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ÓÄÊ 532.546�ÅØÅÍÈÅ ÇÀÄÀ×È Î �ÀÑÏ�ÅÄÅËÅÍÈÈÔÈËÜÒ�ÀÖÈÎÍÍÛÕ ÏÎËÅÉ Â ÁÅÑÊÎÍÅ×ÍÎÌÏÎ�ÈÑÒÎÌ ÌÀÑÑÈÂÅ Ñ ÄÂÓÌß Ê�Ó�ÎÂÛÌÈÂÊËÞ×ÅÍÈßÌÈÞ.Â. ÎáíîñîâÀííîòàöèÿÂ ðàáîòå äàåòñÿ çàìêíóòîå ðåøåíèå çàäà÷è î ðàñïðåäåëåíèè äâóìåðíîãî �èëüòðà-öèîííîãî ïîëÿ â ãåòåðîãåííîé òðåõêîìïîíåíòíîé ñðåäå, ïðåäñòàâëÿþùåé èç ñåáÿ îäíî-ðîäíûé áåñêîíå÷íûé ïîðèñòûé ìàññèâ ñ äâóìÿ èçîòðîïíûìè êðóãîâûìè âêëþ÷åíèÿìè,ðàñïîëîæåííûìè âíóòðåííèì èëè âíåøíèì ïî îòíîøåíèþ äðóã ê äðóãó îáðàçîì. �àñ-ñìàòðèâàþòñÿ ñëó÷àè âíóòðåííåãî è âíåøíåãî êàñàíèÿ âêëþ÷åíèé è ñëó÷àé âûðîæäåíèÿîäíîãî èç êðóãîâ â ïîëóïëîñêîñòü. Äëÿ âñåõ òàêèõ ñòðóêòóð ðåøåíèå ïîëó÷åíî â âèäå áåñ-êîíå÷íûõ ðÿäîâ, äëÿ êàæäîãî èç êîòîðûõ èññëåäîâàí âîïðîñ î ñêîðîñòè åãî ñõîäèìîñòèè íàéäåíà îöåíêà îñòàòî÷íîãî ÷ëåíà. Â íåêîòîðûõ ñëó÷àÿõ, êîãäà ïðîâîäèìîñòü êðóãî-âûõ âêëþ÷åíèé äîñòèãàåò ñâîèõ ïðåäåëüíûõ çíà÷åíèé (0 , ∞), ñîîòâåòñòâóþùèå ðÿäûïðîñóììèðîâàíû è ðåøåíèå âûðàæåíî ÷åðåç ýëåìåíòàðíûå �óíêöèè.Â ìîíîãðà�èè Ï.ß. Ïîëóáàðèíîâîé-Êî÷èíîé [1℄ çàäà÷è òåîðèè �èëüòðàöèè âïëîñêîïàðàëëåëüíîì óñòàíîâèâøåìñÿ ñëó÷àå ñòàâÿòñÿ è ðåøàþòñÿ íà ÿçûêå êîì-ïëåêñíîãî àíàëèçà. Òàê, çàäà÷à î ðàñïðåäåëåíèè ïîëÿ ñêîðîñòåé �èëüòðàöèè âêóñî÷íî-îäíîðîäíîé ïîðèñòîé ñðåäå ñ ó÷åòîì çàêîíà Äàðñè ñâîäèòñÿ [1, . 50℄ êïîñòðîåíèþ ãîëîìîð�íîé â êàæäîì èçîòðîïíîì êîìïîíåíòå Sj ðàññìàòðèâàåìîéñðåäû �óíêöèè v(z) = vx − i vy = vj(z) (v(z) = dw(z)/dz , ãäå w(z) = ϕ + iψ �êîìïëåêñíûé ïîòåíöèàë òå÷åíèÿ è, ñëåäîâàòåëüíî, �óíêöèÿ v(z) êîìïëåêñíî ñî-ïðÿæåíà ñ âåêòîðîì ñêîðîñòè v = (vx, vy) , åñëè ïîñëåäíèé èíòåðïðåòèðîâàòü êàêêîìïëåêñíîçíà÷íóþ �óíêöèþ v = vx + i vy ). Íà ëèíèÿõ êîíòàêòà ðàçíîðîäíûõêîìïîíåíòîâ íîðìàëüíûå êîìïîíåíòû ñêîðîñòè íåïðåðûâíû (vjn = vmn ), à êàñà-òåëüíûå � ïðîïîðöèîíàëüíû (kmvjτ = kjvmτ , kj � ïîñòîÿííûé â êîìïîíåíòå Sjêîý��èöèåíò �èëüòðàöèè).Â íàñòîÿùåé ðàáîòå îïèñàííàÿ âûøå ïðîáëåìà ðåøàåòñÿ äëÿ òðåõ�àçíûõ ãåòå-ðîãåííûõ áåñêîíå÷íûõ ñðåä, êîìïîíåíòàìè êîòîðûõ ÿâëÿþòñÿ ÷àñòè, íà êîòîðûåâñÿ ïëîñêîñòü ðàçáèâàåòñÿ äâóìÿ íåïåðåñåêàþùèìèñÿ îêðóæíîñòÿìè (â ÷àñòíîñòè,îêðóæíîñòüþ è ïðÿìîé). �àçëè÷íûå ÷àñòíûå ñëó÷àè òàêèõ êóñî÷íî-îäíîðîäíûõñòðóêòóð èçó÷àëèñü â ðàáîòàõ [3�12℄. �.À. �îëóçèí [13, 14℄ ïðåäëîæèë ìåòîä, ïîç-âîëÿþùèé ñâåñòè èññëåäóåìóþ êðàåâóþ çàäà÷ó ê ñèñòåìå �óíêöèîíàëüíûõ óðàâ-íåíèé. Èäåè è ìåòîäèêà �îëóçèíà áûëè ðàçâèòû è îáîáùåíû â ðàáîòàõ [15�17℄íà ñëó÷àé ïðîèçâîëüíîãî ÷èñëà ãðàíè÷íûõ îêðóæíîñòåé, ðàñïîëîæåííûõ ïðîèç-âîëüíûì îáðàçîì îòíîñèòåëüíî äðóã äðóãà (èñêëþ÷àåòñÿ ëèøü âîçìîæíîñòü èõïåðåñå÷åíèÿ).Èñïîëüçóåìûé â ðàáîòå ìåòîä èññëåäîâàíèÿ ñîñòîèò â ïðèâåäåíèè ïîñòàâëåííîéçàäà÷è ê îäíîðîäíîé çàäà÷å R-ëèíåéíîãî ñîïðÿæåíèÿ ( [18℄)

vj(t) = Ajmvm(t) −Bjm[t′(s)]−2vm(t), t ∈ ∂Sj ∩ ∂Sm, (0.1)
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�èñ. 1. Ñðåäà ñ äâóìÿ êðóãîâûìè âêëþ÷åíèÿìè (a) è êðóãîâîå âêëþ÷åíèå â îäíîé èç äâóõðàçíîðîäíûõ ïîëóïëîñêîñòåé (b)ãäå t′(s) � ïðîèçâîäíàÿ �óíêöèè òî÷êè êîíòóðà ∂Sj ∩∂Sm ïî íàòóðàëüíîìó ïàðà-ìåòðó,
Ajm = (km + kj)/(2km), Bjm = (km − kj)/(2km). (0.2)Íåñêîëüêî îáîáùàÿ ïîñòàíîâêó, ñ ó÷åòîì ìåæäèñöèïëèíàðíûõ àíàëîãèé, áóäåìñ÷èòàòü, ÷òî êîý��èöèåíòû êðàåâîãî óñëîâèÿ (0.1) èìåþò âèä

