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AnaHOTa U

B paGore mcciaemayoTcst CBORCTBa HAWIYYIIEr0 PAIMyCa aNIPOKCHMAIINN OIDAHUYIEHHOTO
MHOXKeCTBA METPUYECKOT0 IPOCTPAHCTBaA [N -ceTsiMu U3 Ipyroro MHoxXKecTBa. [lomydena onenka
CBEPXY PA3HOCTHU MEXK/y TAKUMU PAAUYCAMU ABYX OIPDAHUYUEHHBIX MHOXKECTB C IIOMOIIBIO Pac-
crosiamii mo Xaycaopdy Mexk/Iy paccCMaTpUBAEeMBIMH MHOXKECTBaMU. B ciydae orpanmaeHHbIX
MEeTPHUYIECKUX MMPOCTPAHCTB [IJIsT OIIEHOK MCITOJIL3YIOTCs paccTosiame no I'pomosy — Xaycmopdy
u Oostee TPOCTOE IO 00bEMY BBIYUCIECHUN PACCTOSHUE MEZKIY STHUMU IPOCTPAHCTBAMU.

KiroueBble cjioBa: MeTPUYECKOE IIPOCTPAHCTBO, OTHOCUTEIbHBIH N -paauyc, IICeBIoMeT-
puka Xaycmopda, paccrosane ['pomosa — Xaycmopda.

1. HeOGXO,L[I/IM])Ie oripegeJieHUd 1 ITOJIy4YeHHbIe pe3yJibTaThbl

B pa6ore mbr ucnionb3yem caesyioniue obosnadenus u onpegeienus: N (R ) — muo-
JKECTBO BCEX HATYPAJIbHbBIX (HEOTPHUIATEJbHBIX BellleCTBeHHbIX) ynces; B(X) — muoxe-
CTBO BCEX HEIYCTHIX OTPAHMYIEHHBIX MHOXKECTB METPHYIECKOro npocrpancrsa (X, p) c
paccrostanem |zy| = p(z,y) ans z,y € X. |[¢W| = inf{|zy| : y € W}, (M, W) =
= sup{|aW|: x € M} — orknonenne muoxecTBa M € B(X) OT HEMyCTOro MHOYKECTBA
W C X [1,c 223]. o : B(X) x B(X) = Ry, a(M,W) = max{3(M,W); 3(W, M)}
— nceBaomerpuka Xaycaopda na B(X) [1, c. 223]; D(M, W) = sup{p(x,y) : x €
e M,y e W} nna M, W € B(X); D(M) = D(M,M) — nnamerp MmHOkectBa M €
€ B(X).

Ormernm, uro must mwobeix M, W € B(X) Bepro nepasenctBo «(M,W) <
DM, W) n dbyukuusa D : B(X) x B(X) — Ry ymoBierBopsieT HepaBeHCTBY Tpe-
YTOJIbHUKA.

ITycrs card (S) — mommuocrs MuOkecrBa S u N € N. Hazosem 1ucio

Ryw (M) =inf{B(M,S): SC W, 1 <card(S) < N}

oTHocuTeabHbIM N -pajgumycoMm MHoXKectBa M € B(X) OTHOCHTEIBHO HEIYCTOTO
muoxkecta W C X. Ecim W = X, to Ryx (M) — Hanny4mmii paguyc anmpok-
cumanuu N -cersimu npocrpancrsa X muoxkecrsa M € B(X) [3]. Hammyuimein N -
cerbio MHOKecTBa M € B(X) HazpBaercs Takoe MHOXKeCTBO Sh v (M) C X [3], uro

1<card(Syx(M)) <N u pB(M,Syx(M))=Ryxx(M).

