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Abstract—In connection with estimation of interpolation orbits and coorbits we introduce a new
transformation acting in the class of all parameter-space of real interpolation K'-method. We “cal-
culate”the result of the transformation of classical parameters. It is revealed that the transformation
of weighted L -spaces leads to Orlicz spaces.
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1. Denote by R, the interval (0,00) with the Lebesgue measure. Let D; be a cone of all non-
increasing integrable (and, therefore, non-negative) functions on R;. For v € Dy we write ||v||p, or
[v]|1 instead of [[v]|1, (r.)-

In this paper we use the basic concepts and facts of the theory of interpolation of linear operators
([1, 2] and especially [3]).

Let E be a parameter of real K-method of interpolation, i.e., Banach ideal space (BIS) of measurable
functions on R, containing “minimal” positive concave function min(1,¢), ¢t > 0. [fw = w(¢) is positive
measurable function on R, then by E" we denote weight space E with the weight w of the BIS
functions z = x(¢) such that w - = € E, ||z||gw = ||wz| E.

Further, let E= Kg(Ls), where Kg(+) is interpolation functor, generated by the parameter E, and
L be the Banach pair of the spaces Lo (Ry), Lcl,ét(R+). As it is known,

least concave majorant of the function |z, E is the parameter, E C E, Kg() = Kz().

We describe our basic construction (naturally introduced in [4] for the lower estimates of the functions
from Ly + Lo under the action of linear continuous operators from the pair (L1, L) into arbitrary
Banach pair B). For each parameter of K-method for the space E we assign the set [E] of all functions

x € 3(Loo) such that

z|z = [|Z||g, where Z is the

1/t
lelis = sup |l / B(o(r))dr|p < o
lv][p; <1 0

(if it is necessary, we consider that z(0) = 0).

1/t
Lemma 1. The function x € [E]if and only if the functiont [ Z(v(r))dr belongs E for any v € D;.
0

Proof of the nontrivial part of this fact is retrieved by assumption on the contrary.
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ON ONE TRANSFORMATION OF PARAMETER-SPACES 37

1/t
Let |lvnllp, < 1and ||t [ Z(vn(r))dr|p > n- 27 Put
0

o
—n
V= g 27" v,
n=1

(the convergence is almost everywhere pointwise). It is clear that v € Dy and ||v||; < 1. Since

2(v(7)) = Z(27"on (7)) 2 2772 (v(7)),

Ht /0 v Z(v(r))dr

for any n, which leads to the contradiction.

it follows that

> 27"
E

>27".n2"=n
E

1/t
t/o Z(vp(7))dr

Proposition. [E] is parameter of K-method of interpolation, [E] D E.

Proof. Clearly, ([E], || - [|{£]) is a normed ideal space. Omitting the details, we show how one can verify

the completeness of this space. Let ) [|zy||[g) < co. Then the series ) x, converge in the Banach
n=1 n=1

space X(Ls) to some . We define yy =2 — > x, = > x,. Forany v € Dy we have |jv|; <1,

n<N n>N
yn(v(1)) < > Zp(v(7)), therefore

n>N
t v yn(v(r))dr t v Zn(v(7))dr
H /0 H /0

n>N

< Z ”xn”[E}
E

n>N

Taking the supremum by v, we obtain Hx - >z,
n<N

< > |l@nlljg). Therefore, the series > @,
[E] n<N

n=1
converge in [E] to =, and [E] is complete.

For the proof of the inclusion EcC [E], note that the measure tdr is a probability measure on the
interval (0,1/t). Using the fact that the non-negative function z is concave, we have

1/t 1/t
/ Z(v(r))tdr < 5(/ v(7‘)td7‘> < Z(||vlj1t) < max(1,||v||1)z(t).
0 0
Therefore, if z € E, i.e., @ € E, then z € [E] and lzlliz <zl 5. O

The study of the transformation E' — [E] to certain extent is motivated by the following

Theorem 1. If B is an arbitrary relatively complete Ko-abundant Banach couple, then

KE(LhLoo) C COI‘b((Ll,LOO) — E; KE(E)) C K[E}(LlaLoo)-

Proofi. The left inclusion is obvious. The right inclusion, such that it is upper estimate of the coorbit,
substantially follows from the definition and theorem 1 of paper [4]. Additionally we note that for some

pairs B (for example, for the pair of the form (L0, L¥V1 )) the right inclusion, in fact, is the isomorphism.
O
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38 DMITRIEV

This simple Theorem in the situation of interpolation (L1, L) — B results in a simple upper
estimate of the coorbits of the spaces of K-method, moreover, the form of the estimate does not depend

on B. Sometimes for particular pairs B this estimation is faithful; the examples of the faithful estimations
are based on the Ovchinnikov theorem from [5]. Surely, for the classes of pairs B, which have an effective
description (or estimation) of the orbit, we are able to significantly improve of the estimation mentioned
in Theorem 1. For example, V. I. Ovchinnikov in [6] (and also in [7]) have gained accurate interpolation
theorems in far more general situation than (L1, Lo) — (L, Lg) based on the fundamental theorem
from [8] about the description of the orbits in the pairs of weight spaces L,,. In this paper we do not
discuss these uneasy results.

From Theorem 1 the problem of “the computation” of the spaces [E] occurs, i.e., the problem of their
identification for specific E.

In this paper the transformation E — [E] is performed for the parameter-space of classical standard
method of interpolation.

2. For 1 < ¢ < o00,a € Rwedenote by L, the space L,(Ry) with the weight w(t) = te-1/a,
o AN
llzg, = ; ()]~ (q < 00),

| zllzg,, = ess supt®|x(t)] (g = o0).
t>0

For0 < # < 1 the space Lq_f are parameters for the classical K'-method of interpolation:

K, -o(B) = K—,(B) = By,
q* Lgy

Theorem 2. The equality

—

LA =L, 1/p=(1/q—9),
holds (with the equivalent norms; ay = max(a,0)).
Corollary. Let B be relatively complete Ky-abundant Banach pair. Then
Corb((L1, Loo) — B; Bayg) C (L1, Loc)ep, 1/p=(1/q—0)_,
and, in fact, for ¢ = oo the embedding is an isomorphism.
In the proof of Theorem 2 we use the facts which deserve separate statements.
Lemma 2. Foranyp > 0 there exists the constant c, such that

1
Y 2% < ZT(Z%) pécpzznyn

nez nez m>n nez

for any sequence (yy)nez of non-negative numbers.

Proof. The leit inequality is trivial, and the right one follows from the well-known inequalities. Let us
explain it.

Iip>1,then Y yh < (Zmzn ym)p, therefore

m>n
1/p
22”<Zy%> SIS =D Um 2" =2 2™
nez m>n nez m>n meZ n<m meZ

Let now p < 1. For non-negative functions f, which are measurable on R, the inequality
1
[H2f L, Ry < 2_9||f||L1/p(R+)
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ON ONE TRANSFORMATION OF PARAMETER-SPACES 39

holds, where Hs is the Hardy operator: (Hyf)(t f I(s
In this inequality we put f(¢) = > yhxn(t), where x,, is the characteristic function of the interval
nez
[27, 27+,
We have

2n 1/p
a1, = 3 L (16 ) 53 /2 ([ r0%) "

=> 2”1</ D vhxm(s ds) ——22”(2%/%“%)1@—

nezZ meZ nezZ m>n

iy r( )

nez m>n

1/p
12 = [ (S val)) = w2

nez nez

Therefore, the required inequality for p < 1 holds with ¢, = 2(pln 2)~1/P. O

Another important fact is the well-known “Resonance” theorem of Landau.

Lemma 3. We will consider only non-negative sequences. Let 0 < p < oo. We have > apx, < o0
n

for any sequence (zy,) € £y, if and only if (ay) € Ly, where 1/px = (1 — 1/p)+.

Proof of Theorem 2. Consider the case ¢ < oo. The function x belongs to the space [L; 91, only if
» = T belongs to this space. Further we use the function ¢.

Let Hy be the Hardy operator: (H1f)(t) = tff s)ds, ¢ € [Ly, ) means that Hy(o(v))(1/t) € Lgf

for all v € Dy (Lemma 1), and this, in turn, means that Hy(p(v))(t) € LE, for all v e D;. Since, on
one hand, ¢(v) < Hi(¢(v)), and on the other hand Hy : LY, — LY, with the norm < 1=, it follows that
Hy(p(v)) € LY,  ¢(v) € L.

Therefore, we obtain ¢ € [L_f], only if f (to(v(t)))7% < oo forallv € Dy.

For each function v € Dy we define its dlstrlbutlon function w(s) = sup{t : v(t) > s} for s > 0.
We have

= gt _ 0 (v g 0t
RGO D S N GO

nez
(due to the fact that p(27) < p(v(t)) < p(2") < 2p(2") for 2" < v(t) < 2™

VZ¢ (27) / w(2") 04 ﬁva 27( —wfi‘il)

1
nez (2n+1) nez

where w,, = w(2"). For the sequence (w,)nez We can state the following:

0<w, |, Z 2" wy, < 00, (A)
nez
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40 DMITRIEV

because

Z2"wn§22/ ds—2/ooow(s)ds—2/ooov(t)dt<oo.

nez nez

[t is easy to see that the mapping from D; into the set W of all of the sequences, satisfying
conditions (A), transforming, as it is noted, the function v into the sequence (wy,), is surjective.

Therefore,

LA e 012 (wht —w)i ) < oo orall (w,) € W. (B)
nez

Put y, = 2%m (wh! — wf;il). We state that the mapping ] : (w,) — (yn) is surjective (and even

bijective) from W onto the cone Ef/eq of all non-negative elements of the space £;p,. Indeed, let
(w,) € W. Then (y,) = [[((wn)) € £1/94 because

Z yh/0a = Z 2" (whd — wiﬂl)l/eq < Z 2" wy, < 0.

nez nezZ nez

H + —Ogm 1/6q
Conversely, if (y,,) € 61/9(1, then put w,, = ( > 2 ym) . Then0 < w,, | and

m>n

1/6q
Z 2" w,, = Z 2"< Z 2_9qmym> (according to Lemma 2)

nez nez m>n
0
< cgg 3 2" 27y % = ol (ya)lly e <

nez

Therefore, (w,) € W and, obviously, [[((w,)) = (yn)-
From the above we obtain that equivalence (B) may we rewritten in the following form

pe L&) (277p2M) %, < oo forall (y,) € 4] 10g°
nez

From this by Lemma 3 we obtain
p € L] & (2770(2")Dnez € lija-og), -
Hence,
p € [Lyl] & (270(2"))nez € by,
where
p=Q1-0q)+/¢=(1/g—-0)..
From the almost obvious equivalence of the values [[27%7¢(2")|,, and ||<p||L;*e we get

<,0€[L*9] & ’x\:goEL;* & xELpf,

and the Theorem is proved for ¢ < oo.
Consider the remaining case ¢ = co. We have

z€[L0] & sup [|Hi(o(v))lg,, < oo.
loll<1

Since ¢(v) < Hi(p(v)) and ||y (o(0) s, < rll(0) ., it follows that

zellld] & Sup le(W)ll e, < oo (©)
v|[1 <1
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ON ONE TRANSFORMATION OF PARAMETER-SPACES 41

Let z € [L32]. We denote by M the supremum of (C). For each ¢ > 0 we take v;(s) =t - X(0,1/4(5)-

Clearly, v; € Dy and |lv¢||; = 1. The inequality o(v¢)|| e < M holds, i.e., sup s?¢(t - X(0,1/4(8)) < M,
o0 * S>0 b

which implies t~%¢(t) < M. Hence, ||¢||,-¢ < M andsox € L35

Conversely, let € L%, therefore ¢ € L30,, i.e., p(t) < Mt? for all t > 0. Forv € Dy, |jo]; <1 we
have

to(v(t)) < M(to(t))? < M</0tv(s)d8>9 < M.

Therefore, condition (C) is fulfilled and, hence, 2 € [LZ%]. O

OO *

3. As a complement to the above we describe (without proofs, which in many aspects repeat those in
[tem 2) the result of the transform E — [E] for the case when FE is the weight L;-space.

Consider the space LY (see Item 1). This space is nontrivial parameter of K -method of interpolation
only if it contains the function min(1, ¢), i.e., it is required that

1 00
/ w(t)tdt < oo, / w(t)dt < oo.
0 1
In order to avoid the degenerate situations, we immediately assume
1 00
/ w(t)dt = oo, / w(t)tdt = oco.
0 1

We define the sequence

1/s t
w(s) :/0 w(T)rdr (s >0), N(t) :/0 w(s)ds (t>0).

The function N (¢) is continuous increasing concave function, N(0) = 0, N(o0) = co. Denote by M*
the function which is inverse function for N. The function M* on [0, 00) is the Orlicz function, i.e., it is
continuous, increasing, convex and

M*(t M*(t
lim—():O, lim—():oo
t—0 t t—o00 t

Let us consider complementary function M* for the function M this Orlicz function is defined by the
formula

M(t) = ssl>110)(ts — M*(s)).

Recall the Orlicz definition of BIS Ljs. The elements of this space are the measurable functions f

on R, such that
1fllzar = inf{A >0: / M(@)dt < 1} < o0.
0

The space Ly, takes part in our description of the space [LY].

Theorem 3. = € [LY], if and only if x(0+) = 0 and the function M belongs to the Orlicz
space Lyy.

For the description of the space [LY'] we are also able to use the derivative of absolutely continuous
function z : & € [LY] if and only if Z(0+) = 0 and the derivative 2’ belongs to the Orlicz space Lyy.
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t
In conclusion we give a simple example. As it is well-known, K (¢, f; L1, Loo) = K(t) = [ f*(s)ds,
0

where f* is the permutation of the function |f| in the non-decreasing order, K (t) is concave function,
K (t) = K(t). The condition K(0+) = 0 is fulfilled automatically. We have

fe K[Ul"](Ll,Loo) = K(t) S [Lllv] = K/(t) €Ly <& f* €Ly < feLy.

Therefore,

Kizw)(L1, Loo) = L.

