
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î �ÎÑÓÄÀ�ÑÒÂÅÍÍÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 151, êí. 2 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2009
ÓÄÊ 519.7 ÊËÎÍÛ, ÊÎ-ÊËÎÍÛ,�ÈÏÅ�ÊËÎÍÛ È ÑÓÏÅ�ÊËÎÍÛÍ.À. ÏåðÿçåâÀííîòàöèÿÂâîäèòñÿ â ðàññìîòðåíèå îïåðàöèÿ ðàçðåøèìîñòè íà ìíîæåñòâå ÷àñòè÷íûõ ãèïåðîïå-ðàöèé. Îïðåäåëÿåòñÿ ñóïåðêëîí êàê àëãåáðà ñ îñíîâíûì ìíîæåñòâîì ÷àñòè÷íûõ ãèïåðî-ïåðàöèé è äâóìåñòíîé îïåðàöèåé ïîäñòàíîâêè, îäíîìåñòíûìè îïåðàöèÿìè öèêëè÷åñêîéïåðåñòàíîâêè àðãóìåíòîâ, òðàíñïîçèöèè àðãóìåíòîâ, îòîæäåñòâëåíèÿ àðãóìåíòîâ, ðàçðå-øèìîñòè è íóëüìåñòíûìè îïåðàöèÿìè, âûäåëÿþùèìè îïåðàöèþ ïðîåêòèðîâàíèÿ è âñþäóíåîïðåäåëåííóþ îïåðàöèþ. Èçó÷àåòñÿ îòíîøåíèå ñóïåðêëîíîâ ê ÷àñòè÷íûì ãèïåðêëî-íàì, êî-êëîíàì, êëîíàì. Äîêàçàíî óòâåðæäåíèå îá èçîìîð�èçìå ðåøåòêè ñóïåðêëîíîâ èðåøåòêè êî-êëîíîâ íàä îäèíàêîâûìè ìíîæåñòâàìè.Êëþ÷åâûå ñëîâà: îïåðàöèÿ ðàçðåøèìîñòè, ãèïåðîïåðàöèÿ, êëîí, ñóïåðêëîí, ÷àñòè÷-íàÿ ãèïåðîïåðàöèÿ, ÷àñòè÷íûé ãèïåðêëîí, êî-êëîí, ðåøåòêà.ÂâåäåíèåÈññëåäîâàíèÿ ïî êîíå÷íûì �óíêöèîíàëüíûì ñèñòåìàì íà÷àòû â ðàáîòàõ Å. Ïî-ñòà [1, 2℄. Â íàøåé ñòðàíå èçó÷åíèå òàêèõ ñèñòåì íà÷àë Ñ.Â. ßáëîíñêèé [3, 4℄.Àëãåáðàè÷åñêèé ïîäõîä ê èçó÷åíèþ �óíêöèîíàëüíûõ ñèñòåì âïåðâûå áûë ïðåäëî-æåí À.È. Ìàëüöåâûì [5, 6℄. Ñðåäè àëãåáð �óíêöèé íàèáîëüøåå ðàñïðîñòðàíåíèåïîëó÷èëè êëîíû � àëãåáðû îïåðàöèé, çàìêíóòûå îòíîñèòåëüíî ñóïåðïîçèöèè è ñî-äåðæàùèå ñåëåêòîðíûå îïåðàöèè [7, 8℄. Íàðÿäó ñ êëîíàìè èññëåäóþòñÿ àëãåáðûîòíîøåíèé (êî-êëîíû), àëãåáðû ÷àñòè÷íûõ îïåðàöèé (÷àñòè÷íûå êëîíû), àëãåáðûãèïðåîïåðàöèé (ãèïåðêëîíû), àëãåáðû ÷àñòè÷íûõ ãèïåðîïåðàöèé (÷àñòè÷íûå ãè-ïåðêëîíû). Èçâåñòíû ñîîòíîøåíèÿ ìåæäó ýòèìè ïîíÿòèÿìè. Òàê, ðåøåòêà êëîíîâàíòèèçîìîð�íà ðåøåòêå êî-êëîíîâ íàä îäíèì è òåì æå ìíîæåñòâîì [9℄. Äîáàâëÿÿê ÷àñòè÷íûì ãèïåðêëîíàì îïåðàöèþ ðàçðåøèìîñòè ïðîñòåéøåãî óðàâíåíèÿ, ïîëó-÷èì àëãåáðó, êîòîðóþ íàçîâåì ñóïåðêëîíîì [10, 11℄. Êàê áóäåò äîêàçàíî, ñóïåðêëî-íû ýêâèâàëåíòíû êî-êëîíàì. Íî, èìåÿ �óíêöèîíàëüíóþ ñòðóêòóðó, ñóïåðêëîíû âîìíîãîì ñõîæè ñ êëîíàìè. Ýòî ïîçâîëèò, â ÷àñòíîñòè, ïîëó÷èòü íîâûé ìåòîä äëÿèçó÷åíèÿ ðåøåòêè êëîíîâ. 1. Îñíîâíûå ïîíÿòèÿÎòîáðàæåíèå èç An â A íàçûâàåòñÿ n-ìåñòíîé îïåðàöèåé íà A (áóäåì äî-ïóñêàòü ñëó÷àé n = 0). Ìíîæåñòâî âñåõ n-ìåñòíûõ îïåðàöèé íà A îáîçíà÷àåì÷åðåç Pn

