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AnaHoTausa

PaccmoTpena Kraccmaeckasi TECTOBAA 347292 BBIYUCTATETLHON THIPOMEXaHUKH O TIHPKY-
JIATIMOHHOM TEYEHUH BA3KOH HECKUMAEMOH YKUIAKOCTH B KBAJIPATHOH KaBepre. llpemmoxken
sabdexTupnblii anroputm pemenus ypasaennii Haspe — CTokca, no3BoJMBIIKIA OTYy9IUTh CTa-
IMOHAPHBIE KAPTHUHBI TEUeHHs HA OUeHb MoapobHLIX (0 107 y37108) ceTkax, as 6opmux (10
10°) uucen Peitrombaca (Re). Tokasano, uro mpu Gomemux Re pemenne samatm He €1uH-
creerno. Ocoboe BHUMAHUE yJIEI€HO AaHAJIU3Y OCHOBHON M OJIHON U3 JOMOJHUTETHHBIX BeTBeil
PENIeHNs, HATMHAIOIIEHCA TPU OTHOCUTETHHO Manbix (A 14000) wmcnax Peiinomnaca.

KiroueBsie cioBa: ypasuenue Hasbe — CToKca, cTalimoHapHOE pEIleHne, KBaApaTHA Ka-
BEpHA, MHOTOCETOYHBIA MeTOJ], Hee JUHCTBEHHOCTD, YCTOUYHBOCTE.

BBenenue

CTpyKTypa IBYMEPHOTO CTAIMOHAPHOTO TE€UEHUs BS3KOW HECKMUMAECMOUN YKUIKOCTU
B KBaJIDATHOI KaBepHe C MOJBUKHOI rpaHuriell npu 60JbMMX ducaax PeliHOIbIca siB-
JIfieTcd MPEeIMETOM BCECTOPOHHErO M3yYeHWs B IOCIEIHUE COPOK JeT. Bpsm ju 5ToT
HHTEpPeC CTOUT OODbACHATH JIMIIb MPAKTUYECKONW 3HAYUMOCTHIO: JOBOJIBHO JTABHO U3
bu3MIecKNX W UYMCIEHHBIX IKCIEPUMEHTOB [1, 2] u3BecTHO, YTO JBYMEpHOE TeueHHe
B KaBepHe TepsieT YCTOMYWBOCTH MO TPEThbeMYy W3MEPEHUI0 YK€ TTPU YMEPEHHBIX UHC-
aax Peitnonbiaca (Re < 1000). Hayunast 3HAIMMOCTB TIPOBIIEMBI OMIPEIEIISIETCST JTBY Mt
obcrogrenscrBaMu. C OTHOR CTOPOHBI, PEIeHUs TaHHONW MOIEIbHON 3aJa4i CONepIKaT
BasKHeHIe CTPYKTYPHBIE 3JIEMEHTHI BA3KHX TeUeHUH TaKWe, KaK CIABUTOBBIN MOTOK,
HapacTaIlfe Ha CTEHKAX MOTPAHUYHBIE CJIOW, TIEPBUYHBIN, TPUCOETUHEHHBIN U BTO-
puunbie Buxpu. C aApyToil CTOPOHBI, PA3HOMACIITAOHOCTb U CJIOXKHOCTH ITUX CTPYKTYP
MPeTbSABJISIOT pacTymue ¢ poctoM Re TpeboBaHuUs K KaYeCTBY NMPUMEHSIEMBIX JYUCJIEH-
HBIX CXeM U Pa3MEePHOCTH UCIOJIb3YeMbIX ceTOK. Ilociennee neaer 3a1a4y O CTAIMOHAD-
HOM IUPKYJIAINAOHHOM TE€YEHUN B KABEPHE KJIACCHYECKUM OOBHEKTOM [J1si TECTUPOBAHUS
HOBBIX MeTOMOB pertenus ypasueruit Hapbe — Crokca. CyriecTBoBaHMe peIieHust JaHHOM
3ajaun pu J00bIx uncaax Pefinonniaca rapantupyercst uasectHoi reopemoit O.A. Jla-
JIBIZKEHCKO# [3]. BONpochl €/IMHCTBEHHOCTH W yCTOWIMBOCTH pellieHns: mpu 6oabimx Re
OCTAIOTCA OTKPBITHIMH.

K coxasennio, B OrpoMHOII Macce JUTEPATYPbI, TOCBAIIEHHON 33/1a9€ TeYeHUs B
KaBepHe, BOMPOC 00 OTHICKAHMU HECKOJbKUX BETBEl ee pelreHus, HACKOJIbKO HAM W3-
BECTHO, HE CTABUJICA. JTO OOBSICHSIETCS TeM, 9TO TECTOBBIE PACUETHI B OOJIBIITHHCTBE
paboT TPOBOIUIINCH IPU HEKPUTHIHO GoJbinux unciaax Peitronbaca (Re < 104), KO-
r7a Pa3IndHbIE METOIbI HA JOCTATOYHO MOAPOOHBIX CETKAX MPUBOIAT K OJTHOMY U TOMY
ke pemenuto. Ormerum B 3TOR CBA3U TajOHHBIE pe3ysbrarbl ['ua [4], ucciaenosasiie-
ro 3aj7ady O TeYeHMH B KapepHe BILIOTH 10 Re = 10 ma ceTkax ¢ MaKCHMAILHBIM
YHCIOM Y3708 1 = 2572 1 0OHAPYKUBIIErO eUHCTBEHHYIO CTAIMOHAPHYIO BETBb pPertle-
Husi. B nanmbreiinem OyaeM CCbLIATHCS HA Hee KaK Ha OCHOBHYIO BETBb. JIuiiib HeOOIhITIOE
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UCJIO ABTOPOB PACCMATPUBAIIO OoJiee MUpoKMit nuana3on uuces Peitnonnica. Tak, Bap-
paru u Kopu [5], ucnosnp3oBas B CBOMX pacdeTax BHICOKOTOUHYIO KOHEYHOIJIEMEHTHYIO
cXeMy C 9HMCIAOM y370B n = 2572, NPOJOIAKHUIN OCHOBHYIO BeTBb 10 Re = 12500. B [6]
OPTYPK MPOBOIMJ PACUETHI CO BTOPBIM TOPSIKOM TOYHOCTH HA PABHOMEDHBIX CETKAaX
¢ "ncsioM y3nos n = 600%. EMy yaamoch TpoIo/KITh OCHOBHYIO BeTBb BIJIOTH 10 Re =
= 20000. B caenytomieii padore [7] DpTYpK MOATBEDPINI CBOM PE3YIBTATHI UCIOIB3Y S
KOMITAKTHYIO CXEMY BBICOKOI'O MOPSAIKA.