OnennM CBepxy pasHOCTb Me¥XKJy OTHOCHUTEIbHBbIMEU N -pajgnycamMu JIBYX OTPaHU-
YEHHBIX MHOYKECTB C TIOMOIIBIO0 OTKJIOHEHUN MEXK/Iy PACCMATPUBAEMBIMU MHOYKECTBAMMU.
Torma B KadecTBe CAEACTBUS MBI TIOJIYIUM OIEHKY 3TOW PA3HOCTH C MOMOIIBIO PACCTO-
aauit mo Xaycaopdy MeXIy paccMaTpUBAEeMbIMU MHOXKeCTBaMu. Takue 3a7a91 B JaCT-
HOM CJIy4ae OTHOCUTEJIbHBIX YeObIIEBCKUX PANyCOB UCCIEN0BAMUCEH B [4-8].
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Teopema 1. ITycmw» M, W, A, B € B(X). Tozda
(i) [Rvw (M) — Ryp(A)| < max{3(M, A) + B(B, W), B(A, M) + 5(W, B)}
daa xasicdozo N € N;
(i1)  |D(M, W) — D(A, B)| < max{min{8(M, A) + S(W, B), B(M, B) + B(W, A)},
min{B(A, M) + B(B, W), B(A, W) + B(B, M)}}.
Caencreue 1. ITyems M, W, A, B € B(X). Tozda

sup |[Rnw (M) — Ryp(A)] < a(M, A) + o(W, B); (1)

|D(M) — D(A)| <2a(M, A). (2)

[Mocenmee HEepaBEeHCTBO I AMAMETPA ONPAHUYEHHOTO MHOXKECTBA XOPOIIO HU3-
BECTHO, CM. yrnpakHenwe 7.3.14 u3 [2, c. 305].

HamomHunm Takske HeOOXOmMMBIe onpeesenus u3 [2, c. 303, 306].

Bunapnoe, ornomenne R C X XY na3piBaercss COOTBETCTBUEM MEXKY MHOXKe-
ctBamMu X u Y, ecnu ggg mobbix © € X u y € Y maiiayrca takue v € Y u u € X,
gro (z,v), (u,y) € R. Coorsercreue R acconuuposano c ciopbeknueii f: X — Y,
ecqn

R = {(z, f(x)): = € X}. (3)

Hcka)keHHeM COOTBETCTBUSI R MeXKy OrpaHHYEHHBIMA METPHYECKUME IIPO-
crpanctBamu (X, dx) u (Y, dy) Ha3bIBaeTCS THCIIO

disR = sup{ldx (z,2") —dy (y,9)| : (2,2"), (y,9) € R}, (4)

Paccrosinue I'pomoBa — Xaycmopda dgy (X,Y) Mexay nByMs orpaHuueHHBIME
merpuueckumu npocrpancreamu (X, dx) u (Y, dy) ectb TouHas HUXKHSAS IPAHb TAKUX
qucen 1 > 0, 271 KOTOPBIX HARIETCS MCEBIOMETPUKA d HA TU3BIOHKTHOM O0bLEMHEHUN
X UY rakas, uro orpannuenns d Ha X m Y cosmamaer ¢ dx n dy COOTBETCTBEHHO,
a rakxke «(X,Y) < r ua npocrpancree (X UY,d).

B [2, c. 306] nokazano, uro paccrosuue I'pomosa— Xaycaopda Mexy OrpaHudeH-
wbiMu Merpudeckumu npocrpancramu (X,dx) u (Y,dy) moxer ObIThb BBIPAXKEHO
TaKKe CJEeMyFONMM BHYTPEHHHM 0OPa3oM:

1
deu(X,Y) = 3 inf{disR : R — coorBercraue mexay X u Y }. (5)

W3 onpenenenuns paccrosiuus I'pomosa— Xaycaopda u ciencteus 1 moaydum

CnencrBue 2. Ilyemv X u Y — 02panuyMennvle MEMpuyueckue npocmparcmead.
Tozda
max{|D(X) — D(Y)], sup |Rnx (X) — Ryy (Y)|} < 2dan(X,Y). (6)
NeN

Hazosem coorBerctBume R wmexxmy muoxkectBamum X u Y BbIIEJTEHHBIM, €CIIA OHO
aCCOIMUPOBAHO UH ¢ ciopbeknueir f: X — Y | win ¢ ciopbekimeit g : Y — X .

