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AnaHOoTan s

TIpensioxkensbl MaTeMaTUYECKHUE MOJIEHU s 33/1a91 HETUJILOTUHHOTO HEOPUEHTUPOBAHHOTO
pasMernennst HaboOpa MPSMOYTOJIBHUKOB PA3INTIHBIX PA3MEpOB HA JINCTe W moJymnosoce. Mo-
J1esin UMeIoT (POPMY CHCTEMbI JTUHEHHBIX 9aCTUIHO OyJIeBbIX HEPABEHCTB M 3312491 JTUHEHHOTO
qacTu9gHO OysaeBoro nporpammupoBanus. O6CyKAeHbI OCOBEHHOCTH MPUMEHEHUs METO/1a JI9H/T
u JIo#r u 3BpUCTHYECKUE TPUEMbI, YMEHBIIAKNNE 000 TPYI0EMKOCTh PEITeHUsT 33 Ta9H.

KinoueBsle ciioBa: yakoBKa HabOpa IPsIMOYTOJILHUKOB B mTostyniosiocy, 2BP, 2SP, Tounsrit
METO/I PeIleHus 3a4a9u IPSAMOYTOIbHON ynakoBku, Meror JIaum u Jofir.

BBenenue

3aJaua IByMEpHOI yIIAKOBKY MPAMOYTOJIBHUKOB HA JIMCT WK B MOJIYHOJIOCY (3a1a-
4a [PAMOYIOJIbHOIO PACKPOs, 3aa4a Pa3MEIIeHUs IIPAMOYTOJbHUKOB) IPEICTABIAET
OYEBUIHBIA MPAKTUIECKWHA WHTEPEC W JABHO TIPUBIEKACT BHUMAHWE HCCIEJIOBATETEH
(cM., mampumep, [1-3]). Tem He MeHee W B HACTOsIIIIEE BPEMsI OHA HE TIOTEPSIIA AKTY-
AILHOCTD, 34 TOCHEIHEe NECATHNCTHE el OBLI0 MOCBANIEHO MHOMKCCTBO TyOJIMKAITHIA.
N3BecTHO HECKOBKO PA3JIMYHBIX BAPUAHTOR MOCTAHOBOK 3aJa49d MPAMOYTOJBHON ya-
KOBKH — HA JINCTE 33JJaHHOTO Pa3Mepa Win Ha GECKOHETHOH MOJTyTI0I0Ce 3aaHHOM IUpy-
HBI, C BO3MOXKHOCTBIO IIOBOPOTA TIPSIMOYTOJIBHUKOB U 6€3 Hee, ¢ yCJIOBUEM THIBOTHHHOTO
1 HETHILOTHHHOTO PA3MENIEHHs, C YCJIOBUEM OE30TXOMHON YIIAKOBKU U 0€3 9TOro ycJo-
Brst. O630PBI PABIUIHBIX MOCTAHOBOK 34491 TPAMOYTOJLHOTO PACKPOS W METOJIOR ISt
WX peIlleHns] MOXKHO HailTw, HanpumMep, B [4, 5].

[TockoNBKY TPAKTHYECKW BCE BAPHMAHTHI 3a/a49U IPAMOYTOJBLHOTO PACKPOS SABJIs-
torca NP-tpyaubivu (cM., manpumep, [4, 5]), ocHoBHOe BHUMAaHHE uCCJenOBaTECH
HAIPABJIEHO HA PA3pabOTKy YBPUCTUYECKUX (METa’BPUCTHYECKHUX) AJITOPUTMOB pellie-
HUS 3a7a49u, Hanbosee TIOMYIAPHBIMA U3 KOTOPBIX ABIAIOTCA TEHETHYECKUE ANTOPUT-
MBI [3, 5-8]. B cBsizu ¢ 3TMM MareMaTHUecKas MOCTAHOBKA 3a7a4H TPSMOYTOJBHOTO
pacKpost MPUCYTCTBYET B mybankaiusx Hedacro. Hanpumep, B [7] Momenb 3a1auu mpsi-
MOYTIOJIbHOM yNakoBKU cOPMYJIUPOBAHA B BHUJE 331244 HEJIMHEHHOIrO (HEBBILYKJIOrO)
nporpaMMupoBanusd, B [9] npemiaraiorcs JABe NOCTAHOBKU 3aJa4u: 3a]a4a JIMHEHHOrO
MPOTPAMMHUPOBAHNS ¢ AThTEPHATHBHLIMA OTPAHMYCHUSIMA U 3371494, TACTHIHO OYyIeBO-
ro JIMHEHHOTO MPOTPAMMHUPOBAHNUS Il DE30TXOMHOTO PA3MEICHUST ¢ O9CHL OOTBITAM
KOJIMYECTBOM TI€EPEMEHHBIX U ONPAHUYCHUN (HATPUMED, JIJig 6E30TXOJHOTO PA3MEIeHUs
10 mpaMOYTOIbHUKOB Ha JHUCTe pa3Mepa 5 X 10 momens comepxut 500 mepeMeHHbIX U
60 orpanuuenuii). B [5, 10] npuBesena MaremaTuyeckas MOJEJb PA3MEINIEHU B 110JIy-
HOJIOCY NPAMOYTOJNBHUKOB M KPYTOB, KOTOPasi B YACTHOM CJIyYae PA3MEIIEHUsS TOJBKO
MPAMOYTONBLHAKOB ABIACTCSA 3aJa9¢ii JIHHEHHOTO JaCTHYIHO OyJIeBOTO MPOrPAMMAPOBA-
Husi. DTa MOIesh Oymer obCyXKIeHa B pasmd. 2.
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3amernM, 9To yKa3aHHbIe MATEMATUICCKAC MOJCIU 347049, B OCHOBHOM, HE CBABAHBI
HEIIOCPEICTBEHHO C MpeAJIaracMbIMH METONAMH DEIICHHd 3amadn. g JacTHBIX CIIy-
4aes 3a/a4 NPIMOYIOJIbHON YIAKOBKU (OpMEHTHPOBAHHBIA ciyuaidi [11], runborunnoe
pasMellieHne MpsiMOYTOIBHIKOB [13] mam 6e30Txo/Hast yTakoBKa [9]) mpeyioyKeHbl To4-
HBIC METOIBI PEeIeHnsi. DT METOJBI MMEIOT KOMOMHATOPHBII XapakTep. BonbmmuceTso
U3 HUX OTHOCHTCS K KJIACCY METOJIOB BETBEH W IPAHMWIL.

B macrogmell craThbe OpemIaraloTCda JAHEHAHBIE YaCTHYHO OYJIEBBI MOJEIH 3a1ad
HETHJILOTHHHOTO HEOPHEHTHPOBAHHOIO Pa3MEINeHNAd HAOOPa IPAMOYTOJbHUKOB Ha JIH-
CTe 33 JaHHOTO PasMepa ! B MOJIYIOJI0CE 33, JaHHOM mupuHLL. B mocaenmem cay4dae Tpeby-
eTCs ONpeIeIATh MUHAMAILHYIO JTUHY TIOJOCH [ pa3Menennst Habopa mpsaMoyTOIb-
HWKOB, TO €CTh peYb WJET O 3aJa9¢ KOMIIAKTHOTO pasmenienns. [Ipeamonaraercs Takske,
YTO TIPU YIAKOBKE MOTYT 00pa3oBaThCs OTXOABI. 15T TIOIy9eHust TOUHOTO Perenust 10
9TUM MOJeJaM Mbl npumenusu Merox JIaua u Joiir [12]. B crarbe onucaunbr pesysbra-
TBI BBIMACIATEIBHOIO 3KCIEPUMEHTA U CPABHEHUE HECKOILKHAX BAPHAHTOB IIPUMEHEHAA
metona JIsug n JIoiir, a TakyKe TpeJIOKeHbl 3BPUCTHYICCKUE TIPUEMbI, YMEHBITAOIAC
TPYZOEMKOCTh PEIICHUS 3a1aM.

