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KJIOHBI, KO-KJIOHBI,
TUIMEPKJIOHBI I CYITEPKJIOHEI

H.A. Ilepases

AnHoTanus

BBO,I[I/ITCSI B paCcCMOTpeHne Onepanud paspemnmnMOCT Ha MHOXKECTBE YaCTUYIHBIX TATIepOorie-
panmii. Oupeensgercs CynepKaOH KaK ajrebpa ¢ OCHOBHBIM MHOYKECTBOM YAaCTHUYHBIX THUIEPO-
mepanuii U ABYMECTHOH omeparmeil MoJCTaHOBKH, OJHOMECTHBIMU ONEpAlUAMU MUKJINIECKON
TIepecTaHOBKU apryMeHTOB, TPAHCIO3UIINUA apryMeHTOB, OTOXKAECTBJ/IEHUS apryMEHTOB, pa3pe-
IMUAMOCTH U HYJIbMECTHBIMUA OII€PAIUAMU, BBIACTAIOINUMU OIIEPATUIO IPOEKTUPOBAHUA U BCIOY
HEOIpeIeJIEHHYIO Onepanuio. VI3ydaercsa OTHOIIEHHWE CYNEPKJIOHOB K YACTUYHBIM THIEPKJIO-
HaM, KO-KJoHaM, kKjoHaMm. /lokazamno yTBepikaenne 06 m3o0Mopdu3Me penreTkn CyrmepKIOHOB 1
penieTKmu KO-KJIOHOB Ha/J OJWMHAKOBBIMU MHOXKECTBAMHA.

KuroueBble cyioBa: oneparisi pa3pernMOCTH, TUIIEPOTeparins, KJI0H, CyePKJIOH, 9aCTHY-
Hag TUTIEPOTepaITns, JacTUTHBIN TUTEPKJIOH, KO-KJIOH, PeIeTKa.

BBenenue

Uccnenopanus Mo KOHEIHBIM (DYHKIIMOHAJIBLHBIM CHCTEMaM HadaTh B padorax E. TTo-
cra [1, 2]. B nameii crpane m3ydenne takux cucrem Hadan C.B. d6monckmuit [3, 4].
Anrebpandeckuit OAXOI K U3YUEHUIO (DYHKIIMOHAIBHBIX CHCTEM BIIEPBBIE OBII MPeJIIo-
ke A.U. Manbuesbiv |5, 6]. Cpeau anrebp dynkuuit Hanbosibiiee pacupocrpaHenue
MOJTY IHJIA KJIOHBI — aJIreOphl oneparuii, 3aMKHY Thle OTHOCUTEIBHO CYEPIO3UIANA U CO-
JepKaiiue ceiaekropuble onepanuu |7, 8]. Hapany ¢ kinonamu wuccienyiorcs anrebpb
oTHOIIEHUH (KO-KJIOHBI), aarebpbl YaCTUIHBIX ONEpallnii (4aCTHIHBIE KJIOHBI), aarebphl
runpeonepanuii (UnepKaoHbl), aaredpbl YaCTUIHLIX TUNEpONnepanuii (4acTUIHbIe TH-
NEPKJIOHBI). VI3BECTHBI COOTHOIIEHUS MEYKY STUMU NOHATHAME. Tak, pererka KJIOHOB
aHTUU30MOpQHA pelleTke KO-KJIOHOB HaJl OJHUM U TeM ke muoxkecTsoM [9]. Jobasisis
K 9aCTHYHBIM MHIEPKIOHAM OMEPAIUIO PA3PENTUMOCTH MPOCTEHINero ypaBHeHus, TIOJTy-
gnM anreGpy, KOTopyio Ha3oBeM cyrnepkiaonom [10, 11]. Kak Gymer mokasano, cymnepKio-
HBI 9KBUBAJIEHTHBI KO-KJI0HaM. Ho, nMmest (PyHKIMOHAIBHYIO CTPYKTYPY, CYMEPKIOHBI BO
MHOTOM CXOYKHU C KJIOHAMHU. JTO MO3BOJIUT, B YACTHOCTH, TOJYIUTH HOBBI METO st
U3YyYEHUs PENeTKU KJIOHOB.