Oco6o Bbiaenum paborbr C.A. IcaeBa ¢ coaBropamu [8, 9], B KOTOPBIX € HOMO-
meio crenmanmsuposanuoro (VP2/3) n ynusepcansioro (FLUENT) ruaposunamnde-
CKUX TMAKETOB aHAJM3UPYETCs] TeUEHNe B KBAIPATHON KaBepHE C TOABWKHON TpaHUIEH
pU BBICOKMX umciax PeiiHonbaca. PacueTsl mpoBOAWINCE HA CTPYKTYPUPOBAHHBIX U
HECTPYKTYPHUPOBAHHBIX CETKAX CO CTYIIEHNEeM K CTEHKAM KABEDHBI; MAKCUMAJILHOE UHC-
70 y3m08 coctasuno n = 400%. B [8] asTopb nccnenosamu aumanazon Re < 40000, a
B [9] pacumpuiu ero Bors 10 Re = 60000. B kaxkoii u3 pabor Gbuiu 1101y 4eHbl
enuHCTBeHHBIE BeTBU perenns. [Ipu Re < 20000 3Tu aBE BETBU COBITAIAIOT KaK JIPYT
C JIpyTOM, TaK M C OCHOBHOW BeTBbIO cTarmoHapHoro pernenusi. C poctom unciaa Re,
OJTHAKO, HADJIIO/IAeTCST HEKOTOPOE pacxozKaenue Berseil. OHO BhIparkaeTcst, HATIPUMED, B
JIeTa/IX KADTUH TeYeHUsd B [IPABOM HHUXKHEM yIJy KaBepHbl (puc. 4k [8] u puc. 8e [9]) u
B MaKkCHManbHON Benmunue dbyHkunn Toka (puc. 3 [8] u tabmr. 2 [9]) npu Re = 40000.
YIoMAHYThIE PA3INYNs BCE YK€ HE CTOJIb BEJIMKH, YTOOBI UX OMPEIESIEHHO HeTb3s1 OBLIO
CIIUCATH HA MTOTPENTHOCTh PACYIeTOB. BuanMo, 1o 9T0il npuydnHe aBTOPHI HE AKIEHTUPY-
0T Ha 9TOM BHHUMaHHe. TeM He MeHee BOTPOC O TOM, He Habmonanauch au B [8] u [9]
pa3/indHble BETBU CTAIMOHADHOIO DEINeHusi, OCTAeTCA OTKPBITBbIM. Ecianu 3TO Tak, To,
HACKOJIbKO HAM M3BECTHO, 9TO MMEePBOe HADJIIOIEHNE TAKOTO PO/Ia.

OcHOBHOI 1Ie7BI0 HACTOSATIEH pabOThl ABIAETCA yeTaHOBIeHUE (haKTA HEeTMHCTBEH-
HOCTH CTaIMOHAPHOIO PEIeHust 3aJa91 O MUPKYIAINOHHOM TEUYeHUH B KaBepHe C I0-
JNBUKHOU TpAHUIEH. YKa3aHHAas [1e/1b TpeOyeT MPOBEIeHNsT MHOTOYNC/IEHHBIX PACIETOB
Ha MOAPOOHBIX CETKAX MPU 0OIbIINX (JIECATKY ThICAY) ducaax Peifnonbiaca. 1o, B CBOIO
0dYepe/ib, IPEANOIaraeT UCIOIb30BAHNE BHICOKOI(PMEKTUBHBIX YUCIEHHBIX CXEM PEeIre-
uug ypasaennit Hapbe — Crokca. O4eBumHO, 9T0 UCTIOIH30BAHIE METOA YCTAHOBICHUA,
OTIMPAIOIIEr0oCst HA PEITieHne HeCTAIMOHAPHON 33/1a41, HEJIOTYCTUMO B CHJIy MAJIOi CKO-
POCTH CXOIUMOCTH U, YTO 00Jiee BayKHO, HEYCTOWUNBOCTH UCKOMBIX CTAIIMOHAPHBIX De-
mennit. Yncaennas cxema J0JKHA ONMUPATHCS HA CTAIMOHAPHYIO (DOPMYJTIUPOBKY Pac-
cMaTpuBaeMoii 3ama4yn. Takas UTEePANUMOHHAS CXEMa PEIleHrsl CTAITMOHAPHON CHCTEMBbI
Hasbe — CTokca co BTOPBIM MOPSIIKOM TOYHOCTH B TEPMUHAX CKOPOCTD — JIABJIEHUE TIPE]I-
CTaBJIEHA B MEPBBIX JIBYX PA3/eIax CTAThbu. BbICOKadg CKOPOCTH CXOAUMOCTH, TOYHOCTD U
YCTOMYHUBOCTH TOH CXeMbI 00ECIIeInBAOTCsT IByMsT (pakTopamu. Bo-TiepBhIX, crenuaib-
Hasl TUCKPETU3ANNS KOHBEKTHBHBIX CJIATAEMBIX MMO3BOJISET FAPAHTHPOBATE THATOHAIIb-
HOE TpeobJiajanre MATPUIIbI JIMHEAPU3OBAHHONW CHCTEMBI HA KAaXKJIOM HUTEPAIMOHHOM
mare, OJIHOBPEMEHHO 0DecrevnBas BTOPOM MOPAIOK TOYHOCTH CXeMbl. BO-BTODBIX, mC-
[IOJIb30BAHNE OJHOTO IMUKJ/IA MHOTOCETOYHOI'O METO/A HPU PEIIeHUH MTPOMEKYTOUHBIX
JINHEWHBIX 33729 MO3BOJISIET MPUIATH K YKEJTAEMOMY KOMITPOMUCCY MEXKy HeOOXOIUMOi
TOYHOCTHIO U CKOPOCTHIO BBIUMCJIEHUIA.

Wcnonb3oBanne B paznene 3 pa3paboTaHHON YHCIEHHON CXeMbI JIJIsT HAXOXK/JIEHWS
OCHOBHOIl BETBU CTAI[MOHAPHOIO PEIIEHUS MO3BOJIUIO TPOBECTU CUCTEMATHIECKHE PaC-
gyerpl g1 Re < 80000 Ha ouyeHb MOAPOOHBIX CETKAX C YHCJIOM Y3J0B J0 1 = 40962,
CpaBHeHNE TIOJTyYeHHBIX PE3YJIBTATOB C UMEIOIIUMUCST PE3YIbTATAMU JAPYTUX aBTOPOB
MOITBEPIUIN BBICOKYI) TOYHOCTH U 3(PDEKTUBHOCTL MPeI0OKeHHOH cxembl. Jlaree, B
paznene 4 ¢ MOMOIIBIO CHEUATHLHOIO AJTOPUTMA MTONCKA OOHADPYKUBAIOTCS HECKOJIb-
KO JPYrUX BeTBeil perieHus paccmarpuBaemoil 3agadn. Ocoboe BHUMAHWE YIEJIeTCs
aHaJmM3y BeTBH, nogpJsoueiica npu munumanbubix (Re &~ 14000) uucaax Peiinosbica.
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Puc. 1. Pasnecennoe pacnosoxkenne y310B. 2KupHOi 1raWEH BhIAETEH OJIOK CETKH, B TOIKAX X
OIIpe/IeJIeHO TAaBIeHNe, B O 1 ® — CKODOCTH U M ¥ COOTBETCTBEHHO

1. ITocranoBka m JucKpeTu3alud 3aj/ja4u

Crammonapuasi cucrema ypapaennit Hasbe — CTOKCa, OMUCHIBAIOIIAST JIBYXMEDHOE
YCTAHOBUBIIIEECS JIBUYKEHNE BA3KON HECXKNMAeMOH *KHUJIKOCTH, SBJSAeTCH OCHOBOI TpH
MaTEeMATHIECKOM MOJMIEJIUPOBAHUY THIPOJAMHAMUYECKUX mporeccoB. Obo3nadast depe3
U, ¥, P TOPU3OHTANBHYIO W BEPTHUKAIBHYIO KOMIIOHEHTHI Oe3pa3MepHO CKOPOCTH U
Oe3pa3MepHOe JaBJICHHE, 3AIUIIEM €€ B BUJIE

Uy + VUy + Dy — Re 'Au =0,
uv, + v, +py, — Re TAv =0, (1)

Uz + vy = 0.

O6nacrbio Tedennsd sBisierca Kpaaparuag kasepua = [0, 1]x [0, 1] ¢ rpanuueit 092, co-
CTOAIIEH M3 TBEPABIX CTEHOK, BEPXHAA U3 KOTOPHIX JABMXKETCA ¢ MOCTOAHHON CKOPOCTHIO
u = 1. Ha rpanune BBITOTHAIOTCA YCIOBAS MTPAIATAHWA:

0N y=1: u=1v=0;
0 y=0: u=0,0=0; (2)
0y: 2=0,1: u=0,v=

Husa nuckperusanuu 3anaqu (1), (2) B obaactu ) crpourcs paBHOMEpPHAs CETKA €
marom h = n~!. Ucnonb3yercs pasHecenHOe pacTioio¥KeHue Y3708, KOTIa JUCKPeTHbIE
SHAYCHWSA JABJICHUS ONMPENEIAIOTCA B IEHTPAX AUEEK CeTKM, a JUCKPETHBIC COCTABJISIO-
IIUe CKOPOCTH — Ha ee BOKOBBIX rpanax (puc. 1). Cauraercs, 9to rpanuna J§) mpoxogauT
9epe3 TOYKM, B KOTOPBIX ONPEJETEHb HOPMAIbHBIE K TPAHUIIE COCTABJISIONIAE CKOPO-
ctu. IIpn 3TOM BCe y3J1bI, B KOTOPBIX ONPEJETIEHO TaBIEHUE, JE€KAT BHYTPH PACIETHON
obsacTu.

