
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 150, êí. 1 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2008
ÓÄÊ 517.987 Î ÏÎÍßÒÈÈ ÍÎÑÈÒÅËßÎ�ÒÎ�ÎÍÀËÜÍÎ�Î ÂÅÊÒÎ�ÍÎ�Î ÏÎËß�.Ä. ËóãîâàÿÀííîòàöèÿÂâîäèòñÿ è îáñóæäàåòñÿ ïîíÿòèå íîñèòåëÿ îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ íà àëãåá-ðå �îí Íåéìàíà. Ïîêàçàíî, ÷òî êàæäîå óëüòðàñëàáî-ñëàáî íåïðåðûâíîå îðòîãîíàëüíîåâåêòîðíîå ïîëå îáëàäàåò íîñèòåëåì.Êëþ÷åâûå ñëîâà: àëãåáðà �îí Íåéìàíà, îðòîãîíàëüíîå âåêòîðíîå ïîëå, íîñèòåëü.Â äàííîé çàìåòêå ââîäèòñÿ è îáñóæäàåòñÿ ïîíÿòèå íîñèòåëÿ îðòîãîíàëüíîãîâåêòîðíîãî ïîëÿ. �àíåå [1℄ ýòî ïîíÿòèå ââîäèëîñü äëÿ óëüòðàñëàáî-ñëàáî íåïðå-ðûâíûõ ïîëåé. Ïîëåçíîñòü ïîíÿòèÿ íîñèòåëÿ îïðåäåëÿåòñÿ, â ÷àñòíîñòè, òåì îá-ñòîÿòåëüñòâîì, ÷òî íà ðåäóöèðîâàííîé íà íîñèòåëü àëãåáðå �îí Íåéìàíà îðòîãî-íàëüíîå âåêòîðíîå ïîëå îáëàäàåò ñâîéñòâîì íîðìàëüíîñòè (ñì. íèæå).Ïóñòü M � àëãåáðà �îí Íåéìàíà, äåéñòâóþùàÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå
H ; Mpr, M+ � ìíîæåñòâà îðòîïðîåêòîðîâ è ïîëîæèòåëüíûõ îïåðàòîðîâ èç M ñî-îòâåòñòâåííî; K � ãèëüáåðòîâî ïðîñòðàíñòâî; θ � íóëåâîé âåêòîð K . Îãðàíè÷åííîåëèíåéíîå îòîáðàæåíèå F : M → K , îáëàäàþùèå ñâîéñòâîì

pq = 0 (p, q ∈ Mpr) ⇒ 〈F (p), F (q)〉 = 0,íàçûâàåòñÿ îðòîãîíàëüíûì âåêòîðíûì ïîëåì. Îðòîãîíàëüíîå âåêòîðíîå ïîëå Fáóäåì íàçûâàòü σw�w -íåïðåðûâíûì, åñëè îíî íåïðåðûâíî â óëüòðàñëàáîé òîïî-ëîãèè àëãåáðû M è ñëàáîé òîïîëîãèè ãèëüáåðòîâà ïðîñòðàíñòâà K . (Îòìåòèì,÷òî èç σw�w -íåïðåðûâíîñòè ïîëÿ F ñëåäóåò åãî îãðàíè÷åííîñòü.) Îðòîãîíàëüíîåâåêòîðíîå ïîëå F íàçûâàåòñÿ íîðìàëüíûì (ñì. [2℄, îïðåäåëåíèå 2), åñëè
xα ր x (xα, x ∈ M+) ⇒ F (xα) ր F (x)â ñìûñëå ïîðÿäêà, çàäàâàåìîãî â K êîíóñîì C = F (M+) .Äëÿ p ∈ Mpr ðàññìîòðèì ðåäóöèðîâàííóþ àëãåáðó �îí Íåéìàíà Mp ≡

≡ {px|pH : x ∈ M} è äëÿ îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ F : M → K îïðåäåëèìîòîáðàæåíèå Fp : Mp → K ðàâåíñòâîì
Fp(px|pH) = F (pxp) (x ∈ M).Êàê íåòðóäíî âèäåòü, Fp � îðòîãîíàëüíîå âåêòîðíîå ïîëå, ïðè÷¼ì Fp ÿâëÿåòñÿ

σw�w -íåïðåðûâíûì, åñëè σw�w -íåïðåðûâíî F .Îïðåäåëåíèå 1. Åñëè F : M → K � îðòîãîíàëüíîå âåêòîðíîå ïîëå è ìíîæå-ñòâî {p ∈ Mpr : F (p) = θ} îáëàäàåò íàèáîëüøèì ýëåìåíòîì p0 , òî ïðîåêòîð 1− p0íàçûâàåòñÿ íîñèòåëåì ïîëÿ F .