A , åñëè ïðè ýòîì A ÿâëÿåòñÿ k -ýëåìåíòíûì ìíîæåñòâîì, òî èñïîëüçóåìîáîçíà÷åíèå Pn
k . Èñïîëüçóåì òàêæå îáîçíà÷åíèÿ PA =

⋃

n≥0

Pn
A è Pk =

⋃

n≥0

Pn
k .Ïóñòü F ⊆ PA . Àëãåáðà F = 〈F ; ∗, ζ, τ, ∆, ε〉 òèïà 〈2, 1, 1, 1, 0〉 ñ îïðåäåëåííûìèíèæå îïåðàöèÿìè ïîäñòàíîâêè (f ∗g) , öèêëè÷åñêîé ïåðåñòàíîâêè àðãóìåíòîâ (ζf) ,òðàíñïîçèöèè àðãóìåíòîâ (τf) , îòîæäåñòâëåíèÿ àðãóìåíòîâ (∆f) è îïåðàöèåé ε ,âûäåëÿþùåé îïåðàöèþ e2

1 ∈ P 2
A íàçûâàåòñÿ êëîíîì íàä A .
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A è g ∈ F ∩ Pm

A , òî:
(f ∗ g)(a1, . . . , an+m−1) = f(g(a1, . . . , am), am+1, . . . , an+m−1) ïðè n ≥ 1;

(f ∗ g)(a1, . . . , am) = f ïðè n = 0;

(ζf)(a1, . . . , an) = f(a2, . . . , an, a1) ïðè n > 1 è (ζf) = f ïðè n ≤ 1;

(τf)(a1, . . . , an) = f(a2, a1, a3, . . . , an) ïðè n > 1 è (τf) = f ïðè n ≤ 1;

(∆f)(a1, . . . , an−1) = f(a1, a1, a2, . . . , an−1) ïðè n > 1,

(∆f) = b, åñëè f(a) = b äëÿ âñåõ a ∈ A, èíà÷å (∆f) = f ïðè n = 1,

(∆f) = f ïðè n = 0;

ε = e2
1 , ãäå e2

1(a1, a2) = a1.Îòíîøåíèåì ìåñòíîñòè n íà A íàçûâàåòñÿ ëþáîå ïîäìíîæåñòâî An , ïðè ýòîìñ÷èòàåì, ÷òî A0 = ∅ . Ìíîæåñòâî âñåõ n-ìåñòíûõ îòíîøåíèé íàä A îáîçíà÷àåì÷åðåç Rn
A , åñëè ïðè ýòîì A ÿâëÿåòñÿ k -ýëåìåíòíûì ìíîæåñòâîì, òî èñïîëüçóåìîáîçíà÷åíèå Rn