1. Mogens pa3mMelieHuss Habopa MPSIMOYTOJBHUKOB
Ha NPSAMOYTOJIBHOM JINCTE

Sagaga pazmerienns HaAOOpa MPAMOYTOJbHUKOB HA MPIMOYTOTHHOM JUCTE (hOPMY-
nupyerca caeayommM obpazom. [IycTs ZaHbI TPSAMOYTONBHBIN JUCT € MET0UUCTCHHBIMY
pasmepamu A X B (A - anuna jucra, B — ero mmupuna, A > B) u HabOp 1 IpsIMO-
YTONBHUKOB (manee demaned) ¢ IeJI0UUCIeHHBIMEU pa3Mepamu a; X b; (a; u b; — njuHa
¥ MUpPHHA {-f JeTamn COOTBETCTBEHHO, mpudeM a; > b;, ¢ = 1,...,n, TO eCTb IJNHA
JIeTaJi He MEHbIIIE ee [IUPUHbI).

Tpebyercs onpenenTh:

1) paswmerraerca u Habop Jeraneil Ha JIUCTE;

2) ecau HAOOD JeTajiell PA3MEIAeTCsl HA JIUCTE, TO ONPEIEIUTH TIOJ0KEHNE JIeTa el
Ha JIUCTe.

Ora 3a1a4a npu Hajauduu TpebOBaHMs IMJIBOTHHHOIO pa3MelleHud peiieHa B [13]
B Gosiee 00LIeM BUJIE: TIPeAIOKeHHbI B [13] MeTon BhlumMcIeHUS GYHKUUU 2UALOMUN-
HO20 PA3MEUEHUA TAET TIOJHBIH HADOP MPSMOYTOJBHBIX JINCTOB PA3JINIHBIX PA3MEDOB,
HEOOXOIMMBIX U JOCTATOYHBIX JJIs THIROTHHHOIO PA3MEIeHusT 33 IaHHOr0 Habopa mpsi-
MOYTOJILHUKOB. B Hacrosmeit pabore mpenoiaraercs, 910 TpebOBaHNE THIBOTHHHOCTH
pPa3MeIIeHns OTCYTCTBYET.

Pazmectum sucT Ha KOOPAMHATHON MJIOCKOCTH TaK, 9TO JIEBBIA HUKHUN YIOJI JIUCTA
umeer koopaunarsl (0,0), a npasbiii Bepxuuii — (A, B). Bynem paccmarpusarb Kak
BO3MOXKHBIE TOJIBKO TAKWE DA3MEIIEeHUs eTajeil Ha JIMCTe, TPU KOTOPBIX KaXKIas Je-
Tab OPUEHTUPOBAHA, JTUOO BIOE JUCTA (PACCTOSHNE MEKIY TPABBIM ¥ JIEBBIM KPasMu
JIETaJM PABHO @; ), JubO HonepeK JucTa (PacCTOsSHUE MeXK/ly IPABLIM U JIEBBIM KPasdMU
JleTanu paBHO b; ), pa3Mellenus Jerajieli «<HAUCKOCOK» HAMU HE PACCMATPUBAIOTCSL.

O6o3nauum yepes (x;,y;) KOODAMHATHI JIEBOMO HUMKHETO yrya i-il merasu, a depes
z; — OPMEHTAITNIO i-# JIeTaan Ha JIUCTe

0, ecnm meTas b OPUEHTUPOBAHA BIOJb JINCTA,

, €CJIM JeTaJib OPUEHTUPOBaHa IOIEPEK JIUCTA.

Juia ynobersa usiokenus 0603HAYMM 9epes3 v; pasdmep i-it meranm mo ocu X (pac-
CTOSIHUE MEYKJY JIEBBIM U MPABBIM KPasAMU JETAIN) B 3aBUCUMOCTH OT €€ OPUEHTAIIUY

v = az(l — Zz) —+ bzzz = (bz — ai)zi -+ aj, (1)
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a Jepe3 w; — pasmep i-# geranu no ocu Y (paccrosiHue MKy HUKHUM M BEPXHUM
KpasiMK JIETAJIN)

[Ipennaraemas HUZKe MOJIENTbh pa3MeNIeHUs TeTajeil Ha JUCTEe COCTOUT W3 YCJIOBU
JIBYX THIIOB: YCAOBUL PA3MEWEHUS KaHcIot omoeavnoli demanu ma aucme u Ycaosul
noNapHo20 Henepecetenus demaned.

VcioBus pasMelnenus (- JeTasud Ha JIUCTe, OYEBUIHO, UMEIOT BUJ JBYCTOPOHHUX
JMHEAHBIX HEPABEHCTB

OSLL'Z'SA*’UZ', (3)
0<y; <B-—w. (4)

A jy1s1 TOrO UTOOBI 7-5 JIeTANb HE TIEPECeKaach ¢ j-i, Tpebyercs BBIMOJIHEHUE OJIHOTO
W3 YeTbIpex HEPABEHCTB

xj —x; > v; (j-o merans JIeXKUT mpasee (-i), (5)
x; —x; >v; (j-9 OeTans IeXKur Jesee i-i), (6)
Yy;j — Y > w; (j-a geTanb JeXKUT BbILIE §-i), (7)
yi —y; > w; (j-9 geTanb TeKuUT HuKe i-if). (8)

OueBuHO, Y4TO Ta CUCTEMA HECOBMECTHA: HEPABEHCTBO (5) IPOTUBOPEYUT HEPABEH-
crBy (6), a HepaBeHcTBO (7) — HepaBeHCTBY (8).

Urobbl cBecTH cucreMy ajbrepHaTHBHBIX HepaseHcTB (5), (6) K coBMmecTHOl, uc-
MOJIb3yeM M3BECTHBIN ipreM (cM., HanpuMep, [14]). CyTh 9TOT0 NpHema 3aKI0vaeTcs B
crenytormeM. Beenem OyneBy mepeMeHHYIO S;;, KOTOpas MpUHUMaeT 3Hadenne “07, ecnn
BBINOJIHAETCH HepaBeHcTBO (5), u 3navenue “1”, ecsiu BbinosHsercs HepaseHctso (6), u

nmocratouno bombioe anciao A. Torma ycioBus nenepecedenus i-it geTasu ¢ j-if mo ocu
X MOXKHO MPEJICTABUTH B BHUE COBMECTHOW CUCTEMbI HEPABEHCTB

Asij +x; — x> v, (9)

1‘_1(1 - Sij) +x; — x5 = v;. (10)

Busno, uto eciu Boibpars A Taxoe, uto A > A, 1o npu s;; = 0 Hepasenctso (9)
npespaiaercs B Hepasenctso (5), a Hepasenctso (10) — B mepasencrso A + x; — z; >
v;, KOTOpOe ABJIAETCS CIe/cTBUeM HepaseHcTB x; > 0, z; < A—wv; u A > A, 10
ecTb sBysiercs u30bITOUHBIM. Ecmm ke s;; = 1, 1o Hepasernctso (10) mpesparmaercs
B HepapeHCTBO (6), a HepaBeHCTBO (9) CTAHOBUTCS W3OBITOYHBIM, TakK KaK CIeIyeT U3
Hepapencts x; >0, 1, < A—v; uw A> A.

Ananoruyabiv 06pa30M MOXKHO CBECTH CHCTEMY AJbTePHATHBHBLIX HepaBeHCTB (7),
(8) K cucTeMe COBMECTHBIX HEPABEHCTB. B 3ToM cilydyae H0CTaTOqHO GOJIBIIUM YUCJIOM
Gyner B, ynosiersopsioniee HepaseHCTBY B > B, a nepevenHas s;; TPUHUMAET 3Have-
aue “0”, eciu BLINONHACTCS HepaBeHCTBO (7), u 3HaueHue “1”) eC/iu BBIMOIHIETCA HEpa-
BEHCTBO (8), U yC/IOBUS HElepecedenus neraeil no ocu Y OyayT uMerb Bl

Bsij +y; — yi = w, (11)

B(].*Sw‘)*l“yifyj Z’LUj. (12)

Nrak, nosydensr qpe cucrembl HepaseHcTs (9), (10) u (11), (12), Kax1as u3 KOTOPHIX
obecrieunBaer HemepeceueHue (-l u j-ii geraseil o0 TOPU3OHTAIU W BEPTUKAJIU COOT-
BercTBeHHO. HO Tak Kak 3apaHee HEM3BECTHO, KAKyIO M3 ITUX CHCTEM HY’KHO BBHIOPATH
J7TA KaxKJof mapel Jgeraseif, To BBeaeM OyneBy HMepeMeHHyIo t;;, KOTopas MPHHAMAaeT
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suagenue “0”, ecau gy i-i u j-il metaneit Boibupaerca cucrema (9), (10), u 3HaveHUE
“1”, ecoin Boibupaerca (11), (12).