Note, that the problem of “the computation” of the spaces [E] at least for some FE, which differs from the
spaces considered in this paper, remains unstudied.
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Abstract—We obtain a solution to a boundary-value problem of a flow of spherical form particle for
stationary system of equations of viscous non-isothermal gaseous medium including the Stokes
equation, heat conductivity equation, and state equation with account taken of dependence of
viscosity, heat conductivity, and density of gaseous medium on temperature.
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Introduction. The mathematical theory of gaseous medium flow is a wide and quickly developing
part of the gas dynamics. The most interesting theme is the system of Navier—Stokes equations, which
expresses the conservation lows of impulse and mass. In the vector form they are written as follows:

A% 1 A%
— +(V-V)V=vAV - VP —-f, — -pV = 1
6t+( V) v pv s TV 0, (1)
where V = (Vl, Vo,..., Vn) is the vector field of rates, ¢ is the time, V and A are the nabla and Laplace
operators, p is the density, P is the pressure, v is the coefficient of kinematic viscosity, f is the vector
field of mass forces. Unknowns P and V are functions of time ¢ and coordinate x € €, where ) € R™,
n = 2,3, is a two- or three-dimensional domain, in which the medium moves.

One of the most disagreeable properties of the system of Navier—Stokes equations is its nonlinearity
due to presence of a convective member of acceleration (V - V)V in the left-hand side of Eq. (1). In
addition, usually the edge conditions for the Navier—Stokes equations, describing flows of a concrete
viscous medium, are nonlinear. Taking into account these facts, in the gas dynamics one has elaborated
approximate methods, which allow one to simplify the system of hydrodynamic equations in one way
or another and adjust it to the character of separate types of concrete physical problems. There exists a
wide class of hydrodynamic flows, in which one can neglect the nonlinear term. In the scientific literature
such equations are said to be the Navier—Stokes equations linearized with respect to the rate.

Investigating a stationary system of equations of a viscous non-isothermal gaseous medium we
use the term a “relative drop of temperature”, which equals quotient of difference between the mean
temperature of particle Ts surface and the temperature of domain far from it T, to the latter. A relative
drop of temperature is assumed to be small, if the inequality is fulfilled (Ts — T')/Too < 1. Provided
this inequality, coefficients of viscosity, heat conductivity, and density of medium can be assumed to be
constants, and the viscous medium is said to be isothermal. If (Ts — Two)/Too ~ O(1), then the relative
drop of temperature is assumed to be significant. In this case, it is necessary to take into account the
dependence of indicated coefficients on temperature, that essentially complicates the analysis of system
of equations, and the viscous medium is said to be non-isothermal.
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At the present time, the motion of particles of spherical form was investigated in detail in the
isothermal case only (for example, [1], Chap. XI and [2], Chap. 4), in which the analysis of system of
the Navier—Stokes equations is essentially simplified and solutions are well-studied unlike the non-
isothermal case ([3—6]). In the present paper, we investigate crawl flows of viscous non-isothermal gas.
With a definite type of search of solutions of mass rate components and with feasible simplifications from
the physical point of view, a solution to a system of Navier—Stokes equations linearized with respect to
rate is reduced to the solution of a fourth-order ordinary differential equation with an isolated singular
point with the help of functional series of a special form.

Problem definition. Main equations and edge conditions. We consider the classical problem
of flow of a solid non-uniformly heated particle of spherical form of radius R by a flatly parallel flow
of gas with the rate Uy, (U ||Oz), but not with small relative temperature drops, as in [2] (P. 144),
and with significant temperature drops. The description of flow is realized in the spherical system
of coordinates (r,p,0) connected with the mass center of particle. We obtained an axis-symmetric
(independent of the coordinate ¢) solution to the boundary-value problem for the system of stationary
gas dynamics equations describing the vector field U(z) = (U (x), Ua(x), Us(x)). We found functions
P(z), T(z) in the domain z € Q, = R3\ Q,, where §,, is a spherical domain centered at zero, and also
the function Ty, (z), x € Q,. Here U(x) is the field of rates, P(z) and T'(z) are distributions of pressure
and temperature in the outer flow, and T),(z) is the distribution of temperature inside the particle. The
indicated system of equations has the following form:

3
2
ViP =)V, [M(VjUk + ViU = 30(V,U)) |, k=123, (2)
j=1
(V.pU) =0, (3)
(V,\,VT,) =0, (4)
(V’/\pVTp) =—-q (5)

where V = (V1,V3,V3) is a vector differential Hamilton operator in Cartesian coordinates, V; =
0/0xj, q(x) is a given in 2, function defining the density of heat sources inside the particle. Hereinafter
indices g and p are related, respectively, to domains €, and €2,,, i.e., to the medium and to the particle.
Since p, p, Ay, and X, are functions with respect to desired functions T,(z) and T,(x), system of
equations (2)—(5) is nonlinear in the whole. In what follows we call Eq. (2) a Navier—Stokes equation
linearized with respect to rate, (3) a continuity equation, (4) and (5) heat conductivity equations,
describing the distribution of temperature outside €2, and inside €2,,, respectively.

The mathematical description of motion of heated particles in a viscous non-isothermal gaseous
medium allows one to expand the method of solution of a linearized with respect to rate Navier—Stokes
equation, elaborated for a concrete physical problem, on a wider class of problems.

In the present paper, for the solution to system of gas dynamic equations we make the following
physical assumptions, which can be realized in most applied problems.

Admission 1. Asin[7](Chap. IX), we assume the power form of dependence of dynamic viscosity, heat
conductivity, and density with respect to temperature:

Hg = Hoo (Tg/Too)ﬁ, pg = Poo(Too/Tg)s Ag = Aoo(Tg/Toc)"s Ap = M(Tp/Toc)”,

where Lioo, Poor Aoos Ak, aNd T, are positive constants. In the indicated power dependencies, coefficients
are in limits 0.5 < o, 6 < 1, —1 < w < 1. Hereinafter the index oo is used for the definition of values of
desired functions at infinity.

Admission 2. The heat conductivity coefficient of particle is essentially greater than the coefficient of
heat conductivity of gas that takes place for most real gaseous mediums. This assumption yields that
in the viscosity coefficient we can neglect the dependence with respect to the angle 6 in the system
“particle—gaseous medium” (we assume a weak angular asymmetry of temperature distribution) and,
therefore, the viscosity is connected with the temperature ¢49(r), only, i.e., pg(ty(r,0)) = pg(tgo(r)).
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INVESTIGATION OF BOUNDARY-VALUE PROBLEM FOR SLOW FLOW 45

Here t4(r,0) = tgo(r) + dty(r,0), where oty(r,0) < tyo(r), and 6ty(r,0),t40(r) are defined from the
solution to heat problem (4), (5). With this assumption we can consider the hydrodynamic part
separately of the heat part, and the connection between them is established with the help of edge
conditions.

Admission 3. A particle is formed by homogeneous and isotropic by its properties material.

In the spherical system of coordinates the system of gas dynamic equations, describing the distribu-
tion of rate and pressure outside the particle, has the following form:

oP 00y 2 100, cot 0 099 — Oy
= = + —0pr + — Org — ) 6
oy Oy y y 0 y Y ©)
10P _ 00 ,¢ 3 1 dogg cot 0
0=y Ty e T (000 — ) (7)
10,, 1 9, .
y_za_y(y pU:) + m%(smﬁ pUy) = 0, (8)

and heat conductivity equations, describing distributions of temperature outside and inside the particle,
taking into account Assumption 1, have the form

1 9 ) atglera 1 b ' atglera B

?%(y dy ) +y2sin9@(sme 00 =0, ©)
19 [ ,o0tt 1 9. ott R (1 +w)
2z = sing =Ty 1
2 Dy <y oy ) T Zsmoeae \ " o0 T D (10)

where y = r/R, oy, 0y9, 0g9 and o,, are components of tensions tensor in the spherical system of
coordinates defined by equalities ([8], Chap. II, P. 70)

ou, 2 . 2009 2 2 ..
rr — 2 - -d 5 = — A - r——d y
o ,u< 3y 3 1VU> oY) ,u<y 50 —|—yU 3 1VU>

2 2 2 oU, 10U, U,
a¢¢—u<§Ur+§cot0U9—gdiVU>, UT(;—,u< 0 ——9>.

By Ty o8y

We assume that on the particle surface (with » = R) the adhesion condition for normal and tangent
components of mass rate U is fulfilled. In addition, the equality of temperature and the continuity of
radial heat flows take place taking into account emanations on the particle surface, and the standard
conditions also hold true as y — oo and y — 0. Therefore the system of gas dynamic equations (6)—(10)
should be solved with the following boundary conditions:

y—1 y—1 y—1 y—1
) oT, . o7,
g}lgiAng@—yg :ilgi <)\pa—yp+Roool(T§—T§O)>, (12)

lim U(y,0) = Ux cosfe, — Ussinfey, lim P = Py, lim T, =T, lir%|Tp| < 00, (13)
where g is the Stefan—Boltzmann constant, o is the integral degree of solid blackness, e,, ey are base
unit vectors of spherical system of coordinates.

We will seek components of mass rate U,(y,0), Up(y,0) and pressure P(y,8) in the form of
decomposition by the Legendre and Gegenbauer polynomials. They are necessary for finding the
common force, acting to the particle, which is defined ([8], Chap. I, P. 70) by integrating of the tensions
tensor with respect to the particle surface S with r = R,

linll% F.(r)= hn}% (=P(r/R,0)cos 0 + oy cos ) — 0,9 sin 0)r? sin 0 df dip. (14)
r— r— S
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Using the Legendre and Gegenbauer polynomials properties, we see that this force is defined by the
first members of decompositions only ([2], Chap. 4, P. 156). Therefore we assume

Ur(y,0) = UscG(y) cos 0, Up(y,0) = —Uscg(y) sin 0, (15)

where G(y) and g(y) are arbitrary functions depending on the radial component.

The connection between functions G(y) and g(y) can be found from continuity equation (8) taking
into account the dependence of density of gaseous medium on temperature in Assumption 1. It has the
following form:

o) = Gl0) + §G )~ FG). f(5) = T, (16)

We will find temperature fields outside and inside the particle. For that it is necessary to solve
Egs. (9)—(10). Taking into account Assumption 2, in what follows we need functions t4o(y) and t,0(y),
only, which are described by equations

1 d 2d<1>1(y)>
——(y»—=) =0, 17
y? dy (y dy (7
1 d [ 5dPs(y)\ _
(P — 1), (18)
(6% w 2 w +1
where ®1(y) = 16" (1), @a(y) = 13" (1), F(y) = ~ 272 [ aly, 2)dz, © = cos .
-1

Integrating Eqgs. (17) and (18), we obtain the following solutions, which satisfy boundary conditions
asy — ooand y — 0 (see(13))

tyo(y) = (1 +To/y)"/ ), (19)

1/(14w)
toly) = <Bo+—+ /wo ) dé /”’0 d§> ,

R*1+w ,
Yoly) = — o T Y /_ q(y,x) dz, Do = — / Yo(§)d¢,
where constants I'g and By are defined from boundary conditions on the particle surface (11), (12).

If we denote by Ts the mean value of temperature of particle surface (T's = t,5/To0, tps = tpo
(y = 1)), then from the second boundary condition (11) we have

To = (Ts/Tw) ™" = 1, (20)
the value Tg is defined from boundary condition (12)
1) Ags R? RT3,  ,
) 90 = Ty — X (g —1 21
T+ ars ® " 3hsThe Jo = 0001 Aps (tps = 1), (21)

in which

Ags = )\00752‘5, Aps = )‘*t;;S’ tys = tgo(y =1),

Ty 3
e 1 = — e
ng thTom E( ) 1+F07 Jo s /Vq(a})dv,

and the integration is fulfilled on the whole volume of particle.

Taking into account (19) and Assumption 2, the dependence of dynamic viscosity on temperature
takes the form

119 (y, 0) = pioo(1 4 T /y) P 1), (22)
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As in [3], differentiating (6) with respect to the variable 8, and (7) with respect to y, substituting (15)
in (6), (7) and taking into account (16) and (22), after elementary transformations for the function G(y)
on the interval y € [1, 00) we obtain the following homogeneous differential equation of the fourth order:

d'Gly) 1 d*Gy) | 1 2, WPPG(y)
Tt + &(8 + a1l(y)) i + ?(8 + al(y) + azl*(y)) 0y
i B 2 3 dG(y) i 2 3 4 —
+ yg( 8 + aul(y) + asl(y) + agl (y))—dy + y4(a7€ (y) + asl’(y) + asl*(y))G(y) =0, (23)
in which
83 B2—3B—a6+3+3a g—1 B2+B af—3a—3
Qg = — , Q3 = ; = 2— Qa5 = )
1+« (1+«)? a+1’ (14 «a)?
1-28 6 + 12a + 602 + 5% — 53 — 5af
= ———, Qg = 5
1+« (14 «)3
2420 — ﬂ N B F()
Qar WM@ = —2ag, {(y) = Y+ 1o’
with edge conditions
G(1)=F, lim G(y) =1, ¢g(1) =, lim g(y) =1, (24)
Yy—0oo Yy—oo

where F; and F; are constants, whose form is defined by the concrete physical problem. For example, in
the case of classical Stokes problem we have F} = F, = 0, that corresponds to the adhesion condition
on the sphere surface of radius R.

We will seek the solution to Eq. (23) in the form of the following functional series of a special form:

Gly) =y" Y Cul"(y), Co #0. (25)

Calculating derivatives, we obtain

! Z n— (n— 1)Cor)"(v).

