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[TPOTPAMMHDBII KOMUTET KOHOEPEHIINN “AJITEBPA
MATEMATNYECKAA JIOTUKA: TEOPUA N TTPNJIOZKEHNA™:

IIpeacenarenn:
Epmos FOpuit Jleonnmosua — akan. PAH, 1. may4. corp. acturyra Mmaremarnkm
um. C.JI. CobosneBa CO PAH, HoBocubupck

3amM. npejicegares:
Kanmumynnmun Nckanygep [HlarnroBud — mpod. Kadeapbl aaredpbl 1 MaTeMaTHde-
ckoit jjorukn Kaszanckoro denepaabHOIO YHUBEPCUTETA

YueHblil ceKpeTaphb:
®poso Anapeit Hukonaesud — mor. Kadeapbl BBICIIEH MaTeMaTUKA U MaTeMa-
THYECKOTro MojesmpoBanus KaszaHnckoro dejiepajbHOr0 yHUBEPCUTETA,

YeHbl NPpOrpaMMHOTIO KOMHUTETA:

Awmboc-IInuunc Knayc — maupekrop Muacruryra Maremaruku [eiiies6epreckoro
yHnuepcureta, ['epmanns

ApcianoB Mapar Mupzaesud — 3aB. Kadeapoil ajaredpbl 1 MaTeMaTHIECKON JIO-
ruku Kazanckoro deepaabHOr0 YHUBEPCUTETA

Apramonos Bsuecias Anekcanaposua — mpod. Kadeapsl Beiceit aaredbpsr Moc-
KOBCKOT'O I'OCY/IaPCTBEHHOTO YHUBEPCUTETA

Bocrokos Cepreit  Buagumuposua — npod. kadeapbr anredpbr  CaHKT-
[TeTepOyprckoro rocy/1apcTBEHHOTO YHUBEPCUTETA

Tonaapos Cepreit CaBocrbsHoBud — wier-kopp. PAH, mupexkrop MucTuryTa Ma-
remaruku uM. C.JI. CoboneBa CO PAH, Hosocubupck

Hxokymr Kaps — npod. Wummnoiickoro yausepcurera, ¥ pbana-Uemreitn, CIITA

Kysnenos Muxaunn NBanosud — 3aB. Kadepoit aiaredpsl Hukeroposckoro rocy-
JIAPCTBEHHOT'O YHUBEPCUTETA

Kymnep Crioapr Bappu — npod. Jlumckoro yuusepcurera, Benukobpuranust

Jlareime Bukrop Hukomaesud — 3aB. Kadeipoit Boicteit aaredpbr MocKoBCKOTO
rOCy/IapCTBEHHOTO YHUBEPCUTETA,

Jleuyk Boajumup MuxaitiioBua — 3aB. Kadeapoit aaredpbl U MaTeMaTHIeCKOi
nmoruku Cubupckoro deiepaabHOro yHUBEpcuTeTa, KpacHosipck

Jlemmmr Credpan — npod. Buckoncunckoro yauBepcurera, Mamucon, CIITA

Maszypos Bukrop lanwnosua — qnen-kopp. PAH, ri. mayda. corp. Uncruryra
maremaruku uMm. C.JI. Cobomesa CO PAH, HoBocubupck

MaxueB Astekcanap AsekceeBna — djien-kopp. PAH, 3aB. ormemom anreopor Nn-
crutyTa Marematuku u Mexanuku YpO PAH

Mownranban Aurorno — npod. Kammdopuuiickoro yausepcurera, bepkm, CIITA

Haiir /xxymust — npod. Horp-Zlamckoro yausepcurera, CIITA

Owmanasze Pomang [HlaasoBua — 3aB. Kadeapoit agaredpbl 1 MaTeMaTHIECKO J10-
ruku Tounmucckoro yuusepcurera um. Us. xxaBaxumsuiu, ['py3us

Cxpsiouna Cepreit Mapkosud — mnpod. kadeapbl aaredpbl 1 MaTeMaTHIECKON JI0-
ruku Kazanckoro geepaibHOTO YHHBEPCUTETA

Coap Pobepr — mpod. Hukarckoro yuusepcurera, CIITA

Tpouun Cepreit Hukosraesua — mpod. kadeapbl ajredpbl 1 MaTeMaTUIeCKOM J10-
ruku Kazanckoro geepaibHOTO YHHBEPCUTETA

XucamueB Hazud TapudymmmnoBua — 3aB. kadeapoil aaredpbl 1 MaTeMaTHdIe-
ckoii yioruku Bocrouno-KazaxcTancKoro rocyapcTBEHHOINO TEXHUYECKOTO YHUBEPCHU-
teta uM. /1. Cepukbaesa, Kazaxcran

Xycannor Baxanpip — npod. Okienjickoro yauBepcurera, HoBast 3ean s

[lop Puuapm — npod. Kopresibekoro yausepcurera, CIITA
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OPTAHU3AINOHHBIN KOMUTET KOHOEPEHLINN “AJITEBPA
1 MATEMATUYECKAA JIOTUKA: TEOPIA U ITPUJIOZKEHINA™

IIpencenarenn:
Hypramues Jlanuc KapsioBud, npopekTop 1mo Hay4dHOi Jedresbaoctu KDV, mpo-
deccop

YdueHblii ceKpeTaphb:
OpostoB Anjpeit HukomaeBud, j1omeHT KadeIpbl BbICIIEH MaTeMATHKN U MaTeMa-
TUYIECKOT0 MojiesimpoBannsg KOY

Ynennsr Oprkomurera:

Yyryuos Biajgumup ApkajipeBud, TUPEKTOP UHCTUTYTA MATEMATUKHA U MEXAHUKN
K®Y, npodeccop

Ab6b130B Astenis HamsteBud, joreHT Kadeapbl aaredpbl 1 MATEMATUIECKOH JIOTUKH
Koy

Aspra FOpuit AGymmoBud, moneHT Kadeapbl ajredpbl 1 MaTeMaTHIECKOH JTOTU-
Ku KOV

lopreimes FOpuit @eoposut, akajiemuk-cekperapb OTaeIeHIsT MaTeMATHKI, Me-
xannku u MamunoBeaenns AH PT, akagemuxk AH PT

