBHBIE CBEACHHS O HUX ((hOpMBI 3aIHCH, pellIeHne, HadaJlbHbIe
yCIIOBHS, 00IIee U YacTHOE perieHus). 3aaaya Komm. JIY mopsinka 7, mormyckaro-
e noHwxeHue mnopsaka. Jluneiinoe Y mnopsiaka 7. JluHeliHO 3aBUCHMBbIE U
He3aBHCUMBIe cucTteMbl (yHKIui. Onpenenurens Bponckoro ®ynnameHTanbHas
cucrema pemennii (OCP). Ctpykrypa obmiero pemienus nuneitnoro 1Y mopsinka
1. TIpyHIMIT CyNepno3uIMK YacTHBIX pemeHnii. OQHOpOIHbIE U HEOAHOPOIHBIE
JIJIY ¢ mocrossHHBIMEH KOd(uIMeHTaMH. XapaKTepucTHYecKoe ypaBHeHHe. Ha-
xoxaenue ®CP u obmero pemenust ogHopoanoro JIJIY mist pa3nuuHbIX THIOB
KOpHell XapaKTepUCTUYECKOro ypaBHeHMs. HaxokaeHne 4acTHOro M o0Iero pe-
meHuid HeogHopoaHoro JIJIY B ciydae crienuanbHOM NMpaBoi YacTH ypaBHEHHUS.
Pa3gen. Paabl.

Tema. UnciioBblie psiabl.

[MonsiTne yucioBoro psga. YactuuHas cymMmMa M ocTaTok psaa. Cxoasiuecs U pac-
xXopsmuecs psapl, uX cBoiictBa. Cymma psia. AGCOIIOTHO M YCIIOBHO CXOJSIIIMECS
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YHCIIOBBIE Ps/bI, UX CBOMCTBA. HeoOXOoaMMBINA NPHU3HAK CXOMUMOCTH psiaa. Psn
T€OMETPUUECKON MPOrpeccHy M O00OOIIEHHBIN TAPMOHUYECKUH DA, YCIOBHS HX
CXOIUMOCTH, PaCXOJUMOCTU. Psi/ibl ¢ MONOXXUTENBHBIMU YJIEHAMH, JOCTaTOYHbBIE
MIPU3HAKK UX CXOJUMOCTH (TIpH3HaKu cpaBHeHus, Jlanambepa n Komm). 3nakoue-
penyromuecs psanpl. [lpusnak JleiOruma. OreHka ocTaTka 3HAKOUEPETYIOIIETOCS
psaa. 3HaKONEepeMEHHbIE PSAABI, TOCTATOUHBIN MPU3HAK UX CXOIUMOCTH.

Tema. Crenennnie psabl. Paasl Teiinopa m Maxiiopena. Tpuronomerpuue-
ckue paasl Dypse.
[onstue crenenHoro psaa. [IpusHak AOGens. MHTepBan u pamuyc aOCOTIOTHOM
CXOJUMOCTH CTETeHHOro psina. OOIacTh CXOAMMOCTH CTENEHHOTO psiza, e€ Haxo-
skaenue. CBoiicTBa cTeneHHbIX psiaoB. Psaasl Telnopa u Makinopena. Paznoxkenue
¢ynxmit B pan Teiinopa. [Tpubnkenne ¢yHKIMA MHOrowieHaMu. Tpuronomer-
puuecknii psig Pypoe. Paznoxenne ¢pynkiuii B psig @ypoe. Paasr @ypoe st uér-
HBIX U HeYETHBIX QyHKIMH. [Tpnbmmkenne GyHKIUI TPUTOHOMETPUYECKUMH MHO-
TO4JICHaMU.
Pazgen. Teopusi BeposiTHOCTE U MaTeMaTH4ecKasi CTATHCTHKA.
Tema. KomOnnaropuka. Cixy4yaiinbie cOOBITHS M HX BEPOSITHOCTH.
CryuaiiHele coOBITHSI, AEHCTBUS HaJl HUMH. Buapl coObITnii. BeposTHOCTE COOBI-
Tusl, e€ onpenenenus. [IpaBuna u GopMyinbl KOMOMHATOPUKH, BEIYHCIEHHE BEPO-
SITHOCTEN ¢ uX moMmoubo. DOpPMYINBl CIOXKEHHS M YMHOXKEHHsI BEpOSITHOCTEH,
nojHoH BepostHocTy U baiieca, bepHynay, BelUMCIIeHNE BEPOSTHOCTEN € UX TIO-
MOIIBIO.
Tema. Ciryyaiinbie BeJIMYUHBI.
IlonsTne cnydaiiHoll BemuuMHBL. J[MCKpeTHas M HENpepbIBHAs CllydailHble BeNu-
YHMHBI, CIOCOOBI WX 3aJaHWsl U YHCIIOBBIE XapaKTepUCTHKH. OCHOBHBIE 3aKOHBI
pacnpenieneHusl CIy4aiHbIX BEJIMYMH, UX YUCIIOBBIE XapaKTEPUCTHKHU.

Tema. DiieMeHTbI MaTeMaTH4eckoi cratucTuku. [IpenBapurennHas o0pa-
00TKa CTATUCTHYECKUX JAHHBIX.
[onsiTust TeHepalbHON COBOKYMHOCTH M BBIOOpKH. CHOCOOBI 3amycH BBIOOPKH:
BapHAIMOHHBIN ps/I; JUCKPETHBIH W WHTEPBAIBHBIA CTaTHCTHYECKUE psabl. Yu-
CIIOBBIE XapaKTEpUCTHKH BBIOOPKHM M €€ rpaduueckoe n3o0pakeHHe (IOJIUTOH,
THCTOTPaMMa).



2.2. HpaKanecmle 3aHATHSA, UX COACPKRAHUE.

Tema. Heonpenesénnnlii unterpan. Onpenenéuneiii unrerpaj. Hecober-
BeHHbIE HHTETPAJbI.
Bbruucnenne HeonpenenéHHOrO MHTErpajla METOJaMH: HEMOCPEICTBEHHOIO HH-
TErpUpOBaHUs, 3aMEHBI IEPEMEHHOMN, MHTETPUPOBAHU 10 YacTIM. OnpeaenéHHbI
WHTErpaj, ero BeraucieHne no ¢gopmyne Hrelorona-JleiiOnuma. Beruucienue mio-
majel ¢puryp, o0bEMOB TeJl C MOMOLIBIO onpeenéHHoro uarerpaita. Hecodcrsen-
HBIE UHTETPAIBI 10 OECKOHEYHOMY MPOMEXYTKY HHTErPUPOBAHHMS, UX CXOAUMOCTh
U PacXOUMOCTb.

Tema. /{uddepennnaibabie ypaBHeHusi nepsoro nopsaka. JIunddepennn-
aJIbHbIe YPaBHEHHUS BHICIINX MOPSI/AKOB.
JY mepBoro mopsiika: ¢ pa3aensolMUCT I€PEMEHHBIMU, OJHOPOAHOE, JIUHEH-
Hoe, bepuymu. 1Y nopsaka x : gjonmyckarouiye NOHWKEHHUE MOPsIJIKa; JIMHEHHBIE C
TIOCTOSTHHBIMU K03(p(pUIMEHTaMH 1 TIPaBOi YaCThIO CIEUAIBHOTIO BHIA.

Tema. Uncnosele psaabl. CTenenHsle psiabl. Paast @ypoe.
HeoOxonumblii mpru3HaK cXoauMOCTH psna. JloctaTouHble MPU3HAKU CXOAUMOCTH
PSIOB C MOJIOKUTEIBHBIMU YieHaMH (Tpu3Haku cpaBHeHus, [lanmambGepa, Komm).
3Hakouepenyrommecs psaael. [IpusHak JleiiOnuma. CTeneHHOW psij, HAXOXKJICHUE
€ro pajauyca, HHTEpBaia, 00JacTi cxonuMocTu. Pasnoxenne dynakuuii B psig Teid-
nopa. Paznoxenne pynkuuii B psig Oypoe.

Tema. KomOnnaropuka. Ciryuaiinbie cOOBITHS M HX BEPOSITHOCTH.
[IpaBuna n GopMynel KOMOMHATOPUKH, BBIYMCICHHUE BEPOSITHOCTEH C MX MOMO-
1bt0. POpMyIIBl CIOKEHUS U YMHOXKEHHS BEPOSITHOCTEH, IIOJTHON BEPOSTHOCTH U
Baiieca, bepHynnn, BeIUNCIEHNE BEPOITHOCTEHN € UX MOMOIIBIO.

Tema. Ciryyaiinbie BeJJMYUHBL.
JlvckpeTHass M HelpephIBHAS CIIydaiiHble BEIMYMHBI, CIIOCOOBI UX 3aJaHus U 4YH-
CIIOBBIE XapaKTEPUCTHKU.

Tema. DiieMeHTbI MaTeMaTH4eckoil cratucTuku. [IpenBapurennHas o0pa-
00TKa CTATHCTHYECKUX JAHHBIX.
OCHOBHBIE CIIOCOOBI 3aIMCH BEIOOPKH: BAPHAIIIOHHBIN P, TUCKPETHBIN M HHTEp-
BaJIbHBIA CTATHCTHYECKHE PsAbl. UNCIIOBBIE XapaKTEpUCTHKH BHIOOPKH M €€ Tpa-
¢rueckoe n300pakeHue (IIOIUTOH, TUCTOrpaMMa).

2.3. Buabl caMoCTOsAATEIbHOW PadoThI CTY/IEHTOB.
CamocrosaTenbHast pa60Ta CTYACHTOB MPCANOJIaract M3y4€Hue TCOPETUICCKOIro
MaTepHraJia ¥ BEITIOIHEHHE OJTHON KOHTPOJILHOW PabOTHI B CEMECTpE O0YICHUS.



3. PexoMenayemas Jquteparypa.
A) OcHoBHas JauTeparypa:

1.

4.

S.

Brnagumupckuit .M., T'opctko A.b., Epycanumckuit S1.M. Matema-
tuka. OO6mmi kypc: YueOnuk ans OakamaBpos. —CII6.: M3ap-Bo
«JlaHbY, 2008. -960c. ISBN: 978-5-8114-0445-2
(http://e.lanbook.com/books/element.php?pll_id=634).

OOt Kypc BBICIICH MATEMAaTHKH JiIsl SKOHOMUCTOB: YueOHuk /[Tox
o6w. pen. B.W. Epmakosa. —-M.: UHOPA-M, 2010. -656c. ISBN 978-
5-16-003986-2. Pexum JIOCTYyTIA:
http://znanium.com/catalog.php?item=bookinfo&book=210735.
COopHHK 3a/1ay 1O BBICIICH MaTeMaTHKE JUI SKOHOMMCTOB: yueO.
nocodue st ctyaeHToB By3oB /Epmakos B.U., Boopuk I'.U., I'pun-
uesnuyc P.K. u ap.; nox pen. Epmaxosa B.U. — M..MHO®PA-M, 2008.
-575¢.

[lunayes B.C. Beicmias maTtematuka. Y4eOHHMK JJisi By30B. -M.
Bricmras mkoma, 2005. -479 c.

IIumaués B.C. 3amaun o BeICHIEH MaTeMaTHKe: Yueb. mocobue s
BY30B. — M.: Bricm. mik., 2005. -304c.

b) JononnuTteabHas quTepaTypa:

6.

10.

Beiciasi MaTematuka JUisi 5KOHOMHUCTOB: YYCOHUK JUIS CTY.l. BY30B /
Kpemep H.IIL, ITytko B.A., Tpumun U.M. u np.; nox pen. Kpemepa
H.II. -M.:JOHUTU-JTAHA, 2007. -479c. -ISBN: 5-238-00991-7.
Briciias MaTemMaTHKa Jijisi SKOHOMHUCTOB: MTPAKTUKYM : y4el. rmocooue
nist By3oB /[lon pen. H. L. Kpemepa. -M.: KOHUTU-JAHA, 2010. -
480 c. -ISBN 978-5-238-01122-6.

Kpacc M.C., Yynpsinos b.I1. MatemaTtika 1yt 9KOHOMHYECKOTro Oa-
kanaBpuara: YueOnuk. -M.: UHOPA-M, 2013. -472c. ISBN 978-5-
16-004467-5. Pexum JIOCTYyTIA:
http://znanium.com/catalog.php?item=bookinfo&book=400839.
Xycnyraunos P.11., )Kuxapes B.H. Maremartuka /111 5KOHOMUCTOB B
npuMepax ® 3aaavax: YueOHoe mocobme. —CII6.: Uzn-Bo «Jlanby,
2012.  -656c. ISBN 978-5-8114-1319-5. Pexum pgocryna:
http://e.lanbook.com/books/element.php?pll _id=4233.

[epmuer B.I'. Matematnyeckuii aHaiau3: COOpPHUK 3ajiad C pele-
HUAMU: Y4eb. mocobue. —M.: UHOPA-M, 2014. —164c¢. ISBN 978-5-
16-005487-2. Pexum JIOCTYyTIA:
http://znanium.com/catalog.php?item=bookinfo&book=445587.
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4. MeToanueckue YKa3aHus 10 U3YYCHUI0 JUCHUIIJTHHBI.

B nmpouecce U3y4cHusd Z[aHHOfI JUCHUIUIMHBI CTYACHTBI OOJIKHBI CHadajla Uu3y-

YUTh TEOPETUUECKUH MaTepuall ¥ BbIpaboTaTh HABBIKM PELICHHS THUIIOBBIX 3ajad,
UCTIONB3Ysl PEKOMEH/IOBAHHYIO JIUTEPATYpPY, & 3aTeM BBIIIOJIHUTH OJHY KOHTPOJIb-
HYIO paboty (3a1aHus I KOHTPOJIBHOW pabOTHI pUBEEHbI B pazede 5.1).

[Ipu BBIMONHEHHH KOHTPOJBHOW PabOTHI HEOOXOJUMO IMPUAEPKHBATHCS yKa-
3aHHBIX HIKE PaBHII:

1.

2.

10.

KoHTponbHas pabora J0iKHA ObITH BHIIIOJIHEHA CTYIAEHTOM B OTIENILHOHN yde-
HUYECKOH TeTpajy C MOISIMHU HE MEeHee 3 CM JUIsl 3aMeYaHHi MpernoaaBaTeds.
Ha obnoxxke TeTpaam yka3pIBaroTCs: Ha3BaHUE JUCIMILUTMHBI; HOMEp BapHaHTa
1 HOMepa pemraeMbix 3aga4; @.M.0. cTymeHTa, BBINOIHUBIIETO pabOTy, €ro
HOMeEp rpynnsl U HoMep 3aueTHoW kHxkKH; P.J.O. mpenonasaTens, npose-
psroniero paboty (oopaser opopmiteHHsT 00JIOKKH NPUBEAEH B [Ipunosicenuu
3).

Homep BapuaHTa COOTBETCTBYET HOMEPY CTYJICHTA B CIIHCKE TPYITIIHL.

Homepa pemaembix 3amad  BeiOupatorcss w3z TABJIMI[PI HOMEPOB
BBITIOJTHAEMBIX 34/JAHUH (Tlpunosicenue 4).

VYcnoBust 3a/1a4 MEPENUCHIBAIOTCS TIOIHOCTBIO, 0€3 COKpAallleHHs CIIOB, MOCIe
Yero MPUBOAUTCSA WX MOAPOOHOE pelieHUe (YEePTEKU MOKHO BBITIOTHATEH aK-
KypaTHO OT pYKH). B KOHIIE pelreHus MPUBOIUTCS OTBET.

B paboty nomxHbEI OBITH BKIIFOUEHBI BCE 3a/1a4H, YKa3aHHBIE B 3aJlaHUH, CTPO-
rO O MOpSJIKY HOMepoB. KoHTponbHBIE paboTHl, colepikaliye He Bce 3aja-
HUS, a TAKKE 3a7[a4d HE CBOCTO BApUAHTA, HE 3aUUTHIBAIOTCSL.

Ecnu B paboTe uMeroTcsi OmmOKy, CTYyIEHT JOJKEH BBHITOIHHUTH BCe TpeboBa-
HUS TIPENoAaBaTessl, N3JI0KEHHBIE B PELEH3NUH, U CIaTh paboTy ¢ UCIpaBe-
HUSMH Ha TIOBTOPHYIO POBEPKY.

Hukakue ucnpaBieHUs B TEKCTE YK€ TPOBEPCHHOM pabOTHI HE JTOMYCKAIOTCS,
BCE MCITPaBJIECHHS 3aMCHIBAIOTCS TIOCIE PELEH3UH NPENoIaBaTels ¢ yKa3aH -
€M HoMepa 3aJ1auH, K KOTOPOW OTHOCSITCS JJONIOJHEHHUS ¥ UCTIPABIICHUSI.
PaboTta MoxkeT OBITH BBHITIOJTHEHA 3aHOBO B CIIyYae BBIABIICHHS CEPhE3HBIX 3a-
MEYaHUH U OMHOOK.

B koHIIe TeTpamu peKOMEHIyeTCSl OCTaBJISITh HECKOJIBKO YHCTHIX CTPAHUIY IS
JIOTIOJTHEHUH U UCTIPABIICHUM.

ITocne mpoBepkHu KOHTpOJNBHAs paboTa MpeabsABIseTcs K 3amuTe. Ha 3ammre
CTYJICHT JIOJDKCH ITOKa3aTh CBOC YMEHHUE peEIIaTh 3aJa4yd, MOJAOOHBIC TEM, YTO
HUMEIOTCS B €r0 KOHTPOJILHOU padoTe.

OO0pas3err perieHusi THTIOBOTO BapHaHTa KOHTPOJIHHOW paOoTHI npuBenéH B [Ipu-
nooicenuu 1.



5. MarepuaJibl VIt KOHTPOJIS 3HAHUI CTYACHTOB.

WroroBoit ¢opmMoil KOHTpOJSI 3HAHWU SIBISIETCS DK3aMEH B KOHIE CeMecTpa
o0yuenust. Ha sx3aMeHe CTyIeHT JOJKeH IO0Ka3aTh 3HAHUE TEOPETHYECKUX OCHOB
Kypca B 00bEMe BOIPOCOB, NMPUBEAEHHBIX B pasjene 5.2 1 yMeHHe peliaTh 3a/1auy,
OJTOOHBIE TEM, YTO UMCIOTCS B €r0 KOHTPOJIBHOH padore.

5.1. 3aganus A1 KOHTPOJIBHOI PadoThI.
1-10. Haiiti HeonpeneaéHHbIe MHTErPAJIBL a) HEMOCPEACTBEHHBIM HHTETPUPOBa-

HUeM; 0) 3aMEHON MEepPEeMEHHON HHTETPUPOBAHMS;, B) MHTETPUPOBAHUEM IO Yac-
TSAM.

1. a)_[(( =)’ J 5) sz +11 ac w)[@-30e"
o

4 dx
2. 2) J.(——3x2 +—3+3\/; X ©) J.— B)I(2x+3)cos4xdx
* x NxP+2x+2
2
3.0 | (x+2)7ds 5) j' ¢ dx B) [ (4~ 16x)sin dxdx
x2 \/e +1
3 2
4.a)j[2‘/;+x S;nx_3x de 6)[de B) [ (1-6x)e* % dx
X x+1
5.) [ {m}lx 5) j' 8) J' (2= x) cos 3xdx
Ccos” x X’ +4x—12
6.a)j'(i+5x“—iz+</x—5jdx 6) [wWa+x'as B) [ 3x +4)e> dx
X X
7.a) | 4\7:_33 dx o | (; jx) B) [ (3~ 2x)sin Sxdx
8. a)I(6x2 +i3—i—%/x—5jdx 0) _[ - 3x B)j(5x+6)cos2xdx
X X 3+2x
dx

9.2) [ (x+4)- (x —24/x +1)dx 6)_[ B) [ (x +5)sin 3xdx

\]3+2x—x2

10.a)j'(8x3—3+£2+4%/§jdx 6)J25mx dx s)j(Sx—z)e3xdx
X X

COos X
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11-20. Tpe6yeTca BBIYHCIIHTH OMpPEICIEHHbBIH HHTErpaJl.

"2 cosx dx ¢ dx
11. j [—— 1B [ ——
02X + VBx+1 o 4++/sinx 711+3x+1
> xdx ! 4
14. 5 | — 16. [ (e —1) erax
J \ll—ln X '!V1+3x '([
1
J\/_dx 18 je/xdx 19e dx
ax —1 L x? L x(1+1n?2 x)
4
20. JL

ol+v2x+1

21-30. Tpebyercs BHIUUCINTE HECOOCTBEHHBIM MHTErpaj [-0ro poaa WM ycTaHo-
BHUTB €r0 PaCXOAUMOCTb:

% arctgx d 2 In xd.
21.]@ 22. j— 23.jnxx
0 1+x Ox +2x+2 1 x3
Jarctg ®xdx ’s. _[ xdx 2 T dx
0 x 1/(x +1) exvinx
2 xdx °°3x dx 2 dx
27.] . 28._[ - 29.]
01+x 11+x 1Vx+3
2 d
30.] a
exlnzx

31-40. Beruucnure mwiomasas (GuUrypbl, OrpaHHYEHHON rpadUKaMu YKa3aHHBIX
GbyHKIMA:

31.y=5—x2, y=x-1 32.y=—x2+5x—6, y=0
33.y=4—x2, y=x2—2x 34.y=x2+4x, y=x+4
35.y=x2, y=\/; 36.y=x2—5, y=1-x
37.y=2x—x2, y=4x—2x2 38.y2=2x+1, x—y—-1=0
39.y:(x—2)3, y=4x-8 40.y=2x—x2, y=-x+2, x=0

9



41-50. Ycranours Tui J[Y 1epBOro mopsjka u HauTu:
a) obmee pemenue 1Y; 6) obmiee u yactHoe perenus Y.

41. a)

Y (Y . 2 3
42. == +sin| = 0) ) ————=x%+2x, y(-1)==
a) y . sm(x] ) ¥y w2 x, y(-1) 2
43.a) x 3+y2dx+y\/x2+2dy=0 0) y'+1=sinx, J’(ﬂ):l'
X T
, 2 ’ 2
44, a) (e2x+5)dy+yezxdx=0 0) y + xyz ZZL »0)==.
I+x 1+x2 3
' Yy T
45. a) xy—yln(—]=0 6) y'— yctgy=2xsinx, J’Ejzo
x
¥ X , oy x+1 X
46.2) y(4+eV)dy—e* dx=0 0) y +—= e, )=e
X X
, , ¥y 2Inx
47.2) ylny+xy'=0 6) y ——= s J’(l)zl
X
48. a) 3+y2 +y\/1—x2 y'=0 0) y'+2l_ 29 y(l)=1
X
Y
49.2) x| y'+e* |=y 0) ' — =" (x+1), »(0)=1
x+
’ ’ 2xy 2
50.2) y(I+Iny)+xy' =0 0) y - S=1+x7, y(1)=3.

9+y2dx—ydy = xzydy

6) y'+ytex=cos’x, p(0)=1.

1+x

51-60. TpeGyercs naiitu obmiee penienne npocreimero JY mopsaka n .

51. y" =2x+sin3x

54. y" = X’ —sin2x

2
Jx

57. y"

52. y"=4/x3 53. y":ezx
55. y"=4+cos2x 56. y"=x2 —cos3x
58. ) =" 59. 3" =3—sin 4x
, 3
60. y =—4
X

10



61-70. TpeGyercs:

a) HaliTu oOIIee W YacTHOE PEIIeHHs OHOPOAHOro JuHerHoro Y 2-oro mopsiaka
C TIOCTOSTHHBIMY K03 pUuImeHTamu;

0) HaiiTu oOmiee pernieHue JMHEHHOro Y 2-0ro mopsaka ¢ MOCTOSHHBIMU KO3(-
(UIMEeHTaMU U TIPABON YaCThIO CIICIIUAIFHOTO BUJIA.

61.a) y"-3y'+2y=0, y(0)=1, »'(0)=-1 0) y'—4y'+dy=x
62.2) y"-5y'+6y=0, »(0)=1, y'(0)=2 6) Y"+2y+5y =—sin2x

2

63.2) »"+1 =2y =0, ¥(0)=0, y'(0)=-3 ) y"~Ty'=(x—1)2
64.a) y"-5y'-6y=0, y(0)=1, y'(0)=-1 6) y"-5y+6y=2cosx

2

65.a) y"+6y'+25y=0, y(0)=1, y'(0)=2 0) yV'-2y+5y=x" +1

66.2) »" —4y'+4y =0, y0)=1, y'(0)=0  6) y"—4y'+dy=—x2 +3x

67.2) ' —4y'+3y=0, y(0)=3, y(0)=5 &) y'+Ty'=e /¥

68.2) y"+4y'+29y=0, y(0)=0, y'(0)=5 6) y"+2y+10y =—sin2x
69.a) 4y"+4y'+y=0, y(0)=1, y'(0)=0 6) y"+y=2cos4x+3sin4x
70.2) 2y"+y' —y =0, ¥(0)=0, »'(0)=3 0) y'-4y' +3y=e>*

71-80. [{ns 3amannex GyHkouit cpoca D(p) u npemioxkenus S(p) Ha HEKOTO-
phIii TOBap, HAMTH 3aBMCHMOCTH PABHOBECHOM LEHLI p OT BPEMEHHU f, €CIIH B Ha-
JaJbHBIA MOMEHT BpeMeHd ¢ =0 LeHa p = p,. SBisercs I paBHOBECHAs lieHA
yCTONUUBOM?

71. D(p)=19+p(t)+4p'(t), S(p)=28-2p()+3p'(t), py=20.

72. D(p)=25-2p(t)+3p'(t), S(p)=15-pt)+4p'(t), py=9.

73. D(p)=50-2p(6)—-4p'(t), S(p)=70+2p()-5p'(¥), p,=10.

74. D(p)=30-p()—4p'(t),  S(p)=20+p()+p'(®), po=7-

75. D(p)=100—-p(6)-2p'(t), S(p)=140+p()-3p'(t), py=5.

76-80. [{yis 3amannsx GyHKouit cnpoca D(p) u npemioxkenus S(p) Ha HEKOTO-
PpbIii TOBap, HAMTH 3aBMCHMOCTH PABHOBECHOM LEHLI p OT BPEMEHHU f, €CIIH B Ha-
qanbHbI MoMeHT Bpemenu ¢ =0: p(0)=p,, p'(0)= p;. SBnsterca nu paBHo-
BecHas leHa p(¢) ycToHuuBOH ?

76. D(p)=4p"+7p'+p—-4, S(p)=3p"+2p'-5p+8, py=4, py=-1

77. D(p)=2p"+6p'+5p+2, S(p)=p"-4p'—4p+20, p,=3, py=0
78.D(p)=4p"+10p"+2p—-15, S(p)=3p"+4p'-6p+9, py =5, py =1

11



79. D(p)=3p"+5p'+p-3,
80. D(p)=2p"+3p'+7p+2,

S(p)=2p"+p'-2p+6,
S(p)=p"—4p'-5p+14, py=3, p; =1

Po=4, py=0

81-90. VccrnenoBaTh Ha CXOMMMOCTD PS/IbI M YKa3aTh MPUMEHSIEMbIE IPU3HAKH.

81.a

82.

83.a)

84.a

85s.

86.

87.a

88.

89.a

90.

«/4n +1

a) Z

o 2

+1
a) > n3
n:l3n —

o0

1
2 TTedn

> (n+1)
6) S
,Z‘z 2" (-1
0 5n
0
) E (n+3)!
0 27’1 1’13
0
) ; (n+1)!
0 3
) (n+1)
n=l 7N
& (n+2)!
6) S A
; 2" 3n +5)
o !
5 Z n!
n=1 100"
00 4I’l I’l2
0
) ; (n+2)!
S 3n+2
0)
21 4"
© ph
0
) ; 2n)!
= 6" (n+1)2
% Z n!

n=1

12

0 n
o) Z [2;1—1}
n=1

n+l1

B)i n4[ 2n Jn
ot 3n+5
= (Tn+1)"

B)Zg (n—l}

2
IS 1Y
B I
B); 4”( +n)
2
> (m+1)'

B); (311—2)

o n
03 n3[2n+2J
n=1 3n+1

2
© (4n-3\"

B)E (5n+1)

- " 2n

B)E (311—1}

o0
B) Z n-arcsin

(%)
P 4n

n2
5) Z [n+1]



91-100. Haiitu HHTepBan, paaryc 1 00IacTh CXOJMMOCTHU CTEIICHHOTO Psfa:

_ 0 _ n o0 3 n
91. Z - 02,y W gy 3 HIT
n=l 9"t n=1 (n +1)5" n=l n+l
0 _ 2”
04, Z (x+7) 05, Z (x—-2) 9. Z (x+5)
0 _ n 0 2]’1
97. Z [C L, D x=6)7 3 @+3)7
n=2 5.3" n=l (n+2)-3" n=l 5.4"
o0 n
100. ¥ — X
n=1 n(n+1)

101-110. Haiftu miepBble TpH OTJIMYHBIE OT HYJS WieHa paslioKeHHs ()YHKIMN
vy = f(x) Bpan Teilnopa B OKPECTHOCTU TOUKH X

101. y = , X =0 102. y = , Xp =0
3+6x 2—-x

103. y = , Xg =2 104. y=xe™, x5 =0
3-x

105.y=sin2x,x0=0 106.y=e3x,x0=0

107. y=3x, xo =1 108. y =cos 2x, xo =0
1

109. y=—, x) =1 110. y=+/x, x, =4
X

111-120. Tpebyercss HaWTH BEPOSTHOCTH YKAa3aHHBIX COOBITHIA, HCIIOIB3YSI
KJlaccuieckoe onpedeienue BeposITHOCTH:

111. Bpocarorcst nBa WrpaibHBIX KyOuWka. HaliTh BeposSTHOCTH TOrO, 4TO YHCIIO
BBINABIINX OYKOB Ha OJIHOM M3 KyOMKOB B JIBa pa3a OoJblile, YeM Ha JAPYToM.

112. B nepBoMm sIyKe HaXOAATCS 1Iapbl ¢ HOMepaMu oT 1 10 5, a BO BTOpOM — ¢
HoMepaMH oT 6 10 10. M3 kaxmoro siyka BEIHUMAIOT O OAHOMY Inapy. Haiitu
BEPOSITHOCTH TOTO, YTO CyMMa HOMEPOB BBHIHYTHIX IIAPOB PaBHA JECATH.

113. YuyacTHUKH KepeObeBKH TSIHYT U3 SAIIMKA JKETOHBI ¢ HOMepamu oT 1 1o 35.
Haiitu BeposATHOCTH TOro, 4TO HOMEp MEPBOr0 HayJgauy H3BIEUCHHOIO >KETOHA
COJIEPXKHUT TTUPPY 4.
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114. Bpocatorcs aBa urpanbHbIX KyOuka. HaliTm BeposiTHOCTH TOro, 4To cymMma
yyca OYKOB Ha BBIMABIINX T'PaHIX paBHA BOCBMU.

115. B nepBoMm siyike HaXOAATCS 1Iapbl ¢ HOMepaMu oT 1 10 5, a BO BTOpOM — ¢
HoMepaMH oT 6 10 10. M3 kaxmoro suyka BEIHUMAOT 0 OAHOMY Inapy. Haiitu
BEPOSTHOCTH TOT'O, YTO NMPOM3BEICHNE HOMEPOB BBHIHYTHIX IIAPOB OOINbIIE MSTHA-
JIIATH.

116. YyacTHUKH KepeObeBKH TSAHYT M3 SIIIMKA JKETOHBI ¢ HOMepamu oT | jo 35.
Haiitu BeposITHOCTH TOro, 4TO HOMEP MEPBOro HayAady U3BJIEUEHHOI'O XKETOHA HE
COJIEPXKUT TTUPPY 3.

117. Bpocatorcs aBa WrpanbHbIX KyOuka. HaliTh BeposiTHOCTH TOro, YTO cymMMa
YHCIIa OYKOB Ha BBIIIABIIMX I'PAHAX OOJIbINE YETHIPEX, HO MEHBIIIE CEMHU.

118. B nepBoMm siyike HaXOAATCS 1Iapbl ¢ HOMepaMu oT 1 10 5, a BO BTOpOM — ¢
HoMepaMH oT 6 10 10. M3 kaxmoro suyka BEIHUMAOT 0 OAHOMY Inapy. Haiitu
BEPOATHOCTH TOTr'0, YTO aOCOJIOTHAsI BEJIMYMHA PAa3HOCTH HOMEPOB BBIHYTHIX IIa-
POB paBHa JBYM.

119. YyacTHUKH KepeObeBKH TSIHYT U3 SAIIMKA JKETOHBI ¢ HOMepamu oT 1 1o 35.
Haiitu BeposATHOCTH TOro, 4TO HOMEp MEPBOrO HayJgauy H3BIEUCHHOIO >KETOHA
SIBIISIETCS YHCIIOM, KpPaTHBIM 5 (nenurest Ha 5 0e3 ocraTka).

120. Bpocatorcs aBa urpanbHbIX KyOuka. HaliTh BeposiTHOCTH TOro, YTO cymMa
ylca OYKOB Ha BBIMABIINX I'PaHSIX MEHBIIE UX IPOU3BEICHUS.

121-130. Tpebyercss HalWTH BEPOSTHOCTH YKAa3aHHBIX COOBITHIA, HCIIOIB3YSI
Kaccuieckoe onpedeienue BepoITHOCTH:

121. B Marasuse BbICTaBIeHbI A1 npoaaxku 20 u3menuii, cpen KOTopeix 6 u3-
JIeNid HeKadyecTBeHHbIe. HaliTh BepoSTHOCTH TOro, YTO B3ATHIE CIIy4aliHBIM 00pa-
30M 2 wm3jenus OyIyT HeKaueCTBEHHBIMU.

122. B maptuv u3 20 wmsmenuii 4 u3enns UMEIOT CKPBITHIA aedekt. Haiitu Bepo-
SITHOCTh TOT'0, YTO M3 B3ATHIX HAyraJ 5 wu3jenuii 1eQeKTHBIMU SIBISIOTC 2 U3jie-
.

123. Ha TOILI 15 cMeHHBIX HHXEHEPOB, U3 HUX 3 KEHIIMHBL. B cMmeny 3aHsTo 3
yejoBeka. HaliTn BepoATHOCTH TOTO, YTO B CIIy4aiiHO BHIOPaHHYIO CMEHY OKaXKeT-
sl IB€ XKEHIIMHBI.

124. 13 naprun, conepxaniedt 10 u3aenuii, cpenu KOTOPBIX 3 OpakoBaHHEIC, HAY-
Jlady U3BJIEKArOT 3 M3aenus A KOHTposd. HaliTu BepoATHOCTh TOrO, YTO B BBI-
OopKe CoJIep)KUTCS OTHO OpaKOBaHHOE U3JENHE.

125. B marazune umerorca 20 XONOAUIBHUKOB, IPUUYEM 15 U3 HUX — UMIIOPTHEIE.
Haiitu BeposTHOCTB TOTO, UTO CPEAU S5 MPOJAHHBIX B TEUEHUE HS XOIOJMIBHUKOB
OKa)KETCsl TPY UMIIOPTHBIX XOJIOJUIbHUKA.

126. Cpeau 25 cryneHTOB, U3 KOTOPBIX 15 meBymiek, pasbirpeiBatoTcs 4 Ouera B
TeaTp, NpUUeM KaXIblii MOXKET BBIMTPATh TOJIBKO oAnH Omnet. Halith BeposTHOCTH
TOT0, YTO CpeAr oOJaaTesell OMIETOB OKaXKyTCsl /IBa FOHOIIN U JBE AEBYIIKH.
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127. B marasuHe BbICTaBJICHBI JIUIsI IPOJaKU 18 w3menuii, cpei KOTOphIX 8 u3-
JIeNINi - HeKayecTBEeHHbIE. HaliTH BepOsTHOCTB TOTO, YTO B3STHIE CIy4ailHBIM 00-
pasom 3 wu3nenus OyAyT HEKAueCTBEHHBIMHU.

128. B maptuu u3 30 wuzgenuii 5 wusgenuii UMeEIOT CKpbIThIA fAedekt. Haiitu Bepo-
STHOCTB TOTO, YTO W3 B3ATHIX Hayraa 5 u3neiuil eQeKTHBIMH SBISIOTCS 3 U3jie-
.

129. Ha TOILI 15 cMeHHBIX HHXEHEPOB, U3 HUX 3 KEHIIMHBL. B cMmeHy 3aHsTO 3
yejoBeka. HaliTn BepoSTHOCTH TOTO, YTO B CIIy4aiiHO BHIOPaHHYIO CMEHY OKaXKeT-
Csl XOTs OBI OJIMH MY)KUWHa.

130. Cpeau 25 cryneHTOB, M3 KOTOPBIX 15 meBymiek, pasbirpeiBatorcs 4 Ounera B
TeaTp, MpUYEM KaXKAbli MOXKET BBIMTPATh TOJbKO oauH Omner. KakoBa BeposT-
HOCTb TOT'O, YTO Cpe/u oOnagarTeneii OMIeToB OKaXXeTcst XOTs OBl O/IHA JIEBYIIIKA.

131-140. TpeOyercst HaliTH BEPOSITHOCTH YKa3aHHBIX COOBITHM, UCHIONB3YS op-
MYTIbL CTIOHCCHUA U YMHONHCEHUA 6EPOAMHOCHIEN.

131. CryneHT pa3bICKHBaeT Hy)KHYIO0 eMy (OpMylly B Tpex clpaBOYHHKaX. Bepo-
SITHOCTH TOT0, 4TO (hOpMYJIa COJIEp)KUTCS B TIEpBOM cripaBoyHHKe (0.8, BO BTOpOM —
0.7, B TpetbeM — 0.85. HaiiTi BeposSTHOCTH TOr0, YTO (hOpMyINa COMEPKUTCS XOTS
ObI B OJTHOM CIIPaBOYHHKE.

132. B nepBom simuke S Genbix u 7 4€pHBIX m1apoB. Bo BTopom 3 Genbix u 12 uép-
HBIX IapoB. M3 KaXk10ro syKa BEIHYJIM 10 mapy. KakoBa BEposSITHOCTB, 4TO 00a
11apa pa3Horo IBeTa.

133. PaGounii 00cTy)XKMBaeT TpH CTaHKa. BeposSTHOCTH TOro, 4TO B TEUECHHE Yaca
CTaHOK He MoTpedyer BHMMaHMs pabouero, paBHa st nepsoro cranka 0.9, mis
Broporo — 0.8 u st Tperbero — 0.85. HaliTu BEpOSITHOCTH TOTO, YTO B T€YEHHUE
HEKOTOpPOTo Yaca JiBa CTaHKa U3 TPEX MOTpeOyIOT BHUMaHHs pabodero.

134. Tpu cTpenka CTpeNAIOT MO pa3y B OHY MUIIEHb HE3aBUCUMO APYT OT Apyra.
BeposTHOCTs momagaHus B Lienb NepBbIM cTpeiakoM paBHa (.7, BTopeiM — 0.8,
TpetbuM — 0.9. HaiiTi BepoSTHOCTH TOTO, YTO MHIIICHL OY/IET IOpaXKeHa JiBa pasa.
135. Dx3aMeHAIMOHHBIN OMIICT IO TEOPUU BEPOSTHOCTEH COICPIKHUT TPH BOIPOCA.
BeposiTHOCTH TOTO, YTO CTYIEHT OTBETUT Ha IEPBBIA M BTOPOH BOIPOCH Ouiera
paBHsbl 0.9; Ha Tperuit — 0.8. Haiitu BepOSTHOCTH TOro, YTO CTYAEHT CHACT dK3a-
MEH, €CJIH JJIsl 9TOro HeoOXOIMMO OTBETHTH Ha BCE BOITPOCHI.

136. CryzneHT pa3bICKMBaeT Hy)KHYIO0 eMy (opMylly B Tpex clipaBOYHHKaX. Bepo-
SITHOCTH TOT0, 4TO (hOpMYJia COJIEp)KUTCS B TIEpBOM cripaBoyHHKe (0.8, BO BTOpOM —
0.7, B Tperbem — 0.85. Haiitn BeposTHOCTH TOTO, 4TO (pOpMyIa conep KUTCs TOIb-
KO B OJJTHOM CIIPaBOYHHKE.

137. B nepBoM simuke 6 Oenbix U 4 4€pHBIX 11apa, BO BTOPOM -7 OenbIX U 3 4ép-
HBIX. VI3 Ka)x/oro simuKa Hayra BEIHUMAIOT 10 ofHOMY miapy. Uemy paBHa Bepo-
SITHOCTB TOTO, YTO BBIHYTHIE MIAPHI OTHOTO L[BETA.
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138. PaGounii 00ciy)XkMBaeT TpH CTaHKa. BeposSTHOCTH TOro, 4TO B TEUCHHE Yaca
CTaHOK HE MoTpedyer BHMMaHMs pabouero, paBHa st mepsoro cranka 0.9, mis
Broporo — 0.8 u st Tperbero — 0.85. HaiiTu BepOSITHOCTh TOTO, YTO B T€UEHHUE
HEKOTOPOT'o Yaca Bce TPH CTaHKa MoTpeOyIoT BHUMaHHUs pabodero.