Temeps yca0BUs MOMAPHOrO HENEpecedeHns i-i u j-it geraneit mo ocu X WA TI0O
ocu Y MOKHO TIPeJICTABUTH B BUJE CUCTEMBI THHEHHBIX HEPABEHCTB

Atij + Asij + x5 — 15 > vy, (13)

Aty + Al — si5) + @ — x5 > vj, (14)
B(1 —tij) + Bsij +y; — yi > wi, (15)
B(1 —tyj) + B(1 = si5) +yi — y; = wj. (16)

OweBumgnO, 4TO 75l MIOOBIX KOHKPETHBIX 3HAUEHHH S;;, ¢ OZHO U3 HEPABEHCTBO
(13)—(16) coBnamaer ¢ OHAM N3 aMbTEPHATHBHBIX HepaBeHCTB (5)—(8). OcraBinecs ke
Tpu HepaseHcTBa cucTeMbl (13)—(16) GymyT W3GHITOYHBIMH.

O6venunus yenosus (3), (4), (13)—(16) u 3aMeHUB B HUX V;, Uj, W;, W; COLJACHO
(1), (2), momyunm mMomenb pasmernenus Habopa Jeraneil Ha Jjucre B (HOPME CUCTEMBI
JIMHEHHBIX YaCTHYHO OYJIEBBIX HEPABEHCTB

0<a;+(bi—a)z<A—a;, i=1,...,n, 17
18
19
z;—x;— (bj—aj)zj+ Aty — Asiy >a;— A, i=1,...,n—1, j=i+1,...,n, (20

(17)
0<yi+(a;—b)zi<B-0b; i=1,...,n, (18)

(19)

(20)

—yi+y; — (a;—b))z; — Bt;j+Bs;; >b;— B, i=1,....n—1, j=i+1,...,n, (21)
(22)

(23)

(24)

(25)

7£Ci+ij(bifai)2i+fitij+/18ijZai, Z'Zl,...,nf]., J:Z+1,,n,

22
23
24
25

yi —vyj — (aj —b;)z; — Btij — Bs;j > b; —2B. i=1,...,n—1, j=i+1,...,n,
2z €{0,1}, i=1,...,n,
si; €{0,1}, i=1,...,n—1, j=i+1,...,n.
ti; €{0,1}, i=1,....n—1, j=4i+1,...,n.

OrMernm psij OYEBUIHBIX CIYIAEB, B KOTOPBIX 3HAYEHUS HEKOTOPBIX OYJIEBBIX TIe-
PEeMEHHBIX MOXKHO Sad)HKCHpOBaTI) 3apaHee U TeM CaMbIM yMeHbH_II/ITb Pa3MEepHOCTH
samaun. Ilycrs cucrema (17)—(25) coBMecTHa, TOrAa CHPABEIIMBLI CJELYIONINAE TIPEJI-
JIOZKEHU .

IMpenmoxenne 1. I[Tycms A = B (x6adpamnviii aucm) u i — HOMEP HEKOMOPOT
demanu, ydosaemeoparowel ycaosuro a; > b;. Toeda cucmema (17)—(25) ocmanemes
coemecmuoli u ¢ donosrumenvrbm ozpanuuenuem z; = 0.

3amernm, uTo npejgioxkenne 1 6e3 pucka noTepu coOBMecTHOCTH crcTeMbl (17)—(25)
MOYKHO MMPUMEHNUTH TOJIBKO JIJIsi OJTHOM JeTaJlu.

IIpeanoxenne 2. Cucmema (17)—(25) ocmanemes coemecmnoii u ¢ 0ONOAHUMEN -
HoLMU O2panunenuamy z; = 0 0as 6cex i, YOOBAEMEOPAOWUL OOHOMY U3 YCAOBUTL:
a; = b; (xeadpamnas demasv) uau a; > B (daunnas demann).

IIpennoxenne 3. Cucmema (17)—(25) ocmanemea cosmecmuoti u ¢ Jonosnumens-
oMU o2panusenuamy ti; = 0 dasn ecex nap i, j, ydosAemeopAOwWUsT Yyeaosuim i < j,
bi +b; > B (dse wupokue demaau).

IIpeanoxenne 4. Cucmema (17)—(25) ocmanemes coemecmnoii u ¢ QONOAHUMENb-
HOLMU 02ParUutenUAMY S;; = 0 das ecex nap 1, j, Yy0o6AEMBOPAIOUUL YCAOBUAM | < j,
a; =a; u by =0b; (odunarosvie demanu).
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[Ipeanoxenne 4 MO3BOMAAECT B CAYYAE M OJUHAKOBDBIX JETANCH OTPAHWIATHCS PAC-
CMOTPEHHEM TOJBKO OMHOTO 13 m! (HAaKTHIeCKH HEPA3TMINMBIX BADHAHTOB Da3Mere-
HUs1, OTJINYAIONAXCS JIUIITD MePECTAHOBKON OJMHAKOBBIX JIeTAJIel.

O6oznaunm vepes I(a,b) MHOKECTBO BCeX MHIEKCOB jeTajeii ¢ pazMepamu a X b:
I(a,b) ={i e {1,...,n}:a; =a,b; = b}.

IIpennoxenune 5. ITycmov j,k makoew, wmo j < k u I(aj,b;) # I(ak,by). Io-
aoorcum j* = min{i : ¢ € I(aj,b;)}, k* = max{i : i € I(ag,bx)}. Toeda cucmema
(17)-(25) ocmanemea cosmecmmoli u ¢ JONONHUMEALHBM 02PAHUNEHUEM Sj+jp+ = 0.

Herpynao yBumers, uTo mr060My [ONYyCTHMOMY PA3MEINEHUIO JETaJjieli COOTBETCT-
BYeT TPHM CUMMETPUYHBIX BapUaHTA: OTHOCUTENIHHO CpeJHel JUHUM JINCTA TI0 TOPU30H-
TaJIl, OTHOCUTEJBHO CpeHell JTUHUM JINCTA MO BEPTUKAJN M OTHOCUTEIBHO IeHTpAa JIH-
cra. [Ipemmoxkenne 5 MO3BOJISIET UCKJIIOYATh U3 PACCMOTPEHUS BA U3 HUX. 3aMETHUM,
9TO TMPEJIOKEHNE D MOYKHO IPUMEHUTH TOJIHKO JIJIsi OJTHOM Maphl UHIEKCOB 7], k.

2. Moiesib KOMIIAKTHOTO pa3MenieHus
Habopa MpAMOYTOJLHUKOB HA MOJIYIOJIOCE

Paccmorpum Temephb 3a7ady KOMIIAKTHOIO pa3MenieHns Habopa jgeraseil Ha ToJy-

nosoce. Ilycrs nansl Habop n meraneil ¢ pasmepavu a; X b; (a; > b;), i =1,...,n,
¥ TIOJIYIION0Cca, ¢ mupnHoit B, B > max b;. Tpebyerca onpenennTh IINHY KyCKa IO-
1<i<n

JIYIIOIOCKHI, HEOOXOIUMYIO U TOCTATOYHYIO JJIsi PA3MEIEHUs JAHHOTO HabOpa JeTaJiei,
7 COOTBETCTBYIOIUI MJIAH pa3MeIeHU .