72 �.Ä. ËÓ�ÎÂÀßÒåîðåìà 1. Åñëè 1−p0 � íîñèòåëü îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ F : M →
→ K , òî îðòîãîíàëüíîå âåêòîðíîå ïîëå F1−p0

òî÷íî íà M1−p0
.Äîêàçàòåëüñòâî. Ïóñòü (1− p0)x|(1− p0)H ∈ M+

1−p0
(ìîæíî ñ÷èòàòü, î÷å-âèäíî, ÷òî x ∈ M+ ) è F1−p0

((1 − p0)x|(1 − p0)H) = F ((1 − p0)x(1 − p0)) = θ .Ïîêàæåì, ÷òî (1 − p0)x|(1 − p0)H = 0 . Çàïèøåì ñïåêòðàëüíîå ïðåäñòàâëåíèå îïå-ðàòîðà y = (1 − p0)x(1 − p0) : y =

‖y‖
∫

0

λpy(dλ) . Òîãäà
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∑
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k ),ãäå (∆n
k ) � ïîñëåäîâàòåëüíîñòü ðàçëîæåíèé îòðåçêà [0, ‖y‖] , îïðåäåëÿåìûõ óçëàìè

0 = λn
0 < λn

1 < . . . λn
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(λn

k − λn
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y (k = 1, . . . , mn) ,èìååì F (py(∆n
k )) = 0 ïðè k ≥ 1 . Òàêèì îáðàçîì, py(∆n

k ) ≤ p0 , à çíà÷èò, py(∆n
k ) =

= 0 . Ñëåäîâàòåëüíî, y = lim
n

2
n

∑

k=0

λn
kpy(∆n

k ) = 0 .Èç ïðåäëîæåíèÿ 3 [2℄ è òåîðåìû 1 ïîëó÷àåìÑëåäñòâèå 1. Åñëè 1−p0 � íîñèòåëü îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ F , òîïîëå F1−p0
íîðìàëüíî.ÑïðàâåäëèâàÒåîðåìà 2. Âñÿêîå σw�w -íåïðåðûâíîå îðòîãîíàëüíîå âåêòîðíîå ïîëå îáëàäà-åò íîñèòåëåì.Äîêàçàòåëüñòâî. Ïóñòü îðòîãîíàëüíîå âåêòîðíîå ïîëå F : M → K σw�w -íåïðåðûâíî è p0 = sup{p ∈ Mpr : F (p) = θ} . Ïîêàæåì ñíà÷àëà, ÷òî F (p) =

= F (q) = 0 âëå÷åò F (p ∨ q) = 0. Èçâåñòíî (ñì., íàïðèìåð, [3℄, ãë. 5, � 2, ï. 9),÷òî
(
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= 0.Â ñèëó σw�w -íåïðåðûâíîñòè F èìååì, ÷òî
F
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w
−→F (p ∨ q)è, ñëåäîâàòåëüíî, F (p ∨ q) = 0.



Î ÏÎÍßÒÈÈ ÍÎÑÈÒÅËß Î�ÒÎ�ÎÍÀËÜÍÎ�Î ÂÅÊÒÎ�ÍÎ�Î ÏÎËß 73�àññìîòðèì òåïåðü ñåòü îðòîïðîåêòîðîâ pσ =
∨

k∈σ

pk , ãäå σ � êîíå÷íûå ïîä-ìíîæåñòâà ìíîæåñòâà {p ∈ Mpr : F (p) = θ} . Ìû òîëüêî ÷òî óñòàíîâèëè, ÷òî
F (pσ) = 0 . Ïîñêîëüêó pσ ր p0 , òî pσ

σ−w
−→p0 , à çíà÷èò, F (pσ)

w
−→F (p0) , îòêóäà

F (p0) = θ .Ëåììà 1. Åñëè F : M → K � îðòîãîíàëüíîå âåêòîðíîå ïîëå, òî J ≡ {x ∈
∈ M : F (x∗x) = θ} � ëåâûé èäåàë â M, ïðè÷åì J+ = F−1{θ} ∩M+.Äîêàçàòåëüñòâî. Î÷åâèäíî, x ∈ J ⇒ λx ∈ J. Èìïëèêàöèÿ x, y ∈ J ⇒ x +
+ y ∈ J ñëåäóåò èç íåðàâåíñòâà (x + y)∗(x + y) ≤ 2(xx∗ + y∗y). Ïóñòü, äàëåå,
x ∈ J , è y ∈ M� ïðîèçâîëåí. Òîãäa (yx)∗(yx) = x∗y∗yx ≤ ‖y‖2x∗x , ÷òî âëå÷åò
F ((yx)∗yx) = θ è, ñëåäîâàòåëüíî, yx ∈ J.Äîêàæåì âòîðóþ ÷àñòü óòâåðæäåíèÿ. Åñëè x ∈ F−1{θ} ∩ M+ , òî F (x