139. Tpu cTpenka CTpeNAIOT MO pa3y B OHY MUIIEHb HE3aBUCHMO APYT OT Apyra.
BeposTHOCTs momagaHus B Lienb MepBbIM cTpeiakoM paBHa (.7, BTopbiM — 0.8,
TpetbuM — 0.9. HaliTi BEpOSTHOCTH TOr0, YTO MUILIEHb OyJeT Topa)keHa XOTs Obl
OJIVIH Pa3.

140. Dx3aMeHAIMOHHBIN OMJICT IO TEOPUU BEPOSTHOCTEH COACPIKHUT TPH BOIPOCA.
BeposiTHOCTH TOTO, YTO CTYJIEHT OTBETUT Ha IEPBBIA M BTOPOH BONPOCH OuieTa
paBHsbl 0.9; Ha Tperuit — 0.8. Haiitu BepOsSTHOCTB TOr0, YTO CTYAEHT CHACT 3K3a-
MEH, €CJIH JJIsl STOr0 He00XOIMMO OTBETHTH XOTS OBl Ha JBa BOMpOCa U3 TPEX.

141-150. TpeOyercst HaliTH BEPOSTHOCTH YKa3aHHBIX COOBITHM, UCHIONB3YS op-
Myt nonnou gepoamuocmu u baiieca.

141. B mara3zun nocrynaer npoaykuus Tpéx ¢adpuk. [Tprnuém npoaykius mepBoit
¢abpuku cocrasmser 20%, Bropoii -45% u Tperbeit -35% nznenuii. M3BecTHO, 4TO
Cpe/HUI TPOLEHT HEeCTaHAAPTHBIX M3JENUi 1 nepBoi (adpuku paseH 3%, s
BTOpOH -2%, U s TpeThelt -4%. Hailtu BepoaTHOCTh TOro, YTO OKa3aBIeecs He-
CTaHJAPTHBIM U3JICIIHE MPOU3BEICHO Ha MepBoi (padpuke.

142. Ha cOopo4HOe NpeanpHsTHe IOCTYIWIN OTHOTHUITHBIE KOMIUIEKTYIOIIUE C
TpEX 3aBOJIOB B KOJMUECTBE: 25 - ¢ mepBOro 3arojaa, 35 — co BToporo, 40 - ¢
TpeThero. BeposSTHOCTh KaUeCTBEHHOTO M3TOTOBJIEHUS M3/IENINI HAa TIEPBOM 3aBOJIE
0.9, na Bropom — 0.8, Ha TpeTbeM — 0.7. HaiiTu BEpOATHOCTB TOTO, YTO B3SITOE CIIY-
YaliHBIM 00pa3oM u3zenne OyaeT KaueCTBEHHBIM.

143. Ha nByx cTaHkax NpoU3BOMSATCS OJMHAKOBLIE JieTanu. BeposTHOCTh TOro, 4To
JleTanb cTaHAapTHas, JJis epBoro cranka paBHa 0.8, aiis Broporo — 0.9. I[Ipousso-
JIMTENIFHOCTh BTOPOTO CTaHKa BIBOe Ooblle, yeM mepBoro. Haitu BeposTHOCTH
TOTO, YTO B3sITasl HAyAa4dy JIETANb OKaXKETCS HECTAHAaPTHOM.

144. Ha cOopouHOe NpeanpHsTHe IOCTYIWIN OTHOTHUITHBIE KOMIUIEKTYIOIIUE C
TpéX 3aBO/OB B koiuuectBe: 40 - ¢ mepBoro 3aBojaa, 35 — co BToporo, 25 - ¢
TpeThero. BeposTHOCTh KaUeCTBEHHOTO M3TOTOBJIEHUS M3/IENINI HAa TIEPBOM 3aBOJIE
0.9, na BrOopom — 0.7, Ha TpetbeM — 0.9. HaiiTu BEpoATHOCTB TOT0, YTO B3SITOE CIIY-
YaliHBIM 00pa3oM u3zenne OyaeT KaueCTBEHHBIM.

145. "sBectHO, uT0 90% BBITYyCKAaE€MOM 3aBOJIOM MPOAYKLUH YAOBIETBOPSET CTaH-
JapTy. YTOpolleHHas cXeMa KOHTpOJISI IPU3HAET MPUTOJHON CTaHIApTHYIO IPO-
JYKIHIO0 ¢ BeposATHOCTBIO 0.95 M mpu3sHaeT NMpUroJHON HECTaHAAPTHYIO NMPOAYK-
1o ¢ BeposTHOCThIO 0.1. HailTu BepOsSTHOCTB TOT0, UTO M3/€NINe, He MPOIIE/IIee
YIIPOIIEHHBI KOHTPOJIb, YAOBIETBOPSIET CTAHAAPTY.

146. Cpeau mocTynaromux Ha cOOpKY JeTaliell ¢ mepBOro craHka-aBToMata 1%
HECTaHJIapPTHBIX, CO BTOporo — 2%, ¢ tperbero — 2.5%, ¢ uerBeproro — 5%. IIpo-
HU3BOJIUTENILHOCTH WX OTHOCATCS Kak 4:3:2:1. B3stas Haynauy neranb okaszaiach
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cTanzapTHOH. HaliTm BEpoOATHOCTH TOro, YTO JeTanb W3TOTOBJIEHA HA TPEThEM
CTaHKe-aBTOMare.

147. B marazun nocrynaer npoaykuus Tpéx ¢adpuk. [Iprnuém npoaykius mepBoit
(abpuxu cocrapiser 20%, BTOpoit -45% u Tpetheit -35% u3nenuit. 3BecTHO, 4TO
CpeHUI TPOIEHT HECTaHAAPTHBIX M3JENUH I nepBoi (adbpuku paseH 3%, s
BTOpOH -2%, U s TpeTbelt -4%. Hailtu BepoaTHOCTh TOro, YTO OKa3aBIeecs He-
CTaHAApTHBIM H3JIeIe IPOU3BEICHO Ha BTOPOH (adpuKe.

148. Ha cOopouHoe mpennpusTue MOCTYMWIH OJHOTHITHBIC KOMIUICKTYIOIIUE C
Tp€X 3aBOJIOB B KojiMuecTBe: 25 - ¢ mepBoro 3aBoxaa, 10 — co Broporo, 15 - ¢
TpeThero. BeposTHOCTh KaueCTBEHHOTO M3TOTOBJIEHUS M3/IENINI HAa IEPBOM 3aBOJIE
0.7, na Bropom — 0.9, Ha TpetheM — 0.8. HaiiTu BEpoATHOCTB TOT0, YTO B3SITOE CIIY-
YaliHBIM 00pa3oM u3zenne OyaeT KaueCTBEHHBIM.

149. Ha nByx cTaHkax NMpoU3BOMSATCS OJMHAKOBLIE JieTanu. BeposTHOCTh TOro, 4To
JleTanb cTaHAapTHas, JJis epBoro cranka paBHa 0.8, ais Broporo — 0.9. I[Ipousso-
JIMTENIEHOCTh BTOPOT'O CTaHKa BTpoe Oosnble, yeM IepBoro. Haiitu BeposTHOCTH
TOTO, YTO B3sTasl HayJa4dy JeTailb OKa)XeTCsl CTAaHAapPTHOM.

150. Tpoe pabounx M3roTaBIMBAIOT OJHOTHUITHEIE M3enus. [lepBrii pabounii u3-
roroBun 40 w3menwuii, BTopoit — 35, Tpetuii -25. BeposTHOCTH Opaka y MmepBOro
pabouero 0.03, y Broporo — 0.02, y Tpetsero — 0.01. B3stoe Hayran usznenue oka-
3aJI0ch OpakoBaHHBIM. HalTH BEpOSITHOCTH TOTO, YTO TO M3/ENNE U3TOTOBUII BTO-
poii paboumid.

151-160. TpebGyercst HaliTH BEpOSITHOCTH YKa3aHHBIX COOBITHM, UCHIONB3YS op-
myny Bepnynnu.

151. Ox3ameH cocTouT u3 6 Bonpocos. Ha kaxkaplil BOIpOC JaHO YETHIPE BO3MOXK-
HBIX OTBETA, CpPEAM KOTOPHIX HEOOXOIMMO BBIOpaTh ONWH TpaBWIBHBIA. Haiitn
BEPOSTHOCTH TOTO, YTO METOIOM IPOCTOrO yraJbIBaHHs YIacTCsi OTBETHTh HE Me-
Hee 4eM Ha 5 BOIIPOCOB.

152. TokynaTens npuoOpen HIecTh W3/ETINH, W3TOTOBJICHHBIX HA JIAHHOM IIpe[-
npuatuy, 80% u3aenuii KOToporo COCTaBIsAeT NPOAYKIMA BrIciiero copra. Haiitu
BEPOATHOCTH TOTO, YTO HE MEHEe ISITH M3 HUX SBISIOTCS M3JEIHSIMHU BBICIIETO
copra.

153. [y HOpMaITbHOM paOOThI aBTOOA3BI HA JIWHUU JIOJDKHO OBITH HE MEHee 8 Ma-
mvH 13 10 uMerommxcs. BeposTHOCTh HEBBIXO/A KaXKJIOW MAalllMHBI Ha JIMHHIO
pasna 0.1. Haiiti BeposiTHOCTH TOr0, YTO aBTOOA3a OyJeT padboTraTh HOPMAIILHO B
OmKalmil NeHs.

154. B ypue 20 G6enbix u 10 uepHbix mapoB. M3 ypHbI BEIHUMAIOT moapsn 4 mapa,
MIPUYEM Ka)KABIA BBIHYTHIM Iap BO3BpAIAlOT B ypHY Mepel M3BIICUYECHHEM Clle-
JIYIOIIEro M IIapbl B YpHE IepeMelnBaroT. Haiitn BeposTHOCTH TOTO, YTO U3 Ue-
THIPEX BBIHYTBIX IIAPOB OKAXKETCS] TPH OEIBIX.
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155. Jlns crpenka, BBHIIONHSAIONIETO YNPaKHEHUE B THPE, BEPOATHOCTH MONACTh B
«sI0JI0YKO» TIPH OJHOM BBICTPEJIE HE 3aBHCHT OT PE3YJbTAaTOB MPEALIECTBYIOIINX
BbIcTpenioB U paBHa 0.25. CnoprcmeH caenan 5 BeicTpenoB. HallTu BeposITHOCTH
TOT0, YTO CTPEJIOK IOMAJl B «I0JI0UYKO» HE MEHEE YETHIPEX pas.

156. HaiiTu BepoOATHOCTH TOT'O, UTO B CEMbE, UMEIOLIEH 6 NeTeil, He MeHee JIBYX
neBouek. [Ipenmonaraercs, 4To BEPOSITHOCTH POXKACHUS MAIbUYMKA U JEBOYKH OJIU-
HaKOBBIE.

157. Dx3ameH cocrout U3 5 Bonpocos. Ha xakaslil BONpoC AaHO TPU BO3MOXKHBIX
OTBETa, CpeIi KOTOPBIX HEOOXOIUMO BHIOpaTh ONUH NpaBHILHEINA. HaliTh BeposT-
HOCTbB TOT'0, YTO METOJIOM ITPOCTOI'0 yraJlbIBaHMs YIacTCsl OTBETUTH Ha BCE BOIPO-
CBI

158. TTokymaTens MpUOOPEN MATH W3CIHNA, H3TOTOBJICHHBIX HA JJAHHOM IIPEIPU-
stuu, 80% wu3menuit KOTOPOro COCTaBiseT NMPOAYKIMA BeIciero copra. Haiitu
BEPOSTHOCTb TOTO, YTO YETHIPE U3 HUX SBIISIOTCS M3IENUSIMU BBICILIETO COPTA.

159. [y HOpMaITEHOM paOOTHI aBTOOA3BI HA JIWHUU JIOJDKHO OBITH HE MeHee 9 Mma-
mvH 13 10 uMeromuxcs. BeposTHOCTh HEBBIXO/A KaXKJIOW MAaIllMHBI Ha JIMHHIO
pasna 0.2. Haiiti BeposiTHOCTH TOTr0, 4TO aBTOOA3a Oyner paborarh HOPMAJILHO B
ONVOKalIni JICHb.

160. BeposiTHOCTD BBIUTPaTh 110 JIOTEpEHiHOMY OMIleTy paBHa 1/ 77 . Haiitn BeposT-
HOCTbH BHIUTPATh HE MEHEE YEeM I10 JIBYM OWJIeTaM H3 MIECTH.

161-170. TpeOyeTrcst COCTaBUTh 3aKOH pACIPENEICHUS JUCKPETHOW CITy4aiiHOU
BENTUYMHBI X ; MOCTPOUTh MHOTOYTONBHHK TOIYYECHHOTO PACTIPEICIICHHUSI; BBIYHC-
nuth € MateMaTuueckoe oxunanue MX wu nucnepcuro DX .

161. B maptuu n3 10 geraneit conepxurcs 3 HecTaHAapTHHIX. Haynauy oToOpaHsl
JBe Aetand. JuckpeTHas ciydaiiHas BeNMYMHA X — YUCIO HECTAHJAPTHBIX JI€Ta-
JIel cpeqy IByX OTOOpaHHBIX;

162. Ctpenox npou3BOJUT IO MUIIEHHU J[Ba BBICTpesa. BeposTHOCTH momnafaHus B
MHUIIEHb NIpU KaXkA0M BeicTpene paBHa 0.9. JluckperHas ciaydaiiHas BenuuuHa X —
YKCJIO MONalaHUH B MUIIIEHb.

163. B sk3ameHanMOHHOM OuiieTe qBe 3a1aud. BeposTHOCTH MpaBUIBHOTO pelile-
Hus niepBoit 3amaun pasHa 0.9, BTopoit — 0.6. JluckperHas ciyyaiiHasi BenmuunHa X
—4HCIIO TIPaBUJIBHO PEMIEHHBIX 3a/1a4 B Ouiiere.

164. B maprtuu u3 6 neraneit nmeercs 4 cranaapTHeIX. Haynady orobpansr 2 nera-
nu. JluckpeTHas cioydaiiHas BeluunMHa X — 4HMCIO HECTAaHJAPTHBIX JeTajnel cpeau
0TOOpaHHBIX.

165. Ctpenox npou3BOJUT IO MUIIEHU J[Ba BBICTpena. BeposTHOCTH monafaHus B
MHUIIEHb TIPU KaXKA0M BeicTpene paBHa 0.7. JluckperHas ciaydaifHas BenuuuHa X —
YHCIIO MPOMAaXOB.
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166. V3 nsitu KymiieHHBIX po3 2 kpacHble. J[ns cocraBieHus Oykera Haynaudy Oe-
pyT 3 po3bl. JluckpeTHas ciydaiiHas BeIn4rHa X — YUCIIO KPACHBIX P03 CPElU OTO-
OpaHHBIX.

167. B maprtuu u3 6 neraneit nmeercs 4 cranaapTHeIX. Haynady otobpansr 2 nera-
nu. JluckperHas ciydailHag BedMuMHa X — YHCJIO CTAHAAPTHBIX JAeTayled cpeau
0TOOpaHHBIX.

168. YcTpoiicTBO COCTOUT M3 JABYX HE3aBHCHMO PabOTAIOUIMX 3JIeMEHTOB. BeposiT-
HOCTh OTKa3a Ka)KIOro 3JeMeHTa B ogHoM omnbiTe paBHa 0.1. /luckperHas ciydaii-
Has BeIM4MHA X — YUCIIO OTKA3aBIIUX 3JIEMEHTOB B OJTHOM OIIBITE.

169. B ypHe 6 6enbix u 4 u€pHbIX mapoB. 13 He€ n3Bnekn JBa mapa. JJuckperHas
cirydaiiHasi Benn4nHa X — 9UCIIo ObIX IapoB CPEAN OTOOPaHHBIX.

170. B ypHe 6 6enbix u 4 u€pHbIX mapoB. 13 He€ n3Bnekn JBa mapa. JJuckperHas
cirydaiHasi BeNM4rMHa X — YUCII0 YEPHBIX IAPOB CPEAN OTOOPaHHBIX.

171-180. Tpebyercs HaliTH (HYHKIMIO IUIOTHOCTH BeposiTHOCTEH f'(x) HempephIB-
HOH crydaifHON BeNMWYUHBI X ; BBIYHCIHTH €€ MaTeMaTHieckoe oxumanue MX ,
mucnepcuto DX u Beposithocth P(X € (a, 8)) .

171. HenpepsiBHast ciydaifHas BennunmHa X 3amaHa (QyHKIHMEH pacripeaeneHus

0 x<0
F(x)=1x2/25 0<x<5, a=1p=4.
1 x>5

172. HenpepsiBHast ciydaifHas BennunHa X 3amaHa (QyHKIHMEH pacripeaeneHus

0 x<0 | ;
F(x)=1x> 0<x<1l, a=—,B8=—.
(x) 2 B 2
1 x>1

173. HenpepsiBHast ciydaifHas BennunHa X 3amaHa (QyHKIMEH pacripeaeneHus

0 ) x<-1
F(x)= (7 -1<x<2, a=0,8=1.
? x>2
174. HenpepsiBHas ciydaifHas BennunHa X 3amaHa (QyHKIMEH pacripeaeneHus
0 x<1
F(x)={(x-1)/5 l<x<6, a=2,=5.
1 x>6
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175. HenpepsiBHast ciydaifHast BennunHa X 3amaHa (QyHKIHMEH pacripeaeneHus

0 x<0
F(x)={x/4 0<x<4, a=2,p=3.
1 x>4
176. HemnpepsiBHast ciydaifHas BennunmHa X 3amaHa (QyHKIHMEH pacripeaeneHus
0 x<0
F(x)={x2/4 0<x<2, a=18=2.
1 x>2
177. HenpepsiBHast ciydaifHas BennunHa X 3amaHa (QyHKIHMEH pacripeaeneHus
gy2 O_ A x<0
F(x)=——— 0<x<2, a=1p=2.
116 x>2
178. HemnpepsiBHast ciydaifHast BennunHa X 3amaHa (QyHKIUMEH pacrpeaeneHus
0 x<-=2
Fo={"+1 _2cx<2, a=-1p-1.
4 1 2 x>2
179. HenpepsiBHas ciydaifHas BennunHa X 3amaHa (QyHKIMEH pacripeaeneHus
0 ) x<3
F(x)= =37 3<x<5, a=3,p=4.
1 x>5

180. HempepsiBHas ciywaifHas BennunmHa X 3amaHa (QyHKIHMEH pacripeaeneHus
0 x<2
2 =2 B = >
F(x)={x* —4x+4 2<x<3>» @=2F=—.
1 x>3

181-190. [Inst npuBeAEHHBIX BBIOOPOK TpeOYeTCs: MOCTPOUTH BAapPHAIMOHHBIN M
JIUCKPETHBIN CTaTUCTHUUYECKUI PsIbl; BBIYUCIUTH YUCIIOBBIE XapAKTEPUCTHKH BBI-

GOPKH: X » Xmax» [0 (Pasmax), X (cpemnee apudmernieckoe), G’ (muctep-

CHIO); TOCTPOUTH MOJIUI'OH YaCTOT.

181. Bribopka obbema n=20:
[0 4 2 0 5 1 1 3 0 2 2 4 3 2 3 3 0 451 |
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182. Bribopka obbema n=15:

| 4 5 6 4 4 6 2 2 5 4 5 5 4 2 3

183. Bribopka obbema n=15:

\ 2 2 1 3 4 2 1 1 3 3 43 2 435

184. Bribopka obbema n=15:

\ 9 8 10 6 6 7 9 9 10 4 10 11 11 11 6

185. Bribopka oobema n=20:

‘55426215331564334155

186. Beibopka oobema n=20:

‘21231102243303023122

187. Beibopka obbema n=15:

‘ 6 8 9 94 9 6 8 9 4 6 6 8 o6 4

188. Bribopka obbema n=15:

‘510109588966688108

189. Bribopka obbema n=15:

‘ 1 0 2 6 5 4 1 4 5 1 2 4 2 2 2

190. Beibopka oobema n=20:

‘13320243212222331113

191-200. /Iyt mpuBen€HHBIX BHIOOPOK TpeOyeTCs: BHIYMCIUTD YUCIOBBIE XapaKTe-

PUCTHKH TPYIITUPOBAHHON BBIOOPKH: X b R (pasmax), x (cpennee

min > “‘max *
~2

apudmerudeckoe), O~ (IUCIIEPCHIO); TIOCTPOUTH TUCTOTPAMMY YaCTOT.

191. BeiOopouHble AaHHBIE O MeCSYHOM 3apaborHoi mate X 1o mexy (B

THIC.pY0.)

3ap.nmaarta 2-4 | 46 | 6-8 | 8-10 | 10-12 | 12-14 | 14-16 | 16-18

Ymncao padouux 1 3 10 15 20 12 7 2

192. Breibopounble MaHHBIE O pacxoae X QupM, MPONAIONIMX KOMIBIOTEPHI, HA
pexinamy (B % K o01emy pacxony Gupmsl):
Pacxon Ha pexinamy | 2-4 | 4-6 | 6-8 | 8-10 | 10-12

Yucao pupm 5 8 [ 16 | 12 9
193. Br16opouHbIe JaHHBIC O CTaxe padoThl X COTPYAHUKOB OaHKa!
Crawx, Jjer 0-2 2-4 4-6 6-8 8-10 10-12
Ymncsio cOTpyIHHUKOB 3 9 18 14 10 6

194. BriO0OpoUYHBIC TaHHBIC O TOIOBOM TOBapoobopore X (MIH.pyO) MpOIOBOIH-
CTBEHHBIX Mara3uHoB ropoja
ToBapooGopoT 10-12 | 12-14 | 14-16 | 16-18 | 18-20
Yuco0 marasuHon 17 40 32 8 3
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195. BeiOopouHble AaHHBIE O MeCSYHOM 3apaborHoi muate X 1o nexy (B

THIC.pYO.)

3ap.miara 2-4 | 4-6 | 6-8 | 8-10 | 10-12
Ymncao padouux 5 8 16 12 9
196. Jlannbie u3mepenuii pocta X (B CM) CTYJICHTOB OJHOTO U3 BY30B ropoja:
Poct 150-160 | 160-170 | 170-180 | 180-190 | 190-200
Yucsio cTy1€HTOB 10 34 25 21 10

197. BriOopouHBIC JaHHBIC O TOAOBOM TOBapooOopore X (MIH.py0) MeOeNbHBIX
MarasuHoB ropoja

ToBapooGopoT 10-20 | 20-30 | 30-40 | 40-50 | 50-60
Ymncsio MmarasuHoB 12 17 46 12 13
198. Jlannble n3MepeHuil BHyTpeHHEro nuamerpa X (B MKM) IOPIIHEBBIX KOJEII:
Anametp 28-32 | 32-36 | 36-40 | 40-44 | 44-48
Ymncao xouen 5 16 11 8 10
199. Bribopounsle gaHHbIe O pacxoge X (UPM, MPONAIOIINX aBTOMOOWIH, Ha
pexnamy (B % Kk o01ieMy pacxony QUpMBbI):

Pacxon Ha pexnamy | 3-5 | 5-7 | 7-9 | 9-11 | 11-13
Yucao pupm 1 6 | 14 7 2
200. Mannbie o copepxkanun X (B Ky0. M) J€TIOBOW APEBECHHBI B OTHOM JICPEBE:
Conep:xanue neaosoii gpesecuns! | 0.2-0.6 | 0.6-1.0 | 1.0-1.4 | 1.4-1.8
Ymncio nepeBbeB 2 14 15 9

5.2. Bonpochl K 3k3aMeHy (3a4€TYy).

1. TlepBooOpa3Has QpyHKIWS, €€ CBOMCTRA.
HeomnpenenéHHublit HHTErpa, yCIOBUS €ro CylIECTBOBAHHS M CBOWCTBA.

3. OcCHOBHBIE METOJIbl WHTETPUPOBAHUS: HEMOCPENCTBEHHOE HWHTETPUPOBAHHUE;
HHTETPUPOBAHUE 3aMEHOM ePEMEHHON; HHTETPUPOBAHUE IO YACTSIM.

4. BrluncnIeHrEe HHTErpasIoB BUA!

a)j flax +b)dx  6) J (vsByde o (At Bdx

ax® +bx+c Vax? +bx+c

5. OrmpeneneHHbIN UHTErpall Kak Mpeesl HHTErpaJbHOM CyMMBI, €r0 T€OMETpH-
YECKUH CMBICI. Y CJIOBHS CYILIECTBOBAHUSI OMPEEIEHHOIO HHTErpaa.

6. OCHOBHBIC CBOWCTBa OmpeneicHHOro uHTerpana. OICHMBaHWE WHTErpasa.
dopmyna CpeHEero 3HaYeHUsI.

7. WHTerpan ¢ mepeMEHHBIM BEPXHHM IIPEIEIOM M ero cpoiictBa. Dopmyna
Hrrorona-JleiOuuma.

8. ®DopMmynbl 3aMEHBI IEPEMEHHON M WHTETPUPOBAHUS 10 YaCTSIM B ONpPEICIIEH-
HOM HHTErpae.
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10.
11.
12.
13.
14.
15.
16.
17.
18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

[Tnomane mwiockoi GUTYphl U €€ BBIYHCICHUE C MOMOIIBI0 OMPEICIEHHOTO
WHTErpaja.

HecoOcTBeHHBIE MHTETpaiibl O OECKOHEYHOMY MPOMEKYTKY HHTETPUpPOBA-
HUSL.

[ousatne nuddepeHIMaTLHOrO0 ypaBHEHHUS IEPBOrO TOPSIIKA, Pa3IMIHEBIC
(hOpPMBI €T0 3aIuCH.

Penrenue, HavyanpHBIC YCIOBHSA, 00Iee W YacTHOE pemieHus Y mepBoro mo-
psanka. 3amavya Komm.

IV ¢ pa3nenéHHbIME U pa3ICNSIONIMUCS TIEPEMEHHBIMU, HX PEIICHHE.
OnHopoausie 1Y nepBoro nopsijika, ux peuieHue.

Jluneitnoe 1Y nepBoro mnopsijika u €ro peuieHue.

VYpasuenue bepryniu.

JuddepeHnnansHoe ypaBHEHHE TIOPSAKA 7 , pa3INUHbIE (DOPMBI €ro 3aITiCH.
Penrenue, HavuanpHBIC YCIIOBHS, oOIee U yacTHOe pemeHus Y mopsaka n .
3anava Komm.

JIY mopsiaka n, TOMyCKAaOIIHe MOHMKCHUE MTOPSJIKA, UX PEIICHUE.

Jluneitnoe 1Y nopsiaxka n . OpgHopoansie U HeomHopoausie JIJIY. CpoiicTBa
YaCTHBIX peleHUH, pyHIaMeHTanbHas cucrema perreHnid OJIJIY.

CrtpykTypa 00IIero perieHus: oJHOPOIHOro U HeoaHopoaHoro JIIIY mopsinka
n . TIpUHIMT CYTIEPIIO3UITIH YaCTHBIX PEIICHUN.

OJIAY mopsinka 7 ¢ MOCTOSHHBIMHU KO QUITUEHTAMH. XapaKTepUCTHIECKOe
ypaBHenue. Haxoxaenue @CP u obmiero pemenust OJIAY B cinydasx, kormga
KOPHU XapaKTEPUCTHICCKOTO YPABHCHHUS: a) JCHCTBUTEIBHBIC W Pa3INYHBIC;
0) NENCTBUTENBHBIE U €CTh KPATHBIE; B) KOMILJIEKCHO-COIPSIAKEHHBIE.
Haxoxnenne gactHoro pemrenus HJIZTY mopsinka # ¢ MOCTOSHHBIME KOd(-
¢durneHTaMu u TIpaBoi Y4acThIO CHEUaTLHOTO BUja

e® (P, (x)cos fx+Q,,(x)sin Br).

[Monsitue uncnosoro psipa (UP). Yactnunas cymma m ocratok psipa. Cxops-
myecs U pacxopsmuecs psaapl. Cymma psina.

OcHOBHEBIE CBOMCTBa cxopsmuxcst psaoB. HeoOXonumblii mpru3HaK CXOIUMO-
CTH ¥ JOCTATOYHBIN NPU3HAK PACXOIUMOCTH PSJIa.

JlocraTouHbIe IPU3HAKN CpaBHEHUS (KIIACCHYECKUH U MPeNeNbHBIN) CXOaUMO-
CTH PSZIOB C TIOJIOXKHUTEIEHBIMY WICHAMH.

DTaJIOHHBIE YHCIIOBBIE PAAbI (T€OMETPHUYECKUH M 00O0OIIEHHBIN rapMOHHUYe-
CKHi1), YCIIOBHSI UX CXOAMMOCTH U PaCXOJMMOCTH.

Jocratounslii mpu3Hak [lanmamOepa cXOIMMOCTH PSIOB C HOJIOKHUTEIEHBIMH
YJICHAMU, YCIIOBUS UX TIPUMEHUMOCTH.

JocraTounsle npu3Haku Kommm cXonuMocTH psoB ¢ MOIOKUTEIBHBIMHE  UJle-
HaMH, YCJIOBUSI UX IPUMEHHUMOCTH.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.
43.
44,
45.

46.

3Hakouepemyromuiics anuciioBoi psa. IlpusHak JleiOnuma. OleHKa CyMMBI
3HAKOYEPEYIOIIErocs: psjaa M ero ocraTka. BerumcieHne cyMMbl 3HaKO4epe-
JIYIOIIErocs psifia C 3a/laHHOMN CTETEHbI0 TOYHOCTH & 7

3HAKONICPEMECHHBIH YUCIOBON psii. AOCOMIOTHO U YCIIOBHO CXOJSIIUECS YH-
CJIOBBIE PAJBI, UX CBOMcTBa. JlocTaTOUHBIM MPU3HAK CXOAMMOCTH 3HAKOIIEepe-
MEHHOT'0 psijia.

OynakunonansHbli psag (OP). Yactnunas cymMMa, 0CTaTOK, TOYKa CXOIUMOCTH,
obnacte ornpezeneHust 1 obnacts cxoaumoctu OP. Cymma GyHKIIMOHAIEHOTO
psna. AbcomrotHo cxoxasurecs: OP.

Crenennoii pan. [Ipusnak AGenst aOCONOTHOM CXOAMMOCTH CTENEHHOTO psijia.
Paanyc u nHTEpBa abCOIIOTHON CXOAMMOCTH CTENeHHOTOo psijfa. Haxoxnenne
obnacT 0OBIYHON M aOCONIOTHON CXOAMMOCTH CTENeHHOro psijga. OCHOBHBIE
CBOMCTBA CTEIEHHBIX PS/IOB.

Psnpr Tetinopa n Maxiiopena. YcinoBust pa3noxumMoctd GyHKImH B psia Tewd-
nopa. [Ipumenenne psina Teliopa B pHONMKEHHBIX BHIYHUCIICHUSIX.
Tpuronomerpuueckuii pan. Pag ®ypre. Paasl @ypbe 11 4ETHBIX U HEUETHBIX
GbyHKIHHA.

IIpenmer Teopun BeposiTHOcTel. IloHATHS ClydallHOrO 3KCIEpPUMEHTa, CIy-
yaiiHOro coObITHs. CBOWCTBO CTaTUCTUUECKOH YCTOWYMBOCTH HCXOIOB CITY-
YaiiHOT 0 SKCIIEPUMEHTA, IPUMEP TAKOTO SKCIIEPUMEHTa.

OnemenrapHoe coObiTre. IIpocTpaHcTBO 31eMeHTapHBIX coObiTHil . Ciry-
YaifHOe COOBITHE, KaK TOJMHOXKECTBO 2 . JIocTOBEpHOE U HEBO3MOXKHOE CO-
obrtust. [peacrarinenue coOBITHI B BUIIE TUarpaMM Jiiiepa-Benna.

JleWicTBHs Ha/L CITy4aHBIMU COOBITHSIMHU, MX T€OMETpHUECKast MILTFOCTPALHS C
noMouipio auarpamm Ditnepa-Benna. CoBMecTHbIE 1 HECOBMECTHBIE, MPOTH-
BOITOJIO)KHBIE COOBITHSL.

KomOnHaTopuka: mpaBmia CyMMBbI U TIPOM3BECHUS; COUETAHUS, Pa3MEIEeHUS
U TIEPECTaHOBKH, MOACYET UX YUCIA.

PaBHOBO3MOXHBIE cOOBITHS. Kitacciueckoe orpesienenie BepoSTHOCTH.
YacTora, OTHOCHUTEIbHASI YacTOTa MOSBJIEHUs coObITHs. CTaTUCTHYECKOE Of-
peneneHue BepoATHOCTH.

OCHOBHBIE CBOMCTBA BEpPOSITHOCTH. YCIIOBHAsl BEPOSTHOCTH COOBITHS. 3aBH-
CHMBbIE U HE3aBUCHMBIE COOBITHsSI. DOPMYITBI CIIOKEHHSI 1 YMHOKEHHS BEPOSIT-
HOCTEH (U151 IBYX COOBITH).

[Monnas rpymma coObIThi, rumnore3sl. PopMysIbl MOTHONM BeposTHOCTH, baiteca.
IToBTopHBIe ucnibiTanusi. Cxema bepuynnu. ®opmyna beprysiu.

[Monsitne cnywaiinoii BennunHel (CB). dyHKIWMS pactpeneneHus cirydaiiHOR
BEJIMYMHEI U €€ OCHOBHBIE CBOMCTBA.

Huckpernas ciyuatinas Benmuuna (JJCB). Psan pacnpeneneHus, MHOrOyroib-
HUK pacrpenenenus, pyHkuus pacrpeaenenus JICB, nx nocrpoenue.

24



47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
58.

59.
60.

HenpepoiBaast cnyvaiiHas BennanHa (HCB). dyHKIuMS MIOTHOCTH paciipee-
neHus, e€ OCHOBHBIE cBoicTBa. [IpencraBieHne (QYHKIMM pacnpeeseHus
HCB uepe3 ¢pyHKIHIO ITIOTHOCTH paclpeeIeHHsI.

MateMaTuueckoe OXXKMIaHHUE TUCKPETHOW M HENpPEpBIBHOM CllydallHON Benu-
yyH. OCHOBHBIE CBOMCTBA MATEMAaTUUECKOTO OXKHUIAHHS.

Jucnepcus u cpeHee KBaApaTUIHOE OTKJIOHEHHE cIy4aiiHON BenuuuHbl. Oc-
HOBHBIE CBOICTBA AUCNEpCUU. BrruucieHue qucnepcuu AUCKPETHON U Hempe-
PBIBHOM CITy4alHBIX BEIUYMH.

OcHoBHBIe 3aKk0HHI pacnpenenenus [|CB (OunoMuanbHeid, 3akoH [lyaccoHa),
WX YHCIIOBBIE XapaKTEPUCTHKH (MaTeMaTHYECKOE OXKHIIAHUE U TUCTIEPCHS).
PaBHOMepHBI 3akoH pacnpeaeneHus HCB, ero uncnoBsle XapaKTE€pUCTHKU
(MaTeMaTH4YECKOE OXKHMIAHUE U TUCIIEPCHS).

Ioxa3zaTtensHblil 3akoH pacnpenenenuss HCB, ero uncinoBblie XapakTepUCTUKU
(MaTeMaTH4YEeCKOE OXKHMIAHUE U TUCIIEPCHS).

Hopmanbheiii 3akoH pacnpenenenuss HCB, ero 4ucioBble XapaKTepUCTUKU
(MaTeMaTHYeCKOE OXKHJaHUE, TUCIIEPCHs], aCHMMeTpHs, dKcuecc). Ctanmapr-
HBI HOPMaJIbHBIHN 3aKOH pacnpeaeneHus. [IpaBuio «Tpéx curmy».
HepaBencrBa YeOblmeBa. 3akoHbl Ooibmmx uucenl B (opme YUeObiieBa u
Bepnynnu. LlentpansHas npenensHas Teopema TB.

IIpenmer mMaTeMaTUUeCKOW CTAaTUCTUKH, €€ OCHOBHBIE 3aJaud. B3aumocBs3b
MaTeMaTU4YECKONW CTATUCTUKU U TEOPUU BEPOATHOCTEM.

I'eHepanbHasi COBOKYIMHOCTh M BbIOOpKa. OCHOBHBIE CIIOCOOBI OpraHW3ald
BBIOOPKH (TIOBTOPHBIN M OECTIOBTOPHEIH 0TOOp). PenpeseHTaTHBHOCTH BHIOOp-
ku. CirydaiiHasi BEIOOpKa.

Bapuanmonnslii psin. Menuana u pazmax BBIOOPKH, X HaXOXKIAECHHE.
CraTUCTHYECKHH psJ| pacrpezeieHust BEIOOpKH. VIHTepBalIbHBINA cTaTHCTHYE-
CKHWi psil U ero moctpoeHue. I'paduueckoe mpencraBieHre BEIOOPKU: MOJH-
T'OH, TUCTOTPaMMa, UX ITOCTPOECHHUE.

Cpennee apudmeTniaeckoe BEHIOOPKH, €ro CBOMCTBA U BHIYKCIICHHE.

=2 . o
):[chepcnﬂ (o) BI)I60pKI/I, €€ CBOUCTBA W BBIYUCICHHUC. HCHpaBJ’IEHHaH JnC-

)
nepcust s° BBIGOPKH. B3auMocBs3h aucnepcuii O u 52 .
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6. [Ipunoxenus.
6.1. O0pa3sen peuieHusi KOHTPOJIbLHBIX 32124 THIIOBOr0 BApUAHTA.

1-10. Haiiti HeonpeneaéHHbie MHTErPAJIBL a) HEMOCPEACTBEHHBIM HHTETPUPOBA-
HUeM; 0) 3aMeHON MEepPEeMEHHON HHTETPUPOBAHMS;, B) MHTETPUPOBAHUEM IO yac-
TSM.

a) J(%—4x3 +i4+§/x—2 X 3

x°—=2x+10

61) I—d X 5 52).[ X+2)dx 63) J cos 2xdx

—6x+5 4+ sin2x

B) '[ 4x -2 cos2xdx;

Haxooicoenue neonpedenénnozo unmeepana J. f(x)dx cocmoum ¢ maxom npe-

0bpazosanuu nOObIHMeZPaIbHO20 ebipadcenus f(x)dx, umobvl nomyuumes unme-

epanvl (603MOJNCHO NO HOBOU NEPEMEHHOU UHMESPUPOBAHUS) U3 MAOIUYbL OCHOG-
HbIX UHMe2panos (npunoxcenue 6.3).

Pemenue.
a) Muterpanm BBIUKCIMM HEMOCPEIACTBEHHBIM HWHTErpupoBaHueM. Ilomyunm:

J(g—4x3 +xi4+i/x_2de=3J'%—4J'x3dx+2J'x4dx+Jx2/5dx =

b
2
UCnob3yem 341 44 —+1
X X
=| mabruunvie | =3 ln|x| - +2 + +c=
341 —-4+1 2
unmezpanet 1,3 5 +1

=3ln|)c|—)c4 —%+§x§/x_2+c .
3x 7

©01) MHTerpan BeIYMCINM METOOM 3aMEHBI IEPEMEHHON HHTETpUPOBaHMUS.

P, (x)dx
HUnmeepan suda J L)ﬂ 20e P, (Xx) - mHO20unen nopsaoka n, Haxoosam me-
ax+

MOOOM 3aMeHbl NEPEMEHHOT C NOMOWBIO NOOCMAHOBKU AL X+ B =1 .

x—1=t¢
2 _ 2 _
E 2x1+10dx: it ZJ'(t+l) 2t+D+10
¥ dx = (t+1)dt = !
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2
t +9 UCnob3yem mabauyole ¢
J' di = Itdt+9j { }=—+91n|t|+C=
2

unmezpanor 1,3

8bINOIHSEM OOPAMHYIO 3AMEHY (x - 1)2
= = +9In|x-1|+C.
t=x-1
Ax+ B)d
02) UnTerpan oTHOCUTCS K MHTErpajaM BUjaa (2x—)x Jnst ero BeuucIe-
ox” + Px+y

HUSI CHaYaja BBLACIUM MOJHBIN KBaJpaT B 3HAMEHATeNe MOABIHTErPAIbHON (yHK-
UM, 3aTeM CcJeJaeM 3aMeHy MepeMeHHOH uHTerpupoBaHus. Ilomyuum:

x —6x+5:(x_3)2_
_[(;Jr—z)dx= x-3=t=>x=3+¢ :J.(L;t)”dt: t2+5 dt =
X —6x+5 dx=(3+t)'dt=d; t” -4 2 -4

tdt dt
=[npeocmasnsem unmeepan  sude CymMmvl UHMeESPAnI08] = 5 +5 .
-4 -4
Boruricnum ka)aplii 13 UHTETPAJoB B OTAEIBLHOCTH:

2
noaoxcum t- —4 =z, mozoa

dt 2 ) dz 1 pdz
= —4) = —4 ! — =l—=—|—=
s, | =de= () di = d: e
21dt = dz = tdt = dz/2
ucnonv3yem BbINOTHUM
1
= | mabmuunoiii unmezpan 3 | = —1In | z | +C =| obpamuyio sameny | = —In | -4 |+C .
no nepemenuoll t 7= ,2 —4
ucnonb3yem
dt dt 3 1 t-2
2) J. = J. = | mabruunviii unmeepan 16 | = —— In|——| +
l2—4 l‘2—22 22 |t+2
no nepemennou t
+2)d 1
Torna: (Zx#z—l 112~ 4] 45- —ln YO r=x-3]=
—6x+5 2 2
2 1 5 -5
:lln|(x—3) 4|+ & C:—ln|x2—6x+5|+—lnx +C|
2 4 (x-3)+2 2 4 |x-
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Koneunoe svipasicenue 0nst HeonpeOdenénnozo unmespana 3anucbi8aron, yKazol-
6as 00HY U3 NEPEOOOPA3HLIX U 000A6IsIsL K Hell NPou3eoabHylo nocmosaunyio C .