G (y) =y 2 Z (m=p)n—p+1)Cp —2(n—p)(n—1)Cph_1+ (n—1)(n —2) Cp,—2]l"(y),

G"(y) ==y ln—p)n—p+1)(n—p+2)Ch—3(n—p)(n—p+1)(n—1)Cy1

+3(n—p)(n—=1)(n =2)Cp2+ (n—1)(n = 2)(n = 3)Cr3]"(y),

Gy —yp4z (n=p)n—p+1)(n—p+2)(n—p+3)Cp —4(n—p)(n—p+1)

(1 D= 1Con + 60— P — p-+ ) — ) — 2Cs
—4n—p)n—1)(n—2)(n —3)Cph_3+ (n—1)(n —2)(n — 3)(n — 4)Cprh_4]l" (y).
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Substituting series (25) in (23) and equating coefficients of y”, we obtain the defining equation

plp+3)(p+1)(p—2) =0,

having roots py = =3, po = —1, p3 =0, and py = 2. We note that the difference of roots equals an
integer. Therefore, in accordance with the general theory of solution of differential equations in the
form of generalized power series (the Frobenius method) in all other solutions, except the first one,
corresponding to p; = —3, an additional summand appears, which contains a coefficient In y multiplied
by the first solution ([9], Chap. [V).

The solution
1 & .
@@z;ZQﬂ@> (26)
n=0

corresponds to the greatest root by module.

Substituting (26) into (23) and using the method of indefinite coefficients, we obtain the following
recurrent formula for finding coefficients C, 1:

1
n(n +2)(n +3)(n+5) {2
X [4n—1)(n?* +4n+1) +ar(n+3)(n+4) +as —as(n+3)]Cp11
—[2(n — 1)(n —2)(3n* + 9n +4) + 3a1(n — 2)(n + 2)(n + 3)
—2(n+2)(n—2)+az(n+1)(n+2)+as(n—2)—as(n+1)+a7]Cp_2;
+[4n+1)(n—-1)(n—-2)(n—3)+3ai1(n —2)(n+2)(n —3) —az(n —3)(n — 2)
+2a3(n+1)(n —3) —as(n —3) + asn — ag|Cr_31

—(n=3)(n—=1(n—-2)(n—4)+a1(n—2)(n—4) + ag(n — 4) +046]Cn_471}.

Copi=1, Cp1=

Hereinafter we assume C,, , = 0,iin < 0.

We will seek the second solution to Eq. (23), which is linearly independent with the solution G (y)
and corresponds to the root py = —1, in the form

wylny

1 o o
Galy) = D Chal(y) + 7 > Conl(y).

Analogously, by the method of indefinite coefficients we obtain the following recurrent formula for
finding coefficients Cy, o:

1
0072 =1, 0172 = —5(6011 — 209 + 014), 02’2 =1,

1
R Co [ e [ oY

—ag(n+1)]Cp_12 —[2(n — 1)(n — 2)(3n* — 3n — 2) + 3ain(n — 2)(n + 1) — 2a9n(n — 2)
+azn(n —1) + ag(n —2) —as(n — 1) + a7]Cp_a2 + [4(n — 1)*(n — 2)(n — 3)
+3ain(n —2)(n —3) —az(n —3)(n — 2) + 2as(n — 1)(n — 3) —as(n — 3) — ag
+ag(n —2)|Ch32 —(n—3)[(n—1)(n—2)(n —4) + a1(n — 2)(n — 4)

{n[él(n —Dn?=3)+an+Dn+2)+a

n—2
+as(n —4) + ag)Crsz + % S k- 1)Ak},
0 k=0

RUSSIAN MATHEMATICS Vol.60 No. 12 2016



INVESTIGATION OF BOUNDARY-VALUE PROBLEM FOR SLOW FLOW 49

where

?—% = %[2@3 — a5+ a7 —2(4+ 1201 — 3az + aq)C o,
Ay = (4k> + 30k + 62k + 30)Ci 1
— [12(k* = 1)(k + 3) + a4 + a1 (3k* + 18k + 26) — aa(2k + 5)]Cr_1.1
+ [6(k — 1)(k — 2)(2k + 3) — 2a2(k — 2) — a5 + a3(2k + 3) + 3a1(k — 2)(2k + 5)]Cr_2.1
—[4(k — 1)(k — 2)(k — 3) + 3a1(k — 2)(k — 3) + ag + 2a3(k — 3)]Cr_3.1.

We will seek the third solution to Eq. (23), which is linearly independent with solutions G1(y), Ga2(y)
and corresponds to the root p3 = 0, in the form

= f: Cn3l"(y) + wgylny Z Cn " (y + 20 hly Z 2l (Y
n=0

n=0

where coefficients €Y (n > 4) are defined from the recurrent formula

Coz=1, Ci3=0, Cy3= %, C33=1, wp=0,

1
Cn3 = n(n+2)(n—3)(n—1) {(

— agn]Cp13— [2(n — 1)(n —2)(3n* —9n +4) + 3ain(n — 2)(n — 1) + (n — 1)(n — 2)
x (a3 = 209) + (n = 2) (e — a5) + a7]Cpg 3 + [4(n — 1)(n — 2)*(n — 3)
+3a1(n—1)(n—2)(n—3)+ (n—3)(n —2)(2az —az) + (n — 3)(ag —as) + a7] Cp_33
—(n=3)[(n—-1)n-2)n—4) +a1(n—2)(n—4)+az(n—4) + as]Cp—_a3

n—3

1
+ 50 [ag - Z(S + 1201 — 32 + oz4)] kzo(n —k—=2)(n—k—1)Ag.

n—1)[4n —1)(n? —2n—2) +an(n+1) + ay

In accordance with the Frobenius method, the fourth solution Gy (y) to Eq. (23), which corresponds
to root py = 2, should be seek in the form

[e%S) . c 00 i
Go(y) =D Coal™(y) + y_g ny Y Conl™(y)
n=0 n=0
S s . > .
T jlnyz Cn2l"(y) + <2 lnyz Cr3l"(y), Coa=1.
n=0 n=0

Since this solution does not satisfy the edge condition lim G(y) = 1, we do not present its explicit

Yy—00

form here.

We note that the choice of constants C 1, Cp 2, and Cp 3 is realized so that the functions Gy (y),

Ga(y), and Gs(y) tend to the corresponding functions for sphere with small relative drops of temperature
([2], P. 144;[8], P. 83), i.e., that with Ty — 0

Gi(y) = 1/y°, Ga(y) — 1/y, Gs(y) =1.
Taking into account the inequality

)

Ly) = <1,
(y) ST
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we assume that series, defining functions G;(y), i = 1,2, 3, uniformly converge with y > 1 and are
bounded functions, which can be differentiated necessary number of times. Further we need derivatives
till the third order. We fulfill necessary calculations and obtain

1(y) = _y_14 D +3)C = (n—1)Cr11]"(y),

[e.e]

Z n+3)(n+4)CY —2(n+3)(n — 1)Cp_11 + (n— 1)(n — 2)Cp_21]0" (),

1
1" .
Gi( ——5

GY'(y) = —;—6 D (n+3)(n+4)(n+5)Cpy —3(n+3)(n+4)(n — 1)Ch_11
n=0
+3(mn+3)(n—1)(n —2)Cr21 + (n— 1)(n = 2)(n = 3)Cr_3.1] " (y),

o w o
Z n+1)Crz — (n — 1)Crm12]0"(y) + y—; Iy Y Coal™(y) +wilny Cf(y),
_ n=0

Gy(y) = % Z[(n +1)(n+2)Cho—2(n+1)(n—1)Ch12+ (n —1)(n — 2) Cr_22]¢" ()

n=0
— w_; [(2n+T7)Ch1 —2(n —1)Ch11] + w1 Iny GY (v),
n=0
1 o
Gy (y) === [(n+1)(n+2)(n+3)Cha—3(n+1)(n+2)(n—1)Cp12
n=0

+3(n+1)(n—1)(n=2)Cr2+ (n—1)(n—2)(n = 3)Cr_32]("(y)

+ w—; > [(3n® + 24n + 47)Ch iy — 3(n — 1)(2n 4 7) Co11 + 3(n — 1)(n — 2) Cr—21 " (1)
n=0
+wiIny GY(y),
1 o
Ghy(y) = - > [nCrs — (n = 1)Cr1 3]y lny Z Cal™(y) + w2 Iny G1(y),
n=0

G5 (y) = yl_z Z[n(n +1)Ch 3 —2n(n—1)Ch_13+ (n —1)(n — 2)Cph_23]" (y)

n=0
w o0
— y—; (2n+T7)Ch1 —2(n —1)Cp—11] + w2lny G (y),
n=0
1 o
G5 (y) = ——3 n(n+1)(n+2)Ch3 —3n(n+1)(n — 1)Cy—1 3+ 3n(n — 1)

x (n - 2)Cn—2,3 + (n - 1)(” - 2)(” - 3)Cn—3,3]£n(y) + % Z[(3TL2 + 24n + 47)Cn,1
n=0
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—3(n—=1)2n+7)Ch11 +3(n —1)(n — 2)Cp—21]0"(y) + w2 Iny G (v).
Therefore, the general solution to Eq. (23) has the form
G(y) = A1Gi(y) + A2Ga(y) + AsGs(y) + AoGo(y), (27)

where A1, As, Az, and A are arbitrary constants.
Constants Aj, Ay, As, and Ay are uniquely defined from edge conditions (24). Evidently, Ay = 0,
Az = 1. For defining constants A; and As we have the following linear system of equations:

A Gl(l) + AQGQ(l) =F - G3(1);
Aq G4(1) + A2G5(1) =Fy— G6(1),
where

(y)
2(1+«)

This system has a unique solution, because its main determinant differs from zero due to the linear
independence of solutions G1(y), G2(y), and Gs(y). Hence, we have

Gr(y) = <1 + >Gk3(y) + %G;ﬁ:*f}(y)? k=4,5,6.

Fy — Gg(l) Gg(l) Gl(l) F — Gg(l)
A = Fy — G6(1) G5(1) 7 Ay — G4(1) Fy — Gﬁ(l) . (28)
Gi(1) G2(1) Gi(1) G2(1)

G4(1) G5(1) G4(1) G5(1)

As a result of the fulfilled investigation, we have proved the following

Theorem. A function G(y) = A1G1(y) + A2G2(y) + G3(y) with coefficients, which are defined by
formula (28), is a unique solution to Eq. (23), satisfying edge conditions (24).

Let us turn to the definition of components of mass rate U and pressure P, which are necessary for
finding the common force (14), acting on a non-uniformly heated particle moving in the non-isothermal
gaseous medium. Taking into account (15), (16) and the proved above Theorem, we have

Ur(y,0) = Uso cos 0] A1G1(y) + A2Ga(y) + G3(y)], (29)

Up(y,0) = —Uso sin0[A1Ga(y) + A2Gs(y) + Ge(y)]- (30)

Since the explicit form of functions U, (y, 8) and Uy(y, 0) is known from (29), (30), we can easily
obtain from (7) expressions for the pressure field

2 —
P.0) = Pt 22020 (L) o (34 25 0w )6 - (2= 770 - 5070

+(B- 2)yf(y)> G'(y) + 2<y2f”(y) +yf (y) 4+ Byfly) — %f(zﬁ)G(y)) cos b,

U(y)

fly) = NTET

The common force, acting on a particle, is defined by integrating of the tensions tensor with respect
to its surface and in the spherical system of coordinates it is defined by formula (14). Integrating (14) by
angles (0 < 0 <, 0 < ¢ < 27), we obtain

2Ny

F, = GWReroUoof,unza f,u = ﬁa

(31)

RUSSIAN MATHEMATICS Vol.60 No. 12 2016



52 MALATI et al.

where n, is a unit vector at the direction of axis Oz, Ny = Gi(1)G4H(1) — G2(1)G)(1), Ny =
Gi1(1)G5(1) — Gs(1)Gy (D).

A spherical particle, falling by gravity, acquires a constant speed U, as soon as the gravity action is
balanced by the hydrodynamic forces.

The gravity acting to the particle, taking into account the extruding force, equals

4
Fy = (pps — pgs)g5mRn., (32)

where g is the acceleration of gravity, p,s and pys are the densities of particle and gaseous medium,
taken with the mean temperature of particle surface equal Ts.

Equating (32) to (31) and taking into account that U = —U,,, we obtain the expression for the rate
of a steady fall of a solid non-uniformly heated spherical particle in the gravity field

2 pps — pgs
U,=hn,, h=-22_"92p2, 33
b 9 piof (33)

Therefore, formulas (31) and (33) allow one to estimate the force, acting on a non-uniformly heated
sphere, and the rate of its gravity fall taking into account the power form of dependence of viscosity, heat
conductivity, and density coefficients of gaseous medium on temperature with arbitrary relative drops of
temperature between the particle surface and the domain far from it.

In the case, when the value of heating of particle surface is sufficiently small, i.e., the mean
temperature of particle surface is insufficiently differs from the temperature of medium far from it
(I'p = 0), we can neglect the dependence of density and coefficients of molecular transfer on temperature,
and then

Gi(1) =1, Gi(1) = =3, Go(1) =1, G4(1) = -1, G3(1) =1, G5(1) =0, Ny =2, Ny =3.

In this case formulas (31) and (33) are reduced to the known expressions for a sphere obtained by
Stokes ([2], P. 144; 8], P. 83)

gpioo — Peco R2

Fs = 67TR,UBOOUOO7 U=
9 Heoco

g.

Here we note that the coefficients of molecular transfer and the density are taken with the temperature
of particle surface equal the temperature of medium (in our case T), i.e., these formulas are true with
small relative drops of temperature.

However from (20) it follows that the constant I'y depends on the value of mean temperature of
particle surface T, which in the case of non-uniform heating of surface is defined from Eq. (21) and
therefore it depends on the density of heat sources, which are non-uniformly distributed in the particle
volume. Hence it follows that the functions G1, Go, etc also depend on density of heat sources, because
these functions contain the value

y+Ty

£(y)

The numerical analysis fulfilled with the help of above obtained formulas shows the nonlinear type
of dependence of the force and rate of gravity on the mean temperature of particle surface. The
obtained results for a system of gas dynamic equations allow one to describe a wide class of other
physical problems, for example, the particle precipitation in the channels of different temperatures, the
atmospheric sensing by a powerful laser radiation, the development of fine methods of gas cleaning of
hydraulic and aerosol impurities, etc.
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Abstract—We consider a group-sequential test for testing a simple hypothesis against a composite
one-sided alternative, which defines the following sequential statistical procedure: At each stage
a random number of independent identically distributed observations (a group of observations) is
observed and, based on the collected data, the decision to accept or to reject the hypothesis or
to continue the observation is made. For the tests with finite number of observations, we prove
the existence of the derivative of the power function and establish the information-type inequalities
relating that derivative to other characteristics of the test: the average number of observations and
the type I error.