Ajm =
ρj + ρm

2ρj

− i
ρjβj − ρmβm

2ρj

, Bjm =
ρj − ρm

2ρj

− i
ρjβj − ρmβm

2ρj

. (0.3)Èìåííî ê çàäà÷å (0.1), (0.3) ñâîäèòñÿ â ýëåêòðîäèíàìèêå ïðîáëåìà ðàñ÷åòà âåêòîðàïëîòíîñòè ýëåêòðè÷åñêîãî òîêà â ñðåäå ñ êîý��èöèåíòîì ñîïðîòèâëåíèÿ ρ(z) ≡
≡ ρj = 1/kj ≥ 0 äëÿ z ∈ Sj ïðè ó÷åòå âëèÿíèÿ îäíîðîäíîãî ýëåêòðîìàãíèòíîãîïîëÿ (β(z) ≡ βj � ïàðàìåòð Õîëëà êîìïîíåíòà Sj ).Êðàåâàÿ çàäà÷à (0.1), (0.3) ñ ïîìîùüþ ìåòîäîâ ñèììåòðèè è àíàëèòè÷åñêîãîïðîäîëæåíèÿ ïðèâîäèòñÿ ê �óíêöèîíàëüíîìó óðàâíåíèþ. Ïîñëåäíåå, â îòëè÷èå îòðàáîò [13, 14℄, óäàåòñÿ ðåøèòü ÿâíûì, à íå ïðèáëèæåííûì îáðàçîì.Ñíà÷àëà èññëåäóåòñÿ ñëó÷àé, êîãäà îêðóæíîñòè, ðàçäåëÿþùèå ðàçíîðîäíûåêîìïîíåíòû, ðàñïîëîæåíû äðóã îòíîñèòåëüíî äðóãà âíåøíèì îáðàçîì. Ïðè ýòîìâïåðâûå ðåøåíèå â êàñàòåëüíîì ñëó÷àå è ïðè âûðîæäåíèè îäíîãî èç êðóãîâûõâêëþ÷åíèé â ïîëóïëîñêîñòü áóäåò ïîëó÷åíî ñîîòâåòñòâóþùèì ïðåäåëüíûì ïåðåõî-äîì. 1. Çàäà÷à î äâóõ êðóãîâûõ âêëþ÷åíèÿõÍå óìåíüøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî öåíòðû îáåèõ îêðóæíîñòåé ëåæàòíà îñè x , îäèí èç íèõ � â íà÷àëå êîîðäèíàò, à äðóãîé � íà ïîëîæèòåëüíîé ïîëóîñè:
S1 = {z : |z| < r1} , S2 = {z : |z − h| < r2} è S3 = {z : |z| > r1 |z − h| > r2} . Ïóñòüñíà÷àëà r1 + r2 < h , òî åñòü îêðóæíîñòè γ1 = ∂S1 , γ2 = ∂S2 íå êàñàþòñÿ (ðèñ. 1,a). ßñíî, ÷òî t′(s) = i t/r1 äëÿ t ∈ γ1 è t′(s) = i (t−h)/r2 ïðè t ∈ γ2 . Ñëåäîâàòåëüíî,â ñèëó (0.1), �óíêöèÿ v(z) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì âèäà







v3(t) = A31v1(t) +B31r
2
1t

−2v1(t), t ∈ γ1,

v3(t) = A32v2(t) +B32r
2
2(t− h)−2v2(t), t ∈ γ2.

(1.1)Íà áåñêîíå÷íîñòè òå÷åíèå � ðàâíîìåðíî ïîñòóïàòåëüíîå, òî åñòü
v3(∞) = V0. (1.2)



�ÅØÅÍÈÅ ÇÀÄÀ×È Î �ÀÑÏ�ÅÄÅËÅÍÈÈ ÔÈËÜÒ�ÀÖÈÎÍÍÛÕ ÏÎËÅÉ. . . 111Çàäà÷à (1.1), (1.2) â ýëëèïòè÷åñêîì ñëó÷àå ( |A3j | > |B3j |) èìååò [19, òåîðåìà 4.1.2℄åäèíñòâåííîå ðåøåíèå ïðè ïðîèçâîëüíûõ êîìïëåêñíûõ êîý��èöèåíòàõ A3j , B3j .Ìû îãðàíè÷èìñÿ êîý��èöèåíòàìè âèäà (0.3), ïîëàãàÿ äëÿ êðàòêîñòè
Aj = A3j , Bj = B3j , ∆j = Bj/Aj , j = 1, 2. (1.3)Ïóñòü ñíà÷àëà ρj 6= 0,∞ , òîãäà êîý��èöèåíòû (1.3) óäîâëåòâîðÿþò óñëîâèþ ýë-ëèïòè÷íîñòè çàäà÷è (1.1). Íåêîòîðûå ÷àñòíûå ñëó÷àè îáðàùåíèÿ ρj â íóëü èëèáåñêîíå÷íîñòü áóäóò èçó÷åíû â êà÷åñòâå ïðåäåëüíûõ.Ïóñòü

ζ = T−1(z) = (z − a)/(z − b), z = T (ζ) = (bζ − a)/(ζ − 1), (1.4)ãäå òî÷êè a, b ñèììåòðè÷íû îòíîñèòåëüíî îáåèõ îêðóæíîñòåé γ1 , γ2 îäíîâðåìåí-íî. Ñëåäîâàòåëüíî, ab = r21 , (h− a)(h− b) = r22 è
a, b =

(

h2 + r21 − r22 ∓
√

(h2 − r21 − r22)
2 − 4r21r

2
2

)

/(2h). (1.5)Ïåðâàÿ èç �óíêöèé (1.4) îòîáðàæàåò àñèììåòðè÷íîå ¾êîëüöî¿ S3 íà êîíöåíòðè-÷åñêîå S∗

3 = {ζ : r < |ζ| < R} , ïðè ýòîì êðóãè S1 , S2 ïåðåõîäÿò, ñîîòâåòñòâåííî, â
S∗

1 = {ζ : |ζ| < r} è S∗

2 = {ζ : |ζ| > R} . �àäèóñû îêðóæíîñòåé γ = {ζ : |ζ| = r} è
Γ = {ζ : |ζ| = R} íà îñíîâàíèè (1.4), (1.5) îïðåäåëÿþòñÿ ðàâåíñòâàìè

r = a/r1 = r1/b, R = (h− a)/r2 = r2/(h− b), (0 < r < 1 < R). (1.6)Ñ ó÷åòîì ðàâåíñòâ (1.6) ïðåîáðàçîâàíèå T (ζ) , îïðåäåëÿåìîå âòîðûì ñîîòíîøåíèåì(1.4), è ïðåîáðàçîâàíèå T (ζ) − h óäîáíî çàïèñàòü â âèäå
T (ζ) = b

ζ − r2

ζ − 1
= T1(ζ), T (ζ) − h = (b− h)

ζ −R2

ζ − 1
= (b− h)T2(ζ). (1.7)Íîâàÿ íåèçâåñòíàÿ êóñî÷íî-ãîëîìîð�íàÿ �óíêöèÿ

V (ζ) = Vj(ζ) = vj(T (ζ)), ζ ∈ S∗

j , j = 1, 2, 3, (1.8)íà îñíîâàíèè (1.1), (1.2), (1.6), (1.7) áóäåò óäîâëåòâîðÿòü óñëîâèÿì






V3(τ) = A1V1(τ) +B1r
2[T1(τ)]

−2V1(τ), τ ∈ γ,

V3(τ) = A2V2(τ) +B2R
2[T2(τ)]

−2V2(τ), τ ∈ Γ,
(1.9)

V3(1) = V0. (1.10)�åøåíèå çàäà÷è (1.9), (1.10) ñëåäóåò îòûñêèâàòü â êëàññå �óíêöèé, îãðàíè÷åííûõíà áåñêîíå÷íîñòè, òàê êàê V (∞) = V2(∞) = v2(b) .Â ñèëó (1.10) è òåîðåìû Ëîðàíà ãîëîìîð�íàÿ â êîëüöå S∗

3 �óíêöèÿ V3(ζ) åäèí-ñòâåííûì îáðàçîì ïðåäñòàâèìà â âèäå
V3(ζ) = V +

3 (ζ) + V −

3 (ζ), V −

3 (1) = 0, V +
3 (1) = V0, (1.11)ãäå �óíêöèè = V +

3 (ζ)è V −

3 (ζ) ãîëîìîð�íû ïðè |ζ| < R è |ζ| > r ñîîòâåòñòâåííî.Ââåäåì �óíêöèè:
Φ(ζ) =







V +
3 (ζ) −A1V1(ζ), |ζ| ≤ r,

B1r
2[T1(ζ)]

−2V1(r2/ζ) − V −

3 (ζ), |ζ| ≥ r,
(1.12)
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Ψ(ζ) =







V +
3 (ζ) −B2R

2[T2(ζ)]
−2V2(R2/ζ), |ζ| ≤ R,

A2V2(ζ) − V −

3 (ζ), |ζ| ≥ R.
(1.13)Ôóíêöèÿ (1.12) ãîëîìîð�íà â îáëàñòè S∗

1 . Ââèäó (1.6), (1.7) îíà ãîëîìîð�íà è âîáëàñòè {ζ : |ζ| > r} . Èç (1.9), (1.11) âûòåêàåò íåïðåðûâíîñòü Φ(ζ) ïðè |ζ| = r .Ñëåäîâàòåëüíî, èññëåäóåìàÿ �óíêöèÿ ãîëîìîð�íà â ðàñøèðåííîé ïëîñêîñòè C .Íà îñíîâàíèè òåîðåìû Ëèóâèëëÿ, (1.7) è (1.11) Φ(ζ) ≡ Φ(1) = V −

3 (1) = 0 .Àíàëîãè÷íî, Ψ(ζ) ∈ H(C) , è èç òåîðåìû Ëèóâèëëÿ è ïðåäñòàâëåíèé (1.7), (1.11),(1.13) ñëåäóåò Ψ(ζ) ≡ Ψ(1) = V +
3 (1) = V0 .Èòàê,



































V +
3 (ζ) −A1V1(ζ) ≡ 0, |ζ| ≤ r,

V −

3 (ζ) −B1r
2[T1(ζ)]

−2V1(r2/ζ) ≡ 0, |ζ| ≥ r,

V +
3 (ζ) −B2R

2[T2(ζ)]
−2V2(R2/ζ) ≡ V0, |ζ| ≤ R,

A2V2(ζ) − V −

3 (ζ) ≡ V0, |ζ| ≥ R.