03) nTerpan BBIUMCINM METOJOM 3aMEHBI IepeMEHHOM nHTerpupoBanus. Ilomy-
YUM:

nonodcum 4 +sin2x = t, mozoa

cos 2 xdx ) ) , dt 1 ¢dt
J'—_= d(4+sin2x)=dt = (4+sin2x)dx=dt |= [ Z=—[Z =
4 +sin 2x 2t 27 ¢
2cos2xdx = dt = cos2xdx = dt/2 |
ucnonvzyem swnonnun |
1 1
= | mabnuunwii unmezpar 3 | = —1In |t | +C = | o6pamuyio sameny | =|—1In |4 +sin2x | +C|.
2

no nepemenuoll t t =4 +sin2x

B) I/IHTerpan BbBIYHUCIIUM METOAOM HHTEIPUPOBAHUA IO YACTAM, HCIIOJIB3Ys (1)0])-

MYy J.f(x)dxz‘[udv=uv—‘|.vdu.
Tlonoxum: u =4x—2, dv=cos 2xdx . Haiiném du = (4x - 2)' dx =4dx ,
2x=t=x=t/2 ucnonvsyem

v(x) = J.cos 2xdx = = EJ.COS tdt = | mabnuunoll | =

dx =(t/2)'dt = 1 dt
2 unmezpan 8

1. 1.
=—sint=[t=2x]=—sin2x.
2 2

HUnumeepan J. dv = J. v(x)dx 6 gopmyne unmezpuposanusi no HACMAM GbIYUCISL-

emcsi ¢ MOYHOCMbIO 00 NOCMOSIHHOL, m.e. 8 Kauecmee Qyukyuu v(x) evloupaemcs

00HA U3 nepeoobpasnvix o pynxyuu v'(x).

,ZZJZ}I BblUUCTCHUA UHmezpala J.COS 2xdx MOMCHO UCNONBL306AMb U Cﬂe()yiomee

CBOUCMBO  HEONPeOeNéHHO20  UHMeSpana: eciu '[ f(x)dx=F(x)+C, mo

Jf(ax+b)dx 1 F(ax+b)+C, 20e J.f(x)dx - mabauunelli unmeepai. B oan-

a

. 1 .
HOM cyuae, max Kaxk J.cos xdx=sinx+C, mo Jcos 2xdx = 3 sin2x+C.

Toraa, monydum:
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J.(4x—2)cos 2xdx = (4x—2)~%sin2x—‘|.%sin 2x-4dx = (2x—1)sin 2x -

_2.[Sin 2xdx=(2x—1)sin2x—2[—%cos 2x]+C‘=(2x—l)sin2x+cos 2x+C‘

0
xdx

11-20. TpeGyercst BBIYUCIUTD OIPE/IEIEHHbINA HHTETPAT: I—
Y 24+4x+1

Pemenue.
Ornpenien€HHbIN UHTErpall BEIYUCIUM 3aMEHON EPEMEHHON HHTETPUPOBAHUSL.

Jx+l=t=x=¢-1

dx = (£* —1)dt = 2tdt

0

J- xdx

—————=| 120 0= a<Jx+1<
S 24+4x+1 g

x=—1=2a=+v-1+1=0
x=0=>p4=4/0+1=1

[Tocneanuii HHTErpai BEIYUCIIAEM TAKXKe 3aMEHON MEPEMEHHOM.
t+2=z=>t=2z-2

1, dt=(z-2)dz=1-dz =dz 3 ;
ZJ.t_tdtz 0<t<l, a<z=t+2<p =2de22
0 t=0 = a=0+2=2 2 :

L t=1 = p=1+2=3
2 -6z +11z- 3(

~ j (2 —1)2tdt 5 j (£ —1)dt
y 2+t y [t2

6dz=2j 22—6Z+ll—E)dZ=

z z

2

J3.
2
3 2
z z 3
= 2(?— 6- ? +11z—-6In|z |j‘ , = [no Gopmyne Horomona — ﬂeﬁ6Huua] =

3’ 3’ 2’ 2’
=2|| —-6-—+11-3-6In|3||-| —=6-—+11-2-6In|2|||=
3 2 3 2

14/3-121n(3/2). Otser: 14/3-121n(3/2).
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21-30. Tpebyercs BHIUUCINTE HECOOCTBEHHBIM MHTErpaji [-0ro poaa WM ycTaHo-

ﬂarclgx

BUTB €T0 paCXOANMOCTh!: J.

0 1+x2
Pernenne.
Ho OHpe):[eJ'IeHI/IIO HECOOCTBEHHOTO UHTErpaga AMEEM
arclgx w/ arclgx . .
_[ —d = lim _[ dx. OmpeIencHHbBI WHTETPA, CTOSIIUA IO
1+x2 b+ |4 x2
0 0
3HAKOM npejiena, BBEIYUCIIUM METOJIOM 3aMeHBI nepeMeHHO}:
[ arctgx =t i
dx
\/—t > = dt arctgh 32 arcigb )
arctgx 1+x t 3/2
= tdt =—— = —\arctgh
J. 1+ x2 OSbe,aSarctngﬂ J.\/_ 3 3( g)
0 2 o
x=0=>a=arctgd=0
x=b= [ =arctgh

,/arclgx 2 32 2 (x 32
Torna J. dx= lim | —arctgh =—-| = .
1+ x b—+wo\ 3 3 2
3/2
OtBet: HecoOCTBEHHEBII HHTETpa CXOAUTCS U PaBeH E[E] .

31-40. TpeGyercs BBIYUCIUTH IUIOMIAb (DPUTYPHI, OTPAHMYEHHON rpadKaMu yKa-

3aHHBIX (DYHKITHIA; yzl—xz,y:2+x2,x=0,x=l-

a<x<b
S1) <y < fL(x)

HBIE Ha OTpe3ke [a,b] (yHKIMH, 3aaBaeMble OHUM aHATUTHYECKUM BBIPA)KEHH-

[Mnomans ¢purypsr D = { } =D, ,rre fi(x), f2(x) - HenpepsIs-

€M, BBIYHCISETCS 1o popmyne: S = J. [f2 () - 11 (x)]dx
a
g1(»)<x<gy(y)

c<y<d }: D, rne g1(»),g2(y) - nenpe-

[Mnomans ¢urypsr D :{

pBIBHBIE HA OTpe3ke [¢,d] (QyHKIMU, 3aaBaeMble OHUM AHATUTUYECKUM BBIpa-
d
JKCHUEM, BBIYHCIIIETCS 1Mo popmyne: S = J. [g2 (M -g( y)]dy

4
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Pemenne.
1) U3zob6pasum ¢urypy D :

21l D D 0<x<1
enctasuMm D B Buze = .
pex ey l—x2£y£2+x2

Ecm D# D, wnun D # Dy, 10 urypy D npsMbIMH, NapajuIeIbHBIMU OCSIM KO-
OpJMHAT, Pa30MBAIOT HA YACTH, TAKWE, YTOOBI OHU UMENU BUI D y w D, . Ilpu

9TOM IuToHIa b GUrypsl D HaXoJAT Kak CyMMY IUIOMIazeH e€ yacTeil.

3) Beruucium miioniaib:
1

1 1 3
2 5
S=I((2+ 2 —(1— 2 =J'(1+2 2= xr2 | 214222,
X ) X ))Jx X )J X 3 3 3
0 0 0
Otset: S=5/3.

41-50. Ycranosuts Tum JIY mepBOro mopsaKa U HAWTH:
a) obmee pemenue V:

1a) 2-y%)y' +2(3%x+x) =0 2a) 4x—3y+'(2y-3x)=0
0) obOmiee u yactHoe penreHus JY: y’—3x2y =x? , y(O) =0.
Pemenne.

Tun /Y nepsozo nopsioka ycmanasiueaiom no ¢popme e2o 3anucu.

1a) JlanHoe ypaBHeHue sBisiercs: quddepeHIManbHbIM YpaBHEHHEM C pa3ersio-
LIMMHUCS IEPEMEHHBIMU, TaK KaK €0 MOXKHO 3aIUCaTh B BUAE

B ()0 (n)dx + Py (x)Q; (y)dy =0.
JleliCTBUTENBLHO, OCYIIECTBMB B MCXOJHOM ypaBHeHHH 3ameHy ) =dy/dx wu

YMHOXUB €r0 3aTeM Ha dx , MOMYyYUM: 2x(y2 +1kx+ (2 —y2 }iy =0, T.e. ypaBHe-
HUE C Pa3ICNSIONUMUCS TIEPEMEHHBIMU.
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Haxoorcoenue obwezo pewenus ypasnenus P (x)Qy(y)dx+ P, (x)0, (y)dy =0,
nymém oenenus obeux ezo uacmei na Q) (y)P, (x), ceooumca k unmespuposanuio

ypasHenusi ¢ pasoeiéunvimu  nepemenuviMu  P(x)dx+Q(y)dy =0, 20e

R T

[ Po)dx+ [ 0(y)dy =

B o6mee peulernue Konmopoeco 3anucouleaencs 6 8uoe

Paznenum obe vacTn ypaBHEHUS 2x(y2 +1px+ (2 - y2 }iy =0 Ha MHOXWTENb
2

2 .. 2-
(¥~ +1), nonyunm 1Y ¢ pa3aenéHHbBIMU IEpEMEHHBIMHE: 2xdx + 3 dy=0.
vy +1
OOmiee pemreHre MOCIEAHETO0 YpaBHEHHs HAWIEM WHTErpHPOBAHHUEM KaXJIOTO
CJIaraeMoro 1o cBoel epeMeHHO! | 3aITUIleM B BH/IE:

J2xdx+.[2_y

vy +1

dy =C ,rne C - mpou3BOJIbHAS MTOCTOSHHASL.

Obwee pewernue OughghepeHyuanbHo20 YPaeHeHuUs Nepeoeo NOpPsiOKa OO0ANCHO
00513amenbHO co0epaCcamyb 00HY RPOU3BOTLHYIO NOCMOAHHYIO.

Borurcinum uHTErpasisl (¢ TOUHOCTHIO 10 MTOCTOSHHOTO CJIAraeMOro):
X 2 2
J 2xdx =2 - =x°,

2— 3- 1 3
(22 (302, J{ﬁ—ljd b

y+l vy +1

. J.dy =3arctgy —y
y +

Torna obmee perenue audpepeHuaIbHOr0 ypaBHEHUS 3aIUIIETCs B BHIE:
2
darctgy—-y+x~ =C.
2
OtBet: 3arctg y—y+x~ =C,rne C - Ipou3BOJiIbHAs OCTOSIHHAS.

2a) J/lanHOe ypaBHEHUE ABJIAETCS OJHOPOMHBIM M depeHInaTIbHbIM ypaBHEHHEM
IEPBOTO MOPS/IKA, TAK KAK €ro MOKHO 3amucath B Buge ) = f(y / x) . JeiictBu-

TEJBHO, BBITIOJTHUB npeoOpa3oBaHus: 4x-3y+y'2y-3x)=0 =
-4 , 3 -4
:>y'(2y—3x)=3y—4x:>y'=3y x,nonylmMy —M f 2 .
2y-3x 2(y/x)-3 X

[Tpu BeIMONHEHNU Npeodpa3oBanuii oxHopoaHoro /1Y mepBoro nmopsjaka K BUAY

r

V'=f(y/x) cnenyer yuects, uro Z—y =y'.
x
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Haxooicoenue odugeco peuwenusi 00nopoonoeo Y nepsoeo nopsaoka ¢ nomowwio
noocmanosku y=x-u, y' =u+xu' ww dy=udx+xdu, 20e u=u(x)- nosas
Heuz8ecmuas yHKYusl, C6OOUMCsl K HAX0xCOeHuio obwe2o pewernus Y ¢ pasde-
JSIOWUMUCS NEPEMEHHBIMU OMHOCUmMenbHo Gynkyuu u(x) ¢ nocredyroujel same-

Hoti u=y/x.

C MOMOIIBIO  MOJCTAHOBKU y=x-u, y=u+xu' ypaBHEHHE

3(y/x)—4
4x-3y+y'2y-3x)=0 wm y'= L npuBenéM k 1Y ¢ pasmenstoniu-

2y/x)-3
Mmucs nepeMeHHbIMU Py (x)Q; (u)du + Py (x)0Q, (u)du =0 OTHOCUTENBPHO HOBOM

3u—4
HensBecTHOW QyHKIMU u(x) . [omydum: u+xu' = 2” 3
" —
u—4 —2u 2 +6u—4 yduumouleaem, Yumo
xu'= —u= = , du =
2u-3 2u-3 u =—
dx
2
2u® —6u+4
xdu+2 1T =0
2u-3
IMocnentee ypaBHEHNE €CTh YpaBHEHHE C Pa3EAIOIIUMUCS repeMeHHbiMH. CBe-
) 2u’ —6u+4
néM ero, pasjeiauB 00€ YacTH ypaBHEHHUS HA MHOXKUTEIb X - 53 K
-

. dx  (2u-3)du
YpaBHCHUIO C pa3ACICHHbIMU ICPEMCHHBIMU. HOJ'Iy‘II/IM: —+ -~ . =
x 2u —6u+4

OOmiee pemreHre NOCIEAHETO YpaBHEHHs HAWIEM WHTErpHPOBAHHUEM KayJIOTO
CJIaraeMoro o cBOeH MepeMEHHON 1 3allUIIEM B BHIE:

_[ dx . (2u—-3)du

x Yoy’ —6u+4

BbIumciium uHTErpastst (C TOYHOCTBIO 0 TIOCTOSIHHOTO CIIAraeMOoro):
dx

=C , TAC C- MPOM3BOJIbHAA NOCTOAHHAA.

=lIn|x|;

(2u—3)du 1 ¢ Qu-3)du | evidenum ¢ snamenamene nonnbviit Keaopam
2w’ —6u+d 20w us2 { u? =3u+2=(u=3/2)* -1/4 } )
coenaem 3ameHy
u-32=t=u=1+3/2
du=(t+3/2)'dt =dt

_1p2(+3/2)-3 .
2 -1/4

lJ- (2u —3)du _
27 (u-3/2)* -1/4
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coenaem 3ameHy
= | 2dt =d(t*)=d(t* -1/4) - [%
*-1/4=z

2
=11n|z|= =21 =11n|12—1/4|= PURIER RS S (P A e
2 4] 2 2] 2 2) 4

1
=—In|u®-3u+2|.
2

_l-l-(zt+3—3)dt_lj- 2udt
29 2214 274214

Tormaa oOrree penreHue mocaeaHero MuQQGepeHaT-HOr0 YPaBHEHUS 3aHIICTCS

1 .
B BHIE: In|x| +Eln | u? —3u+2 |= C wnm, ucnonb3ysi CBOKMCTBA JIorapu(mMoB, B

2 2 2
Buze: x* -(u” -3u+2)=C;,rne e €= C| - HOBasi IPOHU3BOJIbHASL IOCTOSHHAS.
Tenepb B HaWIEHHOM peIIEHHH BEpHEMCS K CTApOd HEM3BECTHOH (yHKIMH
¥(x) , BBIIONHUB 0OpaTHYIO 3aMeHy u = y/x . B utore nomyuunm:

)cz((y/)c)z—3(y/)c)+2)=Cl WA y2—3xy+2x2=C1.

Otser: y2 —3xy+ 2x% = C;,rme C| - IpoU3BOJIbHAS NOCTOSIHHAS.
0) JlanHoe ypaBHeHUWE SBJIsIETCS JHMHEHHBIM MuddepeHnnanbHBIM ypaBHEHUEM
(JIAY) mepBoro mopsiaika, Tak Kak ero MOXXHO 3amucaTh B Buzie ) + p(x)y = q(x),

2 2
rne p(x)=-3x", g(x)=x".
Chauaina Haiinem obuiee pemenue nuHeliHoro JIY nepBoro nopsiaka. Ero wmiem
BBUAC y=uv,TIe U = u(x) nv= v(x) - HOBBIE HEU3BECTHBIE (DYHKIINH.

Obwee pewenue JIJV 1-e0 nopsoka Haxooumcs ¢ NOMOWbI0 NOOCMAHOGKU
y=uv, ede u(x), v(x) - Hosvie Heuzgecmuvle Qynxyuu. OOHY U3 HUX, HARpUMED

u(x), naxoosm 6 éude u(x) = €_J p(x)dx , 20e IP(x)dx - Kakas-Hubyob nepeooo-
pasuas o pyuxyuu p(x), mozoa opyeyio Heuzgecmuyio @yukyuro v(x) Haxoosm

6 6ude 0owezo pewenus JIV: v'(x) = % B umoece 6yoem naiioeno u obwee pe-
u(x
WeHUe UCXOOH020 YPAGHEHUS 6 GUOE Y = UV

Yacmunoe pewenue J[V, yooenemeopsiowee HavanvHomy ycaoguio Y(x,) =y,
noxyuaiom u3 odwe2o0 pewenus 0aHHO20 YPAGHEeHUs. NPU KOHKPEMHOM 3HAYEeHUU
npousgoavroti nocmosnnoli C = C,. Haxodam C Kax peutenue ypasHeHus, nouy-

uaemo2o noOCMAaHoOBKol 6 06mee peuienue HauailbHo2o Y Clo6UA.
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OYHKIUIO u(x) HalitéM B BHIE u(x)=e_Ip (x)dx, riie J p(x)dx - xakas-

HUOY/b MepBooOpa3Has s GyHKUuH p(x) = —3x? . Bbruncius HHTErpaj, mnouay-

x3

_ 3
M Jp(x)dx = —3Jx2dx = —3~T =—x>. Torma u(x)=e [p(dx _ o

Ipocmetiwum JIV nepsozo nopsioka Haswvieaemces ypasnetue éuoa y'(x) = f(x).
Obuwee peutenue Makoeo0 yPAGHeHUs: HAXOOUMCSA UHIMEZSPUPOSAHUEeM U 3aNUCHIEA-

emcsi 6 sude y(x) = .[ f(x)dx+C.

q(x)
u(x)’

3
e * SABJIACTCA MPOCTCU-

OyHKIHI0 v=v(x) HaiinéM kak ofmee pemrenne JY: v'(x) = rae

3
u(x) =e* , q(x)= x2. JlanHoe ypaBHeHue v'(x) = x?
mmM 1Y mepBoro mopsiaka. Ero oOmiee pemieHue HaliéM WHTETPUPOBAHUEM U

3
3amumeM B Buae v(x) = J x2e™ dx+C . Borumcnus uHTErpaj (¢ TOYHOCTBIO 10
TIOCTOSTHHOM), TIOTYYUM:

coenaem 3ameny

43 1 1
sze dx = xzdx=§d(x3)=—%d(—x3) = —gje’dt=—§e’ =

1 _.3
Taxum obpazom v(x)= ——e * +C.
3

Torna 06mee PEHICHUC UCXOAHOI'0 YPABHCHUS 3alIMUICTCA B BUC:

3 1 _.3 301
y=uv=e" -[——e x +Cj=Cex -—.
3 3

Tenepp HaiiiéM yacTHOE pelIeHHE, YAOBIETBOPSIOLIEEe HAYaJIbHOMY YCIOBHIO
301
y(O) = 0. Ero nonyuum u3 obmiero pemenus y = Ce™ -3 IIPU KOHKPETHOM 3Ha-

YEHHMHU TPOM3BONBbHON mocTosiHHON C = C(y, KOTOpOe HahJAEM U3 ypaBHEHMS, IIO-

JIyd4eHHOTO MOJICTAHOBKOH Hauanshoro ycnosus y(0)=0 B obmee pemenue. B

301 1
pe3ynbTare MOJyYuM: 0=Cce” -— = C =Cy =§. Torga yvactHOe pelieHHE
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HUCXOJHOI'0 Z[I/I(l)(l)epeHHI/IaHBHOFO YpaBHCHUS, YAOBJICTBOPAIOIICEC HA4YaJIbHOMY

I 3 1 1fp
YCIIOBHUIO y(O)=0,3aHI/IIHeTCHBBI/II[eZ y,=—¢€ ——=—(e —1).

3

301 1 3
Otser: y=Ce”* Y3 oOIlee penIenue; y, =—(ex —1) YaCTHOE pelIeHHUE.
3

51-60. Tpebyercs wmaiitm obmiee pemienue npoctedmero JY mopsaka 7 :

" In x
Jx
Perenne.

Obmee pemenue npocreiimiero JIY » -ro nopsaka y(") =

f(x) HaxomAT, BHIIION-
HsISL IOCTICZIOBATEIIBHO # UHTETPUPOBAHKM, U 3aITHCHIBAIOT B BHIC:
y= J‘abcj...J‘f()c)abc+Clx'F1 +C2x”72 +...+C,
| ——

n pas

Obmee pemieHue TUQQGEPEHIMATHFHOIO YpaBHEHUS TMOPsAKa 7 JIODKHO 00s3a-
TENBLHO COMEPYKATh 7 PA3HBIX MPOU3BOJIBHBIX TOCTOSHHBIX.

JlanHOE ypaBHEHUE BaX bl IPOUHTETPUPYEM.

Inx
ITocne mepBOro MHTErpUPOBaHUS HONYy4HUM: )'= J de+C1. WnTterpan BbI-
X

YUCJIUM (C TOYHOCTBIO A0 ITIOCTOAHHOI'O cnaraeMoro) MCTOAOM UHTCTPUPOBAHUA 11O
HacTAaM. HOJ'Iy'II/IMZ

u=lnx:>du=—

=2\/;1nx—2JTx =2J¥1nx—4d¥.Tor;[a y' =2x Inx—4Jx+C.
X

ITocne BTOPOIO HMHTETPUPOBAHUS MOTY4HM:
y=[@Vxinx-4Vx+Cydv+Cy =2[VxInxde-4[Vxdv+C [dx+Cy .

Berancinm uHTErpaltsl (C TOYHOCTBIO JI0 MOCTOSHHOTO ciiaraeMoro). [lomyunm:
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eblHuUciIuUmM
dx
u=Inx=du=—

Memooom X
J \/; In xdx = | unmezpuposanus | = 1 3=
2 5 2
no uacmsam dv=\/;dx:v=_[\/;dx=_[x2dx=€x2
2 2 2 d 2 . 3 22 2
Inx-=x2 —J—xz-—x 2 nx- szdxz—lenx—— Zx2 =
3 X 33
2 4
=2 x 2 nx-2 532

J.\/;dxzj'xl/zdxzéxyz; dezx.

2 4 2
Tornma y :2~[gx3/2 lnx—§x3/2j—4~€x3/2 +Cix+C, =

4 32
:;x3/2 111)c7;)c3/2 +Cix+C,y.

4 32
OtBer: y =gx3/2 111)cf;x3/2 +Cix+C,y.
61-70. TpeGyercs:
a) Haiitu obliee 1 4acTHOE pelleHust OMHOPOIHOrO JUHEWHOro quddepeHmas-
HOrO  ypaBHEHUs 2-TO  TMOpSAKA C  MOCTOSHHBIMH  KO3((puIUeHTaMu:

y'=5y"-6=0, y(0)=1, y'(0)=0.
Pemenue.

CHauvana Haiiném oOwee pemenue 1Y B Bune: y =Cy; +Cyy,, Tae {yl,yz} -
(yHIaMeHTaIbHAs CUCTEMA €T0 YaCTHBIX PEIleHHH.

OObee pemeHne 0IHOPOIHOTO TuHEHOro JIY BTOPOro mopsiaka ¢ HOCTOSIHHBIMU
koddduimenTamu ay” +by' +cy =0 umeer Bun y = Cyy; +Coy,, 1€ {1, Vo) -

(byHI[aMeHTaJ'H)HaH CHUCTEMA €0 4aCTHBIX pemeHI/H‘/i; Cl ,Cz -IIPOU3BOJIBHLIC T10-

CTOSIHHBIE.
dyHaaMeHTalbHAsl CUCTEMAa pelleHu i {yl, yz} CTPOMTCS Ha OCHOBE XapakTepa

KOpHEH XapaKTepUCTHYECKOTO YPaBHEHUS al* +bA+c=0. A uMeHHo: 1) ecnn
A1,A5 - Napa pa3IMYHBIX JACHCTBUTENBHBIX KOPHEH XapaKTEPHCTHYECKOTO ypaB-

Henus, To ®CP umeer Buja {ellx’elzx }; 2) ecmu Ay,A4, - mapa OJUHAKOBBIX

(A4 =4, =) neiicTBuTenbHbIX KopHeii, To ®CP nmeer Bu {e’lx ,xet* }; 3) ec-

37




m Ay, =atiff - napa KOMIUIEKCHO-CONPsHKEHHBIX KOpHEH, To ®CP numeer Bua

{ea ¥ cos Bx,e*” sin ﬂx}.

KopHu xapakTepucTHUeCKOro ypaBHEHHUS al* +bA+c= 0, sBisromierocst KBaj-
PaTHBIM, HaXO/SIT HA MHOXKECTBE KOMITIEKCHBIX YHCE 10 (hopMyJiam:

—b+D
2a ’

LIRILIY

2a 2a

1) eciu uckpuMuHanT ypaBrenns D = b2 —4ac >0, To M2 =

2) ecnu IMCKPUMUHAHT ypaBHeuust D < 0,710 A, =atiff=—

Hnst waxoxngenuss @DOCP, cocTtaBUM  XapaKTepUCTHUUECKOE  ypaBHEHUE

2% =51-6=0 m1s gaHHOTO g hepeHIMaIbHOrO YpaBHEHUS U HAWIEM ero Kop-
HA HAa MHOXXECTBE KOMIUIEKCHBIX u4ucel. Tak Kak JUCKPUMHHAHT
—(-5)tv49 5%7
= =
2-1 2
A =-1, A, =6, T.e. XapaKTEepPUCTHIECKOE YPABHCHHE HUMEET JABA PA3JIHIHBIX

D=(-5)%-41:(-6)=25+24=49>0, 10 A, =

JiefcTBUTENbHBIX KopHs. CrnenoBarensHo, ®CP umeer Bujg {efx s e%* }

Torna o6uiee pemenne gannoro JIY sanumercs B Buze: y = Cje”* +C, e
Teneps HaiinéMm yacTHoe pemnieHue qanHoro 1Y, ynoBieTBopstoliee HadaabHbIM
yeaosusim: y(0)=1, y'(0)=0. [dyis atoro cHavyana HaiaéM mpousBoAHYI0 »'(x)

obuero pemenns: y' = (Cye ™ +Cre®) = —Cie ™ +6C,e% . 3atem noacrasum

Ha4aJIbHBIC JAHHBIC B BbIPAKCHUA JJId O6H18FO peuICHUA U €Tro HpOPI3BOZ[HOI7[, I10-
JIy4uM CHUCTEMY JIMHEHHBIX anre6pa1/1qec1<1/1x ypaBHeHI/Iﬁ JUTd OnpeAeICHU 3Ha4C-

HHUH IPOU3BOIBHBIX NMOCTOSHHBIX C| u Cy:
y(0)=1 Cre ?+Ce®? =1 C1+Cy =1
/ = -0 60 _g =
Y'(0)=0  |-Cle?+6C,e%? =0 [-C+6C, =0

Pemms cucremy, Haiiném: C; =6/7, C, =1/7. Torna 4acTHOe pelleHHE TAHHOTO

6 _ 1
JIY 3anmmercs B BUAE: p = 7e x +o %
OTtBer:
- 6 _ 1
O6miee pemenue: y=Cje " + Czeéx ; UACTHOE pelLlIeHHE:; y = 78 * +7e6"
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0) Haiit oOmmee pemenue nuneitHOro 1Y 2-ro mopsiika ¢ MOCTOSHHBIMU KO3 du-
LUEHTaMU U NIPaBOM 4acThlO crenuansHoro Buga: y"'+4y'+4y =50cos x .

Oobee perieHue HeogHopoanoro JIJIY 2-ro nopsaka ay”+by'+cy = f(x) ume-
erBun y=y,+y,rae yg=Ciy;+C,y, - obluee pelieHre COOTBETCTBYIOLIECTO
OJIHOPOJIHOTO YPaBHEHWs, ) - KaKoe-HUOY/b YaCTHOE PEIIeHHE JaHHOIO HEOJI-
HOPOJIHOT'O YPaBHEHHUSL.

YacTHOE pellleHHe V ypaBHEHWS C [PaBOM YACTBIO CIEIMAIBHOrO BHUJA
f(x)=e“ [P, (x)cos fx+Q,(x)sin fx] HIETCI MEMOOOM HeONPeOeIEHHbIX KO-
spuyuenmos B Buze § = x* e[S (x)cos fx+Ty (x)sin fx], rae k =0, ecan
YHUCIIO A = +if3 He ABIACTCS KOPHEM XapaKTEPHCTUUECKOTO YPaBHEHWS, U k
PaBHO KpaTHOCTU KOpHA A = +iff B npotuBHoM ciydae; Sy (x) u Ty (x)-
MIOJTHBIE MHOTOWICHBI cTerieHn N = max{m,/} ¢ HeonpenenéHHpIMu k03¢ puru-
eHTamu. [IpiuMepaMu MOJHBIX MHOTOYJICHOB C HEONPEICTIEHHBIMU KO3 (UIEH-

Tamu crenean 0,1,2,3,... COOTBETCTBEHHO SIBJISIFOTCA: a, ax+b, ax? +bx+c,

ax® +bx? +ex+d.,.... Jns HaxoxaeHus K03(pQUINEHTOB MHOIOWIEHOB S, (X)
u Ty (x), HAZO MOJACTABHTH PELIEHHE ) B HEOAHOPOJHOE au(depeHImanbHoe

YpaBHEHHE U MPUPABHATH KO3 (GHUIMEHTHI ITPY NOA0OHBIX WIEHAX B JIEBOHM U Ipa-
BOM YacTsAX MOIYYEHHOTO PaBEHCTBA. B pe3ynbpTaTe monyduM cCHCTEMY ypaBHe-
HUMH, peIIB KOTOPYIO, HAalIEM 3HaYeHHs KO PHUIIMEHTOB.

Pemenne.

O6uiee peuienne nauHoro JY Haiiném B Bume: y=Ciy;+Chy,+7, THe
{yl , ¥ 2} - pyHIaMEHTaIhHASI CHCTEMA YaCTHBIX PEHICHUI COOTBETCTBYIOIIETO MY
oxuopomHoro IY: y"+4y'+4y =03 7 - kakoe-HUOYAb YACTHOE PEIIEHUE JAHHOIO
HEOJTHOPOITHOTO TU((epeHINATBHOTO YPaBHEHHUS.

Cuavana waiinégm ©OCP {yl , yz} COOTBETCTBYIOIIETO OnHOpoaHOoro JY
V'+4y'+4y =0. g 3TOro COCTaBUM  XapaKTEPUCTUUYECKOE  ypaBHEHHUE

A% +4A+4=0 g1 naHHOro OHOPOJTHOrO JU(PEPEHIMATBHOIO YpaBHEHUS U
HaiEM ero KOpHH Ha MHOXKECTBE KOMIUIEKCHBIX 4Mcel. Tak Kak JUCKPUMHHAHT

—4540 -4
21 2

T.C. XapaKTCPUCTUYCCKOC YpPABHCHHUC HMCCT JBa OAWHAKOBBIX Z[eflCTBHTeHBHBIX
—2x

D=4%>-414=16-16=020,10 A, = I ==2, Ay =-2,

kopHs. CnenoBatensHo, @CP umeer Buj e ¥ ,xe
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3ateM HailijiéM YacTHOEe  pelieHHe )  HEOJHOPOJHOTO  ypaBHEHUS
V"'+4y'+4y =50cos X, HUMEIOIIET0 MPaByld YacTh CIEUUAIBHOrO  BHUJA

f(x)=50cos x =e**[P, (x)cos Bx+ Q) (x)sin fx], rtme a=0, B=1,
P,(x)=50=>m=0, Q,(x)=0=¢=0. YacTHoe pemeHue Haiiném B BH1E
¥ =x e[Sy (x)cos fx+Ty (x)sin fx], tae k=0, ecnu uncno A=a+iff He
SIBJISICTCSI KOPHEM XapaKTePUCTHUYECKOTO YPAaBHEHHUS, U k PABHO KPaTHOCTH KOPHS
A=a+if BnporusHoM ciyuae; S, (x) u Ty (x) - HOIHBIE MHOIOWICHBI CTEIe-
Hu N = max{m,/} ¢ HeonpenenéuusIMu Kodpduenramu. B nannom ciyqae: 1)
guciao A=a+iff =0+i-1=i He ABIIETCA KOPHEM XapPAKTEPUCTUICCKOTO YpaB-
HeHusi, mnodtoMy k=0; 2) N =max{m,/[}= max{(), O} =0, no3tomy
Sy(x)=So(x)=a, Ty(x)=Ty(x)=b, rne a,b - HeusBecTHbIE MOCTOSHHEIE,
MOUIeKAIIUE OompeeNieHnt0. TakiuM 00pa3oM, YaCTHOE pelieHHe ¢ HEU3BECTHBIMU
MOCTOSIHHBIMH 3aIHIIETCS B BHIC:
5 =x""*[acos(1-x)+bsin(1-x)|= acos x+bsin x.

Jliist onipeiesieHust 3HAYEHNUI TIOCTOSHHBIX ¢ ¥ b , HAlnEM mpou3BojHbe )', 7"
M TIOJICTABUM BBIpaXKeHus it y, ', ¥" BMecTO y, ', " B HEOTHOPOIHOE ypaB-
Henue y"+4y'+4y =50cos x. YuuTsiBasg, 4ro:

y'=(acosx+bsinx) =—asinx+bcos x,
y"=(y") =(-asinx+bcos x)' =—acos x—bsin x,
MONTYYHM:
—acos x—bsinx+4-(—asin x+bcos x)+4-(acos x+bsinx)=50cos x =

(3a+4b)cos x +(—4a+3b)sinx =50cos x .

[IpupaBHsB, B npaBoil U JE€BOH YaCTU MOJIYYEHHOTO PAaBEHCTBA, MOCTOSHHBIE KO-
3¢ QUIUEHTHI, CTOSIIME NPH OJUHAKOBBIX (PYHKLMSX, MOTYYUM CHCTEMY JIMHEH-
HBIX anreOpanvyecKuX ypaBHEHWH OTHOCHTENIFHO HEHM3BECTHBIX d W b

3a+4b =50 . -
. PemuB cucremy, Haiiném: a =6, b =8. HacTtHoe pemieHue y 3a-
—4a+3b=0

MUIIETCS TOT/Ia B BHAE: P = 6¢0s x + 8sin x .
Teneps 3amureM o0Iee peneHHe UCXOTHOTO YPaBHEHUS B BUJIC:

y=Cyy+Coyy +5 = Cre 2 +Coxe > +6c0s x+8sin x.

Orser: y=Cje 2" +Cyxe > +6c0s x +8sin x .
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71-75. ns samannsix Gyukumii cnpoca D(p) =54—4p(t)—3p'(t) u npemioxe-
uust S(p)=26-3p(t)+2p'(t) Ha HEKOTOPHIA TOBApP, HAUTHU 3aBUCUMOCTH PABHO-
BECHOM LIEHBI p OT BPEMEHH {, €CJIM B HAYaJbHBI MOMEHT BpeMeHu f =( IieHa

P = po = 6. SBnsercsa 11 paBHOBECHAS LICHA yCTOMYMBOM?

PaBHOBECHOI 1IEHOI Ha HEKOTOPBIH TOBAap HA3BIBAIOT LieHY p(f) >0 mas KOTOpoi

CHpOC U TpeUIoKEeHNE Ha JaHHbBIN ToBap paBHbL, T.e. D(p)=S(p). PaBHOBecHas

LIeHa SIBJISIETCA YCTOMYHMBOM, €CIIU CYIECTBYET ( lim p(t)) < 400,
t—>+00

Pemenue.
1) Haiiném 3aBucumocts p(f), Takyro urto p(0)=6. [yusa 3TOr0 mpupaBHsIEM

D(p) u S(p) . lomyunm:
54—-4p()-3p'(t)=26-3p)+2p'(t) = Sp'(H)+ p(t)-28=0.
Takum oOpa3om, paBHOBecHas 1leHa p(f) , Takas 9uto p(0) = 6 , SIBISETCS YaCTHBIM
peuieaneM quddepeHnnanbHoro ypasHeHus Sp'(f)+ p(t)—28 =0 npu Hayaib-
HoM ycnoBun p(0)=6.
[Monyuyennoe muddepenumansHoe ypaBHeHue siBisiercst J|Y mepBoro mopsiaka c
pa3aensomyMIcs IEpEMEHHBIMHU, TaK KaK €ro MOXKHO 3aITicaTh, ¢ Y4ETOM TOrO,

uro p'(t) =%, B BUze Sdp+(p—28)dt =0

Chauaina Haiiném oOmiee pemenne qanHoro Y, kak ypaBHEHHUS C pa3/ielsIoiu-
Mucs nepeMeHHbIME. [Tomyaum:

Sdp +(p—28)dt = Sdp

dp+dl‘ 0= dt=C =
(crad|

p-
ct
5

51n|p—28|+t:C:>1n|p—28|=%:>|p—28|=e =

| p—28 |=eC/Seft/5 = p—28=iec/seft/5 =Cleft/5 =

p() =28+ Cleft/ > rze C, C| - IpOU3BOJIbHBIE IOCTOSHHEIE.
Teneps HaiinéMm mis maHHoro JIY uyacTHoe pelleHHe, YIOBIETBODAIONIEE Ha-
yanpHOMY ycioBuio: p(0)=6. Jlns 3TOro mojacTaBUM HadajbHbBIE JaHHBIE B 00-

e pCUICHUEC U IMOJYYHUM YPABHCHUEC JJI OIIPEACIICHUA Cl .

p(0)=6 = 6=28+Cie"° = 6=28+C,
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Pemmue nocnennee ypaBHenue, Hainém: C; = —22 . Torga yactHoe pemenue 1V,
YIOBJIETBOpSIIOLIee HauaabHOMY ycnoBuio: p(0) = 6, 3amumiercs B BUJE:

p(t)= 28-22¢713 [TonyueHnHoe pelieHue U SBISIETCS PABHOBECHOW IIEHOM, Ta-
koit, uto p(0)=6.

2) BrisicHUM, SBIISIETCS JIM PAaBHOBECHAS Li€HA YCTONUMBOWU? JIIs1 3TOr0 BBIUMCINM
npezen lim p(¢). [omyunm: lim p(t) =

t—>+o0 t—>+0o0

= lim (28 —22¢715 ):

ydumbvleaem, 4mo
t—+w

" oo =28 . Tak Kak BBIMOIHSETCS YCIO-
e =0, =+

BUE ( lim p(t)) =28 < +00, TO paBHOBECHAS 1€HA SBJISIETCS] YCTOHUUBOIA.
t—+w0

OT1BeT: p(t) = 28— 2715 -ycTouMBas paBHOBECHA lieHa, Takas, 4To p(0) =6 .

76-80. [{ns 3amannsx pysknuit cipoca D(p)=5p"+2p'+3p—12 u npemioxe-
uust S(p)=4p"—-3p’'— p+8 Ha HEKOTOPBIA TOBAp, HAWTU 3aBUCUMOCTH PaBHO-
BECHOM IIEHBI p OT BPEMEHHU !, €CIM B HadyaJbHbIi MOMEHT BpeMeHH ¢ =0:
p(0)=py =3, p'(0)=py =—1. SBnderca 1u paBHOBeCHas IeHa p(f) yCTOHYH-
BOM?
Pemenne.
1) Haiiném 3aBucumocts p(t) , Takyto uro p(0)=3, p'(0)=—1. [us storo mnpu-
paBaseM D(p) u S(p) . lomyunm:

5p"+2p'+3p—-12=4p"-3p'—p+8 = p"(t)+5p'(t)+4p(t)-20=0.
Takum obpa3om, paBHOBecHas 1ieHa p(t) , Takas uto p(0)=3, p'(0)=-1, saBus-
ercs YaCTHBIM peneHueM UG hepeHITNaTEHOTO YpaBHEHUS
p"@®)+5p'(t)+4p(t) =20 mpu HavanbHbIX yenoBusax p(0)=3, p'(0)=-1.