Wibun Cepreit Hukosraesud, jornenT Kadeapbl aaredpbl 1 MaTeMaTHIeCcKOn JIOru-
Kku KOV

Nimmyxameros Hlamunes Tanrarosud, mpodeccop Kadeapbl CHCTEMHOI'O aHAJIM3a
1 nH(MOPMAIMOHHBIX TexHoornit KOY

Kamumymmun Uckangep [Hlarutosuy, npodeccop kadeapsr ajredpbl 1 MaTEMATHU-
qeckoii jioruku KOY

Kopemkos Hukomait AmekcanapoBud, JOIEHT Kadeaphbl aJaredpbl 1 MaTeMaThude-
ckoit joruku KOY

JlareimoB Pycram Xadu3oBud, IupeKTOp HHCTUTYTA BBIYUCIUTETLHON MATEMATHU-
ku KOV, npodeccop

Hacpytnunos Mapar @aputoBud, 3aMecTUTENb JUPEKTOPA BBICIIEH MKOJIBI MH-
dopManmoHHbIX TexHooruil 1 nHopMarnuoHubix cucrem KOY

Haceipos Cemen Padammosud, 3apeyromuit Kadepoit MaTeMaTndeckoro aHajm-
3a, wieH-koppecunongear AH PT

CanaxoB Msk3tom Xammystosud, npesujigent KOV, akagemuk AH PT

Cxpsiour Cepreit MapkoBut, Beymnii HayIHBIH COTPYIHUK Kadeapbl aaredpol u
MaTemarudeckoii joruku KOV, nmpodeccop

CosoBbes Bastepuit /Imurpuesuy, 3ase/tytoniuii Kadepoit npukia Hoit nundopma-
tuku KOV, nmpodeccop

Tpouun Cepreit Hukomaesud, mpodeccop Kadeapbl agiredpbl 1 MaTEMAaTHIECKOM
Jjorukn KOV

XacesauoB Aitpar Papugosud, qupekTop Boicimeit mkosibl nHGOPMAITMOHHBIX TEX-
HOJIOTHH 1 MHMOPMAITMOHHBIX cucteM KDY
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[TPOI'PAMMHDBINT KOMUTET MOJIOAEZKHON
HTKOJIBI-KOHOEPEHINN “BBIYNC/INMMOCTD 1
BBI9NCJ/INMBIE CTPYKTYPDBI” :

IIpeacenarenn:
ApcianoB Mapar MupsaeBud — 3aB. Kadeapoil ajaredpbl 1 MaTeMaTHIECKON JI0-
ruku KOV, wren-koppectnongenr AH PT

3amMm. npejceaares:
Kanumynnmun Uckangep [laruroBua — j1.¢b.-M.H., ipocdeccop Kadeapbl ajiredpb
1 MaTreMaTudeckoil joruku KOY

YieHbl IIPOrpaMMHOTO KOMUTETA:

Tonvapos C.C. (UM CO PAH, Hosocubupck)

Mopozos A. C. (HI'Y, HoBocubupck)

Haiir /T>x. (Yausepcurer Horp [lam, CIIIA)

Jemnm C. (Yuusepcurer Buckoncuna, CIIIA)

Xycaunos B. (Yuusepcurer Oxienna, Hosas 3enanus)
Amboc-Inue K. (Teiinensbeprekuii yuusepeurer, epmanust)
Ummyxameros 1. T. (KDY, Kazann)

Kammvymn 1. I (KDY, Kazans)

®posos A. H. (KOV, Kazanb)
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OPTAHUBAIIMOHHBIT KOMUTET MOJIOAEZKHON
TKOJIBI-KOHOEPEHINN “BBIYNCINMOCTD 1
BBI9NCJ/INMMBIE CTPYKTYPDBI” :

IIpencenareib:
Kamumymmun Uckanpep Mlarurosud — 1.¢d.-Mm.H., mpodeccop Kadeapbl anredpb
U MaTeMaTudeckoi joruku KOY

Vu4eHnsblii cekperapb
By6kos M. B. (KOY, Kazaub) — K..-M.H.

Ynenbt OprkomMmurera:

Apcianos M. M. (K®V, Kazanb)
A6bzoB A.H. (KOV, Kazanb)

Wienn C. H. (KDY, Kazanb)
Hacpytauuos M. ®@. (KOY, Kazanb)
Daitzpaxmanos M. X. (KDY, Kazamb)
®posos A.H. (KDY, Kazanb)
Amanees M. M. (KOVY, Kazann)



TESNCHI INIEHAPHBIX JTOKJIAZIOB

NUMBERINGS AND LEARNABILITY
K. Ambos-Spies.
Institute for Informatics, University of Heidelberg, Heidelberg, Germany
ambos@math.uni-heidelberg.de

For a computable family A of computably enumerable sets there are two
properties that indicate that the sets in A can be sufficiently easily distinguished:
first, learnability of the class A where two models of learning may be considered,
explanatory learning (EX) and behaviorally correct learning (BC); and, second,
equivalence of all computable numberings of the family A under computable functions
(computable equivalence) or under functions computable relative to the halting
problem (('-equivalence).

Ambos-Spies, Badaev and Goncharov (2011) have studied the relations among
these properties. They have shown that EX-learnability of A implies that all
computable numberings of A are ()/-equivalent but that the converse is not true in
general, and that the properties of BC-learnability of A and of ()'-equivalence of the
computable numberings of A are independent. They left open the question whether
there is a computable family A of c.e. sets such that all computable numberings of
A are computably equivalent and A is not BC-learnable. Such a family has been
recently constructed by Ambos-Spies and Badaev.

In our talk we discuss the above results.

SPECTRA OF RECURSIVE MODELS OF DISINTEGRATED
STRONGLY MINIMAL THEORIES
Uri Andrews
University of Wisconsin — Madison, Madison, WI, USA
andrews@math.wisc. edu

In 1978, Goncharov showed [3] that there are strongly minimal theories where only
the prime model has a recursive presentation. The spectrum of recursive models of a
theory describes which models have recursive presentations. The general question is
to characterize the spectra of recursive models of strongly minimal theories.