(1.14)Èñêëþ÷àÿ èç ïåðâîé ïàðû óðàâíåíèé (1.14) �óíêöèþ V1(ζ) , à èç âòîðîé � �óíêöèþ
V2(ζ) , ñ ó÷åòîì îáîçíà÷åíèé (1.3) íàéäåì















∆1
T 2

1 (ζ)

r2
V +

3 (ζ) − V −

3 (r2/ζ) ≡ 0, |ζ| ≤ r,

V +
3 (ζ) − ∆2

R2

[T2(ζ)]2
V −

3 (R2/ζ) ≡ V0 + ∆2
R2

[T2(ζ)]2
V0, |ζ| ≤ R.

(1.15)Ïðè âûâîäå ïîñëåäíèõ ñîîòíîøåíèé è â ïîñëåäóþùåì ïîëåçíî ó÷èòûâàòü âûòåêà-þùèå èç (1.7) òîæäåñòâà
r2[T1(r2/ζ)]

−2 ≡ r−2[T1(ζ)]
2, R2[T2(R2/ζ)]−2 ≡ R−2[T2(ζ)]

2. (1.16)Èñêëþ÷àÿ V −

3 èç (1.15), ïîëó÷èì
V +

3 (ζ) = V0 + V0∆2
R2

[T2(ζ)]2
+ gδ

(

1 − ζ

1 − gζ

)2

V +
3 (gζ), |ζ| ≤ R, (1.17)ãäå

g = r2/R2 < 1; δ = ∆1∆2, |δ| < 1. (1.18)Ïîñëåäîâàòåëüíî çàìåíÿÿ â (1.17) ζ íà gjζ , j = 1, 2, . . ., ïðèäåì ê áåñêîíå÷íîéñèñòåìå, èñêëþ÷àÿ èç êîòîðîé V +
3 (gζ) , V +

3 (g2ζ), . . . , ïîñëå N øàãîâ íàéäåì
V +

3 (ζ) = (1 − ζ)2
N
∑

j=0

(gδ)j

[

V0

(1 − gjζ)2
+

∆2R
2V0

(gjζ −R2)2

]

+ rN (z), (1.19)ãäå rN (z) = (gδ)N+1[(1 − ζ)/(1 − gN+1ζ)]2V +
3 (gN+1ζ) ñòðåìèòñÿ ê íóëþ ïðè N →

→ ∞ , à ñóììà äàåò â ïðåäåëå ðÿä, ðàâíîìåðíî è àáñîëþòíî ñõîäÿùèéñÿ, òàê êàê âñèëó (1.18) àáñîëþòíî ñõîäèòñÿ ìàæîðèðóþùèé åãî ðÿä ñ îáùèì ÷ëåíîì
|V0|

(

(1 − gR)−2 + |∆2|(R− g)−2
)2

|gδ|j).Òàêèì îáðàçîì, ïðè N → ∞ èç (1.19) ñëåäóåò
V +

3 (ζ) = V0 +
∆2R

2V0

[T2(ζ)]2
+ (1−ζ)2

∞
∑

j=1

(gδ)j

[

V0

(1−gjζ)2
+

∆2R
2V0

(gjζ−R2)2

]

. (1.20)
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V −

3 (ζ) =
∆1r

2V0

[T1(ζ)]2
+ (1 − ζ)2

∞
∑

j=1

(gδ)j

[

V0

(ζ − gj)2
+

∆1r
2V0

(ζ − r2gj)2

]

. (1.21)Ñ ïîìîùüþ (1.20), (1.21) ðåøåíèå çàäà÷è (1.9), (1.10) âûïèñûâàåòñÿ ïî �îðìóëàì
V1(ζ) = V +

3 (ζ)/A1, V2(ζ) = (V0 + V −

3 (ζ))/A2, V3(ζ) = V +
3 (ζ) + V −

3 (ζ),âûòåêàþùèì èç (1.11), (1.14).ÑïðàâåäëèâàÒåîðåìà 1. Çàäà÷à (1.1) , (1.2) áåçóñëîâíî ðàçðåøèìà, åñëè ρj 6= 0,∞ è ρj 6=
ρm ïðè j 6= m , j,m = 1, 2, 3 . Åå åäèíñòâåííîå ðåøåíèå v(z) = vj(z) , z ∈ Sj ,èìååò âèä

v1(z) = (1 + ∆1)
(

V0 + V0∆2r
2
2(z−h)

−2 + σ1(z)
)

,

v2(z) = (1 + ∆2)
(

V0 + V0∆1r
2
1z

−2 + σ2(z)
)

,

v3(z) = V0 + V0

(

∆1r
2
1z

−2 + ∆2r
2
2(z−h)

−2
)

+ σ1(z) + σ2(z),

(1.22)

σ1(z) = (b−a)2
∞
∑

j=1

δj
(

V0Λ1j/(z−b
1
j)

2 + ∆2V0Λ
∗

2j/(z−b
2
j)

2
)

,

σ2(z) = (b−a)2
∞
∑

j=1

δ
j (

V0Λ1j/(z−a
1
j)

2 + ∆1V0Λ2j/(z−a
2
j)

2
)

,

(1.23)ãäå δ = ∆1∆2 , g = r2/R2 ,
a1

j = T (gj), a2
j = T (r2gj), b1j = T (g−j), b2j = T (R2g−j), (1.24)

Λ1j = χ(gj), Λ2j = χ(r2gj), Λ∗

2j = χ(R−2gj), χ(x) = x/(1 − x)2, (1.25)à îñòàëüíûå ïàðàìåòðû îïðåäåëÿþòñÿ ïî �îðìóëàì (1.4)�(1.6) .Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû ñâîäèòñÿ ê ïðîñòîìó ñ÷åòó ïî�îðìóëàì (1.20), (1.21), (1.4). Ïðè ýòîì ïîñëåäîâàòåëüíî ïîêàçûâàåòñÿ, ÷òî
gj(1 − ζ)2

(1 − gjζ)2
=

gj

(1 − gj)2
(b− a)2

(z − T (g−j))2
,

gj(1 − ζ)2

(ζ − gj)2
=

gj

(1 − gj)2
(b− a)2

(z − T (gj))2
,

R2gj(1 − ζ)2

(R2 − gjζ)2
=

R2g−j

(1 −R2g−j)2
(b− a)2

(z − T (R2g−j))2
,

r2gj(1 − ζ)2

(ζ − r2gjζ)2
=

r2gj

(1 − r2gj)2
(b− a)2

(z − T (r2gj))2
.Ââèäó (1.4), (1.7) èìååì R2/[T2(ζ)]

2 = r22/(z − h)2 , r2/[T1(ζ)]
2 = r21/z

2 , ÷òî è ïðè-âîäèò ê �îðìóëàì (1.22)�(1.25).Çàìå÷àíèå 1. �åøåíèå çàäà÷è (1.1), (1.2) ñ âåùåñòâåííûìè êîý��èöèåíòà-ìè (0.2) âûïèñûâàåòñÿ ïî �îðìóëàì (1.23)�(1.25), íàä âñåìè ýëåìåíòàìè êîòîðûõ(êðîìå V0 ) íàäî óáðàòü çíàê êîìïëåêñíîãî ñîïðÿæåíèÿ.