k . Èñïîëüçóåì òàêæå îáîçíà÷åíèÿ RA =
⋃

n≥0

Rn
A è Rk =

⋃

n≥0

Rn
k .Ïóñòü E ⊆ RA . Àëãåáðà E = 〈E;×, ζ, τ, ∆, π, δ〉 òèïà 〈2, 1, 1, 1, 1, 0〉 ñ îïðåäåëåí-íûìè íèæå îïåðàöèÿìè ïðîèçâåäåíèÿ (q×t) , öèêëè÷åñêîé ïåðåñòàíîâêè êîìïîíåíò

(ζq) , òðàíñïîçèöèè êîìïoíåíò (τq) , îòîæäåñòâëåíèÿ êîìïîíåíò (∆q) ïðîåêöèè ïîêîìïîíåíòå(πq) è îïåðàöèåé δ , âûäåëÿþùåé îòíîøåíèå d ∈ R2
A , íàçûâàåòñÿ êî-êëîíîì íàä A :

(q × t) = {〈a1, . . . , an, b1, . . . , bm〉|〈a1, . . . , an〉 ∈ q è 〈b1, . . . , bm〉 ∈ t};

(ζq) = {〈a2, . . . , an, a1〉|〈a1, . . . , an〉 ∈ q} ïðè n > 1;

(τq) = {〈a2, a1, a3, . . . , an〉|〈a1, . . . , an〉 ∈ q} ïðè n > 1;

(∆q) = {〈a1, . . . , an−1〉|〈a1, a1, a2, . . . , an−1〉 ∈ q} ïðè n > 1;

(ζq) = (τq) = (∆q) = q, ïðè n ≤ 1;

(πq) = {〈a2, . . . , an〉|〈a1, . . . , an〉 ∈ q} ïðè n > 1,

(πq) = ∅ ïðè n ≤ 1;

δ = d , ãäå d = {〈a, a〉| äëÿ âñåõ a ∈ A}.×åðåç ãëàâíûå îïåðàöèè êî-êëîíà ñòàíäàðòíûì îáðàçîì îïðåäåëÿþòñÿ îïåðà-öèè (∆i,j q) îòîæäåñòâëåíèÿ i-é è j -é êîìïîíåíò è îïåðàöèè (πi q) ïðîåêöèè ïî
i-é êîìïîíåíòå.Ïóñòü B(A) � ìíîæåñòâî âñåõ ïîäìíîæåñòâ A , â òîì ÷èñëå ∅ . Îòîáðàæåíèå èç
An â B(A) íàçûâàåòñÿ n-ìåñòíîé ÷àñòè÷íîé ãèïåðîïåðàöèåé íà A (òàêæå ãîâîðÿò÷àñòè÷íàÿ ìóëüòèîïåðàöèÿ èëè íåäîîïðåäåëåííàÿ ÷àñòè÷íàÿ �óíêöèÿ). Äëÿ ìíî-æåñòâà âñåõ n-ìåñòíûõ ÷àñòè÷íûõ ãèïåðîïåðàöèé íà A èñïîëüçóåì îáîçíà÷åíèå
Hn

A , ïðè |A| = k � îáîçíà÷åíèå Hn
k .Ïóñòü G ⊆ HA . Àëãåáðó G = 〈G; ∗, ζ, τ, ∆, ε〉 òèïà 〈2, 1, 1, 1, 0〉 íàçûâàþò ÷à-ñòè÷íûì ãèïåðêëîíîì íàä A , ãäå îïåðàöèè îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

(f ∗ g)(a1, . . . , an+m−1) = {a| ñóùåñòâóåò a0 ∈ g(a1, . . . , am) òàêîé, ÷òî
a ∈ f(a0, am+1, . . . , am+n−1)} ïðè n ≥ 1 è (f ∗ g)(a1, . . . , am) = f() ïðè n = 0;

(ζf)(a1, . . . , an) = f(a2, . . . , an, a1) ïðè n > 1 è (ζf) = f ïðè n ≤ 1;

(τf)(a1, . . . , an) = f(a2, a1, a3, . . . , an) ïðè n > 1 è (τf) = f ïðè n ≤ 1;

(∆f)(a1, . . . , an−1) = f(a1, a1, a2, . . . , an−1) ïðè n > 1,

(∆f) = {a|a ∈ f(a)} ïðè n = 1, è (∆f) = f, ïðè n = 0;

ε = e2
1 , ãäå e2

1(a1, a2) = {a1}.