[Monyuennoe muddepeHnuanbHOe ypaBHEHUE SBJISCTCS HEOTHOPOMHBIM JIMHEH-
HbIM J[Y 2-T0 mopsiaKa ¢ MOCTOSHHBIMU KO3 PHUITHCHTAMH.

Cuauvana Haiiném obiee peuienne qanHoro 1Y B Bume: p=Cip;+Copy + P,
rie { D1» pz} - pyHIaMEHTaTbHASI CHCTEMa YaCTHBIX PEIICHUI COOTBETCTBYIOIIETO
eMmy omgHopoxuoro JAY: p"+5p'+4p=0; p -kakoe-HUOYIOb YACTHOE DPEIIECHUE
JTAHHOTO HEOJTHOPOJHOTO YPABHEHUS.

Hns vaxoxaenus: GCP { P1> P> } , COCTaBUM XapaKTEPUCTUUECKOE ypaBHEHUE

2% +50+4=0 ms nanHOrO OTHOPOIHOro AU (PEpeHIINATBLHOr0 YpaBHEHUS U
HaiEM ero KOpHH Ha MHOXKECTBE KOMIUIEKCHBIX 4Mcel. Tak Kak JUCKPUMHHAHT
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-5+ -5+
D=5%-4.1.4=25-16=92>0, T0 5= 52‘1*@: 52‘3:> Ay =—4,

Ay, =—1, T.e. XapaKTepUCTUUECKOE ypaBHEHHE HMEEeT JABa pa3jIMuHBIX JAeiicTBU-

TenbHbIX KopHs. CnenoBatensHo, ®CP umeer Bun {e4t s e’ }
YacTHOE pelIeHHE P HEOAHOPOTHOro ypaBHeHus p"+5p'+4p =20, umero-

IEro MPaBYIO 4acTh CHEIUATEHOTO BUIA
f(t)=20=ea’[Pm (¢t)cos Bt +Q,; (t)sin ft] (31ech a=0, p=0,
P,(x)=20=2m=0, 0/(x)=0=>1(=0), HalEM B BHJIC

ﬁ=tkea’[SN(t)cosﬂt+TN(t)sinﬂt], rne k=0, ecmu uncio A=a+iff He

SIBIISIETCS. KOPHEM XapaKTePUCTHIECKOTO YpaBHEHUs, U k PaBHO KPaTHOCTH KOPHS
A=oa+if B nporuBHoM ciydae; Sy (f) u Ty (¢) - IONHBIE MHOTOWIEHB! CTEIIEHU
N =max{m,[} ¢ HeonpenenéuupiMu ko3¢ ¢durmenramu. B nganHOM ciydae: 1)
yucno A=a+iff =0+i-0=0 He sBIsSETCS KOPHEM XapaKTEPHUCTHIECKOrO ypaB-
HeHusi, mnodtoMy k=0; 2) N=max{m,/[}= max{(), O} =0, mno3tomy
Sy@®)=So@t)=a, Ty(t)=Ty(t)=b, rne a,b - Heu3BECTHBIE IOCTOSHHBIE,

NoUIC)KAKrEe OMPCACIICHHUTO. Takum o6pa30M, YaCTHOC pCIICHNE C HCU3BECTHBIMU
IIOCTOSAHHBIMU 3aITMIICTCA B BUJC:

p=1%""acos(0-1)+bsin(0-1)]=a.

Jliist ompejieNieHusT 3HAYCHHS [TOCTOSHHOM « , HaiinéMm npousBoaHbie p',p" u
MOJICTABUM BBIpaKEeHUs Ui p, p', p" BMeCTo p, p', p” B HEOTHOPOIHOE ypaB-
wenne p"+5p'+4p=20. YuureBas, uro: p'=(a)' =0, p"=(p")' =0, mony-
guM: 0+5-0+4-a=20 = 4a=20.0O1kyna a=5.

YacTHOE pelleHne p 3amuiiercs Toraa B Bujge: p(f) =5, a ollnee pelieHue
UCXOJHOrO MU (BepeHIMATIBHOrO ypaBHEHHS B BHJIE:

p=Cip1+Cypy +P=Cire ™ +Cre™ +5.

Teneps HaiinéMm yacTHoe pemieHue qanHoro 1Y, ynoBieTBopsoliee HadaabHbIM
yenopusim: p(0) =3, p'(0) =—1. [ns atoro cHavana Hail€M MPOU3BOAHYIO p'(f)
00IIIero pemeHus: p'=(Cle4’ +Che™’ +5)'=—4Cle4’ ~Cye™". 3atem mop-
CTaBMM HAYaJIbHbBIE JIAHHBIE B BBIPAKEHUS JUIsl OOIIETO PENICHHs U €ro MpOU3BO/I-

HOU, MOJTyYUM CHCTEMY JIMHCHHBIX aareOpandecKux YpaBHEHUH JIIS ONMPEICICHUI
3HA4YEHHI NPOU3BOJIBHBIX NOCTOSHHBIX C; U C, :
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p(0)=3 N Cre ™ +Cre™ ¥ +5 =3 N C+C =2
PO)=-1 " |-4Cie™" —Cre™=-1 = [-4C=Cr=-1
Pemmue cucremy, manném: Cy =1, C, =-3. Torna 4acTHOE peLIEHHE NAHHOTO

IV, ynosnerBopsitoriee HadanbubiM yenoBusM: p(0) =3, p'(0) =—1, 3anmiercs

B BUne: p(f) = e3¢ 45, [onmyuenHoe pemieHne M SIBISIETCS paBHOBECHOMN
LIeHOM, Takoi, uto p(0)=3, p'(0)=-1

2) BrisicHUM, SBIISIETCS JIM PAaBHOBECHAS LI€HA YCTOHMUMBOWU? JIJIs1 3TOr0 BBIUUCINM
npezen lim p(¢). [omyunm: lim p(¢) =

t—>+00 >+
. _ _ yuumleaem
= llm(e H_3e ’+5)= ’

—00
t—>+00 umo:e =0

=5. Tak xax (hm p(t))=5<+oo, TO

t—>+o0

paBHOBECHasl 1IeHa SBJIETCS YCTOMYHBOM.
OtBet: p(f)= e 3¢ 4+5- ycTOWYMBasi paBHOBECHas I1I€HA, Takas, 4TO
p(0)=3,p'(0)=-1

81-90. HCCJ‘IGI[OBaTB Ha CXOIMMOCTb PSAJIBI U yKa3aTh IPUMEHSIEMbIE IPU3HAKH:

1-4-7...(3n-2
a) Z ; )Z (23/’1 ), )Zn -arctg [4]

n= 1107’1 +1 n=l1 n=l1

o0
Ecmu oOmuii uieH u,, YMCIOBOTO psiaa Zu ,» TPEICTaBiIsAeT COOOH OTHOIICHHE
n=1
MHOTOWICHOB W anreOpandeckux (YHKIUH OTHOCHTENBHO apryMeHTa 1, TO
HCCIIeIOBAHKE €0 Ha CXOJUMOCTh CIEAYeT HAYMHATH C MPOBEPKH HEOOXOJUMOTO
MpU3HAKA CXOAUMOCTH. ECIM OH He BBIMONHSIETCS, TO PsIJ PACXOAUTCS, B MPOTHB-
HOM CJTy4ae HPOBOJST JOHOIHUTEIBHOE UCCIEI0BAHNE HAa CXOAUMOCTE, HCHIOB3YsI
NpenesbHbI TPU3HAK CPaBHEHWSI, TJI¢ B KAa4yeCTBE PsAJa CPABHEHHS BBIOHPAIOT
0000IIEHHBII TAPMOHUYECKHUH PsiI.

Ecnu B BbIpakeHHe OOLIEro 4ieHa u, YHUCIOBOrO psja Bxomar: nl,a”, To s
HCCIIEeIOBAHUS €r0 Ha CXOJMMOCTh CIEAyeT MPUMEHUTh npu3Hak Janambepa. Ecnu
BBIpXKEHHE JUI U4, MOXHO NPEJICTaBUTH B Buue u, = f(n)=(g(n))", 1o mis

HCCIIeIOBAHUS psifla HAa CXOIUMOCTH CIEyeT MPUMEHUTh PaJUKaJIbHBIM MpHU3HAK
Komn.

Pemenue.
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a) Jlyis maHHOTO psija MPOBEPUM CHAYalla BEIIOIHCHHE HEOOXOIMMOr0 MpH3HaKa
cxogumoct: lim u, =0 (ecnu oH He BBIIOIHACTCH, TO pAA pacxoautcs). [lomy-

n—0
. A o] Vn
qUM lim u, = lim ———=|—|= lim ———=
n—0 n—o10n2% +1 o n—>® 5 1
n-|10+—
n
. 1 1 .
= lim = =0. Tak kakx HeoOXOAWUMBII NpPU3HAK CXO-
n— 4, 10 1 - (10+0)
n +—

n
JUMOCTHU BBIITOJIHACTCA, TO Tpe6yeTCfI JOMOJIHUTEIIBHOC HCCJIICAOBAHUE PsAda Ha
CXOOAUMOCTbD.
I/ICHOJ-H)3yeM JUIST UCCJIEAOBAHUS Ha CXOAUMOCTH Hpe/:[eJILHLII?'I MpU3HAK CpaBHC-
o0
Hus. B xadecTBe psijia cpaBHEHUs BHIOEpEM psi Zvn :z
n=1 n=1N
o0
JIATCSA, KaK OOOOIIEHHBIN TapMOHHYECKHH PSJT Z— ¢ IOKAa3aTeleM CTEIEeHU
n=1N

KOTOPEIH CXO-
32 > KOTOP

p=32>1.

[Tpu BBIOOpE B KaudecTBe psija CpaBHEHHs OOOOIIEHHOTO T'apMOHHUYECKOTO psija

o0

. . A
Z—p PYKOBOJCTBYIOTCSl CIEAYIOIMM, ecau lim u, = lim —, roe A#0 -

ey n—o n—o
1
HEKOTOPOE YHCII0, TO PSIJT CPABHEHNS HMEET BUIL ) —— .
n=17
Torna, o MIPEEIIEHOMY TIPU3HAKY CpaBHEHUS, TaK Kak
Jn
.Uy . 10n% +1 . \/;-n3/2 n? © 1
lim —=1lm-—=1lm——=1lm—=|—|=—=#=0, 710
no® vy o n>% 10n2 +1 noolon?+1 L] 10
032
PAABI ZM ZV WA OTHOBPEMEHHO CXOMSATCS, WU OJHOBPEMEHHO Pacxo-
n=1
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o0 o0
1
TIATCSL. [Tockonbky pan Z vV, =Z
n=l

T CXOJIUTCS, TO pan
n=1"n
o0 o0
Z u, Z ———— TaKKe CXOMTCs.
n=l1 n=l1 10n° +1
o0
OtBet: Pag

5 CXOOUTCH 1O MPEACIIbHOMY IMPHU3HAKY CPAaBHCHUAA.
n=l1 10n° +1

HpI/I HCCIICAOBAHNNU PAAOB Ha CXOAMMOCTH CICAYET UMETh B BUAY CICAYIOIIHNC

npenenbHble 3HaueHus QyHkuui: In(+0)=—oo0, In(+w) =+, arctg(+w)=—,

bid o | TO0 npu a>1 o 0 npu a>1
arctg(—o)=——, a , a = , a
2 0 nmpu O<axl +o npu O<a<l
TaKxKe H3BECTHBIE TIpeIeTbl: lim n!= o0 (n!=1-2-3-...-n),
n—>0
. - . 1
hm(aonk+a1nk 1+...+ak)=00, lim o) =0,
n—0 o0 gan” +an” T +...+a
0 1 k
P -1 0 ecmw k<m
. apgn +a1n +...+a
lim

. e
k ag/bg ecnu k=m,lim|1+—| =e~2.72
0 m m~1 0770 n—>00 n
no%bon +bin” T +...+b, w  ecm k>m
lim&n=1.

n—0

0) [aHHBIA ps1 vCcIeIyeM Ha CXOIUMOCTH TTo Tpu3Haky [lanambGepa. s aToro
BBIYUCITUM

. Upy
npeaen lim —=1L, rae
n—oo U,
(1~4~7~...~(3n—2)(3n+1))
Uns) _ (2n+2)! :(l~4~7~...~(3n—2)(3n+1))~(2n)!. B nony-
U, 1-4.7-...-(3n-2) 1-4-7-...-(3n-2))-(2n+2)!
( (2n)! j

u
yennom a1 2L BBIPQ)KCHUM BBITIONIHUM TpeoOpa3oBaHue ¢ (HaKTOPHAIOM
u
n

2n+2)!=2n)!2n+1)(2n+2) 1 cokpaTUM YHCIUTEIb U 3HAMEHATENb Ha O0IIHe

. . 1
MHoOxHTeNU. [omydanm lim 2740~ fim Gn+1)

T now 2nt)2n+2)

n—oo U,
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Tak kak L =0 <1, To no npusHaky JlamamOepa psiji CXOIUTCS.

1-4-7...(3n-2)
OtBeT: Psin Z ————— % cxomures 1o npusHaky Jlamambepa..
- (2n)!
n=l
B) JlaHHBIA psi MCCIEyEM Ha CXOAMMOCTD TI0 PaUKaIbHOMY npu3Haky Korm.
Hns 3TOTO BBIYUCITAM npezen lim Yu, =L, e
n—oo
1 Loy
- 7 \\n - b .
Yu, =(,)" = n4arctg” — =n" -arctgl —|. C y4éToM H3BECTHOTO
4n 4n
4

n—w n—oo n—0oo

npexena  lim % =1, nomydum  lim u, = lim n; ~arctg[4lj =
n

= lim {(%)4 -arctg[%ﬂ =14 carctg0=0=L. Tak kak L=0<1, To o paau-
n

n—oo

KaJIbHOMY IPHU3HAKY Kommm pAa CXOAUTCA.

o0

T

OrtBer: Pin Z nt arctg” [4—] CXOZUTCS 110 paAuKaIbHOMY Npu3Haky Komm.

n
n=1

91-100. Haiitn wHTEpBaN, paauyc W OONACTH CXOAUMOCTH CTENEHHOTO psja

i (x+1)"
n=l TN

o0
HutepBan cxomumoctu (xg —R,xy +R) cTemeHHoro psaaa Z a,(x—xy)"
n=0

Uy (X)

O0BIYHO HAXOMIT pemas HepaBeHCTBO L(x)<1, rme L(x)= lim ®
u, (x

n—oo

>

u,(x)=a,(x—xy)", R - paauyc CXoLMMOCTH.

O6NacThi0 CXOAMMOCTH CTENEHHOTO psfa SBISETCS HHTEPBAl CXOIMMOCTH
(xo —R,xo + R), K KOTOPOMY TIPUCOEMHAIOTCA TOYKH X + R, €cliu B HUX psinl
cxomutes. Jlyis MccnenoBaHus CXOJMMOCTH Psi/ia HAa KOHIAX MHTEPBAJIA CXOAUMO-
CTU OOBIYHO TIPHMEHSIOT NMPU3HAKM CPABHEHHs (VI PANOB C TONOKHTEILHBIMU
ueHamMu) u npu3HAK JleiiGHuma (115 3HAKOYepeTyIOIHXCs PSIOB).

Pemenne.
1) Haiiném untepBan (xy — R, xo + R) CXOAMMOCTU CTENEHHOrO PAja. Hns
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(x + 1) n+l

st @) _ [ D1
OTOr'0 CHa4daJjia BbIYUCINUM IIPEIACIT lim =
n—>oo| u, (x) | n—o (x+1)”

nn

3 3
. 1)-n2 . . 32
i [ ey tim | o lim — =
n—>0) 3 n—o0 3 now 3 1 3/2
(n+1)2 (n+1)2 n2[1+]
n
[x+1| im ———==|x+1|-———==|x+1|=L(x). 3arem pemuMm Hepa-
n—o0 1\¥2 (1+0)3/2
1+—
n
BeHcTBO L(x) =/ x+1|<1. IlomydeHHOE HEpaBEeHCTBO PaBHOCHILHO CHCTEME Hepa-
x+1<1
BEHCTB , oTkyna: —2< x < 0. Takum 00pa3oM, UHTEPBAJIOM CXOIH-
-(x+1)<1

MOCTH JIaHHOTO psijia siBisiercst uHrepBan (—2,0) .
2) Paquyc R >(0 cXOAMMOCTH CTENEHHOTO pAja HaWAEM, YUUTHIBas, 4YTO UHTEPBa-
JIOM €ro CXOAUMOCTH (xo —R,xy +R), rae xy =—1, aBnsercsa unrepsan (-2,0),

T.e. u3 ycnoBust (—1—- R, -1+ R) = (-2, 0) wm .Orkyma R=1.
-1+R=0

3) Jnsa HaxoxKAeHUs] 00JacTH CXOMUMOCTH CTEIICHHOTO Psijia UCCIEIYyeM ero CXo-

JIMMOCTh Ha KOHIaX WHTepBajia cxoammoctu (—2,0), T.e. B ToUkax x=-2 W

x=0.

HUccne-

IIpu x=-2 mnomyuyuM 3HAKOUEPENYIOUIUICS YMCIOBOU Psij z( \/_
n=1 1

JTyeM €ro Ha CXOJMMOCTH 10 ipu3HaKy JIeiOHuIa.

o0
[pusHak JleiiOHMIa. 3HAKOYEPETYIONTUICS PSIT Z(—l)”un , roe u, >0, cxo-
n=l

autest, ecmu: 1) lim w,, =03 2) uy >uy >us >... (MOXKET BBIIONHATHCSA HAUMHAS C
n—oo

HOMepa 1 = ng ).

Jy1s 3TOTO MPOBEPHUM BBITIONHEHNE YCIIOBUI Mpu3Haka JlelOHuma:
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. 1
) limu, = lim — {—} =0; O06a ycioBus

11 1
) —>—>——>
no oo n\/_ 0 W1 242 343

BBITIOJIHAKOTCA U, CJICA0BATCIIBHO, 3HaKO‘IepeI[yIOHII/II/ICH pAaa Z( )

nln\/_

CXOAUTCA

o npu3HaKy JleiOHuna.

, SIBIISTIOIIIUMCST 0000IICHHBIM Tap-

IIpu x =0 nomy4uM YUCIOBOH P z

1
n=1 n\/;

MOHMYECKUM DPAZIOM C TokasateneM cremenu p =3/2. Tak kak p=3/2>1, 1o
9TOT PAJ, CXOIUTCA.

n
Taxum oOpa3om, B Toukax x=-2 U x =0 CTEeNEeHHOU pAx Z( CXOIUT-

nln\/_

CAl 1 TOTIa 0GJIACTBIO €10 CXOIMMOCTH SIBIISETCS IPOMEKYTOK [—2,0].

0 n
x+1
OtBet: [l cTemeHHOro psjaa Z ( )

n=1 n\/;

R =1 - paguyc cxoaumocTy; [— 2,0] - 0071acTh CXOMMOCTH.

(-2,0) - mHTEpBaAJN CXOIUMOCTH;

101-110. Haiitu nepBbie TpU OTIMYHBIE OT HYJS WieHa paslioKeHHs (HYHKIMN

x
y=r=—7

B pax Teiinopa B OKPECTHOCTH TOYKH X = X =1.

Psanom Teiinopa Gynkiun f(x) B TOuKe X = X Ha3bIBAETCS CTENEHHOMN psiJ

o ,(n) "
> L0 gy = )+ L0 ) L

Pemenue.
Haiiném cHadana mepBbie TpU OTIIMYHBIC OT HYJS MPOU3BOAHBIE QYHKIMU [ (X)

Brouke xo =1: QW)= £1), £'1), £"(1),.... Homyunm:

Omo rpo L 1o
f (1)—f(1)—l+2 #0;

3
fl(x):[ X ]':(X)'(x+2)—x(x+2) l(x+2) xl 2 -
2 (r+2)* x+2)?  (x+2)?
2 2
/1 _ _Zz O,
= f'0 1227 5”
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' 2\ ,
f"(x)=(f'(x)) - 2 :_2.((7”‘2) ) :_2.2(x+2)(x+2) _

(x+2)? (x+2)* (x+2)*
2x+2)-1 4 , 4 4
_ . __ )=-——=—— 0.
(x+2)4 (x+2)° = S0 1+2)3 277

TenepL IoaACTaBUM Haﬁ):[eHHI)Ie HCHYJICBBIC 3HAUCHUS IMPOU3BOIHBIX B PA Teitno-

pa Qyakmum  f(x) =L2 B OKPECTHOCTM TOYKM x=1 U MOIYyIUM:
x+
1 (2/9) (—4/27)
+1)” —+%( /

+1)+

(OF
5100, A2

n=0

1 2 2 )
=+ (D)= (x+1
3@ (D

1 2 2 2
OrmBer: —+—(x+1)——(x+1
3 9( ) 27( )

111-120. TpeGyercs HaliTH BEPOATHOCTH YKA3AHHOIO COOBITHS, UCTIONB3YS KAAC-
cuueckoe onpedenenue BeposTHOCTH.

Bpocatorcst 1Ba urpanbHbeix KyOuka. Haiiti BEpOSTHOCTH TOTO, YTO CyMMa OYKOB
Ha BBINABIIMX IPAHIX — YETHAs, IPUYEM HA IPAHH XOTs Obl OJHOrO U3 KYOHKOB
HOSIBUTCS IIECTEPKA.

HpI/I KIIACCUYCCKOM OIPEACIICHUN BEPOATHOCTH CHy‘laﬁHOFO coObiTus A orpeac-

md)

nsieTcst paBeHCTBOM: P(A) = , Tme m(A) - 4ucio pIeMEHTapHBIX (Janee He-

JIETUMBIX U B3aUMHO UCKITIOYAIOIIUX JIPYT JAPYyra) UCXO0B IKCIEPUMEHTaA, OJ1aro-
MIPUATHBIX TOSIBIICHUIO COOBITHSI A ; 1 - 00Ilee YHCIO PAaBHOBO3MOXKHBIX DJICMCH-
TapHBIX HCXOJOB OSKCIEPUMEHTA. PaBHOBO3MOMXHOCTH 3JIEMEHTapHBIX HCXOJI0B
o0ecreunBacTCss TAKUMHU YCIOBUSMU MPOBEICHUS YKCIIEPUMEHTA (OIbITa, UCIIHITA-
HUS), TIPU BBIMTOJIHEHUHA KOTOPHIX MOXXHO CYHTAaTh, YTO HU OJIUH W3 UCXOIOB HE
SIBIIICTCST OOBEKTUBHO 00JIce BO3MOXHBIM, YeM JIPYTHUE.

Ecnu cobOpiTie A OIMpenenseTcs CJI0BaMU «XOTsI OBl OJUH. ..», TO HEMOCPEICTBEH-
HOoe HaxoxaeHue P(A) 1mo ¢opmynie KIACCHYECKOro OMpENeSeHHUs] BEPOSITHOCTH

MIPUBOUT OOBIYHO K TPOMO3JKUM BBIYHCICHUAM. [Iporie cHavana HalTH BEposT-
HOCTB COOBITHS A , MPOTHBOMOJIOKHOTO COOBITUIO A U ONPEAEIAEMOro CJIOBAMU
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«HU OIHH...», a 3aTEM, UCIIOJIb3Yys (bOpMyJ'Iy JJI BepOHTHOCTeﬁ MPOTUBOIOJIOXK-

HBIX coObITHil: P(A)=1-P(A), BEIMUCINTD BEPOATHOCTH HICKOMOT'O COOBITHSI.

m(A)

JI71s1 HaX 0K IEHUS BEpOSITHOCTH COObITHSA TI0 hopmyie P(A) = HEOOXOTMO:

1) Paccmotpets coObITHEe A , BEpOSTHOCTH KOTOPOTO CIEAYET HANTH.

2) IIpaBHIBHO ONpPENENTHUTh, YTO SBJSIETCS B JAHHOM HCIBITAHWW 3JIEMEHTAPHBIM
HCXOIOM.

3) Haiitu ofrmiee yucino # 3JI€MEHTapHBIX UCXOAOB, PEABAPUTEILHO BBIITHCAB UX
BCE HENOCPENCTBEHHO. Eciu BhIMucaTh Bce dlieMEHTapHBIE MCXO/bI HE MPEACTaB-
JISIeTCsl BO3MOXHBIM M3-3a UX YPE3MEPHOr0 KOJIIMYECTBA, TO MPHU MOACUYETEe MX YHC-
JIa MCTIOJIB3YIOT MpaBmiia ¥ (opMysIbl KOMOWHATOPHKY.

4) YcraHOBUTH Kakoe 4nuciIo m(A) 3MEeMEHTapHBIX MCXOJOB JTAHHOTO UCIIBLITAHUSL

OJIATONPHSITCTBYIOT MOSIBIICHHUIO COOBITUS A .

Pemenne.

Paccmotpum coObiTne A4 = {cyMMa 04YKOB Ha BBINABIINX I'PAaHSX — YeTHas,
NMpuYeM HA TPAHU XOTHA ObI OHOT0 U3 KYOMKOB MOSIBUTCS IIECTEPKA}.

DNeMEHTapHBIMU HCXOJAaMHU JaHHOTO WCIBITaHUs (TOAOpachiBaHUE JBYX WI-
PATBHBIX KYOMKOB) SIBJISIFOTCS BCEBO3MOXKHBIC KOMOWHANUU O4KOB: 1,2,3,4,5,6,
KOTOpPBIC MOTYT MOSIBUTHCS HA BEPXHUX TPAHSAX JIBYX KYOUKOB.

OO1m1ee YUCIIO EMEHTAPHBIX UCXOMIOB /1 JAHHOTO MCIBITAHUS HAWIEM, HCIIOTh-
3ysl MPaBUJIO YMHOXKEHUSI KOMOUHATOPHUKH.

Iycte @, a,— AeHCTBUS U3 HEKOTOPOrO0 KOHEYHOIO MHOJKECTBA JEHCTBUIL.
IIpaguno ymuoxncenun. Ecnu neifictBue oy MOXHO BBIIOJIHHUTh 7y CIIOCO0AaMU U,
HocJe KakKJOro TaKOro BBINONHEHHUs, NEHCTBUE () MOXHO BBINOJIHHUTH 7, CIIO-
cobamy, TO IOCIEAOBATEIbHOE BBHIOIHEHUE Hapbl AEHCTBUH @ U ¢) MOXKHO

OCYWICCTBUTb N =Ny Ny crocobamu.

Ha xaxxpoM urpainbHOM KyOuke 6 rpaHei, IO3TOMY BO3MOXKHBI HIECTh HCXOJ0B
OpocaHust Kaxxaoro u3 Hux. Eciau ucnblTaHue IpencTaBUTh B BHJIE HOCIENOBa-
TEIbHO BBIIONHAEMBIX MOAOpachlBaHUI KyOHKOB, TO II€pBO€ MOAOpachIBaHHE
MOKHO BBIMONHUTE 7y =6 crnocobamMu, BTOpoe noadpaceiBanue - 1, =6 Croco-
Oamu, Torja IOCIEAOBATEIbHO BBINOIHAEMOE IOAOpachIBaHUE [ABYX KyOHKOB
MOXKHO OCYILIECTBUTb 1 =1y Ny =6-6 =36 crnocodamu.

0611188 YHCJIO DJIEMECHTAPHBIX UCXOA0B 71 MOXHO HaiiT! 1, BbBIIIKMCAB HEIIOCPECT-
BCHHO BCC BO3MOXXHBIC UCXOAbI UCIIBITAHUA:

1,H (1,2 (13 1,49 (1,5 (1,6)
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21 22 23 24 @5 @20
3,1) (32 (33 (G4 @G5 @G0
41 42 43 ‘44 A5 Ao
G,1) 52) (53) (54 (5,5 (5.6)
6,1) (6,2) (6,3) (6,4 (6,5 (6,0).

Tenepb HaWAEM YHCIO DIEMEHTAPHBIX HMCXOM0B m(A) MAHHOTO WCIBITAHUS,
OIaronpUsITHBIX COOBITHIO A , BBIITUCAB UX HEMOCPEACTBEHHO. TaKUMU UCXONAMH,
OYEBHUJIHO, SABISIOTCS: (2,6); (4,0); (6,2); (6,4); (6,6). Ix uncmo m(A)=5.

Torna uckomast BeposaTHOCTh P(A4) = % ~0.139.

OtBet: P(A4) = S ~0.139.
36

121-130. TpebGyercst HANTH BEPOSATHOCTH YKa3aHHBIX COOBITHIA, UCTIONB3YSI KdC-
cuuecKkoe onpedenienue BEpOSITHOCTH:

B ypHe HaxonsaTcs 5 uepHbIX U 6 Oenbix mapoB. CiaydaiiHBIM 00pa3oM W3 YpHBI
BEIHUMAIOT 4 mapa. HaliTi BEpOsSITHOCTH TOTO, YTO CPEeId BBIHYTHIX IIAPOB OKa-
KYTCS: «2 OCIBIX Mmapay; «He 00Jee OTHOr0 OETIOro MIapay; «XOTs ObI OJUH OCJBIi
mapy.

Pemenne.

Paccmotpum coObiTus: 4 = {cpean 4eTHIPEX BBIHYTHIX HIAPOB - 2 OeJIBbIX},
B = {cpean 4YeThIpéX BHIHYTBHIX HIAPOB — He 0o0Jiee OTHOrO0 0eJIOro Imapa},
C = {cpenu 4eThIPEX BHIHYTHIX HIAPOB - XOTH ObI OUH OeJIbIii map}.

DneMeHTapHBIMHU MCXOJIaMH JAHHOTO MCIBITaHUsS (CIydaliHOE BBIHUMaHHE YeThI-
pex IapoB) SBJISAIOTCS BCEBO3MOXHBIE KOMOMHAIMH 1O 4 11apa U3 HaXOJIIUXCS B
ypHe 11 mapos.

Juist mopcuéra o01iero ynca eMEeHTapHbIX UCXO0B /1 JAHHOTO MCIIBITAHUS U
gucen m(A), m(B), m(C) >IeMEHTapHBIX HCXOMOB, OJATONPHUSTHBIX COOBITHAM

A, B, C , ucrionb3yeM npaBuiia u GopMysibl KOMOMHATOPUKH.

Iycte @, a,— AeHCTBUS U3 HEKOTOPOrO0 KOHEYHOI'O MHOJKECTBA JEHCTBUIL.
IIpasuno cnoscenun. Ecnu feiicTBUe o MOXHO BHIIONHUTE 1] CHOCOOaMH, JEH-
CTBUE (!, - JIPYTMMH #, CHOCOOAMHU, OTJIMYHBIMU OT IEPBBIX 7, TO BHIIOIHEHUE
OJIHOTO U3 JEHCTBUI: WIM o), WIH O (HO HE JABYX OJHOBPEMEHHO) MOXKHO OCY-

IIECTBUTb 71 =71| + 1, CIIOCOOAMH.
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Couemanusmu uz n 1eMEeHMO6 RO M HA3BIBAIOTCS BCEBO3MOXHBIC KOMOWHA-
[[MH 3JIEMEHTOB, OTIMYAIOIINECS PYT OT JAPYra TOJIBKO COCTaBOM 31eMeHTOB. OHU
paccMaTpPUBAIOTCS KaK AJIEMEHTApHBIE HCXOMbl SKCIIEPHMEHTA, COCTOSIIETO B OfI-
HOBPEMEHHOM HEYIOPSIOYEHHOM BbIOOpe 63 BO3BpAICHHS M DJIEMEHTOB U3 71
Pa3INYHBIX 3JIEMEHTOB, a UX obmiee uncno C,' omnpexensiercs popMyIoi:

m n!

, =———, roenl=1.2.3.-....(n=-1)-n, O0O=1.
mh(n—m)!

O6H1€e YHUCJIO DJIEMCHTAPHBIX MCXOA0B /1 JTAHHOI'O MCHBITAHUSA, OYCBUIHO, PaB-
HO YHCITY BCCBO3MOKHBIX HCYNOPAAOUYCHHBIX KOM6HHaHHI>i mo 4 mapa U3 Haxons-

!
mmxcs B ypHe 11 mapos, T.e. unciy couerannii C 11 - Torma:
4 1 1 718-9-10-11
n=Cy = = =
4L11-4) 471 1.2-3-4.7!

[Momcunraem Temepb YHCIIO AJIEMEHTapHBIX ucxonoB m(A), m(B), m(C) Omaro-

=330.

MPUATHBIX COOBITUSAM A, B, C , COOTBETCTBEHHO.

CobObiTHe A = {cpean YeTBHIPEX BBIHYTHIX IIAPOB - 2 0eJIBIX} O3HAYAET, 4TO
Cpeiu BBIHYTHIX IIapoB — «2 OeJbIX M 2 yepHbIX Imapay. CiemoBarenbHO, Oiaro-
MIPUSITHBIMHU COOBITHIO A SBISIFOTCSI BCEBO3MOXKHBIE KOMOMHAIMK 1o 4 1mapa (1aBa
OenbIX W JBa YepHBIX MIapa) U3 Haxomsmuxcs B ypHe 11 mapos. Ux gucno m(A4)

HalEM, MCTIONB3Ys TPABUIO YMHOXEHUsS] KoMOMHATOpUKH. [IpencraBum st aTo-
ro BBIOOp YETHIPEX LIApOB B BUAE JBYX IOCIEIOBATENHHO BBITOIHIEMBIX JIEHCT-
BHUI: cHayasa BBIOOp BYX OEINBIX IIapoB U3 UMEIOIINXCS B YpHE 6 OeNbIX MapoB 1
3aTeM BBIOOp JBYX YEPHBIX MIAPOB U3 HMMEIONIMXCS B YpHE 5 4€pHbIX mapos. [lo-
nyanm: m(A)=C¢ -C2 _ 8 S 15402150, Torma: P(4) _ 150 0.4s5
2141 2131 330
CoObiTre B = {cpenu 4eTHIPEX BHIHYTHIX IIAPOB — HE DoJiee OHOTO 0eIoro
miapa} 03Ha4aeT, YTO CPeH BBIHYTHIX IIAPOB - WK «OMUH OEJIbIH U TPU YEPHBIX
mapa», WIH «4eTblpe YE€pHBIX Imapay. CienoBarenbHO, OnaronpHsTCTBYIONMMHA
COOBITHIO B SIBISAIOTCS BCEBO3MOXHBIE KOMOMHAIMK 1o 4 mapa (oquH OeJblid n
TPU YEPHBIX WJIA YETHIPE YEPHBIX MIapa) u3 Haxomsauuxcs B ypHe 11 mapos. Mx
gruciao m(B) HaWAéM, UCTIONB3YS MPABUIA CIOKCHUS U YMHOXCHHS KOMOWHATO-

pukn. CHavaia, UCrojb3ys MPAaBUIIO YMHOXKEHHS KOMOWHATOPHKH, HAHIEM YUCITO
crnocoboB  BBIOpaTh OOMH Oedblii W Tpu YepHbIX mmapa. llomydnm

| 3 61 5
€605 =151 310

OMHATOpPHWKH, HaWAEM YHCIO cHocoOOB BHIOpaTh 4 u€pHBIX mapa. [lomydum

=6-10=60. 3areM, ucHoNb3ys MPABUIO YMHOXEHUS KOM-

53




4 5!
=

yucino m(B) crocoOoB BEIOpaTh WM OAMH OENbINA M TpH YEPHBIX IIapa, WIN YEThI-

=5 . Tenepb, HCIIOIB3YS MPABUIIO CIIOKCHHUS KOMOWMHATOPHUKY, HAUIEM

pe uépHbix miapa. Ilomyuaum m(A4) = Cé -C53 + C? =60+5=065. Tornma

PB) =2 ~0.197.
330

CobOpiTie C = {cpeaH 4eTHIPEX BHIHYTHIX IIAPOB-XOTA ObI OAMH OeJIbIi map }
OIIpEeIeIISIETCS CIIOBaMU «XOTs Obl ofuH...». IIpsiMoe pemieHue 3a1auu, yIuThIBas,
410 coObiTHe C O3HAYaeT, CPEeH BBIHYTHIX IIAPOB: WM «OIUH OENbIH U TPH 4ep-
HBIX IIapay, WIN «1Ba OEJbIX U JIBa YEPHBIX IIapay, WIN «TPU OENBIX ¥ OAWH Yep-
HBIN IIapy», WIN «YeThIpe OENbIX IIapay, MPUBOIUT K TPOMO3JIKUM BBIUYUCICHUSIM.

[TosToMy cHauana HaiEM BEpOSTHOCTH IPOTHUBOMIONIOXKHOTO coObITHs C ={cpenn
BBIHYTBIX YeTHIPEX MIAPOB HET HU OHOr0 0esIoro mapa, T.e. Bee Haphbl — Yep-

m(C) _ 5

upre}. Homyanm m(C)=C ? =5, torna P(C)= 50 3arem o dopmy-

e P(C)=1-P(C) HalIEM BEPOSITHOCTh HCKOMOT'O COOBITHS:
2
P(C) =1—i=2z0.985.
330 330
150 65 325
OtBer: P(4)=—~0.455; P(B)=——~0.197; P(C)=——~0.985.
() =35~ 0455 B)=33 ©=33

131-140. TpeGyercs HAlTH BEPOITHOCTH YKA3aHHBIX COOBITHM, HCIIONB3Ys: Phop-
MYIbL CIOMHCEHUA U YMHOHCEHUS GEPOAMHOCHIEIL.

DK3aMEHAIMOHHAsI CECCHSI COCTOUT U3 TPEX dKk3aMeHOB. CTYy/IeHT OLICHHBAET CBOU
IIAHCHI YCIEIIHO CaTh K3aMEHbI CIeYIOIINM 00pa3oM: BEPOSITHOCTh CAATh Iep-
BbII 3K3ameH - 0.8, BTopoit — 0.9, Tpetuit — 0.7. Haiftu BeposTHOCTH TOrO, 4TO
CTYJIEHTOM OY/IyT YCIIEIIHO CIAHBI: «BCE TPH IK3aMEHa», «I10 KpaliHel Mepe JBa
9K3aMeHa», «XOTs Obl OIUH 3K3aMeHy». [Ipesronaraercs, 4To ciada SK3aMEHOB —
HE3aBHCHUMbIE COOBITHSL.

Cnooicnbim Ha3BIBAIOT COOBITHE, HAOIONAEMOE B OKCIEPHMEHTE M BBIpa)kaeMoe
4yepe3 JIpyrue HaOJroJaeMble B TOM K€ DKCIIEPUMEHTE COOBITHS C IIOMOIIBIO J10-
ITyCTUMBIX alnreOpanyeckux onepanuii HajJ COOBITHUSIMH.

BeposiTHOCTD OCYIIECTBIIEHHS TOT'O WIIM HHOT'O CIIOXHOT'O COOBITHSI BEIYHCIISIETCS
C TIOMOUIBIO POPMYII YMHONICEHUSL 6EPOSAMHOCTNEL
1) P(A-B)=P(A)-P(B| A4), P(4)>0;
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2) P(A-B)= P(A)- P(B) (ans HE3aBUCHMBIX COOBITHIA)

U hopMyn crodcenus eposimHoCment:

3) P(A+B)=P(A)+ P(B)—-P(A-B);

4) P(A+ B)= P(A)+ P(B) (1 HECOBMECTHBIX COOBITHIA).

Cobeituss AuB Ha3BIBAIOT Hecoemecmubimu, ecid A-B = . HecOBMECTHBIME
COOBITHSIMHU SIBJISIIOTCS, HAIIPUMED, SJIEMEHTAPHBIE MCXOJIBI DKCIIEPUMEHTA.
Cobbitiss A u B, Ha3bIBAIOTCS HE3AEUCUMbLMU, €CTTH BBITOTHSETCS PABEHCTBO
P(A|B)=P(A), B IPOTUBHOM CJIydyae OHH Ha3bIBAIOTCA 3asucumvimu. Yacro,

HE3aBHCHUMOCTEL COOBITHIMA OMPEACIIACTCA YCIIOBUAMU IPOBECACHN A SKCIICPUMCHTA.