114 Þ.Â. ÎÁÍÎÑÎÂÇàìå÷àíèå 2. Â âûðîæäåííîé ñèòóàöèè (ρ1 = ρ2 = ρ3) èç (1.23) ñëåäóåò v(ζ) ≡
≡ V0 .Çàìå÷àíèå 3. Ïðè ρ2 = ρ3 , β2 = β3 èç (1.3), (1.18) ñëåäóåò ∆2 = 0 , δ = 0 ,
A2 = 1 . Ñîîòâåòñòâóþùèé ïðåäåëüíûé ïåðåõîä â �îðìóëàõ (1.23) ïðèâîäèò ê õî-ðîøî èçâåñòíîìó ðåøåíèþ çàäà÷è î êðóãîâîì âêëþ÷åíèè.Çàìå÷àíèå 4. Èç (1.18), (1.24) è ñâîéñòâà ñîõðàíåíèÿ ñèììåòðè÷íûõ òî÷åêñëåäóåò, ÷òî, âî-ïåðâûõ, òî÷êà a ÿâëÿåòñÿ ïðåäåëüíîé äëÿ ïîñëåäîâàòåëüíîñòåé
{a1,2

j }∞1 , à ê òî÷êå b ñõîäÿòñÿ îáå ïîñëåäîâàòåëüíîñòè {b1,2
j }∞1 ; âî-âòîðûõ, ïåð-âûå äâå ïîñëåäîâàòåëüíîñòè ÿâëÿþòñÿ ìîíîòîííî âîçðàñòàþùèìè, à äâå äðóãèå �ìîíîòîííî óáûâàþùèìè, ïðè÷åì a1

j < a2
j , b1j > b2j ; â-òðåòüèõ, òî÷êè ÷åòûðåõ ïåðå-÷èñëåííûõ ñåìåéñòâ ñèììåòðè÷íû äðóã ñ äðóãîì îòíîñèòåëüíî îêðóæíîñòåé γ1, γ2 .Èìåííî,

(a1
j)

∗

1 = b2j−1, (a1
j)

∗

2 = b2j , (a2
j)

∗

1 = b1j , (a2
j )

∗

2 = b1j+1,ãäå ââåäåíî îáîçíà÷åíèå (c)∗k äëÿ òî÷êè, ñèììåòðè÷íîé ñ òî÷êîé c îòíîñèòåëüíîîêðóæíîñòè γk . Ïîñëåäíèå ñîîòíîøåíèÿ ñ ó÷åòîì ðàâåíñòâ a1
0 = ∞ , a2

0 = 0 , b10 =
= ∞ , b20 = h äàþò a1

1 = r21/h , a2
1 = hr21/(h

2−r22) , b11 = (h2−r22)/h , b21 = h−hr22/(h
2−

−r21), . . .Çàìå÷àíèå 5. Èç âñåõ ïðåäåëüíûõ âîçìîæíîñòåé (ρj → 0 èëè ∞) ðàññìîòðèìëèøü äâå: èäåàëüíî ïðîâîäÿùåå ¾êîëüöî¿ S3 è ñëó÷àé àáñîëþòíî íåïðîâîäÿùèõâêëþ÷åíèé S1, S2 äëÿ âåùåñòâåííûõ êîý��èöèåíòîâ (1.3) (βj = 0 , j = 1, 2, 3).Â îáîèõ ñëó÷àÿõ, êàê ïðè ρ2 = 0 , òàê è ïðè ρ1 = ρ2 = ∞ , èç (1.3), (1.18) ñëåäóåò
A1 = A2 = ∞ , ∆1 = ∆2 = −δ = −1 . Ââèäó (1.22), (1.23) v1(z) ≡ v2(z) ≡ 0 , àñîîòâåòñòâóþùàÿ �óíêöèÿ v3(z) äàåò ðåøåíèå çàäà÷è îá îáòåêàíèè äâóõ íåïðîíè-öàåìûõ êðóãîâûõ öèëèíäðîâ.Çàìå÷àíèå 6. Íà ïðàêòèêå ïðè âû÷èñëåíèè �óíêöèé (1.22) ïðèõîäèòñÿ îãðà-íè÷èâàòüñÿ îòðåçêàìè èç ïåðâûõ N − 1 ÷ëåíîâ ðÿäîâ (1.23). Ïóñòü vjN (z) � ñîîò-âåòñòâóþùåå ïðèáëèæåííîå ðåøåíèå, à rjN (z) = vj(z) − vjN (z) , òîãäà

|r1N (z)| ≤ δ|NgN−1r21
|V0|

|A1|

r22h
−2 + g|∆2|

(1−|δ|g)(b−r1)2
,

|r2N (z)| ≤ δ|NgN−1r22
|V0|

|A2|

r21h
−2 + g|∆1|

(1−|δ|g)(h−r2 − a)2
,

|r3N (z)| ≤ δ|N−1gN |V0|

1 − |δ|g

(

8|δ|

(1 − g)2
+

(r21 |∆1|+r
2
2|∆2|)

3

(b− a)2

)

.

(1.26)Ïåðâûå äâå îöåíêè (1.26) ÿâëÿþòñÿ ñëåäñòâèåì íåðàâåíñòâ
min
z∈S1

|z − b1,2
j | > b− r1, min

z∈S2

|z − a1,2
j | > h− r2 − a, (1.27)

Λ1j ≤ gj−1 r21r
2
2

h2(b− a)2
, Λ2j ≤ gj r21

(b − a)2
, Λ∗

2j ≤ gj r22
(b− a)2

, (1.28)ñïðàâåäëèâûõ â ñâÿçè ñ çàìå÷àíèåì 4 (ñì. ðèñ. 1, à) è ñîîòíîøåíèé (1.6), (1.18),(1.25). ×òîáû ïîëó÷èòü îöåíêó äëÿ |r3N (z)| , íàäî äîêàçàòü, ÷òî
M1

j = Λ1j max
z∈S3

(

1

|z − a1
j |

2
+

1

|z − b1j |
2

)

<
8gj

(1 − g)2(b − a)2
,

M2
j = max

z∈S3

(

Λ2j |∆1|

|z − a2
j |

2
+

Λ∗

2j|∆2|

|z − b2j |
2

)

<
gj

|δ|

(r21 |∆1| + r22 |∆2|)
3

(b− a)4
.



�ÅØÅÍÈÅ ÇÀÄÀ×È Î �ÀÑÏ�ÅÄÅËÅÍÈÈ ÔÈËÜÒ�ÀÖÈÎÍÍÛÕ ÏÎËÅÉ. . . 115Ñòàíäàðòíûì îáðàçîì äîêàçûâàåòñÿ, ÷òî ìàêñèìóì
M0 = max

z∈S3

(

C

|z − α|2
+

D

|z − β|2

)

=
(C +D)3

CD(β − α)2
(1.29)ïðè âûïîëíåíèè óñëîâèé C > 0 , D > 0 , 0 < α < a , b < β < h , äîñòèãàåòñÿ â òî÷êå

x0 = (Cβ+Dα)/(C+D) , (α < x0 < β ). Îñòàåòñÿ ëèøü ó÷åñòü, ÷òî b1j −a1
j > (b−a))è b2j − a2

j > b− a äëÿ âñåõ j ≥ 1 .�àññìîòðèì çàäà÷ó (1.1), (1.2) äëÿ ñòðóêòóðû, èçîáðàæåííîé íà ðèñ. 1, b. Çäåñü
S2 = {z : Re z > c > r1} , S3 = {z : |z| > r1, Re z < c} , à S1 � êðóã ðàäèóñà
r1 ñ öåíòðîì â íóëå. Äîïîëíèòåëüíîå óñëîâèå (1.2) â äàííîì ñëó÷àå çàäàåòñÿ íàëèíèè ðàçäåëà êîìïîíåíòîâ S2 , S3 , ýòîò �àêò òðåáóåò âíåñåíèÿ íåêîòîðûõ èçìå-íåíèé â ðàíåå ïðîäåëàííîé öåïî÷êå ïîñòðîåíèé. Èìåííî, åñëè ïîëîæèòü h = c+ r2è ðàññìîòðåòü ïðåäåë ïðè r2 → ∞ (ïðè òàêîì ïðåäåëüíîì ïåðåõîäå èçó÷åííàÿâûøå ñòðóêòóðà ïåðåõîäèò â ðàññìàòðèâàåìóþ), òî âìåñòî âòîðîãî óñëîâèÿ (1.1)ïîëó÷èòñÿ

v3(t) = A2v2(t) +B2v2(t), t ∈ γ2 = {t : Re t = c}.Èç ñîîòíîøåíèé (1.5), (1.6), (1.7) ïðè ýòîì ñëåäóåò
a, b = c∓

