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ÓÄÊ 514.16 ÈÍÔÈÍÈÒÅÇÈÌÀËÜÍÎÅ ÀÔÔÈÍÍÎÅÏ�ÅÎÁ�ÀÇÎÂÀÍÈÅ Ï�ÎÑÒ�ÀÍÑÒÂÀ (T 0

2
(Mn), ∇H)ÍÀÄ ÌÀÊÑÈÌÀËÜÍÎ ÏÎÄÂÈÆÍÛÌÍÅÏ�ÎÅÊÒÈÂÍÎÏËÎÑÊÈÌ Ï�ÎÑÒ�ÀÍÑÒÂÎÌ

(Mn, ∇)Î.À. ÌîíàõîâàÀííîòàöèÿÂ ñòàòüå ïîëó÷åíî ðàçëîæåíèå ïðîèçâîëüíîãî èí�èíèòåçèìàëüíîãî à��èííîãî ïðå-îáðàçîâàíèÿ ðàññëîåíèÿ äâàæäû êîâàðèàíòíûõ òåíçîðîâ ñî ñâÿçíîñòüþ ãîðèçîíòàëüíîãîëè�òà íàä ìàêñèìàëüíî ïîäâèæíûì íåïðîåêòèâíîïëîñêèì ïðîñòðàíñòâîì à��èííîéñâÿçíîñòè. Âû÷èñëåíà ðàçìåðíîñòü àëãåáðû Ëè èí�èíèòåçèìàëüíûõ à��èííûõ ïðåîá-ðàçîâàíèé ýòîãî ïðîñòðàíñòâà.1. Îñíîâíûå îïðåäåëåíèÿ è �àêòû�àññìîòðèì ãëàäêîå êëàññà C∞ ìíîãîîáðàçèå Mn è ðàññëîåííîå ïðîñòðàíñòâî
T 0

2
(Mn) äâàæäû êîâàðèàíòíûõ òåíçîðîâ íàä íèì. Çàäàíèå ëèíåéíîé ñâÿçíîñòèíà áàçå ýòîãî ðàññëîåíèÿ ïîçâîëÿåò ïîñòðîèòü ñâÿçíîñòü ▽H � ãîðèçîíòàëüíûéëè�ò ñâÿçíîñòè ∇ íà T 0

2 (Mn) [2℄. ∇H îäíîçíà÷íî îïðåäåëÿåòñÿ óñëîâèÿìè, àíà-ëîãè÷íûìè äëÿ ãîðèçîíòàëüíîãî ëè�òà ñâÿçíîñòè â êàñàòåëüíîì è êîêàñàòåëüíîìðàññëîåíèè [3℄:
▽H

QV WV = 0, ▽H
XH Y H = (∇XY )H , ▽H

QV XH = 0, ▽H
XH QV = (∇XQ)V ,ãäå Q , W � òåíçîðíûå ïîëÿ òèïà (0, 2) íà áàçå ðàññëîåííîãî ïðîñòðàíñòâà, X , Y� âåêòîðíûå ïîëÿ íà áàçå, XH � ãîðèçîíòàëüíûé ëè�ò âåêòîðíîãî ïîëÿ X , QV �âåðòèêàëüíûé ëè�ò òåíçîðíîãî ïîëÿ Q .Èçâåñòíî, ÷òî äëÿ òîãî ÷òîáû ïðîèçâîëüíîå âåêòîðíîå ïîëå ÿâëÿëîñü èí�è-íèòåçèìàëüíûì à��èííûì ïðåîáðàçîâàíèåì ïðîñòðàíñòâà à��èííîé ñâÿçíîñòèíåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðîèçâîäíàÿ Ëè îò îáúåêòà ñâÿçíîñòè âäîëüýòîãî âåêòîðíîãî ïîëÿ îáðàùàëàñü â 0. Òàêèì îáðàçîì, ïðîèçâîëüíîå âåêòîðíîåïîëå X̃ ÿâëÿåòñÿ èí�èíèòåçèìàëüíûì à��èííûì ïðåîáðàçîâàíèåì ïðîñòðàíñòâà