[Tpu pasHecenHOM paCTONOKEHNAN y3JI0B JUCKPETH3AIASA YPABHEHNS HePA3PHIBHOCTH
OPOBOAUTCS B [EHTPaxX sueek. [IpousBoaubie B TpeTbeM u3 ypasuenuii (1) annpokcumu-
PYIOTCSI CO BTOPBIM MOPSIIKOM TOYHOCTH HEHTPATBHBIMU Pa3HOCTAMHA. Vcrnonb3ys mist
HUX 0003HAYUCHWS (az)Ef ) , (8y)§f) , BAITUIIIEM JTUCKPETHBIN aHAJIOT YpaBHEHWS HEPa3PbIB-
HOCTH B BUJEC

(02)y un + (8,)87 v, = 0. (3)
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JIMCKpeTHbIe aHAJOTH yPABHEHMI COXPAHEHUsT KOJTNYIeCTBA JTBUKEHUS 3aTUCHIBAIOT-
Csd B TOYKAX, HOMEYEHHBIX HA pHUC. 1 cumBoiamu o u e (o-y3Jbl u e-y3ibl). Jia nuc-
KPETU3AINHI CO BTOPBIM MOPAJIKOM TOYHOCTH BSI3KUX CJIAraeMbIX, TPAIUEHTA JABIEHNS U
KOHBEKTHBHBIX CJIATaeMBbIX UCTIOJB3YIOTCA CTaHAAPTHAA MATUTOYEYHAS JTUCKPETU3AINA
omeparopa Jlamraca u neHTpasIbHBIE PA3HOCTH:

Un (C%)ﬁf) Up, + Vp (8 )g)uh Re™ 1Ahuh + (0, )( c) n =0, "
Uh (395)20) vp + vn (Oy )Z)Uh —Re " Apup + (9, )( ) pr, = 0.

O6paTuM BHEMaHKE HA TO, YTO BEPTUKAJIbHAS CKOPOCTH V), B IEPBOM u3 ypaBueHuil (4)
JIOJIZKHA OBITH OMpEJIeIeHa B 0-y3J/1aX, B TO BPeMs KaK OHA W3BECTHA JIWIIb B COCEIHUX
e-y3nax. /Ins ee onpenenenusi ¢ TOGHOCTHIO O (h2) B O-y3Jie MPUMEHSIeTCs] OCPETHEHNe
B TIpeJieIax OJIHON sTUefiKu Mo YeThbipeM OJIMKafImmM e-y3aaM. AHaJOrMuHAsT MHTEPIIO-
JIANAS JJIS U, UCTIONL3YETCs W BO BTOPOM U3 ypasHeHuil (4).

Ha kaxkmoi#t m3 rpanmni, pacueTHOl 00JaCTH HEOOXOAWMO YIOBIETBOPUTH JIBa T'pa-
HudHbIX yeaoBus (2). OMHO U3 HUX — PABEHCTBO HYJIIO HOPMAJIbHON K I'DAHUIE KOMIIO-
HEHTBI CKOPOCTH — YIOBJIETBOPSIETCst TOUHO. /s yIOBJIETBOPEHNUS BTOPOTO — PABEHCTBA
HYJIF0 TAHTEHITHAJIBHOW KOMIIOHEHTHI CKOPOCTH — HCIOJIb3YIOTCS TPAHUYHBIE YCIOBUS
Towma [13], koropble, Kak u3secTHO [14], cormacosanst o Tounocrtn O(h?) ¢ mpeacras-
JIEHHOW BBIIIEe JUCKPETU3AlNEeH ypaBHEHUA.

Cucrema (3), (4), kak u ucxonnas cucrema ypasuenuii Hapbe — Crokca, cyiecrBeHHO
menuneitna. [losromy mis ee pemeHns HEOOXOAMMO MPUMEHSITH CIIEIIUATBHO CKOHCTPY-
UPOBAHHBIE UTEPAIMOHHBIE METOJIbI.

2. MWreparnuoHHBIl IIpoIiecc

Jnsa pemenvs nenuneiinoi cucremsl (3), (4) CTPOUTCS UTEpAIMOHHAS TIPOIELYPA
C pelIeHreM Ha KarkKIOM Imare JUHEeHHOH 3amadun. Tak Kak HeJTHHEHHOCTH PacCMaTpH-
BAaeMOii CHCTEMbl 3aKJI0YeHA B KOHBEKTHUBHBIX 4ieHax ypasuenuil (4), To npobiema
3aKJI0YaeTCs B BHIOOPE crocoba nx jnHeapusaruu. [Ipeamaraercs mpoBecTu ee ciey-
OIUM 00pa3oM:

(?L(ai)(up)“ + v (0@;)2””) ) Re ' Ajup, + (0, )(C) Py =
= (uf @) ) + v @) ) — (uh (D) u + o (9,5 wf)
O
Up

)
9..)(up) 9, )(up) ~“Re 'A LR )
( l) v, +’th( )h Up, e hUn + ( y)h Ph

= (4 @) o+ 8 (@) of ) = (wh ()7 08 + 02 (8)} 08

Bnech BepxHUMEU WHAeKcaMu «0» OTMEUYEHBI epEeMeHHBIe, W3BECTHBIE C TPeIblIyIneit
UTepaIyu, nepeMentbie 0e3 WHIEKCOB OTHOCATCHA K TeKyieil mrepanuu. Bepxuuil wn-
JEKC «Up» yKa3blBaeT Ha HMCIIOJb30BAaHHUE HAINPABJIEHHBIX PA3HOCTEH IPU BBIYUCICHUU
COOTBETCTBYIOINIUX JUCKPETHBIX MPOU3BOAHBLIX. [IpriMenenre HaTpaBIEHHBIX pa3HOCTEH
B (5) 0becreunBaeT AUArOHAIBLHOE TPEODIATAHNE MATPHUIIbI JTUHEAPU3OBAHHON CUCTEMbI
YDPaBHEHUIL.

Ucnonp3yemas ureparuonnas Mpomeaypa COCTOUT U3 CJIEIYIONUX IaroB.

IITar 0. Buibupaerca maganbroe npubmmxenne (u’, v, p°).
ITar 1. Pemaercs nmuneiinas 3a1a4a B

L(un+1/2v ,Un+1/2’pn+1; Re) = fa
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rne L — warpuna Koadgduumentos amHeapusoBaHHOil cucrembr (3), (5),
(unt1/2 ynt1/2 prtly) - pekTop HemsBecTHBIX, f — BEKTOD, COCTOSIIMIT U3 TPABBIX
vacreil ypaBHenuii (5) u nojcauThiBaeMblii mo u', v".

IITar 2. Borancagerca HoBoe TPUOIHKEHUE 17189 CKOPOCTEil o dhopMyIam
W = ou"2 (1 — o), " = oo™ Y2 4 (1 — o),
rae o — kKoaddurment penakcannn (0 < o < 1);

IIlar 3. PaccuurbiBaercsa 3uHadenue HepsaA3Ku B ypasuenusax (3), (4). Eciu vopma He-
BAZKK 7 GOJIbINE Halepes 33JaHHOTO 3HadYeHus €V, TO OCyIIeCTBIAETCS Tepexo/]
K mary 1.