√

c2 − r21 , r =

(

c−
√

c2 − r21

)

/r1, R = 1, T2(ζ) ≡ 1.Ñ ó÷åòîì ïîñëåäíèõ ðàâåíñòâ äîêàçûâàåòñÿ ñïðàâåäëèâîñòü ïðåäñòàâëåíèÿ Ψ(ζ) ≡
≡ A2V2(1) = V0 − B2V2(1) äëÿ �óíêöèè (1.13), à çíà÷èò V2(1) = (A2V0−
−B2V 0)/(|A2|

2 − |B2|
2) . Òàêèì îáðàçîì, â ñèëó (1.3), (0.3) èìååì

Ψ(ζ) ≡ A2(A23V0 +B23V0). (1.30)Ó÷èòûâàÿ òî, ÷òî g = r2 , â ñèëó îïðåäåëåíèÿ (1.18), èç (1.24), (1.25) ïðè h = c+ r2è r2 → ∞ íàéäåì
a1

j = a2
j−1 = T (r2j) = aj , b1j = b2j = T (r−2j) = bj, aj = (bj−1)

∗

1 = (bj)
∗

2,

Λ1j = Λ2
2 j−1 = Λ∗

2j = r2j(1 − r2j)−2 = Λj ≤ r21r
2(j−1)/[4(c2 − r21)].Ñ ïîìîùüþ ïîñëåäíèõ äâóõ ãðóïï ñîîòíîøåíèé òðåáóåìîå ðåøåíèå ìîæåò áûòüâûïèñàíî ïî �îðìóëàì (1.22), (1.23), â êîòîðûõ íàäî çàìåíèòü V0 íà âûðàæå-íèå, ñòîÿùåå â ïðàâîé ÷àñòè òîæäåñòâà (1.30). Ïðè ýòîì ñóììà V0 + ∆2V0 äîëæíàçàìåíÿòüñÿ íà V0 . Òåì ñàìûì äîêàçàíàÒåîðåìà 2. Äëÿ ãåòåðîãåííîé ñòðóêòóðû, èçîáðàæåííîé íà ðèñ. 1, b, ðåøåíèåçàäà÷è (1.1) , (1.2) ïðè ρj 6= 0,∞ è ρj 6= ρm (j 6= m) èìååò âèä

v1(z) =
V0

A1
+ V0

4(c2 − r21)

A1

∞
∑

j=1

δj Λj

(z − bj)2
,

v2(z) = A23V0 +B23V0 + V0
4(c2 − r21)

B2

∞
∑

j=1

δ
j Λj

(z − aj)2
,

v3(z) = V0 + 4(c2−r21)







V0

∆2

∞
∑

j=1

δ
j Λj

(z−aj)2
+ V0

∞
∑

j=1

δj Λj

(z−bj)2







.

(1.31)
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|rjN (z)| ≤

|δ|Nr2(N−1)

(1 − |δ|r2)
Cj ,

C1 =
|V0|r

2
1

|A1|(b − r1)2
, C2 =

|V0|r
2
1

|B2|(c2 − r21)
, C3 =

|V0|r
2
1

(c2 − r21)

(1 + |∆2|)
3

|∆2|2
.

(1.32)Íåðàâåíñòâà (1.32) ëåãêî óñòàíàâëèâàþòñÿ ñ ïîìîùüþ (1.29).Ïðåäåëüíàÿ ñèòóàöèÿ, êîãäà ðàññòîÿíèå l = h− r1 − r2 → 0 , ïðèâîäèò ê ñëó÷àþêàñàþùèõñÿ êðóãîâûõ âêëþ÷åíèé S1 , S2 (ðèñ. 1, à), èëè êðóãîâîãî âêëþ÷åíèÿ S1 ,ïðèìûêàþùåãî ê ïîëóïëîñêîñòè S2 (ðèñ. 1, b).Èìååò ìåñòîÒåîðåìà 3. Çàäà÷à (1.1) , (1.2) â ñëó÷àå êàñàþùèõñÿ êðóãîâûõ âêëþ÷åíèé (h =
= r1+r2 ) èìååò ïðè ρj 6= 0,∞ è ρj 6= ρm ïðè j 6= m , j,m = 1, 2, 3, åäèíñòâåííîåðåøåíèå v(z) = vj(z) , z ∈ Sj , j = 1, 2, 3 :

v1(z) = (1 + ∆1)
(

V0 + V0∆2r
2
2(z − h)−2 + σ1(z)

)

,

v2(z) = (1 + ∆2)
(

V0 + V0∆1r
2
1z

−2 + σ2(z)
)

,

v3(z) = V0 + V0

(

∆1r
2
1z

−2 + ∆2r
2
2(z − h)−2

)

+ σ1(z) + σ2(z),

(1.33)

σ1(z) =
r21r

2
2

h2

∞
∑

j=1

δj

j2

(

V0

(z − b1j)
2

+ ∆2
V0Λ2j

(z − b2j)
2

)

,

σ2(z) =
r21r

2
2

h2

∞
∑

j=1

δ
j

j2

(

V0

(z − a1
j)

2
+ ∆1

V0Λ1j

(z − a2
j )

2

)

,

(1.34)ãäå δ = ∆1∆2 , T (ζ) = r1(ζ + 1)/(ζ − 1) , gj = 2j(r1/r2 + 1) ,
Λ1j =

(

r1 + r2
r2 + r1 + r2/j

)2

, Λ2j =

(

r1 + r2
r2 + r1 + r1/j

)2

, (1.35)

a1
j = T (1 − gj), a2

j = T (−1 − gj), b1j = T (1 + gj), b2j = T (gj+1 − 1). (1.36)Äîêàçàòåëüñòâî. �åøåíèå (1.33), (1.34) ïðîùå âñåãî ïîëó÷èòü ïðåäåëüíûìïåðåõîäîì ïðè h → r1 + r2 ( l → 0) â �îðìóëàõ (1.22)�(1.25). Ïðè ýòîì èç (1.5),(1.6), (1.18) ñëåäóåò: a, b → r1 , r,R → 1 è g → 1 . Äàëåå, ñ ó÷åòîì (1.6) ìîæíîóñòàíîâèòü, ÷òî
lim
l→0

a1
j = lim

l→0

bgj − a

gj − 1
= lim

l→0

(

b+
b− a

gj − 1

)

= r1 −
r1r2

j(r1 + r2)
,

lim
l→0

b1j = lim
l→0

b− agj

1 − gj
= lim

l→0

(

a+
b− a

1 − gj

)

= r1 +
r1r2

j(r1 + r2)
.Àíàëîãè÷íî

lim
l→0

a2
j = r1 −

r1r2
j(r1 + r2 + r2/j)

, lim
l→0

b2j = r1 +
r1r2

j(r1 + r2 + r1/j)
.
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lim
l→0

[(b − a)2Λ1j ] = j−2 [r1r2/(r1 + r2)]
2
,

lim
l→0

[(b − a)2Λ2j ] = j−2 [r1r2/(r1 + r2 + r2/j)]
2
,

lim
l→0

[(b − a)2Λ∗

2j ] = j−2 [r1r2/(r1 + r2 + r1/j)]
2
.Ïîñëåäíèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû, òàê êàê �îðìóëû (1.33)�(1.36) ñî÷åâèäíîñòüþ òåïåðü âûòåêàþò èç (1.22)�(1.25).Òåîðåìà 4. Åñëè êðóãîâîå âêëþ÷åíèå ðàñïîëîæåíî íà ãðàíèöå ñîïðÿæåíèÿäâóõ ïîëóïëîñêîñòåé, òî åäèíñòâåííîå ðåøåíèå çàäà÷è (1.1) , (1.2) èìååò âèä

v1(z) =
V0

A1
+
V0

A1

∞
∑

j=1

δj

j2
r21

(z − bj)2
,

v2(z) = A23V0 +B23V0 +
V0

B2

∞
∑

j=1

δ
j

j2
r21

(z − aj)2
,

v3(z) = V0 +
V0

∆2

∞
∑

j=1

δ
j

j2
r21

(z − aj)2
+ V0

∞
∑

j=1

δj

j2
r21

(z − bj)2
,

(1.37)