DOI: 10.3103/51066369X16120082

Keywords: sequential analysis, sequential hypothesis testing, group sequential test, groups
of observations of random size, derivative of power function.

INTRODUCTION

Suppose that at any stage of a sequential experiment we observe a group of independent and
identically distributed (i. i. d.) observations and the number of observations in each group is random
and independent of the observations.

Let XY“), XQ(W), ., X" be a sequence of groups of observations, X,gm“) = (Xk1, Xk2, - - - » Xpomy,)
fork=1,2,...,where X3;, k =1,2,...,j=1,2,...,arei.i. d. random variables. Let the distribution
of the random variable X;, k =1,2,..., 7=1,2,..., depend on an unknown parameter 0, § € ©,
where O is an open subset of the real line. We consider the problem of testing Hy : 6 = 6y vs Hy : 6 > 0y,
where 6 € © is a fixed number.

For a measurable space (X, 2") and an integer n > 1, define X" as an n-fold Cartesian product of X,
and 2 as a cylindrical o-algebra in X7. Let X° be a set consisting of a sole element denoted as “(')”
(an empty “vector” with the meaning of “no observations in the group”), and 2°° be a trivial o-algebra
in X0 (this corresponds to the situation when at the moment of another observation there happen to be
no objects to observe).

Let4 C {0,1,2,...} beasetof admissible values of (random) sizes of groups of observations. Let ™
be an n-fold Cartesian product of 4. Forany n = (n1,...,n,) € 4" define X7 = X™ x .- x X" and
let Z"=2"M®---® 2" be the corresponding cylindrical o-algebra in X". Let also 9* = U ¢™.

n>1
A group-sequential test (with groups of observations of random size) is a pair (¢, ¢), consisting of
a (randomized) stopping rule 1 and a (randomized) decision rule ¢, where ¢ = {1, : X" — [0, 1],
neYG ), ¢={¢,: X" —[0,1], n € ¥*} are families of measurable functions indexed with n € ¥*.

"E-mail: an@xanum.uam.mx.
“E-mail: novikov@it.kfu.ru.
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The value of ¢, = ¢, (2] z{m) a;g”), 2" is interpreted as the conditional probability to stop (and
proceed to the decision makmg) given the group sizes n = (n1,...,n,) € 4™ and the observations
(@™, 2{™)dotse, z™)) obtained up to current stage.

We assume that when the experiment stops at a stage n with groups of observations of sizes n =

(M, --.,mn) € 9™, adecision rule ¢, is used to make a decision. The value of qﬁn(xgm), a;gm, e ,ng’"))

is interpreted as the conditional probability to reject the null hypothesis Hyp, given the group sizes

n = (n1,...,mn) and the observations (z\™, z{™ Ay

g ooy

Foranyn = (m,...,n,) € 9%, define

£ (@™, 25y = (1= g (@) (1 = Gy (7, 25P)))

(11— w(ﬁl,ﬁ2,..mn71)($§m)? $§n2), o ’:ngnffl)))
and
sﬁ(a:gm),xgm),...,a:%"")) _tw( (n1) a:g”),.. )%( (n17 (WQ)’...’xg’M))

(by definition, we suppose tﬁ(x(")) = 1forn e 9.

Let the size of the kth group of observations be defined by a (discrete) random variable vy, that is
distributed according to a known probability mass function. pg(i) = P(vy =1i),1 € 4,k =1,2,... For
any n € 9" define

pm) =P =m,...,vn=1) = [[ Pk =m) = [[ or(m), n=1,2,...
k=1 =

A stopping rule 1) generates a (discrete) random variable 7, (stopping time) with a probability mass
function.

Py(ry=n) =Y p(n)Egsy. (1)
neygn

Here and henceforth, Ey(-) denotes the expectation with respect to the distribution Py of observations.

In Eq. (1), we assume si = s¢ (X x{™) . x{™) in spite of its initial definition as s} =
st(a{™ 28™) 2 We will use this “duality” for any function of observations throughout the

paper, using the following rule, which allows unambiguous interpretation ([1—6]). If /5, n € ¥™, is some

function of observations (F, = Fn(xgm), xém), 2y or F,=F (X(m), Xz(m), ., X)) and its
arguments are omitted, then

— if F}, is under the probability or expectation sign, then F,, = F, (X(m) X(m), Xy,
(! (m) () x(ﬂn)).

— otherwise, F;, = Fy(x1" ', 25", ..., 2n

The power function of a group-sequential test (¢, ¢) is defined as
Bo(1h,0) = Py (reject Ho) = p(n) Epsyy by, (2)
neg*
The type I error probability of the test (¢, ¢) is then a (v, ¢) = Bp, (¥, ¢).

In this paper we prove the existence, under some general conditions, of the derivative of the power
function of group-sequential tests and establish the inequalities relating the derivative of the power
function to the average number of observations and the type I error probability of the test. The results of
this paper extend the results of section 3 in [6] to the case of group-sequential tests.
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1. ASSUMPTIONS AND NOTATION
Let X}, have a “density function” (a Radon—Nikodym derivative of its distribution) fg with respect
to some o-finite measure pon X,k =1,2,...,7=1,2,...
By independence, given group sizes v3 =n1,...,Vp = Nn, 1= (M1,M2,---,0n) € 4™, n > 1, the

random vector of observations (X\™), X{™) .. x{"™)) has a joint “density”
n Nk
g@gm)wgvz), )y = H H fo(x.s)
k=1j=1

with respect to a product measure
Hn:,um ®,u772®---®,u77”
on X", where

P =p@pu® - - p(n times).

0
(By definition, we suppose [] () = 1; respectively, u° is a measure on X°, concentrated on its sole
j=1
element “()”; let it be a probability measure.)
We will assume that the following conditions are fulfilled (when needed).
Let

feo(Xl)
fo, (X1)

be the Kullback—Leibler information (see, e.g., [7]) in one observation for distinguishing between
0 = 6y and 6 = 6,. (Here and henceforth, the expectation with respect to any “density function” f(z),

Eg(X) = [g(x)f(x)du(zx), is understood as Eg(X) = [ g(z)f(x)I{@)>0} (x) du(z), so there is no
need for special definition of g(z) on { f(z) = 0}.)

I(0o,01) = Eg, In (3)

Assumption 1 ([8], assumption 1). There exists y; such that

lim sup I(0p,0)/(0 — 0p)* = 11 < . (4)

N

Assumption 2. There exists an integrable (with respect to ) function f@o such that

/\fa— fon — (60— 00) oo |dpt = 06 — o).

as f — 0.

Assumption 2 is the Fréchet differentiability of fy at @ = 6 in the space L;(u) of functions integrable
with respect to p (cf. similar conditions in [9, 10]).

Assumption 2 guarantees the differentiability of the power function of any test based on a fixed
number of observations, as well as its differentiability under the integral sign ([6], assumption 2).

[t follows from Assumption 2 that

Ego| foo(X1)/ fo, (X1)| < 0. (5)

Equation (5) is weaker than assumption 4 in [8], where the finiteness of the Fisher information is
required. In particular, if the Fisher information in one observation is finite:

1(8) = Eg, (fao(X1)/ fa,(X1))? < o0, (6)

then, by the Holder inequality, (5) is fulfilled. In turn, (6) is closely related to Assumption 1, since under
rather general conditions of regularity of the statistical experiment

10,0 4+ h) ~ I(6)h?/2, h — 0.
Assumption 3. There exists §; < oo such that Evy < 6; for all integer &k > 1.
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2. MAIN RESULT

Let us prove the existence of the derivative of the power function of any test with finite number of
observations and establish the inequalities relating the derivative to the average number of observations
and the type I error.

The following lemma is a variant of Jensen inequality adapted to the group-sequential context.

Lemma 1 ([6], lemma 1). Let G : [0,00) — RU {oo} be any convex function, and let a, : X7 — R,
by : X" — RY, n € 9%, be any [amilies of nonnegative measurable functions. Then, if

0< Z Egosnan<oo

NE%
then
> (1) Egy sty anG(by) > p(1)Egystyanby
neyg* neyg*
" 2G "
> p(n)Egyspay > p(n)Egyspay
neg* neg*

Define the information contained in a group-sequential sample obtained in accordance with the rule ¢
(analog of Kullback—Leibler information), as

1.0 = 3 3 s ( 33w S
n=1neyn k=1 j=1 ]

Applying Lemma | to G(z)=—In(z), a; =1, b, = fj/fy, n€%*, and assuming that
Pyy(ry <00) = 3 p(W)E&)S% =1, we obtain

neyg*
I(6o,6;4) = —In < > p(n)%#’) > 0.

neyg*

Let now (¢, ¢) be any group-sequential test such that Py, (7, < co) = 1. Suppose 0 < fy, (¢, ¢) < 1
Then

> p(n)Egyst) ¢y (— In(by))

' B neg*
1(6o,6; %) = B, (1), ¢) Bio (1, 9)

> p(n)Egysty (1 — ¢)(—In(by))

_ neY*
+ (]‘ ﬁ@o (7/), gb)) 1— ﬁHo (w’ Qb) )

where b, = £/ fg.

In a manner similar to section 3 in [6], applying Lemma 1 to both fractions on the right-hand side of
the latter expression, we get

Poo (¥ )
Bo(¢,6)

- B@O (1/}7 (b)

1(80,9;%) > Boy (1, 6) In 1= B, )

IT B9, (1, ¢) = 0, then

+ (1= By (¢, ¢)) In (7)

1(007 97 w) Z - ln(l - 50(% ¢))7
and if By, (¢, ¢) = 1, then

1(90, 9) Tl)) > —1In ﬁ@(dJ) gb)
((8),(9) in[6]).
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The following lemma (an analog of Wald’s identity) is useful, in particular, for estimating the
information on the left-hand side of (7).

Lemma 2. et g: X — R be a nonnegative measurable function on the space of values of
the observed random variable such that Egg(X) < oo, where X is a random variable with the
density fg, and let Yi; = g(Xy;). Then for any stopping rule 1, such that Py(ry < 00) =1,

n o Nk 00
>3 sy (D v) = Eal) S BniPitr = ) ®)
k=1

n=1negn k=1 j=1

Proof. Let, for brevity, E(-) and P(-) denote Ey(-) and Py(-), respectively, throughout the proof.
Suppose that the left-hand side of (8) is finite. Then

o0 n Nk o0 n Nk
> Y s (X)) =33 Y sy ()
n=1negn k=1 j=1 n=1k=1ne¥n j=1
oo 00 Nk
Yy Y p(n)Es:?<Zij>
j=1

k=1 n=k negn

(we may change the order of summation, since the source series is finite).

Let Z,g""') = ;-”‘:'1 Y}.;. Itis easy to see that under the assumptions of the lemma
> Py = ) EZ™) = > P(uvr = mi)mEg(X) < 0.
k€Y k€Y

[t is not difficult to see that
Z ST pmEsLZ™ = 3" p)EtLZ™.
n=kneygn negk

This implies that the right-hand side of (9) equals

Z S° p) B 2.

k=1negk

By the independence of t% and Zi(m)

ST pmEEZ™ = 3" pEYEZI™ = N e P(v = ) Eg(X)P(ry > k),
negk negk nkEY

so that

,n € 9% we have

o0 n /r]k o0
> %m0V ) = EaC0) Y- B >

n=1nc@n k=1 j=1 k=1

[f we start from the assumption that the last sum in the latter expression is finite, we can reverse all the
arguments to see that there is an equality in (8). O

Corollary. Suppose that I(6y,0) < co and sup Evy, < oco. Then for any stopping rule ¢, such that

E>1
EgoTw < 00,

1(6o,0;¢) = 1(60,0) Y Evi.Pay(7y > k). (10)
k=1
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Proof repeats the proof of corollary 1 in [6] with
Yig = In foo (Xj)/ fo(Xi;)

instead of Y; and reference to Lemma 2 instead of lemma 2 in [6]. O

Since > P(ry > k) = ETy, under Assumption 1 by Lemma 2 we have that for any M > ~; there
k=1
exists § > 0 such that I(0o, 0;¢) < (0 — 09)>M ETy sup Evy, if |0 — 6] < 4.
k>1

The following theorem is a consequence of the information inequality (7), it relates the following
characteristics of the test: the average number of observations, the type [ error, and the derivative of the
power function.

Theorem 1. Suppose that Assumption 1 (P. 56) is fulfilled. Then for any group-sequential test
(¢, ¢) such that Eg 1y < oo and the derivative [y, (1, ¢) of its power function (v, ¢) at 0 = by
exists, it holds

(590 (¢7 ¢))2 < 2'71B90 (1/}7 (b)(l - 590 (M ¢)) Z EVkP@o (7—1/1 2 k)

k=1
Proof is conducted in the same way as the proof of theorem 1 in [6]. 0
Remark 1. In case of i. i. d. observations following a distribution from a regular family (i.e., if

v1 = I(0y)/2) and i. i. d. group sizes vy, v, ... by Theorem 1 it is easy to see that

(Boo (10, 6))* < Bay (¢, 6) (1 — Bay (v, 6))1 (60) Evr Egy 7y,
([6], remark 1).

The following theorem is an analog of theorem 2 from [6] for group-sequential tests.

Theorem 2. Let Assumptions 1=3 (pp. 56, 56) be fulfilled. Then the power function By(1, @) of any
group-sequential test (1, ¢) such that Eg 1y < 0o is differentiable at § = 6y and its derivative is

B@o (Y, ¢) = Z p(1) Eg, (quﬁnzn%
neg*

where forn € 9™, n > 1,

n

M 4
_ . m) )y _ foo (k)
2y = zp(xy, Ty )_g E ALY
K e 1 j=1 f90($kj)

0).