(T 0

2 (Mn),∇H) òîãäà è òîëüêî òîãäà, êîãäà
LX̃∇H = 0. (1)Ïðîèíòåãðèðîâàâ ñèñòåìó (1), íàéäåì íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèåñóùåñòâîâàíèÿ èí�èíèòåçèìàëüíîãî à��èííîãî ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà

(T 0

2
(Mn),∇H) .Òåîðåìà 1. Äëÿ òîãî ÷òîáû ïðîèçâîëüíîå âåêòîðíîå ïîëå X̃ ÿâëÿëîñü èí�è-íèòåçèìàëüíûì à��èííûì ïðåîáðàçîâàíèåì íà ðàññëîåíèè (T 0

2
(Mn),∇H) , íåîá-õîäèìî è äîñòàòî÷íî, ÷òîáû íà Mn ñóùåñòâîâàëè òåíçîðíûå ïîëÿ A ∈ ℑ3

0(Mn) ,
B ∈ ℑ1

0(Mn) , P ∈ ℑ2

2(Mn) , D ∈ ℑ0

2(Mn) , óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:
X̃ = AHγ + BC + PV γ + DV , (2)
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





























∇A = 0,

A ∗ R = 0,

∇2D = 0,

∇P = 0,

LB∇ = 0.

(3)Êàæäîå èç âåêòîðíûõ ïîëåé, âõîäÿùèõ â ðàçëîæåíèå (2), ñàìîñòîÿòåëü-íî ÿâëÿåòñÿ èí�èíèòåçèìàëüíûì à��èííûì ïðåîáðàçîâàíèåì ïðîñòðàíñòâà
(T 0

2 (Mn),∇H) , åñëè X̃ ÿâëÿåòñÿ èí�èíèòåçèìàëüíûì à��èííûì ïðåîáðàçîâàíèåìýòîãî ïðîñòðàíñòâà.2. �àññëîåíèå (T 0
2 (Mn),∇H) íàä ìàêñèìàëüíî ïîäâèæíûìíåïðîåêòèâíîïëîñêèì ïðîñòðàíñòâîì (Mn,∇)�àññìîòðèì ðàññëîåíèå äâàæäû êîâàðèàíòíûõ òåíçîðîâ íàä ìàêñèìàëüíî ïî-äâèæíûì íåïðîåêòèâíîïëîñêèì ïðîñòðàíñòâîì R

n ñ îáúåêòîì ñâÿçíîñòè
Γ i

jk = δi
1 (δ2

j δ3
k + δ3

j δ2
k )x2 , i , j , k = 1 ,n.Òåíçîð êðèâèçíû ýòîãî ïðîñòðàíñòâà èìååò êîìïîíåíòû

Ri
jkl = δi

1
δ2

j (δ2

kδ3

l − δ3

kδ2

l ), i, j, k, l = 1, n.Ïóñòü X̃ = AHγ + BC + PV γ + DV � ïðîèçâîëüíîå èí�èíèòåçèìàëüíîå à�-�èííîå ïðåîáðàçîâàíèå ñâÿçíîñòè ∇H íà T 0

2 (Mn) . Òåíçîðíûå ïîëÿ A ∈ ℑ3

0(Mn) ,
B ∈ ℑ1

0
(Mn) , P ∈ ℑ2

2
(Mn) , D ∈ ℑ0

2
(Mn) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé (3).Ïðîèíòåãðèðóåì ñèñòåìó (3) è îïðåäåëèì êîìïîíåíòû òåíçîðíûõ ïîëåé A , B ,

P , D íà áàçå. Ñèñòåìà (3) ðàñïàäàåòñÿ íà ÷åòûðå íåçàâèñèìûå ñèñòåìû
{

∇A = 0,

A ∗ R = 0,
(4)

∇2D = 0, (5)

∇P = 0, (6)