1

2 x
1

2 ) =

= θ âëå÷¼ò x
1

2 ∈ J+ , òàê ÷òî x ∈ J+ . Òàêèì îáðàçîì, F−1{θ} ∩M+ ⊂ J+. Äëÿäîêàçàòåëüñòâà îáðàòíîãî âêëþ÷åíèÿ äîñòàòî÷íî äîêàçàòü, ÷òî F (x2) = θ âëå÷åò
F (x) = θ .Èñïîëüçóÿ îáîçíà÷åíèÿ è ñîãëàøåíèÿ, ïðèíÿòûå ïðè äîêàçàòåëüñòâå òåîðåìû1, çàïèøåì ñïåêòðàëüíîå ïðåäñòàâëåíèå îïåðàòîðà
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k ),è F (x2) = θ âëå÷åò F (px(∆n
k )) = θ (k = 1, 2, ...) . Ñ ó÷åòîì îãðàíè÷åííîñòè Fïîëó÷àåì
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kF (px(∆n

k )) = θ.Ñëåäñòâèå 2. Åñëè îðòîãîíàëüíîå âåêòîðíîå ïîëå F ÿâëÿåòñÿ σw�w -íåïðåðûâíûì, òî êîíóñ J+ óëüòðàñëàáî çàìêíóò.Òåîðåìà 3. Åñëè F : M → K � îðòîãîíàëüíîå âåêòîðíîå ïîëå, îáëàäàþùååíîñèòåëåì 1 − p0 , òî J = Mp0 . Â ýòîì ñëó÷àå èäåàë J óëüòðàñëàáî çàìêíóò.Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî Mp0 ⊂ J . Äîêàæåì îáðàòíîå âêëþ÷åíèå.Ïóñòü x ∈ J . Òîãäà F (|x|) = θ . Ñíîâà èñïîëüçóÿ ñïåêòðàëüíîå ïðåäñòàâëåíèåîïåðàòîðà |x| (â îáîçíà÷åíèÿõ äîêàçàòåëüñòâà òåîðåìû 1), èìååì
|x| = lim

n

mn
∑

k=0

λn
kp|x|(∆n

k ),à çíà÷èò p|x|(∆n
k ) ≤ p0 (k = 1, . . . , mn) . Îòñþäà ñëåäóåò, ÷òî |x| ≤ ‖x‖p0 , ïîýòîìó,

|x| = |x|p0 . Íàêîíåö, èñïîëüçóÿ ïîëÿðíîå ïðåäñòàâëåíèå îïåðàòîðà x , èìååì x =
= u|x| = u|x|p0 ∈ Mp0 , ÷òî è òðåáîâàëîñü äîêàçàòü.



74 �.Ä. ËÓ�ÎÂÀßÑðàâíèì ââåäåííîå ïîíÿòèå íîñèòåëÿ σw�w -íåïðåðûâíîãî îðòîãîíàëüíîãî âåê-òîðíîãî ïîëÿ ñ ñîîòâåòñòâóþùèì ïîíÿòèåì äëÿ íîðìàëüíîãî �óíêöèîíàëà íà àë-ãåáðå �îí Íåéìàíà. Íàïîìíèì, ÷òî, åñëè φ � íîðìàëüíûé �óíêöèîíàë íà àëãåáðå�îí Íåéìàíà M , à 1 − p0 � åãî íîñèòåëü, òî φ(x) = φ(x(1 − p0)) (x ∈ M) , òàê êàê
φ(xp0) = 0 . Äëÿ σw�w -íåïðåðûâíîãî îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ F èìååì,÷òî

F (|xp0|
2) = F ((xp0)