Pemenne 310l 3ama9m CBOAUTCA K PEIIEHUIO CICAYIONEH 33749y JTHHEHHOTO Tac-
THYIHO OYy/I€BOTO MPOrPAMMHUPOBAHUST

min A 26
ngi“i’(bi*ai)zigA*ai; z':l,...,n,

0<wyi+(a;—b))zi <B—-b;, i=1,...,n,

(26)

(27)
(28)
—x;+x; — (bi — ai)zi + Aty + Asiy > a;, i=1,...,n—1, j=i+1,...,n, (29)
v —xj— (bj—aj)zj + Aty — As;j >a;— A, i=1,...,n—1, j=i+1,...,n, (30)
—yi+vyj — (a;—b;)zi — Bt;j+ Bs;; > b;— B, i=1,....n—1, j=i+1,...,n, (31)
yi —y; — (aj —b;)zj — Btjj — Bs;; > b;j —2B. i=1,....,n—1, j=i+1,...,n, (32)
(33)

(34)

)

ty €{0,1}, i=1,...,n—1, j=i+1,...,n. (35

ZiE{O,l}, 1=1,...,n,
si; €4{0,1}, i=1,...,n—1, j=i+1,...,n,

B s70if Mogenn B, Kak W B MOJeIN pa3Merennsa Habopa geTaseil Ha JUCTe, TOTK-

HO yIOBIETBOPATH yCaoBmio B > B, a A H0MKHO ObITH He MEHBIIe ONTHMAIBHOTO
n

3HAUeHNs TeeBoit (hYHKINN, B 9aCTHOCTH A MOMKHO TIPUHSATEL DABHBIM Y. ;.
i=1

3aMeTnM, 4TO TPEIOKeHns 2-5 UMeloT cuay u jid Mogenn (26)—(35). Ouesnamo
TaKzKe, 4TO Hpejjiozkenue 1 K JaHHON MOJIEIN HENPUMEHUMO, TaK KaK JJIMHA KCKOMOI'O
JIICTA 3apaHee HEU3BECTHA.

CpasauM noaydenuyio mMomaesb (26)—(35) 3a1a9u HEMMJILOTHHHOIO TIPSMOYTOJBLHOTO
pa3MeIleHnsT ¢ YaCTHBIM CIy9YaeM W3BECTHOW MOJeNM DasMeIeHWsi KPYToB W TPSMO-
YTOJILHUKOB B MOJIyTIONOCe [5], yTOUHEHHBI BapHaHT KOTOPO#i, onybankoBanublii B [10],
B YACTHOM CJIy4Yae Pa3MelleHus TOJbKO IPAMOYIOJIbHUKOB UMEET BUJL
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36
37
38
39

min A
0<a;+ (b —ai)z
0<y;+ (a; — b

)zi
)z 1=1,...,n,

i +a; (1 —2) +bizg <zj+ (1fqu) i=1,....,n, j=1,...,n,
(

yi +bi(l = 2i) + aizi <y; + 3
41
42
43

qij+qij+qji+qji:1, i=1,....n, j=1,...,n,
ZiE{O,l}, 1=1,...,n,

(36)

(37)

(38)

(39)

1—qu i=1,....n, 7=1,...,n, (40)
(41)

(42)

qZ'LjG{Ov]-}a i=1,...,n, j=1,....n, ( )
(44)

gZ e {01}, i=1,...,n, j=1,...,n, m

rae qLLJ paBmo “1”, ecnu (- neTasIb PACIOIOXKEHA JieBee j-if, u “0” B IPOTUBHOM CIIydae;
qg paBuo “1”, ecnu i-s1 JeTab PACIOJIOXKEHA HUXKe j-it, u “0” B TPOTUBHOM CJIyUae.

Kaxk Bunno, mozens (36)—(44) B cpaBrennn ¢ Mozennsio (26)—(35) numeer ciemyionrue
HEJIOCTATKU:

1) oueBumno, uTo B orpanmndenusx (39), (40) yciaosus mepebopa MHIAEKCOB CJIEIyeT
JIOTIOJIHUTE YCJIOBUEM i # j, Tak Kak B ciaydae ¢ = j B cuiy (42)—(44) nomydunm, uro
gk =0, ¢f =0, nostomy mepasencrra (39), (40) cTaHyT M3OBLITOTHBIMY;

2) B orpanuuenuu (41) ycioBus nepeGopa MHIEKCOB CjielyeT 3aMEHUTh Ha i =
=1,....,n—1, j=i+1,...,n. B nporuBHoM ciydae, BO-TIEPBbIX, IPU i # j BO3HUKAELT
J1ybMpoBaHUEe yDAaBHEHUI, a BO-BTODBIX, npu { = j ypasuenue (41) nporuBopedut
yenosusim (43), (44);

3) oueBnmHO, uTO B orpaHmueHnsx (43), (44) ycioeus mepebopa MHIEKCOB TaKiKe
clenyer JMOTMOJTHUTH YCJIOBUEM i # j, TaK KaK MepeMeHHbIe qiLj u qg npu ¢ = j He
UMEIOT CMbICJIA;

4) ¢ yuerom 3) KOJMYeCTBO Gy IeBbIX IepeMeHHbIX B Mosemu (36)—(44) pasho 2n?—n,
a ana mozenn (26)—(35) 3To KoamdecTBo cocTapaseT n?;

5) ¢ yaetom 1) u 2) KosudaecTBO orpanudenuii B Mojienu (36)—(44) pasuo 4.5n%+0.5n,
a ana mozenn (26)—(35) 3To KoamdecTBO cocTasaseT 3n? + 2n.

Urak, BuaHo, 9ro Mozens (26)-(35) npennodrnrensaee Mogenn (36)—(44).

3. IIpumenenwme meroma JIsuma m Hoiir

Hast permenns 3amaun (26)—(35) Mbl ucnons3opasu Meron JIsua u Joiir [12], ko-
TODBIH, KAK M3BECTHO, SIBJISIETCS] YHHUBEPCATIBHBIM METOJIOM DEIeHUs 3a/1ad YaCTUIHO
IeJI0UNCIIEHHOTO JINHEHHOTO MPOrPAMMUPOBAHUS C IBYCTODOHHUMH OTDAHUIEHNSIMY Ha
[EPEMEHHBIE

N
j=1
N
> AX;<B; i=1,...,M, (46)
j=1
E;<X;<F; j=1,...,N, (47)
X,eZ jel, (48)

raoe Z — MHOKeCTBO LEJIbIX THCEeT, J — MHOXKeCTBO NHIAEKCOB TEJIOINCJICHHBIX II€EPEMEH-
HbIX.
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3amernM, 9TO OyJeBy TEPEMEHHYIO MOXKHO CUHTATH ITEJOIMCIIEHHON TepeMeHHOi,
nexkameit B uarepsade [0,1].

Meroa orHOCHTCH K KIACCY METOOB BETBEH M TPAHMIL U 3AKJII0YACTCA B CBEICHUN
YACTHYHO TEJOYNCIEHHO 321291 JWHEHHOr0 MPOrpaMMHUPOBAHNST K DEIEHHI0 KOHeU-
HOro HaBOpa OOBIYHBIX 3344 JMHEHHOrO MPOrPAMMUPOBAHNS, OTIHYAONTUXCS JIPYT OT
JIpyTa JIUITh JIBYCTOPOHHUMU OTDAHWYEHUSIMH HA TIJIOYHMCIIEHHBIE TTepeMeHHbIe HCXOI-
HOI 3a1a4ml.

Onucanue MeToda

0. Ilycre wmnoocecmeo omaosicennwmxr 3adaw S nycro. Onpemenum Hadalb-
ublil  (UKTUBHDI) pexopd € pexopoHbIM 3HAMEHUEM TEIeBOR (DYHKIUHU, DABHBIM

N

> (min{0, C;} E; + max{0,C,} F;) + 1. IlomectuM OOBIMHYIO 337a<y JIMHEHHOTO IPO-
j=1

rpammuposanus (45)-(47) B S.

1. Ecaim S mycro, ocTaHOB: ecau TOCIeTHUN PEKOP ABageTca (DUKTUBHBIM, TO 3a-
nada (45)—(48) e mmMeer peilieHus, B IPOTUBHOM CJIy4ae HOCJIEAHUN DEKOPJ SABJIAETCH
ONTUMAJIbHBIM DerienreM 3aaaqan (45)—(48).