LB∇ = 0. (7)Ñèñòåìà (7) áûëà ïðîèíòåãðèðîâàíà È.Ï. Åãîðîâûì â ðàáîòå [1℄.�àññìîòðèì ñìåøàííóþ ñèñòåìó äè��åðåíöèàëüíûõ è àëãåáðàè÷åñêèõ óðàâíå-íèé (4). Íàéäåì óñëîâèÿ èíòåãðèðóåìîñòè ýòîé ñèñòåìû. Çàïèøåì ñèñòåìó (4) âðàçâåðíóòîì âèäå:






∇iA
lmk = 0,

Rk
rijA

lmr = 0.
(8)Óñëîâèÿ ïîëíîé èíòåãðèðóåìîñòè ýòîé ñèñòåìû èìåþò âèä







Rl
rijA

rmk + Rm
rijA

lrk = 0,

Rk
rijA

lmr = 0.Ïîäñòàâèì â ñèñòåìó êîìïîíåíòû òåíçîðà êðèâèçíû






(δ2

i δ3

j − δ3

i δ2

j )(δl
1A

2mk + δm
1 Al2k) = 0,

(δ2

i δ3

j − δ3

i δ2

j )δk
1Alm2 = 0.



134 Î.À. ÌÎÍÀÕÎÂÀÏðèäàâ ðàçëè÷íûå çíà÷åíèÿ èíäåêñàì, ïîëó÷èì ïåðâóþ ñåðèþ óñëîâèé èíòåãðè-ðóåìîñòè:






























Alm2 = 0, l, m = 1, n,

A2pk = 0, k = 1, n, p = 2, n,

Aq2s = 0, s = 1, n, q = 2, n,

A21r + A12r = 0, r = 1, n.×òîáû ïîëó÷èòü âòîðóþ ñåðèþ óñëîâèé èíòåãðèðóåìîñòè, ïðîäè��åðåíöèðóåìêàæäîå óðàâíåíèå ïåðâîé ñåðèè è ïîäñòàâèì çíà÷åíèÿ ÷àñòíûõ ïðîèçâîäíûõ:
∂iA

lmk = −(δ2

i δ3

r + δ3

i δ2

r)(δl
1A

rmk + δm
1 Alrk + δk

1Almr)x2, (9)(9) ÿâëÿåòñÿ ðàçâåðíóòîé çàïèñüþ ïåðâîãî ðàâåíñòâà ñèñòåìû (8). Êàæäîå èç óðàâ-íåíèé âòîðîé ñåðèè ÿâëÿåòñÿ ñëåäñòâèåì íåêîòîðûõ óðàâíåíèé ïåðâîé ñåðèè, ñëå-äîâàòåëüíî, ñèñòåìà óðàâíåíèé (4) èìååò òîëüêî îäíó ñåðèþ óñëîâèé èíòåãðèðóå-ìîñòè.Ó÷èòûâàÿ óñëîâèÿ èíòåãðèðóåìîñòè, ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû (4):
Almk = −

(x2)6

8
δl
1
δm
1

δk
1
C333 +

(x2)4

4
(δl

1
δm
1

C33k + δl
1
δk
1
C3m3 + δm

1
δk
1
Cl33)−

−
(x2)2

2
(δl

1
C3mk + δm

1
Cl3k + δk

1
Clm3) + Clmk,ãäå êîíñòàíòû Cijk óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:































Clm2 = 0, l, m = 1, n,

C2pk = 0, k = 1, n, p = 2, n,

Cq2s = 0, s = 1, n, q = 2, n,

C21r + C12r = 0, r = 1, n.Ïðîèíòåãðèðóåì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé (5). Îáîçíà÷èâ ∇kDij÷åðåç Skij , ñèñòåìó (5) äè��åðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñâåäåì êñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà:






∇kDij = Skij ,

∇lSkij = 0.
(10)Óñëîâèÿ èíòåãðèðóåìîñòè ñèñòåìû (10) ñîñòîÿò èç äâóõ ñåðèé è èìåþò âèä
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
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










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































D12 + D21 = 0,

D1j = 0, j = 1, n, j 6= 2,

Di1 = 0, i = 1, n, i 6= 2,

Sk12 + Sk21 = 0, k = 1, n,

S1ab = 0, a, b = 1, n,

Srs1 = 0, r, s = 1, n, s 6= 2,

Sp1q = 0, p, q = 1, n, q 6= 2.