Since then, several other examples were given (see references) of strongly minimal
theories where some models are recursive and others not. Most given examples involve
disintegrated theories. A theory is disintegrated if the algebraic closure operator is
given by the 2-variable formulae in the language. It is precisely this lack of structure,
thus the combinatorial nature, of these theories that have allowed the constructions
above.

We aim to classify the spectra of recursive models of disintegrated strongly minimal
theories. A first step towards this goal was to classify the spectra of recursive models
of disintegrated strongly minimal theories in finite languages.

Theorem. (A.-Medvedev [1]) If T' is a disintegrated strongly minimal theory with
a finite language, then there are exactly three possibilities for the spectrum of recursive
models of T'. Either every model is recursively presentable, no model is recursively
presentable, or only the prime model is recursively presentable

In the infinite language case, there is more recursion theoretic content to manage.
We have determine the spectrum of recursive models of the strongly minimal theories
in (infinite) binary languages.
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Theorem. (A.-Lempp) There are exactly 7 spectra of recursive models of
disintegrated strongly minimal theories in binary languages.

We make the following conjecture, with some evidence:

Conjecture. (A.-Lempp) For every n, there are only finitely many spectra of
recursive models of disintegrated strongly minimal theories in n-ary languages.

I will describe our work on the above theorems as well as our hope to prove the
conjecture.

References

1. Andrews, Uri and Medvedev, Alice, Recursive spectra of strongly minimal theories
satisfying the Zilber trichotomy, Trans. Amer. Math. Soc., 366 (2014), 2393-2417.

2. Andrews, Uri and Lempp, Steffen, Spectra of recursive models of strongly minimal
disintegrated theories in languages of bounded arity, in preparation.

3. Goncharov, Sergey S., Constructive models of Ni-categorical theories, Mat.
Zametki 23 (1978), 885-888.

DEFINABLE RELATIONS IN TURING DEGREE STRUCTURES
M. M. Arslanov
Kazan Federal Unwversity, Kazan, Russia
Marat. Arslanov@kpfu.ru

We study questions of the definability of classes of n-computably enumerable (n-
c. e.) Turing degrees in the language of structures of the n-c. e. sets &,,1 < n < w,
under set inclusion. A set of Turing degrees C is definable in &, for some n > 1 if
there is a definable in &, class of sets S C &, such that C = {deg(B) | B € S}.

In particular, answers to questions posed in my previous paper [1| will be given.

References

1. Arslanov M.M. Definable relations in Turing degree structures // J.Logic
Computation. — 2013. — V.23, N.6. — P. 1145-1154.

ON SEMISIMPLE HOPF ALGEBRAS
V. A. Artamonov
Department of algebra Moscow State University
artamon@mech.math.msu.su

Let H be a finite dimensional semisimple Hopf algebra over an algebraically closed
field k£ of characteristic zero or greater than dim H. In the talk we consider the
problem of a classification of these Hopf algebras up to an isomorphism. We assume
that in each dimension d > 1 there exists at most one irreducible H-module of the
dimension d.

If H has one irreducible H-module of a dimension d > 1, then the number of
algebra homomorphisms H — k is divisible by d and is a divisor of d?. In the case
of d* there is a complete classification of H [1-3].
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The case d was considered in [4] under some assumptions.

It is shown that under some assupmtions H cannot have two irreducible modules
of dimensions d and d?.

Generalizing [4] there is found an explicit form of comultiplication and an antipode
in H without addition restrictions.

References

1. Mukhatov R.B., On a structure of semisimple Hopf algebra // VINITI. —
17.10.2012. — Ne 405-B2012. — 17 P.

2. Artamonov V.A., Chubarov I.A., Dual algebras of some semisimple finite
dimensional Hopf algebras // Modules and comodules, Trends in Mathematics, —
Basel/Switzerland: Birkhauser Verlag, 2008. — P. 65-85

3. Artamonov V. A., Chubarov L. A., Properties of some semisimple Hopf algebras
// Contemp. Math. — 483. — Algebras, representations and applications, A
conference in honour of Ivan Shestakov’s 60th birthday, August 26 — September
1, 2007, Maresias, Brazil. Edited by: Vyacheslav Futorny, Victor Kac, Iryna
Kashuba and E. Zelmanov., Amer. Math. Soc. — 2009. — P. 23-36.

4. Spiridonova S. Yu. Generalized cocommutativity of some Hopf algebras and their
connections with finite fields. // Algebra and Analysis. — 2013. — V. 25., Ne. 5. —
P. 253—269.

DQJIEMEHTAPHAA 9KBUBAJIEHTHOCTD ITPOU3BOJHBIX
CTPYKTYP KIIACCUYECKUX N1 YHUBEPCAJIBHBIX AJITEBP U
JIOTUKA BTOPOTO IIOPAKA
E. . Byauna, A. B. Muxasnes, A.I. IIunyc
Mocxoscruii 2ocydapemeennviti ynusepcumem um. M. B. Jlomonocosa; Mockoscrudi
2ocydapcmeennniti yrnusepcumem um. M. B. Jlomonocosa; Hosocubupckuii 2oc.
METHUMECKUT YHUBEPCUMEM,
helenbunina@yandex.ru, mikhalev@rector.msu.ru, ag.pinus@gmazil.com

MpbI paccMaTpuBaeM 3JIeMEHTAPHYIO SKBUBAJIEHTHOCTD IIPOM3BOIHBIX ajredpante-
CKUX CTPYKTYP U €€ CB3b C 9KBHBAJEHTHOCTHIO UCXOIHBIX CTPYKTYP.

[lepBBIM paccMaTpUBAEMBIM IIPUMEPOM SABJISIETCST JIeMEeHTapHasI SKBUBAJIEHTHOCTD
MIPOU3BOIHBIX CTPYKTYP CBOOOIHBIX ajredp MHOIOOOPa3mii.