ãäå δ = ∆1∆2 , aj = r1 − r1/j , bj = r1 + r1/j .Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü ïðåäñòàâëåíèÿ (1.37) óñòàíàâëèâàåòñÿ ïó-òåì ïðåäåëüíîãî ïåðåõîäà ïðè r2 → ∞ â �îðìóëàõ (1.33)�(1.36). Ïðè ýòîì òî÷íîòàê æå, êàê è ïðè ïîëó÷åíèè ðåøåíèÿ (1.33) èç (1.22), íàäî çàìåíèòü V0 íà êîí-ñòàíòó, ñòîÿùóþ â ïðàâîé ÷àñòè ðàâåíñòâà (1.30), à V0 + ∆2V0 � íà V0 . Çàìåòèì,÷òî ê ðåøåíèþ (1.37) ìîæíî òàêæå ïðèéòè, åñëè óñòðåìèòü ê r1 âåëè÷èíó c â�îðìóëàõ (1.31).ßñíî, ÷òî ïåðâûå ÷åòûðå çàìå÷àíèÿ ê òåîðåìå 1 â ïîëíîé ìåðå îòíîñÿòñÿ è êòåîðåìàì 2�4. Îòìåòèì òàêæåÇàìå÷àíèå 1. Îñòàòî÷íûå ÷ëåíû ðÿäîâ (1.33), (1.37) îöåíèâàþòñÿ ïðîñòî, òàêêàê, î÷åâèäíî, êàæäîå ñëàãàåìîå ýòèõ ðÿäîâ äîñòèãàåò ñâîåãî ìàêñèìóìà (ïî ìî-äóëþ) â òî÷êå z = r1 . Ñ ó÷åòîì (1.35), (1.36) ïîëó÷èì îöåíêè
|r1N (z)| ≤ |δ|N

|V0|

|A1|

(1 + |∆2|)

(1 − |δ|)
, |r2N (z)| ≤ |δ|N

|V0|

|B2|

(1 + |∆1|)

(1 − |δ|)
,

|r3N (z)| ≤ |δ|N |V0|
2 + |∆1| + |∆2|

(1 − |δ|)

(1.38)äëÿ ðåøåíèÿ (1.33) è
|r1N (z)| ≤

|δ|N

1 − |δ|

|V0|

|A1|
, |r2N (z)| ≤

|δ|N

1 − |δ|

|V0|

|B2|
,

|v3(z) − v3N (z)| ≤
|δ|N

1 − |δ|
|V0|

1 + |∆2|

|∆2|

(1.39)äëÿ ðåøåíèÿ (1.37).
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z+ r1 , â âåùåñòâåííîì ñëó÷àå ( βj = 0 , j = 1, 2, 3), êîãäà ρ1 = ρ2 = ∞ . Íà îñíîâà-íèè ñîîòíîøåíèé (1.33)�(1.36) ðåøåíèåì çàäà÷è îá îáòåêàíèè äâóõ íåïðîíèöàåìûõöèëèíäðîâ, êàñàþùèõñÿ äðóã äðóãà â íà÷àëå êîîðäèíàò, áóäåò

v3(z) = V0

∞
∑

j=−∞

(r1θ)
2

(r1θ + jz)2
− V0

∞
∑

j=−∞

(r1θ)
2

(r1θ + (j + θ)z)2
, (1.40)ãäå θ = r2/(r1 + r2) .Ê ðåøåíèþ (1.40) ìîæíî ïðèéòè è äðóãèì ïóòåì. ßñíî, ÷òî â ðàññìàòðè-âàåìîé ñèòóàöèè ãðàíèöà îáëàñòè S3 áóäåò ëèíèåé òîêà: ψ(z) = c ≡ const ,(w(z) = ϕ(z) + iψ(z) � êîìïëåêñíûé ïîòåíöèàë ðàâíîìåðíîãî íà áåñêîíå÷íîñòèïîòîêà ñ çàäàííîé ãëàâíîé ÷àñòüþ, ðàâíîé V0z ). Èñêîìûé êîìïëåêñíûé ïîòåíöèàëìîæåò áûòü ïîëó÷åí ñ ïîìîùüþ ñîîòâåòñòâóþùåãî êîí�îðìíîãî îòîáðàæåíèÿ:

w(z) =
πθr1
sinπθ

(

V0
sin[πθ(r1/z + 1)]

sin(πθr1/z)
+ V0

sin(πθr1/z)

sin[πθ(r1/z + 1)]

)

.Ñîîòâåòñòâåííî,
v3(z) =

dw(z)

dz
=

(

πθr1
z

)2(
V0

sin2(πθr1/z)
−

V0

sin2[πθ(r1/z + 1)]

)

. (1.41)Îòñþäà, â ÷àñòíîñòè, ïðè r1 = r2 = r ïîëó÷èì
v3(z) = (πr/(2z))

2 (
V0 cosec2[πr/(2z)] − V0 sec2[πr/(2z)]

)

.Â ñèëó òåîðåìû åäèíñòâåííîñòè ðåøåíèÿ (1.40) è (1.41) ñîâïàäàþò. Èç (1.41) ñëå-äóåò, ÷òî ïðè z → 0 èç îáëàñòè S3 ïðåäåë �óíêöèè v3(z) ñóùåñòâóåò è ðàâåííóëþ.Äëÿ èäåàëüíî ïðîâîäÿùèõ âêëþ÷åíèé (ρ1 = ρ2 = 0) ñîîòâåòñòâóþùèå ðåøåíèÿâ îáëàñòè S3 áóäóò îòëè÷àòüñÿ ëèøü çíàêîì ïåðåä V0 îò òåõ, ÷òî âûïèñàíû âûøå,òàê êàê çäåñü ∆31 = ∆32 = 1 . Òàê, íàïðèìåð, êîãäà âíåøíèé ïîòîê îðèåíòèðîâàíïåðïåíäèêóëÿðíî îñè, ïðîõîäÿùåé ÷åðåç öåíòðû âêëþ÷åíèé (V0 ∼ iV0 , ImV0 = 0),ñîîòâåòñòâóþùèé êîìïëåêñíûé ïîòåíöèàë âûãëÿäèò îñîáåííî ïðîñòî
w(z) = iπrV0 cosec(πr/z).Ïîñëåäíèé ðåçóëüòàò ñîâïàäåò (åñëè ðàçâåðíóòü ïëîñêîñòü z íà óãîë π/2) ñ ïîëó-÷åííûì â [22℄.Çàìå÷àíèå 3. �àññìîòðèì àíàëîãè÷íóþ ïðåäåëüíóþ ñèòóàöèþ äëÿ ñòðóêòó-ðû, îòëè÷àþùóþñÿ îò èçîáðàæåííîé íà ðèñ. 1, b ïîâîðîòîì ñèñòåìû êîîðäèíàòíà óãîë −π/2 è ïåðåíîñîì òî÷êè êàñàíèÿ îáëàñòåé S1 , S2 â íà÷àëî êîîðäèíàò.Ñîîòâåòñòâóþùèì îáðàçîì âèäîèçìåíåííûå �îðìóëû (1.39) â ýòîì ñëó÷àå äàäóòðåøåíèå çàäà÷è ãèäðîäèíàìèêè îá îáòåêàíèè êðóãëîãî íåïðîíèöàåìîãî öèëèíäðà,ëåæàùåãî íà íåïðîíèöàåìîì îñíîâàíèè. Èìåííî, ïîñëå çàìåíû z − r1 íà i z , V0íà iV0 , v(z) íà i v(z) , èç (1.37) â ïðåäåëå ïðè ρ1, ρ2 → ∞ è βj = 0 , j = 1, 2, 3,ïîëó÷èì

v3(z) = V0 − V0r
2
1

∞
∑

j=1

[

(zj − i r1)
−2 + (zj + i r1)

−2
]

, (1.42)ãäå, â ñîîòâåòñòâèè ñ �èçè÷åñêèì ñìûñëîì çàäà÷è, âåëè÷èíà V0 ÿâëÿåòñÿ âåùå-ñòâåííîé.
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S3