(by definition, we suppose Z?Zl(-)
Proof. Let (1, ¢) be any group-sequential test such that Eg, 7, < co. Let us prove that
(Bo (1, &) — oy (1, 8))/(0 = B0) = D (1) Egy (51 Sy zn) — 0,

neg*

0 — 90, i.e.,

S o) / SEou (£ — F)/(0 — 00) — £ )™ — 0, (11)

neyg*

0 — 6y, where fgo = 2y fg, forn € 9* (it is easy to see that
E@gsgqbnzn = /Sg¢nfgod/ﬁ>
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since from Assumption 2 it follows that fg, = 0 p-almost everywhere on {z : fg,(z) = 0}).

Foranyn € 9", n>1,let|n| = > n.

i=1
Let us first prove
() [ sy on((fg — f3,)/(6 = 00) = fgl )du" — O (12)
pn n¥N\Jg 0o 0 0o H
neg*:\n|<m

as @ — 0 for every fixed m > 1. Indeed, the absolute value of the left-hand side of (12) is no greater than

S pt [ 17 - 530~ 00) -~ Jy e

neY*:In|<m
DY) / (70— £2))0 — 80) — £ |dye?. (13)

n=lned*:|n|=n
[t is easy to get from Assumption 2 that every integral on the right-hand side of (13) tends to zero

ul

as 6 — 6 (in essence, this is the differentiability of fJ* = ] fo in Ly (u™) under the condition of
j=1

differentiability of fy in L1(u)). Thus, we obtain (12).

Therefore, in order to prove (11), it suffices to show that for any € > 0 there exists m > 1 such that

timsup | 3" pl) [ syon(( - 13/~ 60)  F3)du"| < 2= (14)
6—6o *
nEG*:In|>m
Obviously, (14) will follow if we show that there exists m such that

timsup| 57 pl) [ 5o - £5,)/(6 ~ So)du" (15)

6—6o x.

nEG*:In|>m
S v [l = Y s En (sl <= (16)
nEG*:n|>m nEG*:In|>m
Let us first prove (16). Note that according to Lemma 2
- foo (X)) > fo,(X)

)E, = Evi Py, (1 > k 17
>3 e (32 5 ) - [P S - Bumaz .

n=1neyn k=1 j=1

where the series on the right-hand side is finite, since Assumptions 2 and 3 are fulfilled.

Hence, the series on the left-hand side of (17) is converging, which implies (16).

Let us now prove that there exists m such that (15) is fulfilled. To this end, let us apply Lemma 1 with
G(z) = —Inz, ay _¢nl{|n\>m}a fe/fe() negr.

Let, for brevity,

am= Y, pMEasidy, am® = D pn)Essiey.
neEG*:|n|>m neg*:\n|>m
Then (15) is equivalent to

am(0) — ap,

lim sup -
— 0o

60—0y

‘Ss. (18)

Under the assumption that 0 < a,;, < 1, we have
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S (1) Eay 5 b In>my (— (b))
neg*

I(GOa 97¢) = Qm

Qo

T 2By (1= bl m)(~ (b))
+ (1 — ) <

(19)

1—ap
Applying Lemma 1 to both fractions on the right-hand side of (19), we obtain

I(aoaevw) 2 _amlnam—@ - (1 — Oém)hl im’(e)

O, 1—a

The rest of the proof (culminating in (18)) almost literally repeats the respective part of the proof of
theorem 2 in [6)]. O

Remark 2. Theorem 2 is a generalization, to the case of group-sequential tests and randomized stopping
and decision rules, of lemma 4.1.4 in[11]. In remark 2 of [6] there is some history of this type of results.

ACKNOWLEDGMENTS

The first author was partially supported by the National System of Investigators (SNI) of CONACyT,
Mexico.

REFERENCES

1. Novikov, A. “Optimal Sequential Tests for Two Simple Hypotheses Based on Independent Observations”,
International J. Pure and Appl. Math. 45, No. 2, 291-314 (2008).

2. Novikov, A. “Optimal Sequential Procedures with Bayes Decision Rules”, Kybernetika 46, No. 4, 754—770
(2010).

3. Novikov, A. “Optimal Sequential Multiple Hypothesis Tests”, Kybernetika 45, No. 2, 309—330 (2009).

4. Novikov A. “Optimal Sequential Tests for Two Simple Hypotheses”, Sequential Anal. 28, No. 2, 188—217
(2009).

5. Novikov, A., Novikov, P. “Locally Most Powerful Sequential Tests of a Simple Hypothesis vs One-Sided
Alternatives”, J. Stat. Plann. Inference 140m No. 3, 750—765 (2010).

6. Novikov, An. A., Novikov, P. A. “Locally Most Powerful Sequential Tests of a Simple Hypothesis vs One-
Sided Alternatives for Independent Observations”, Theory Probab. Appl. 56, No. 3, 420—442 (2011).

7. Kullback, S. Information Theory and Statistics (John Wiley and Sons, NY, 1959; Russian translation:
Nauka, Moscow, 1967).

8. Berk, R. H. “Locally Most Powerful Sequential Tests”, Ann. Statistics 3, No. 2, 373—381 (1975).

9. Miiller-Funk, U., Pukelsheim, F., Witting, H. “Locally Most Powerful Tests for Two-Sided Hypotheses”, in
Probability and Statistical Decision Theory, Vol. A (Bad Tatzmannsdorf, 1983; Reidel, Dordrecht, 1985),
pp. 31-56.

10. Novikov, A. “Locally Most Powerful Two-Stage Tests”, in Prague Stochastics 2006. Proc. of the joint
session of 7th Prague Symp. on Asymp. Statist. and 15th Prague Conf. on Inform. Theory, Statist.
Decision Functions and Random Processes, Prague, August 21—25, 2006 (Prague, Matfyzpress, Charles
University in Prague, (2006), pp. 554—567.

11. Irle, A. Sequentialanalyse. Optimale Sequentielle Tests (Teubner, Stuttgart, 1990).

Authorized translation

RUSSIAN MATHEMATICS Vol.60 No. 12 2016



ISSN 1066-369X, Russian Mathematics , 2016, Vol. 60, No. 12, pp. 62-66. (© Allerton Press, Inc., 2016.
Original Russian Text (© A.P. Soldatov, Tran Quang Vuong, 2016, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2016, No. 12, pp. 76-81.

The Linear Conjugation Problem for Bi-Analytic Functions

A. P. Soldatov® and Tran Quang Vuong™

Belgorod State University
ul. Studencheskaya 14, Belgorod, 308007 Russia

Received April 25, 2015

Abstract—We consider a classical problem on linear conjugation problem for bi-analytic functions
on smooth contour. We obtain explicit formula of a solution to a problem and describe necessary and
sufficient conditions of its solvability.

DOI: 10.3103/51066369X16120094

Keywords: problem of linear conjugation, bi-analytic function, canonical function, Cauchy

index.
Let an oriented smooth contour I' consisting of simple curves I'y, ..., T',, be defined on the complex
plane. Then its complement D = C\ I' consists of several domains Dy, D1, ..., D,, such that the

domain Dy is infinite and contains a neighborhood of the point at infinity oo, and all other domains
are finite. We consider in these domains a bi-analytic function ¢, i.e., a function ¢ € C?(D) satislying
the equation

& _

oz
[t is well-known [1, 2], that it allows representation in terms of two analytic functions ¢g, ¢1 by the
Goursat formula

0.

¢(Z):¢0(Z)+E¢l(z)a z €D, (1)

where ¢1 = 0¢/0Z.
Let bi-analytic in D function ¢ together with its partial derivative ¢; = d¢ /9% be continuous in closed
domains Dj, i.e., it has one-side boundary values ¢ and (ﬁli on I'. Then there is determined a problem

on linear conjugation

_ 0\ " 09\~

o =G = fo, () - (L) =h (2)
0z 0z

where coefficients G, and right-hand parts f are given, and G (t) # 0 forany ¢ € T.

In what follows we assume that the functions G and f; belong to the Holder class C*#(T"), and
solutions belong to the class

¢.¢1 € C"(D;), 1<j<m; ¢,¢1€C*"(Don{lz| <R}, (3)
where ¢ = 0¢/0%, and R > 0 is selected so that I" C {|z| < R}. Additionally, for certain integer k the
behavior of ¢ at infinity point satisfies the bound

[6(2)| + |2l [é1(2)] < Ol for [2] > R. (4)

The problems of similar type are studied by a number of authors (e.g., [3, 4]), as a rule, for functions
bounded at the infinity point. The scheme of its solving is well-known [5]. It reduces to certain problems
of analogous type for analytic functions by means of representation (1). But in general case of arbitrary

"E-mail: soldatov48@gmail.com.
"E-mail: vuongtq@dlu.edu.vn.
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functions Gy, G the explicit solution was not obtained (e.g., [5], pp. 318, 319). In the present paper
we give the explicit solution of the problem for any k in bound (4) and describe exact conditions for its
solvability.
Let s, = Ind Gj, k = 0, 1, be the Cauchy index of function Gy, i.e., if there are fixed points 7; € I';
and continuous on I'; \ 7; branches of arg Gy, then
1 m
s = 5= D l(arg Gr)(rj — 0) — (arg Gr) (7 +0)), (5)
j=1
where one-side limit values at the points 7; are understood relatively the orientation on the curve T';.
Let X} be canonical function of the problem of linear conjugation corresponding to coefficient Gj. Let
us recall [6] that this function does not vanish everywhere including its limit values X, satisfies the
boundary-value condition

X,j =GrX, (6)
and the restriction
lim 2”* X (2) =1 (7)

at the infinity. As known [6], the function X}, with these properties is determined uniquely and Xl;t €
CH(T).

We put
_ G (t) + Go(t)] _ HGi(t) — Go(?)] _ BU)X{(t)
AN =" B =Tt C = T (8)
and introduce singular operator
(Ve)(ta) = Alto) + () + 200 [ XL Lol oty oy, (©)

mi Jr X{(t) t—to’

We denote by P(n) the class of polynomials p(¢) of degree degp < n — 1, where n is integer; for
n < 0we put P(n) = 0. Thus, dim P(n) = max(0,n). If m is integer, then it is convenient to introduce
subspace P(n,m) of all polynomials p € P(n) such that

(¢.Cp) =0, g€ P(m), (10)
where (0,1) = [ (1)
r
This subspace arises in the following situation.

Lemma. Lef a function f € C(T') satisfies the condition

(f,p) ={a,Cp), p€ Pn), (11)
for certain polynomial q € P(m). Then the condition is equivalent to

(fip) =0, peP(n,m).

Proof. We consider without loss of generality that values m and n are positive. Expand polynomials p
and ¢ in basis functions e;(t) = t*~1, i = 1,2, ..., in explicit form

n m
p= E Ti€i, (G = E Yjesj,
i=1 j=1

with certain z;, y; € C. Then we are able to rewrite (11) as the identity

D owilfe) =D > wiyilej, Cei)
=1

i=1 j=1
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for x € C", what is equivalent to solvability of system of linear equations

m

> (e, Ceiyy; = (f.ei), 1<i<n.

j=1
Clearly, the system is solvable if and only if its right part satisfies the orthogonality condition

n

> (fre& =0 (12)
i=1
to all solutions & = (&1, ..., &,) of dual homogeneous system
> (e, Cei)i =0, 1<j<m. (13)

Puttingp = > &;e;, we rewrite equality (12) in the form (f, p) = 0forall polynomials p € P(n) satisfying
1

condition (ej, Cp) = 0,1 < j < m, or, what is equivalent, condition (10).
A reader concludes from the proof of Lemma that dimension of the subspace P(n,m) coincides with
the number of linearly independent solutions to homogeneous system (13). Thus,
dim P(n,m) = n — rang C'(n, m), (14)

where the matrix C(n,m) € C™*" is determined by elements C;; = (ej, Ce;) and has the following
structure:

c1 €2 Cn
C2 3 Cn+1 _
C(n,m) = i , ck—/C’(t)tk Lat.
r
Cm Cm+1 " Cm4n—1

Let us formulate the main result on solvability of problem (2)—(4).

Theorem. Problem (2) is solvable in the class (3), (4) if and only if its right-hand parts fo, fi
satisfy orthogonality conditions

(fi, X)) ') =0, @1 € P(—3q —k+1),
(fo—= Nf1,(Xg) o) =0, qo € P(—3s¢0 —k, 20 +k—1).
All solutions of the problem under these conditions are described by the formula
1 / [XO(Z) fot) = (NA)() | ZXa(2) fl(t)]
+ dt
r LX) t—=z X)) t—=

L[ [ BIOX (00
X () t—2z

with arbitrary py € P(s0 + k) and py € P(31 + k —1).

(15)

¢(z) =

T 2mi

} dt + Xo(2)po(z) +zX1(2)p1(2) (16)

7TiF

Proof. According to (1), problem (2)is reducible to equivalent system of two problems for two analytical
functions:

o — Gy = f1,  ¢f — Gody = fa, (17)

where fo(t) = fo(t) — t[¢] (t) — Go(t)¢1(t)]. These problems are considered in class of functions (3)
with corresponding bounds

|91 ()] < Clz[*2, (181)
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[¢o(2)] < Clef*, (180)
near the point at infinity, which follow from (4).