B 10 BpeMsi Kak Bce GECKOHEYHO IOPOXKJIEHHBIE CBOOOIHbBIE areOpbl MHOrOOOpa-
3uil HEPA3JIMIUMbI B sI3bIKE JIOTHKHU [EPBOTO TOPSIKA (97€MEHTAPHO SKBUBAJIEHTHBI ),
TO TIEPEXOJ] OT CaMHUX CBOOOJHBIX ajrebp K WX MPOU3BOJHBIM CTPYKTypaM (TaKuM
KaK peIIeTKU 01a/redp, KOHIPYHIINIA, IIOIyTPYIIIbI 9HI0MOP(MU3MOB, IPYIIILI ABTO-
MOPhU3MOB U T.JI.) TO3BOJISIIOT JOBOJBHO TOHKO (4allle BCEro, MAKCUMAJBHO TOHKO,
T.e. Ha A3BIKE JIOTUKH BTOPOTO MOPSJIKA) KIaCH(bUIMPOPBATH MOITHOCTH CBOOOIHBIX
ITOPOXKJIAIOIINX CBOOOITHBIX aJIredp.

B mokname Oyaer mpuBemeH psii KOHKPETHBIX PE3Y/JIbTATOB TaKOIO poJa M Psi
OTKPBITHIX KOHKPETHBIX TIpobJieM (cM., Hampumep, [1]).

BropbiM BaKHBIM TIPUMEPOM SIBJIAETCS 3JIEMEHTapHasl 3KBUBAJEHTHOCTH T'PYIIII
aBTOMOP(U3MOB BEKTOPHBIX IPOCTPAHCTB HAJ TeJIaMU W CBOOOIHBIX MOJLyJIel Ha
KOJIBIIAMU. B cilydae KOHEUHOW pasMEPHOCTH IIPOCTPAHCTB (MOJIyJieit) s/eMeHTapHast
9KBUBAJEHTHOCTD TAKUX IPYII PABHOCUIbHA JJIEMEHTAPHON 7Ke SKBUBAJIEHTHOCTH TeJT



24

U COBIIQJICHUIO pa3MepHOCTell (JIMO0 3/IeMeHTapHON SKBIUBAJIEHTHOCTH KOJIETL SHIOMOP-
bU3MOB TAHHBIX MOJyJI€lt), B cJydae MPOCTPAHCTB (MOJyJieit) GeCKOHETHOl pa3Mep-
HOCTHU TIOSIBJISIETCsI SKBUBAJEHTHOCTh TeJl (WM KoJiell) B 0ojiee CHJIbHOM JIOTUKe —
OrpaHUYEeHHOIl JIOruKe BTOporo mnopsijika (e. [2]).

N3Bectna Teopema bBapa—Karuranckoro it abesieBbIX T'PYII, KOTOPas yTBEPK 1a-
eT, YTO N30MOPGHOCTH KOJIEIT HIOMOP(MU3IMOB ITEPUOINIECKUX a0eIeBbIX IPYIIT PaB-
HOCHJIbHA M30MOPGHOCTH CaMUX I'PYyIIl. AHAJIOTMIHBIE TEOPEMBI JIJIg N30MOPQMHOCTH
rpyii aBroMopdu3MoB abesieBbix p-rpymi (p > 2) jgokasanbl Jlentuubiv (p > 5) u
Jubeprom (p > 3). B mokmaze Gy/er onucan KpUTepuii 5JIeMEeHTAPHON SKBUBAJICHT-
HOCTHU KOJIEI[ 9HIOMOP(U3MOB abeJIEBBIX P-TPYIII U IPYIIT aBTOMOPMU3MOB abeIeBbIX
p-rpymi opu p > 2. VIMeHHO, OKa3bIBaeTcs, YTO KOJIbIA 9HI0OMOPMU3MBL (IPYIIIBI aB-
TOMOP(hU3MOB) TPYIIIT HJIEMEHTAPHO IKBUBAJECHTHBI TOT/[A U TOJBKO TOT/A, KOTJIa CAMU
I'PYIIIbI SKBUBAJEHTHBI B JIOTHKE BTOPOT'O TOPSIKa JIMOO, B HEKOTOPBIX CJIyYIadX, — B
OrPAHUYEHHOM $3BbIKE JIOTUKH BTOPOro mopsiika (e. [3]).

JImreparypa

1. Baxenun FO.M., ITunyc A.I. Saemenmaprasn xraccupurayus v pa3petsumocms
meoputi npoussodnvxr cmpykmyp. — Yerexu matr.HaykK. — 2005, — T. 60. —Ne 3. —

C. 3-40.

2. bynmna E.U., Muxases A.B. Oaemenmapruvie ceoticmea xamezoput modyaets Had
KOALUOM, KOAEY, IHAOMOPPHUIMOE U 2pynn asmomopPusmos modyset |/ Pyuma-
MeHTaJIbHas 1 npukiaaanas maremarnka. — 2004. — V. 10. — N. 2. — C. 51-134.

3. bynmna E.I., Muxanes A.B., Poiiznep M.A. Kpumeputi saremenmaproti epynn
a8MOMOPPHUMOE IKEUBAAEHMHOCTNY KOAEY, U IHOOMOPPHUIMOE AOEAECBHLT P-2PYNn,
// AAH Poccun. — 2014. — B nevarn.