ÈÍÔÈÍÈÒÅÇÈÌÀËÜÍÎÅ ÀÔÔÈÍÍÎÅ Ï�ÅÎÁ�ÀÇÎÂÀÍÈÅ 135Ïðîèíòåãðèðóåì ñèñòåìó (10). Çàïèøåì ýòó ñèñòåìó â ðàçâåðíóòîì âèäå:






Skij = ∂kDij − (δ2

kδ3

i + δ3

kδ2

i )x2D1j − (δ2

kδ3

j + δ3

kδ2

j )x2Di1,

∂lSkij = x2((δ2

l δ3

i + δ3

l δ2

i )Sk1j + (δ2

l δ3

j + δ3

l δ2

j )Ski1).Îáùåå ðåøåíèå âòîðîé ãðóïïû óðàâíåíèé ñèñòåìû (10) èìååò âèä
Skij = (δ3

i δ2

j − δ2

i δ3

j )
(x2)2

2
Ck12 + Ckij . (11)Êîíñòàíòû ckij óäîâëåòâîðÿþò óñëîâèÿì































Ck12 + Ck21 = 0, k = 1, n,

C1ab = 0, a, b = 1, n,

Crs1 = 0, r, s = 1, n, s 6= 2,

Cp1q = 0, p, q = 1, n, q 6= 2.

(12)Ïðîèíòåãðèðóåì ïåðâóþ ãðóïïó óðàâíåíèé ñèñòåìû (10) ñ ó÷åòîì (11) è óñëîâèéèíòåãðèðóåìîñòè ýòîé ñèñòåìû. Ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû (5) â âèäå
Dij = (δ3

i δ2

j − δ2

i δ3

j )

(

(x2)2

2
Ck12x

k −
(x2)2

2
C21

)

+ Ckijx
k + Cij .Êîíñòàíòû Ckij îïðåäåëåíû óñëîâèÿìè (12), à Cij � ñëåäóþùèìè óñëîâèÿìè:



















C12 + C21 = 0,

C1j = 0, j = 1, n, j 6= 2,

Ci1 = 0, i = 1, n, i 6= 2.�àññìîòðèì ñèñòåìó óðàâíåíèé (6). Îáùåå ðåøåíèå ýòîé ñèñòåìû èìååò âèä
P ij

pq = Cij
pq + (δ3

pC
ij
1q + δ3

qC
ij
p1

− δi
1C

3j
pq − δ

j
1
Ci3

pq)
(x2)2

2
+ δi

1δ
j
1

(x2)4

4
C33

pq−

− (δj
1
δ3

qCi3
p1 + δi

1δ
3

pC
3j
1q + δi

1δ
3

qC
3j
p1

+ δ
j
1
δ3

pCi3
1q)

(x2)4

8
+ δi

1δ
3

pδ3

q(−
(x2)6

24
C

3j
11

+
(x2)4

4
C

1j
11

)+

+ δ
j
1
δ3

pδ3

q(−
(x2)6

24
Ci3

11 +
(x2)4

4
Ci1

11) + δi
1δ

j
1
δ3

p(
(x2)6

12
C33

1q −
(x2)4

8
C31

1q −
(x2)4

8
C13

1q )+

+ δi
1δ

j
1
δ3

q(
(x2)6

12
C33

p1 −
(x2)4

8
C31

p1 −
(x2)4

8
C13

p1)+

+ δi
1δ

j
1
δ3

pδ3

q (
(x2)8

32
C33

11 −
(x2)6

12
C31

11 −
(x2)6

12
C13

11 −
(x2)4

4
C11

11 ),ãäå êîíñòàíòû Ckl
ij óäîâëåòâîðÿþò óñëîâèÿì:

C11

12 + C11

21 − C21

22 − C12

22 = 0,

C
1j
12

+ C
1j
21

− C
2j
22

= 0, j 6= 1,

Ci1
12 + Ci1

21 − Ci2
22 = 0, i 6= 1,

C11

p1 − C21

p2 − C12

p2 = 0, p 6= 2,

C11

1q − C21

2q − C12

2q = 0, q 6= 2,

C
ij
12

+ C
ij
21

= 0, i, j 6= 1,
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C21

pq + C12

pq = 0, p, q 6= 2,

Ci1
p1

+ Ci2
p2

= 0, i 6= 1, p 6= 2,

C
1j
1q − C

2j
2q = 0, j 6= 1, q 6= 2,

C
1j
p1

+ C
2j
p2

= 0, j 6= 1, p 6= 2,

Ci1
1q − Ci2

2q = 0, i 6= 1, q 6= 2,

C
ij
1q = 0, i, j 6= 1, q 6= 2,

C
ij
p1

= 0, i, j 6= 1, p 6= 2,

C2j
pq = 0, j 6= 1, p, q 6= 2,

Ci2
pq = 0, i 6= 1, p, q 6= 2,

C22

2q = 0, q 6= 2,

C22

p2
= 0, p 6= 2,

Ci1
11

= 0, i 6= 1,

C
1j
11

= 0, j 6= 1.Ïîäíèìåì ïîëó÷åííûå òåíçîðíûå ïîëÿ A , B , P , D íà ðàññëîåíèå äâàæäûêîâàðèàíòíûõ òåíçîðîâ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ ëè�òîâ, óêàçàííûõ â ðàçëî-æåíèè (2). Ëèíåéíî íåçàâèñèìûõ âåêòîðíûõ ïîëåé âèäà AHγ ñóùåñòâóåò n3−3n2+
4n − 2 . Îäíî èç íèõ èìååò âèä

X
Hγ
lm3

= (−
(x2)2

2
δk
1

+ δk
3
)xlm∂H

k .Ëèíåéíî íåçàâèñèìûõ âåêòîðíûõ ïîëåé âèäà PV γ ñóùåñòâóåò n4−4n3 +12n2−

−20n + 14 . Îäíî èç íèõ
(Xpq

i3 )V γ = (−
(x2)2

2
δ

j
1

+ δ
j
3
)xij∂

pq.Äàëåå, ëèíåéíî íåçàâèñèìûõ âåêòîðíûõ ïîëåé âèäà DV ñóùåñòâóåò n3 − 2n2+
+2n + 1 . Îäíî èç íèõ

(X21)V = (
(x2)2

2
(δ3

i δ2

j − δ2

i δ3

j ) + δ2

i δ1

j )∂ij .Ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ âåêòîðíûõ ïîëåé âèäà BC ðàâíî
n2 − 2n + 5 [1℄.Íà îñíîâå âñåãî âûøå ñêàçàííîãî ìîæíî ñ�îðìóëèðîâàòüÏðåäëîæåíèå 1. �àçìåðíîñòü àëãåáðû Ëè èí�èíèòåçèìàëüíûõ à��èííûõïðåîáðàçîâàíèé ðàññëîåíèÿ äâàæäû êîâàðèàíòíûõ òåíçîðîâ íàä ìàêñèìàëüíî ïî-äâèæíûì íåïðîåêòèâíîïëîñêèì ïðîñòðàíñòâîì à��èííîé ñâÿçíîñòè ðàçìåðíî-ñòè n ðàâíà n4 − 2n3 + 8n2 − 16n + 18 .SummaryO.A. Monakhova. In�nitesimal a�ne transformations of the spa
e (T 0

2 (Mn),∇H) over amaximally movable spa
e (Mn,∇) whi
h is not proje
tively �at.We 
onsider the bundle T 2

0 M of tensors of type (2, 0) over a maximally movable a�nely
onne
ted spa
e (M,∇) . On the total spa
e of this bundle we take the horizontal lift ∇
C ofthe 
onne
tion ∇ and 
onstru
t de
omposition for in�nitesimal a�ne transformations of ∇C .Also we �nd the dimension of the Lie algebra of in�nitesimal transformations of this spa
e.
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