2. VI3 MHOKECTBA OTJIOXKEHHBIX 3329 U3BJIEIEM OJHY, HA30BEM €€ mekyue.

3. Ecu rekymmas 3a1a4a ne uMeer pemmenus (061acTh TOMyCTUMbIX PEIeHu MyCcTa),

TO rnepeiigem K 1. 1.
N

4. Beruncmm X* — onTmMmanbHOe permnenne Tekymeidl 3amaan. Eeom Y C; X7 ne
=
MEHbIIIe PEKOP/THOTO 3HAYEHUA TeIeBOi GhyHKIMH, TO nepeiaem K 1. 1. ’

5. Eciu X* ynosiserBopsier yciosusm (48), To npumem X * B KauecTBe 04€peIHOrO
pekopaa (obHosaenue pexopda) u nepeiigem K m. 1.

6. Beibepem nanexce j* € J Taxoit, uro X7. ¢ Z.B S nomectuM JiBe HOBbIE 3a71a4H,
TOJTy9eHHble U3 TeKymeil mobaprennem orparmaenns Xj- < [X7.] mm X« >]X7[
COOTBETCTBEHHO, re [-] u |- [ — onepaiuu okpyriaenus 10 6auKaiiliero MeHbIero uin
OOJIBITIErO TIEJTOTO COOTBeTCTBEeHHO. Ilepeiigem Kk m. 1.

Bamerum, yro GOpMUpPOBAHUE IBYX HOBbIX 3a/a4 U3 Tekymeil (cM. 1. 6 merona) dbak-
TUYECKU O3HAYAET JIUIIb U3MEHEHNe B TEeKYIIeil 3a1ade BepXHel Wi HUKHENH TPAHUIIBI
nepeMeHHoi X« .

g mocTpoenus aaropurma Metona JIsua u Joir Hy»KHO KOHKPETU3UPOBATH IIPABH-
J10 BBIOOpA TeKyIeil 3a71a4u U MPABUIIO BBIOOPA nepemertoti 6emaeHus — EPEMEHHOI,
UCIHOB3YeMOil i POPMUPOBAHUS JABYX HOBBIX 3a/a4 U3 Tekylueil (cM. 1. 6). 3amerum,
YTO B JIUTEPATYPE HET OOIMMX PEKOMEHIAIWH 0 BhIOOpPY 3TuX mpasui. s pemtenus
samaun (26)—(35) HaMu ObLIN OIPUMEHEHBI C/IEIYONINe TIPABUIA.

JL71s1 XpaHeHust OTJIOYKEHHBIX 3a/1a Mbl UCIOJIL3YeM CTEK, ITO OJIHO3HAYMHO OTpejie-
JISIEeT TIPABUJIO BHIOOpA TEKYIIEH 3a/1a9n: BLHIONPAETCS 3a4a4a U3 BEPITHHBI cTeka. JTobas-
JIEHWE B CTE€K HOBBIX 3379 TMPOU3BOIUTCI B CAEAYIONIEM TIOPIIKe: ecau X J* —[X J*] >
>] X5 [ X}, To cHawanma B CTeK TOMemmaeTcs 3ajava ¢ orpanmdennem X < [X7],
a 3aTem 3aTada ¢ orpanmdennem X7 >]X7.[, B MPOTHBHOM ciy9ae MCHOMb3yeTcs 0b-
PATHBIH MOPSIIOK BKJIOYEHUS 33729 B CTEK.

s BeIOOpa TEpEeMEeHHOH BETBJICHHUS MBI HCIOIb3yeM TIPABUIIO ITEPBOH HEIenoi me-
pemenHoii. B pesynbraTe NpoBeIeHHBIX YUCICHHBIX YKCIEPUMEHTOB OBLIO YCTAHOBJICHO,
9TO I YMEHBIIEHUsT TPYI0EMKOCTH BBIYUCIEHU EIeCO0DPA3HO CAeNaTh CIeIyomee:

1) npeaBapuTeIbHO OTCOPTUPOBATH JETAJU 110 HEBO3PACTAHUIO ILIOMIAECH, a JeTaiu
C PaBHBIMH TIJIOIMIAASME — TI0 HEBO3PACTAHWIO JJIUH JeTaseil;

2) 1O OTCOPTUPOBAHHOMY CIMCKY ZAeraseill chopMUpOBaTh CleAyIOmuil cuucok Oy-
JIEBBIX MEPEMEHHBIX:

215 22, 5127"’12) 23, 5137"’137 5237"’23) Zhy ey Sn—l,'ruf'n—l,'rm
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M B KavuecTBe TIEPEMEHHO} BeTBJIEHUS BHIOMPATH TEPBYIO 110 3TOMY CIHCKY HEIEeIyIO
mepeMeHHyio. Takoil mopAmOK MepeMeHHBIX W MPABHUJIO BLHIOOpPA MEPBOM HEIEToN mepe-
MEHHO# OTPayKal0T CTPEMJIEHHE MCKATH ONTHMAIbHOE PA3MEINeHne yTeM 100aBIeHnsd
OUepeHON neTanu K yrKe IMOJIy4eHHOMY YaCTUYHOMY Pa3MeIIeHUIO.

Jua zamauu (26)—(35) ouesunno, uro ecau D — HanGobInil 06Ul geuTeb mm-

HIZKHeH rpanuteil 3nadenns menaeBoit ¢pynkmuu. ITosTomy B C;Iyiiae €e COBIAaJIeHUd C
TEKYIITUM PEKOPIHBIM 3HAUEHUEM IeIeBOM (DYHKIMYU MOXKHO TPEKPATUTH BHIUUCJIEHUS,
TaK KaK TEKYIIU peKOpI OyIeT ONTUMAIBHBIM PEIeHHEM 3aatH.

BoJtee Toro, Tak Kak peKOp/HbIE 3HAUEHUS TeJIEBON (QYHKINN OyIyT KPATHBI BEJIU-
arae [, MOXKHO YCHJINThL KPUTEPHil OTCEBa OECIEPCHeKTUBHBIX 3a/adY, 3aMEHUB II. 4
OTIMCAHHOTO BBIIE METOIA HA:

n
PUHBI TOJIOCHI M BCEX PA3MepOB JieTajeil, TO BeJIUYNHA }Bl > ab; { - D gamnsercsa

N
4'. BoraucnnM X * — onTEMAaNbHOE pellenne Texkyeit 3agaqan. Ecaun ) C) X7 60mb-
=1
111e PeKOP/IHOTO 3HAYEHNS Tie/ieBoil hyHKINN, yMeHbIeHHoro Ha D | TO H]epeﬁ,ueM K. 1.

Jia pemenus 3amaqn (26)—(35) meron JIsug u JToir npuMeHsaIcs B IBYX BAPUAHTAX.

BapwuanT 1. Peann3zarmst BBIIIEONMCAHHON CXEMbI POBOANIACH C MOAUMDUATIMPOBAH-
oM 1. 4 u GuKTUBHBIM (HAYAIBHBIM) PEKOPJAOM CO 3HAYEHUeM leseBoil dbyHKIMH,

n
paBHBIM Y a; + 1.
i=1

BapwmanT 2. /lna 3aganHoro nabopa jeraseil mpeiBapuTebHO PACCIUTHIBATIACE
dbyuxmsg runporuHEOrO pasMenienns (cM. [13]). Barem permanace 3amaga (26)—(35) ¢
JonoaHuTeNbHBIM orpanndenneM A < L, rae L — onTuMasbHasa JITHHA OJOCH! IITHPHU-
HOW B Tpu yCJIOBUE MMJIBOTHHHOIO pa3Merenns nabopa aeraseii.

CpaBHeHre BapHaHTOB METONA MPOBOIAMIOCH C MOMOIIBIO BBIMHUCIUTEIHHOTO IKC-
nepuMeHTa Ha HabOpe CreHepUPOBAHHBIX TICEBIOCTYyJailHbIX 3a7ad, TJe B KadecTBe
kpurepus 3GGEKTUBHOCTH UCIOIB30BAIACh TPYIOEMKOCTh noJyyenus pemienus (1),
n3MepseMas KOJTMIeCTBOM PACCMOTPEHHBIX 337a4 JUHEHHOTO MpOrpaMMHUpOBaHus. B
KagecTBe mokasaress 3PMEKTUBHOCTH BapHAHTA 2 OTHOCUTETHHO BAPUAHTA 1 MCIOJb-
30BAJICS CPEJIHEB3BEIIEHHBIH MMPOIEHT YMEHbINeHUs TpyoeMkocTn P D | paccauTaHHbIi
o CJIeyroreit hopmyJie:

M M
PD = 1 — ZTQJ/Z le . 100%, (49)
=1 =1

rje T'; — TPYJOeMKOCTh perienusi j-it 3ajgaun BapuantoM 1, Th; — TpyJOeMKOCThL pe-
meHns j-# 3a7aum BapuanToM 2, M — KOJTUYIeCTBO PENTeHHBIX 337a49 B PAMKaX IKCITe-
pUMeEHTA.