CEITAPAHT ITPOU3BOJIBHOI'O MHOT'OYJIEHA
FO. JI. Epmnos
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirs

B paborax I.Bpunka u aBropa OBLIO OIIpeIe/IeHO IIOHATHE CellapaHTa cerapadeib-
HOIO MHOTrOWIeHa (OT OJMHOI MepeMeHHOI) HaJl HOPMUPOBAHHBIM IOJIEM U YKa3aHO
KaK HCIIOJb30BaTh CelapaHT i Oojiee TOYHBIX (hopM JeMMbl ['eH3esIst u TeopeM o
HEIpepPBIBHOCTU KOpHeil. B 1okitaze mpemjaraercs paciimperne MOHITHAsT CelapaHTa
Ha TIPOU3BOJIbHBIE (He 00s13aTe/IbHO cerapade/IbHbIe) MHOITOWIEHBI M YKA3bIBAIOTCS €ro
IIOJIE3HbIEC ITPUMCHECHUA.

asee paccMaTpuBaOTCs BOMPOCHI O HAXOXK/IEHUH (BBIYUCJICHIN) CellapaHTa 1 KOH-
cranTbl KpacHepa mponsBo/ibHOIO MHOTOWIeHA. [l 9TOT0 BBOJATCS MOHATHAS TOJIU-
JAUCKPUMUHaHTa MHOI'OYJIEHa U IIOJIMPE3YJ/IbTaHTa ABYX MHOI'OYJICHOB.
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COUNTABLE LINEAR ORDERINGS AND COMPUTABILITY
A.N. Frolov
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirs
andrey.frolov@kpfu.ru

I will talk about computable linear orderings. A linear ordering is called X-
computable, if the universe and the order relation are X -computable. I will review
some results to discribe spectra of linear orderings. The spectrum of a linear ordering
L is the class {deg,(X) | L has a X-computable copy}. In particular, T will
consider linear orderings with trivial spectra. The spectrum is trivial, if it contains all
Turing degrees. Then I will present results about spectra of the successor relation of
computable linear orderings, and, in particular, the connection with spectra of linear
orderings in general.

OIMPEJAEJINMMOCTBb N THAEKCHBIE MHO2KECTBA KJIACOB
MO/JIEJIEN
C. C. I'onuapos
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirs
s.s.goncharov@math.nsc.ru

SIGN CONVERSION FOR (0,1)-MATRICES
A.E. Guterman
Moscow State University, Moscow
guterman@list.ru

Two important functions in matrix theory, determinant and permanent, look very

similar:
det A=Y sgn(0)aio() - Ano(n)
ceG,

and

here A = (a;;) € M,(F) is a matrix, &,, denotes the set of all permutations of the
set {1,2,...,n}. The value sgn(c) € {—1,1} is the signum of the permutation o.

Starting from the work of Pélya, 1913, many researchers are investigating different
approaches to convert the permanent into the determinant.

Let M,, denote the set of all n x n matrices with the entries 0 or 1 over the field
of real numbers R. Let X o A denote the entrywise product of two matrices.

A matrix A € M, is convertible if there exists X € M, (£1) such that perA =
= det(X o A). Let v(A) denote the number of nonzero elements in a (0, 1)-matrix
A. In 1971 Gibson proved that if A € M, is convertible matrix with per4 > 0,
then v(A) < Q, := (n* + 3n — 2)/2 and the equality holds if and only if there exist
permutation matrices P, Q) € M, (C) such that A = PT,(Q), where T,, = (t;;) € M,
with

t”_{o if 1<i<j<n
w1 if izjorj=n -
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The above theorem says that the number Q,, = (n® + 3n —2)/2 provides a barrier
for the conversion, and extremal convertible matrix is unique up to the permutation
equivalence.

From Gibson’s theorem and further investigations the following problem naturally
arises:

To compute the function w, such that for any A € M,, with v(A) < w, it holds
that A is convertible.

Among our results there is the complete solution of this problem. Moreover, we
prove the analog of Gibson result and find the value of w,, for the set of symmetric (0,1)
matrices. Several other results on the Pélya problem over finite fields are obtained.

This talk is based on the joint work with Mikhail Budrevich, Gregor Dolinar, Bojan
Kuzma and Marko Orel.

PABHOMEPHBIE I HEPABHOMEPHBIE CBOJIMMOCTNA
CYHETHBIX AJITEBPANNYECKUX CTPYKTYP
n. IT1. Kanumysiua
Kasancxuti pedeparvrnii ynusepcumem, Kasanw
tkalimul@gmail.com

Jlok1a/1 TOCBAIIEH UCCIIEIOBAHUAM Pa3/IMIHBIX BEPCUI OIpe/lesieHns] aJlrOPUTMU-
YeCKOW CBOJMMOCTH MEKJIy aJIlfeHOpamvdecKuMu CTpyKTypamu. B wgactnoctu, OyyT
paccMOTpeHbI CBOJMMOCTH OTHOCUTEIHHO ThIOPUHI'OBBIX OIIEPATOPOB, OIIEPATOPOB Iie-
peUncaeHus, & TaKXKe OTHOCHTEILHO > -DOPMYyJ B HACJEJICTBEHHO KOHEYHBIX HaJl-
cTpoiikax. Byjer uzyden psj KOHCTPYKIUI oOpalieHns cKadka Ha KOTOPBIX JaHHbIE
CBOJIMMOCTHU Pa3JIUIaI0TCs.

Kpowme Toro, Oyzer moapodHO u3yvueHa Y-CBOAMMOCTH MeK/Ty MPIMBIMUA CYMMaM7
UKJINYECKAX pP-TPYIIL.

BBIYMCJIMMBIE HNJIBIIOTEHTHBIE I'PVYIIIIBI
H.T. Xucamuesn
Bocmouno-Kasaxcmancxuti 2ocydapecmeenmnoiti ynusepcumem um. /l. Cepurbaesa, e.
Yemo-Kamenozopcek
hisamiev@mail.Tu

[Iycte G — rpynma. Orobpakenne v : w — (G MHOXKECTBa BCEX HATypPAJbHBIX
urces w Ha G HasbiBaercs Hymeparweil rpynnel G. [lapa (G, r) HasbiBaercs KOH-
CTPYKTUBHOW UJIU BBIYUCIUMO HYMEPOBAHHOM, €CJIU CYIIECTBYET aJrOpUTM, KOTOPBIi
110 JI000I TPOiiKe M, n W S HATYyPAJBHBIX UNCE] ONpeesseT NICTUHHOCTh PABEHCTBA
vm - vn = vs. Ecin cymectByer Takag nymeparms v, 9to (G, V) — KOHCTPYKTHB-
Hag rpymmna, 7o (G Ha3bIBAETCS KOHCTPYKTHUBU3UPYEMON M/ BBIYHCJIUMON, a UV — ee
BBIYUCANMOI HyMepalueil.