The known general results [6, 7] on the problem of linear conjugation imply by virtue of (6), (7) that
the first problem for ¢; is solvable in the class (3), (18;) if and only if

(fi, X)) ') =0, ¢ € P(—3a —k+1), (18)
and under these conditions all its solutions are given by the formula

1 X1(z) fi(t)dt
¢1(Z)_% FX}(t) ;—z

+ X1(2)p1(2), p1 € PG +k—1). (19)

We evaluate function fo by means of this formula, and write it in the form

fa(t) = fot) = tf1(t) — H{G1(t) = Go(D)] oy (D). (20)

By means of (6) and the Sokhotskii—Plemelj formula, applied to the Cauchy type integral in (20), we

have

- L[ X{ (to) fi(t)dt

2G (t to) = —fi(to) + — !
1(to)éy (to) = —fi(to) + — W XF) t—to

We substitute this representation into (21), and obtain in notation (8), (9)

+ 2X" (to)p1 (o).

f2(t) = fo(t) — (N f1)(t) — 2B#) X5 ()p1 (¢). (21)
As above, the second problem in (17) is solvable in the class (3), (18) if and only if
(f2, (X ) "q0) =0, qo € P(—35 — k), (22)

and under these conditions all its solutions are given by the formula

1 Xo(2) fo(t)dt
QSO(Z)_% r XS () t—z

Xo(2)po(2), po € P30+ k). (23)

Let us consider in detail condition (23). According to (8), (18) we rewrite it as the identity

(fo— Nf1, (X)) q0) = 2(p1,Cq0), qo € P(—30 — k), (24)

for certain polynomial p; € P(s + k — 1). By virtue of Lemma, where we have to substitute function
(2X6r)_1(fo — N fy) instead of f and swap the letters p, ¢, condition (25) is equivalent to the second

orthogonality condition (15), and, consequently, we can replace conditions (19), (25) by (15). The
substitution of (20) and (22), (24 ) into (1) implies formula (16). This concludes the proof.

The theorem means that the number of linearly independent solutions to homogeneous problem is
dim P(5¢ + k) + dim P(3r; + k — 1), and the number of linearly independent conditions forits solvability
is dim P(—»q — k,s + k — 1) + dim P(—3; — k + 1). Hence, the index s of the problem is given by
the formula

w=dimP(3p + k) +dim P(sey + k — 1) —dim P(—s¢9 — k, 200 + k — 1) —dim P(—3, — k + 1).
By means of (14) we obtain
w=my+ +2k—1+s, s=rangC(—sxy—k,q+k—1).

[f one of numbers —s¢ — k, 5¢1 + k — 1 is negative, then s = 0 in this equality.
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INTRODUCTION

The theory of almost periodic functions, created by Bohr in the twenties of the last century,
encouraged the development of harmonic analysis on locally compact groups. We can associate with
every almost periodic function, defined on a locally compact group, its Fourier series, and the problem of
its summability naturally arises.

In the paper we investigate the problem of summability of Fourier series of almost-periodic functions
defined on locally compact Abelian groups. We obtain analogs of well-known classical results described
in monograph [1]. The main our tool is the use of convolution operators investigated in [2—4]. Kernels
of these operators are products of Fourier transforms of characteristic functions for the closures of
symmetric neighborhoods of the unit in the dual group. With the help of these operators, in [2—4] some
analogs of entire functions of exponential type for locally compact Abelian groups were constructed and
the problem of summability of Fourier integrals for some classes of functions was studied. In Theorem 1
we solve the problem of summability of Fourier transforms for the case when the characters, appearing
in the Fourier expansion, have a unique limiting point at the infinity of the dual space. The case when
a unique limiting point is the unit character is investigated in Theorem 2. Moreover, we introduce

various analogs of the Fejer—Bochner means for Fourier series and study their approximative properties
(Theorems 3 and 4).

1. MAIN CONCEPTS AND FACTS

Consider a locally compact Abelian group G with Haar measure p, assuming that the topology of G

is Hausdorff. We denote by G the group dual to G, i.e., the group of all continuous homomorphisms
(characters) acting from G to the group which is the unit circle endowed with the topology of uniform

convergence on compact subsets of G. We denote by L!(G) the space of all functions integrable on G

by u. For a functions f € L'(G) we can define its Fourier transform f which is defined on G according

to the equality f(x) = [ f(9)x(9)d.(g), x € G. 1 v is the Haar measure on G, then for a function
G

F e Ll(@) we can define the inverse Fourier transform F' by the equality F(g) = J F(x)x(9)dy(x),
a

"E-mail: duglasugu@yahoo. com.
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g € G. Below we will simply write dh instead of d,h. In the future we will assume that the Haar

measures on G and G are normalized such that the inversion formula f = (f)” is valid if f € L}(G)
and f € LY(G).

Let Ug be the set of all symmetric compact sets in G which are the closures of neighborhoods of the
unit in G. For arbitrary T"and K from Ug we consider the product TK = {g192: 91 € T, g2 € K} and
the function

Vi (g) = (mes T) " (1) (9) (D) (9), 9 € G, (1)

where, for example, (/1\)T means the Fourier transform of the characteristic function of 7. In [2] some
approximative properties of the convolution

Jrxclg) = (f * Vo) (g) = /G F Ve (W) d,h, g € G, @)

are investigated for some classes of functions f, defined on G.
In the limiting case, when K is the unit element e of @, (1) takes the form Vg := V. =

(mes T)_l((m))Q; it is an analog of the known Fejer kernel. The convolution operator (f * Vr)(g)
corresponding to the kernel is considered in [3, 4].

Let

pr.r(x) = (mes T) " (V)7 * (D) (x) = (mesT) ™ /T(l)TK(Xh)dh, x€@G. (3)

Calculating the Fourier transform of the function by the known formula [5], we obtain that Vr x(g) =
(mesT)*ork(g). 1f x € K, then xh € TK, (1)7k(xh) =1, and o7 x(x) = 1. 1If x ¢ KT?, then
xh ¢ KT forall h € T and o7,k (x) = 0. Itis clear that o7 x (x)| < 1forall x € G.

We note that if mesT > 0, T, K € Ug, then Vr k belongs to L'(G). Indeed, using the Cauchy—
Bunyakovsky—Schwarz inequality and the Plancherel theorem [5], we obtain

Vel < (mesT) M [ (D)pll2 | (D gclo
= (mes T) 7 |(1)7|l2)|(D7x 2 = (mesT) ™ mes(TK))2. (4)

Here and below we denote by || - || and || - ||2 the usual norm in L'(G) or L*(G) and the norm of L2(G)
or L2(@). We note that

| Vel = syt [ 0)5(9)D) er9)dg
G G
— (mes?)™! [ (o) Wwr(o)dg = (mes?) ™ [ dg=1.

G T

A complex-valued function f, defined on G, is called almost-periodic (by Bochner) if the family
of function of the form f(gh) (h passes along the whole group G) is compact in the topology of
uniform convergence on the whole group, i.e., every infinite sequence f(ghy), k € N has a convergent
subsequence. This definition can be introduced for arbitrary topological groups G ([1], P. 255; [6]).
For functions defined on locally compact groups there is the concept of almost periodicity in the sense
of Bohr [7]. Namely, for ¢ > 0 an element w € G is called a e-translation of a function f, defined on
a locally compact group G, if the condition |f(zy) — f(zwy)| < € holds for all z,y € G. A function
f is called almost periodic by Bohr if for every € > 0 there exists a compact set C' in G such that for
every element z € C the set zC contains some e-translation of f. Struble [7] proved that for complex-
valued continuous functions on a locally compact group G the above definitions of almost periodicity are
equivalent. We should note that every continuous on a locally compact group almost periodic function
are uniformly continuous on it. Other equivalent definitions of almost periodicity on locally compact
groups are given in [8].
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Below we will denote by Q(G) the space of all almost continuous periodic functions on a locally
compact Abelian group G.

Consider f € Q(G) and its Fourier series (see, e.g.,[6])

f(g) ~ ZAn(f)Xn(g)a g€ G, Xn € 67 X0 = €, (5)
n=0

where the set of the characters x,, depends on f. It is clear that x,, € Q(G), therefore, fr xxn € Q(G),

n € N. The Fourier coefficient A, (f) = My{f(g)xn(g)} is the mean value of the function f(g)xn(g)
almost periodic on G. In [7]it is proved that if G is a locally compact group, w is its left Haar measure,
and A = [U] is a so-called left sampler family of subsets in G, then for every measurable almost periodic
function f on G its mean value My{f(g)} coincides with tlingo(u(Ut))_l fUt f(z)dp(z).

2. MAIN RESULTS

At first, we consider the problem of summability of Fourier series in the case when every set
K € Ug contains only a finite number of the characters x;, from (5). In this case elements of the form

> apxk(g), K € Ug, g € G, with complex coefficients a € C produce a finite-dimensional subspace
xx€EK

in Q(G); we denote it by Pr(f). Its elements we will call trigonometric polynomials of degree K,
generated by f € Q(G), or simply trigonometric polynomials of degree K.

Lemma 1. Let the Fourier series of f € Q(G) have the Jorm (5) and every set from Ug contain
only a finite number of the characters x,, from (5). IfT, K € Uz, then

fri(g) = Y A(H)erk(xk)xk(9)- (6)

X EKT?

where Vi i, fr.i, and o1 i are defined by (1)—(3),

Proof. Due to symmetry of T and K, in the right-hand side of (2) we can replace f(h~'g) with f(hg).
From (2) and (4) it follows that for every 7 € G

Fraclar) — (o)) < /G |F(ght) — F(gh)| - [V ()| dR

< Sup 1f(97) = f(9)] - ((mes T)~" mes(TK))"/>.

[t means that fr x € Q(G). The Fourier coefficient By, of fr g, corresponding to the character x4, has
the form

B, = My{frx - xx} = Mg{ /Gf(gh)VT,K(h)dh ' Xk(g)}

= ,{ [ Ve tamalgnian )

For every function f € Q(G) its mean value can be approximated, uniformly with respect to ¢ € G, by

expressions of the form n=! 37 f(eg;); here g; € G,i = 1,...,n, depend on n ([1], P. 260). Therefore,
i=1

n—oo

B, = lim nt Z/Gf(Cgih)Xk(Cgih)VT,K(h)Xk(h1)dh'
i=1
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Taking into account (4) and the fact that every almost periodic function is bounded on G, we can pass
to the limit under the integral. After application of known properties of mean value (see[6] or[1], P. 262)
we obtain

By = /G Vi i (B)xk (h™ 1) My { £ (gh) i (gh) Ydh

_ /G Vi ()X (h™1) My £ (9)x1(9) Yl

= Vi (i) My L (9)x(9)} = Arore (). (7)

If xx ¢ KT?, then from the above properties of o7 k it follows that By = 0. From this and (7) we
conclude that the right-hand side of (6) is the Fourier series of fr x(g). By assumptions of Lemma 1,

the right-hand side of (6) is a finite sum for every 7" and K, and by the uniqueness theorem for Fourier
series (see, e.g., [1], P. 276) we have (6). O

In the case G = R, every character x,, has the form y,(x) = €M e R, A\, €R, and if K and T
are symmetric neighborhoods of the origin in R, the statement of Lemma 1 is known (see[1], pp. 76, 91,
or[9]).

Lemma2. [[T,K,U € Ug, K CU, and f(g), g € G, is a trigonometric polynomial of degree K,
then f(g) = [ f(gh)Vru(h)dh, g € G.
G

Proof. Let f(g) = > Air(f)xx(g) be a trigonometric polynomial of degree K. If x; ¢ K, then the
xr€EK
Fourier coefficient Ay equals zero and the polynomial has the form f(g) = Ar(f)xx(g). Now,
xx€U
taking into account that ¢z 7 (x) = 1 for x € U, we see that Lemma 2 follows from (6). O

Let the Fourier series of a function f € Q(G) have the form (5), K € G and Ex (f) = inf(C sup |f(g) —
arel geG

> agxk(g)| be the best approximation of f € Q(G) in the subspace P (f).
Xk €K

Lemma3. /[T, K € Us, f € Q(G), and fr k is defined by (2), then
1£(9) = frx(9)] < (14 ((mesT) " mes(TK))"*)Ex(f), g €G- (8)

Proof. Assume that fx(g) is the polynomial of the best approximation of degree K for f € Q(G) in
Pr(f). From the above two lemmas and (4) it follows that

1f(9) — fr.x(9) < |f(9) = fr(9)| + |Prx(f — fr)(9)

< Ek(f) + Sup 1£(9) = fx(@)| Vel < (1+ ((mesT) " mes(TK))"/?)Ex (),

and (8) is proved. O
Theorem 1. Let I be an ordered unbounded subset in R*, and sets T, K, € U@, a € 1, satisfy the
following conditions:

a)ifa<p,a,p €l thenT, CTp K, C Kg;

b) the numbers (mes T,) " mes(T, K,) are bounded uniformly by o € I;

¢) Jor every fixed set U € Ug the equality lim (mes T,) ' mes(T,U) = 1is valid.
Then for every f € Q(G), satisfying the assumptions of Lemma 1,

I1a k0 (9) — f(9), (9)

if « — oo. Moreover, the convergence is uniform on the whole group G.
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Proof. Consider the case when there exist a set K’ € Ug € Ug such that K, C K' for every a € I.
First we will prove (9) for arbitrary trigonometric polynomial P € Py (f) of degree U € Ug. 1U C Ko,
for some o € I, then, by Lemma 2, P(g) — Pr, k.(g) =0 for all &« > ag and (9) is valid. If there is
no such «y, then we consider some set K* € Ug containing all K, and U. According to Lemma 2,

P(g9) = Pr, k+(g) and

—~ —

P@—PM&@ﬁwmﬂwlzjwmﬁnmmmwxm—mnmwwn

Applying the Cauchy—Bunyakovsky—Schwarz inequality and the Plancherel theorem we obtain

1P(9) — Pr, k. (9)] < (mesTo) Y |P(gh) (1), (W) 2l (V) s () — (D) e, (W)
< (mes To) " sup [P(9)] |(1)z, COll2ll (D7 e () = (D7 i ()12

geG
= (mesT,) /% sup | P(g)| mes(To K* \ ToKo)'/?
geG
= sup | P(g)|(mes(ToK*)/ mes Tp, — mes(Tp K,/ (mes Ty,) /2.
geG

By condition ¢), the expression in the right-hand side tends to zero as o« — oo, therefore, (9) is valid for
trigonometric polynomials. Next, according to (4) and condition b), we have

Sup|fTa,Ka( ) < sup [£(9)] Vi, k. 1 < sup | f(g)|(mes(Tn) ™" mes(Th Kq)Y?)V2 < €
geG geG geG

where C does not depend on o € I. The set of trigonometric polynomials is dense in Q(G) by the
approximation theorem (see [6] or[1], P. 282). More precisely, f € Q(G) can be approximated uniformly
by polynomials from {Py(f), U € Ug}. Therefore, in the case K, C K', o €I, Theorem 1 follows

from the Banach—Steinhaus theorem. If it is not the case, Theorem 1 follows from Lemma 3, because
lim Ek,(f) = 0according to the approximation theorem mentioned above. O

Remark. From the proof of Theorem 1 we see that uniform convergence in (9) takes place if we do not
impose restrictions on the set of characters appearing in the Fourier expansion (5) of f € Q(G), but
conditions a), b), and c¢) hold and the functions fr, g, are defined by (2).