Jlnis perieHus 3a71a4 ¢ MCIOJIB30BaHUEM (DOPMYJT CIIOXKEHUSI M YMHOXEHUSI BEPOSIT-
HOCTEH CIEIyeT:

1) paccMOTPETh «CII0XKHOE» COOBITHE, BEPOSITHOCTH KOTOPOT'O HY>KHO BBIYHCITHTH;
2) BBIpa3sUTh «CIOXKHOE» COOBITHE, ITOCPEICTBOM JIOMYCTHMBIX alreOpandecKux
orepanyii, yepe3 HaOJI0aeMble B TOM JK€ JKCIIEPUMEHTE «IPOCTHIE» COOBITHS,
BEPOSITHOCTH KOTOPBIX M3BECTHBI MJIH JIETKO ONpPENENAIOTCS U3 YCIOBUH 3aJauH,
HanpumMep, 1o GpopMyie KIaCCUUECKOr0 ONPEENIeHUs BEPOATHOCTH;

3) BEIYMCIIUTD BEPOSITHOCTD «CIIOKHOT0» COOBITHS C ITOMOIIBIO (POPMYIT CIIOKEHHUS
1 YMHOXKEHMS BEPOATHOCTEH, yUUTHIBAs 3aBUCUMOCTb WIIM HE3aBUCHUMOCTb, COBME-
CTHOCTb WJIM HECOBMECTHOCTH COCTAaBIISIOIINX €r0 COOBITHI.

Pemenne.

PaccMotpum «cioxHbIe» COOBITHS: A = {CTY/EHT YCHENIHO CAACT BCe TPH IK-
3aMeHa}, B = {CTyJeHT yCHeNIHO CAACT MO0 KpaiiHeil Mepe aBa JK3aMeHa W3
Tpéx}, C = {CTydeHT yCNelIHo CAACT XOTs ObI OUH IK3aMeH M3 TpeX}.

BeIpasuM cHauana «cioxHble» coObITHS A, B,C 4epe3 «IIpocTbie» COOBITHS:

D, = {cTymeHT yCHeIHO cAacT MNepBbli 3k3aMeH}, D, ={CTyAEHT YCIEeIIHO
ClIacT BTOPOH 3K3aMeH}, D3 = {CTYJIEHT YCHENHO COAaCT TPETUii SK3aMeH}, BEpo-
ATHOCTH KOTOPBIX M3BECTHBI U paBHbl: P(D;)=0.8, P(D,)=09, P(D;)=0.7.
3arem BeramMcIUM BepositHocTH P(A), P(B), P(C), ucnons3ys GopMyJbl CloXe-
HUSI 1 YMHOXXEHUS BEPOSITHOCTEH, YUUTHIBAs TIPH 3TOM 3aBUCUMOCTH M HE3aBHCH-
MOCTb, COBMECTHOCTh M HECOBMECTHOCTb COCTABIIAIOIINX COOBITHH.

CobwiTve A mnpeactaBum B Buae A =Dj-D, -D;. Torna, yauTeiBasi He3aBUCH-
MocTb coObITui Dy, D, , D3, 10 hopMyse yMHOXKEHHUs BEPOATHOCTEH 17151 He3aBH-
CHMBIX coObITHH nonyunm: P(A) = P(D;)-P(D;)-P(D5)=0.8-0.9-0.7 =0.504.

CobObiTue B 03Ha4aeT, OYEBUIHO, YTO CTYIEHT CIACT WM BCE TPHU JK3aMEHa,
WIIY TOJIBKO JIIOOBIE JIBa 3K3aMeHa u3 Tpéx. CIen0BaTeNnbHO:
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B=D,-Dy-Dy+ Dy-Dy-Dy+Dy-Dy-Dy+D,-D, -Dy,
rae 51 ,52, 53 - COOBITHS, TMPOTHBOMNOJOXKHBIE K CcOObITHAM Dy,D,,Ds3:
51 = {CTYJICHT HE CIACT TEPBHIA IK3aMEH}, 52 = {CTYJICHT HE CIaCT BTOPOH dK-
3aMeH}, 53 = {CTy/IEHT HE CIIACT TPETUH PK3aMEH }, BEPOITHOCTU KOTOPHIX:
P(D;)=1-P(D;)=02, P(Dy)=1-P(D,)=0.1, P(D;)=1-P(D5)=0.3.
Torma, y4uTbIBass HECOBMECTHOCTh COOBITUH D, ~52 ~53 . 51 D, ~53 .
51 ~52 - D3, ABNAIOMIUXCS 37€MEHTAPHBIMU HCXOaMU 3KCIIEPHMEHTA (9K3aMeHa-

IIMOHHOH ceccuM), a TaKkkKe HEe3aBUCMMOCTh coObithit Dy,D,, D5, Dy,D,,Ds,

UCTIONB3Ysl POPMYIIBI CIOXKEHUS (/17151 HECOBMECTHBIX COOBITHI) M YMHOXKEHHS Be-
POSITHOCTEH (JUT HE3aBUCHMBIX COOBITHIN), TIOTyIHM:

P(B)= P(Dy)-P(Dy)-P(D3)+ P(Dy)-P(Dy)-P(D3)+ P(Dy)-P(Dy)-P(D3)+
+P(Dy)-P(Dy)-P(D3) =0.504+0.2-0.9-0.7+ 0.8-0.1-0.7+0.8-0.9-0.3 = 0.902

CoObitre C , ompenenseMoe CIOBaMH «XOTs Obl OUH», O3HAYAET, YTO CTYICHT
C/IaCT WIIM BCE TPW 5K3aMEHa, WIIM TOJBKO JIIOObIE J[Ba dK3aMeHa W3 TPEX, WiIn
TOJILKO JIFO0O0H OJWH 3Kk3aMeH U3 Tpéx. [IpsMoe BRIYKCICHUE BEPOSITHOCTH JaHHO-
TO COOBITUS TPUBOJUT K TPOMO3JKHUM BBIYHCICHUSAM. [l03TOMY, CHauama HaimaéMm

BEPOSITHOCTh MPOTHBOIOIOKHOIO COOBITHS C ={CTYIEHT He CAACT HH OTHOIr0
JKk3amena}, npencrasisemoro B Buge C = Dj-D,-D;. YuuThBas HE3aBUCH-
MocTh cobbiTnit Dy, Dy, Dy, 110 (hOpMysie YMHOKEHHs BEPOATHOCTEH /I HE3aBH-
cuMBIX coGbITHi momyuanm: P(C) = P(Bl )-P(Bz)-P(53) =0.2-0.1-0.3=0.006 .
Torma P(C)=1-P(C)=1-0.006=0.994 .

OtBet: P(A)=0.504, P(B)=0.902, P(C)=0.994.

141-150. TpeOyercs HaiiTii BEPOSATHOCTH YKa3aHHOTO COOBITHS, UCHIONB3YS (hop-
MYIbl nOHOU sepoamuocmu u baiteca.

B rpynme u3 20 cTyeHTOB, IPUIIEANINX CIaBaTh 3K3aMeH Mo « Teopuu BepoATHO-
cTeil», 3 cTyJeHTa MOJAroTOBJIEHbI Ha «5», 5 —Ha «4», 8 —Ha «3» 14 —Ha «2». B
9K3aMEHAIIMOHHBIX Omierax umeercss 60 BompocoB. OTIMYHO MOATOTOBIICHHBIN
CTYJIEHT MOXET OTBETUTh Ha Bce 60 BOMPOCOB, XOpoiio — Ha 45, yJA0BIETBOpH-
TenbHO — Ha 30 1 HeymoBneTrBopuTenbHO — Ha 20. Haynady BbI3BaHHBINA CTYAEHT
OTBETWJI Ha MPOU3BOJILHO 3aJJaHHBIH MpernoiaBareneM Borpoc. Hailtu BeposiTHOCTh
TOT0, YTO CTYJICHT OBLT MOATOTOBJICH HEYIOBIICTBOPUTEIHHO.
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Jlst 1060T0 HABIIF0IaEMOr0 B SKCIIEpUMEHTE COOBITHSI A MMeeT mecmo gopmyna nomnou

n n
sepossmnocmu: P(A) = ZP(Hl- )P(A|H;), tne P(H;)>0, ZP(HI-) =1. 3nmech
i=1 i=1
H ,H,,. H
BMECTHBIE U 00pPa3yIOIMe HOJNHYIO IPYIILY, TOILKO C OJHHM U3 KOTOPBIX cOObITHE A Ipo-

ucxomuT. Takue COOBITHUS HA3LIBAIOT 2UNOME3aMY 110 OTHOILEHUIO K COOBITHIO A .
Ecnu crano HU3BCCTHO, YTO B PE3YJIbTATEC SKCIICPUMCHTA coObiTe A Ipoun301I0, TO MOKHO

n- Ha0JII0JTacMbIe JUIL JaHHOTI'O SKCIEPUMEHTaA CO6BITI/I$I, ornapHo HECOo-

TIePEOLICHATE anpuophble (Ooonsimubie) BepostrocTi P(H ;) rumores o gopmyne Baiieca:
P(H;)-P(A| H;)
P(4)

BarOT TOraa anocmepuopHviMu (noczzeonblmnbmu) BEPOATHOCTAMU I'MIIOTE3 Hi .

P(H, | 4) =

, e P(A)= Zn:P(Hl- )P(A|H;). P(H;|A) Hazbl-

i=1

Jlis pereHust 3a7a4 ¢ MCIOJb30BaHHEM (OPMYJ ITOJHON BeposiTHOCTH 1 balieca
clenyer:

1) paccmoTperb coObITHE A , BEPOSTHOCTH KOTOPOTO HY>KHO HalTH M HAabOp rurmo-
te3 H,,H,,...,H, - Ha0II0JJaeMbIX B TOM K€ 3KCIEPUMEHTE COOBITUIH, ¢ OXHUM
13 KOTOPBIX COOBITHE A TIPOMCXONUT;

2) BBIYMCIIUTD BEPOATHOCTHU TUnoTe3 P(H;) u ycnoBHele BeposTHOocTH P(A|H;)

n

CoOBITHS A , B TIPEITONOXKEHNH, YTO HMeNa MecTo runore3a H;
3) o popmyre MONHON BeposiTHOCTH Haiitu P(A4) u, ecmu 310 Tpedyercs 1o yc-

JOBWSIM 3a/aud, HaWth mo ¢opmyne baiieca amocreprnopHble BEpOSTHOCTH
P(H; | A), B npennonoxennn, 4ro codbitie A B SKCIEPUMEHTE NPOHU3OIILIO.

Pemenne.

Paccmotpum coObitne A = {Hayaa4y BBI3BAHHBI CTYJAEHT OTBETHJI Ha TpPO-
W3BOJIBHO 33/IaHHBIH Bompoc}. /laHHOE cOOBITHE, 0YEBHUIHO, MOXKET MPOU30MTH
TOJIBKO C OJHUM U3 CIEIYIOLUIMX HECOBMECTHBIX coObITHH (rumores): H, = {Hay-
Jady BBI3BAHHBII CTyJEHT IOATOTOBJIEH Ha «5»}, H, ={Haynauy BbI3BaHHBII
CTYJEHT TOATOTOBJIEH Ha «4»}, H; = {Haynauy BBI3BAHHBIH CTYJIEHT MOJATrOTOB-
neH Ha «3»}, H, = {Haynauy BbI3BaHHBIN CTYICHT MOATOTOBIEH Ha «2»}. U3 yc-
JIOBUSI 3aJla4M CJEIYeT, YTO B SKCIEepUMeHTe (crava sK3ameHa) coObiTHe A Tpo-
U30IUI0 U HEOOXOAUMO IEPEOLEHUTh BEPOATHOCTh TUIOTe3bl H 4, ¢ yuéToM J0-
TIOJTHUTENBHON MH(OpMaIMU OTHOCUTEIBHO OCYIIECTBIECHHs coObiTHa A . Peme-
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HHE TaKOH 3aJauu, CBOAUTCS K HaXOXJICHUIO BepoaTHocTd P(H 4 | A) no popmyie
P(Hy) -P(A|H 3
(Hy) P(A]Hy) .tne P(4)= )" P(H,)-P(A| H}).
P i

Beruncnnm, cHavana, ucmons3ys GopMyiTy KIACCHUECKOTo OIpEeIeHUs Bepo-
ATHOCTH, BepoATHocTH P(H;) rumores [; U YyCIOBHbIE BEPOATHOCTU

Baiieca: P(H,4 | A) =

P(A4| H;)cobbitust A, B IPENONOKEHHH, YTO UMeJIa MECTO KaX/1asi U3 TUIOTE3:

H H
P(H1)=m( 1)=Zi=0.15, P(H2)=m( 2)=i=0.25,
H H
P(H3)=m( 3):£=0,4, P(H4):m( 4): 4 =02, ZP(H)_l
20 n 20
AlH A|lH
P(A|H ):M:@:L P(A|H ):M 45_075
: 60 2 p 60
AlH AlH
P(A|H ):M:ﬂzo,sj P(A|H )zngzg'%"
3 60 4 p 60

3arem, 110 (hopMyJie ITOTHOM BEPOSITHOCTH, BEIUUCTHM P(A):

P(A) = ZP(H)P(A|H)_ 360 5 45 8 30 4 20 725
i 20 60 20 60 20 60 20 60 1200

IMocxe uero, no Gopmyne baiieca, Haiiném P(H, | A) :

4 20

Pty |4y PUD PALHD) 20 60 80 o,

4 P(A) 725 725
1200

OtBer: P(H,|A)~0.11- BeposATHOCTb, TOIO Ha 3aJaHHBIN NpeHojaBaTeseM
BOIPOC OTBETHII CTY/ICHT MOATOTOBJIEHHBIH HEY/I0BJIETBOPHUTEIHHO.

151-160. TpebyeTcs HalTH BEPOATHOCTH YKA3AHHOTO COOBITHS, MCIIONB3YS (hop-
myny Bepuynnu.

B ypue 15 6enbix n 10 yepHsIx mapoB. V3 ypHBI BBIHUMAIOT MOJAPSA S5 MIapoB,
MIPUYEM KaXKAbIA BBIHYTHIM IIap BO3BpAIIAlOT B ypHY Mepel M3BIICUYECHHEM Clle-
JIYIOIIIETo ¥ IIaphl B YpHE IlepeMelnBatoT. HaiiTu BeposTHOCTH TOrO, 4TO U3 MSTH
BBIHYTBIX [IAPOB OKa)KeTcsl He OoJiee ABYX OeIbIX.

Cxemoti Bepnynnu Ha3bpIBalOT MOCIENOBATEIBHOCTh UCIHBITAHUN, YAOBIETBOPSIO-
LIYI0 YcJIoBUSIM: 1) pe3ylbTaToM Ka)IOro HCIBITAHUS SIBJISETCS OIWH W3 IBYX
BO3MOXKHBIX HCXOJIOB: «ycriex» (IOSBIEHHE HEKOTOPOro coOBbITH A ) M «Heyda-

58



Yay; 2) UCHBITaHUS SBIISIOTCS HE3aBUCHMBIMH, T.€. BEPOSITHOCTh «YCIIEXa» B KaK-
JIOM CIIETyIOIIEM HMCITBITAHUM HE 3aBHCHT OT PE3YJIbTaTOB HPEIBIAYIIUX HCIIBITa-
HUI; 3) BEpOSTHOCTH «ycIleXxa» BO BCEX HCIBITAHUSAX OJMHAKOBAa W paBHA
P(A)=p.
BeposarHocte P, (k) TOro, uTo B n MCHBITAaHUSAX MO cXeMe bepHynnu nponsoiaér
POBHO k «YCHIEXOBY», ONpenensercs popmyno bepuynu:
k k n—k
P (k)y=C,p"(1-p)"", k=0,1,2,...,n.
. _ n
Cnencruem dopmynst bepaynin asnserca opmyna: P, (k=>1)=1-(1-p)" -
BEPOATHOCTD TOTO, YTO B /1 HCIBITAHUAX MO cxeMe bepHyum «ycrex» HacTymnuT
XOTsI OBI OJTUH pas.

Jlns perenust 3a7a4 ¢ UCHONb30BaHUEM (GopMyis! beprymnu cienyer:

1) ycTaHOBUTB, YTO AKCIIEPUMEHT IIpeCTaBisieT coboli cxemy bepHyium (BeposT-
HOCTH COOBITHI, CBS3aHHBIX C TaKUM JKCIIEPUMEHTOM, BCErJa MOXKHO BBIPA3UThH
yepe3 BepoATHOCTU P, (k) , Beraucnsemsle o Gpopmyne beprynin);

2) paccMOTpeTh coObITHE A , KOTOPOE€ MOXKET HACTYIUTh WIIM HE HACTYIHTH B Ka-
KJIOM MCIIBITAHUH Y BBIYUCIIUTH €TI0 BEPOSITHOCTE p = P(A);

3) paccMoTperb coObITHE B , BEPOSTHOCTH KOTOPOI'O HY)KHO HaWTH M KOTOPOE CO-
CTOHT B TOM, 4TO COObITHE 4 B JaHHOM SKCIIEPUMEHTE MOSBIISIETCS ONpeeIEHHOe
YHCIIO pa3;

4) naiitu P(B), BBIpa3uB €€ mpenBapuTenbHO, Yyepes BeposiTHocTH P, (k) , BpIdnc-

asieMble 1o opmyie Bepryrmm.

Pemenne.

DKCIIEpUMEHT (ITOCIIeI0BATENBHBINA BBHIOOD IISTH IIAPOB U3 YPHBI C HEM3MEHHBIM
COCTaBOM HIAPOB) MPECTABISIET COOOH, 04eBUIHO, cxeMy beprymn.

Paccmotpum coObiTHe A = {BBIHYTBIH M3 YpHBI IIap — Oe’blii}. ITO coObITHE
MIPOUCXOUT WM HE MPOMCXOAUT MPHU Ka)KAOM BBIOOpE IIapa U3 YpHBI C OXHON M
m(A) 15 3

25 5

Paccmotpum coObiTHe B = {M3 IATH BBIHYTHIX M3 YPHBI IIApOB, OENbIX - HE 0O-
nee aByX}. Takum oOpa3oM, cOOBITHE B COCTOUT B TOM, YTO B JJAHHOM DKCIIEPH-
MeHTe coobiTie 4 mponzoiaér 0,1 wmm 2 pasa.

TOH K€ BEPOSITHOCTBIO p = P(A) =

Bripasum P(B) uepe3 P, (k) -BeposTHOCTH TOTO, UTO COOBITHE A B 71 HCIIBITa-
HUSX 1o cxeMe bepHynin npousoinér posHo k pas: P(B) = Ps(0)+ Ps(1)+ Ps(2) .

Beruncium BepositHocTn P, (k) 1o dopmyne beprynn:
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0 5
P5(0)=C? @] [3] =1~1~%=0.01oz4,

5
1 4
2 1
P5(1)=c§.@] [E] =5%~6T65=0.0768,
2 3
Ps(z)zcg.[%] @] =10~2;’5~%=0.2304.

Torma P(B)=0.01024+0.0768+0.2304=0.31744~0.32.
OtBer: P(B)=~0.32 - BepoATHOCTH TOI'O, YTO CPEOH IIATH BHIHYTHIX IIAPOB
OKaXxyTcs He 0ojee IBYX O€JbIX LIapoB.

161-170. TIpousBoasaTcs mocneaoBaTeNbHbIE HE3aBUCUMBIEC UCIIBITAHUS MATH NpU-
60poB Ha HaEKHOCT. Kak/1plii ciieytomuii mpuOop MCIBITHIBACTCS TOIBKO B TOM
cirydae, eI MpebIyIUN OKa3aJics HaJIe)KHBIM. BeposiTHOCT BBIIEpKATh UCTIBI-
TaHUs JUIS KaXIoro u3 npubopos pasHa 0.9. Tpebyercs: cOCTaBUThH 3aKOH pacrpe-
JIeTIeHNs] TUCKPETHOM CITydaiiHOW BeTMYMHBI X — YHCIIAa MCIBITAHHBIX MTPUOOPOB;
MIOCTPOUTH MHOTOYTOJILHHK TTOJTydeHHOT'O pactpe/iesIeHus]; BEIYUCINTD €€ MaTeMa-
tuueckoe oxuganne MX wu aucnepcuro DX .

3akon pacnpenenenus JJCB yno0HO 3a1aBath psiioM pacrpeneneHus. Psoom pac-
npeoenenusi JICB Ha3piBaloT TaONUIly, B KOTOPOH MEPEYnCIIEHbl BCE BO3MOXHEIE

3HAYCHUSL X, X5,... 9TOM CHy‘IaﬁHOﬁ BCJIMYMHBI U COOTBETCTBYIOLIUEC UM BCPOAT-

HOCTU Dy, Py, ....

Pemienne.
Crnyualinas BemuunHa X — YHCJIO UCIBITAHHBIX MPHOOPOB, MOXKET, OYCBHUIHO,
NpUHUMATh 3HaueHus: 1,2,3,4,5. BplUUCIUM BEpPOSTHOCTH JTHX 3HAUYECHUU

p; = P(X =x;), ucnione3ys HopMyIbl CIOKEHHS U YMHOKEHHS BEPOSITHOCTEN.

I[J'IH BBIYHCJICHUA BepOHTHOCTeﬁ p; MOryr, B 3aBUCMMOCTH OT yCJ'IOBI/Iﬁ 3aJa4u,

WCIIONIB30BAThCsl TaKXkKe (POPMYIBI KIACCHYECKOTO OMNpEAETICHHS BEPOSTHOCTH U
Bepnyniu.

Paccmotpum coObiTHS  A; = {i -blii HCNBLITAHHBIH NPHOOP — HAXEKHBIN}
(i=123,4,5), BEepOsATHOCTb KOTOPBIX OfiMHAKOBA M paBHa P(4;)=0.9 . IIpotuso-
TIOJIOKHBIMH K COOBITUSIM  A4; SIBIAIOTCS COOBITUA A; = {i -bIii MCIBITAHHBII

NpuOOpP—HeHANEKHBII |, BEPOATHOCTb ux OJIMHAKOBA u paBHa
P(4;)=1-P(4;)=0.1.
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Bripasum cobbitis X =x; , rae x; €41, 2,3,4,5}, uepes coObiTus A; U 4;:
{(X=1= Zl = {MCIIBITBIBAJICS] OUH NIPUOOp},
(X =2} =4 ~Zz = {UCIIBITHIBAJINCE JIBa IpHOOpa},
{(X=3}=4,-4, ~Z3 = {MCIBITHIBAJINCH TPH Npubopa},

{X=4}=A4,-A, - A3 - A4 = {ucHbITbIBaNUCH YETHIpE MprbOpa},

{X=5/=4-4y-A3-A4 '(ZS + As5) = {MCTIBITBIBAINCh BCE MATh NPUOOPOB}.
OueBUIHO, BCE MATH MPUOOPOB OYAYT MCIBITAHBI TOJBKO MPH YCIOBUH, YTO TEp-
BbI€ YETHIPE OKa3aJIUCh HA/EKHBIMH, IIPUYEM OHH OYyIYyT HCIIBITAHBI IPH JFOOOM

HUCXOA€ IIATOI'O UCIIBITAHUA: ZS niIn AS .

BobruniciuM  BeposTHOCTH p; = P(X =x;), ucnonb3ysd (OpMyabl yMHOXKEHHS
BepOHTHOCTeﬁ JUTA HE3aBUCUMBIX, IO YCIIOBUAM 3a/1avu, COOBITUI Ai u Zl .
p1=P(X =1)=P(4)) =1-P(4) =01,
Py = P(X =2)=P(d4] - 42) = P(4])-(1- P(45)) = 0.9-0.1=0.09,
p3 = P(X =3)= P(4] - Ay - 43) = P(4])- P(4y) - (1~ P(43)) = 0.9-0.9-0.1 = 0.081
pa=PX =d4)=P(d) Ay Ay - Ag) =

= P(4})- P(Ay)- P(43)- (1= P(44)) =0.9° -0.1=0.0729.

P(X =5)=P(4] - Ay - A3 - Ay (A5 + A5)) =

Ps
= P(A])P(Ay)P(43)P(44)P(A5 + A5) = 0.9%.1=0.6561.

Ecmu IpyU BBIYUCIICHUN BepOHTHOCTeﬁ p; TPOU3BOJIMTCA OKPYIJICHMC HX 3HA4C-

HHﬁ, TO OKPYTJICHUEC BBINTOJIHACTCA TAKUM 06pa30M, YTOOBI Z Pi= 1.

1

Torna psin pacnpeneneHus JUCKPETHON ciy4yaiiHOM BeTMuuHbl X HMMEET BU;
x; |1 2 3 4 5
p; 10.1]0.09 |0.081]|0.0729 | 0.6561

s HarmsaHOCTH 3akoH pacrpesernenus JJCB n3obpaxaror rpaduyeck, Ui 4ero
B IIPSIMOYT'OJIBHOM CHCTeMe KOOPAHHAT CTPOST TOUKH M ;(x;, p;) U COSIMHSAIOT UX
OTpe3KaMHu MpsAMbIX. [1oNydeHHYI0 (QUTYPY W Ha3BIBAIOT MHO20Y2ONbHUKOM DAC-
npeoenieHusl.

HOCTpOI/IM B HpHMoyFOHBHOfI CUCTCMC KOOpAMNHAT, MHOT'OYT'OJIbHUK IMOJTYUYCHHO-
To pacupeacICHUs:
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0.65

0.1; 209 0.08 [foor

1 2 3 4 5

!
]
i
[
[
[
!
t

o

Mamemamuueckum odicuoanuem (CpeJHAM 3HAUCHWEM) AMCKPETHOM CIy4alHOM
n

BenuuuHbl X HasbBaeTcsa 9ucio MX = Z Xip; =X\ P+ XaPy +.. X, Dy
i=1

Brruncinum Matematuueckoe oxxuganue MX :

5
MX=le-pl- =1-0.1+2-0.09+3-0.081+ 4-0.0729+5-0.6561 = 4.0951~ 4.10 .

i=1
Jlucnepcueti cnyyaiinoti @enuuunvl X HA3bIBAETCS HEOTPHUIATEIBLHOE YHUCIIO
DX =M(X -MX )2 Jucnepcuto nuckpeTHoW ciy4yailHOM BenMWYMHBI X BBIYHC-
nsiroT 1o popmynam: DX = Z (x; —MX)2 p; nm DX = Z xl-zpl- —(MX)2 .
j i

1

ucnepcuro DX BeluucauM mo  ¢opmyne DX =M (X 3y (MXx 2, rae
p

5
MX?)=> 5 p; =12 01+2% 0,09+
P
+32.0.081+42.0.0729+52 .0.6561 = 18.7579 ~ 18.76..

Torna DX ~18.76—(4.10)% =1.95 .

x; |1 2 3 4 5
, MX ~4.10, DX ~1.95.
p; | 0.1]0.09|0.081|0.0729 | 0.6561

OTBerT:

171-180. Haiitn (yHKIUIO TIOTHOCTH BEpOSTHOCTEH f(x) HEMpPEephIBHOW CITy-
yalHOU BEJIMYUHBI X, 3a/IaHHOM ¢byHKIIIEH pacnpenene-
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0 x<1
(x> =x)
2

1 x>2
MX , nucnepenro DX w Bepositnocts P(X € (5/4,3/2)) .

Hus F(x) = 1<x<2; BBHYHCIUTL €€ MaTeMaTHYECKOe OXHNJaHUC
b

3aKoH pacrlpe/ieicHUsT HEMPEPBHIBHOW CIyYaliHONH BETUYMHBI yJO0HO 3a7aBaTh
(yHKIMEH TUTOTHOCTH BEPOATHOCTEH [ (X) - HEOTPUIIATEIIEHON W HHTETPUPYEMOM
B OECKOHEYHBIX Tpeenax QyHKIMeH.

@®yHKIMs IOTHOCTH BeposTHocTell f(x) B Toukax, rae F(x) muddepeHumpye-
Ma, onpenessiercst paseHcTBoM: f(x) = F'(x) . B Toukax, rue F(x) neauddepen-
mupyema, f(x) omnpenensercsi MpOM3BOIBHBIM 00pa3oM, dalie BCEro 10 Herpe-
PBIBHOCTH CJIEBA WITK CIIPaBa.

HenpepeiBHast pyHKums, 3a1aBaemMasi B 001aCTH CBOETO ONPEACICHHsT HECKOIBKH-
MU aHAJUTUYCCKUMHU BBIPAKCHUSIMH, MOXKET OKa3aThCs HeTU(pPepeHIIMPYyEeMOnd B
TOYKaX, B OKPECTHOCTH KOTOPHIX OHA 3a7aéTCs pa3HBIMU aHATUTUYCCKUMU BBIpa-
KCHUSMU.

Pemenne.
Haiiném ¢yHKIMIO IUIOTHOCTH BeposTHOCTEH [ (X), KaK NPOU3BOJHYIO OT (pyHK-
0 x<1
(* - x) :
UK pacrnpeneneHust F(x) = Ea— 1<x<2. Vuaureasg, uyro: (0)'=0,
1 x>2
5 0 x<l1
- 2x—1 2x—
% = x2 , (1)'=0, nomyuum f(x)= al 1<x<2.
0 x>2

B Toukax x=1 u x =2, ABISIOIUXCS KOHI[AMHU TPOMEXyTKa, rae f(x)>0, u B
KoTopbIX (yHKIMA F(x) HeambdepeHmpyema, GYHKIMIO TTIOTHOCTH BEPOSITHO-
creir f(x), ONMpeaeTIn TakuM 00pa3oM, YTOObI Ha KOHIIAX MPOMEKYTKA OHA ObI-

JIa HETIPEPBIBHOM cripaBa (B TOUKe x =1 ) u cieBa (B Touke x =2).

Mamemamuueckum odicudanuem HENPEPHIBHON CIydaiiHON BeMMYMHBI X Ha3bIBa-

+00
ercs uncino MX = J xf (x)dx .
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Brruncinum Matematuueckoe oxxuganue MX :

+00 1 2 2
MX = _[xf(x)dx= _[x~0dx+_[ (22 )d + _[x 0dx = O+I[x —E]dx+0—
—0 —© 1 2 1

2
B Bl
. 3 3 04) 12

Jlycnepcuio HeNMpepbIBHON CIy4aifHOM Benn4rHbl X BBIYUCISIOT 110 (hopMyIiam:

DX = jw (x—MX)? f(x)dx wm DX = jw x2 f(x)dx —(MX)? .

—w —0

Hucnepcuto DX Borumenum 1o gopmyne DX = M (X 2 )—(MX )2 , The
+00

MX )—_[x f(x)dx—_[ 2 de+_[ 2 ( 5 _[ 2.0dx=

(e 3 (11 31 s,
4 6 4 6) 12

f x? X ’
:O+I X -l +0=| -
1 2 4 6 .

Torna DX ~2.58-(1.58)% ~0.08 .

J71st HenpephIBHOM CTy4aiiHOW BEIWYMHBI X CIpaBeInBa GopMysa:
PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

BepositHocts P(X € (5/4,3/2)) Borunciaum 1o dopmyie:

P(X €(5/4,3/2) = = [%]_F[%j:(xzz_x] _{xzz_xl
x=3/2

x=5/4

LG’/ -G T im
2 2 32 7
0 x<1
2x—1
OrtBerT: f(x)= MX ~1.58, DX =~ 0.08,
0 x>2

P(X e(5/4,3/2))~022.
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181-190. [Jana Bribopka obbema 1 =15:

23 23 21 20 20 23 23 25 23 20 20 24 21 25 21

Tpebyercs: TOCTPOUTH BAPUAIIMOHHBIA M JAUCKPETHBIA CTATUCTUYCCKUU PSIbI;

BBIUUCITMTL YUCIIOBBIE XAPAKTEPUCTHKM BBIOOPKH: X .., X .., R (pasmax),

_ ~2
X (cpennee apudmernieckoe), O~ (JIUCHEPCHIO); TOCTPOUTH TTOJIUTOH YaCTOT.

Bapuayuonneim paoom BBIOOPKH X;,X,,...,X, Ha3bIBA€TCs TaKOH crocob e 3a-
MTUCH, TP KOTOPOM 3JIEMEHTHI BHIOOPKH YIOPSIOYMBAIOTCS 110 BEIUYMHE, T.€. 3a-
MUCBIBAIOTCA B BHUAE  IOCIIEI0BATENLHOCTH X1)>X(2)ys-eesX(ny»  THE

X1y SX() S... <X, . PasHOCTB X, — X)) = R naseiBaercs pazmaxom evibopku.

Pasnuynble 3HaueHus x;, i = L_k (k<n), HaswBaroTCA 6apuanmamu. Yucno n,
HOBTOPEHUH BapHAHTHI X; B BBIOOPKE Ha3bIBAeTCA €€ 4acmomoi.

Huckpemuvlm cmamucmuyeckum psdom Ha3bIBACTCS YIOPSIOYCHHAS B MOPSIKE
BO3pACTaHHs 3HAYEHHWI BapuUaHT X; IIOCIENOBATENBHOCTH map (X;,n;), i=1k.

OOBIYHO €ro 3aIUCBLIBAIOT B BUJC Ta6J'II/IHI>I, nepBasd CTOKa KOTOpOﬁ COACPIKUT Ba-
PHAHTHI X;, a BTOpas UX 4aCTOThI.

Tonueonom vacmom HaszbiBaeTcsi QUrypa, pacrnogoKeHHas MO/ JIOMAHO! JIMHUEH ¢
BepIIMHAMHU B Toukax M ;(x;,n;).

Pemenue.
[MocTpouM BapHAIMOHHBINA Ps BBIOOPKH, PACIIONOXKUB 3JIEMEHTHI BHIOODKH B
TOpsIJIKE BO3pacTaHus ux 3HadeHui. [lomyuum:

20 20 20 20 21 21 21 23 23 23 23 23 24 25 25

[TocTpouM MMCKPETHBINA CTATUCTHYCCKUH PSIJ] M 3AIHIIEM €T0 B BHJIC TaOJUIIBI, B
MIEPBOM CTPOKE KOTOPOU PACIONIOKHUM PA3JIMIHBIC 3HAUCHUS JICMEHTOB BRIOOPKH B
MOPSJIKE UX BO3pACTaHUs, @ BO BTOPOW COOTBETCTBYIOIIME UM 4acTOThI. [lomydum:

x .

7 120121(23(24 125
n; |4 3|5 |1]2

1

Ecnu  BbIOOpKA 3amucaHa B BHJE JUCKPETHOIO CTATHCTHYECKOTO  psijia
k

, TIe Zni =n, TO cpednee apupmemuyeckoe 8blOOPKU
i=1

i X1 | X2 Xk

nl n2 e nk
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k

X BBIYUCHAIOT N0 Gopmyne X = — E x;n; ,
n‘
i=1

~2
a ducnepcuro evlbopku O~ - 10 pop-

L 13 - s 1<
? ——Z(x,. ~X)’n, umu 6° = x> —(X)*, rae x> =;le-2nl- .
i=1

MylIaM: O =
iz
BLIUHCIAM YHCIOBIE XAPAKTEDUCTHKH BBIGOPKH: X,i s Xpax» R, X, O°.
HOJ'Iy'II/IM' Xmin =20, Xmax =25, R=x_ —x_ . =25-20=5,
Z 20 4+21-3+23-5+24-1+25- 2)=%~2213
=1
2 1< 2 2 2 2 2 7394
—Z (20 4421734237 -5+247-1+25 ) T ~492.93,
n

i=

5> _?—(x) ~492.93—(22.13)> ~492.93-489.74 =3.19 .
HOCTpOI/IM IIOJIMTOH 4YacCTOT. Z[J'IH €ro nmoCcTpocHUusA B HpHMoyFOHBHOfI CUCTEMEC

KOOpJIUHAT, B KOTOpOﬁ IIo ocu a6CHI/ICC OTKJIAABIBAOTCS BapHUAHTBI xl- , IO OCH

opAuMHAT — YacCTOThl n;, HayajlOo CHCTCMbI KOOPAMHAT COBMCHIICHO C TOYKOI

(Xmin » 0) , u300pasum Touku M ;(x;,n;) U COCMHAM UX OTPE3KAMH.

t
1
. !
1 i )
] 1 : ll
20 24 23 24 25 X

OtBet: BapuanmoHHsiil pan;
(20 20 20 20 21 21 21

23 23 23 23 23 24 25 25
x; 120211232425

1

n; |43 |5|1]2

1

=125, R= 5,X~2213,6° ~3.19.

JIMCKpETHBIN CTaTUCTUYECKUM PSL;:

=20, x X max

X min

191-200. TToyyens! naHHBIe 0 comepxkanuu Mean (B %) B 60 oOpa3iax cruiaBa
52-56 | 56-60 | 60-64 | 64-68 | 68-72

3 9 18 14 16

Conepxxanue Meau
Yucsio 06pa3uos cijiaBa
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TpeOyeTcs: BBIYMCIUTH YHMCIIOBBIE XapaKTEPHUCTUKH TPYIIHAPOBAHHON BBIOOPKH:

5 - ~2
Xpmax» R (pasmax), X (cpennee apudmernueckoe), O (AUCIEPCHUIO);
MOCTPOUTH TUCTOTPAMMY YacTOT.

X min »

Ecmu BI)I60pKa 3arMcaHa B BHUAC HWHTCPBAJIBHOI'O CTATUCTHYCCKOIO psaa

Ji | [ Iy | | k
i 1 2 k
, TIIe Z n; =n, T0 cpedHee apumemuyeckoe 6b100pPKU
MM | n2 || Mk i1
_ _ 1 k ~2
X BBIYHUCIISAIOT IO opMylie X = —Z , @ oucnepcuio gvloopku O~ - 1o (op-
n“
) 1%
Mylaam: & =—Z(x ~-X)’n, wm 6’ =x —(x) , e x> —Z
i=1 n i=1
cepefuHa UHTEpBana J; .
Pemenne.
BBIUMCITMM YHCIIOBBIE XapaKTEPUCTHKHM BBIOOPKM: X in > Xmax » R, X, 0
Iomyanm: Xmin =52, Xmax =72, R=x, —x, =72-52=20,
k
_ 1 ~ 1 44
X=—) %mn =5~(54~3+58~9+62~18+66~14+7O~16)= 3844 64.07,
n“
i=1

—_ k
x? =122i2n,- =61—0~(542 :3+582.9+622.18+66% -14+702 ~16)=
n-

_ 247600 _ 412667,

62 = x> —(X)? ~4126.67— (64.07)* ~4126.67—4104.96 =21.71 .

T'ucmoepammori yacmom Ha3pIBaeTcs CTyleHYaTas (Urypa, COCTaBJIEHHAs U3 Ips-
MOYTOJIEHUKOB, IOCTPOECHHBIX Ha HHTEpBajlax TIPYNIUPOBKU TaK, YTO IJIOUIA]b

Kaxxaoro npsAMoOyrojibHHKa paBHa 4aCToTe n,;, i= l, k. Ecou JJIMHBI BCEX MHTCPBA-

n.
JIOB OAMHAKOBBI U PaABHbI h , TO BBICOTHI ITPAMOYTOJIbHUKOB pPaBHbBI 71 .

Yacro, npu MOCTPOEHUH THCTOIPaMM YacTOT 10 MHTEpPBAlIaM PaBHOMW JUIMHBI, BbI-
COTY NPSIMOYTOJIbHUKOB BBHIOMPAIOT PaBHOW YacToTe.
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HOCTpOI/IM TUCTOTpaMMy YacCTOT. I[J'ISI 9TOro B HpHMOyFOHBHOﬁ CHUCTEME KOOPAU-
HaT, B KOTOpOﬁ 10 OCH a6CHI/ICC OTKJIAABIBAOTCS MHTCPBAJIbI Ji , 10 OCH OpJAUHAT

— 4acTOTHl 7; , HAYAJI0 CHCTEMbI KOOPAMHAT COBMEILIEHO C TOUKOH (X ;,,0), Ha

HUHTEpBaJIax Ji , KaK Ha OCHOBAHHUAX, ITIOCTPOUM IPSAMOYI'OJIbHUKH BBICOTBI #1; .

ILL‘
200 18

15t i
10 t g
513

6

5 56 60 64 68 12 Ji

Otser: x. =52, x,... =72, R=20, X~ 64.07,6> ~21.71.

min

6.2. KpaTkue TeopeTnyeckue CBeIeHHs.

Tema. HeonpeneJéHHblii HHTErpaJ.
Oynxuus F(x) Ha3bIBaeTcs nepeooopaznoil Uit yHKIMU f(X) Ha MPOMEXKYT-

ke X, ecmu F'(x)= f(x) st Bcex xe X . Oynkuust f(x) MOXET UMeTh pas-
JMYHBIE IEPBOOOPA3HBIE, HO BCE OHU OTIHYAIOTCS JAPYT OT APYyra TOIBKO MOCTOSH-
HbIMHU ciaraeMbiMu. [loaTomMy Bce mepBooOpasHblie st f(x) comepikarcsi B BbIpa-

xennn F(x)+C , tne C € R - nponu3BOJIbHAS [TOCTOSTHHAS, KOTOPOE M HA3bIBAETCS

Heonpeodenénnovlm unmezpanom or GyHkuuud f(x) u oOo3HAUAETCS '[ f(x)dx.

Takum 00pa3oM, IO OIIPEACTICHHIO '[ f(x)dx=F(x)+C.