OcHoBHBIMEU TTPOOJIEMaMU 3/IECh SBJISIOTCA TPODOJIEMa CYIIECTBOBAHNS KOHCTPYK-
TUBU3AIUN JIJIs TOM WM WHON T'PYIIIbI, TPOOJIeMa €JIMHCTBEHHOCTH U IIPOJIOJIZKEHUS
BBIUKCINMOM HyMmeparuu. VceremoBanne stux mpobdsem Hadaro A.J. Masbiesbim u
nponoskerno FO.JI. Epmoseiv, C.C. [OHYapOBBIM U JIPYIUMEA MaTEMATHKAMI.

B noknajie paccMOTpeHbI yKa3aHHbIE TTPOOJIEMBI JIJI HUJILIIOTEHTHON I'PYIIIBI Oe3
KPYUEeHUsI CTYIEHU 2; JIJIsi HUJIBIIOTEHTHOHN IPYIIIbI 063 KPYyUeHusi, PA3MEPHOCTH KOM-
MyTaHTa KOTOPOW KOHEYHA; JId R-TPyIIbl, pa3MepHOCTh IepecevdeHus IeHTpa u
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KOMMYTaHTa KOTOPOil KOHEYHA; JIJisi HUJIBIIOTEHTHON I'PYIIIbl 0e3 KPyUueHUs KOHed-
HOII pa3MEpHOCTH.

A Tax:ke NMPUBE/IEHBI IPUMEHEHUS ITHX PE3YJIBTATOB JJId UCCJIEIOBAHUS TIPODIIE-
MBI COOTHOIIICHUS BBIYUCIUMOCTIA U PEKYPCUBHO IIEPEUYUCIUMO OUPEICJICHHOCTU JIJ1d
HUWIBIIOTEHTHBIX TPYIIT U R-TpyIIIL.

COMPUTABLY ENUMERABLE ALGEBRAIC SYSTEMS
B. Khoussainov
University of Auckland, New Zealand
bmk@cs.auckland.ac.nz

Given an c.e. equivalence relation E and a class C of algebraic structures, define
the set K(E,C) as the set of all structures from C isomorphic to c.e. structures with
equality relation E'.

The problems considered in this tutorial are concerned with characterisation
of structures from the classes K(C,FE), and understanding the relationship
between algebraic properties of structures from K(C, F) and computability-theoretic
properties of E.

This set up traces back to the works of Malcev and Ershov, and later Kassymov
and Khoussainov. The current work is joint with Gavruskin, Stephan and Jain.

STRONGLY MINIMAL THEORIES WITH COMPUTABLE MODELS
J.F. Knight
Unwversity of Notre Dame
knight.1@nd.edu

In computable model theory, there is work on algorithmic complexity of models
of a given elementary first order theory. The guiding principle is that if a theory
is well-behaved from the point of view of model theory, we should find it easier to
understand the complexity of the models. We consider only countable models, with
universe a subset of w. The theories with the best possible behavior are the Ng-
categorical ones. Arguably, strongly minimal theories are next best.

In the talk, I will review earlier results on Nj-categorical theories [1], [2], and then
describe recent results, joint with Uri Andrews, on strongly minimal theories. Here is
are the most recent versions of the results.

Theorem 1. Suppose T is a strongly minimal theory such that T N 3,19 is AV
uniformly in n. Then all models of T have computable copies.

Relativizing to #® | we obtain the following.

Corollary 2. Suppose T' is a strongly minimal theory with a computable model. Then
all models have AY copies.

The proof of Theorem 1 splits into cases, depending on whether the theory is
arithmetical, and whether the model has certain saturation properties. If the theory
is non-arithmetical and the model is saturated, or at least “boundedly saturated”, we
use a workers construction.
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AJITEBPANYECKAA CUMII/INOUKAIINA N
KPUIITOTPAOPNYECKUE MOTHBHI.
B. H. JIaTbies
Mocxoscruii 2ocydapemseennoiti ynusepcumem um. M. B. Jlomonocosa,
METAHUKO-MAMEMAMUYECKUT Parysomem
vnlatyshev@yandex.ru

C enuHOI TOYKM 3pEHUs U3/IAaraloTcs O0IUe OCHOBBI aJiredpandecKoil cumiLindu-
karuu. V3jio:kenne 6a3upyercst Ha MOHSTHIX CXeMbl cuMILInduKaImy (BBeJIeHbl paHee
ABTOPOM) U CTAHJAPTHOIO Da3mca ujeasa OIpeeIsionuX cooTHomennit. [Ipeamerom
U3yUeHUs ABJIAIOTCA ajareOpbl, MoJIydeHHbIe “nedopMmariueit” u3 moyrpyninoBbIX aJ-
redp yHIOPsSAOYeHHBIX MOayrpymil. K ux dumcay mpuHaiiekar, HallpuMep, CBOOOIHbBIE
accolMaTUBHbIE aJIreOpbl U YHUBepcaJibHble o0EpThiBatoriue aaredop JIu. Ilociemanm
yJIeJIEHO 0c000e BHUMAHME. Y Ka3bIBAIOTCA BO3MOXKHBIE TIPUMEHEHMsI B T€OPUM KOJIU-
POBAHHS.

JImreparypa

1. Buchberger B. and Loos R. Algebraic simplification // Computing. — 1982. —
V. 4. - P. 11-13.

2. Latyshev V.N. An improved version of standard bases // Formal powerseries and
algebraic combinatorics, Proc. 12-th Int.Conf., EPSAC‘OO, Moscow, Russia, Jun
2000, 496-5-6.

TITLE: D.C.E. AND N-C.E. DEGREES
S. Lempp
Madison, USA
lempp @math.wisc. edu

I will survey work on these degree structures over the past three decades, with an
emphasis on the contributions by Marat M. Arslanov.
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ON AUTOMORPHISMS OF DISTANCE-REGULAR GRAPH WITH
INTERSECTION ARRAY {33,30,15;1,2,15}
A.A. Makhnev
Institute of Mathematics and Mechanics, Ekaterinburg
makhnev@imm.uran.ru

We consider undirected graphs without loops or multiple edges. Let I' be a graph.
For vertex a of I' the subgraph T';(a) = {b |d(a,b) = i} is called i-neighboorhod of
a in I'. We set [a] =T'1(a). The degree of a vertex a of T' is the number of vertices
in [a]. T is called regular of degree k, if the degree of any its vertex is equal k. I’
is called amply regular with parameters (v,k, A\, u) if T' is regular of degree k on v
vertices, and |[u] N [w]| equals A, if u is adjacent to w, equals wu, if d(u,w) = 2.
Amply regular graph of diameter 2 is called strongly regular.