4. PeByJ’IbTaTI»I YUCJIEHHBIX 3KCIIEpMMEHTOB

s dpopMupoBanusa 3aa9 UCIOIb30BAJICA CIAEAYIOMNNA IeHEPATOD MCXOIHBIX JAH-
HBIX.

0. Bribepem Tpebyemoe KOJTMYECTBO JeTajeil n W TPAHWIbI WHTepBasia paszdpoca
pa3mepos meraneit L, H, L > H.

1. IMonoxkum ¢ = 1.

2. Boibepem u3 nesbix ynces uarepsada [L; H| 1o paBHOMEPHOMY 3aKOHY J[BA 4UCJIA
g,h.

3. Eciu g > h, To monoxum a; =g, b; = h, usaue — a; =h, b; =g.

4. lMonoxum ¢ =1+ 1. Ecim ¢ < n, To nepeiigem x 1. 2.
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Taon. 1

Pesynbrarer cpaBHenns TpynoeMkocTr BapuanTos 1 u 2 meroma JIsua u Hoir

Kommgectso | Murnmanbnas Cpennsis MaxkcumasmbHas
Jerajiei TPYA0EMKOCTD TPYI0EMKOCTh TPYI0EMKOCTh
n =10 225 /99 570262 / 564 335 21968 829 /21600 257
n=11 475 /325 1532450 /1516874 | 27261195 /27251 353
n =12 2701 /437 1104363 /1094731 | 13210652 /13156 273

5. OTcoprupyem moJyIeHHBIH HADOP /eTajeil Mo HeyOBIBAHUIO UX TLIOIIAIEH, a ae-
TaIu C OJMHAKOBBIMU ILIOMIAISAMA — IO HEYOBIBAHWIO UX JIJIVH.

B skcnepumentax n mpuanMaso 3uadenue or 10 mo 12, a pasmepsl geraseii re-
nepupoBasuch u3 unrepsasa [1;20]. Hlupuna nosocel TabyaupoBasach 0T 3HAYEHU

ma<X b; ¢ marom D 10 Tex Mop, MOKa He OKa3bIBAJIACH OOJLINCH MIM PABHOW OITH-
1<i<n

MaJIbHOH [IJIMHE TI0JIOCHI, TOJIYUEHHOM MPU TPeIbIAYIIEM 3HAYEHUN €e MMUPUHBL. Takum
obpazoM, IJIsT OJHOTO M TOTO Ke Habopa geTtaneil (pOpMUPOBATIOCH HECKOJIBKO 3a1ad
pa3MeneHus, OTIHIAIONTUXCS JIPYT OT IPYra MUPUHON TTOJIOCHL.

B npensapurenbHOM 3KCOEPUMEHTE HCCIEIOBATIOCH BJIUIHUE HA TPYJOEMKOCTH IM0-
pAJTKa TPocMOTpa OyIeBbIx mepemMertbix {{si;}7_; ol {{tij}?ziﬂ}?;ll TSt OTIpe-
JleJIeHUsI TIepeMeHHOM BeTB/IeHnsi. PaccMaTpUBaINCh IBA BAPUAHTA CIIHCKOB:

1) 21, 22, S12, 112, 23, S13, t13, S23, 123, 24, - - s Sn—1,n> bn—1,n;

2) 21, 22,t12, 512, 23, 113, 513,123, 523, 245 - - - s tn—1.m, Sn—1,n;

CYHIECTBEHHON PA3HUIIBI B TPYAOEMKOCTH BBIYUCIEHUN He Habmoaamock. s omnpese-
JIeHHOCTH ObLT BRIOpAH MEPBHIi BAPUAHT CIHUCKA OYJIEBBIX MMEPEMEHHDIX.

[Henabi0 OCHOBHOTO 3KCIEPUMEHTA, SABJISIIOCH MCCASIOBAHNE BAMSHUS Ha 3PPEKTHUB-
HOCTH METOJIa BeTBeii u rpanutl JIsua u [doiir Haauaus XopoImnero pekopaa, B KauecTBe
KOTOPOTO MBI HCIIOJIB30BAJIM 3HaYeHHE (DYHKIMH THIHOTHHHOTO PA3MEIEHHUS [IJTs1 33/ 1aH-
HOW MIUPUHBI MOJOCHL. 3aMETHM, 9TO BbIYUCAeHne (DyHKIUY THIBOTHHHOTO PA3MEIEHsT
(cm. [13]) gBagerca MaIOTPYI0EMKO# IIPOLE/Iy PO 110 CPABHEHUIO C DEIeHUeM OJIHOI 3a-
naau (26)—(35) merogom JIsum u JIoir HECMOTpS Ha TO, YTO 3HAYEHUs ITOH (DYHKIUN
OTIPENIEJISIFOTCST Cpa3y /st BCEX 3HAYEHWI MUPUHBI TTOJIOCH.

Cpasnuenne 3¢ (HeKTUBHOCTA BApUAHTOB peaau3anuu Merona JIsum u Jdoir mposo-
auiock Ha HaGope u3 310 mncepmociyuaiinbix 3aza4 ¢ n, pasabim 10 (210 3azaq), 11
(87 3amay), 12 (13 3amau) geraseil. Pe3yapraTsl 9KCIEpUMEHTA IPUBEICHB! B TaOJ. 1.
Hannbie B Tabune npuseaenst B popmare V/W, tne V, W — 3nadenus Tpya0eMKoCTeil
71 BapuaHTOB 1 M 2 COOTBETCTBEHHO.

W3 rabs. 1 BuaHO, 9TO BTOPOIl BApUAHT METO/Ia, JIyUIlle TEPBOr0, OJTHAKO 3HAUUTE b~
HOTO COKPAIIEHUs TPYAOEMKOCTH pelieHus 3ajadu He nabmonaercs. CpeTHeB3BelneH-
HBIA [IPOIEHT YMEHbIIEHHs TPYJAOEMKOCTH, BblYuC/eHHbIH 110 dhopmyse (49), cocraBui
PD =~ 1%.

O6cynuM pe3ynbTaThl JAHHOTO SKCIEPUMEHTa TTOIPOOHEee.

1. Yayumenue rubOTHHHOTO pelenns 3aJa49u pasMenennsa nadmonanoch B 13.6%
CIIy9aeB, NPUYIEM CAMO YJIydIIeHne JexKano B npejenax ot 1% mo 7% ot ontumanbHOR
JUTHHBI TIOJIOCHI, TTOJIYYeHHO TPU MUIBOTUHHOM PA3MENIeHUN JeTae.

Hecmorpst Ha HEBBICOKHUI IPOIIEHT TAKKUX 33,144, CJIEYET OTMETUTH HAJTUYIHE HADOPOB
nerajieil, B KOTOPBIX CUTYAIUs YIyUIeHnsT THIHOTUHHON DEKOPIHOM JJTHHBI BOSHUKAJIA
JIOCTATOYHO YacTo. B KauecTse NpuMepa NPUBEIEM PE3YJIbTATHI perneHus 3agaun (26)—
(35) ayisa ciemyromrero mabopa geraseii:

w
—_

Kommuectso meraneit | 1 | 1 | 1 |1 |11
Hnmaa
[MMupuna 716131413322

W
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B mabn. 2 npuBemeHbl 3HAUEHNS ONTUMAJBHBIX JJIMH MOJOCHI IPU THJIBOTUHHOM U
HETUJIBOTUHHOM PA3MEIEHNH 3TOr0 HabOpa Jerasteil i Pa3IUIHbIX 3HAYCHIUH ITHPUHBI
mosiockl. Kak BUAHO, B 9TOM IPUMEpPE YIYUIIATh TUILOTHHHOE PA3MEIEHHUE YIaJI0Ch B
50% paccMOTPEHHBIX BADHAHTOR MIAPWHBI MOJOCHL.