Bamada Beraucenus paccrosiaus ['pomosa— Xaycaopda Mek 1y KOHKPETHBIME OTPa-
HuYeHHbIME MeTpudeckumu npocrpancrBamu (X, dx) u (Y, dy) ¢ momoripio coorser-
CTBUI OOBIYHO MPUBOIUT K OOMBITOMY 00bEMy BBIYHCICHHUI, MOITOMY MHOTIA yaoOHee
BBECTH PACCTOAHUE

1
ds(X,Y) = 3 inf{disR : R — Beizenennoe coorsercreue Mexay X u Y},  (7)
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OueBnano, 9T0 paccrositne ds CHMMETPUYHO W JJist JIIOOBIX OTPAHWYEHHBIX MeTpHYe-
ckux npocrpancts (X, dx) u (Y, dy)

den(X,Y) < ds(X,Y). (8)

Crnenyromiee npesyoxenue 1 TMOKa3bIBAET, UTO 3TO PACCTOSHNE TaK Ke, KaK W pac-
crosiane ['pomosa — Xaycmopda, yI0BIeTBOPSIET HEPABEHCTBY TPEYTOJIbHUKA.

IIpennoxkenne 1. ITycmsy (X, dx), (Y,dy) u (Z,dz) - oepanusennvie mempuse-
crue npocmpancmsa. Tozda umeemn mecmo HEPABEHCNEO

ds(X,Y) < dso(X, Z) + ds(Z,Y). (9)

Ormernm, uro B ciaygae, korga card (X) = card (V)
1
ds(X,Y) = B inf{disf: f: X - Y — Ouexrus}, (10)

rae dis f = sup{|dx(z,2') — dy (f(z), f(2')| : =, 2’ € X} — nckakenne ouekum f.
CresioBaTebHO, B 9TOM CIyYae BepHa CJieyionas rpybas oleHKa

1
ds(X,Y) <

< 5(1113@({D(X)7 D(Y)} — min{m(X),m(Y)}), (11)

rae, nanpuvep, m(X) = inf{|zy| : =,y € X, © # y}. Hekoropsie nHble cBoiicTBa
MCKasKeHNsT OTOOpayKeHnsi MOXKHO HaiiTh B [2, ¢. 297].

IIpumep 1. Iycrs M = {0,1,2,10}, W = {0,1,9,10} — noaupocrpancrsa MHO-
JKECTBA, BEIECTBEHHBIX 9HCE CO CTaHAapTHON MeTpukoii. Torma HeTpyAHO BBIYHCIIATD,
9TO

dag (M, W) =05 < a(M,W) =1< 3.5 = dy(M, W).

B cnenyiommem npesgiokennn 2 BbIAEIAIOTCS HEKOTOPBIE MPOCTHIE ANMPOKCHMATHB-
Hble cBoiictBa [N -cerTeil [yisi OrPAHWYEHHDBIX MHOXKECTB METPUYECKUX IMTPOCTPAHCTB.
YenoBud npeioyKeHns 2 BBIMOMHEHBI B CIyYae, KOTJa paccMaTpUBaeMble MHOYKECTBA
KOMTIaKTHBI.

IIpennoxkenne 2. ITycmv M, A € B(X), W € B(Y) u cywecmsyrom nausyvuwue
N-cemu S¥ (M), Syx(A), Sky(W). Toeda natdymea maxue nauaywwue N -cemu
SX/X(M)’ S}KVX(A)’ SXIY(W)’ “mo

(1) (M, Syx(M)) = Ryx (M),

|a(M; A) = a(Syx (M), Syx(A))| < Bnx (M) + By x (A);
(i4) dau(M, Sy x(M)) < Byx (M),
ldar (M, W) — dgu (Syx (M), Syy (W)l < Ryx (M) + Ryy (W);
(i) ds(M, Sy x(M)) < Ryx (M),
|ds (M, W) — ds(Syx (M), Syy (W) < Byx (M) + Ryy (W).