Let u,w € I' such that d(u,w) = i. By b;(u,w) (by ¢;(u,w)) we denote the
number of vertices in ;1 (u) N [b] (in T';—1(u) N[b]). The graph I' with diameter d
is called distance-regular with intersection array {bg, by, ...,bq_1; 1, ...,cq} if for every
i € {0, ...,d} the values b; = b;(u,w) and ¢; = ¢;(u, w) do not depend on the choice of
vertices u,w at distance i. A distance-regular graph is amply regular with parameters
(v,k, A\, ), where v is the number of vertices of the graph, k = by, A =k —b; — 1
and p = cs.

In [1] there were found feasible intersection arrays of distance-regular graphs with
A = 2 and at most 4096 vertices. One of them is the intersection array {33, 30, 15;1,2,
15}

Theorem. Let T' be a distance-reqular graph with intersection array
{33,30,15;1,2,15}, G = Aut(T'), g — an element of G of prime order p and
2 =Fix(g). Then w(G) C {2,3,5,11} and one of the following conditions holds:

(1) Q is empty graph, p =2, as(g) = 64l and a;(g) = 64s — 161,

(2) Q is n-clique and either

(1) n=1, p=11, as(g) = 143 + 3521, a;1(g) = 121 + 352t — 88 or p = 3,
as(g) = 154961, ay(g) = 96t + 57 — 241, or

(1) n =4, p =5, as(g) = 60+ 160l, ai(g9) = 100 + 640t — 40l or p =
=3, as(g) = 60 + 961, ai(g) = 384t + 228 — 241, or p = 2, as(g) = 60 + 641,
ap(g) = 64t — 28 — 161;

(3) Q is not empty graph and or a clique, and either

(1) p = 3, the degree of Q is 9 and Q is a distance-reqular graph with
intersection array {9,6,1;1,2,9}, or the degree of Q is 6 and § is strongly reqular
graph with parameters (16,6,2,2), or

(13) p=2.

Corollary. Distance-regular graph with intersection array {33,30,15;1,2,15} is not
arc transitive.

References

1. Makhnev A. A., Nirova M.S. On distance-reqular graphs with A = 2 // Vestnik of
Sibirean Federal University. — 2014. — V. 7., No. 1. — P. 35-41.



30

PERIODIC GROUPS WITH RESTRICTIONS ON ELEMENT
ORDERS
V.D. Mazurov
Sobolev Institute of Mathematics, Novosibirsk
mazurov@math.nsc.ru

For a periodic groups G, denote by w(G) the spectrum, i.e. the set of element
orders, of GG. The talk gives a survey of results about conditions of spectrum which
ensure the local finiteness of corresponding group. A particular attention will be paid
to following fresh results which are not yet published.

Theorem. (E. Jabara, D. Lytkina, A. Mamontov, V. Mazurov).

(1)Let G be a group with w(G) = {1,2,3,4,5,8}. Then G is finite and isomorphic
to the stabilizer of a point in the simple sporadic Mathieu group M, .

(2) If the order of every element of a group G is at most 6 then G is either locally
finite, or a 5-group.

(3) Let G be a group without elements of order 6.

a) If G is of exponent 72 then G is locally finite.

b) If G is a non-primary {2,3}-group and every three elements of order 3 in
G generate a finite subgroup, then G either is locally finite, or is an extension of a
nilpotent 2-group by a 3-group with the unique subgroup of order 3.

ON YX-PRESENTABILITY OF STRUCTURES OVER HF(R)
A.S. Morozov
Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk
morozov@math.nsc.ru

We follow basic definitions from ( [1, 2]). The concept of X—definability over
HF(R), the hereditarily finite superstructure over the ordered field of reals, describes
the situation when have in our disposal a hypothetical computer that uses exact real
numbers, not their approximations, and thus > —definable structures are the structures
that could be defined and studied with this computer.

In the talk, we present and discuss some new results on Y —presentability of
structures over HF (R ). For a series of general mathematical structures of cardinaility
2¥ . we prove non—X—presentability with any parameters. We will also discuss some
general methods which were proven to be useful when working with HF(R).

References

1. Ershov Yu.L., Definability and Computability. — New York: Plenum Publ. Co.,
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2. Ershov Yu.L., Puzarenko V.G., Stukachev A.l., HF-Computability // In:
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SIMPLE SETS, D-C.E. SETS AND QUASI-REDUCIBILITY
R. Sh. Omanadze
Professor of Javakhishvili Tbilisi State University, Department of Fxact and Natural
Sciences, Tbilisi, Georgia
roland.omanadze@tsu. ge

The notion of quasi-reducibility (Q-reducibility) is very natural and important for
the Theory of Algorithms. With the help of this notion a series of interesting results
were obtained. This notion plays a key role in the Marchenkov solution of the well
known Post problem using Post’s methods. ()-reducibility have applications in several
field of the Theory of Algorithms, for instance in the study of word problems and in
computational complexity.

In our talk we discuss some known properties of ()-reducibility on the classes of
simple sets and d-computably enumerable (d-c.e) sets. Also, some new properties of
quasi-reducibilities on the classes of maximal sets and r-maximal sets will be given.