122 Í.À. ÏÅ�ßÇÅÂÍà ìíîæåñòâå ÷àñòè÷íûõ ãèïåðîïåðàöèé ââåäåì ñëåäóþùèì îáðàçîì íîâóþ îïå-ðàöèþ, êîòîðóþ íàçîâåì îïåðàöèåé ðàçðåøèìîñòè:
(µf)(a1, . . . , an) = {a|a1 ∈ f(a, a2, . . . , an)}, ïðè n ≥ 1;

(µf) = f ïðè n = 0.Ïóñòü îïåðàöèÿ ø , âûäåëÿåò íóëüìåñòíóþ îïåðàöèþ o() = ∅.Àëãåáðó K = 〈K; ∗, ζ, τ, ∆, µ, ε, ø〉 òèïà 〈2, 1, 1, 1, 1, 0, 0〉, ãäå K ⊆ HA , íàçîâåìñóïåðêëîíîì íàä A . Ìîùíîñòü ìíîæåñòâà A íàçûâàåòñÿ ðàíãîì êëîíà (êî-êëîíà,ãèïåðêëîíà, ñóïåðêëîíà).Ñòàíäàðòíûì îáðàçîì îïðåäåëÿåòñÿ ñóïåðêëîí, ïîðîæäåííûé ìíîæåñòâîì ÷à-ñòè÷íûõ ãèïåðîïåðàöèé, è äëÿ ýòîãî èñïîëüçóåòñÿ îáùåïðèíÿòîå îáîçíà÷åíèå
〈f1, . . . , fm〉 .Èñïîëüçóÿ ãëàâíûå îïåðàöèè ñóïåðêëîíà, ìîæíî îïðåäåëèòü:1) ãèïåðîïåðàöèè ïðîåêöèè ïî i-ìó àðãóìåíòó en

i (a1, . . . , an) = {ai};2) îïåðàöèþ òðàíñïîçèöèè i-ãî è j -ãî àðãóìåíòîâ
(τi,jf)(a1, . . . , ai, . . . , aj , . . . , an) = f(a1, . . . , aj , . . . , ai, ai, . . . , an);3) îïåðàöèþ îòîæäåñòâëåíèÿ j -ãî àðãóìåíòà ñ i-ì àðãóìåíòîì

(∆i,jf)(a1, . . . , aj−1, aj+1, . . . , an) = f(a1, . . . , aj−1, ai, aj+1, . . . , an);4) îïåðàöèþ ïîäñòàíîâêè íà ìåñòî i-ãî àðãóìåíòà
(f ∗i g)(a1, . . . , an+m−1) =

⋃

b∈g(ai,...,ai+m−1)

f(a1, . . . , ai−1, b, ai+m, . . . , an+m−1);5) ñóïåðïîçèöèþ ÷àñòè÷íûõ ãèïåðîïåðàöèé
(f ∗ (f1, . . . , fn))(a1, . . . , am) =

⋃

bi∈fi(a1,...,am)

f(b1, . . . , bn).×àñòè÷íûå ãèïåðîïåðàöèè f íà ìíîæåñòâå {a0, . . . , ak−1} ìîæíî ïðåäñòàâëÿòüêàê �óíêöèè èç {20, 21, . . . , 2k−1} â {0, 1, . . . , 2k − 1} , ïîëó÷àåìûå èç f ïðè êîäè-ðîâêå ai → 2i; {ai1 , . . . , ais
} → 2i1 + . . . + 2is ; ∅ → 0 .Â äàëüíåéøåì ýòî ïðåäñòàâëåíèå ÷àñòè÷íûõ ãèïåðîïåðàöèé áóäåò ïîñòîÿííîèñïîëüçîâàòüñÿ.Íóæíî îòìåòèòü, ÷òî â ñóïåðêëîíàõ äëÿ ñóïåðïîçèöèè íå âûïîëíÿåòñÿ òîæäå-ñòâî ñóïåðàññîöèàòèâíîñòè