3ameuanme 1. YunTbniBas MOJTydeHHBIE CBONCTBA, MOYKHO CI€/TaTh BBIBOM O BO3-
MOYKHOCTH WCIIO/Ib30BAHUA PACCTOAHUSA dg JJig (METPUYECKOr0) PACIO3HABAHUSA KOM-
makToB. HeTpyaHo moHATH, 9TO 33/1a9a TAKOTO PACIIO3HABAHUS 3aBUCUT OT 00bEMa, BbI-
qucjeHnii paccrostuus dg (I ero OIEHOK) MEXK/Y KOHEYHBIMH MHOMKECTBAMU (DUKCH-
POBaHHOIT MOMHOCTH [N U aJITOPUTM BBIUHUCIEHHS 9TOTO PACCTOSHUS TOKEH COAEPIKATD
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HEe MeHbIte, ueM N! BBIYUCIUTEIBHBIX Onepanuil, mockoabKy N! — ancio Ouekiuii o1-
HOTO MHOKeCTBA u3 N 3/IEMEHTOB Ha APyroe MHOXKecTBO. /I1a moctarodno 6onbiux N
[POITE TOJACYUTAT JUAMETPBI B HECKOJBKO OTHOCUTEIbHBIX PATUYCOB ITHX MHOXKECTB,
a TaKyKe BOCTOJIb30BATLCA CIeACTBHEM 2 (M TeM CBOHCTBOM, 9TO dy HE MEHbBIIE PACCTOS-
aus I'pomosa — Xaycaopda MeK Iy TeMH K€ MHOYKECTBAME ), YTOOBI B CJIy4ae HEHYJIeBOMH
BEJINYWHBI B JIEBOI YaCTH HEPABEHCTBA HE BBIYUCIIATH 0OJIee CIOKHOE PACCTOSTHUE d .
D10 MOKA3BIBALT MPUKIATHOE 3HAYEHUE OIEHOK CHU3Y PACCTOSHUSA d .

Bameuanne 2. Herpyano mpoeeputh, urto npn card (X) = card (V) € {1,2,3},
CTIPABEINEO PABEHCTBO

max{[D(X) = D(Y)], [R1x(X) = Riy (Y)|, [Rax (X) — Roy (Y)[} = 2ds(X,Y).  (12)
Oro ouesnano, ecan card (X) = card (V) € {1,2}. Ecm card (X) = card (Y) = 3,

MOZKHO HPOBECTH IIPOCTOE JOKA3ATEIbCTBO OT IPOTHBHOIO, PACCMOTPEB KAasKIyH0 U3
mecru Omexknmit X ma Y. Cuenosaremsno, mpu card (X) = card(Y) € {1,2,3} B
CJIEJICTBUM 2 HA CAMOM Jiejieé PDABEHCTBO, HO Y Ke IpHU OOIIell MOIHOCTH DABHOM de-
THIpeM HepaBeHCTBO (6) cTporoe.

IIpumep 2. Ilyctb A, B — nBa MHOXKECTBa BEPIUIUH NPIMOYIOJbHUKOB B €BKJIH-
JTOBO# TIJIOCKOCTH C JITWHAMW CTOPOH a1, Gy W b1, by COOTBETCTBEHHO M AMATOHAJSIMHU
az = y/a? + a2, by = \/b? + b2. Toraa saeMeHTapHBIA, HO YTOMATETbLHbIH pacuer Tpu-
BEJIET K PABEHCTBY

1.
ds(Aa B) = 5 mln{ma’xﬂal - ba(1)|7 |a2 - ba(2)|a |a3 - bo(3)|} HNS 5(3)}7 (13)

rae S(3) — rpynma Bcex 1oJCTaHOBOK TPex 3jeMeHTOB. MOKHO Tak:Ke [IPOBEPUTH, YTO
deu(A,B) = ds(A,B). Yxke B 970M OPOCTOM CJydae HPOBEPKA fCHO MOKAXKET, 4TO
Berancasth dgp (A, B) nHamuoro cioxuee, ueM dg(A, B). Ilycrs Tenepsh a3 = 9, az =
=b; =2, by = 1. Torna ueparercTBo (6) SBIAETCS CTPOTHM:

V85 — V5 < 7.