Haubonee TpymoeMKuM MmaroM MAaHHON TPOIEIYPHI SABJISIETCS DPeIleHne JINHENHOM
cucrembl ypasuenuil (3), (5). YuurbiBag, 9410 €ro HeoOXOIUMO IPOBOAUTH HA KAZKJIOM
urepanyuu, dPPEKTUBHOCTD MPEITOKEHHOTO TMOIXO03 MOKHO OBLIO ObI MTOCTABUTD IO
comuenne. OMHAKO, KAK MOKA3BIBAIOT PACUETHI, T CXOAUMOCTH UTEPAITMOHHOTO MPO-
[ecca JOCTATOYHO HANTH JIAIb MPUOINKEHHOE perenne JuHeiiHol 3amadn. OHO cTpo-
UTCS C TOMOIIBIO OJHOM WTEpaIii TeOMEeTPUIECKOT0 MHOTOCETOYHOTO MeToa [15].

Konkpernsupyem 6a30BbIe Omeparny MHOTOCETOYHOTO MeToma. Jlid CriaaKuBaHus
UCIIONB30BAJIACH TAK HazbiBaeMasg «OsodHas pesakcauugs [15], Korga ma KaxkjioMm pe-
JIAKCAIIMOHHOM Tiare MOAUMUIUPYIOTCS § Y3IOBbIX 3HAYEHU M, BXOIAAINX B TAHHBIN OJIOK
CeTKU: IABJIEHUE B IEHTPE W YeThIpe 3HAUEHHUs] CKOPOCTH Ha TpaHsx Osioka. [Ias 31o-
IO peraercs JNHeHHAS CUCTeMa [SITH YPABHEHUN ¢ HEM3BECTHBIMUA MOIUQUIIADYEMBIMHI
3HadenusaMu. [Ipu mpoxome mo BceM OJ0KaM, OYEBUIHO, KayKIash JUCKPETHAS KOMIIO-
HEHTA CKOPOCTH OOHOBJISIETCS JABAXK/bI, & JUCKPETHBIE JABJEHUs B IEHTPAX d9eeKk —
o OJHOMY pa3sy. Penaxkcaruonubiit KO3hMUIMEHT CrIaKUBATEs TPHHUMAJTICS PABHBIM
0.75, 9TO ABJISIETCS TEOPETUYECKU ONTUMAJBHBIM BBIOODOM IPU DEIIEHWN ypPABHEHUsI
Crokca [15]. Oneparusi cy>KeHus, HCIONb3yeMas JJist IEPEHOCA HEBSI3KM € TOYHOH Ha
rpy6yIo ceTKy, MPOBOIUIIACE TTO €CTECTBEHHBIM TMA0I0OHAM:

e
Ton = % ©
811 9

1 1 1

]! 1
Ty, Ty, = 3 2 e 2 |rp, rh = 1 X .
1 1 1

31ech MHAEKCHI U, U, P YKa3bIBAKOT HA yPABHEHWS COXPAHEHUs] WUMITYJIbCA W MACCHhI,
3aMUCAHHBIE B TOYKAX O, @, X COOTBETCTBEHHO. AHAJOTMYHBIM O0OPA3OM CyYKAJUCH
ko3 unmentsr uf), ) B ypasrennu (5). OGpaTHas onepanus MPOJOIKEHHs ¢ rPy6oii
CeTKM HA TOYHYIO MPOBOIUIACH C MOMOIIBLIO OMIMHEHHON WHTEPIOISIIN.

[MomuMo 6a30BBIX Omepaluii MeTOIa HEOOXOIUMO BBIOPATH CTPYKTYPY MHOTOCETOY-
HOTO TIMKJIA W ONPENEJUTh ONTUMAIBHOE KOJMYECTBO PEJIAKCAIUN MPU ero mpsMOM |
obpatroMm xoze. TecTupopasnch Jpa Haubosee MOMyaspHbIX mukiaa: V. u W (em. [15]).
YucaeHnble 9KCIEPUMEHTHI TTOKA3AIN, 9T0 IS PACCMATPUBAECMOI 3a/1a91 TPEITOYTH-
resred W-1nk1. YKe npu Hu3Kux qnciax Pefinompaca CKOpOCTh CXOIUMOCTH YUCIEHHON
cxeMbl ¢ V-TIIKJIOM B 9Y€ThIpe Pa3a HUKE, 9eM y aHAJIOTUIHON cXeMbl ¢ W-THKIIOM, a
[IPU YMEpEeHHBIX guciax PeifHoibaca cxeMa ¢ V-IIHKJIOM BOOOIIE HE CXOIUTCS K CTAIHO-
HAPHOMY DEIIEHNI0. DTO SABJISIETCS CJAEICTBUEM TOTO, UTO 0OJIee «IEIIeBhlily V-IIUKI He
MO3BOJIAET 34 OJHY UTEPAINI0 TOOUTHCS JOCTATOYHO XOPOIIEro MPUOIUKEHU K TOTHO-
My pernennio 3aga4u (3), (5).

Monudukauua W(1,1) muorocerounoro meroga — W-Iukia ¢ onHOi pesakcaiueil
[IPU TIPSIMOM U OOPATHOM XOJI€ — TIOKA3aJ1a BBICOKYIO 3(D(MEKTUBHOCTD B IUAMA30HE YU~
cen Peitnonbaca 0 < Re < 25000. 3xech ona cxomurces o spemenn CPU mourn Basoe
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Puc. 2. BaBucumocTb onTUMAIBHOIO pesiakca-  Puc. 3. 3aBUCUMOCTD HEBA3ZKH T OT HUHCJIA
MMOHHOTO TIapamMerpa o or Re ureparmuit k mpu Re = 35000

ObicTpee, yem anbrepuarusHas Momudukanug W(2,2) ¢ aByMs peJakCalusaMu Ha Ips-
MoM u obpaTHOoM xoAe. OaHako B Auama3oHe BHICOKUX unces Peitnonnaca 30000 < Re <
< 80000 ycTOMYMBYIO CXOAMMOCTH K CTAIIMOHAPHOMY DEIIEeHU0 JEMOHCTPUPYET JIHUIThH
cxema W(2,2). venno ona u Beibupasiach B KA4€CTBe OCHOBHON B IPOBOJMMbBIX Pacde-
rax. OTMeTHM, 9TO CMEHA MOpsiIKa 00X0a S9eeK MPH TepBOil U BTOPOil pelakcanuax B
W(2,2) MOXKET CyIIEeCTBEHHO YCKOPUTH CXOAUMOCTb UTEPAIMOHHOTO Tiporiecca. Hamu uc-
HOJIB30BAJICA JIEKCUKOIpadUIeCKUil OPsIOK MDY MEPBOi pesiakcanuu (C1eBa HANPaBo,
CBepXy BHM3) U 0OpaTHbI (CBEpXy BHU3, CJI€BA HANPABO) MPU BTOPOil peIaKCaIuu.

Bazkubiv mapaverpom, 00eCIednBaOMNM CXOAUMOCTh PACCMATPUBAEMON UTEPAIH-
OHHO¥ TPOIIEAYPHI, SABAICTCSI BHEIIHUH peTaKCAIMOHHBIN mapamerp o. Eciam ero Bb-
OpaTh CJUIIKOM MAaJbIM, TO CKOPOCTh CXOAUMOCTH UTEPAIHOHHOTO MPOIECCa CHU3UTCS,
€CJIU CJIWIIKOM OOJIBIITUM, TO MPOIECC pa3oiimercs. Pacuersl MOKA3BIBAIOT, YTO OIMNTH-
MajbHOE 3Ha4YeHHe o CJab0 3aBUCHT OT PA3MEPOB CETKH W ONPEeNIseTCs TJIABHBIM
obpazom umciom Peitronbaca. Ha puce. 2 m3obpazkena 3aBHCHMOCTH ONTHMAJIBHOTO
BHEIITHET'O PEJIAKCAIMOHHOIO MapamMerpa OT 4wmcia PeiiHosbica, mocTpoennasd 1mo pe-
3ynbpTaTaMm pacdera Ha cerke 1024 x 1024. BepTukaabHble OTPE3KHM HA 9TOM PHUCYHKE
MTOKA3bIBAIOT TAaKOW TWAMa30H U3MEHEHWs ¢, B KOTOPOM CKOPOCTH CXOAUMOCTH OTJIU-
JaeTcsa OT ONTHMaNIbHON He Gomee wem nHa 20%. Kak Buano, BEIOOD 0 B pasyMHOM
Mana30He CBOErO W3MEHEHUs He SBJIS€TCH KPUTUIHBIM.