By (2),(3), and Lemma 1, if K, = e, « € I, then functions (2) take the form

fr.(g9) = (mesT,)~ /f gh) (1), (h))?dh = (mes To) ™" )~ Ak/ )1, (xh)dh.

XLET2

We can say that the functions are means of Fejer type for the Fourier series (5) of f defined on G.

According to Theorem 1, in the case we obtain that fr (g) — f(g) uniformly on G, if T,, — G and
lim mes(7,U)/mes T, = 1 for arbitrary fixed set U € Ug. It is a generalization of the result from [3]

and [4] for the case of almost periodic functions. Consider the case when G is the additive group of
real numbers R, I =R", a,b €I, T = (a—b,b—a), K =(—a,a), 0 <a<b,and a/b is less than a
fixed number # < 1. Then the group G is homeomorphic to R, the character corresponding to z € G
has the form y,(t) = €® t € R, and (/1\)T(x) = (2m)~ /2 fe_itzdt =+/2sinax/(y/7x). Thus, the

functions fr g := fap, defined by (2), have the form f,;(x f f(x + u)hgp(u)du where g, =
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27~ H(b — a) "z~ % sin 55% sin 2% is the Fourier transform of the function
1, |z| < a;
ap(®) =9 (b—a) ' (b—|z]), a<|z| <V
0, |z| > .

For this case the statement of Theorem 1 coincides with the well-known result ([1], Chap. 1, P. 77) that
fap(x) — f(x) as b — oo uniformly on R for every continuous almost periodic on R function f.

For illustration of Theorem 1 we give one more example. Let p be a prime number and G = @, be the
field of p-adic numbers. With respect to the addition of p-adic numbers, @, is a locally compact Abelian
group [10]. Its dual group is isomorphic to the additive group @, [10]. The character x¢, corresponding to
a p-adic number &, has the form x¢(z) = exp(2mi{{x},) [10]. Here the symbol {z},, is defined through
p-adic expansionof x = ). a,p"™ by the equality

n>ordy ()
~1
Yo app”, iford,(z) < 0;
{z}p = § n=ord, (@)
0, if ordy(z) > 0,

and &z is the product of p-adic numbers ¢ and x in the field G = @Q,,.

Let no,mq € Z, T,, and K, be p-adic balls of radii p™ and p™= with centers at zero, i.e., for
example, T, = {h € Qp : ||, < p"} where ||, is the p-adic norm of h. The Haar measure of the
ball is mes T,, = p™ [10]. With the help of the equality

e 1 < pNa.
/Xg(x)dx_{p ;1P < pme
Ta

0, if[g], =pTet,

(see[10]) we obtain that in our case

o (x) = p"e /Q fle+ e | exp(2mi{te}, )t

tlp<pne

. / exp(2mi{t&}y,)dt = p oM / [+ x)dE, Q.
|t|p <pnatma

|€lp<pna—ma
If f is an arbitrary function from Q(Q,), then, under assumptions of Theorem 1, we have lim fr, x. (x) =
f(z) uniformly on the whole additive group @,.

If in the latter two examples the characters of f have a unique limiting point at the infinity, then
the considered approximating aggregates are finite means of its Fourier series, i.e., trigonometric
polynomials generated by f.

Now we will investigate the case when a unique limiting point of the characters appearing in the
Fourier expansion (5) is a character xq distinct from the infinite point of the group G. Without loss
of generality, we assume that yq is the unit of G. To investigate this case we will study properties of
some family of functions A = {f(g)}, g € G, defined on G, which is uniformly bounded, equicontinuous
and uniformly almost periodic. In this connection, we call a family of almost periodic on G functions

uniformly almost periodic if for every € > 0 there exists a compact set C' C G such that every set zC,
z € (G, contains an e-translational element 7 common for all f € A.

Lemma 4. Let A= {f(9)} be a family of uniformly bounded equicontinuous and uniformly
almost periodic functions on a locally compact group G. Then for every e > 0 there exists n = n(e)

(not depending on a function of the family) such that M{|f(g)|*} < nimplies supyeq |f(9)|* <e
forall f € A.
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Proofi. This statement for the case G = R is proved in [1] (P. 48). To investigate the general case we
need some modification. At first, we will prove that the family A is compact. Due to of equicontinuity of
the family, for every e > 0 there exists a neighborhood G, & = §(¢), of the unit such that

[f(g1) = fg2) <e/5 (10)

forall f € A, and g1, 92 € 2G5, z € G. Let C be a compact subset of G such that zC, z € G, contains an
¢/5-translation of 7, forall f € A, i.e.,|f(g97:) — f(g)] <e/blorallg € Gand f € A. Now we cover C
by a finite number of sets 41 Gg, y2Gs, - - . , yn G5 Where y1, 4o, . ..,y € C. We choose a sequence in A

fl(g)afZ(g)a"'v (11)

which converges at every point y;, i = 1,2,...,n. Next we fix a number N = N(g/5) such that for all
r,s > N the inequalities

|f7’(yz)_fs(yz)| <€/57 i:1a2¢"'anv (12)

hold. Consider an arbitrary element gy € G. Now in the set go_lC we find an e/5-translation of 7,
common for all f € A. The element yo = go7 belongs to some set y;Gs. According to (10) and (12),
taking into account convergence of the sequence (11), we obtain

| fr(90) = fs(g0)| < [fr(g0) = fr(goT)| + | fr(g07) — fr(ys)]
+1fr (i) = fs (i)l + [ fs(wi) = fs(gom)| + [fs(907) — fs(90)| <e.
This implies compactness of A.

Let ¢(g) be a non-negative almost periodic function on G such that ¢(go) > a > 0 for some
go € G. Let p(gai1),¢(ga2),...,¢(gay) be an a/2-net for the family {¢(gb)} (g is fixed and b goes
over G). This means that for every b € G there exists an element a; € G, i € {1,2,...,n}, such that

lp(gb) — ¢(gai)| < a/2. For g = goa; * we have o(goa; 'b) > a/2, therefore, for every b € G

w3 olgoa; b) > af(2n).
i=1
From this inequality, taking into account known properties of mean value M ([6], P. 262) we obtain

Myfn™"> " olgoa; 'b IZMb{‘P (goa; 'b)} IZMb{w (b)} = My{p(b)} > a/(2n).
=1
(13)

Now assume that the contrary is valid. Then there exist g > 0, a decreasing sequence of numbers
m,n2, ..., converging to zero, and an infinite sequence of functions f1(g), f2(g), ... from A such that

sup | fm(9)” > €0
geG

and
Mg{|fm(g)‘2} < Mm (14)

for m =1, 2,... Consider the family B(G) = {|f(g*}, f € A(G). For functions ¢,,(9) =: | fm(g)[?
from (13) we obtain

M{|fml*} > e0/(2n(c0))
which contradicts (14). O

Theorem 2. Let the characters, appearing in the Fourier expansion (5) of f € Q(G), has a unique
limiting point which is the unit character. IJ a € I, Ty, Ko € Ug, To, Ko — 0 as a — oo, the

functions fr, K, are defined by (2) and

(mesT,) ' mes(To,K,) < Cy, ac€l,
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where Cy does not depend on T, and K., then

Jraka(9) = M{f(9)} = Ao, o — o0 (15)
uniformly by g € G.

Proof. From

(mesT,) ™! /G D () D s (W)l < (mes To) ™ | D, ol D gl

= (mes To) " (D)7, 2l(D) 7 10, |2 = (mes To) " mes(TwKa) < Ci,
and

|1 k. (T9) — fr,. k. (T9)| < Crsup|f(Tg) — f(9)
geG

it follows that the family fr, . is uniformly bounded, equicontinuous and uniformly almost periodic.
Applying the Parseval identity, Lemma | and the properties of the kernel of the operator fr, k..,
mentioned above, we obtain

!/
M{lfr,ka(9) = Ao’y = D 14+ D AlPern, k. ()
Xk:eKa XkET&K&\KOé

here the prime in the first sum means that we omit the term |Ag|2. It is clear that the expression in the
right-hand side tends to zero as & — oco. From this and Lemma 4 we obtain (15). O

Let all the characters xy,, appearing in the Fourier expansion (5) of f € Q(G), belongtoasetU € Ug,
and fruy, T € Ug, be defined by (2). Similarly to Lemma 1 we prove that f and fr, have the same
Fourier series, therefore, by the known uniqueness theorem (see [6] or [1], P. 276), they coincide, i.e.,

£(9) = Frur(g) = (mesT) ! /G () D 1(9) D (9)dh, g € G

Replacing in the right-hand side of the equality the Fourier transforms of the characteristic functions of
the sets T"and T'U by their Laplace transforms [11], we obtain a defined on G x Hom(G, R) function

Fg,r) = (mesT)"! /G Fhg) L)) (ry BYL((L) ) (r, B (16)

where, e.g., L((1)7)(r,h) = [ x(g)e "™ dx, and r is a real character of G. The integral in the right-
G

hand side of (16) exists at every fixed point of G x Hom(@, R). Indeed,
|F'(g,h| < (mesT)’lsgglf(g)l Ie=")zll2ll(e™) 7y 2
g

= (mesT) " sup|f(9)| (e )r2ll(e ) ru
geG

< sup|f(g)] sup e sup e (mes(TU)/ mes T')"/?
geG xeU XETU

where, e.g.,
e"X), xeT;
0, X¢ET.

The function F(g,r), defined by (16), is remarkable that it is an extension of fr, therefore, as well

(e ")r(x) = {

as f, from G to G x Hom(G, R). In the case G = R the function F(g,r) is an analytic continuation of
a uniform almost periodic on R function f to the whole complex plane C. The problem of extension of
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functions, defined on a locally compact group G, belonging to some class, from G to G x Hom(@,]R),
was considered in[12].

Now we will investigate the problem of summability of Fourier series in the case when there is no any
additional restrictions on the set of characters x,(g), n € N, appearing in (5).

A finite or countable set of characters B(g) = {f1(g),32(9), ...} we call a basis of a sequence of
characters {x,(g)}, if it satisfies the following properties:

1) the characters /31, 02, ... are independent in the sense that there are no relations of the type
1(9)B85%(g)...Bom(g) =1, g€ G, m=1,2,...,
with integer numbers aj,as,...,a, not equal zero simultaneously (if, e.g., ax < 0, then ﬁ,‘j"‘ (9) =
B (g7
2)for every character x € {x,} there exists a set of integers 71,79, ..., ry,, r such that
X"(9) = B1'(9)B5°(9) - - By (9)- (17)
Here without loss of generality we assume that the numbers r,rq, 79, ..., 7, have no common divisors,

ie,d:=(r,ri,...,mm) # L.
For a given Character X representation (17)is unique. Indeed, assume that for y there are two repre-

sentations x" = B1*, ..., By and x* = B, ..., B3 where (r,71,...,rm) # 1 and (s, s1,...,8m) # 1.
Then, by property 1) we have rps —rsp =0, k=1,...,m, i.e. rp/sx = r/s = a/b where the fraction
a/bis irreducible. We obtain that all the numbers s and sx, k = 1,...,m, are divisible by b, but this is not
valid by our assumption. Thus, representation (17)is unique. It is also easy to prove that if for some two
characters x; and x2 we have x| = G1*,..., 8, x5 = 067", .... 05, and ri/r = s /s, k=1,...,m,
then X1 = X2-

By a simple modification of the known method of constructing basic systems of numbers for
sequences of real numbers (see, e.g., [1], P. 67) we can create a basis B for every sequence of characters
{xn}-

Below we introduce some analog of the known Bochner—Fejer means of Fourier series; for the case
G = Ritis studied, e.g., in[1](P. 70), [13, 14].

We consider a fixed basis B(g) = {31(9), 52(g), ... } for a sequence of characters {x,}, appearing in
the Fourier expansion of a function f € Q(G). For convenience, we assume that property 2) is valid for

every character y € G (where r, r1,...,ry, are arbitrary integers). In the opposite case we equate the
Fourier coefficient at x to zero.
Let g be an arbitrary sufficiently large natural number and qq! = P. We denote by E, := E,; 5, .5,
the set of all characters x,, from Ug which can be represented as
X8 (9) = B (9)65°(9) - Bq" (9) (18)

where £1(g), B2(9), - - ., B4(g) are functions from B(g), and the integers vy, s, ..., v, satisly |v;| < P,
k=1,2,...,q. Itisclear that Ey C Ey C --- C E,. If the numbers v /q! are written in the irreducible
form vy /q! = si/tk, k = 1,...,q, Where tj, are positive,

qo = max{matla NP |31|/|t1|a SRR |3m|/tm}¢
then the characters x,,, defined by (18), are contained in E, for all ¢ > go. It is clear that if x € E,, then

the inverse to y character x~!(g) = x(¢~') = x(g) belongs to the same set.
Now we compose the following kernel of Fejer—Bochner type:

K@(g) =K , (g Z Z 2 (1= | l/P)(1 = [wal/P) ... (1= ||/ P)xn(g) (19)

vi=—Puvo=—P v

where x,, € Fj is the character corresponding to the set vy, ..., vy, ¢ by (18). The sum (19), together
with Xy, also contains its inverse character x;,(g). We rewrite ( 19) in the form K9 (g) =3 K Xn( )
where & = (1 — |11|/P)(1 — |v|/P) ... (1 = |vm|/P)L...1, |up/P| = |rx|/qr, k = 1,...,m, and the
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)

number of units in the product 1...1 equals ¢ — m. We note that k%q = 0, if x,, does not belong to Ej,.