[Mpumep 2 Takke MOKA3BIBAET, 9YTO UMEIOTCS METPUYECKNE WHBAPUAHTHI, OTIUIHBIE
OT Tex, KOTOpBIE CONMEPKATCs B JIeBOil YacTh HepaBeHcTBa (6), HO 3TO TIPEIMET JTaib-
HEHINX uccaeI0OBaHIM.

s KoHedHbIX MeTpudeckux npoctpancts X , Y oxuoit mormaoctu N > 1 mmeercs
csiezlyolas npocras olenka cuusy paccroguus dg(X,Y):

|0N(X) *O—N(Y” § 2ds(X7Y)7 (14)
rJie, HaTIpuMep,
1
ox(X) = gy 2 I (15)
z,yeX

OrMeruM TakKe, 9TO HEKOTOPbIE OTHOCHTENbHbIE K -paamychl MHOXKecTBa X, Tj1€
card(X) =N >1,1 <K <N —1, Moryr 6bITb BbIYUCIEHbI HHbIM criocobom. Hanpu-
Mep, HeTPYJHO YCTAHOBUTD, 4T0 R(n_1)x(X) = m(X) — mnuna MmunumanbHoro pebpa
nosroro rpada X, a ecmn N > 2, 1o R(y_9)x(X) — mmwra MuHIManbHOTO pebpa
rpada, moJydYeHHOTO u3 moaHoro rpada X ymajgeHueMm OJHOTO pebpa MUHUMAILHOM
auabl. TakuM 06pa3oM, A7t KOHEUHBIX MEeTPUIEeCKUX MPOCTpaHcTB X , Y OXHO#M MOIII-
Hoctr N > 2 MOXKHO yKasaTh CJAEAYIONIYIO TOJIe3HYI0 OIEHKY ¢ OTHOCHUTEIBHO TPOCTO
BBIYUCIUMON JIEBOW 9aCTBIO:

max{|oy (X) —on(Y),[D(X) = DY)|,[Rix (X) = Riy (Y)];
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|IR(n—2)x(X) = Rin—2)y (Y)], [m(X) = m(Y)|} <2d,(X,Y).

s mpoBeieHns BBIYUCIUTEIHHOIO SKCIIEPUMEHTA ABTOPOM HA BCTPOEHHOM $3bIKE Ma-
TemMaTndeckoro nakera Maxima-5.23.2 6puta HaIUCaHA POrPAMMA, 11 OIMTUMAJIBHOTO
BBIYUCIEHNS JIEBOI 1 MPaBo#l YacTeil 3TOro HepaBeHCcTBA /I JBYX MPOU3BOTBLHBIX MHO-
sKecTB oaHoi MomuocTH N > 2 w3 R?. BLIACHMIOCH, UTO KOMIBIOTED C OTEPATHBHOMN
namsaTbio 1 I'6 u mporeccopom 2 I'T'ir ObICTPO cumTaeT MpaByr YaCTh JIAIb Mpu 2 <
< N <9 (upu N = 9 cpexnee Bpems BbluucjeHus npasoil yactu — okosio 10 muw, a
JIEBO#1 Y4acTU — OKOJIO 2 C), TO €CTb /i ObICTPOrO BBIYUCJIEHUS TIPABON YACTH Y2KE [PU
N = 15 HyKeH COBPEMeHHBIN CYNePKOMITBIOTED.

2. JlokasaTeJbCTBa pe3yJbTAaTOB

HokazarenbcrBo Teopemsr 1. Ilycrs M, W, A, B € B(X), N € N.
(i) Boibepem npoussosbao Sp C B, rae 1 < card (Sp) < N, u 3anuiiiem HepaBeH-
CTBO TPEYTOJbHUKA /I OTKJIOHEHHA Xaycaopda

B(M,Sg) < B(M, A) + B(A, Sp).