3. OcHoBHas BeTBb penieHuda

s mansix ancen Peffnonbaca perrenne paccMaTpUBaeMOR 331a91 € INHCTBEHHO, U
npu Jr000M BBIOOpE HAYAJIBHOTO TPUOJIMIKEHUS OMMCAHHAS WTEPAIMOHHAST TIPOIELYPa
CXOMUTCsT K dTOMY pertenuto. /s 6osmbmmx Re ¢XoauMOCTh YnCTIeHHON CXeMBI MOXKHO
rapaHTHPOBATH TOJIBKO MPU CHEIUATBHOM BBIDOPE HAYATHLHOTO MPUOIMKEHUs, KOTOPOE
JOJIKHO HAXOIUTHCA B «OKPECTHOCTH» TOYHOrO pelrenusa. B pacderax OCHOBHOMH BeT-
BU 3TO JOCTHUTAJIOCH METOIOM <«IOCTEIOBATENbHBIX HAPYKEHMI», KOTIA TOJIYIeHHOEe
JUTs MEeHbIMUX uuncen PeifHO/bICA pellleHre WCIOJIb30BAIOCh B KAYECTBE HAYAIBHOTO
npubavKenus st 66abmux uncen Peitronabmnca. OOBIYHO MAT HATPYKEHUS COCTABJISII
ARe = 5000 . IIpn momaJafum B «OKPECTHOCTH» CKOPOCThH CXOAUMOCTH OT KOHKPETHOTO
BBIOOpA HAYAIBHOIO HPUOJIMKEHUS] TPAKTUYECKH HE 3aBUCE/IA. DTO MPOUILIIOCTPUPOBA-
HO Ha PHUC. 3, T TPEeACTABICHA HCTOPHUs CXOIUMOCTH HTEPAITHOHHOTO TIPOIIECCa Ha CETKE
1024 x 1024 npu Re = 35000. Kpusbie 1-3 Ha 9TOM PUCYHKE OTBEYAIOT «HATDYKEHUIO»
¢ ARe = 15000, 10000, 5000, a HOpMa HEBA3KH OMPEACISTETCS Kak MaKCUMAJIbHAs U3
Tpex MOTOYEYHBIX HEBA30K B ypaBHeHusx (3), (5).
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Puc. 4. TIpoduam ckopocTeil B Cpe/IHIUX CEUEHNSTX KaBepHbl. KpUBbIe CIeBa OTBEYAIOT 3HATEHI-
am Re = 1000, 5000, 50000. Ocb abcuuce: z u (u+1)/2; ocs oppunar: y u (v+1)/2. Kpussre
cripaBa moctpoensl a1 Re = 50000 Ha pa3IUTIHBIX CETKAX

Tabu. 1

Yucnao urepanuii m BpeMsi pacdyeTa MpHU HUCIOIH30BAHUN YUCIEHHONW CXEMBI ¢ OMTUMAJIBHBIM
BBIOOPOM TIapaMeTpoB

Re - Yucsio urepanmi
n=>512 | n=1024 | n =2048 | n = 4096
5000 0.9 89 68 59 59
20000 0.8 399 274 240 245
50000 0.55 1094 700 523 479
80000 0.4 2650 1575 1255 1030
Bpewmsa 1-it mreparun, ¢ 0.61 2.6 12 74

Db DEKTUBHOCTD MPEITIOKEHHOTO AJITOPUTMA PEIIeHUs PACCMATPUBAEMON 3312491
MOXKHO OIIEHHTb II0 JaHHBbIM Tabi. 3. mis ogHoro imara Harpyxkenmsi ¢ ARe = 5000.
Pacuers TpOBOIUINCE 0 JOCTHKEHHs HeBA3KOoH Bemananl 1077 Ha cTanmapTHOM mep-
COHANBHOM KoMIbIoTepe Ha 6ase npomeccopa Core(TM)2 Duo Processor E6550. Kak u
CJIEOBAJIO OXKHUJIATH, ¢ pocTOM Re wucio wreparuii u Bpems pacuera pacrer. Tem He
MeHee BpeMs CYeTa OCTAETCH IPUEMIIEMBIM /arKe i IpeaeabHo O60sbiux ynces Re ~
~ 10°. D10 nosBongeT 3pdEKTUBHO UCIOTB30BATH MPEIIOKEHHDIH AATOPHTM pacdeTa
B IITUPOKOM [IMAIa30He U3MEeHeHns dnces Pelinomnb/aca.

[MoguepkHeM TPUHITUIHAIBHYI) BAYKHOCTH HMCIOIB30BAHNUS B pacderax MmoIpOOHBIX
cetok. OHM OJIKHBI MO3BOJIATH Pa3peliarh TOHKHE MOTPAHWYHBIE CJIOM HA CTEHKAX
KaBEPHBI U MAJIbIE CTPYKTYPHBIE JIEMEHTHI Te€YeHn:A B ee yriax. Vlcnoab3oBanue «rpy-
6bix» cerok (n = 128, 256) npusoaut npu 6osbimx Re K pacxoaumocru ucnosib3yemoi
ATEPAIMOHHON Tporeayphl. B To Ke Bpems Ha 60Jee TOAPOOHBIX CETKAX UTEPAIMOH-
Hasl TIPOIEIYPa CXOMUTC 3a MeHbInee ducyao urepanuit (cM. tadma. 1). Ha puc. 4 to-
Ka3aHbl BEPTUKAJIbHAS KOMIIOHEHTA CKOPOCTH B CPEIHEM TOPU3OHTAJIBHOM CEUYEHUU U
TOPU30HTAJIbHAST KOMIIOHEHTA B CPE/THEM BEDPTUKAJIHHOM CEYeHWN KaBEPHBI. BUIHO, UYTO
npu OOIBIMHUX Ynucaax PefiHoabaca Ha CTeHKaxX KaBEePHBI (POPMUPYIOTCI OYEHb TOHKHE
[IOTPAHUYHBIE CJIOM, KOTOPbIE, TEM HE MEHee, BIIOJIHE PA3PEINAI0TCH HA CETKAX UCIIOJb-
30BAHHBIX B pacyuerax .
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Puc. 5. DBomionusa KapTUHBL TeUeHNsT B KaBepHe ¢ pocToM wmncia Peiinonbaca: a — Re = 1000,
b — Re = 5000, ¢ — Re = 10000, d — Re = 20000, ¢ — Re = 40000, f — Re = 80000

Habmomaemyio B KaBepHe KapTHHY TeUYeHHUs YA00HO MPEeaCTABIATH C TOMOIIBIO JIH-
uuii Toka. s pazmununbix qucen Peitrosbiaca oHu npuseneHsl wHa puc. 5. I'mapomm-
HAMHWYECKWI aHAJN3 MPEJICTABJIEHHON HA TOM PUCYHKE YBOJIIOIUN KAPTUHBI IIUPKYJIs-
[MOHHOIO TEYEHUs B KABEPHE HEOJHOKPATHO MPOBOIUIICS PA3JUUYHBIMU ABTOPAMU (CM.,
nanpumep, pabory [9] u uuruposanuyo B Heil iureparypy). He Gynem ocranaBiuBarbes
Ha 9TOM aHaIn3e TMOAPOOHO, TeM OoJjee, ITO HAIMN HAOIIOICHNUS W THAPOSMHAMUICCKIE
BBIBOJIBI BIIOJIHE COTTIACYIOTCA €O cAeTanubiMi B [9]. OTMernm mumb, 410 yKasaHHbie B [9)]
ansg Re ~ 60000 TeHAEHTTUU IBOTIONNA KAPTUHBI TEUCHUS COXPAHSIOTCA W MPU JTATb-
Heiirem pocre uncaa Peiinonsaca. OCHOBHAS W3 HUX COCTOUT B PACTSKEHWUN YTJIOBBIX
BTOPWYHBIX BUXDPEl, X Mepekarnu U 00Pa30BaHWS HA UX MECTe KACKAIA METKOMAC-
MTabHBIX BUXPEBBIX sIep.