Omneparyisi HaXOXKJICHUS TEPBOOOPA3HON HIIM HEOMPEACIEHHOTO MHTErpajia OT
¢byakmmu  f(x) HaspBaeTcs unmezpuposarnuem 3tov GpyHkuu. OyHKIWMS [ (X)
JUTSL KOTOPOI Ha MPOMEXYTKe X CYIIESCTBYET mepBooOpa3Hasl WM HEONpeaeIEH-
HBIA UHTETPAJ HA3BIBACTCSA UHMeZPUPyeMol Ha 3TOM mpoMexyTtke. IlepBooOpas-
Has ¥ HEONPEACIEHHBIM HHTETpal HA MPOMEXYTKe X CYIIECTBYIOT Y JIFO0OH He-
MIPEPHIBHOW HAa 3TOM MpoMexyTke QyHKImn. HaxokaeHne HeonpeaenéHHOro HH-
Terpajia COCTOUT B TaKOM TPEOOPa30BaHUU MOABIHTETPATHHOTO BHIPAKEHHS, UTO-
OBl TIOJTYYUTh UHTETPAJIBI U3 TAOJIHITBI OCHOBHBIX HHTETPAJIOB (npunodicerue 6.3).
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OcHogHbLE CBOIICHEA HEONPEOETIEHHOZ0 UHMEZPANA.
1. ([ f(x)dx) = f(x). 2. [ f'0de= f(x)+C.
3. jkf(x)dx = kj Fo)dx (k=const,k£0).

4. j( F(x) £ g(x))dx = j F(x)dx £ j g(x)dx.

5. Ecmn Jf(x)dsz(x)+C,To Jf(ax+b)dx=lF(ax+b)+C, a#0.
a

OCHOBHBIMH METOJIAMH HWHTETPUPOBAHUS SIBJISIOTCS: HEMOCPEICTBEHHOE MHTET-
pHUpOBaHKE, HHTETPUPOBAHUE 3aMEHOW MIEPEMEHHOMN U T10 YaCTIM.

Henocpeocmeennsim unmezpuposanuem (MHTCTPHPOBAHUEM MEMOOOM pA3-
noocenus) GyHKMU f(x) Ha3BIBAIOT OTBHICKAHWE HEONpeNeNEHHOrO HHTerpana

'[ f(x)dx ¢ moMompI0 TOXIECTBEHHBIX NPEOOpPa3OBaHHUN IOJBIHTErPAILHOM

¢ynxmu  f(x), cBoicTB 3-4 HeonpeneNEHHOro UHTErpaia U TabJIMIBI OCHOBHBIX
WHTETpajoB.

Yacro, 3aMeHON MEpEeMEHHOW WHTErPUPOBAHUS X —> ¢, yNAETcsl CBECTH HaXOX-
JICHUE WHTErpaja '[ f(x)dx x HAXOXKACHUIO OOJIee POCTOrO UHTETPAaia '[ g(dt ¢

MocJeAyonen 3aMeHo ¢ — x .
CylecTBYIOT /IBa BAPHAHTA 3aMEHBI IEPEMEHHOM HHTETPUPOBAHHUS:
1) Memoo noosedenusn gpynkyuu noo 3nakx ouggepenyuana.
Ecnu noppiaTerpanbsHoe BeIpaxenue f(x)dx MOeT ObITh 3aIMCaHO B BUjIE
S (x)dx = g(p(x))g'(x)dx = g(p(x))de(x) , tne ¢(x) - mddeperumpyemas GyHK-
IIUs, TO OCYIIECTBIsACTCS 3amMeHa ¢(x)=¢. Torma

dx = dp(x) =lp() =1|=| g()d '
o=t -]

[Ipu noxeeneHnu QyHKIUN mMoN 3HAK AudQepeHnrara MMUPOKO UCIONB3YIOTCI
cBolicTBa muddepeHmanoB u tadmuia auddepeHInaioB OCHOBHBIX 3JIEMEHTap-
HBIX (GYHKIMH (npurodcenue 6.3), B 4aCTHOCTH, TPe0Opa30BAHUSL:

dv=d(x+b) = Ld(ax+b): 1 v=2aix
a

N

xdx:ld(xz) =ld(x2 +b) =id(ax2 +b), a#0.
2 2 2a

2) Memoo noocmanosKu.
Ecnmu Gynkims x =y(f) muddepenmupyema u umeer obpathyio £ =y ' (x) Ha
COOTBETCTBYIOIEM MPOMEXKYTKE, TO CIPABEIUBO PABEHCTBO
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x=y(1)

J e = dx = ' (¢)d

= [ fy@ow ©dt = g0yt
t=y =1 (x)
Oyakuust x =y () nonbupaercs TakuM 00pa3oM, 4TOOBI MOABIHTETrPaIbHOE BBI-

pakeHue MpUHSIIO OoJiee YIOOHBINA JJIi HHTETPUPOBAaHUS BUA. BriOop eé ompee-
JIIETCSl KOHKPETHBIM BUIOM MOJBIHTEIPAJIbHOT'O BHIPAKEHUSI.

Ecmn u(x) m v(x) - nubdepenuupyemsle GYHKIMH, TO CIIPABEAINBA hopmyna
UHMEZPUPOBAHUA NO YACHAM:
Iu(x)v'(x)dx =u(x)v(x)— '[ v(x)u'(x)dx wmu KpaTKo '[ udv =uv— '[ vdu .

Ota QopMyna HCIOMB3YeTCS B TEX CIAy4asX IS BBIYHCICHUS '[ f(x)dx, xorma
TIOABIHTETPAIEHOE BhIpaXKeHUe [ (X)dX MOXHO Tak MpEACTaBUTh B BUAE udv , 4To
HHTErpan Ivdu MOXET OKa3aThCsl MPOILE HHTErpaja Iudv .

DTUM METOZIOM BBIYUCIISIOTCS: 1) HHTErpasbl BUIA Ix" cos(ax+ B)dx

n o n_ox+f n _ox+f .

x" sin(ax+ f)dx, | x"e dx, |x"a dx , mpu4éM B KadecTBe u#(X) BBI-
Oupaercst x"; 2) WHTErpajbl, MObIHTErPaIbHas (QYHKIHMSA KOTOPHIX CONEPXKUT B
KayecTBe MHOXUTENS OfHY U3 clenylommx ¢yHkmuit: Inx, log, x, arcsinx,

arccos x , arctgx , arcctgx , NpU4EéM B KadecTBe u(x) BBIOMpAeTcst OfHA U3 yKa-

3aHHBIX BBINIC (QYHKIMH. YKa3aHHBIC TPYIITBI HHTETPAJIOB HE MCYCPIBIBAIOT BCEX
0€3 HCKITFOUCHUS HHTETPAJIOB, OEPYIIUXCS METOJAOM HHTETPUPOBAHUS 110 YACTSIM.
HNHTerpupoBaHue OCHOBHbIX KJIACCOB 3J1€MEHTAPHBIX () YHKIMIA.

(Ax+ B)dx (Ax+ B)dx
BhIuncIieHHE MHTETPAJIOB BHIA > u J , BBIIETISIS B
oax” + fx+y Jox? + r+y
KBaJPaTHOM TpéXulieHe ax? + fx+y TIOJTHBIH KBaJIpaT

B

2 2
ax? + Px+y = a[x +2—] +y —f— U Jienasi 3aMeHy MepeMeHHON UHTErpUpoBa-
a a

HUS X +2£ =1, CBOJAIT K BBIYHMCIICHHUIO TAOIMYHBIX HHTEIPAJIOB (CM. npunodicenue
a

KOTOpPBIC CBOJSAT K TaOJIUYHEIM

6.3) ¥ MHTETPaAJIOB BUJIA J Lt u J. tdt
t? £a? Vi £a?

3aMEHOH rnepeMeHHOoN t?+a’ =z .
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Brruncienue HWHTETPAJIOB BHU/A

, JAcjiasg 3aMCHY Iepe-

dx
J‘(px+q)\/ax2 + Px+y

. 1
MEHHOW MHTETPUPOBAHUSI —— =1, CBOAAT K BBIYHMCICHHIO WHTErpalioB, pac-
px+gq
CMOTPEHHBIX BHILIE.
Payuonanwvnoii  0po6blo Ha3bIBaeTCS palMoHaibHAs QyHKuUS R(x) Buaa

P,(x) byx"+...+b, 1 x+b,

R(x) = . Ecnu m >n, T0 1pobb Henpasunvuas,

0,(x)  ayx"+..+a, x+a,
B IIPOTHBHOM ClIy4ae — npasuibhas. Besakyro HENIpaBUIIBHYIO IpoOb BCET/1a MOX-
Pm—(x-):Tmfn(x)'i-S[—(x-)ﬂ rne Tmfn(x)a S]()C) -
0, (%) 0,(x)
MHOTOWIEHB OT X, mpu4éM [<n. Beigenenwe mnemoil uwactu (MHOrodseHa
T,_,(x)) B HEMmpaBUIBHON APOOH MPOM3BOAAT JEIEHUEM YHUCIUTENS HA 3HAMEHA-

HO TMpCACTaBUTL B BUIC

Tellb, BBIMOJHIEMOE «YronKom». Takum o0pa3oM, MHTErpupoOBaHNE HENPaBUILHON
paluroHaIBbHOM IpOOM CBOOWTCS K MHTETPUPOBAHUIO MHOTOWIEHA M IPaBHIBHOU
panroHaIBHOM JpooH.

WHTerpupoBaHue MpaBmIbHON palliOHaIbHONW qPOOM OCHOBAHO Ha €€ MpecTaB-
4, Ay

ax+f’ (ax+p)f

JICHUU B BHUIC KOHEYHOU CYMMbI HpOCTeﬁIHPIX z[p06e171 BuUaa

B 11X + Cl B KX +C k
2 ’ 2 k
ox” +Px+y  (ax” + Px+y)
HE UMeeT JIeHCTBUTENBHBIX KOpHEW. Bua 3TOro pasnoxeHus: onpenensercs pasio-
’KeHueM 3HameHatens (), (x) ApoOH Ha JMHEHHbIE U KBaJAPaTUYHbIE MHOXKUTENH

(k=2), (k> 2), mpuuém Tpéxuinen ax? + Px+y

(He UMEIOIIHE ICHCTBUTENLHBIX KOPHE).

KaxoMy JiHEiHOMY MHOXHTemo Buaa (ox+ ), rae k>1, B pasnoxeHun
COOTBETCTBYET cymma u3 k MpOCTEHIINX npobeit BUJIA

A A A
L4 2 +..+ .

axtf  (ox+p) (ax+ )
BHJIA (ooc2 + fx+ )/)k ,Tne k>1, B pa3joxeHUH COOTBETCTBYET CyMMa U3 k Tpo-
Bix+C B,x+C B, x+C

1 (. 2 2. . k k

oo+ Bty (ol +Pe+r): (ot + Pr+y)t

Ka)KI[OMy KBaJpaTUIHOMY MHOXUTCIIO

credmmx apoOeit Buaa
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Hensgectnele nocrosinueie 4;, B;, C; B pa3noXKeHu MPaBUILHON PalliOHANb-
S;(x)

n
0eNéHHbIX KOIhpuuyuenmos. Iy 3T0ro NpaByro0 4acTh MUCKOMOTO Pa3fIOXKEHUs
NPUBOAAT K 001IeMYy 3HaMeHaTento (uM Oyzaer MHorouneH Q, (x) ), Mocie Yero y

HOH apobu B CyMMY IIPOCTEHIINX Apo0eil onpenensiorT Memooom neonpe-

MOJIYYMBILIErOCsS B UYMCIUTENIE MHOTOYJIEHA C HEU3BECTHHIMU MOCTOSHHBIMU U Y
MHorodsneHa S;(x) TNPUPaBHUBAIOT KOI(QOUIMEHTH! NPHU OAUHAKOBBIX CTEMEHSAX

x . B pe3ynmpTaTte mony4arT CHCTEMY JHHEHHBIX YPaBHCHHH, pelas KOTOPYIO Ha-
XOIAT HEU3BECTHHIE NMOCTOsIHHBIE. MOXkHO Takxke onpenenars 4;, B;, C;, nox-
CTaBJIAsl B PaBEHCTBO, ITOJNy4eHHOE NpUpaBHUBaHMEM uuciurend S, (x) K 4uciu-
TEN0 JPOOU ¢ HEW3BECTHBIMHU MOCTOSHHBIMH, MONTYYEHHOW MOCTE MPUBEICHHS
npocTeiux Apodeit k obuiemy 3HameHaTenmo (, (x) , BMECTO X HEKOTOpHIE CIie-
UAILHO TOA00paHHbIe Yncia (OOBIYHO JCHCTBUTEIBHBIC KOPHH 3HAMCHATEIS
0,(x)) (memoo uacmuvix 3nauenuii). Yacto, MpU HAXOKIECHUU HEM3BECTHBIX
MTOCTOSIHHBIX, KOMOWHUPYIOT 00a crocooa.

WHrerpansl Buna IR(sin X,cos x)dx , Tne R -panmoHanbHasi (QYHKIUS OTHOCH-

TENIFHO apryMEHTOB Sin X W COS X , IPUBOASATCS K MHTErpajlaM Buja IRI (Hdt ,

rae R, (¢) -pauuoHanbHas (YHKIUS OTHOCUTEIBHO apryMeHTa ¢, C IOMOIIbIO

YHUGEpCanbroii mpuzonomempuyeckoii noocmanosku tg(x/2)=t. Ilpu >1om

2t 1-¢2 2dt
>, Cosx= > dx = -
1+1¢ 1+1¢ 1+1¢

HpI/IMeHeHI/Ie yHHBepcaHBHOfI NOACTAaHOBKHU, MHOrJa MPUBOAUT K I'POMO3JIKHUM
BBIYMCIICHUAM. B gacTHBIX Ci1ydasax UCoJb3yHOT NOACTAaHOBKU:

HCTIONB3YIOTCS (POPMYIBL: Sin X =

1) cosx=t, ecnu R(—sin x,cos x) = —R(sin x, cos x), mpu sToM: sinx=+1-72 |
dx=—dt/\/l—t2 :

2) sinx=1¢, ecnu R(sin x,—cos x) = —R(sin x, cos x) , mpu 3ToM: cos x =/1—¢2 |

dx=dt/\/l—t2 :

3) tgx=t, ecim R(—sin x,—cos x) = R(sin x, cos x) WX R(sin x, cos x) = R, (tgx), 1pH

JTOM: sinxzt/\/l+t2 , cosle/ 1+¢2 dx=dt/(l+tz);

4) ctgx=t, ecnmu R(sinx,cos x) = R, (ctgx) , Ip1 3TOM dx = — dt/(l + 12) . 3necy R, -

parioHanbHast QYHKIHS OTHOCHUTEILHO apTYMEHTOB 12X , CIgX .
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2
"axdx,rme m, n - Leible HEOTPUUATEILHEIE

HWuTerpassl Buga Isinzm ax cos
YHCIa, BBIYHUCILIIOT, MPeodpasys MOABIHTErPATIbHYIO (QYHKIUIO ¢ TOMOLIBI0 (Hop-
myst: sin? ax = (1—cos 20x)/2, cos” cox = (1+cos 2ax)/2.

WuTerpansl Buga '[ sin ax cos fxdx , '[ sin oox sin Bxdx '[ COS ax cos Bxdx , BEIUUCISA-
0T, TIpeoOpa3yst MOJBIHTETPATBHYIO (YHKIUIO IO (hOPMYIIaM:
sin acos b = [sin(a — b) + sin(a + b)]/2 ;
sinasinb =[cos(a — b) — cos(a + b)]/2 ;
cos acos b =[cos(a — b) + cos(a + b)]/2 .

Wurerpansl  Buja IR(x, (ax +ﬁ)ml/nl , (ax + ﬁ)mz/n2 ,...)dx , Ttne R -

panuoHanbHas (DYHKIMA CBOMX apryMEHTOB, M,M|,M,,H,,... -LEJIble 4YUCHa,

BBIUHUCIISIIOTCS C MTOMOIIBIO MOJCTAHOBKH QX + B = t*, rae k - HaumeHbuHit 06-
o L Ty My
Ui 3HAMEHATeNb JApodeit —,——,....
o

Beruncienne wHTErpajioB  BUIA JR (x,\/axz +px+y)dx, Ttme R -
panroHanbHas (YHKIUS CBOMX apryMEHTOB, BBIICICHHEM IOJHOIO KBajpara B
KBaJIPATHOM TPEXUICHE ax? + Px+y = a(x + [3/(201))2 +y—-p 2/(40:) U 3aMEHOU

x+B/(2a) =t , cBOAUTCS K BHIMUCIIEHUIO MHTETPAIIOB BU/IA:

1) .[Rl (t,Na* —t*)de; 2) .[Rl (t,Na* +t3)de; 3) .[Rl (t,Nt* —a*)dt, rae

Rl - paiMOHaJIbHas (byHKHI/IH CBOUX apTyMCHTOB.
HOCJ’ICI[HI/IC HUHTCTpaIbl, COOTBETCTBCHHO, C IOMOIIbIO TPUTOHOMETPUUYCCKUX

. a
WK THITEPOOTMYECKUX MOJACTAHOBOK: 1)t =asinz, 2) t=atgz, 3) t=

cos z
MIPUBOJATCS K MHTErpajaM BUAA JRz (sinz,cos z)dz , tae R,- palnuoHanbHas

(YHKIMS CBOMX apTyMEHTOB
Tema. OnpeneéHHbIA HHTErpaJl.

K moHsTHIO Onpeiel€HHOr0 HHTErpaia MOKHO NPUITH, pelas 3a71a4y O BhIYKC-
JICHUM TUTONIA¥ KPUBOJMHEHHOW Tpamelyu, T.e. QUrYphI, 3aKIIOYEHHOU MEXTY
npsIMBIMH X =a, x=b, y=0 u xpuBodi y= f(x). YHucmo, paBHOE ILIOIIA TN

KpUBOJIMHEWHOW Tpaneuuu, NpuyéM IUIOomab TOH YacTH, KOTOpas JIEKUT BBILIE
ocu Ox OepéTcs CO 3HAKOM «+», M HIKE € — CO 3HAKOM « — » U HA3bIBACTCSI ON-

73



pedenénnvim unmezpanom ot Gpyakuuu f(x) Ha otpeske [a,b]. OnpenenéHHbIH
b
UHTETpa 0003HAYACTCS I f(x)dx, tne uucna a,b HA3BIBAIOTCA HUNCHUM U

a
6epXHUM npedenamu UHMeZPUpPoBCaHus.

Oynkust y = f(x), A4 KOTOPOH Ha OTpes3ke [a,b] cymecTByeT ompenesEHHbIN
WHTErpaj, Ha3bIBACTCSI UHMEZPUPYEeMOll Ha 3TOM OTpesKe. Jocmamounwvim ycio-
euem unmezpupyemocmu Gynkuuu y = f(x) Ha orpeske [a,b] sBusercs e€ He-
MIPEPHIBHOCTH HA JJAHHOM OTPE3KE.

Ecmu gynknus f(x) uaTerpupyema Ha [a,b], TO, IO ONPENEICHUIO, MTOJATatoT

a a b
J' F(x)dx=0, J' F(x)dx = — J' F(x)dx.
a b a
Ocrognble C60IICMEa ONPedeIEHHO20 UHMEZPANA:

b b

1. J' kf (x)dx =k J' F(x)dx (k = const) .
Z ’ b b

2. J' (f(x)+ g(x)) dx = J' F(x)dx + J' g(x0)dx.
\ o,

3. J' f(x)dx = J' f(x)dx+ J' f(x)dx .

b b
4.Ecmn f(x)< g(x) wa [a,b], T0 J' f(x)dx < J' g(x0)dx.
a a
5. Ecnmu f(x) HempepbIBHA Ha oTpe3ke [a,b], m - HauMmeHbInee, M - HauOOIb-

b
miee 3HaueHus f(x) Ha [a,b], T0 m(b—a) S_[f(x)dx <M(b-a) (meopema 06
a
OUEHKe ONPeOeIéHHO20 UHMeZPana) .
6. Ecmu f(x) HempepbiBHa Ha OTpe3ke [a,b], TO cymiecTByeT Touka c €[a,b]
b
TaKasl, 4TO CIPaBE/JIMBO PABEHCTBO I f(x)dx=f(c)(b—a) (meopema o cpeonem

a
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b
3nauenuu). Yucno f(c)= L I f(x)dx Ha3BIBaeTCS TPU STOM CPEOHUM 3HAUe-
b—a .

Huem QyHKIMH f(X) HENPEPBHIBHOM Ha OTpe3ke [a,b].

[NonsiTHe ompenenéHHOro WHTErpalia TECHO CBA3aHO C MOHATHEM HEOMpe/enéH-
HOT'0 UHTErpana (mepBooOpasHoOLL).

Ecmu ¢pynkuus f(x) HempepbIlBHA Ha oTpe3ke [a,b] u F(x) - omHa u3 e€ mep-
BOOOPa3HbIX, TO CIPABEIUBO PABEHCTBO:

b
I f(x)dx=F (x)|z = F(b)—F(a) (¢popmyna Horomona-Jleiionuua).
a
CrenctBusivu popmyinsl HeroroHa-JleliOHUIIA SBISFOTCS (DOPMYITBI 3aMEHBI Iepe-
MEHHOH U HHTETPUPOBAHUS IO YACTSAM B ONpPENeIEHHOM HHTErpaje.
Ecmn dynaxumn u(x) m v(x) HenpepsIBHO muddepeHnupyemMsl Ha [a, b], To
b b
Iudv = u(x)v(x)|i - I vdu (popmyna unmezpuposanus no wacmam).
a a

Ecmu ¢pynknus x = @(¢) - HenpepbIBHO auddepeHnupyemMa Ha otpeske [a, f] u
¢byukmus f(x) HempepbiBHA Ha otpeske [c,d]D[a,b], tne a=@(a), b=e(B)
([c,d] -obpa3 otpes3ka [a, B], T.e. OTpe30k i KoToporo ¢ < ¢(t) < d mpu Bcex

b B
a<t<p), 0 I f(x)dx = I f(o@)p'(t)dt (popmyna 3amenst nepemennoir).

[Tpu 3aMeHe mepeMeHHOH B OINpeAeNEHHOM MHTErpaje B OTIMYHME OT BHIYHCIICHHUS
HEONnpee€HHOr0 He HY)KHO BO3BpAIaThCs K MCXOJHOMY apryMEHTY, TaK Kak
npeoOpa30BaHHbIA ONpeAENEHHbIH UHTErpai OepETcs Mo TOMY OTPE3KY, MO KOTO-
POMY M3MEHSETCS] HOBBII apryMeHT.

[Ipy BBIUMCIIEHWM HEONpeneNEHHOrO0 HMHTErpaia Mo yMOJYaHHIO Ipesoiara-
JIOCh, YTO NEPBOOOpa3Has HAXOJWTCS Ha TE€X MPOMEXYTKaX, Ha KOTOPBIX BHINOJ-
HsieMbIe TIPe0Opa30BaHMsl ITOABIHTETPAIILHON (DYHKIMH SBISIFOTCSI TOXK/IECTBEHHBI-
Mu. [Ipy BBIUUCIEHHH XK€ ONpEAENEHHOr0 MHTErpaia MnepBooOpa3Hasi HaXOAUTCs
Ha 3aJIJaHHOM OTpE3Ke, II09TOMY 37eCh YK€ HEOOXOANMO CIIEIUTh 32 TOXKIIECTBEH-
HOCTBIO BBITIOHSIEMBIX IPE00pa3oBaHuii.

I'eomeTpuyecKkne NPUI0KEHUS ONPe/IeJEHHOTO MHTErpaJia.

IMnomans durypst (puc.l) a<x<b, fi(x)<y < f,(x) paBHa

b
S =[ (20 ().
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IMnomans durypst (puc.2) g,(¥)<x<g,(y), c<y<d paBHa

d
S=[(8:0) g1y

Y-

1 4
LT
]
Puc.1 Puc.2
b
Jmuna xyru mnockoi kpuBoid y = f(x), a<x<b paBHa L= Jﬂl + (y;,)2 dx .
a

JinHa 1yru MI0CKOM KpUBOW, 3aJaHHONM MapaMEeTPHUUECKUMM YpaBHEHUSMU

)
x=x(t),y=y(), t, <t<ty, pasma L= [(x))> +(y))* dt .
n

OO0béM Tena, 0Opa3OBAHHOIO BpalleHHEM BOKPYT ocu Ox IUIOCKOW (QHTypHI
b
(puc3) a<x<b, 0< f,(x)<y< f,(x) pasen V, =;zj[f22 (x) - f2(x)]dx.
a
OO0béM Tena, 0Opa3OBAHHOI'O BpAIlEHWEM BOKPYr ocu Oy IUIOCKOH (UTyphI

d
(prc4) 0< g (1) <x<gy(y),c<y<d,pasen V, =x[[g}(»)-gl (M]dy.

C
OO0BéM Tema, 00Opa30BaHHOTO BpalllcHHMEM BOKPYr ocu Oy ¢urypsl (puc.S)

b
0<a<x<b,0<fi(x)<y<f,(x), paBen V, =2ﬂjx[f2(x)—ﬁ(x)]dx.
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:9=5‘4@ :,,.'I; o] = Ex
5O08Y e

Puc.3 Puc.4

Puc.5
IIpuiaoxkeHnsi onpeaeJJeHHOr0 MHTErpajia K PeleHHI0 321249 JKOHOMHKH.

O0bém npoxykiuu @ , IPOU3BEAEHHOHU 3a OTPE30K BPEMEHH [f,,¢, ] IIpU IPOH3-
)
BonuTeNnbHOCTH f(f), paBeH Q = J f(@®)de.
4l
Wznepxku npousBoactBa C TPH U3BECTHOW (PYHKIWHU HW3JEpxkek f(x) u 3a-

X
2
JAHHOM U3MEHEeHHHU 00bEMa x IPOM3BOJACTBA X; < X < X, paBHbl C = J f(x)dx.

X
1
Tema. HecoO0CTBEeHHBIEC MHTErPAJILI.

Heco0cTBeHHBbIE HHTETPAJIBI ¢ 0€CKOHEYHLIMH IpeIeJIaMu.
Ecmu ¢pyakims y = f(x) uaTEerpUpyemMa Ha OTpe3ke [a,b], To HecodcmeenHbIM

UHmMezPanom nepeozo pooa or GpyHkmu f(x) Ha MPOMEKYTKE [a,+00) Ha3bIBa-

b +00 +00 b
erca lim j f(x)dx u obosnauaercs j F(x)dx, Tee. j f(x)dx= lim j £ (x)dx
b—+0 . . . b—+w0 a

—00

b b
AHaNOru4Ho: J f(x)dx= lim J f(x)dx.
a—>—xn

Ecnu nipenen cymiecTByeT M KOHEUEH, TO HECOOCTBEHHBIN HHTETPal Ha3bIBACTCS
cxXo0AawuUMcA, B IPOTUBHOM CIY4ae — PACX00AUUMCA.

+00

HecoOcTBeHHbII HHTETpa J f(x)dx onpenensieTcst paBEHCTBOM:

—00

—00 —00 C

+00 [ +00
J f(x)dx = J f(x)dx + J f(x)dx , e ¢ € R - NpOU3BOIIBHOE YHCIIO, TPUIEM HH-

TErpal B JICBOW YaCTH PAaBEHCTBA CXOIUTCS, CCIIM CXOAATCS 00a MHTErpaja B mpa-
BOI1 4acTH.
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Heco0CTBeHHbIE MHTErPAJIbl OT HEOTPAHUYEHHBIX () YHKIMUIA.
Ecmn ¢ynkmus y = f(x) uHTerpupyema nmpu a<x<b m lim f(x)=o0, TO
x—>b—0

HecoOcmeeHHbIM UHmMezpanom emopozo pooa or ¢GyHkmMUA f(x) Ha OTpe3Ke

b—¢ b
[a,b] Ha3bIBACTCS lim J f(x)dx u o0o3HauaeTcs J f(x)dx,
e—>+0
a a
b b—¢
T.C. J f(x)dx= lim J f(x)dx. Amnanormuno, B ciysae a<x<b Wu
a e—>+0 g

b b
lim f(x) =0 : j f@)d= lim j F(x)dx.

Ecnu npenen cymiecTByeT M KOHEUEH, TO HECOOCTBEHHBIN HHTETPal Ha3bIBACTCS
cxo0AawuMcA, B IPOTUBHOM CIIY4ae — PpaACX00AUUMCA.

Tema. IluddepeHnnanbHble YPABHEHHS EPBOr0 MOPSIAKA.
VYpasuenue Buna F(x,y,y")=0, rme y = y(x) - uckomast QyHKIIHS, HA3bIBACTCS

00bIKHOBEHHbIM Oudepenyuanvuvim ypasHenuem nepeozo nopaoka. OyHxkuus
¥ =¢@(x), obpamiaromias ypaBHEHHE B TOX/IECTBO, HA3bIBACTCS peuteHuem ypas-
HeHus, a rpaduk 3Toi QYHKIUM — unmezpanvhoi Kpueoi. Ecin penienue ypas-
HeHus 3a7aHo B HesBHOM Buae P(x,y)=0, To OHO OOBIYHO HA3BIBACTCS UHMIE-

epanom ypasHenus. [Ipomecc HaxXOXXIEHUs pelleHUH Ha3bIBACTCS UHMEZPUPOsa-
Huem ougepenyuanvbHoz0 ypasHeHuA.
VYpaBuenue Buna y' = f(x,y),rae f(x,y)- 3amaHHas QyHKIHS IEPEMEHHBIX X

u y, HaswiBaercs JY nepeozo nopsaoka, pazpeuténnolm OMHOCUMENbHO RPOU3-
600noii. Oty ¢dopmy 3ammcu Y HA3BIBAIOT HOPMAABbHOU. YUUTHIBAas, YTO
y'=dy/dx, 1Y mepBoro mopska, paspemiéHHOE OTHOCUTENHHO MPOM3BOHOMN,
MOXXHO BCeraa 3ammMcarthb B oughghepenyuanvuon copme:
P(x, y)dx+QO(x,y)dy=0, tne P(x,y) u Q(x,y) - 3anaHHble (YHKIUH TEpe-
MEHHBIX X U ) .

VYenosue y(xy)=y,, MO X,, V,-33JaHHbIC UKCIA, HA3BIBAETCS HAUATLHLIM
ycnosuem. 3ajada HaXOXKJICHUS peUIeHHs ypaBHeHHs V' = f(x,)), YyIOBIETBO-
PSIOIIET0 3a/laHHOMY HAayajbHOMY YCIOBHIO J(X,)=y,, Ha3blBacTCs 3adaueil
Kowu.

Obwum pewenuem JIY mepBoro mopsjaka HaspiBaercs perienue y = @(x,C),
3aBHUCALIEe OT OJHOM MPOM3BOIBHOM HOcTOSHHOW C, Takoe, U3 KOTOPOro INpHU
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HaJIeKalieM BeiOOpe 3HaueHus nocTosHHON C = C, MOXXHO MONYYUTh PELICHNE
y=¢(x,C,), ylOBIEeTBOpsIOIIEE 3aJaHHOMY HadyallbHOMY YCIOBHIO J(X,) =Y.
Ob6mee pemieHne, 3aganHoe B HessBHOM Buae D(x, y,C) =0, Ha3bIBaeTCI 00uyum

UHMeZPaAnoM ypaBHEHHUS.
Yacmueim pewenuem JIY TIepBOro TMOpsIKAa HA3bIBACTCS  pEIICHUE
y=¢(x,C,), nonydaeMoe U3 OOLIEro NpHU KOHKPETHOM 3HAYEHUU IOCTOSHHOM

C=C, (npu >ToM He HCKIOYaloTcs U 3HaueHHs C =zxoo). YacTHoe pelenue,
3agaHHoe B HesBHOM Bunie P(x,y,Cy) =0, Ha3pIBACTCS YACHIHOIM UHMEZPATIOM

YpaBHEHHUS.

Pemenne 1Y nepBoro nopsijika, B KaXka0i TOYKE KOTOPOro HapylIaeTcsl AUHCT-
BEHHOCTH penieHust 3agaun Komm, HazeiBaeTcst ocodsim. Ocoboe pemeHne He co-
Jepxutcs B hopMye oOIIero pelieHuss HU NpH KaKOM YMCIIOBOM 3HAYECHHH MPO-
M3BOJIBHOW TIOCTOSIHHOM, BKITtoUass C = +oo . Ocoboe perieHrne Bceraa MOXKHO 00-
HapyXHUTh B IPOIIECCE ITOCTPOEHHS O0IIero pemieHus (00Iero HHTerpana) JaHHO-
ro IY. OT1o Te pemieHusi, KOTOpPbIE MOTYT OBITH YTEPSIHBI NPH NPeoOpa3oBaHUIX
JTAHHOTO yYpaBHEHUS, TIEPEBOISIINX 3TO YpaBHEHHE B €ro olmee penieHue (00mmmid
UHTErpa).

AY Buma P(x)dx+ Q(y)dy =0 Ha3bIBaeTcs ypaBHEHHEM C PA30eAEHHbIMU He-

pemennsimu. Ero oOnmii MHTErpa UMEeT BUJT IP(x)dx + '[ Oy)dy=C.

AY Buma y'= f(x)g(y) wm P (x)Q,(y)dx+ P, (x)0,(y)dy =0 Ha3pmBaercs

YPaBHEHUEM ¢ pazlenaloujumuca nepemennvimu. Ero uHTErpupoBaHue, myTéM
JeneHus odeux uyactell ypaBHenus Ha g(y) wm Q,(»)- P, (x), cBonurca (¢ yué-

ToM y'=dy/dx ) K HHTErPUPOBAHNIO YPABHEHUS C Pa3/IEEHHBIMU TIEDEMEHHBIMA.
[1pu BHIMIOIHEHHH JIENICHUSI BO3MOXKHA TTOTEPs PelIeHHH, 11 KoTopeiX g(y) =0
wa Q,(»)- P, (x)=0. IlorepsHHble pelieHns Win coaepxarcs B Gopmyne oodue-

IO pelIeHHs] MPH KAKOM-TO KOHKPETHOM 3HAYEHWH MPOM3BOJILHON TMOCTOSHHOW
(TIpU 3TOM HE MCKIIOYArOTCs U 3HaueHus: C =to0) WM SBISIOTCS OCOOBIMH pe-
[IEHUSMU.

Haiitu wactHoe pemierue audepeHnnanIbHOr0 ypaBHEH s IEPBOro MOPsIIKa —
3Hauut: 1) HalitTm ero obOmee pemeHue y=@(x,C) win oOmMUN HHTErpa

®(x,y,C)=0; 2) HaifTu To yacTHoe permieHne y = @(x,C,) (4acTHBIA MHTErpan
P(x,y,Cy)=0) KoTOpOE yHOBIETBOPSET 3aJAHHOMY HAUYAJILHOMY YCIIOBHIO

¥(xg)=yo -
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HuddepennnansHoe ypaBHEHUE BHJA y'=f (y/ x) WIH
P(x,y)dx+QO(x,y)dy=0, tne P(x,y) u Q(x,y) - omHOpOIHbIC (HYHKIUU OIH-
HaKOBOM CTEIEHU, HA3bIBACTCS 0OHOPOOHBIM.

®yukuus  f(x,y), obnagaromas csoiicteom f(Ax,Ay)= A% f(x,y) mpu Bcex
A >0, HAa3bIBAETCA 0OHOPOOHOI YPyHKUUEl CmeneHu o .

OnHOpOJIHOE ypaBHEHHE MPUBOMUTCS K YPABHEHHIO C PA3[CIISIOIIUMHUCS Tepe-
MEHHBIMU  TIOJICTAHOBKO# , V' =u+xu' wm dy=udx+xdu, rne

u =u(x) - HoBasg HewsBecTHas (Qyukuus. Murerpupys Y ¢ pasaensiommmucs
MEPEMEHHBIMEI OTHOCUTENBHO (PYHKIMK #(X) M BO3BPAMIASCH K UCKOMOM (yHKI[UH
y(x), HaXomUM o0lee peleHne HCXOMHOrO ypaBHeHus. MHorma 1enecoobpasHo
BMECTO MOACTAHOBKA ) = XU/ , NCIOJIBb30BATh MOACTAHOBKY | X = yu|, rae u =u(y)-

HOBasi HEU3BECTHAs (DYHKIIHUSL.
VYpaBuenne Buma '+ p(x)y=gq(x) Ha3plBacTCA JIUHEUHbIM. YPaBHEHHE

¥'+ p(x)y =0, B KOTOPOM MpaBasi 4YaCTh TOXISCTBEHHO paBHA HYJIIO, HA3bIBACTCSI

0OHOPOOHBIM TUHETHBIM YPABHEHUEM.
OO1ee pelieHue HEOTHOPOJHOIO IMHEHHOIO YPaBHEHUS HAXOAUTCS T1OJCTaHOB-

Koit [y=u-v], y'=u'-v+u-v',rae u=u(x) u v=v(x) - HensBecTHbIC QyHKUUN
oT x. YpaBHeHue Toria mpumer Bunm [u'+ p(x)u]-v+u-v'=gq(x). lpupaBHss
HYJIO BBIp@)KEHHE B CKOOKax, MOJIyYHM YpaBHEHHUE C Pa3/eIIIOIUMHUCS TIepeMeH-
HbIMH u'+ p(x)-u =0, U3 KOTOpOro HailnéM u(x) B BUIE €ro YAaCTHOTO PEIICHHUS

U= e_I P (x)dx’ rie '[ p(x)dx - kakas-HuOyns mepBooOpasHas mist p(x). Ilon-

CTaBUB 3aTeM HalIeHHOE BBIPaYKEHHE u(x) B ypaBHEHUE
[u"+ p(X)u]-v+u-v'=q(x), moNyduM ypaBHEHHE C Pa3AENSIONIUMHUCS MEPEMEH-
HeIMH uV' = g(x) , U3 KOTOpOro HailnéM v(x) B BHJE ero oduero pemuienus. B pe-

3yJbTaTe HAWAEM 1 00llee pellieHHe UCXOHOTO YPaBHEHHS B BUIC ) =1 -V .

VpasHenue Buga y' + p(x)y=q(x)y%, tie a #0 u o #1, HasbIBaeTCa ypas-
nenuem bBepuynnu. Penienve ypaBHeHus: BepHymau, Takke Kak W JMHEHHOrO,

HAXOJUTCS MOACTaHOBKOMN .

Tema. IuddepeHnnajabHbIe YPABHEHHS BLICIIHUX MOPSAIAKOB.

VYpaBuenue Buga F(x, y,y',...,y("))zo, rae y = y(x)- uckomasi (QyHKIUS,
Ha3bIBaeTCsl Ougppepenyuanvuvim ypasHenuem n-20 nopaoka. DOyHKUuUS
¥ =@(x), obpamiaromias ypaBHEHHE B TOXJIECTBO, HA3bIBACTCS peuteHuem ypas-
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HeHus, a rpaduk 3Toi QYHKIUM — unmezpanvhoi Kpueoi. Ecin penienue ypas-
HeHHs 3a7aHo B HessBHOM Bujae @(x, y)=0, TO OHO HA3BIBACTCA UHMEZPAIOM
YpaBHEHHUSI.

Ypasuenue Buma ™ = f(x,y,y',...,y"™"), HasbiBaeTcs ypaBHeHHeM, pas-

PCUIEHHBIM OMHOCUMENbHO cmapueil npou3eooHol. Ity Gopmy 3amucu Y n -
TO MOPSIIKA HAa3BIBAIOT HOPMAIbHO.

_ ’ o —1 _ . (n-D)

VcnoBus W(xg) =0, (x9) = yo,...,y(" )(xo) =yy s rue
Xos Vo s Vo 5 - 3ajiaHHble YHCIA, HA3BIBAIOTCS HAUATBHOLMU YCTOCUAMU.
Bajaua Haxoxenns pemenus ypasuenus y = f(x,y,y',...,y" ™), yrose-

TBOPSIIOIIETO 33/JaHHBIM HAYaJIbHBIM YCIOBUSAM, Ha3bIBacTCs 3adaueli Kowu.
Oowgum  pewenuem 1Y n-ro  TOpSAKAa  Ha3bIBaeTCd  pelleHUE
y=0x,C,C,,...,C,), 3aBuciliee OT 7/ TPOU3BOJIBLHBIX IOCTOSHHBIX

C,,C,,...,C,, Takoe, U3 KOTOPOTO MPH HAJUIEXKAIEM BbIOOpE 3HaYeHHMi mocro-
SIHHBIX C, =Cy,,Cy=Cy,....,C,=C,,  MOXKHO  TIONYYUTH  DEIUEHHUE
y=0(x,C,y,Cy,...,C,) , yIOBIETBOPSIOLIEE 3aJaHHBIM HAUYATIBHBIM YCIOBHAM

V(x0) =20,V (X0) =V - y" D (x) = y(()"fl). OOuiee perieHue, 3aJaHHOE B
HesBHOM BHae D(x,y,C;,C,,...,C,)=0, HasbBaeTCi 00WUM UHMEPATIOM
YpaBHEHHUSI.