Tabn. 2
CpaBHeHMe ONITUMAJIBHON JI/TMHBL TTOJIOCH! TP THIFOTHHHOM U HETUJIBOTUHHOM
pa3Mernerun Habopa nerasei

MMupwura moxocs 7 8 9 10 | 11 [ 12 | 13 | 14
I'mnboTuHHOE pa3zMemnieHue 31 |27 |24 | 21|20 |18 | 17 | 15
Herunworunuoe pasmemenne | 30 | 26 | 24 | 21 | 19 | 18 | 16 | 15

2. Haubonbmuii 3¢pdexT oT mpuMeHeHUsT XOPOIero peKopIa HaOII0IAICS HA KIac-
ce 3a/1a4, B KOTOPBIX JIOCTUIAJIACh HUXKHsS OLEHKA JIuHBL 11070chl (62.9% peruennbix
3aza4). g nansoro kiacca 3aga4 npu n = 10 yMeHbIIEHHE TPYIOEMKOCTH COCTABHIIO
PD ~1.9%, nna n=11 — PD = 2.4%, ana n =12 — PD ~ 4.8%. B Taba. 3 npuse-
Jenbl nokazarenu addexkrusaoctu (1) mpu pemeHun 33139 JaHHOrO Kjacca. Popmar
MPEeJICTABJIEHNS PE3YIBTATOB B TabJi. 3 Takoil ke, Kak u B Tabj. 1.

Ta6n. 3
Pesynpratel cpaBrenus BapmanToB 1 m 2 meroma Jlsum m Hoiir maa 3amaq
C JOCTUKUMON HUKHEU I'paHuIein

Kommgectso | Murnmanbnas Cpennsis Makcumanbraas
Jerajiei TPYA0€MKOCTD TPYI0EMKOCTh TPYI0EMKOCTH
n =10 225 /99 148443 /145614 | 8079919 /8050 641
n=11 475 /325 323528 /315651 | 9327671 /9298142
n=12 2701 / 437 112109 /106 691 925557 /922 685

g 3a1a4, B KOTOPBIX HE JOCTUrAIACh HUMKHsA ONEHKA JJuHbI 110J0chl (37.1% ot
00111ero KOJMYecTBa 3a/1a4 IKCIEPUMEHTA), 0OKa3ai10ch, uro PD < 0.6%. K coxanenuro,
3a/1a9M UMEHHO 3TOTO KJIACCA SBJISIIOTCS CYIIECTBEHHO 0DOJiee TPYIOEMKUME TI0 CPaBHEe-
HUIO C TEMU, T/Ie HUKHSS OIEHKA JOCTUXKUMA, 9TO JIETKO YBUIETH, CDABHUB JTAHHBIE U3
Taba. 1 u 3.

3. BHauuTENbHOE YMEHBIIEHUE TPYA0EMKOCTH (B IPOIEHTHOM OTHOIIEHWH) HAOII0-
JIAJIOCH TOJIBKO M 3343, 00Ias TPYJIOEMKOCTD PEIleHnsl KOTOPBIX ObLia HeOOIbIIOH
(MakcuMasibHas TPYJOEMKOCTDb Il Kiacca rakux npumepos 144 691). B uux 3a cuer
HAYAJBHOTO PEKOP/IA, B3sITOrO U3 TMJIBLOTHHHOIO PA3MEIeHNs], U JOCTUKEHUsT HUKHEN
rPaHnANLl JIUHBL onockl PD > 50%. Bonee Tpymoemkue 3aaum He JAIOT TAKOTO 3d-
dexTa.

4. Eme omuH mOKa3aTeab, € MOMOIIHI0 KOTOPOTO MOYKHO OCYINECTBUTHL CPABHEHUE
IBYX BapuaHToB Meroma JIsum u Hofir, — ocTaroyHas TPYyAOEMKOCTh METOIA BETBEH U
IPAHMUIL TIOCTIE TOJIYYEHUsT ONTUMAIBHOTO PA3MEIIEHUsI — J0JIsE OT OOIEero KOJUIeCTBa
PEIeHHBIX 33739 JIMHEHHOTO MPOrPAMMUDOBAHUS, KOTOPYIO MPUXOIUTCS PEIIUTh yiKe
MOCJIE TIOJTYYEHUsT ONTUMATBHOTO PEIEeHUS:

RT = (1 —T"/T) - 100%,

rae T' — TpyIOeMKOCTH HEKOTOPOTo BapuaHnTa Metona JIsum u Jloiir, T7¢¢ — kommdaecTBO
V3JI0B, TPOCMOTPEHHBIX HA MOMEHT TOJTYYeHUS ONTUMATBHON JIJTMHBI MTOJIOCHI.
DKCIePUMEHTRI TIOKA3AIN, YTO XOPOIIHHA PEKOP, TPH PEIeHnn 3a1a9iu 000UMU Ba-
pranTtamn Metomaa JIaumg u Jo#ir moaydaerca JOBOJBHO paHo. Ecan onTuMaabHasd JIHHA,
TOJIOCHI COOTBETCTBYET HUKHEH OIeHKE, TO OCTAHOBKA BBIYHCICHU TTPOM3BOSUTCS OBICT-
o (RT =~ 7%). Onnako g Kiaacca 33724, B KOTOPbIX allPUOPHAs HUKHs OUEHKA JIJIU-
HBI TTOJTOCHI HEJTOCTUZKUMA, OCTAHOBKA, TPOU3BOIUTCS TOJBHKO MOCTE TTOJTHOTO TPOCMOTPA
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nepesa perennii. IMeHHO Ha MOCIEI0BATEIBHBIN MPOCMOTP W OTCEYEHHE OCTABITHXCS
BeTBell HepeBa peleHuil W NPUXOJUTCS OCHOBHAS YaCTb TPYIOEMKOCTH IPH PELIEHUU
3a7a4 JAHHOrO Kaacca. Jlanaeie B TaOa. 4 W 5 MOATBEPKIAIOT ITOT BBIBOA. B Tabs. 4
COIEPIKUTCST WHGPOPMAIIHS O JTOJIX OT OOIIEro KOIUIECTRBA 38049 ¢ HEJOCTURUMON HIK-
Hell TpaHuIeil IJIMHBI TTOJI0CH], B KOTOPBIX HADOJIIOIAIACH OCTATOYHAS TPYI0eMKOCTh RT
M3 3aJaHHOTO0 WHTEpBAaJa.

Tabn. 4
Josn 32124 ¢ OnpeIeIeHHON OCTATOMHON TPYIOEMKOCTBIO (KJIACC 38039 C HEMI0-
CTURKUMOM HUKHEH TpaHUIe )

| RT [ <20% | (20%;40%)] | (40%;70%] | (70%;90%] | > 90% |
Bapmant 1 | 27.6% 7.4% 5.5% 6.5% 53%
Bapuant 2 | 12% 9.5% 8.2% 15.7% 54.6%

Kak Buano 3 Tabi. 4, Hpouecc IpoCMOTpa [JepeBa PELIEHUH 1OC/Ie oIy YEeHHsT Oll-
TUMAJILHOM JJIAHDBI IIOJIOCBI HIOYTH OJUHAKOBO TPYAOEMOK IIJIA O6OI/IX paccMaTpUBaEMbIX
BapuaHToB Metoza JIsum u Jdoiir. O6 3TOM roBOpUT 3HAUUTEBHAS JOJST 33029 C BBICO-
KOit ocraTtowHoil TpymoeMkocThbio ( RT > 70% ). OcobGeHHO 3T0 3aMeTHO IJisi BADUAHTA 2
Merona JIsug u Hoiir. Ty »Ke HaHHbIE MOATBEPXKIAAIOT U TOT BBIBOJ, YTO AlPUOPHOE
3HaHHE XOPOIIEro peKopaa BO BTOPOM BapHaHTE METOJa JIMIIb HE3HAYUTEJIbHO ITIO3BOJIA-
eT COKpaTUTh ODIIYI0 TPYAOEMKOCTb (B OCHOBHOM COKDAIIAETCH J0Jisd BbIYUCIEHUI 10
TIOJTyICeHU ST ONTUMAaJILHOMI JJIMHBL HOJIOCBI).