((f ∗ (g1, . . . , gn)) ∗ (h1, . . . , hm)) = (f ∗ ((g1 ∗ (h1, . . . , hm)), . . . , (gn ∗ (h1, . . . , hm)))).Äåéñòâèòåëüíî, äëÿ îïåðàöèé ∩, f1, f2 , îïðåäåëåííûõ íà A = {1, 2} ñëåäóþùèìîáðàçîì:
∩(a, b) =

{

a, åñëè a = b;

0, åñëè a 6= b.

f1(a) =

{

1, åñëè a = 1;

3, åñëè a = 2.

f2(a) =

{

3, åñëè a = 1;

1, åñëè a = 2,
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�èñ. 1. �åøåòêà ñóïåðêëîíîâ ðàíãà 2ïîëó÷àåì
(1) = ((∩ ∗ (f1, f2)) ∗ (3)) 6= (∩ ∗ ((f1 ∗ (3)), (f2 ∗ (3)))) = (3).Îòñóòñòâèå ñâîéñòâà ñóïåðàññîöèàòèâíîñòè ñóïåðïîçèöèè ÿâëÿåòñÿ îñíîâíîéñëîæíîñòüþ ïðè èçó÷åíèè ñóïåðêëîíîâ, ïîðîæäàåìûõ ìíîæåñòâàìè ÷àñòè÷íûõãèïåðîïåðàöèé. 2. Ñîîòâåòñòâèå ñóïåðêëîíîâ è êî-êëîíîâÊàê ëåãêî çàìåòèòü, êàæäîé n-ìåñòíîé ÷àñòè÷íîé ãèïåðîïåðàöèè íà A âçàèìíîîäíîçíà÷íî ñîîòâåòñòâóåò (n + 1)-ìåñòíîå îòíîøåíèå íà A .Îïðåäåëèì χ : Hn

A → Rn+1
A òàê: χ(f) = {〈a1, . . . , an, b〉|b ∈ f(a1, . . . , an)} .Òåîðåìà 1. 1) Ïóñòü K = 〈K; ∗, ζ, τ, ∆, µ, ε, ø〉 � ñóïåðêëîí íàä A . Òîãäà χ(K) =

= 〈χ(K);×, ζ, τ, ∆, π, δ〉 ÿâëÿåòñÿ êî-êëîíîì íàä A .2) Ïóñòü E = 〈E;×, ζ, τ, ∆, π, δ〉 � êî-êëîí íàä A . Òîãäà χ−1(E) =
= 〈χ−1(E); ∗, ζ, τ, ∆, µ, ε, ø〉 ÿâëÿåòñÿ ñóïåðêëîíîì íàä A .Äîêàçàòåëüñòâî. 1) Íà χ(K) îïåðàöèè êî-êëîíà ïðåäñòàâèìû ñëåäóþùèìîáðàçîì.Ïóñòü f ∈ K ∩ Hn

A è g ∈ K ∩ Hm
A . Òîãäà

δ = χ(∆ ε); (ζ χ(f)) = χ(µf);

(τ χ(f)) = χ(τf), ïðè n 6= 1, è (τχ(f)) = χ(µf), ïðè n = 1;

(∆ χ(f)) = χ(∆f);

(π χ(f)) = χ(f ∗ (∆2 ε));

(χ(f) × χ(g)) = χ((∆2,n+2(. . . (∆n,2n(((e3
3 ∗3 g) ∗2 (µf)) ∗1 f) . . .).Â ñèëó ïîëó÷åííûõ �îðìóë, òàê êàê f ∈ K , g ∈ K è K îáðàçóåò ñóïåðêëîí,òî χ(K) îáðàçóåò êî-êëîí.2) Íà χ−1(E) îïåðàöèè ñóïåðêëîíà ïðåäñòàâèìû ñëåäóþùèì îáðàçîì.