B3sB TouHyI0 HIXKHIO rpalb Mo BeeM Sp C B (1 < card (Sp) < N) cHauasa B J1€Boif,
a 3aTeM B MpaBoif 9aCTH 3TOTO HEPABEHCTBA, MOy IUM

Ryp(M) < (M, A) + Rnp(A). (16)
JlokazkeM BCIOMOTaTe/bHOE PABEHCTBO
B(Sp, W) =inf{3(Sp,S): S CW, 1< card(S) < N}.

ITycts € > 0 mpomssombHo. 1a Kaxkgoro y € Sp Haliferca Takoit snemMeHT wy € W,
TO
lywy| < [yW|+e.

Torma 1 < card (Sw) < N, rme Sw = {w, : y € Sg}. Kpome Toro, mnmas kaxkmoro
y €SB
lySw| < |ywy| < [yW|+e < B(Sp, W) +e.

CretoBaTeIbHO,
B(Sp,Sw) < B(Sp, W) +e.

Tpebyemoe BcriomMoraresibHOE PABEHCTBO MOXKHO Telepb MOJYyYUTh, €CIU B CJIEIYIONINX
HePaBeHCTBAaX

B(SE, W) < inf{3(Sp,S): S CW, 1< card(S) < N} < B(Sg, Sw) < B(Sp, W) + ¢

nepeiitn K npegeny npu € — (. llcnoab3yem momydeHHOe paBEHCTBO JJIA JOKA3aTeh-
CTBA eIlle OHOTO BCIIOMOTATEIHLHOTO HEPABEHCTRA

Ryw (M) < 3(B,W) + Ryp(M). (17)
JleficTBATEILHO, €CTU B TIPABOil YaCTH HEPABEHCTB
Ryw (M) =mf{3(M,S): SCW,1<card(S) <N} <

< B(M,Sp) +inf{B(SE,S): SCW,1<card(S) < N} =
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B3sTh uHGUMyM 1o Bcem Sp C B (1 < card (Sp) < N), TO NOJyYnM HEpaBeHCTBO
(17). Ucnonp3ys nokasannsle nepasencrsa (16) u (17), moxyunm
Ryw (M) — Ryp(A) <
< Rnw(M) — Rnp(M) + Ryp(M) — Ryp(A) < B(B,W) + S(M, A),

W13 nonyuenHoro HepapeHcTra U mponssoabroctn M, W, A, B € B(X) cnenyer Tpeby-
emMoe HepaBeHcTBO (7).

(#i) Boibepem npoussosibio © € M,y € W, a € A, b € B. Ilpumenum HEpaBEHCTBO
TpeyroJbHUKA

lzy| < min{|zal + [ab| + [byl, [xb] + [ba| + |ay|} < min{|za| + [by], [zb] + |ay|} + D(A, B).
Bosbmem B mpaBoii 9acTu moCIeIHEr0 HEpaBeHCTBa wHbUMyM Mo Bcem a € A, b € B.
Torma momyamm
lzy| < min{|zA| + [yB|, [zB| + [yAl} + D(A, B) <
< min{B(M, A) + (W, B), B(M, B) + B(W, A)} + D(A, B).

B34B Teneps B 1€BOit aCTH 3TOTO HEPABEHCTBA TOYHYIO BEPXHIOIO TPAHb 1Mo BeeM x € M,
y € W, umeem

D(M7 W) - D(AvB) < min{ﬁ(Mv A) + 5(VV7 B)vﬁ(Ma B) + ﬁ(Wa A)}’

U3 storo wepasencrBa B cuiy npoussonabuoctu M, W, A; B € B(X) caenyer tpebye-
MO€ HepaBeHCTBO (ii).
]

okazareabcTtBo Ilpennoxkenusa 1. IlycTb maa ompemneseHHOCTH CYIECTBYET
CIOpbeKnua u3 MHOXKecTBa X Ha MHOKecTBO Y . Torma mocTtaTodHo paccMOTPETD Ciie-
JIYIOIIUE TPHU CJIy9asd.