Yacmueim  pewenuem JIY  n-ro mopsAaka  Ha3bIBaeTCsl  pelleHUE
y=0(x,C,...,C,y), MoNydaeMoe U3 OOLIEro MPH KOHKPETHBIX 3HAYEHHUSX IO-
croaunbix C; =Cg,...,C, =C,,. YacTHoe pelleHue, 3aJaHHOE B HEABHOM BUJIE

D(x,»,Cig,...,Cpp) =0, HA3BIBAETCS UACMHBIM UHMEZPATIOM.

Ecmu ana nckomoro vactHoro pemenus y =@(x,C,...,C,y) ypaBHeHHs
vy =y, ") 3a/1aHbIl HauaJbHbIE YCIIOBUS
V(X)) =20,V (X0) =V0 05 y (x0) = y(()"’l) W U3BECTHO oOOIIee peleHne
y=0(x,C,,C,,...,C,) ypaBHeHus, To 3Hauenus C,,,C,,...,C,, TPOU3BOIb-

HbIX TOCTOSAHHBIX OHNPEACIAOTCA, €CJIKM 3TO BO3MOKHO, M3 CHCTCMBI
@(XO,CI,Cz,...,Cn) =Yo

ypaBHeHI/Iﬁ QD'(X(),Cl,Cz,..-,C,,)Zy(')

_ -1
go(n l)(x03C13C23"'3Cn):y(()n )
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YpaBHeHue BUIA Y f(x) HaswBaeTcs mpocmetiwium oughghepenyu-

AnbHbIM ypasHeHuem n-20 nopsaoka. Ero oOliee penieHre HaXOMAAT, BBIMOIHSI
MOCJIEIOBATENILHO /1 WHTErPUPOBAHUM, U 3aMMUCHIBAIOT B BUIE

y =Jach‘...J‘f()c)abc+C1x"71 +Cyx" 2 +...4C,,.
—
YpaBHeHue BUAa F(x,y(k),y(k”),...,y(")) =0, 1<k<n, He comepxa-
mee sBHO HMCKOMOM (yHkimu y(x), ¢ momompio moxcramoekn y*) =z e
z =z(x)- HOBas Hen3BecTHas (DYHKUUS, NPUBOIMUTCS K ypaBHEHHIO (n—k) TI0-
piaka F(x,z,z',...,z2"")=0.
Oyukiu y; = y,(x), ¥y =y, (X),..., ¥, =,,(X) Ha3bpIBAIOTCA JIUHENHO 3a-

eucumoimu Ha (a,b), ecnm CyImECTBYIOT NOCTOSHHBIE Q,Q,...,(, , HE BCE

m>

paBHBIE HYIIO, TAKUe, YTO ;)| + Ay Y, +...+,,y,, =0 11 Bcex x €(a,b). Ec-

JIK PaBCHCTBO BBINOJIHACTCA [JId BCEX xe(a, b) TOJIBKO TIIpU YCJIOBUH

o, =a, =...=a,,, TO J1aHHbIe (YHKIVN HA3bIBAIOTCS JIUHEHHO HE3A8UCUMBIMU
Ha (a,b).
M1 Ya A
i ya oo Y
Omnpenenurens W(X) =Wy, Vosees V] = ! 2 " | HazbI-
-1 -1 -1
Sy

BaeTCs onpedenumenem Bpouckozo (eponcrkuarnom).

Ecnu ¢yskimuu y,(x), y,(x),...,»,,(x) nuHelHO 3aBUCUMBI Ha (a4, b), TO om-
penenurens Bpouckoro W(x)=W[y,,¥5,..., ¥, ]1=0 s Bcex x € (a,b) (neoo-
X00umoe ycnoeue NuHeinol 3a6UcCUMOCI).

Eciu W(x)=W[y,,¥5,.-»¥,,]#0 xoTa Obl B ofHOl Touke x € (a,b), TO
byaxkmuu y,(x),y,(x),...,»,, (x) nuHeliHO He3aBucuMbl Ha (a, b) (docmamou-
Hoe ycosue TUHEHHON He3a8UCUMOCIN).

Vpaeuenne Buma ¥ +a,y" +...+a,y=f(x) wHasbBacTCA SUHeNHBLM
ougppepenuyuanvnovin ypasnenuem (JILY) n-20 nopsoka , rne xo3hHUIUCHTEI
a;,a,,...,a,- HenpepeiBHble QyHKUMM Mnu noctosHHble. Ecmu f(x)=0, To

YpaBHEHUE HA3BIBACTCS 00HOPOoOHsim. OJHOPOAHOE JIMHEHHEIM YpaBHEHUE 7 -T'O

nopsiaka umeer sug y'" +a1y("71) +..+a,y=0.

82



JIrobass cucteMa W3 n JIMHEHHO HE3aBUCHMBIX YAaCTHBIX  PEIICHUN
Y1 (x),¥,(x),...,»,(X) OIHOPOAHOrO JIMHEHHOrO ypaBHEHUs HA3BIBAETCS yH-
0aMEHMAIbHOU CUCIEMOTL ETO PeUieHU.

Oomee peueHue OJTHOPOJTHOTO JIUHEHHOTO YpaBHCHUS
v 4a,y" V4 4a,y=0 wumeer Bux y=Cy, +Coy, +...+C,y,, TIe
Y1>Y25--» ¥, - OyHIaMeHTanpHas cuctema ero pemennit; C,,C,,...,C, - mpo-
U3BOJIBHBIC TIOCTOSTHHBIC .

@DyHnaMeHTaNbHas CUCTEMAa PEIIEHUH ), V,,..., Y, omaHopoanoro JIJIV c mo-
crosmbvu kodpdummentamu y™ +a,y"™V +.. +a,y =0 crpoutcs Ha ocHoBe
Xapaxrepa KOpHeH Xapakmepucmuueckozo ypasHeHus
a7+ va, Ata, =0.

A numenHo: 1) ecnu A - 1eHCTBUTENBHBIN NPOCTONH KOPEHb XapaKTEPUCTUUECKOTO
ypaBHeHus, To eMmy B @CP coOTBEeTCTByeT yacTHOE pelieHue e muddepenny-

aJbHOrO YpaBHEHUS; 2) €l A - JEHCTBUTENBHBIM KOPEHb KPATHOCTH k , TO EMY

B OCP coorBeTcTBYET k JUHEWHO HE3aBUCUMBIX YAaCTHBIX pELICHUM:

Ax Ax Ax -1 _Ax .
™ xe™  x2e™ L x* e 3) ecnm A1, =atiff - mapa mpOCTBIX KOM-
IJIEKCHO-CONPSKEHHBIX KOPHEH XapaKTepUCTHUECKOro ypaBHEeHHs, TO el B dCP

v ax
COOTBETCTBYET JIBa JIMHEHHO HE3ABUCHUMBIX YACTHBIX pELICHUs: e~ cosfx
ax . . . o
e " sinfx; 4) ecnmu A, =atiff - mapa KOMIUIEKCHO-CONPSIKEHHBIX KOPHEH

kpaTHocTU k , TO eif B @CP cooTBeTCTBYET 2k JIMHEHHO HE3aBHCUMBIX YAaCTHBIX

o ax ax . ax ax -
PpEIIICHMIA; e “cosPx, e~ sin fx, xe " cosPx, xe "~ sin fx,

k-1 _ax k-l ax
, X" e TcosPx, x" e~ sin fx.

O6mee pemenne Heomuopomsoro JIAY y™ +q,y™ 4

..+a,y = f(x) umeer
BUL y=yo+y,rme yo=Cy,+C,y, +...+4C,y, - o0lliee PELICHHE COOTBET-
CTBYIOLIETrO OJJHOPOJIHOIO YPaBHEHHUSI, V - KAKOe-HUOYIb YaCTHOE PEIlIeHNE JlaH-
HOT'O HEOJTHOPOIHOTO YPaBHEHHSI.

YacTHOe pelleHHe J ypaBHEHHUsS C IPaBOM YacCThIO CIEIMAIbHOTO BHIA
f(x)=e“ [P, (x)cos fx+Q,(x)sin fx] HIeTCS MemMoOomM HeonpedenéHHbIX

~ k ¢ .

KoIppuyuenmos B Bune y =x" e[Sy (x)cos fx+Ty(x)sin Bx], tne k=0,
€Clu YuCI0 A =@ +if3 He SBISeTCS KOPHEM XapaKTEePHUCTUUECKOTrO ypaBHEHHS, U
k paBHO KpaTHOCTH KOpHA A =q +if3 B npoTuBHOM ciyuae; Sy (x) u Ty (x) -

MOJTHBIE MHOTOWICHBI cTerieHn N = max{m,/} ¢ HeonpenenéHHpIMu k03¢ uru-
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eHTamu. [IpumepaMu MOJHBIX MHOTOYJIEHOB C HEONpeaeaEHHBIMI K03 duImeH-
tamu crenenn  0,1,2,3,... cooTBercTBeHHO sBIsAOTCA: A, Ax+B,
Ax? +Bx+C, AxX> +Bx>+Cx+D,.... st HaxoxaeHus K03 PUIIMEHTOB MHO-
rowteHoB Sy (x) un Ty(x), HAgO MOACTABHTH pEIICHHE )V B HEOIHOPOAHOE
muddepeHnmansHOoe ypaBHEHHE M TPUPABHATH KOA(PQUIMEHTHI NP TTOK00HBIX
YJieHaX B JIEBOW M NMPaBOW YacTsAX MOJYYEHHOI'O paBEeHCTBA. B pesymbrare momy-
YUM CHCTEMY ypaBHEHHUH, PEHINB KOTOPYIO, HAlAEM 3HaueHUs KO3 (HUIIMEHTOB.

YactHoe pemeHue Y HeomHopomumoro JIIY ¢ mpaBoii  4acThio
f(x)=f;(x)+ f,(x) paBHO CyMMe YacTHBIX peIIeHHIl Y =), + ), HEOMHOPOA-
HBIX YPaBHEHUH ¢ TOH ke JEeBOU 4acThlO U IPAaBbIMU YaCTAMU f|, f, (npunyun
HAN0JCEHUS PeUuteH ).

Tema. UncJjioBbI€ pAabIL.

Beipaxkenne BUga u +u, +...+u, +..., TAE U;,U,,...- TOCIEAOBATEILHOCTh
o0

YHUCCII, Ha3bIBACTCA YUCI06bIM p}JOOM u o0o3HauaTcs z u, . PHI[
n=1

o0

Zun =u,. +U,,,+... HA3BIBACTCS OCHMAMKOM 7 -020 NOPAOKA WCXOIHOTO
n=k+1
pana u obozHavaercs r,. Cymma S, =u, +u, +...+u, n TEpPBBIX YWIEHOB paaa
HAa3bIBACTCA 7 -0l YACMUYHOU CYyMMOIL PsNia.

o0
PHI[ Z”n Ha3bIBACTCA cxobnmumcn, €CJIN CYIICCTBYCT KOHEYHBIH npeaei
n=1

lim S, =S u pacxodawumcen, eciu npenen He cyuecrByer. Yucao S Ha3biBa-
n—>0

o0
eTCS CYMMOIL CX00AWEe20CA PAOd, TIPU STOM MUIIYT S = Zun . OHOBpEMEHHO C
n=l
o0
paaomM Zun CXOOUTCA U PACXOAUTCA €ro OCTAaTOK r,. B cJ1ydac CXoAdaIerocs
n=l
pdaaa €ro OCTaToK 3aIlUCbIBAIOT B BUAC r, = S— Sn .

CXOI[I/IMOCTI: WK pacXoauMOCTh psAda HEC HAPYHIUTCA, €CJIN HpI/I6aBI/ITB UJIn OT-

6pOCI/ITI> KOHEYHOC YHCJIO €T0 YICHOB.
0

Ecnu psin Z u, cxomurcs, T0 lim u, =0 (reobxodumvlit npusHaK cxo0uUMO-
n=1 n—0
cmu psada). OGpaTHOE YTBEPHKICHUE HEBEPHO.
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o0
Ecmu lim u, #0, T0 psn Z u, pacxomurcs (0oCmamouHblil NPUIHAK pacXo-
n—>0
n=l

oumocmu paoa).

0 0

Ilpusznak cpasnenusn. Ecnn ns psino U : Zun nlb: Zvn , HAaUMHAas C HEKO-
n=l1 n=1

TOpOro 7, U BCEX 1 27, BbINONHAeTCS ycnoBue 0<u, <v,, TO U3 CXOAUMO-

CTH psama V' caenyer cxomuMocTh pana U, u3 pacxoauMoctd papa U ciaenyer
pacxoauMocCTs psaga V.
Ilpedenvhutii npuznak cpasnenus. Eciv cynecTByeT KOHEUHbBIN U OTJIIMYHBIA OT

0
Hyns npenen lim Zn (B YacTHOCTH, €CIH U, ~V, TIPU 1 —> O ), TO PsIbI z u,
n—>0 vn n=1
0
U Z v, (u, >0, v, >0 HauMHas c HEKOTOPOTO 7, ) CXOAATCSA UIH PACXOAATCS
n=1
OJTHOBPEMEHHO.
Jist mpuMeHeHHs1 PU3HAKOB CPaBHEHUSI HEOOXOIUMO HAIMUUE «ITAJOHHBIX)
PSIOB, CXOAMMOCTD MIIM PacXOJMMOCTh KOTOPBIX M3BECTHA. B kKadecTBe «3TajoH-

HBIX» PSJIOB IIUPOKO HCIONB3YIOTCA: 1) 0000wiénnslii 2apmonuyeckuii psao

0

1 .
z—p , KOTOPBIM CXOOUTCA IIPU p >l mu pacxoguTcsa npu p <1 ) 2) ceomempude-
n=1 1

0
o —1 o
cKutl pso Z q"" , xoropsiii cxonutes ipu 0 < g <1, mpu 3TOM €ro cymMMa paBHa

n=1

1
S= > u pacxoautcst mpu ¢ > 1. Takum 0Opazom, it IPUMEHEHHS [TPU3HAKOB
-q

N A
CpaBHCHUA HYXKXHO HAWUTHU NOCJICAOBATCIIBHOCTL —— WJIU Bqn , TaC A,B - HEKO-
P
n

A
TOpbIE HCIIA, TAKYIO, UTO U, ~—- WIA U, ~ Bq" npu n— o,

n
[Tone3Ho MMeTH B BUIy SKBUBAJIEHTHOCTH (TIpH 71 —> 0, p >0):
. 1 ! 1 1 1
sin| — | ~tg| — | ~arcsin| — |~arctg] — | ~In| | + — | ~—,
n? n? n? n? n? ) n?

nl~2zn-n"-e™",

&5



a take ouenku (Inn)® <nf <a" <nl<n" (a>0,B>0,a>1), uMeroue Me-

CTO, HAYMHAS C HEKOTOPOTO 7 , JUIsl BCEX 1 > 71).

0
Ilpuznax Jlanaméepa. Eciu nns psmaZun (u, >0 HaunHasg ¢ HEKOTOPOro
n=1

Lu
n lim - = , TO pspa cxomurcsa npu L <1 u pacxomurcs npu L >1. Ecion
o) p p p p

n

L=1 , TO pAd MOKET CXOAUTCA WIH paCXOJUTCA; B 5TOM CJIydac€ €ro CXOAUMOCTb
HCCIICAYETCA C IOMOUIBIO APYTUX IMTPU3HAKOB.

0
Ilpusnax Kowu (padukansusui). Ecnn nns pﬂz[aZun (u, >0 HaunHas ¢ He-

n=1

KoToporo n,) lim%u, =L, To psan cxomurca npu L <1 u pacxomuTcs mpH
n—>0

L>1. Ecnmu L=1, To psl MOXET CXOJUTCS W PACXOJIUTCS; B 3TOM CIIydae €ro
CXOJUMOCTb UCCIIETYEeTCs C TOMOIIbIO IPYTUX MPU3HAKOB.

Ipu npumeneHun npusHaka Ko moje3Ho uMers B BHIy, uTo: lim4/n =1,
n—>0

lim4&Inn =1, lim%P,(n) =1, tae P,(n)- MHOrOWIECH HOpsIKa M OTHOCH-

n—>0 n—>0

TENBbHO 7 .

Humezpanvuoiii npusnax Kowu. Ecin u, = f(n), rne dyskius f(x) mono-

0

KUTENbHA, MOHOTOHHO YOBIBAa€T U HENpEephIBHA NPH X = 1, =1, TO pAx Zun u
n=1

+00

HHTerpa _[ f(x)dx cXomsTcs MM pacXomsITCs OXHOBPEMEHHO.

i)
0 0
Psan Z U, Ha3bIBaCTCA aoconiommuo cxodnmumcn, €CIIM AL Z| u, | CXOIUT-
n=1 n=1

o0
csa. Cxopmsiuuiicss psif Zun HA3bIBACTCS YCAO0BHO CXOOAUFUMCS, €CIH DA

n=1

o0

Z| u, | pacxoauTcs.

n=1

CyMmMa abCONIOTHO CXOJSIIETOCS PsiZia HE M3MEHSETCS TPU TEPECTaHOBKE djie-
HOB psiga. CyMMy YCIIOBHO CXOJSINETOCS psia MyTEM MEPECTAHOBKU €r0 4YJICHOB
MOYHO CJIeJIaTh PABHOM JIIOOOMY YHCITY.
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o0
Ecmm pAaAn zun a0COIIIOTHO CXOHUTCA, TO OH SABJIACTCA CXOAAIIHUMCA (00cma-
n=1
MmMOUHbLIL RPU3HAK cxooumocmu 3HAKONEPEeMEHHO020 p}l()a).
Z[J'IH HCCIICOOBAaHUA psaa Ha a6COJ'IIOTHyIO CXOAUMOCTh HMCHOJIB3YHOT U3BECTHBIC

MPU3HAKU CXOAMMOCTU 3HAKOIOJIOKUTECIIbHBIX PIAI0B. B YaCTHOCTH, pAnq Zu”

n=1

cxonutcs abCOMIOTHO, €CIH lim| et < 1 win lim %flu, | <1. B obuewm ciydae
n—>0] L[ n—0
0 0
U3 PacXoIUMOCTH psijia ZI u, | He clexyeT pacXomUMOCTh pPsa Z u, . Ho eciu
n=1 n=1
0
lim|[£n4 ) 5 q win lim 4| u, | >1, To pacXxoaurcst He TOIBKO Psif Z| u,|, Ho u
n—>0] L[ n—0

n=1

o0
pan ) u,
n=1

Psn HaszbIBaeTcs 3naxkouepedyouumcs, eCi BCe €ro COCEIHUE YJIEHBI HUMEIOT
pa3Hble 3HAKH.
Ilpuznax Jlenonuua. Ecnu JUTSt 3HaKOUYEPENYIOIIETroCs pana

Uy —ty +uy —ty o+ (=) u, 4= Z(—l)””un (u, >0) momyns ero oG-

IIETO WIeHa |u, | MOHOTOHHO CTPEMHTCS K HYJIO, T.€. BBINONHEHHI ycnosus: 1)
U; >u, >uy >... (MOXKET Ha4yaTh BBINOJHATHCA HAUMHAS C HEKOTOPOro 71 ); 2)

lim u,, =0, To 3HaKOUEPELYIOUMHACS P CXOAUTCS (IO KpalHel Mepe YCIOBHO).
n—>0

Js octaTka psga 7, B 9TOM Cllydae CIIpaBeUIHBa OLEHKA | 7, [<u,,,
CyMMy 3HaKO4YEpEyIOErocs pana ¢ 3aJaHHON CTENeHbI0 TOYHOCTH & BBIYMC-

. o n +1
JIIOT 10 MPUOMIKEHHON (hopmyne S ~ S"o =uy—uy +uy —ty+... 41070 Uy »

rae ng,- MUHUMAJbHEIN 13 HOMCPOB, /I KOTOPLIX U, 4 <é&.

Tema. OYHKIHUOHAJIbHBIE PAIbL
Beipaxkenne Buma u;(x)+u, (x)+...+u, (x)+..., tae u;(x),u,,(x)...- nocue-

JA0BAaTCIbHOCTH (byHKHPIfI, OHpeI[eJ'IéHHHX Ha OJTHOM W TOM e MHOecTBe D — R ,
Ha3bIBaCTCsA ¢yHKuu0HllJlebl.M p}lOOM, OHpeI[eJ'IéHHHM Ha D wu o0o3HauaeTcs
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o0
Z u,(x). Oyakmusa S, (x)=u;(x)+...+u,(x) HazpIBaeTCA 71 -0l YACMUYHOU
n=l
cymmot GyHKIMOHATIBHOTO PAA.
o0

Touka x; €D, B KOTOPOH CXOAMTCA YMCIOBOU DsjL Zun (xo), Ha3bIBaeTCs
n=l
mouKoii cxooumocmu GyHKIHOHAIBHOrO psina. MuoxectBo Dy, — D , cocrosiiee
U3 BCEX TOYEK CXOAMMOCTH (DYHKUMOHAJIHHOTO Psja, Ha3bIBACTCS €r0 00.1acmbio
cxooumocmu. O6nact D cXomuMoCcTH (QyHKIMOHAIBHOTO Psiia OOBIYHO YXKe,
4yeM 00J1acTh ero onpeneneHust D .

0
Psin Zun (x) HasbIBaeTCA ABCOMIOMHO CXOOAWUMCA HA MHONECTBE D,
n=1
0
* v
€CITH TPH BCeX x € D™ CXOmUTCS Psin Z| u, (x)|. Besxwuit psi, aGCOMIOTHO CXO-
n=1
(v} * *
JUIIAIACSA HA MHOXeCTBE D, CXOMUTCS Ha 3TOM MHOecTBe. O6nacts D™ abco-
JIOTHOW CXOIMMOCTH psifia OOBIYHO YK€ €ro 001acTH cXomuMocTu D, .

@Oynkuuo S(x), onpenenéHHyro B 001acTH CX0MUMOCTH D, (yHKIMOHAIBHOTO
psfa Takyo, 4To mpu oboM ¢ukcupoBanHoM x € D, lim S, (x)=S(x), Ha3bI-
n—>0

BAaIOT CyMMOU psaioa v muuryt S(x) = Zun (x). IIpu x € D, ocraTok psina mpex-
n=1
cTaBiseT coboi Taxkke OQyHkumo 1, (x)=S(x)-S,(x), raer,(x) >0 mpu

n—> 00 M IIpH II000M x € Dy .
0
Jns HaXoXxeHus 007acTU CXOAMUMOCTH psja Zun(x) HPUMEHSIOT M3BECTHBIE
n=1
HPU3HAKK CXOAMMOCTH YHCIIOBBIX PAZOB, CUUTast x € D (DUKCHPOBAHHEIM.
B uactHocTH, Ha ocHOBaHMM npu3HakoB JlamambOepa u Komm (paauxanbsHOro)
MOXHO YTBEPXJaTh, 4YTO PAA CXOAUTCA (M TIPUTOM aOCOIIOTHO), €CiH

L, (x .

lim Uaer () =L(x)<l u lim% |u,(x)|=L(x) <1, COOTBETCTBEHHO, U PaCXO-
n—o| U, (X n—>o0

murest, ecnmm L(x) >1. B Toukax x, B kotopbix L(x)=1, cxomuMocTh psiaa Hc-

CIIEYIOT C MOMOIIBIO APYTUX MPU3HAKOB (HATpUMeEp, NPH3HAKOB CPABHEHHUS, UH-
TerpajbpHOro npusHaka Komm, npusnaka Jlelionuna) .
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Tema. Ctenennsle psabl. Paabl Teiisiopa u Makjopena.
Cmenennvlm  paoom Ha3bIBAETCS (GYHKIMOHANBHBIA  pAl  BHJA

o0
n 2 o
Zan (x=x¢)" =ag+a;(x—xy)+a,(x—xy)" +..., THE a;,X,- HNeHCTBHUTEID-
n=0
Hble uncina. Uncna a; Ha3bIBAIOTCA KOIPPuuuenmamu psaja.
Bcskuii CTENEHHOM Pl CXOAUTCA B TOYKE X = X .

o0
Paouycom cxodumocmu CTETIEHHOTO psija Zan (x—x,)" Ha3BIBAETCS YHCIO
n=0
R Takoe, 4To MpU |Xx—X, |[< R paA cxoauTcs (M NPUTOM aOCONIOTHO), a MpU
| x—x, |> R pacxomurcsa. Mnarepan (x, —R,x, +R) NpU 3TOM Ha3bIBAETCS UH-
mepeanom cxodumocmu psiaa. Ha KoHIax MHTEpBaja CXOAUMOCTH, T.€. B TOYKAX
X=X, R, ps MOXKET KaK CXOIUTCSA, TaK U PACXOJNTCS.

OO0nacThi0 CXOOMMOCTH CTENEHHOTO psJa SBISETCS WHTEPBAl CXOAWMOCTH
(xg =R,xy +R), K KOTOpOMY NPHUCOEANHSAIOTCS TOYKU X, * R, €ClM B HUX DAl
cxomurcsi. B wactHocTH, paguyc cxomuMocTH R Moxer ObTh paBeH 0, Toraa
00671aCTh CXOMMMOCTH Psifia COCTOUT M3 OJHOM TOYKM X, U +00, TOrAa 001acThio

CXOJUMOCTH psiJia SIBJISIETCS BCS YUCIIOBAsK MpsiMast) .
Hurepsan cxogumoctu (x — R, X, + R) onpenensoT 00bIYHO ¢ MOMOIIBIO MPH-

3HakoB Jlamambepa wnm Komwm  (paaMkanbHOro),  BBIUUCISS — IIPEIEIbI

.U (x .
lim Uaer () = L(x) win lim §/|u, (x)| = L(x) u pewas nepaBerctBo L(x)<1.
n—o| U, (X n—>0

BuyTpu oOmero uHTepBama cxoammocTn (x,—R,x,+R) creneHHsle Dbl

MOXHO IMOYJICHHO CKJIAAbIBATH W BbBIYWUTATL, IMOJYYCHHBIC ITPU 3TOM PSAJAbl UMCIOT
TOT K€ MHTCPBAJ CXOAUMOCTHU:

Zan(x—xo)” ian(x—xO)” = Z(an £b,)(x—x4)" .
n=0 n=0 n=0

BHyTpu nHTepBana cxoguMocTd (x, —R,x, +R) CTeneHHON psi MOXHO IIO-

YJICHHO I[I/I(l)(l)epeHHI/IpOBaTB U UHTCTrpUPOBATH, NMMOJYUCHHBIC ITPU 3TOM PAAbI UMC-
TOT TOT K€ MHTECPBAJI CXOAUMOCTH!

d [ <& ,, d e
1) — E a,(x—xy)" |= E na, (x—xg) 1.
dx n=0 n=l1
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n+l

2) | ian(x—xo)" dx=iM+C.
n=0

=0 (n+1)

CreneHHOH psx ———"(x—x,)" HasbiBaercs padom Teiviopa GyHKuUH

Z S " (xo)
n=0 !
f(x) B Touke x=x,.IIpu x, =0 psan Teinopa HaswBaercs padom Maknopena:

0 (n) "
500, [0, [0

n=0 2!

=f(0)+

(x—x,)", Ha3bIBa-

(n)
I[Ipencrasnenue Gpyskuun f(x) B Buge f(x)= Z S xo)
n !

eTcs pasnokenueMm [ (x) B psan Teiinopa. PaBeHCTBo MMEET MECTO TOTJ/Ia U TOJBKO
S (x0)
TOrja, Korga ocTaTok psga 7, (x) = f(x)— Z all

= k!

n— o0 JUIA BCEX X U3 HeKOTOpOﬁ OKpPECTHOCTHU TOYKH X, BXOI[HIJ.IefI B MHTCPBAJ

(x—xo)k —>0 mpu

cxomuMoCTH psifa. JIs oreHkn octatka psaa Teimopa 9acTo moib3yrores Gopmy-
1
(x—x )H

S B0 )) e 0<0 <1
n !

ano# 7, (x) =

Tema. Tpuronomerpuyecknii psia. Pag ®@ypoe.
Tpuzonomempuueckum psidom @ypve byaximu f(x) Ha orpeske [—/, (] Ha3bI-

o a nmwx . hrx
BacTcA (l)yHKHI/IOHaJ'H)HBII/I psa Buga — + z a, COST + bn SIHT , TJI€ YnC-
n=l1

na a, u b, , HaspiBaeMble KoapPuyuenmamu @ypve GyHxkuun f(x), BBIYUCIS-
10TCA 110 (hopMyIaM:

l l
a, =%jf(x)cos’%”dx . b, =%Jf(x)sinn77f)cdx, n=012,....
- -

Oynkuust  f(x) Ha3bIBaeTCsd KyCOYHO-MOHOMOHHOU Ha OoTpeske [o, B, ecnn
9TOT OTPE30K MOXKHO Pa30UTh KOHEYHBIM YHCIOM TOYEK X, Xj,...,X;_; HA HHTEp-
Banbl (@, X;),(X;,%5),...,(X;_;, B) TaK, 4To Ha KaXJOM U3 MHTEPBAJIOB (yHKIUS
700 TOJIBKO BO3pAcTaeT, JIMOO TOJIBKO yOBIBAET, INOO MOCTOSHHA.

Ecnu ¢pyukmus f(x) Ha orpeske [—(, /] KycOYHO-MOHOTOHHA U HETIPEPHIBHA, 34
HCKJIFOYCHHEM, ObITh MOYKET, KOHEYHOIO YKCIIa TOYEK pa3pbiBa IEPBOrO pona, TO
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BO BeCsikoW Touke x € (—(, /), B xoTopoi f(x) HenpepbiBHa, (hYHKIHIO MOXXKHO
Pa3JIOKUTh B TPUTOHOMETPUUECKHUIA pan Dypre

f(x)= C‘?o + Z(an cos ’%x +b,, sin n_;rx] . B Toukax paszpeBa x € (—(,() ¢dyHK-
n=l1

mun  f(x) u Toukax x =1/ cymma psga Dypbe omnpezensercs GopMyiaMu

f(x=0)+ f(x+0) f(=L+0)+ f(£-0)
2 2 ’

S(x) = u S(-0) = S(0) =

B wacraocty, ecnu: 1) ¢dynkuus f(x) - uémmuan, 1o B Toukax x € (—(, () He-
TIPEPBIBHOCTH GbyHKIIH nmeer MECTO pasiioxeHue

0 l
2
f(x) =a—0+z a, cosn—ﬂx ,rae a, =—Jf(x)cosn—mdx,n =0,12,...;
2 M l ty l
2) dpynkims f(x) - Heuémmuasn, T0 B TouKax x € (—(, /) HENPEPHIBHOCTU QYHKIUH

0 l
. n7mXx 2 . nmx

HUMEET MECTO pasznioxkenue f(x)= Z b,sin—|,rnoe b, =— J f(x)sin——dx,

"l l 0 0

= 0
n=12,.... Ecmu ¢pynaxius f(x) 3agana Toneko B uHTepBaie (0,/), To e€ MOXHO
MIPOJOIDKUTE B uHTepBal (—¢,0) nmubo kak 4érHyro, TMOO KaK HEYETHYIO, a 3aTeM
pasnoxuts e€ B uHrepBane (0,¢) B HenomHbI psag ypre Mo cuHycaM WM IO
KOCHHYCaM.

Tema. KomonHaTopuka. CiayyaifHbIe COOBLITHS U UX BEPOATHOCTH.

1. Kinaccuueckoe U reoMeTpuiyecKoe onpeaeaeHnsi BepOSTHOCTH.
[pu knaccuueckom onpedenenuu eeposmuocmov P(A) cayuaiinozo coovimusn

m(A)

n
HCXOJIOB 3KCIEPUMEHTa (OIBITA, HCIBITAHUS), OIArONPHUATCTBYIONIHUX MOSBICHHUIO
coObITHS A ; 1 - 00lee YUCIO PABHOBO3MOXKHBIX 3JIEMEHTAPHBIX HCXOJIOB dKCIIe-
pumenTa. Kax/plii U3 MCXOMOB (anee HEJeTMMBIX W B3aUMHO HCKIFOYAOIIUX
JPYT Apyra) S5KCIEPUMEHTa Ha3BIBACTCS €r0 1eMeHMAPHLIM UCX000m (dIEeMeH-
TapHBIM COOBITHEM) U 0003HAYaeTCsl @ . DJIEMEHTApHBIC HCXOJbl HA3bIBAKOTCS
PABHOGO3MOINCHBIMUY, €CIN B CWITY YCIOBHIl NMPOBEICHUS HKCHEPUMEHTa MOXHO
CUUTATh, YTO HHU OJIMH U3 HHUX HE SBIACTCS OOBEKTUBHO 60Jee BO3MOXHBIM, YeM
npyrue. MHOXECTBO BCEX OJIEMEHTapHBIX HCXOJOB SKCIIEPUMEHTA HA3BIBACTCS
RPOCMPAHCIMBOM INEMEHMAPHBIX UcX0008 1 obo3Havaercst Q. Mcxon @ Hasbl-

A ompenensercs paBeHCTBOM P(A) = , te m(A) - YUCIO 3JIEMEHTaPHBIX
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BaeTCsl 0J1A2ONPUAMCIMEYIOWUM TAHHOMY COOBITHIO, €CITH €T0 MOSBJICHUE BICUET
3a co0OM HACTYIUICHUE TAKOTO COOBITHSI.

IIpomueononoxcusim coobITuio A Ha3bIBaeTCS COOBITHE A , COCTOSIIEE B TOM,
410 coObITHE A He mpoucxoaut. Hampumep, MpOTHBOMONIOKHBIM COOBITHIO, OI-
penensieMoMy CIOBAMH «XOTS ObI OMHUH...» SBISIETCS COOBITHE, OMpPEaesieMoe

CJIOBaMHU «HH OJHUH...». Ecmmn BEPOATHOCTDH P(A) HU3BCCTHA HJIM JICTKO MOXCT

OBITh HalijieHa, TO BeposATHOCTE P(A) BhruucisioT mo gopmyne: P(A)=1-P(A4).
Juist BIYMCIIeHHs: OOIEro YKucia n 3JIeMEHTAPHBIX UCXOJ0B 1 uncia m(A) aie-

MEHTapHBIX HCXOJI0B, OJarompHUATCTBYIONINX PACCMaTPUBAEMOMY COOBITHIO, IIIU-
POKO HUCTIONB3YIOTCS MpaBmia U (GopMynsl koMOuHaTOpuKU. OMHON M3 OCHOBHBIX
3a/1ad4 KOMOWHATOPUKHU SBJSICTCS MOACYET YHCIa KOMOMHATOPHBIX KOH(HTyparmii
(KOMOWHAIMI 3JIEMEHTOB), O0Pa30BAaHHBIX M3 3JIEMCHTOB HEKOTOPBIX KOHEYHBIX
MHOXECTB B COOTBETCTBUH C 3aJJAHHBIMH INpaBmwiamMu. [IpuMepaMu Takux KOMOH-
HalUH ABJISIOTCS IEPECTAHOBKH, Pa3MEILIEHUS] U COUETaHUsI.

Couemanuamu u3 n 31eMeHmMO8 nO m Ha3BIBAIOTCS KOMOMHAIMH 3JIEMEHTOB,
OTIMYAIOIIMECS APYr OT JIpyra TOJIbKO COCTaBOM y1eMeHTOB. OHHM paccMaTpHBa-
I0TCS KaK DJIEMEHTapHbIE UCXObl SKCIIEPUMEHTA, COCTOSIIET0 B OJIHOBPEMEHHOM
BbIOOpe 0€3 BO3BpAIEHHUS JIIOOBIX 71 JJIEMEHTOB M3 71 PA3IMYHBIX JJIEMEHTOB, a

ux oburee ynciao C,' onpexnensercs GopMyIIoii:

!

0 :ﬁ, roe n!=1-2-3-...-(n—=1)-n, O!=1.

Pasmewenuamu uz n 21eMenmoe no m Ha3LIBAIOTCS KOMOUHAIIUU DIIEMEHTOB,
OTIMYAIOLIKECS JPYT OT JPYra KaK COCTABOM 3JIEMEHTOB, TaK M MOPAIKOM UX ClI€e-
noBanus. OHM PacCMaTPUBAIOTCH KAaK DIEMEHTAPHbBIE MCXObl SKCIIEPUMEHTA, CO-
CTOAILETO CHAyYaga B OJHOBPEMEHHOM BHIOOpe 0€3 BO3BPAILEHHS JIOOLIX M BJIe-
MEHTOB U3 1 Pa3lIMYHBIX JIEMEHTOB, a 3aT€M B IIPOU3BOILHOM UX YIIOPAHL0YMBA-

n!

(n—m)~

Hepecmanosxkamu u3 n InemeHmos Ha3bLIBAIOTCS KOMOWHAIMU DIIEMEHTOB,
OTIMYAIOLIMECS APYT OT APYra TOJBKO MOPSIKOM HMX clenoBanus. OHM paccMar-
PHBAIOTCA KaK JJIEMEHTAPHBIE MCXOMbl SKCIIEPMMEHTA, COCTOSLIETO B MPOU3BOIIb-
HOM YIIOPSIOYMBAHUM MHOKECTBA, COCTOSIIETO U3 71 PA3JIMYHBIX SJIEMEHTOB, a UX

uun. OG1ee yncino A, pasmernenuii onpenensiercst popmysoit: A4, =

obmee uncno P, onpenenserca popmynoit P, =n!.

Just mopcyéra uucia BCEBO3MOXKHBIX KOMOHMHATOPHBIX KOH(PUTYpalMi IIMPOKO
UCTIONIB3YIOTCS NPaBUIIa KOMOWHATOPHKH.
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Ilycts o,a5,...,0 - DAEMEHTHI (IEHCTBUA) U3 HEKOTOPOrO KOHEYHOIO MHO-
JKECTBA DJIEMEHTOB (JIEHCTBHIA), KOTOPbIE MOYKHO BBIOpATh (BBIMOJIHUTB), COOTBET-
CTBEHHO, Hj,N,,...,H; crnocobamu. Toraa crpaBenuBhl CIeAYyONINE NPABUIIA.
IIpaguno cnoxycenun. OCymecTBUTH BEIOOP (BBIIOIHEHUE) TOIBKO OAHOIO U3 Jle-
MEHTOB (elicTBuU) MOXHO N =n, +n, +...+n; cIoco0aMu.

Ilpasuno ymnoscenun. OCyllieCTBUTH TOCIIEIOBATEIBHBIA BHIOOP (BBIMOIHEHNUE)
BCEX JJIEMEHTOB (AeiicTBuil) MOXHO N =n, -7, -...-n; CIOCOOAMH.

[TycTh SKCHIEpUMEHT COCTOMT B TOM, UTO HayJauy OpocaeTcsi TouKa B HEKOTOPYIO
obnacte Q . CiioBO «HayAady» O3HAYaeT, 4TO B TAaKOM JKCIEPUMEHTE BCE TOUKH
obnactu ) «paBHOBO3MOXHBI». B 3TOM cirydae BEpOSITHOCTP ITONAAaHHs TOUYKH B
HEKOTOpyIo 4acTh A obmactu () paBHA OTHOIIEHWIO MEPHI (JITMHBI, ILIOLIA[IH,

p(4)
H(€2)
YTO yKa3aHHbIE Mephl onpenenensl, npuuém u(Q) # 0 . JlaHHoe onpezeneHue Be-

00béMa) 9Tol YacTu K Mepe Bceit obmact Q@ P(A4) = , B TIPE/ITIOJIOKEHUH,

POATHOCTH COOBITHS Ha3bIBAIOT ceomempuuecKum onpe@eﬂeuuem eéepoimuocmu.

2. YcjoBHAs BEPOATHOCTh. DOPMYJIbI _CIQKEHHSI H_YMHOKEHHS BEPOSITHO-
creil. ®opmy.Jia noJiHoI BeposiTHocTH. Dopmy.ia Baiieca.

Bcesikoe cnywaiiHoe coObiTHe A MOXKHO paccMaTpHBaTh Kak MOAMHOXKECTBO ()
(oOpaTHOE yTBEpKACHUE, BOOOIIEC TOBOPS, MECTa HE MMEET), COCTOSIIEEe U3 BCEX
TeX w € ), KOTOphIe OMAaronpusITCTBYIOT coObITHi0 A (w € A). MHOX)ecTBO )
Ha3bIBAIOT OOCHOBEPHBIM COObIMUEM, A TTYCTOE MHOXECTBO (J , SBIISIOIIEECS 110
OITPEIETICHUIO MTOJMHOXKECTBOM (2 , HA3BIBAIOT HEGOZMONCHBIM COOBIMUEM.

Eciu A < B, T0o TOBODSIT, UTO codvimue A eneuém codovimue B .