B rabn. 5 npusenenbl 3HaYeHUs CpeHel qoam Aepesa mepebopa perienuii (B mpo-
[EHTAaX ), TPOCMOTPEHHOH (¢ YUETOM OTCEUEHHBIX Y3JI0B) Ha MOMEHT IOJIyYEeHUs OINTH-
MaJIBHOI'O PEIIEeHnA.

Ta6n. b
Jost mepeBa pemennii 10 TOMY9eHUs ONTHUMATLHON JITMHBL TIOJOCHL (KJIACC
3a/1a9 C HETOCTUKUMON HWKHEH rpanureil)

| RT [ <20% | (20%;40%] | (40%;70%] | (70%;90%] | > 90% |
Bapwmant 1 2.3% 4.8% 3.1% 8.8% 0.8%
Bapuant 2 | 2.9% 3.9% 0.9% 6.6% 0.7%

Buano, 9To 719 MOMyYeHWs ONTHMAILHOTO PeIeHnsl B JAHHOM SKCIEPUMEHTE B
CPEIIHEM JOCTATOYHO ObLIO ObI IPOCMOTPETH 0K0J10 9% nepesa. B ¢Bsi3u ¢ 3TUM MBI pac-
CMOTDEJIM BO3MOYKHOCTH JOCPOYHON OCTAHOBKHU BBIUUCJICHUH 110 CJEAYIOMIEMY SBPUCTH-
YECKOMY KPUTEPHIO: MOCTCAHUI HePUKTUBHBIA PEKOpI OyIeM CYATATH 3BPUCTHICCKUM
pEeIICHrEM 324K, €CIM TeKYIIasd TPYJOeMKOCTDb IPEBBICHIa N y370B U BBIIOJIHACTCA
OIHO W3 yCJAOBHM:

1) oreHKa MPOCMOTPEHHO J0/M epeBa NPEBbImaer p (B MPOIEHTAX);

2) TPYI0EMKOCTDb MPOLECCa BBIYUCICHUN ¢ MOMEHTA MOJIYYEHUs TIOCIEIHEr0 PEKOPIA
npesbicusia ¢ (B IPOLEHTAX) OT TEKYIIEH TPYI0eMKOCTH.

CoracHO yKa3aHHOMY KPATEPHIO 331891 C TPYA0EMKOCTBIO 10 N y3JI0B CIUTAIOTCS
HETPYIOCMKHAMHE, TIO3TOMY LIS 3TUX 3329 OCTAHOBKA BBIYMCICHI MOXKET TIPOU30HTH IO
JMOCTUKEHWIO HUKHEH TPAHMILI JIJIUHBI TIOJOCHI WU TIO YCIOBUIO TIOJTHOTO TIPOCMOTPA,
nepesa pemenuii. g 3amad ¢ GOIbIIeH TPYA0EMKOCTHIO TIPU HAJUIUU MOJIY YEHHOTO
pa3MeIeHus 1Jisi OCTAHOBKY BLIYUC/ICHUI TIPOBEPIOTCS yeaoBus 1) u 2) kpurepus. Mol
NPEIATaeM ACTIOIB30BATh 3TOT KPUTEPHIi TOMBKO [ BapuanTa 2 Metoaa JIsua u Joiir,
TaK KaK B 9TOM CJIy4ae NepBblil He(bUKTUBHBINA PEKOP OYyIeT JOCTATOYHO XOPOIIHM.

[Mpurenem pesyabrarhl anannsa 3 GOEKTUBHOCTH TPUMEHEHUS 3BPUCTHIECKOTO KPH-
TEPHUsA HA YKA3AHHOM BBINIC MHOXKECTRE 3449 TTPH CICIYIONINX 3HAYCHUSAX TAPAMETPOB:
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Tabn. 6

3amaum, B KOTOPBIX HE GbLIa HAMIEHA ONTUMAIBHAS JJTMHA TTOJIYTIOIOCH )

n | B| A" ] AT n | B| A* | AT n | B| A" ] AT
10 | 13 15 16 10 8 14 15 10 5 21 22
10 7 30 31 10 | 10 20 21 10 | 11 19 20
10 | 13 16 17 10 | 10 23 24 10 | 12 19 20
10 | 10 | 56 57 10 | 16 | 36 37 10 | 10 | 42 44
10 | 44 59 61 11 | 12 12 13 11 | 16 16 17
11 | 17 50 51 11 | 18 | 46 47 11 | 15 | 47 48
11 | 16 44 45 11 | 18 39 40 11 | 25 28 29
11 | 27 26 27 11 | 20 | 46 47 11 | 21 43 45

N = 100000, p = 1%, t = 50%. [Jocpounast OCTAHOBKA BBLIYMCICHUI TIO SBPUCTHIC-
cKOMy Kpureputo nponsonuia B 63% ciaygaes. Cpenn vux B 67% ciygaes HaGIH01a710CH
yMeHbIIenune oomeit rpyaoemkoctu 6omee yem Ha 50%, a B 30% cayuaes — 6osee gem Ha
90%. OTmMeTnM, 9TO 3a9aCTyI0 OCTAHOBKA MPOMCXOUIA MPH BBIIOJTHEHUN 00OMX yCJI0-
BUil KpUTEPUs OTHOBPEMEHHO, & B CJy9ae OCTAHOBKY IO OJHOMY U3 YCJIOBHUI, 3aMETHO
pezke OCTAHOBKA BBIYMCJICHUI MPOUCXOIUIA 110 YCJIOBUIO 2).

B ocrosroM (92% ot 061iero KonndecTBa 33,4a49) OBLIO MOIYYEHO ONTHMAIBHOE Pa3-
MEINEHne JIeTaNneil Ha MoIymoaoce. Pe3ynbrarhl pemennst ocTanbHbx 8% 3a1a4 mpuBe-
nenbl B Tabut. 6. g kaxk10# 3813491 yKa3aHbI KOJIUYIECTBO AeTAEH 1, MUPUHA TOJIOCHI
B u onTuMaibHasg AaMHA HO0ckl A* | momydennas nnmna mojocnl AT,

Cpennsast MOrpentHoOCTh MOJMYIEHHBIX pasMemennii coctapmiaa meree 4%. C yueTom
HEOOJIBINUX 3HAYEHUH ONMTUMAJIBHON JJIMHBI TIOJIOCH! B TA0J. 6 3Ty MOTPEITHOCTH MOXKHO
cauTaTh He3HAYnTeIbHONH. TakuM 00pa3oM, aHAIN3 PE3yIbTaTOB IKCIEPUMEHTA MOKA-
3aJ, YTO MPUMEHEHHE HBPUCTHICCKOIO KPUTEPUsi OCTAHOBA CYMIECTBEHHO YMEHBIIAET
BBIUHC/IATE/IBHBIE 3aTPATHI, TIPU 3TOM OOJIBINAsi 9ACTh 3a7a4 ObLIa PENeHa TOYHO, a
JIJTsT HETOYHO PEIIeHHBIX 33149 MOTPEITHOCTh PENeHUs] HEBEINKA.,.

Pa6ora Bbiionunena npu ¢unancosoil noguepxkke PODU (npoexr Ne12-01-31515,
12-01-97022, 13-01-00908).

Summary

A.A. Andrianova, T.M. Mukhtarova, V.R. Fazylov. Models of the Nonguillotine Sheet and
Strip Rectangular Packing Problem.

Mathematical models of the nonguillotine sheet and strip rectangular packing problem with
rotation are suggested. The models have the form of the linear partially Boolean inequalities
system and the linear partially Boolean programming problem. Several computing features of
the Land and Doig method and the heuristic approaches for reducing general complexity of
solving the problem are discussed.

Keywords: rectangular packing problem, 2BP, 2SP, exact method for solving strip
rectangular packing problem, Land and Doig method.
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