1. IlycTh CymecTBYIOT CIOPHEKINH N3 MHOXKECTBA X Ha MHOXKECTBO Z W M3 MHOYKe-
CTBa Z Ha MHOYKECTBO Y , TO €CTh

card (X) > card (Z) > card (V).

IIpeacraBum mpou3BOIbHYIO clOpbekinio f : X — Y B BHAEe KOMIO3UIINNA CIOPHEKITHIt
g: X —>Zmnuh:Z—Y. Torna nia mobeix =, ' € X

|dx (z,2") = dy (f(2), f(2')] < ldx (z,2") — dz(g(x), 9(z"))| +

+ ldz(g(x),9(z")) — dy (h(g(x)), h(g(="))] <
< sup{|dx(z,2") — dz(g(z),g(z")| : @, 2’ € X} +
+ sup{|dz(z, 2") — dy (h(2), h(z"))| : 2, 2" € Z}.

CiietoBaTenbHO,

sup{ldx (z,2") — dy (f(2), f(z')] : z, 2" € X} <

< sup{|dx (¢, ') — dz(g(x), g(a"))| : @, o' € X} +
+ sup{ldz(z,2) — dy (h(z),h()| : 2, &' € Z}.



34 E.H. COCOB

B3sp cnagasia TOUHYI0 HUXKHIOIO TPAHb 10 BCeM ciopbekiusam f : X — Y B jeBoii vactu

[IOJIy 9€HHOTO HEPABEHCTBA, & 3aTEM TOYHBIE HUYKHUE I'PAHU 110 BCEM CIOPBEKIUIM ( :

X —Zwu h:Z —Y BupaBoil 9acTi HEPABEHCTBA, MOJYIUM TpeOyemMoe HePaBEHCTBO.
2. IlycTs cymecTByeT CIOpBbeKINA M3 MHOXKecTBa Z Ha MHOXKecTBO X . Torma,

card (Z) > card (X) > card (V).

IIpeacraBuM MPOU3BOMBHYIO CIOPBHEKNHUIO h : Z — Y B BHIE KOMIO3HUIIAN CIOPDHEKITHIt
g:Z—Xmnf:X —Y. Torma nna mobbIX z, 2/ € Z

|dx (9(2), 9(2")) = dy (f(9(2)), f(9(z)] < ldx(9(2), 9(=)) — dz(z,2")] +
+ ldz(z,2") = dy (h(2), h(2")] < sup{ldz(z,2") — dx(g9(2),9("))] : 2, 2" € Z} +
+ sup{|dz(z,2") — dy (h(2),h(z"))| : 2, 2" € Z}.

CitetoBaTenbHO,

sup{|dx (z,2) — dy (f(2), ()] : =, 2" € X} <
< supfldz(z,2) —dx(g9(2),9(")| : 2, 2" € Z} +
+ sup{|dz(z,2") — dy (h(2),h(z"))| : 2, 2" € Z}.

B3sp cnagasia TOUHYI0 HUXKHIOIO TPAHb [0 BCeM ciopbekiusam f : X — Y B jgeBoii vactu

[IOJIy 9€HHOTO HEPABEHCTBA, & 3aTEM TOYHbBIE HUYKHUE I'PAHU 110 BCEM CIOPBEKIUIM ( :

Z — X un h:Z — Y B OpaBoii 9acTi HEPABEHCTBA, MOJYINM TPeOyeMoe HEePaBEHCTBO.
3. IlycTs cymecTByeT clopbeKnnus MHOXKecTBa Y Ha MHOXKecTBO Z . Torna,

card (X) > card (V) > card (2).