S1

S2

h - r2 h + r2h r1

a

Γ1

Γ2

b

0

S1

S3

S2

h - r2 h r1

HaL HbL

Γ1

Γ2

0

�èñ. 2. Àñèììåòðè÷íîå êîëüöîÒî÷íî òàê æå, êàê è âûøå, ê ðåøåíèþ (1.42) ìîæíî ïðèéòè, ïîñòðîèâ êîìïëåêñ-íûé ïîòåíöèàë ñîîòâåòñòâóþùåãî òå÷åíèÿ [20, ñ. 173℄
w(z) = V0πr1 coth (πr1/z).Îòñþäà

v3(z) =
dw(z)

dz
= V0

(

z

πr1
sinh

πr1
z

)−2

(1.45).Â òîì, ÷òî ðåøåíèÿ (1.42), (1.43) ñîâïàäàþò, ëåãêî óáåäèòüñÿ ñ ïîìîùüþ èçâåñòíîãî[21, ñ. 392℄ ïðåäñòàâëåíèÿ �óíêöèè coth z â âèäå ñóììû ïðîñòûõ äðîáåé.Íà÷àëî êîîðäèíàò, êàê ñëåäóåò èç (1.42) è (1.43), ÿâëÿåòñÿ òî÷êîé ñãóùåíèÿïîëþñîâ, à çíà÷èò, ïðåäåë v3(z) ïðè z → 0 , âîîáùå ãîâîðÿ, íåîïðåäåëåí. Îäíàêî,åñëè óñòðåìèòü òî÷êó z ê íóëþ èç îáëàñòè S3 , òî åñòü ïî ïóòÿì, êàñàþùèìñÿâåùåñòâåííîé îñè, òî íà îñíîâàíèè ïðåäñòàâëåíèÿ (1.43) íàõîäèòñÿ v3(0) = 0 .Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå [22℄ îøèáî÷íî óòâåðæäàåòñÿ, ÷òî ïðèâåäåííûéâ ýòîì çàìå÷àíèè êîìïëåêñíûé ïîòåíöèàë ñîîòâåòñòâóåò ñëó÷àþ îáòåêàíèÿ äâóõêðóãîâûõ öèëèíäðîâ.2. Çàäà÷à îá àñèììåòðè÷íîì êîëüöåÂ ýòîì ðàçäåëå áóäåò ïîëó÷åíî ðåøåíèå çàäà÷è (1.1), (1.2) äëÿ âíóòðåííåãî ðàñ-ïîëîæåíèÿ îêðóæíîñòåé γ1, γ2 êàê â íåêàñàòåëüíîì (ðèñ. 2, à), òàê è â êàñàòåëüíîì(ðèñ. 2, b) ñëó÷àÿõ. Ïóñòü äëÿ îïðåäåëåííîñòè, êàê è ðàíüøå, S1 = {z : |z| < r1} , à
S2 = {z : |z−h| > r2} , ïðè÷åì çäåñü h < 0 , h+r2 ≥ r1 , S3 � àñèììåòðè÷íîå êîëüöî� C\{S1

⋃

S2} . Â äàííîì ñëó÷àå çàäà÷à (1.1) áóäåò ðåøàòüñÿ ïðè äîïîëíèòåëüíîìóñëîâèè
V2(∞) = V0 (2.1)âìåñòî (1.2). Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèåÒåîðåìà 5. Åäèíñòâåííîå ðåøåíèå çàäà÷è (1.1) , (2.1) äëÿ ñòðóêòóðû, èçîá-ðàæåííîé íà ðèñ. 2, à, â íåïðåäåëüíûõ ñèòóàöèÿõ ìîæåò áûòü çàïèñàíî â âèäå

v1(z) =
V0

A1A23







1 + (b− a)2
∞
∑

j=1

δj Λ1j

(z − bj)2







,

v2(z) = V0 − V0
B2r

2
2

A2(z − h)2
+

V0∆1

A2A23







r21
z2

+ (b− a)2
∞
∑

j=1

δ
j Λ2j

(z − aj)2







, (2.2)
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v3(z) = A1v1(z) +

V0∆1

A23







r21
z2

+ (b− a)2
∞
∑

j=1

δ
j
Λ2j

(z − aj)2







,ãäå âåëè÷èíû aj = a2
j , bj = b1j è Λ1j , Λ2j îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (1.4) ,

(1.24) è (1.25) ñîîòâåòñòâåííî.Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âûñêàçàííîãî óòâåðæäåíèÿ â öåëîì ïîâòî-ðÿåò äîêàçàòåëüñòâî òåîðåìû 1. Îñòàíîâèìñÿ ëèøü íà îòëè÷èÿõ. Äëÿ òî÷åê a ∈ S1 ,
b ∈ S2 , ñèììåòðè÷íûõ îòíîñèòåëüíî îáåèõ îêðóæíîñòåé γ1 , γ2 , â ðàññìàòðèâàåìîìñëó÷àå ïîëó÷èì òî æå ïðåäñòàâëåíèå (1.5), íî çäåñü ñëåäóåò áðàòü çíàê ¾ïëþñ¿ ïå-ðåä ðàäèêàëîì äëÿ a è ¾ìèíóñ¿ � äëÿ b . Êàê è ðàíüøå, ïåðâîå ïðåîáðàçîâàíèå(1.4) îòîáðàçèò àñèììåòðè÷íîå êîëüöî S3 íà êîíöåíòðè÷åñêîå ñ ðàäèóñàìè, îïðåäå-ëÿåìûìè ïî �îðìóëàì (1.5), (1.6). Â îòëè÷èå îò ïðåäûäóùåãî, ýòè ðàäèóñû áóäóòñâÿçàíû ñîîòíîøåíèÿìè 0 < r < R < 1 . Ïðè ïåðåõîäå ê çàäà÷å (1.9) âìåñòî äî-ïîëíèòåëüíîãî óñëîâèÿ (1.10) ïîëó÷àåòñÿ V2(1) = V0 . Ïðåäñòàâëåíèå (1.11) äëÿ�óíêöèè V3(ζ) áåðåòñÿ ñî ñòàðîé íîðìèðîâêîé V −

3 (1) = 0 (åñòåñòâåííî, ÷òî òåïåðüçíà÷åíèå V +
3 (1) âûáðàííîé íîðìèðîâêîé íå îïðåäåëÿåòñÿ, ìîæíî ëèøü ñêàçàòü,÷òî îíî îãðàíè÷åíî). �àññìàòðèâàÿ �óíêöèè (1.12), (1.13), ìîæíî äîêàçàòü, ÷òî

Φ(ζ) ≡ 0 , à Ψ(ζ) � ïîëèíîì âòîðîãî ïîðÿäêà îòíîñèòåëüíî (ζ − R2)−1 . ×òîáûîïðåäåëèòü êîý��èöèåíòû ýòîãî ïîëèíîìà, íàäî ïåðåïèñàòü âòîðîå óñëîâèå (1.9)â ýêâèâàëåíòíîé �îðìå
V2(τ) = A23V3(τ) +B23R

2[T2(τ)]
−2V3(τ), τ ∈ Γ.Ñ ïîìîùüþ ïîñëåäíåãî ðàâåíñòâà, òåîðåìû î íåïðåðûâíîì àíàëèòè÷åñêîì ïðîäîë-æåíèè è îáîáùåííîé òåîðåìû Ëèóâèëëÿ ëåãêî äîêàçàòü, ÷òî �óíêöèÿ

W (z) =







A23V
+
3 (ζ) +B23R

2[T2(ζ)]
−2V −

3 (R2/ζ), |ζ| ≤ R,

V2(ζ) −A23V
−

3 (ζ) −B23R
2[T2(ζ)]

−2V +
3 (R2/ζ), |ζ| ≥ Rãîëîìîð�íà â ðàñøèðåííîé ïëîñêîñòè è ñ ó÷åòîì (1.7), (2.1) òîæäåñòâåííî ðàâíà

V2(1) = V0 . Åñëè èñêëþ÷èòü èç äâóõ ïîëó÷åííûõ òàêèì îáðàçîì òîæäåñòâ V +
3 , òîñ ó÷åòîì âòîðîãî òîæäåñòâà (1.16), îáîçíà÷åíèé (1.3), (0.3) ìîæíî ïîëó÷èòü

Ψ(ζ) = A2V2(ζ) − V −

3 (ζ) = A2V0 −B2R
2[T2(ζ)]

−2V0.Èñêëþ÷àÿ òåïåðü èç ñèñòåìû (1.14) (ïðåäâàðèòåëüíî çàìåíèâ òàì V0 íà âûðàæå-íèå, ñòîÿùåå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà) �óíêöèè V1 , V2 , V −

3 , îòíîñè-òåëüíî V +
3 ïðèäåì ê �óíêöèîíàëüíîìó óðàâíåíèþ

V +
3 (ζ) = V0A

−1
23 + gδ [(1 − ζ)/(1 − gζ)]2 V +

3 (gζ), |ζ| < R.�åøåíèå âûïèñàííîãî óðàâíåíèÿ èìååò âèä
V +

3 (ζ) = (V0/A23)

∞
∑

j=0

(δg)j
[

(1 − ζ)/(1 − gjζ)
]2
,ãäå äëÿ δ, g ñîõðàíåíû ñòàðûå îáîçíà÷åíèÿ (1.18). Äàëåå, ñ ó÷åòîì ñîîòâåòñòâóþ-ùèì îáðàçîì âèäîèçìåíåííîé ñèñòåìû (1.14), ïîñëåäîâàòåëüíî íàõîäÿòñÿ V −

3 , V1 ,
V2 è V3 . Âîçâðàò â ïëîñêîñòü êîìïëåêñíîãî ïåðåìåííîãî z ïðèâîäèò ê ðåøåíèþ(2.2).
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|rjN (z)| ≤

|δ|NgN−1

(1 − |δ|g)
Cj ,

C1 =
|V0||1 + ∆1|r

2
1r

2
2

|A23|h2(b− r1)2
, C2 =

|V0∆1||1 + ∆ +2 |r
2
1

|A23|(r2 + h− a)2
,

C3 =
|V0|r

2
1

(c2 − r21)

(1 + |∆1|)
3

(1 − g)|∆1|
.