B mabn. 2 npuBeseHbl OCHOBHBIE SKCTPEMATBHBIE XAPAKTEPUCTUKH TIOJTYIEHHBIX Pe-
menuit ipu Re > 20000. [ToMuMO MakcuMabHOTO 3HAYEHWS (DYHKIIUU TOKA Ymax —
BEJINYWHBI, TPATUIIHOHHO UCIIOJIb3YEMOIl [IJIsi OMMCAHUS MOIHOCTH TIEPBUYHOTO BUXDSI,
B TabJIuIle TPEICTaBIeHbl TAKKE CyMMapHAas KUHETUYECKAsT YHEPTUsT TeUEHUS

1
K= 3 /(u2 +v?) dzdy,
Q

MaKCAMaIbHAA ¥ MHHAMAJIbHAS BEPTUKATBHBIE CKOPOCTH Umax; Umin 1 MAUHEMATbLHAST
FOPU3OHTAIBHAA CKOPOCTD Uiy, = minu(0.5,y) B cpejHeM cedeHUM KaBepHbI. AHajio-
rugsble Tabauiel s Re < 20000 npusenenst B [6, 7, 9]. TlosydyeHHble HAMM JaHHBIE
OTAMYAIOTCH OT pe3ysibraros [6, 7] ne Gosee yem B yerBeproii 3Hauaieil mudpe.
[Ipeacrasiennsie B Ta0A. 2 pe3yabTaThl TMONYUIEHB HA Hanbosee TOaIpOOHON U3 HMC-
HOMB30BAHHBIX CeTOK ¢ maroM h = 40967 !. B ckoOKax mOKa3aHO, KaK W3MEHSIOTCH
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Tabm. 2
DKCcTpeMabHBIE XapAKTEPUCTUKY HA30BOr0 pelneHus npu 60abmux Re
Re wmax K Umin VUmax Umin
0.12212(19) —0.7722(34) 0.4773(6) —0.4638(42)
2.10* | ————~ .04764

0 0.1218 0.04764(9) —0.7733 0.4767 —0.4644
3-10* | 0.12185(96) 0.04750(8) -0.7843(60) 0.4827(32) -0.4637(41)
4-10% | 0.12160(75) 0.04735(47) -0.7924(48) 0.4859(65) -0.4622(8)
5-10* | 0.12138(96) 0.04722(38) | -0.7983(8028) 0.4880(8) -0.4603(10)
6. 10" 0.12120(43) 0.04710(29) —0.8028(86) 0.4897(906) —0.4581(91)

0.1233 —0.8287 0.5312 —0.5015

7-10* | 0.12103(30) 0.04700(22) -0.8056(134) 0.4909(21) -0.4561(72)
8-10* | 0.12087(120) | 0.04691(716) | -0.8093(186) 0.4919(33) -0.4540(53)

[oCJIeIHAE 3HAYAmme MrudpPbl MPU MPOBEIEHUN SKCTPAMOJILINN M0 cxeme Puuapico-
Ha [16] na cayuait h = 0. Cxema Puyap/icona 0CHOBbIBaeTCs HA [IPEICTABJICHUN HCKOMOIT
BeJIMYMHBL (HAIPUMED, Ymax ) B BHIE

wmax(h) = glax -+ Clh2 —+ 02h4 4+

BrimosnHsis pacyeTsl Ha TpeX Pa3InIHbIX CETKAX, MOYKHO HAUTH KOHCTAHTHI €1, Co W, YTO
caMoe BayKHOe, OMpeIeTUTh Tpeeabioe pu h — 0 suadenue 0. . Jlanmbre Tabm. 2
HOMY9eHBI TIPH HCIOMb30BAHAN ceToK ¢ h = 409671, h = 2048~!, h = 1024~!. Ana-
JOTHYHAA SKCTPANONANHS BBIIOMHAIACH B 10 ceTKaM ¢ h = 204871, h = 102471,
h = 5127 . Pe3yabTaTh! ABYX 9KCTPANIOIANNI OTIHIAINCE He HOslee TeM B IATOH 3HATA-
et mudpe, ITO MTOMOJHATENBHO CBUIETETBCTBYET O BHICOKON TOYHOCTH TTPOBEIEHHBIX
pactueTos.

Suamenaresnu B Tabi. 2 COOTBETCTBYIOT JAHHBIM, HOJy4YeHHbIM B pabore [9]. Kak
Bugno, tpu Re = 20000 onm xoporo corjacyiorcs ¢ Hamumu pacderamu. OgHAKO ¢
pocroMm gmcna Pelimonbnca HAOMIODACTCA PACXOKICHHE, HOCTHTAIomee 8% IId Umax
npu Re = 60000. Paznnden xapakTep TOBeAEHUST BEJIUUNHBI Ymax ¢ pocToM Re: oHa
yObIBaeT B HAIIMX pacyerax W Bo3pacTaeT coraacHo [9]. OTandaHbl TakiKe W JIeTaam Kap-
TUHbI TEYEHUS B IIPABOM HUKHEM YIJIE KABEPHBI (CM., Hanpumep, puc. 5e u puc. 8e [9]).
D70, HA HAII B3MJIAM, MOXKET CBHJIETEIHLCTBOBATH O TOM, UTO B HacTodieil pabore u
B pabore [9] nosyYeHbl PA3AUYHbIE BETBU CTAMOHAPHOIO DEIEeHKs PACCMATPUBAEMO
3amadn npu OOnBITUX umcaax PeitHonbaca. B 310l ¢BsI3w MHTEPECHO OTMETUTH, UTO
B [9] ncnonp3oBagack OTIMYHAS OT Halleil cTpaTerusi pacueroB. BmecTo HarpyskKeHust
npu (PUKCUPOBAHHOM CETKE 10 YUCTY PeifHo/baca TPOBOINIOCh HATDYYKEHNE 110 Pa3Me-
py cerku upu dukcunpoBanHoM Re. IMeHHO 9TOT IpueM Mbl HCIOIb3yEeM B CJIEIYIONEM
pasjiesie HACTOAIIEH CTATHH JIJI TOTO, YTOOBI HACHTUMUIINPOBATD JOMOTHUTETLHBIE BET-
BU CTAIIMOHAPHOIO PEITeHUS.