IIpeacraBuM MPOU3BOMBHYIO CIOPHEKINIO ¢ : X — Z B BHAE KOMIIO3HUIIANA CIOPDHEKITHIT
f:X—>Y nh:Y — Z. Torna nna mobex z, ' € X
|dx (2,2") — dy (f(2), f(2"))| < |dx (z,2") — dz(g(), g(=")) |+
+ dz(h(f(2)), h(f(2"))) — dy (f(2), f(2")] <
< sup{|dx(z,2") — dz(g(), g(z"))| : @, 2’ € X} +
+ sup{ldy (y,y') — dz(h(y),h(y")| - y, ¥’ €Y}

CiieroBaTenbHO,

sup{|dx (z,2") = dy (f(x), f(«)| : @, 2" € X} <
< sup{ldx(v,2') — dz(g(x), g(«"))| : @, 2" € X} +
+ sup{|dy (y,4") — dz(h(y), h(y"))| : v, ¥' €Y}

B3sgp cnagasia TOUHYI0 HUXKHIOIO TPAHb [0 BCeM ciopbekiusam f : X — Y B jgeBoii uactu
[IOJIy 9€HHOTO HEPABEHCTBA, & 3aTEM TOYHBIE HUYKHUE I'PAHU 110 BCEM CIOPBEKIUIM ( :
X —Zwu h:Y — Z B upaBoil 9acTi HEPABEHCTBA, MOJYIUM TpeOyemMoe HePpaBEHCTBO.

O

HoxkazarenbcrBo Ilpemmoxkenns 2. (i) IIycrs

S ={w € Six(M) : a(M, Syx(M)) > Ryx(M)}.



OTHOCUTEJIBHBIN N-PAINYC OTPAHIYEHHOI'O MHOYKECTBA. .. 35

Torza nepsomy paBercTBy yaosnersopser N-ceth Sk (M) = Sk (M)\S. Anaso-
rugHO HaxoanMm Sy v (A). Bropoe HepaBeHCTBO ciieflyer Tenepb U3 HEPABEHCTB

(M A) = a(Syx (M), Syx(4))] <
< a(M, Syx(M)) + (A, Syx (A)) = By x (M) + By x (A).

(ii) W3 nokazannoro pasenctsa a(M, Sk (M)) = Ryx(M) wu onpenenenus pac-
crostuust I'pomosa— Xaycaopda cienyer HepaseHcTBO dip (M, Sk (M)) < Ryx(M).
JToKa3aTesIbeTBO BTOPOrO HEPABEHCTBA TEMEPh MOy YAETCs 110 TOMY Ke CIOCO0y, KOTO-
PbIil U3JI0KeH B IyHKTE (7).

(731) Ilycrs oroGpaxenme P : M — g}"VX(M) COIIOCTABISIET KaxKaoMy = € M
HeKOTOprII/,I QJIEMEHT MHOXKECTBa

Six (M) N Bl, [255 5 (M)]],

AMKHYTHI Tap C IEHTPOM B TOUKe = pammyca |5%  (M)].

vie Bl, [#5%x (M)[] - 3
= P(M). Torga

IMomoxum Sy (M)

1
ds(M, Syx (M) < 5 sup{||za| — |P(2)P(2')|| : @, 2" € M} <

1
< §sup{|xP(x)| + |2’ P(x)|: z, 2" € M} < B(M, Sk x(M)) = Ryx(M).
Jloka3aTencTBO BTOPOTO HEPABEHCTRA TEMEPh TOJYYaeTCs MO TOMY K€ Croco0y, KOTO-
phIit W3710%KeH B myHKTe (7).

O

Summary

E.N. Sosov. Relative N-Radius of a Bounded Subset of a Metric Space.

In the present paper, we study properties of the best radius of approximation of a bounded
subset of a metric space by N-nets from another set. We obtain an upper bound of the
difference of such radii using the Hausdorff distances between the sets under consideration. In
the case of bounded metric spaces, the Gromov—Hausdorff distances and a more simple (in
terms of amount of calculations) distance between these spaces are used for estimation.

Key words: metric space, relative N -radius, Hausdorff pseudometric, Gromov — Hausdorff
distance.
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