From this it is clear that 0 < k:v(@q) < lioralln,q, and kﬁlq) — 1forfixed n and ¢ — oo. Every character (3;,

1 < j <gq,from(18)is represented in the form 3;(g) = ¢’6i(9) where &; is a continuous function defined
on G such that £;(g192) = &;(91) +&5(92), 91,92 € G. Then

q P

K@(g) =T[{ > (1= lyl/pyes@mia} 1Hsm (6(9)/2)) 7" sin?(Pg;(9)/2) = 0

j:l I/j:—P

Now we compose an analog of the known Fejer—Bochner means for locally compact Abelian
groups G,

@(f,9) = M{f(gt) KD (1)}, 9.t €G, (20)

where the kernels K@ are defined by (19) and M; is the averaging (with respect to t € G') operator in G.
Positiveness of K (9 and known properties of M imply the uniform estimate

1S (f,9)] < sup|f(g)|- (21)
geG

For G = R we obtain from (20) the classical Fejer—Bochner polynomials.
For representation (20) of means in the form

@(f.9) =D kDA (f)xnlg), 9€G, (22)
from the relation f(gt) ~ > An(f)xn(gt) = D An(f)xn(9)xn(t) and the equality

An(f) = M{f(O)xn(t)} = Me{f(9t)xn (1)}
([1], Chap. 6, § 2), we obtain

SD(f,9) = S KOMAF(g)xn D} = Mi{F(g) S KO} = Ml f(gt) KD},

Theorem 3. Let f be a continuous almost periodic on a locally compact Abelian group G function
with Fourier series (5). Then, uniformly by g € G, the equality lim,_... S9(f,g) = f(g) holds.

Proof. Consider an arbitrary trigonometric polynomial

N N
Q(g) = QE(Q) = anXn(g) = ZAn(QE)Xn(g)
n=1 n=1

of fixed degree E € G where the characters Xn € E are taken from the Fourier expansion (5) of f.
According to (22), we obtain

SDQ,9) = Y kP A,(Q)xn(g)-

xn€E

Assuming lim JACy

q—00

= 1, we make sure that Theorem 3 is valid for f = Q.

Let now f be an arbitrary function satisfying the assumptions of Theorem 3. By the approximation
theorem, for every ¢ > 0 there exists a polynomial Q. which is a linear combination of the characters,
appearing in the Fourier expansion of f, such that

1f(9) = Qe(f 9) < e (23)
From (21), (22), and the properties of kernels (19) mentioned above it follows that
sup [S9(f,9) = S9(Qz, 9)] = sup|S(f — Q:)(9)| <sup|f(g) — Q(g)l <& (24)
S 9eG geG
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As we proved earlier, Theorem 3 is valid for polynomial @, therefore, for a fixed € there exists sufficiently
large number go(e) such that

sup|Q=(f,9) — S'9(Qe,9)| < & (25)
geG

for ¢ > qg. From

1£(9) = SD(f,9)] <1f(9) — Q=(f,9)| +1Q:(f.9) — SV(Q=, 9)| + S D(Q.. 9) — SV(f,9)]
and (23)—(25) Theorem 3 follows. O

We can obtain a similar theorem for means of the form (20), which are constructed on the base of
elliptic trigonometric Fejer polynomials considered in [15]. For convenience, we give their definition.

Let (u, Au) = > apjupw be a positive definite quadratic form, A = (ak,l)zrflzl be corresponding
k=1
symmetric matrix, and d(z) = (u, Au)'/?. We denote by S, (ug) the set {u : d(u — ug) < r}. An elliptic
trigonometric Fejer polynomial (of degree ¢) of variable z € R™ has the form k(@ (z) = 3> ), e!®®),
d(v)<q
Ay = (mes S, /5(0)) ! mes(S;2(0) N Sy/2(r)) where z € R™. In [15] it is proved that k9 (z) >0,
x € R™. With the help of them, we construct the kernels

K9(g):= > APxu(9), P=qq.
d(v)<P

Positiveness of elliptic trigonometric Fejer polynomial implies the inequality K@ (x) > 0. Let

SO(f,9) = M f(gt) KD(1)}, gt € G.

Repeating the proof of Theorem 3, we make sure that there is valid

Theorem 4. If f € Q(G), then lim,_, §(q)(f, 9) = f(g) uniformly on G.
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Abstract—1In the paper we introduce the notion of a computable enumeration of a class of families.
We prove a criteria for the existence of universal computable enumerations of finite classes of
computable families of total functions. In particular, we show that there is a finite computable class
of families of total functions without universal computable enumerations.
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Introduction. Nowadays, there is a large number of papers devoted to generalized-computable
enumerations. These include a fundamental in this regard paper by S. Goncharov and A. Sorbitol
[1], papers devoted to investigations of arithmetical enumerations (for example, [2—4]), and a recent
paper by S. Badaev and S. Goncharov [5], where generalized-computable enumerations are considered
from the standpoint of uniform enumerability of families relative to an arbitrary oracle. The goal of this
paper is to generalize the concept of computable enumeration up to computability of countable classes
of families. This is connected with the notion of computable enumerations of partial functionals of
finite types introduced in [6]. We consider the questions mainly concerning the universal computable
enumerations. It is known [6] that in a classic case, any finite family of computably-enumerable (c.-e.)
sets has a universal computable enumeration. The main purpose of this work is a search of a criterion of
the existence of universal enumerations of finite computable classes of families of total functions, as well
as a search of a class that does not have any universal computable enumerations.

Necessary information on the numeration theory can be found in the monograph by J. L. Yershov [6].
An enumeration of a nonempty set X is an arbitrary surjection v : N — X. Let v be an enumeration
of X, p be an enumeration of Y C X. We say that u is reduced to v (u < v) if there exists a
computable function f such that y =vo f. We denote v = p if u < v and v < p. A concatenation
of enumerations vy and vy is an enumeration vy @ v1(2z + i) = v;(z), where ¢ =0,1. Let F be a
countable family of subsets of N. An enumeration v of the family F is called computable if a set
G, ={(z,y) 1y € va} is c.-e. If any computable enumeration F is reduced to v, then v is called
universal. A set of computable enumerations of the family F, factorized under the relation =, forms an
upper semilattice with respect to the operation [v] V [u] = [v @ v]. This semilattice is called the Rogers
semilattice of the family F and is denoted by £°(F).

Concepts of n -families and their enumerations were introduced in [7—9]. So, 0-family is an arbitrary
subset of N, (n + 1)-family is a set whose elements are m-families, m < n. In particular, classes of
families are 2-families. Using the notion of enumeration of n-families, a concept of their computable
enumeration is naturally introduced. Because in this paper we examine only classes of families, we
confine ourselves to the case of 2-families whose elements are 1-families. Let F be a class of families
and v be its enumeration.

"E-mail: marat . faizrahmanov@gmail . com.
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80 FAIZRAKHMANOV

Definition. An enumeration v is called computable if there exists a partially computable function f
such that for each z

ve = {Wf(:p,y) : f(way) L &ye N}

[T elements of the class F are families of total functions, then in Definition 22 Wy, .y can be replaced
by ¢f(zy). As in the case of 1-families, the set of all computable enumerations of the given class F,
factorized under the relation =, forms an upper semilattice with respect to the operation . We will
denote this upper semilattice by £(F) and as well will call it Rogers semilattice of the class of
families F. It is not difficult to see that for each computable family A one can find a class of families
of total functions F such that the Rogers semilattice of this class is isomorphic to £°(A). Indeed, for
each X € Ait suffices to consider a family

Fx={f:f0)e X &Vz>0][f(x)=0]}
andtoset F = {Fx : X € A}

Main results. Let A be a ¥©9-computable family and £!(.A) be the Rogers semilattice of its %9-

computable enumerations. As in the case of computable families, £!(.A) is isomorphic to the Rogers
semilattice of the class of families of total functions.

Proposition 1. There exists a computable class F of families of total functions such that L(F) =

L1(A).

Sketch of the proof. For each X € A, we consider a family of functions
Fx={f:InVm=n[f(m)=0}U{f: f(0) e X &InVm =n|[f(m)=1]}.

Let F = {Fx : X € A}. We show that the correspondence v — v, where vz = F,,,, induces an isomor-

phism from £!(A) onto LJ(F). It is easy to see that for arbitrary 39-computable enumerations p, v of
the family A

psve <.

Let us show that for each $9-computable enumeration v of the family A, 7 is a computable enumeration
of the class F. We fix a computable function g such that for all z, y

(x,y) € G, < liminf g(s,z,y) = 1.
Let {fx}ren be a uniformly computable sequence of all functions with finite support, {h}}. ren be a
uniformly computable sequence of functions satisfying the following properties

hi(0) = z, InV¥m = n [hi(m) = 1].

Let us define a computable function f, supposing

fr(i), ity = 2k;
Pray (i) = hi(i), ify=2(kzs)+1nVo[s<v<i= g(v,z,2)=1];
0 otherwise.

By definition of f, we have
vr = {(Pf(x,y) HYAS N}

for all z. Now let p be an arbitrary computable enumeration of the class F. We choose a computable
function h such that

1T = {Pn(ay) : Yy € N}

for all z. Then for a £9-computable enumeration v of the family A, which is determined by the following
equation

ve ={y:323InVm = n [Pz, (0) = y & Pp(z,2)(m) = 1]},
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we have u = V.

In Proposition 1, all families of the class F, considered as subsets of the Baire space, have equal
closures. For finite classes F the converse statement also holds: If closures of all families of a given

class JF are equal, then £§(F) is isomorphic to the Rogers semilattice of some finite family of X9-sets.
Moreover, we have the following.

Proposition 2. Let F be a finite class of computable families of total functions, whose closures

coincide, A be a finite family of X9-sets. If (F,C) = (A, C), then LY(F) = L(A).

Sketch of the proof. We assume that () ¢ F since otherwise the proposition is trivial. Let
A={A4,A1,...., A}, F=A{Fo,F1,..., Fn}

and A; C Ajitand only il ; C F;. Wefix a sequence of finite sets Fy, F1, ..., I, such thatforalli, j <n

1) F; C A,
2) F; CA; = A; CAj,
3) A, C A;= F, C F,.

Since each of the families F;, ¢ < n, is computable, one can fix a uniformly computable with respect
to 4, j sequence of functions f;; such that

Fi={fij :j € N},
We show that the correspondence v +— v, where va = A; & vx = F;, induces an isomorphism from
L1(A) onto L(F). By definition, 4 < v < i < . First, we prove that each of the enumerations

is computable. Since a X9-index of the set v can be found uniformly in respect to x, there exists a
computable function h : N2 — {0,...,n} such that vo = A; if and only if

a) 3%s[h(z,s) = i,
b) sVt > s[h(z,s) =i & F; C Fip).

Define a computable function f such that
Vr = {Qfzy 1y € N}
Letd(z,t,s) =1+t +max{v < 5:0 < v& Figt10) € Fh(zt4v+1)} (Wesuppose that max ) = 0). We
set
Th(a,tyy (), if Vo < s [Fre) € Fa@atol
Prauty) (8) = § Su(ediwt,s)=(s) otherwise, where
z=min{u : Vv < 5 [0f0,5,60) (V) = Fria,dia,t,s)u ()]}

Since closures of all families F are equal, we have that such z always exists.

Now let o be an arbitrary computable enumeration of the class F and f be a computable function, for
which pz = {¢f(24) : ¥y € N}. Let us fix a sequence of finite families of functions H;, 7 < n, satislying

properties 1)—3) with replacing F; by H; and A; by F;. Consider an enumeration v of the family A,
defined by the following property

ve=A; & uxr=F;.
We show that v is X9-computable. Indeed,
yevee Jilye A & A; Cuxl,
Ai Cve e F Cur < H; Cpx s 3k, o, Yk [Hi = {Pf(ay,;) 1 7 < k-
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So, v is £9-computable and p = 7.

By using the criterion of the existence of universal arithmetical enumerations of finite families from
[3] and Proposition 2 we obtain the appropriate criterion for finite classes of computable families of total
functions F having equal closures. Namely, F has a universal computable enumeration if and only if it
contains the least family with respect to inclusion. Now let F be an arbitrary finite class of computable
families of total functions.

Theorem. F has a universal computable enumeration if and only if each of its subclass, consist-
ing of all the families with equal closures, has the least family with respect to inclusion.

Let us present the sketch of the proof of the theorem. Let
F={F0 TR For s Fhys - 3 TG Fh
?f) + 76 wheni < j <k, 7;- = 7; wheni < kand j,1 < N;. By using Proposition 2 and the mentioned

criterion from [3] we show that F has a universal enumeration if and only if each of the classes
{75, .-, Fi,} i < k, has a universal enumeration. Let each of the classes C; = {7, ..., F}, } have a

universal enumeration y1;. We assume that F¢ is the least family of C; under inclusion. We fix a sequence
Fy, ..., Fy of finite subsets of N<N| satisfying the following properties for all i, j < k

i) Vo € F; [[o] N F§ # 2],
i) Vo € F [[o] N F] # 2] = F C Foy,
iii) Fo C F) = F; C F,

where [o] denotes a base neighborhood in NN generated by the string 0. Let {ae}een be a uniform
numbering of computable enumerations of all classes of families. For each i < k, we consider a c.-e. set

M; ={z : Vo € F; [[0] N o # @] or ae is not a family of total functions}.

We fix a computable enumeration {x?}jeN of the set M; and define an enumeration o of the class C;

such that ain = F., m < N; if aezl, = Fi,. Now we can define, uniformly with respect to a sequence
of numbers e, 2, ..., 2, an enumeration v of the class F such that a. < v if o = p;p,, for all i < k.
The required universal enumeration is a concatenation of all such enumerations v.

Conversely, let F have a universal computable enumeration p. For each i < k, we consider a set
K; ={x:Vo € F; [[o] N px # 2]}

We fix a computable enumeration {x%};en of the set K; and assume v'n to be equal paj, if pzj, € Ci,
and F§ otherwise. Since y is a universal enumeration of F we have that /% is a universal for C;.
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