B 3akmouenme 3TOro pasjena OCTAHOBHMCS Ha BOMPOCe JUHEHHON yCTOMYMBOCTH
6a30BOT0 CTAIMOHAPHOTO PEIIeHNs 10 OTHOIIEHWIO K JIBYMEPHBIM BO3MyImeHusiM. Ha
OCHOBE MMEIOIINXCA B JIUTEPATYPE MAHHBIX MOYKHO yTBEPIK/IATh, YTO OCHOBHAS BETBb
TepsgeT CBOI0 YCTOHYMBOCTL C PocTOM dumcia PeifiHonmbaca B pe3ynbrare Omdypramm
Xomda ¢ mepexosoM OT CTAIMOHAPHOIO K MEPHOANTIECKOMY PeKuMy Tedennd. Vmero-
IIIUeCsT OIEHKM KPUTHIECKOro uucia Pefinonbiaca Req, exkar B 1OCTATOYHO MTHPOKOM
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nmarazone 6500 < Reqr < 9000. Pesyabrarsr mocaeIHUX JIET CYIMIECTBEHHO CYKAIOT €T0.
Tak, B pabore [10] Ha ocHoBe MeTOa [IPKEHHUHICA IOy 9E€HO U IIPAMBIM YUCJICHHBIM MO-
JIeIUPOBAHUEM HOATBEPKIeHO 3HaveHne Ree, = 8000. Pacuersi, nposesennnie B [11] ¢
HCTIONb30BaHneM MeTosia ApHosban, namu 3Hadenne Req, = 8030. B [12] ucnonbzosancs
MeTOoJ1 COBCTBEHHDBIX OpTOroHanbHbX npoekimii (POD); kpurndeckoe ducyio Pefinosbi-
ca omeneno seauauHoi Ree, = 7819. Hamm pacuers [17], kak u B [11], onupanucs Ha
MeTOH, OPTOrOHAJILHBIX IPOEKUUHA APHOMBAN M1 PA3PEXKEHHBIX MATPHUL, PEAIN30BAH-
upiit B makere ARPACK [18]. Onn mpoBomimch Ha ceTke ¢ 9HCIOM Y3708 n = 5122
¥ JaJd B KadeCTBE KPUTHUUIECKOro 3HadeHua unciaa Pefimonbaca Re., = 8051. Ilepnu-
on, BosHuKaroIero npu Re = Re., mepuoandeckoro pernieHus olieHeH HAMW BEJIMYUHON
T = 2.25, 90 BHOJIHE coraacyeTcs ¢ onenkoit T = 2.21, nannoii B [10].

4. JlonmoJIHUTEeJIbHBbIE BETBU PEITeHUs

IToMuMO OCHOBHO# BETBH CTAIMOHAPHOTO PEMIeHUs B 334a4e O IUPKYJIAITNOHHOM Te-
YeHuu B KapepHe 1npu 6oabiiux ducaax Peitnosbaca (Re 2 14000) yaaerca obHapy KuTh
U IpyTHe, JOTOTHUTEIbHBIE, BeTBU. OHU OKA3BIBAIOTCS JUHEHHO HEYyCTONYUBBIMHU, KAaK,
BIIPOYEM, ¥ OCHOBHAsI BETBb B 3TOM muamnasone uucen Re. HeycroitumBocTs momosam-
TeTLHBIX BETBEH JIe/TaeT X pacdeT TpymoeMKoit 3agateil. K ToMmy ke umcyio BeTBeil pac-
Ter ¢ poctom gnciaa Pefinosnbaca. Ilo sTum npudmHaM Mbl OTPAHUYHUBAEMCSA B PACYETAX
ceTkol ¢ yucaoMm y37108 512 x 512 u auanazonom Re < 20000, B KOTOPOM HCHIOIB3yeMast
CeTKa IMO3BOJISIET YBEPEHHO PA3PeIaTh OCHOBHBIE CTPYKTYPHbBIE SJIEMEHThI TEIeHNUS.

[MocTpoenne momoTHUTENHLHON BETBU BKJIIOUYAET B cebs mBe momsaiaqun. llepsas us
HUX 3aKJIFOUAETCS B HAXOXKIEHUN OTJIUYHBIX OT OCHOBHOTO DEIeHUH 3a/1a9u TIPY 33 1aH-
nom uucse Peftronbaca. Bropas cocrout B oTC/IeKuBanny SBOJIONNN ITUX PEIIEHUI BO
BCeM Jmana3one yuces PeitHosbica.

[TepBag moa3amada peransach HA OCHOBE IPOIEIY Pl HATPY2KEHU IO PA3Mepy CeT-
Ku Ipu (pukcupoBanHOM dnciie Peitrosnbaca. Beibupaaoch MakcuMaabHOE U3 PACIETHBIX
qucao Re = 20000. Ucxonubie cetku 64 X 64 ObLIM CAMIMKOM IPYOBI J7TsT OTOOpaXKEHU st
MOTHON KapTuHbl TedeHusi. OIHAKO WX WCIOJIB30BAHUE TO3BOJISIO C MOMOIIBIO OIW-
CaHHOIl B pasjesne 3 UTEPANMOHHON MPOIEAYPhl NMPHU MAJBIX 3HAYEHUAX TAPAMETPOB
penakcanun o = 1071 = 1072 obecnednTsh CXOIUMOCTb B 3aBHCHMOCTH OT BBIGOpA, Ha-
YAJBHOTO MPUOJINKEHNT K HECKOJIBKIM CTAIMOHAPHBIM PeleHusiM 3a1a4u. Huskast mpu
MaJIbIX 0 CKOPOCTh CXOAUMOCTH HE SIBJISJIACH JUMUTHPYIOMIUM (HaKTOPOM B CHJTY MAJIOH
pasmeprocTu 3aaadn. OOHAPYKEHHBIE PeIleHus! TOC/IeI0BATETbHO WHTEPTIOINPOBAINCH
Ha 6osee mMOAPOOHBIE CETKH M UTEPAINMOHHO YTOUYHANMCH HA HuX. [locTpoeHHbie B pe-
3yJbTaTE AAHHONW MPOIEIyPhI PEIeHUS HA MOAPOOHON CETKE OIMPemesaioT €INHUIHbIE
TOYKHU HA IOMOJHUTEIbHBIX BETBAX ON(YPKAIMOHHON TUATrPAMMBI.

Permmenwne BTopoii mogzagavun npu3BaHo 006ECTIEYUTDH MPOIBUKEHNE 110 TOMOJTHUTETh-
HBIM BETBAM C W3MeHeHumeM umcia Peitnonbnca. K coxkamenuio, MeTon Harpy»KeHus
mo gucay Pelinosbica, MCOMB30BAHHDBIN 1719 BBIYUACIEHUS TJIABHON BETBU, OKA3aJICH
B JIAHHOW CUTyalliy MPAKTUYECKU HEIPUTOTHBIM. DTO CBA3AHO € JABYMSA OOCTOSTENb-
crBamu. Bo-mepBhIX, camMa CXOAUMOCTH K JOMOJTHUTEIBHOMY PEIIEHWI0 YPE3BLIYAIHO
YyBCTBUTENbHA K KAUYEeCTBY HAYAJBHOTO MPUOJINMKEHNs, 9TO TpedyeT HCIOIb30BAHUS
HempuemMaeMo MaJbix maros Harpyxenusi ARe. Ilpu ypemudaennn ARe wureparnmonnas
MPOIEIypPa CXOIUTCS K OCHOBHOH BETBU perieHusi. Bo-BTOPBIX, METOM HATDYKEHUS IO
qucay PeliHosbica TPUHIIMNINAIBHO HEIPUMEHUM B OKPECTHOCTH TOYKH OudypKaiun
Re}, — MuamMmasnbHOro 3uadenus Re, BIUIOTH 0 KOTOPOTO MPOIOIZKUMA JOTIOTHUTE b=
Has BETBb. B 3TOI OKpeCTHOCTH TpHU KaXKI0M Re cymecTByer mo KpaiiHeil Mepe mapa
OMM3KUX JOTIOTHUTETBHBIX PENTeHHU.

O06e ykazaHHbBIE TPYIHOCTH OOXOIATCS C MMOMOIIBIO CIEIUATBHOTO METOIA TTPOIOJIZKE-
nus (“pseudo-arclength continuation method with secant prediction”), npenoxkentnoro
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IUIs aHa/Iu3a TUHAMIYECKHX cucreM [19] m ycmemmno mcmonb3oBanHOro B [20] mpu mo-
crpoernn 6udypKanIOHHON AuarpaMMsl 3a1a4u Jagepa. COrnacHo 9TOMY METOLY IPO-
JBUZKEHHUE 1[I0 [OLIOJIHUTENBHOM BETBU Pealn3yercs pelleHueM PACIIUPEHHON CHCTeMb
JIMCKPETHBIX ypasHenuii (3), (4), B KOTOPOIi HAPSALY CO CKOPOCTSAMU U, U U NABJICHUEM
P HEM3BECTHLIM CUIHTAETCs Takke 4ducio Pefinonsaca. JOHOMHATENLHOE YCIOBUE s
HaxoxkaeHns Rep Ha k-M IIare MeTOna 3alHCHIBACTCS KAK

(up — Up—1, Ug—1 — Uk—2) + (V& — Vp—1,Vk—1 — Vg—2) = 0, (6)

e CKOOKH 03HAYAIOT CKAIAPHOE IPOU3BEIeHNE, ¢ — (PUKCHPOBAHHBIA MAJIBIHA TapaMeTp.
st pemenus pacrupennoii 3agaqu (3), (4), (6) ucnonbzoBasiach Ciaepyiomas Mo-
muduKanus aITOPATMa, OTTUCAHHOTO B pasaene 3.