(2.3)Ïðè ïîëó÷åíèè ïîñëåäíåé èç ýòèõ òðåõ îöåíîê èñïîëüçóåòñÿ î÷åâèäíîå íåðàâåí-ñòâî
Λ2j = r2gj/(1 − r2gj)2 < gj/(1 − gj)2 = Λ1j ≤ gj/(1 − g)2è ñîîòíîøåíèå (1.29).Çàìå÷àíèå 2. Ìîæíî ïîêàçàòü, ÷òî ïðè h = c − r2 è �èêñèðîâàííîì c ðå-øåíèå (2.2) â ïðåäåëå ïðè r2 → ∞ äàåò ðåøåíèå (1.37), åñëè ïðåäâàðèòåëüíî, âñîîòâåòñòâèè ñ ðàçíèöåé â íîðìèðîâêå (1.2) è (2.1), çàìåíèòü V0 íà A23V0 .Äëÿ ñòðóêòóðû, èçîáðàæåííîé íà ðèñ. 2, b, èìååò ìåñòîÒåîðåìà 6. Çàäà÷à (1.1) , (2.1) äëÿ ρj 6= 0,∞ è ρj 6= ρm ïðè j 6= m â ñëó÷àåâíóòðåííåãî êàñàíèÿ îêðóæíîñòåé γ1, γ2 èìååò åäèíñòâåííîå ðåøåíèå âèäà

v1(z) =
V0

A1A23







1 +
r21r

2
2

(r2 − r1)2

∞
∑

j=1

δj

j2
1

(z − bj)2







,

v2(z) = V0 −
V0∆23A

−1
32 r

2
2

(z − r1 + r2)2
+

V0∆31

A32A23







r21
z2

+
r21r

2
2

(r2 − r1)2

∞
∑

j=1

δ
j

j2
Λj

(z − aj)2







,

v3(z) = A1v1(z) +
V0∆31

A23







r21
z2

+
r21r

2
2

(r2 − r1)2

∞
∑

j=1

δ
j

j2
Λj

(z − aj)2







,

(2.4)

ãäå T (ζ) = r1(ζ + 1)/(ζ − 1) è
Λj = [(r2 − r1)/(r2 − r1 + r2/j)]

2
, (2.5)

aj = r1gj/(2 + gj), bj = r1(2 + gj)/gj , gj = 2j(1 − r1/r2). (2.6)Äîêàçàòåëüñòâî. Ïðè l = h + r2 − r1 → 0 â ïðåäåëå ïîëó÷èì a, b = r1 ,
r, R = 1 è g = 1 . Ñ ó÷åòîì ñîîòíîøåíèé (1.6), (1.25) ïîñëåäîâàòåëüíî äîêàçûâà-þòñÿ ðàâåíñòâà

lim
l→0

[(b − a)2Λ1j ] = lim
l→0

(b− a)2gj

(1 − gj)2
=

1

j2
lim
l→0

(

b− a

1 − g

)2

=
1

j2

(

r1r2
r2 − r1

)2

,

lim
l→0

bj = lim
l→0

b− agj

1 − gj
= lim

l→0

(

a+
b− a

1 − gj

)

= r1 +
r1r2

j(r2 − r1)
,

lim
l→0

[(b − a)2Λ2j ] = lim
l→0

(

(b − a)b

b − agj

)2

=
1

j2

(

r1r2
r2 − r1 + r2/j

)2

,

lim
l→0

aj = lim
l→0

br2gj − a

r2gj − 1
= r21 lim

l→0

1 − gj

b− agj
= r1 −

r1r2
j(r2 − r1)

.
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Λj < 1 ∀j ≥ 1, r1 − aj = bj − r1 = r1r2/[j(r2 − r1)]è äëÿ îñòàòî÷íûõ ÷ëåíîâ ðåøåíèÿ (2.4), ìàêñèìóì êîòîðûõ, î÷åâèäíî, äîñòèãàåòñÿâ òî÷êå r1 , èìååò ìåñòî îöåíêà

|rjN (z)| ≤
|δ|N

1 − |δ|

(1 + δj
3|∆1|)|V0|

|A3jA23|
, j = 1, 2, 3,ãäå δj

3 � ñèìâîë Êðîííåêåðà.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåí-òàëüíûõ èññëåäîâàíèé (ïðîåêò � 06-01-81019-Áåë-à).SummaryYu.V. Obnosov. Solution of a problem of a seepage �elds distribution into in�nite porousmassif with two irular inlusions.A losed solution to the problem on 2-D seepage �ow in a heterogeneous three-omponentporous medium is presented. The medium is omposed of an in�nite matrix and twoisotropi irular inlusions, plaed in the medium without intersetions of the orrespondingirumferenes. The limiting ases of touhing irumferenes as well as the degeneration of oneirumferene into a straight line are studied. The solutions are obtained in the form of in�niteseries, whose onvergene is investigated and the trunated terms are estimated. Summationof the series is arried out in the form of elementary funtions for the limiting ases when theinlusion hydrauli ondutivity is 0 or ∞ .Ëèòåðàòóðà1. Ïîëóáàðèíîâà-Êî÷èíà Ï.ß. Òåîðèÿ äâèæåíèÿ ãðóíòîâûõ âîä. � Ì.: Íàóêà, 1977. �664 ñ.2. Budiansky B., Carrier G.F. High shear stress in sti�-�ber omposites // J. Appl. Meh. �1984. � V. 51. � P. 733�735.3. Goree J.G., Wilson H.B. Transverse shear loading in an elasti matrix ontaining twoirular ylindrial inlusions // J. Appl. Meh. � 1967. � June. � P. 511�513.4. Dhondt G., K�ohl M. On the fore between a dieletri ylinder in a onstant eletri �eldand a onduting half spae // Quart. Appl. Math. � 1997. � V. 55, No 2. � P. 337�359.5. Åìåö Þ.Ï., Îáíîñîâ Þ.Â. Ýëåêòðè÷åñêîå ïîëå â ñëîèñòîì êðóãîâîì âêëþ÷åíèè ñý��åêòîì Õîëëà // Òåõí. ýëåêòðîäèíàìèêà. ÀÍ Óêð. � 1987. � � 3. � Ñ. 3�8.6. Åìåö Þ.Ï., Îáíîñîâ Þ.Â. Âçàèìíîå âëèÿíèå íåîäíîðîäíûõ âêëþ÷åíèé â ïîëåâûõçàäà÷àõ äèñïåðñíûõ ñðåä // Äîêë. ÀÍ ÓêðÑÑ�. Ñåð. À. � 1988. � � 2. � Ñ. 74�78.7. Åìåö Þ.Ï., Îáíîñîâ Þ.Â. Êðàåâàÿ çàäà÷à äëÿ ñëîèñòîãî íåêîíöåíòðè÷åñêîãî êðó-ãîâîãî âêëþ÷åíèÿ ïðè àíèçîòðîïíîé ïðîâîäèìîñòè ñðåäû // Òåõí. ýëåêòðîäèíàìèêà.ÀÍ Óêð. � 1988. � � 1. � Ñ. 3�7.8. Åìåö Þ.Ï., Îáíîñîâ Þ.Â. Òî÷íî ðàçðåøèìàÿ çàäà÷à î âçàèìíîì âëèÿíèè âêëþ÷åíèéâ òåîðèè ãåòåðîãåííûõ ñðåä // ÏÌÒÔ. � 1990. � � 1. � Ñ. 20�29.
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