∗xp0) = θ,îòêóäà F (|xp0|) = θ , îäíàêî îòñþäà íå ñëåäóåò, ÷òî F (xp0) = θ . Êàê ïîêàçûâàåòñëåäóþùèé ïðèìåð, äëÿ σw-w -íåïðåðûâíîãî îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ Fèç ðàâåíñòâà F (|x|) = θ , âîîáùå ãîâîðÿ, íå ñëåäóåò, ÷òî F (x) = θ .Ïðèìåð 1. Ïóñòü B(H) � àëãåáðà âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîââ ãèëüáåðòîâîì ïðîñòðàíñòâå H, C2(H) � ãèëüáåðòîâî ïðîñòðàíñòâî îïåðàòîðîâ�èëüáåðòà-Øìèäòà ñî ñêàëÿðíûì ïðîèçâåäåíèåì 〈x, y〉 ≡ Tr(y∗x) (x, y ∈ C2(H)) ,ãäå Tr � êàíîíè÷åñêèé ñëåä. Îòîáðàæåíèå F : B(H) → C2(H) çàäàäèì ðàâåí-ñòâîì F (x) = 〈·, x∗h〉h, ãäå h ∈ H (‖h‖ = 1) � �èêñèðîâàííûé âåêòîð. Ïóñòüòåïåðü g ∈ H (‖g‖ = 1) îðòîãîíàëåí h , è u � ÷àñòè÷íàÿ èçîìåòðèÿ òàêàÿ, ÷òî
u∗u = 〈·, g〉g, uu∗ = 〈·, h〉h. Ïðîâåðèì, ÷òî F � σw�w -íåïðåðûâíîå îðòîãîíàëüíîåâåêòîðíîå ïîëå. Çà�èêñèðóåì íåêîòîðûé îðòîíîðìèðîâàííûé áàçèñ (fi) â H . Òàêêàê F (x)∗ = 〈·, h〉x∗h , òî äëÿ p, q ∈ B(H)pr òàêèõ, ÷òî pq = 0 , èìååì:
〈F (p), F (q)〉 = Tr(F (q)∗F (p)) =

∑

i

〈F (q)∗F (p)fi, fi〉 =

=
∑

i

〈ph, fi〉〈qh, fi〉 = 〈ph, qh〉 = 0.Ïóñòü òåïåðü xα
σ−w
−→x (xα, x ∈ B(H)) . Òîãäà

〈F (xα)f, g〉 = 〈xαf, h〉〈h, g〉 → 〈xf, h〉〈h, g〉 = 〈F (x)f, g〉 ∀f, g ∈ H,òàê ÷òî F (xα)
w

−→F (x) , è F � σw�w -íåïðåðûâíî. Èòàê, F � σw�w -íåïðåðûâíîåîðòîãîíàëüíîå âåêòîðíîå ïîëå. Ïðè ýòîì
F (|u|) = F (u∗u)

1

2 ) = F (〈·, g〉g) = 0, íî F (u) = 〈·, u∗h〉h = 〈·, g〉h 6= 0äëÿ îïðåäåë¼ííîãî âûøå îïåðàòîðà u .Çàìå÷àíèå 1. Îòìåòèì â êà÷åñòâå èëëþñòðàöèè õàðàêòåðíûå ñëó÷àè, êîãäà
F (|x|) = θ ⇒ F (x) = θ. (1)(i) Äëÿ ïðîèçâîëüíîãî îðòîãîíàëüíîãî âåêòîðíîãî ïîëÿ F : M → K óêàçàííîåñâîéñòâî èìååò ìåñòî äëÿ ïðîèçâîëüíîãî ñàìîñîïðÿæ¼ííîãî îïåðàòîðà x ∈ M .Ýòî íåìåäëåííî ñëåäóåò èç ïðåäñòàâëåíèÿ x = x+ − x− (x± ∈ M+) è íåðàâåíñòâ

x± ≤ |x| .(ii)Ñâîéñòâî (1) âûïîëíåíî â ñëó÷àå ïðîèçâîëüíîãî îðòîãîíàëüíîãî âåêòîðíîãîïîëÿ F : M → K äëÿ êîììóòàòèâíîé àëãåáðû �îí Íåéìàíà M . Ïóñòü F (|x|) =
= θ . Èç ïðåäñòàâëåíèÿ x = x1 + ix2 (xk = x∗

k ∈ M (k = 1, 2)) è íåðàâåíñòâ
|xk| ≤ |x| ñëåäóåò, ÷òî F (|xk|) = θ (k = 1, 2) . Ñ ó÷¼òîì (i) îòñþäà ïîëó÷àåì:
F (xk) = θ (k = 1, 2) , à çíà÷èò F (x) = θ .(iii) Ïóñòü f ∈ H � �èêñèðîâàííûé âåêòîð è F : M → H � îðòîãîíàëüíîåâåêòîðíîå ïîëå, çàäàííîå ðàâåíñòâîì F (x) ≡ xf (x ∈ M) . Ñâîéñòâî (1) â ýòîìñëó÷àå âûïîëíåíî â ñèëó òåîðåìû î ïîëÿðíîì ïðåäñòàâëåíèè îïåðàòîðà x .
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