IITar 0. C noMoIpo JUHEHHON HKCTPANONAINN BHIYUCISAETCA HAYAIBHOE TTPUOIHKe-
0,0 .0 RO
Hpe (uk7 Uls Pis Rek)
0
zp =22k-1 — 2k—2, 2= (u,v,p,Re).

ITTar 1. TIpoBommTcs omHA HWTEpAIHs MHOTOCETOYHOTO METOMA A/ PEITeHUA Taphl JIK-
HeHHBIX 331249

Ll M R = £ L T Re 4 A) =

) b

rje capur uncia Peiinonbiaca A — mapaMerp MeToa, MTPUHUMAEMbBIH B pacde-
Tax BeIWIUHON mopanka eannnnbl. [o Haiimennoit mape perennii MpUOIHKEHHO
BBIYUCTISIOTCS TTPOU3BOAHBIE U, v, p TIO Uucay PeliHOmbaca, ocie 9ero 3HaUYeHus
VKa3aHHBIX (DYHKIWHA YTOUHSIOTCS 110 (hOpMYyIam

3/4 1/4 1/2 1/4
n+3/ :u;er/ +r uz+/ _UZJr/

U’k )
n+3/4 _ n+1/4 n+1/2 n+1/4

vy, =, + 7| v, — U, ,
nt+1 _  n+l/4 n+1/2 n+1/4

P =D +T (pk — Dy ’

Re;t' = Re} + TA.
Koncranra 7 naxoaures u3 ypasaenns (6):

8= (up ™ — sy wey — ) — (p !

(UZHN - UZ+1/4, Up—1 — Up—2) + (

— Vk—1,Vk—1 — Vp—2)
n+1/2 n+1/4 :
Uk — U

,Vk—1 — Ug—2)

IITar 2. Borancagerca HoBoe TPUOIHKEHUE 17189 CKOPOCTEil o dhopMyIam

un—H _ a_un+3/4 + (1 _ U)un7 ,Un-',-l — O_UTL+3/4 + (1 _ U)U".

B pacuerax ko3 HUIHEHT peslakcalii ¢ TpUHUMaJICS paBHbIM 1071 + 1072,

IITar 3. PaccunreiBaeTcs 3nadenne HeBA3KN B ypasHenusax (3), (4). Ecam nHopMma ne-
BA3KU 7 GOJIbIle HAIEPe]| 33JIaHHOTO 3HAaYeHHus €V, TO OCYIIeCTBIAETCH Nepexo/]
K mary 1.

[Tocrpoenne monuo# 6UdypPKAIMMOHHON AUACPAMMBI IJIsT PACCMATPUBAEMON 3aMa4n
BBIXOJIUT 33 PAMKHU HACTOSAIIEH CTaThi, OCHOBHOI IIEJIBI0 KOTOPOI SBJISETCS TeMOHCTPA-
IUsi CYIIECTBOBAHUS OTJUYHBIX OT 6a30BOr0 pernenns. [103ToMy OrpaHUYNMCS B TaJb-
HeNIeM MpeaCcTaB/IeHueM €IUHCTBEHHON JTOTIOTHUTENILHONW BETBU, HAYMHAIOIIEHCA Tpu
OTHOCHTENbHO Hebosbux unciaax Peitnonbaca. Ee orobpakenmne B miockoctu Re—.S



HEEAVMHCTBEHHOCTBH CTAIITMMOHAPHOT'O TEYEHU . . . 141

s : : :

25¢

15

05}

o4 . |
7 ,;ecr 12 RZED 17 Re, 16

Puc. 6. Ocuosuasg (1) u gononuurenpHas (2) BETBH CTALMOHAPHOIO PEIIEHUs 331491 O IIUPKY-
JISIUOHHOM TeYeHUN B KBAJPATHON KaBepHe

(b)

Puc. 7. KapTtunbl Tedenns: fAas JTOTOJTHUTETHHON BeTBU pernenus. Mapkepsr a, b, ¢ cooTeer-
CTBYIOT OTMEYEHHBIM TOYKAM Ha 6mdypKarmnoHHON auarpamme puc. 6

npesacrasiaero na puc. 6. Uepes S 0b603HAUEHO CpejHee KacaTeIbHOE HAIMPSKEHUE Ha,
HUKHEH CTeHKe KaBepHBI:

Hononaurenbuasa BerBb obpasyerca npu Re = Rey, ~ 13800 B pe3ysnbrare budypkamnun
cknaaaku. O6Ias KapTUHA TeYeHus i HANIEHHOW BETBU PEIeHUs MPEeICTABICHA HA
puc. 7. Kak BUIHO, B HUXKHEN 9aCTH KAaBEPHBI OHA CYIIECTBEHHO OTJIUYIAETCS OT OCHOB-
HOIT KapTuHBI Teuenus (puc. 5). BoiBIMe panee N30 /MPOBAHHBIMY, BTOPUYHBIE YIJIOBLIE
BUXDH CJIMBAIOTCH 37€Ch B €IWHYIO BUXPEBYIO CHCTEMY, YTO XaPAKTEPHO OOBIYHO i
BBITAHYTOH 110 BEPTUKAJIU IPAMOYIOJIbHON KaBepHbl [21].

UccenoBanne 10MOMHUTENHHON BETBY HA YCTONYUBOCTD MPOBOJAUTCS TAK K€, KAK U
UCCJIeIOBAHNE OCHOBHON BETBHU, U CBOIUTCS K OTHICKAHUIO COOCTBEHHBIX YUCEJT COOTBET-
CTBYOIIEH MaTpuilbl. Pacdersl MOKA3bIBAIOT HAJTUIHE HECKOJBKUX KOMILJIEKCHO COIPSi-
JKEHHBIX COOCTBEHHBIX YHCE]T C MOJIOKUTEIHHON BEIeCTBEHHON YaCThI0 HA MTPOTIKEHUN
BCell JonosHuTenbHOl BeTBu a—b—c (puc. 6). DT0 CBUAETEIBCTBYET O €6 HEeYCTOWIMBO-
cru. Hanbombimee BemecTBeHHOE COOCTBEHHOE THUCIIO SIBASETCS MPOCTBIM, OHO OTPHIIA-
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TEJIbHO Ha Jyre a—b, MOJOXKUTENBHO Ha b—c W PaBHO HYJII B TOUYke Oudypkaruu b.
D10 TO3BOJIAET WACHTUDUIIHPOBATH COOTBETCTBYIOINIY 0 OrdypKammio Kak OudypKamio
CKJTAJIKH.

Pa6ora Beinonena npu dhunancosoii noggepxkke PO®U (npoext Ne 08-01-00548-a).

Summary

A.G. Egorov, A.N. Nuriev. Non-uniqueness of a Stationary Viscous Flow in the Square
Lid-driven Cavity.

The article considers the classical benchmark problem in computational hydromechanics
regarding a viscous incompressible flow in a square lid-driven cavity. An effective algorithm for
solving a Navier — Stokes system of equations is proposed, that allows to construct stationary
solutions on very detailed grids (up to 107 grid points) for large (up to 10°) Reynolds
numbers. Non-uniqueness of the stationary solution at large Reynolds numbers is shown.
Special attention is given to the analysis of the main branch and one of the additional branches
of the solution, appearing at relatively small (=~ 14000) Reynolds numbers.

Key words: Navier — Stokes equation, stationary solution, lid-driven cavity, multigrid,
non-uniqueness, stability.
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