1. OcHOBHBIE TOHATHUS

Orobpaxkenune uz A" B A nasbiBaercs n-mectHoii onepanueii na A (Gyuem 10-
nyckath caydait n = 0). MHOXKeCTBO BCeX n-MECTHBIX omepanuii Ha A obo3Hagaem
Jepe3 P), ecam mpn stom A aBasdeTca k-37eMEHTHBIM MHOXKECTBOM, TO MCTOIB3yeM
obosuatzenne PJ'. Ucnomssyem taxzxke oboznauenus Py = |J Py u P, = |J PJ.

n>0 n>0

IIycrs F C Py. Anrebpa § = (F;*,(,7,A,e) tuna (2,1,1,1,0) ¢ onpeneneHHbIMI
HUZKE OllepalUsaMU 0ACTaHOBKY (f *¢g), IuKIndeckoil nepecranosku aprymenros (Cf),
Tpancno3unuu aprymentos (7f), oroxaecrsiaenus aprymentos (Af) u onepanueii €,
BBIIesIOmEli onepanuio e € P HasbiBaercs xaonom Ham A.
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Ecmm fe FNPYy nge FNPY, o

(fxg)ar,...,antm-1) = f(glar,...,am), Gm+1,- -, @nym—1) pu 1 > 1;
(f*g)(at,...,am) = f upun=0;

(CHlar,...,an) = f(az,...,an,a1) mpu n>1u ((f) = f mpun < 1;
ai,...,an) = f(ag,a1,as,...,ap) ipun>1u (7f) = f npnn < 1;
(Af)(ar,...,an-1) = fla1,a1,a9,...,an—1) npu n > 1,

Ornormennem MectaocTu 1 Ha A HazbiBaercs r000e MOAMHOKECTBO A", mpu 3TOM
cunraem, 9T0 A? = @. MHOXKeCTBO BCEX n-MECTHBIX OTHOMIeHHi Hag A 06o3HauaeMm
uepe3 R}, ecau npu 31oM A aBigercd k-3J€MEHTHBIM MHOXKECTBOM, TO UCIOJIb3yeM

obosnatenne R} . Ucnompsyem taxzxe obosmauenus Ry = |J R u Ry = |J R}.
n>0 n>0

[Mycrs E C Ra. Anrebpa ¢ = (E; x,(, 7, A, 7, 0) tuna (2,1,1,1,1,0) c onpenesien-
HBIMU HIKE OMEPATMAME TPOU3BEIeHnst (¢ X 1), MUKJIAIECKON MepecTAHOBKHA KOMIOHEHT
({q), rpancno3unuu KOMIOHEHT (Tq), OTOXK/IeCTBIeHUs KOMIOHeHT (Ag) mpoeKiuu mno
KoMTIOHeHTe (7g) W omepamweii §, BbLIessionel orromenne d € R?, naspiBaercs xo-
KA0HOM HAT, A:

(q X t) = {(al,...,an,bl,...,bm>|<a1,...,an> cqmu <b1,...,bm> S t},

(Cq) ={{aa,...,an,a1)|{a1,...,a,) € ¢} mpu n > 1;

(rq) = {{az,a1,as3,...,an)|{a1,...,a,) € ¢} mpu n > 1;

(Aq) = {{a1,...,an—1)|{a1,a1,a2,...,an_1) € q} mpu n > 1;

(€a) = (rq) = (Aq) = ¢, npun < 1;

(7Tq) <a27"'aan>|<a17"'7an>EQ} HpHn>]—a
(mq) = @ nmpu n < 1;

d=d, rne d = {{a,a)| nnsa Beex a € A}.

Yepes rnaBHbIE ONEPAMNA KO-KJIOHA CTAHJAPTHBIM O0OPA30M ONPEETaTCs onepa-
mun (A;j ¢) OTOXKAECTBIEHUS i-if U j-# KOMIOHEHT U omeparuu (7; ¢) TPOEKIHH IO
1-i1 KOMITOHEHTe.

[Mycrs B(A) — muOx)ecTBO Beex nogMuoxkects A, B rom uucie &. Orobparkenue u3
A™ B B(A) nasbiBaercs n-MeCTHOI YacTuuHOll runeponepanueii va A (Takzxke roBopst
YacTUYHAA MYJIbTHOLEDPAIUs UK HeJoonpeeeHtas yacruanas pyukius). Jiusg muo-
JKECTBA, BCEX 7.-MECTHBIX YaCTUYHBLIX runeponepanuii Ha A ucnonabdyem obo3HaveHnue
H% , upu |A| = k — obo3nauenne H}'.