124 Í.À. ÏÅ�ßÇÅÂÏóñòü q ∈ E ∩ Rn
A è t ∈ E ∩ Rm

A . Òîãäà
ε = χ−1((ζ (δ × (π δ)))); φ = χ−1((π2 δ));

(ζ χ−1(q)) = χ−1((ζ2 (τ (ζn−1 q))));

(τ χ−1(q)) = χ−1(τ q) ïðè n > 2 è (τ χ−1(q)) = χ−1(q) ïðè n ≤ 2;

(∆ χ−1(q)) = χ−1(∆ q);

(µ χ−1(q)) = χ−1((ζ (τ (ζn−1 q))));

(χ−1(q) ∗ χ−1(t)) = χ−1(πn (∆n,n+1(t × q))).Â ñèëó ïîëó÷åííûõ �îðìóë, òàê êàê q ∈ E , t ∈ E è E îáðàçóåò êî- êëîí, òî
χ−1(E) îáðàçóåò ñóïåðêëîí.Ïóñòü L(A) = 〈L(A);⊆〉 � ðåøåòêà ïîäàëãåáð àëãåáðû A .Ñëåäñòâèå. Âåðíû ñëåäóþùèå ñîîòíîøåíèÿ:1) ðåøåòêà ñóïåðêëîíîâ L(KA) èçîìîð�íà ðåøåòêå êî-êëîíîâ L(RA) ;2) ðåøåòêà ñóïåðêëîíîâ L(KA) àíòèèçîìîð�íà ðåøåòêå êëîíîâ L(PA) .Äëÿ ïîëíîòû èçëîæåíèÿ ïðèâåäåì äèàãðàììó ðåøåòêè ñóïåðêëîíîâ ðàíãà 2(ïåðåâåðíóòàÿ ðåøåòêà Ïîñòà).Íà äèàãðàììå (ðèñ. 1) ïðèâåäåíû îáîçíà÷åíèÿ òîëüêî äëÿ íàèáîëüøåãî, íàè-ìåíüøåãî, 7-ìè ìàêñèìàëüíûõ è 5-òè ìèíèìàëüíûõ ñóïåðêëîíîâ. Îïðåäåëèì ýòèñóïåðêëîíû ÷åðåç ïîðîæäàþùèå èõ ÷àñòè÷íûå ãèïåðîïåðàöèè. Ïðè ýòîì äëÿ îïðå-äåëåíèÿ ãèïåðîïåðàöèé áóäåì èñïîëüçîâàòü âåêòîðíîå çàäàíèå.

H = 〈 (21), (1333) 〉 H0 = 〈 〉

L = 〈 (1), (2112) 〉 L1 = 〈 (12212112) 〉

S = 〈 (2331) 〉 S1 = 〈 (21) 〉

F1 = 〈 (31), (1333) 〉 F 1
1 = 〈 (1) 〉

F2 = 〈 (23), (3332) 〉 F 1
2 = 〈 (2) 〉

M1 = 〈 (1), (23), (1333) 〉 M1 = 〈 (13) 〉

M2 = 〈 (2), (31), (3332) 〉

R = 〈 (31), (23) 〉�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû � 07-01-00240è 09-01-00476). SummaryN.A. Peryazev. Clones, Co-Clones, Hyperlones and Superlones.Resolvability operation on set of partial hyperoperations is introdued into onsideration.The superlone is de�ned as algebra with the basi set of partial hyperoperations and two-plae operation of substitution, single operations of yli shift of arguments, of argumenttransposition, of argument identi�ation, of resolvability and nullary operations speifyingoperation of designing and everywhere unertain operation. The relation of superlones topartial hyperlones, to o-lones, and to lones is studied. The statement about isomorphismof a lattie of superlones and lattie of o-lones over idential sets is proved.Key words: resolvability operation, hyperoperation, lone, superlone, partial hyperope-ration, partial hyperlone, o-lone, lattie.
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