Hpoussedenuem coburmuii A n B HazwiBaloT cobbiTHE A- B, TIpoMCXOAllee
TOTJla U TOJIBKO TOT/A, KOTa MPOUCXOAAT OJHOBPEMEHHO oba coObitusi A uB .
Cobbitust Au B Ha3bIBAIOT Hecoemecmusimu, eciii A-B = .

Cymmoii coovimuii A 1 B HaswBator cobbiTne A+ B, mpoucxopsinee Toraa u
TOJIBKO TOT/IA, KOT/Ia MPOUCXOJUT XOTsI ObI OJHO U3 COObITHIT A Wi B .

Paznocmuio cobvimuii A m B HazwBaroT coObiTue A\ B, mpoucxozsiiee To-
IJla ¥ TOJIBKO TOT/a, KOT/ia IMIPOUCXOMUT COOBITHE A , HO HE POUCXOIUT COOBITHE
B. Cobbtie A =Q\ 4, MIPOMCXOJISIIEE TOrIa U TOIBKO TOTJa, KOrja coObITHE
A He NPONUCXOIUT, HA3BIBAIOT HPOMUBORONONHCHBIM COOBITHIO A . Pa3zHOCTH co-
ObITHIT A\ B BCErJa MOXHO TPEICTABHTh B Buae A\B = A-B .

W3 onpenenennii BEpOSTHOCTH CIIEAYIOT Cleytonye e€ CBOicTBa:

1) P@)=0;2)P(Q)=1; 3)0<P(4)<1; 4)Ecnu Ac B, 10 P(4A)< P(B);
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P(A4)+ P(B), ecmu A-B=0
P(A)+P(B)—P(A-B), ectu A-B#J’
I[lyctb A u B - HaOmogaeMbie COOBITUS B dKCHepuMeHTe, mpuaéM P(A4)>0.

5) P(A)=1-P(A); 6) P(A+ B) =

Ycnosnou éeposmuocmoero P(B| A) ocyuiecTBicHUs codbimus B 1ipu ycrnosuwy,
4TO0 COOBITHE A MNPOU3ONUIO B PE3YJbTAaTe AAHHOTO IKCIIEPUMEHTA, Ha3bIBAETCS
P(A-B)

P(A)

Cobbitnss A u B, MMelolie HeHyNIEBYIO BEPOSTHOCTD, HA3bIBAIOTCS HE3ABUCH-
MbIMu, €CITU BBINONHSAETCS paBeHCTBO P(B|A)=P(B) wm P(A|B)=P(A), B

BEJNUYMHA, onpenensiemMas paBeHcTBoM: P(B| A) =

TIPOTHBHOM Cilydae coObITHs A M B Ha3bIBAIOTCS 3A6UCUMBIMUL.

Cnostcnbim HA3BIBAIOT COOBITHE, HAOMIOAaEMOE B SKCIIEPUMEHTE M BHIPaKEHHOE
4yepe3 JIpyrue HaOJroJacMble B TOM K€ DKCIIEPUMEHTE COOBITHS C IIOMOIIBIO J10-
ITyCTUMBIX alnreOpanyeckux onepanuii HajJ COOBITHUSIMH.

BeposiTHOCTD OCYIIECTBIIEHHS TOT'O WIIM HHOT'O CIIOXHOT'O COOBITHSI BEIYHCIISIETCS
C TIOMOILBIO YOPMYTL YMHONCEHUA BEPOAMHOCIENL:

1) P(A-B)=P(A)-P(B|A), P(4)>0;
2) P(A-B)= P(A)- P(B) (anst HE3aBUCHMBIX COOBITHIA)
u hopmyn cnoscenus gepoamuocmeir:
3) P(A+B)=P(A)+ P(B)—P(A-B);
4) P(A+ B)= P(A)+ P(B) (1 HECOBMECTHBIX COOBITHIA).
HOyers H,,H,,....H

nonapHo HecoBMecTHbIe (H,; - H ; =& npu i # j) 1 00pasyrolue noaHyko rpyi-

, - HabIIonaemMble COOBITHS JUISl JAHHOTO JKCIIEPUMEHTa,

ny cooertuii (H, +H, +...+ H, =Q)). Takue coOblTust H . TPUHATO HA3LIBATH
y 1 2 n i 1p

2unome3amu 10 OTHOIICHUIO K coObITHIO A . Tornma as iro0oro HabIIIaeMoro B
9KCIEPUMEHTE COOBITH A UMEET MECTO hopMyia NOIHOU 6EPOAMHOCIU.
n
P(4)=) P(H,)P(A|H,), tne P(H,;)>0.
i=1
Nycts H,,H,,...,H, - COBOKYITHOCTb I'MIIOTE3 10 OTHOLIEHUIO K COOBITHIO A ,

0e3yCcIOBHBIE BEPOSTHOCTH KOTOphIX P(/1;) >0, Ha3zpiBaeMble anpuopHvimu (0o-

n

ONbIMHBIMIL), U3BECTHBL U IIYCTh CTaJ0 U3BECTHO, YTO B PE3YJIbTaTe IKCIEPHUMEHTA
cobbite 4 npousouuno. Torna anocmepuopnsie (nocieonvimusie) BEPOSTHOCTH
P(H;| A) runore3 H; mpu yCIOBHH, YTO COObITHE A HMEIO MECTO, BBIUMCIS-

10TCA 110 hopmyne baiteca:
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P(H;)-P(4|H,)
P(4)
®opmyna baiieca no3BoiseT NePeOLEHUTh BEPOATHOCTh KaXKI0H U3 THIOTE3 MOo-

CJIC TOCTYIIJICHUSA I[OHOHHHTGHLHOﬁ I/IH(l)OpMaHI/II/I OTHOCHUTCJIIBHO OCYIIECTBJICHUA
TEX HUJIN UHBIX Ha6J'IIOI[aeMI)IX COOBITUH.

, TIIe P(A):Zn:P(Hl-)P(A|Hl-).

i=1

P(H, | 4) =

3. Cxema bepunysuiu. ®opmyiia bepuyiu.

Cxemoii Bepnyanu Ha3bIBAIOT II0CIEOBATEILHOCTh HCIBITAHUM, Y/OBJIETBO-
psroIIyI0 ycinoBusAM: 1) pe3yiabTaToOM KasKAOTO MUCIIBITAHMS SIBJISIETCS OJIMH U3 JBYX
BO3MOXKHBIX HMCXOJIOB: «ycriex» (IOSIBIIEHHE HEKOTOPOro coObITH A ) M «Heyda-
Yay; 2) UCHBITaHUS SBIISIOTCS HE3aBUCHMBIMH, T.€. BEPOSITHOCTh «YCIIEXa» B KaK-
JIOM CIIETyIOIIEM HWCITBITAHWM HE 3aBHCHT OT PE3yJIbTaTOB HPEIBIAYIIUX HCIIBITa-
HUI; 3) BEpOSTHOCTH «ycIleXxa» BO BCEX HCIBITAHUSAX OJMHAKOBA W paBHA
PA)=p.

BeposartHocte P, (k) Toro, 4To B n MCHBITaHUSX 1O cxeMe bepHynan nponsoit-
JIET pOBHO k «yCIIEXOBY, ompenensiercs ¢popmynoii bepuynnu:

k k n—k
P (k)y=C,p"(1-p)"", k=0,1,2,...,n.
CrnencrBusiMu popMyiel bepHysuT SBISIFOTCSE HOPMYJITBI:
ky
1) P (ky<k<k,)= z P, (k) - BEpOSTHOCTb TOTO, YTO B 7 HCIBITAHUAX MO CXe-
k=k|
Mme bepHynnu «ycnex» HacTynuT He Oonee k; pa3 u He MeHee k, pas3;

2) P,(kx1)=1—(1—p)" - BepOATHOCTb TOrO, YTO B 1 HCIBITAHUSX IO CXEMe
BepHyim «ycnex» HACTYIHUT XOTsI ObI OJTUH pas.

Tema. CayyaiiHble BeTHYUHbBI.

Ion cayuainoii éenuuunoit X TOHUMAIOT BEIMYUHY, NPUHHMAIOIIYI0 CBOU
BO3MOXKHBIE 3HAYEHHSI X B 3aBUCHMOCTH OT UCXOa () DKCIIEPUMEHTA, C KOTOPHIM
OHa CBS3aHa.

3axkonom pacnpedenenus (seposmuocmetl) CIy4alHON BEIWYMHBI HA3BIBAIOT
J000€ MpaBUII0, MO3BOJISIIOIIEE HANTH BEPOSTHOCTD TOT'O, YTO CITydaifHas BEJNYH-
Ha NMPHUMET 3Ha4YeHNe U3 HEKOTOPOTo MTOJMHOXKECTBA CBOMX BO3MOYKHBIX 3HAUCHHUH.
OOmMM 3aKOHOM pacHpeeNIeHns], IIPUCYIIMM BCEM CIIy4alHBbIM BEJINYNHAM, SIBIIS-
eTcst QYHKIHS pacipeeICHUS.

Dynuxyuei pacnpeodenenusn (seposmuocmeti) CIy9IaiHOW BeMUUUHBI X  Ha3bl-
BaeTcst QyHKIMs F(Xx) NEHCTBUTENLHON NMEPEMEHHOW X, —oo < X < 400, OIpese-

nsiemast popmynond F(x) = P(X <x).

Kaxnas dynxums pacnpenenenust F(x) obnanaer cieqyrolMMH CBOHCTBAMHU:
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1) 0<F(x)<1, —0< x<+0; 2) F(x) He yObIBaerT;

3) F(—w)= lim F(x)=0,F(+0)= lim F(x)=1; 4)F(x)HenpepriBHa cJeBa.
X—>—00 X—>+00

JIrobast HeyOwIBatoImasi HempepbIiBHAs cieBa JelicTBUTeNnbHas QyHkuus F(x),
YIOBJICTBOPSIONIAS YCIOBUAM F(—0) =0 u F(+w) =1, sBnsgercs QyHKIMEH pac-
Mpe/ielIeHUs] HEKOTOPOH ClydalHOW BETUYMHBI.

BepositHOCTE coOBITHS 0 < X < b omnpenensercs: GopMymou:

Pla<X<b)=F((®)-F(a).

CnyudaiiHas BenuuuMHa X Ha3bIBACTCA OUCKPEHIHOU CAYUANHOU 6elUYUHOU

(ACB), ecnu MHOXECTBO €€ BO3MOXKHBIX 3HAU€HUH {x;,X,,...} KOHEUHO HIH

cuétHo, npuuéM P(X =x;)=p,; >0, Z p; =1, TIe cyMMHUpOBaHHE PacIpoCTpa-
i

HSIETCSl Ha BCE BO3MOXKHbBIE 3HaUeHUs i . DYHKIMS pacupeneeHus B 3TOM cllydae
MMEeT CTyNeH4YaThli BUA U 3amaércst popmynon F(x) = ZP(X =X;), e CyM-
Xj<x
MHpPOBaHHUE PACTIPOCTPAHAETCS Ha BCE 3HAYEHUs MHJEKCA i , JUIS KOTOPBIX X; < X .
3akon pacnpenenenus J[CB ymoOHO 3amaBaTh psaoM pachpencieHus. Psoom
pacnpedenenus JICB Ha3pIBAIOT TAaOIUILY, B KOTOPOH MEPEYUCICHBI BCE BO3MOXK-
HbI€ 3HAUEHUs X;,X,,... STOU ClIydaliHON BEIMYHHBI U COOTBETCTBYIOIUE UM Be-
POSITHOCTH P, Py, .... JJI4 HarmsgHOCTU 3aKoH pacnpenenenus JCB uzobpaxa-
10T TpaUYecKH, Uil Yero B NPSIMOYTOJBHON CHUCTEME KOOPIUHAT CTPOSIT TOUKH
M (x;, p;) M COCAUHAIOT UX oTpe3kamu npsMeiX. [lomyuennyro ¢burypy HasbiBa-
10T MHO20Y20/1bHUKOM pPACHpedeieHUA .
Mamemamuueckum oxcudanuem NUCKPETHON ClIydalHOW BeIWYMHBI X Ha3bl-

Baercs uucio MX = Z X;P; =X P +X, Py +..., €CIU PSI CXOAUTCS AOCOIIOTHO.
i
Jucnepcueit cayuaiinoit éenuvunpsl X Ha3bIBACTCS HEOTPUIATEIBHOE YUCIIO

DX =M(X -MX )2 . Hueno o(X)=+DX Ha3bBaercst cpednum Keaopamuu-

HbIM OMKIOHEHUEM.
Jlucrepcuio TUCKPETHOM CITydaltHOM BETUUMHBI X BBIYUCIISIOT IO (hopMysaam:

DX =" (x; ~MX)* p, um DX = x}p, -(MX)*.
i i

[ycte C -nocrosiHHas BeanynHa. MareMaTHueckoe O)KUAaHue U TUCTIEPCHS
CITy4aiiHOM BEJIMYHMHBI 00JIaIAIOT CIIEAYIONIMMHU CBOHCTBAMHU:
CoiicTBa MmaTemaTnieckoro oxxuaanusi: 1) MC=C; 2) M(CX)=CMX ;

IIMXEY)=MXEMY ;4 M(XY)=MX-MY ,ecin X u Y He3aBUCHMBIL
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CsoiicTBa qucnepceun: 1) DC =0;2) D(CX) = C’DX ;3) D(X+(C)=DX;

4) DX :M(Xz)f(MX)2 ;5 D(X+Y)=DX+DY ,ecniu X u Y He3aBUCHUMBL.
CnyuaiiHass BemuunHa X Ha3BIBACTCS (AOCOMOMHO) HENPEPbIGHON C/IYUANHOIL
séenuyunon (HCB), ecmu e€ (yHKIUs pacnpeneieHus MpeaCTaBiIseTCs B BHIE

X
F(x)= J f()dt, —o<x<+00, rne f(x)-HeoTpulaTenbHas U UHTETpUpyeMas B
—00
OeCKOHEUHBIX Mpezenax (YHKIMsS, Ha3biBaeMasl lyHKuuei niomuocmu (pacnpe-
Oenenusi) eepossmuocmeit. MHOXECTBO BO3MOXKHBIX 3HAUCHUUN HEMPEPHIBHON CITy-
YaliHOM BEJIMYMHBI HECYETHO M OOBIYHO IMpEICTaBIIsIeT cOOOH HEKOTOPHIA KOHEY-
HBIN WM OECKOHEYHBIH IPOMEXYTOK YHCIIOBOH MTPSIMOH.

Oynkuus pacnpenencHuss F(x) HenpepbIBHOHM CTydailHOW BeTUYUHBI X SIBIIS-
€TCsl HeTPEPbIBHOW HeyObIBatolIel (pyHKIMEH Ha BCeil YMCIOBON NPSIMOM, TpU4éM
BEPOATHOCTh IIOMAJIaHUsI B JIIOOYI0 (UKCUPOBAHHYIO TOYKY paBHa HYIIO:
P(X=x)=0, —co<x<+00.

Oynkmumst f(x) sABIsIETCS TUIOTHOCTBIO BeposTHocTed Hekotopoid HCB X, To-
+00
IJla ¥ TONBKO Toraa, korma: 1) f(x)>03  2) Jf(x)dx =1.

[TnotHOCTH BepossTHOCTEH f(x) B TOukax, rie F(x) muddepeHupyemMa, omnpe-
nensiercst paeHcTBoM:  f(x) = F'(x) . B Toukax, rae F(x) He auddepeHnupyema,
IUIOTHOCTb BEPOSITHOCTEH f(X), ompenenseTcss MpOW3BOJIBHBEIM 00pa3oM, darie

BCET0 MO HENPEPBIBHOCTH CJIEBA WM CIIPABA.
Jlna HempephIBHOM ciydallHONM BEMMUMHBI X C IUIOTHOCTBIO BEpPOSITHOCTEH
f(x): PlasX<b)=Pla<X<b)=Pa<X<b)=Pla<X<b)=

b
= F(b)-F(a) = j F(x)dx .

Mamemamuueckum oxcudanuem HETIPEPHIBHON ClIydyallHON BEeNWYMHbI X Ha-
+00
3bIBaeTcs yucino MX = J xf (x)dx , ecnu MHTETpal CXOANUTCS AOCONIOTHO.
—00

Jlucnepcuio HenpepbIBHOM CITydaifHOW BETMYMHBI X BBIYMCISIOT MO GOpMynaM:

DX = jw (x—MX)? f(x)dx wm DX = jw x2 f(x)dx —(MX)? .

Meouanoii nenpepuligroll cayuaiinol eeauyunst X HaszpBaercs uucino Me(X),

ynoBieTBopsitoniee ycnoputo P(X < Me) = P(X > Me) win F(Me)=0.5.
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Hauanonoim momenmom k -2o nopsaoka (k=0,1,2,...) pacnpeneneHus cirydai-
HOM Benu4uHBI X (€CJIU OH CYLIECTBYET) Ha3bIBA€TCs YUCIO vV, = M (X k) .

Ienmpanvnoim momenmom k -2o nopsaoka (k =0,1,2,...) pacupeneneHus Ciy-
yaiiHOW BemuumHBI X (€COIM  OH  CYIIECTBYET) HA3bIBACTCS  YHCIIO
i, = M(X - MX)*

Ji1s1 HenpepbIBHOM ciyyaliHOW BeMUMYMHbI X HadalbHbIE W IIEHTpaJIbHbIE MO-
+00

+00
MEHTbI BEIYUCIIIIOT 110 opMyTIaM: v, = Jxkf(x)dx , Uy = J(x—MX)k f(x)dx .

—00 —00

2. OCHOBHBIE 3aKOHBI pacHpe/ieJIcHHS OTHOMEPHBIX CYYANHBIX BETUYHH.
JuckperHas crnyvaiiHas BenuunHa X HMeeT OUHOMUAIbHOE pacnpedenenue
B(n, p), eci: P(X =k)=Ckp*¢"*, k=0,n. Ecm X~B(n,p), 1o:
MX =np, DX =npq .
JluckperHas cnyuaiinas Benuuuna X umeer pacnpedenenue Ilyaccona P(A)

k-2 R
eciu: P(sz)zl'Te' (A>0), k=0,00. Ecmu X~P(A), 10:

MX=A,DX=A1.
HenpepriBHas ciydaiiHas BenuunHa X UMEET pA6HOMEPHOe pacnpedenenue

R(a,b), ecnu: f(x):{l/(b_a) xe(a,b)

. Ecm X~R(a,b), ro:
0 x ¢ (a,b)

+b (b-a)?
12

MX:“T,D)(: Pla<x<p-P=°

b—a
HenpeprsiBHas ciiydaiiHas BeInunHa X HMEET HOKazameabHoe pacnpeoeienue

0 x<0

E(4), ecnu: f(x)={i.e_ix 150 (A>0). Ecu X ~E(L), To:

MX =14, DX =12, Pa<X<p)=e "% —e P,
HenpepsiBHast ciydaiiHash BeJNWYMHA UMEET HOPMAIbHOE pachHpedeienue

N(a,o), ecm: ]‘(3;):#6—(35—61)2/20'2 ’

o2z

X~N(a,0), 10 MX=a, DX =o2, P(|X—a|<g)=2®[ij,
o

—w<x<+4oo. Ecmu
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_ o— 1 2
P(a£X<ﬂ):CD[ﬂ a]—cb[ a]’ rae CD(x):—Je ! /zdt- byHKIMS
o o V27,
Jlanmaca, 3HaYEeHUsS] KOTOPOM HAXOST C IIOMOIIBIO CITCITUATEHBIX TAOJTHII.

Tema. IIpeneabHble TeOPEeMbl TEOPUH BEPOSITHOCTEIA.
Ecnu nng HeoTpunaTensHON cny4aiHON BenuuuHbl X > (0 CyIIecTByeT MaTeMa-
THYeCKOe okuanue MX , To ajisi BceX &€ > () BBINONHSIETCS HEPABEHCTBO:

MX
P(X =2 &) <—— (nepeoe nepasencmeo Yedviuiesa).
&g

Ecnu pns cnywaiiHoit BenmuuHbl X cymecTByeT aucnepcuss DX , To ans Bcex
& > 0 BBINOIHAETCA 6Mmopoe Hepasencmeo Yebviwesa:
DX M(X?
P(|X—MX|28)S—2 WA P(|X|Z€)S¥
g

BTopoe HEPAaBCHCTBO YeOpbImeBa 4acTo HCIIOJIB3YIOT B BUC!

DX M(X?
P(|X—MX|<8)21——2, P(|X|<g)zl—¥.
£
IMocnenosatensHOCTh Ccaydainbix BenmuuuH X, X,,..., X, ,... Ha3BIBAIOT cXO-

osawjeiica no éepoamuocmu K ciydaiiHoi BenmunHe X (KpaTko 3aIiChIBAaeTCs

P
X, = X),ecmmanascex ¢ >0: lim P(| X, -X|>¢)=0.
n—0

n—»o0
ToBopsir, 4TO JUISt MOCJIEN0BATEILHOCTH CITy9aifHBIX BEJIMYUH
X, X5,...,X,,..., IMEIOIIUX MaTeMaTHIecKue oxupanus MX,, i=12,..., BbI-

1< 1<
TIOJIHSIETCA 3AKOH 001buux uucen, €Ciu —ZX ;= —ZMX ; » T.e. UL Bcex

n i=1 n—o N i=1

n n
£>0 lim P lZXl. —lZMXI. >¢|=0.
ERGERN L= i
3axkon 6oavuiux uucen ¢ gpopme Ueodvimesa. Ecnn nocnenoBaTebHOCTh HE3a-
BUCHMBIX CIydalHbIX BenmuuuH X, X,,..., X, ,...TaKoBa, 4To CymecTByoT MX;
u DX;, npuuéM QUCIIEPCUM ITUX BETMYUH PABHOMEPHO OrpaHUYEHbI (HE MPEBHI-
IIar0T MOCTOsTHHOrO yncna C ), TO JUIsl He€ BBITIONHSAETCS 3aKOH OONBIINX YHCEIT,

n—o 1N~

1< Pl N
T.C. —ZX ;= —ZMX ; - B uacTHOCTH, ecnM ClydalHblE BEIUYMHBI X,
n
i=1 i=1
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i=12,... SBIAIOTCA TaKKe OJWHAKOBO pacCHpeneNéHHbIMU (B 3TOM Ciydae

n—0

1< P
MX;=a, DX;=c"),10 =) X, > a.
n-Z
i=1
3axon 6onvwux uucen 6 popme bepuynnu. Eciu m, - 4UCIO YCIEXOB B 71
UCTBITAHUAX TIO0 cXeMe BepHyIUTH ¢ BEpOATHOCTBIO ycIieXa p B OTJACIBLHOM HCITBI-

mn P : mn
TaHUU, TO — p,T.e maBcex ¢ >0 lim P -plz¢e|=0.
n n—ow n—»o n

3akoH OonpmMx yucen B Gopme BepHyH sBIIs€TCS YacTHBIM CIIydaeM 3aKoHa
6onpinx uucen B hopme YeOblesa.

Ilenmpanvuan npedensnaa meopema. llycte X, X,,..., X, ,... - nocnenosa-
TENIbHOCTh HE3aBUCHUMBIX OJMHAKOBO DACIPEIENEHHBIX CIyJallHBIX BETHYHH

2 .
(MX;=a, DX, =0", i=1,2,...), TOoria nociaeaoBaTelIbHOCTh HOPMHPOBAHHBIX

X,-a = 1<
——, e X, =—ZX ; » CXONHUTCS IO pacmpesie-
(o/n) iz

JICHUIO TIPU 71 —> o0 K CTaHAapTHOH HopMmainbHOW Benmmuune Z ~N(0,1), T.e. s

CIlyJaWHBIX BEIWYHH Z, =

L1 2h
BCeX XER: F; (X)=P(Z,<x) > F;(x)=—— Je / dt.
n—ow 271-
—00

Tema. OCHOBHbBIE OHATHS U 321a4¥ MATEMATUYECKOI CTATUCTUKH.
IIpeaBapuTteabHas 00pad0TKA IKCIEPUMEHTAILHbBIX JIAHHBIX.

Buoiooproii 00bEMa 1 U3 TeHEpANbHON COBOKYITHOCTH X HAa3bIBAETCSI COBOKYII-
HOCTb X,X5,...,X, HaOIIOJaeMbIX 3HaUEHHH CIydaiiHON BenmM4nuHbl X , COOTBET-

CTBYIOIIMX # HE3aBHCHUMBIM MOBTOPEHUSIM CIYy4alHOTO SKCIEPUMEHTA C KOTOPHIM
cBsi3aHa BenuunHa X . B MaTtemaTtnyeckod CTaTUCTHKE T'€HEPAIBbHYIO COBOKYII-
HOCTb OTOXECTBIIIOT CO CIy4yalHOW BENMYMHOM, COBOKYITHOCTH BCEX BO3MOXK-
HBIX 3HAUYEHUI KOTOPOH 1 HAa3bIBAIOT 2EHEPAIbHOU COBOKYRHOCHbIO.

BriOopka MokeT OBITH 3ammcaHa B BHJC BapHAIMOHHOI'O W CTATHCTUYCCKOTO
(IUCKPETHOTO WU WHTEPBAIBHOTO) PsAIOB. BEIOOPKY, 3alMUCaHHYIO B BUJIC CTATH-
CTUYECKOI0 Psijia, Ha3bIBAIOT ZPYHHUPOCAHHOIL.

Bapuayuonnvim padom BBIOODKH X;,X,,...,X, Ha3bIBAaeTCA Takoil crmocod eé

3aMUCH, IPU KOTOPOM DJIEMEHTHI BBIOOPKH YIIOPSIIOYUBAIOTCS 10 BEJIUYMHE, T.€.
3alMCBIBAIOTCS B BHMJIE  IIOCJIENOBATEILHOCTH X(1)ysX(@2)yseeesX(ny»  THE

X1y SX(g) S... S X, . PasHOCTE X, — X)) = R naseBaetcs pazmaxom evibopu.
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Bcrony B nanpHelieM BBIOOPOYHBIE XapaKTEPUCTHKH OyJeM, Kak MpaBHIIO, 000-
3HaYaTh CUMBOJIOM C « A » HaBEpXY.

Pasnuynble 3HaueHus x;, i =1,k (k<n), HaswBaroTCA eapuanmamu. Yucno
n; TOBTOPEHH BAPUAHTBI X; B BHIOOPKE HA3BIBACTCS €€ YACMOmMO, 3 OTHOLICHHE
W; =n; /n Ha3bIBAETCS e OMHOCUMENLHOI YACHOMOIL.

Huckpemnuovim cmamucmuyeckum paoom Ha3bIBAETCS YIOPSIOUEHHAs B TOPA-
K€ BO3PACTaHUs 3HAYEHUH BaApHAHT X; MOCIEA0BATENbHOCTh Map (x;,n;), i = L_k
OOBIYHO €ro 3aImKCchIBAIOT B BUJE TaONHUIBI, NIepBasi CTOKa KOTOPOI COACPIKUT Ba-
PHMAHTBI X;, @ BTOPas UX YaCTOTHI.

Ilonuzonom wacmom HazpiBaetcsi GUrypa, pactoyioXKeHHas! 110J1 JIOMaHOH JINHHU-
eif ¢ BepmIMHAMU B Toukax M ;(x;,7n;), MOCTPOEHHBIX B MPSMOYTOJIBHOMN CHUCTEME

KOOp/IMHAT.
Humepeanvhsim cmamucmuyeckum paoom HaA3bIBACTCS MOCIEAOBATEIBHOCTD

nmap (J;,n;), i=Lk, rne J,,J,,...,J, - Hemepecekarolnecs: UHTEPBAJIbI, KaK
MPaBUIIO, PABHOM JJIMHBI, 00BEIUHEHUEM KOTOPBIX SIBIISIETCS OTPE30K J , cozep-
Kalluii Bce BHIOOPOUYHBIE 3HAYEHHS; 71; - YaCTOTA MHTEpBaNa J;, paBHAs YUCIY

9JICMCHTOB BI)I60pKI/I, 3HA4UYCHUA KOTOPLIX MONAJIN B Z[aHHBIﬁ HUHTEpBAJI. OOBIYHO
€ro 3arucCbIBarOT B BUIC Ta6J'II/IHI>I, nepBas CTpokKa KOTOpOﬁ COACPIKUT T'paHUILIbI
HWHTEPBAJIOB WIN UX CCPCANHBI Ei , d BTOpas — 4aCTOTbl MHTCPBAJIOB.

Tucmozpammont wacmom Ha3bIBaeTCsl CTyNeHuYaras (UTypa, COCTABICHHAS U3
NPSMOYTONBEHUKOB, MTOCTPOCHHBIX Ha MHTEPBANIaX TPYMIUPOBKH TaK, YTO TUIONIA b

KaXxaoro npsAMoOyrojibHHKa paBHa 4aCToTe n,;, i= l, k. Ecou JJIMHBI BCEX MHTCPBA-

n.
JIOB OAMHAKOBBI U PaABHBI h , TO BBICOTHI ITPAMOYTOJIbHUKOB PaBHbBI 71 .

OCHOBHBIC YHCJIOBBIC XaPAKTEPHCTUKH BBIOOPKH.

HerpynnpoBaHHast BBIOOpKa I'pynnupoBanHas BEIOOpKa
1.Cpennee apudpMeTnaecKoe BEIOOPKU
_ 1= _ 1 k_
X=—2Xx; xX=—3x;n
ni=l n =l

2./lucnepcusi BHIOOPKH

1 1<
6> ==Y (x,-x) ' ==Y (% -%)n,
nio n i

3.McnpaB/ieHHas AUCTIePCHs BRIGOPKH: S~ = NG~ / (n—-1)

4. Pa3max BeiOopki: R=x__ —X .
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6.3 OcHoBHBIe MaTeMaTHYeCKHEe (POPMYJIBL.
(I)ODMVJ'IBI coxpamém{oro YMHOKCHUSA

1. (a +b)* =a® +2ab +b*
3. (a+b+c)* =a® +b* +c* +2ab + 2bc + 2ac
4.(a+b) =a’ £3a’b+3ab* £b°5.(a £b)(a* Fab+b*)=a’ +b°
(I)ODMVJ'IBI TPUTOHOMETPUMN

2. (a—b)a+b)=a’ -b*

.sin‘a+costa =1,

. 1+tg2a=1/cos2a,
sin(a £ ) =sina -cos f £ cosa -sin B

sin2q = 2sina - cos o
. cosa+cos B =2cos|(a+ B)/2] cos[(a - B)/2]
10. cos a —cos = —2sin[(a + B)/2]-sin[(ex - 8)/2]

1
3
5
6. cos(at fB)=cosa-cosf Fsina -sinf
7
9

11. sin +sin g = 2sin|(a + B)/2]- cos[(a - B)/2]
12. sin & —sin 8 = 2sin[(a - §)/2]- cos[(a + B)/2]

2

2. fga-ctga =1,

4. l+cigloa= l/sin2 o.

8. cos2a=cos’a—sin’a

1 . 1
13. cos“ a =5(1+cos 2ct) 14. sin’a =E(l—cos 2ct)
DopMYJibl IPUBEIEHHUS.
% 3
OyHKIUSA ﬂ=5ia f=rta ﬂz%ia f=2r—-«a
sin 3 +cosa Fsina —cosa —sina
cos f3 —Ccosao tsina +cosa
tgf Fctga tea Fetga —tga
—tgp Figa tTctga Figa —ctga
3HayeHUs1 TPUTOHOMETPHYECKUX (PYHKIMI HEKOTOPBIX YIJIOB.
a 0 | z/6 | n/4 n/3 7/2 | 2x/3 T 3r/2 | 27
sina 0 1/2 \/5/2 \/5/2 1 \/5/2 0 -1 0
cosa |11 3/ | 22 1/2 0 -1/2 -1 |0 1
1ga 0 1/\/5 1 \/5 o0 _ \/5 0 o0 0
ciga 0 \/5 1 1/\/5 0 _1/\/5 o0 0 o0




Taoauia npon3BoAHLIX U An( depeHaJI0B 0CHOBHLIX

3JIeMEHTAPHBIX QYHKIHIA.
Ne n/m f(x) S(x) df (x)
! x* (a#0) axa_l axafldx
2 a* (a>0,#1) a¥Ina a”™ Inadx
eX eX eXdx
log, x (a>0,#1) 1 dx
xlna xlna
5 Inx 1 dx
X X
6 sin x COos x cos xdx
7 cos x —sinx —sin xdx
8 18x 1 dx
cos? x cos? x
9 ctgx 1 dx
sin 2 x sin? x
10 arcsin x 1 dx
1- x2 1-x2
11 arccos x 1 dx
1-x2 1-x2
12 arctgx 1 dx
1+x 2 1+x2
13 arcctgx 1 dx
1+x2 1+x2
14 chx shx shxdx
15 shx chx chxdx
16 thx 1 dx
ch 2 x ch’x
17 cthx 1 dx
sh 2 x sh’x
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Ta0JaHuIa OCHOBHBIX HeoIlpeae

JICHHBIX HHTEIpaJjaoB.

Ne x)dx Ne x)dx
» [r@ » [r@
1 k+1 2 k+1
k X X+a
Ix dx = k+l+C J.(x+a)kdx=%+c
(keR, k=-1) (keR, k+-1)
3 4 d.
j@=1n|x|+c j Y In|x+al+C
X xX+a
5 x 6 X _ X
_[axdxza +C '[e dc=e" +C
Ina
(a>0,a#1)
7 Jsinxdxz—cosx+C 8 Jcosxdxzsinx+C
9 10
=tgx+C dx =—ctgx +C
g .2
cos” x sin“ x
11 dx X 12 dx (x ﬂ)
=Injtg—{+C =gl =+= |+ C
-[sinx g2 '[cosx g 2 4
13 1 14 _
_[ zdx =—arctg£+C J. d :Llnx a+C
> +a’ a a x> —q%> 2a |x+a
1 16
S J‘\/i—arcsmx+c I%=lnx+x’x2ia2 +C
x“*a
17 J.shxdxzchx+C 18 J.chxdxzshx+C
19 20
_[ > =thx+C _[ d); =—cthx+C
ch”x sh”x
21 2
I\laz—xzdxza?-arcsin£+§-\/a2—x2+C
a
22

_[sz iazdxziélnx+\/x2 +a? \+%\/x2 +a? +C
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6.4 Oopa3zen opopmiieHHs 00J10:KKH ¢ KOHTPOJIbHOM padoToii.

®denepalibHOE TOCYIAPCTBEHHOE AaBTOHOMHOE 00pa30BaTeIbHOE
yupekIeHHe BhICHIEro mMpodeccHoHAIBLHOT0 00pa3oBaHusl

«Habepe:kHOYeTHUHCKMI HHCTUTYT

Kaszanckoro (IIpuBoskckoro) ¢genepajibHOro yHuBepcuTeTa)

Kajeapa MmaTreMaTHKH

KonTpoJuabHast padora
10 AUCIIUIIIINHE «MaTtemaTuka»

Bapuanrt Ne

HomMmepa BbINOJIHAEMBbIX 321aHU I

BbInmogHWI: cTyaeHT rpynnbl Ne
D.U.0. cmyoenma
3a4. KHIGKKa - Ne
IIpoBepuJi: mpenogaBatesib Kadeapbl MATEMATHKH
@D.U.0. npenodasamens

Hao0epe:xxubie Ueanbl
201...
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6.5. Tabumua HoMepoB BHINOJIHSEMBIX 3a1aHHUIA.

Homep Homepa svitnonnaemvix 3a0anuii

sapuanma I 2134567187197 10
1 1 | 11| 21 | 31 | 41 |51 |61 | 71| 81| 91
2 2 2|2 |92 |52 62| 2|82 2
3 3 | 1323334353 |63 73|83 93
4 4 | 14 | 24 | 34 | 44 | 54 | 64 | 74 | 84 | 94
5 5 | 15|25 35| 45|55 | 65| 75| 85 | 95
6 6 | 16 | 26 | 36 | 46 | 56 | 66 | 76 | 86 | 96
7 7 117127137 |47 57 61| 77| 87| 97
8 8 | 18|28 | 38 | 48 | 58 | 68 | 78 | 88 | 98
9 9 |19 2939|4959 | 69 | 79 | 89 | 99
10 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100
11 3 |12 21 |32 | 43|52 |61 | 72|83 | 92
12 4 | 1322334453 | 62| 73| 84| 93
13 5 |16 |27 |38 |49 | 60 | 69 | 78 | 87 | 96
14 6 | 17 | 28 |39 |50 | 59 | 68 | 77 | 86 | 95
15 7 |18 29 | 40 | 49 | 58 | 67 | 76 | 85 | 94
16 8 | 19|30 |39 |48 | 57 | 66 | 75 | 84 | 93
17 9 |20 2938|4756 |65 ]| 748 | 92
18 1 | 1223344556 | 67 | 78 | 89 | 100
19 2 | 1324 [ 35|46 | 57 | 68 | 79 | 90 | 99
20 3 |14 2536 | 47 | 58 | 69 | 80 | 89 | 98
21 4 | 1526 |37 48|59 |70 | 79 | 88 | 97
22 5 14233241 5263|7485 9
23 6 | 15|24 |33 | 42|51 | 62| 73 | 84 | 95
24 7 116 | 25 |34 | 43 | 52 |61 | 72 | 83 | 94
25 8 | 17|26 |35 | 44 | 53 |62 | 71 | 82| 93
26 9 | 1827 [ 36 | 45 | 54 | 63 | 72 | 81 | 92
27 10 | 19 | 28 [ 37 | 46 | 55 |64 | 73| 82 | 91
28 2 |11 | 223344 |55 | 66 | 77 | 88 | 99
29 3 1221 [ 324354 |65 76 | 87 | 98
30 4 | 132231 42|53 64| 75|86 | 97

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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Homep Homepa svinonnaemvix 3a0anuii
éapuanma 11 |12 | 13 | 14 | 15| 16 | 17 | 18 19 20
1 107 | 118 | 129 | 140 | 149 | 158 | 167 | 176 | 185 | 194
2 106 | 117 | 128 | 139 | 150 | 159 | 168 | 177 | 186 | 195
3 105 | 116 | 127 | 138 | 149 | 160 | 169 | 178 | 187 | 196
4 104 | 113 | 122 | 133 | 144 | 153 | 162 | 173 | 184 | 193
5 103 | 112 | 121 | 132 | 143 | 152 | 161 | 172 | 183 | 192
6 110 | 120 | 130 | 140 | 150 | 160 | 170 | 180 | 190 | 200
7 109 | 119 [ 129 | 139 | 149 | 159 | 169 | 179 | 189 | 199
8 106 | 115 | 124 | 133 | 142 | 151 | 162 | 173 | 184 | 195
9 107 | 117 | 127 | 137 | 147 | 157 | 167 | 177 | 187 | 197
10 106 | 116 | 126 | 136 | 146 | 156 | 166 | 176 | 186 | 196
11 105 | 115 | 125 | 135 | 145 | 155 | 165 | 175 | 185 | 195
12 104 | 114 | 124 | 134 | 144 | 154 | 164 | 174 | 184 | 194
13 103 | 113 | 123 | 133 | 143 | 153 | 163 | 173 | 183 | 193
14 102 | 112 | 122 | 132 | 142 | 152 | 162 | 172 | 182 | 192
15 101 | 111 | 121 | 131 | 141 | 151 | 161 | 171 | 181 | 191
16 104 | 113 | 122 | 131 | 142 | 153 | 164 | 175 | 186 | 197
17 103 | 112 | 121 | 132 | 143 | 154 | 165 | 176 | 187 | 198
18 102 | 111 | 122 | 133 | 144 | 155 | 166 | 177 | 188 | 199
19 110 | 119 | 128 | 137 | 146 | 155 | 164 | 173 | 182 | 191
20 109 | 118 | 127 | 136 | 145 | 154 | 163 | 172 | 181 | 192
21 108 | 117 | 126 | 135 | 144 | 153 | 162 | 171 | 182 | 193
22 107 | 116 | 125 | 134 | 143 | 152 | 161 | 172 | 183 | 194
23 108 | 118 | 128 | 138 | 148 | 158 | 168 | 178 | 188 | 198
24 105 | 114 | 123 | 132 | 141 | 152 | 163 | 174 | 185 | 196
25 104 | 115 | 126 | 137 | 148 | 159 | 170 | 179 | 188 | 197
26 103 | 114 | 125 | 136 | 147 | 158 | 169 | 180 | 189 | 198
27 102 | 113 | 124 | 135 | 146 | 157 | 168 | 179 | 190 | 199
28 101 | 112 | 123 | 134 | 145 | 156 | 167 | 178 | 189 | 200
29 109 | 120 | 129 | 138 | 147 | 156 | 165 | 174 | 183 | 192
30 108 | 119 | 130 | 139 | 148 | 157 | 166 | 175 | 184 | 193

HOMep BapHaHTa COOTBECTCTBYCT HOMEPY CTY/ICHTA B CIIMCKE I'PYIIIbI.
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