Ilyers G C Hy. Anrebpy 6 = (G;*,(,7,A,e) tuma (2,1,1,1,0) HasbBaoT “a-
CMUNHBLM 2UNEPKAOHOM HAI A, TJe ONepanun ONpeieasaioTcsa CAeLyOmmuM 00pa3oM:

(fxg)(a1,...,antm-1) = {a|] cymecrByer ag € g(as, ..., a,) TaKoii, 4ro

a € f(ao, @m+1;---s@min-1)y mpun > 1 u (f*g)(a,...,am) = f() npu n = 0;

(CHlar,...,an) = f(az,...,an,a1) mpu n>1u ((f) = f mpun < 1;

(tf)(a1,...,an) = flaz,a1,as3,...,a,) i pun >1u (7f) = f npu n < 1;

(Af)(al, - ,an_l) = f(al, 1,02, ..., an_l) mpu n > 1,

Af) = {ala € f(a)} mpwn =1, u (Af) = £, mpu n = 0;

e

,tae e2(ay,az) = {a1}.
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Ha MHOKeCTBe 9aCTUYHBIX IUTIEPONepannii BBEIEM CIeIyIOImnM 00pa3oM HOBYIO OTTe-
panmio, KOTOpy[ Ha30BeM OIlepanyeii pa3permmuMOCTH:

(Hf)(ala . '7an) = {a’|a1 S f(a7a27 cee 70’”)}7 upu n > ]-a

(1f) = f mpu n = 0.

ITycts omepanmst ¢, BbIAEISET HYIBMECTHYIO onepannio o) = J.

Anrebpy R = (K;x,(,7,A,pu,e,0) tuna (2,1,1,1,1,0,0), rne K C Ha, nazosem
cynepraonom Han A. MomHOCT MHOKECTBA A HA3BIBAETCA Pakzom KIOHA (KO-KJTOHA,
IUIIEPKJIOHA, CYIIEPKJIOHA).

CrargapTHBIM 06pa3oM OTIPEAEISeTCS CYNepKIOH, MOPOKICHHBI MHOKECTBOM Ha-
CTUYHBIX THMEPONEPAWid, W IJIsi 3TOTO WCMOIB3YeTCs OOMIENpPUHATOE O6O3HAMECHHWE

<f17"'7fm>~
Vcnonp3ys raaBHbIE ONEPAIA CYTIEPKIOHA, MOXKHO ONPEE/TUTh:
1) runepornepanuy MPOEKIUK 110 {-My apryMenty ej(ai,...,a,) = {a;};

2) omepanuio TPAHCIO3UIUU §-TO U j-TO apryMEHTOB
(rijf)ar,...,ai ..., a5, ...,an) = f(@1,...,G5,...,Qi,Gi\...,Gn);
3) omepanuio OTOXKJIECTBICHUS j-TO aPIYMEHTA C {-M apryMeHTOM
(A f)ar, ... a5-1,a541, s an) = flar,. .., aj-1,05, G541, ..., 0n);

4) onepanuio MOJCTAHOBKU HA MECTO §-I'0 apryMeHTa

(f*ig)(at,...,antm-1) = U flax, ... aim1,b, Gigm, - - Gngpm—1);
bEG(asseQigm—1)

5) CyNepro3uIuio YaCTUIHBIX TUTIEPOTIEPATINii

(f*(f17---afn))(a17---aam): U f(bl,,bn)

bi€ fi(ai,...,am)

YacTuurble runeponepanuy f HA MHOXKECTEBE {ag,...,0k_1} MOKHO TPEICTABIATE
kak dymkmmm u3z {2021, ... 2871} B {0,1,...,2% — 1}, nonygaemsre u3 f mpu Kom-
poeke a; — 2% {a;,...,a; .} — 2" + ...+ 2,0 — 0.

B manbreiinem 3TO TpeICTaBIeHNE YACTHIHBIX THIEPONEparuii OygerT MmOCTOSTHHO
MCTOTH30BATHCA.

Hy:xHo ormernth, 9TO B CynepKIOHAX /s CYNEPIO3UINY HE BBIMOJIHAETCS TOXKIe-
CTBO CyIIepacCOUaTUBHOCTH

((f*(gla"'vgn))*(hla"'vhm)): (f*((gl*(hlv"'ahm))w'-v(gn*(h17~'~7hm))))'

HeiicreurenbHo, mis oneparmit N, f1, fo, onpenenennsix Ha A = {1,2} caexyrommnm
obpazowm:

a, ecmn a=b;

N(a,b) =
0, ecam a#b.
1, ectm a = 1;

a) =
fi(a) 3, ecan a = 2.
3, ecmm a=1;

fala) =

—_

ecmm a =2,
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Puc. 1. PemeTka cynepk/ioHOB paHra 2

oIy 9aeM

(1) = (N (f1, f2)) * (3)) # (N * ((f1 % (3)), (f2  (3)))) = (3)-

OrcyrcrBHEe CBOMCTBA CyMEpacCONMATUBHOCTU CYTEPIO3UIINN SIBJISETCST OCHOBHOM
CIOKHOCTBIO TMPHU M3YYEHUN CYNEPKJIOHOB, MOPOXKIAEMBIX MHOYKECTBAMH YACTUIHBIX
rUIeponepanui.

2. CooTBercTBUE CYNEPKJIOHOB M KO-KJIOHOB
Kak j1erko 3aMeTuTh, Kazk/10i n-MeCTHON 4acTUYHONA runeponepanuu Ha A B3auMHO
OJIHO3HAYHO cOOTBETCTBYeT (n + 1)-MecTHOe oTHOIeHne Ha A.
. n+1 . _
Ompenemum x : H} — R 1ak: x(f) = {(a1,...,an,0)|b € f(a1,...,an)}.

Teopema 1. 1) ITyemv R = (K;x,(, 7, A, u, €, ) — cynepkaon nad A. Tozda x(R) =
= (x(K); x,(, 7, A, 7,0) asasemca Ko-kaonom Had A.

2) Iyemv ¢ = (E;x,(,7,A,7,08) — %o-kaon nad A. Tozda x (&) =
= (x"HE);* (1,0, 1, e, 0) Aeasemes cynepkaorom nad A.

HoxkazaresbcrBo. 1) Ha x(K) omepanuu KO-KJIOHA MPEJCTABUMbBI CJIELYONIAM
obpazom.

Ilycts fe KNHY wge KNHY. Torga

6 =x(A¢e) (¢ x(f)=x(nf);

(T x(f) =x(7f), mpu n# 1, u (tx(f)) = x(f), npn n =1;

(Ax(f) = x(Af);

(m x(f)) = x(f * (A% €));

(X(f) x x(9)) = x((Azns2(. . (An2n(((€d #3 9) %2 (1)) %1 f) . ..).

B cuny monyuennnix dopmyi, Tak kak f € K, g € K n K obpa3yer cynepKJoH,
to x(K) obpa3syer KO-KJIOH.
2) Ha x~'(FE) omeparmm cymepKIoHa TIPeICTABAMBI CACTYIONTAM 00Pa3oM.
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I[Mycts g€ ENR nte ENRY. Torna
e=x"H(C (6% (19))); &=x""((r*9));
Cx Ha) = x"1 (2 (T ("1 9)));
) =x"rg)mpnn>2mn(rx '(q)=x""(g) mpun <2
) =x"HC (T ("))

X H@) xx7H(1) = X m (At (t %))

B cuny monywennnix dbopmys, Tak kKak ¢ € E, t € E u E obpa3yer KO- KJIOH, TO
X~ Y(E) obpasyer cymepKiioH. O

ITycrs L(A) = (L(A); C) — pemterka nogaaredp anrebpsr 2A.

CuencrBue. Bephvi caedyrousue coommowenua:
1) pewemxa cynepraonos L(R4) usomopgdna pewemsxe xo-kaonos L(R4);
2) pewemxa cynepkaonos L(R4) anmuuszomoppra pewemre xaonos L(P4).

JIJIg MOJTHOTHI M3JI0XKEHHA NPHUBEIEM IHAarPaMMy PEIIeTKH CYNepKJIOHOB paHra 2
(mepesepuyTasg pemerka Ilocra).

Ha numarpamme (puc. 1) npusemeHbl 0003HAUEHUS TOJBKO JJis HAMOOJBIIErO, HAW-
MEHBINEro, 7-MU MaKCUMAJbHBIX U 5-TH MHHUMAJBHBIX CyNepKJIOHOB. OnpemenumM 3Tu
CYNEPKJIOHBI 9e€pe3 MOPOKIAIONIIE HX YaCTHYHBIE TUIEponepanun. IIpu 3ToM 1 orpe-
JIeJIeHns THIeponepanyii 0yaeM HCIoIb30BaTh BEKTOPHOE 3aIaHue.

H = ((21),(1333) ) Ho= ()
L=1((1),(2112)) L' = ((12212112))
S =((2331)) St =((21))

Fy = ((31),(1333)) Fl =((1))

Fy = ((23),(3332) ) Fy=((2))

My =((1),(23),(1333))  M'=((13))

Mz = ((2),(31),(3332))

R=((31),(23))

PaGora Beinosnena npu dbunancosoii noagep:xkke PODU (npoextor Ne 07-01-00240
u 09-01-00476).

Summary

N.A. Peryazev. Clones, Co-Clones, Hyperclones and Superclones.

Resolvability operation on set of partial hyperoperations is introduced into consideration.
The superclone is defined as algebra with the basic set of partial hyperoperations and two-
place operation of substitution, single operations of cyclic shift of arguments, of argument
transposition, of argument identification, of resolvability and nullary operations specifying
operation of designing and everywhere uncertain operation. The relation of superclones to
partial hyperclones, to co-clones, and to clones is studied. The statement about isomorphism
of a lattice of superclones and lattice of co-clones over identical sets is proved.

Key words: resolvability operation, hyperoperation, clone, superclone, partial hyperope-
ration, partial hyperclone, co-clone, lattice.
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