FINITARY AND INFINITARY FIRST-ORDER COMBINATORICS
AND TWO LEVELS OF EXPRESSIVENESS IN PREDICATE LOGIC
M. G. Peretyatkin
Institute of Mathematics and Mathematical Modeling, Almaty
m.g.peretyatkin@predicate-logic.org

Computable isomorphisms between the Tarski-Lindenbaum algebras of predicate
calculi of finite rich signatures were built in [1| and [2] presenting two levels
of expressiveness in first-order logic. The work [1] uses an available version of
the universal construction; its methods are based on combinatorial computation
in predicate logic; thus, these methods can be said to be infinitary first-order
combinatorics. Furthermore, the work [2] uses finite-to-finite signature reduction
procedures; its methods are based on finite combinatorial transformations in the same
logic; thus, these methods can be said to be finitary first-order combinatorics. The
motivation for the first-order combinatorics, cf. [3|, was determined by the idea to
establish a new conceptual framework to understand nature of the results in [1] and
[2] better (thereby, some part of terminology and notations in the author’s works
before 2013 turns out to be obsolete).

As a basis for first-order combinatorics, we consider signature reduction
procedures, which are considered as particular cases of combinatorial methods in
predicate logic. Finite-to-finite signature reduction procedures are considered as cases
of finitary first-order methods, while infinite-to-finite signature reduction procedures
are considered as cases of infinitary first-order methods. The problem is to generalize
these particular methods to a maximum general approach for which it would be
possible to apply such a serious term as 'combinatorics’. We consider combinatorics in
first-order predicate logic; therefore, the concept of a 'method’ is understood as some
manner m of transformation of a computably axiomatizable theory T in anther such
a theory S providing a computable isomorphism u : L(T') — L£(S) between their
Tarski-Lindenbaum algebras.

A principal aim of the combinatorial approach is to characterize classes of finitary
and infinitary methods of transformation of theories. After that, we can define the
finitary semantic layer as the set of those model-theoretic properties p which are
preserved under finitary first-order methods, and infinitary semantic layer as the set
of those properties p which are preserved under infinitary methods. For the first-order
combinatorial approach under discussion, initiated in [3], its perfection is considered as



32

a demand of higher priority, while the maximality of the semantic layers of preserved
model-theoretic properties is considered as a demand of secondary priority.
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THE POST CORRESPONDENCE PROBLEM IN METABELIAN AND
POLYCYCLIC GROUPS
V. A. Roman’kov
Omsk State University n.f. F.M. Dostoevsky, Omsk
romankov8@mail.ru

We say that the Equalization Problem is decidable in a class of groups v if for
any pair of groups G,G € v and every pair of homomorphisms ¢,v € Hom(G,G)
there is an algorithm that determines non triviality of Eq(p,v) = {g € G : gp =
= g}. When G be a relatively free group in the variety generated by G, we get
the classical Post correspondence problem for G. Also, we say that the Generalized
Equalization Problem is decidable in v if for any pair of groups G, G € v, every pair
of homomorphisms ¢, 9 € Hom(G,G) and given nontrivial element v € G we can
effectively decide is there g € G such that gp = v - gv.

Theorem 1. The Generalized Equalization Problem, the Equalization Problem
are decidable in the class w of all polycyclic groups, and the Post Correspondence
Problem is decidable for every polycyclic group G.

Theorem 2. The Generalized Equalization Problem, the Equalization Problem,
and the Post Correspondence Problem are decidable for every finitely generated
metabelian group G under restriction that for every g € G (gp)(gy)~! € N, where
N is a normal abelian subgroup of G (for example the commutant of G ).

There is a connection with the generalized twisted conjugacy problems in group
theory and with non-commutative discrete optimization.

The results were obtained together with A. Myasnikov.

PAIRINGS IN LOCAL FIELDS AND CRYPTOGRAPHY
S. V. Vostokov, E.S. Vostokova
Saint-Petersburg state University, faculty of mathematics and mechanics, Stary
Peterhof, University Ave 28, Saint-Petersburg, Russia
sergei.vostokov@gmail.com, lizk.vostokova@gmail.com

We consider local pairings arised in the classical reciprocity laws at the turn of the
20th century and define a new cryptosystem and an electronic signature. Pairings in
number fields considered in the present paper first appeared when David Hilbert
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began to develop Kronecker’s idea concerning an analogy between numbers and
functions.Hilbert applied this idea to a long-standing problem on the reciprocity law,
which consisted in finding an explicit expression for the product of nth power residue
symbols in a number field containing all nth roots of 1,

AN AN
(E)n(a)n =

i.e., in the calculation of the function f(a,f) € Z mod nZ . In his 9th problem,
D. Hilbert suggested to extend the calculations from number fields to the fields of
p-adic numbers, i.e. from global fields to local fields in the terminology of Serre. In
other words, to make these calculations local, which in essense is an analog of the
calculation of the Abelian integral of a differential form on a Riemann surface in
terms of residues.

In 1975 a public-key cryptography was invented. As a result, all asymmetric
encryption systems appeared later were based on a certain hard-to-calculate problem.
Every such a system led to a thorough investigation of the problem providing its
security.

The RSA motivated the study of integer factorization, and the Diffie-Hellman

We propose two new cryptographic system and new electronic signature.

A COMPUTATION MODEL FOR REAL NUMBERS
Yang Yue
Department of Mathematics, National University of Singapore, Block S17, 10 Lower
Kent Ridge Road, Singapore 119076
matyangy@nus.edu.sq

In this talk, I will present a model of computation on real numbers. It is a
natural generalization of standard Turing machines. This model fits more closely
to the intuition of working mathematicians, for example, the exponential function
and the equality predicate are both computable. It has the potential to be generalized
further to computation on higher types.
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A NEW GENERALIZATION OF INTUITIONISTIC FUZZY
BI-IDEALS IN SEMIGROUPS
Saleem Abdullah
Department of Mathematics, Quaid-i-Azam University Islamabad, Pakistan
matyangy@nus. edu.sq

The concept of quasi-coincidence of intuitionistic fuzzy point with an intuitionistic
fuzzy set is considered. By using this idea, the notion of (¢, §)-intuitionistic fuzzy bi-
ideals, (1,2)ideals in a semigroup, where «, 3 are any two of {€,¢, € Vq, € A¢q} with
a #€ Ag, is introduced and consequently, a generalization of intuitionistic fuzzy
bi-ideals is defined. In this paper, we study the related properties of the (a,f)-
intuitionistic fuzzy bi-ideals, (1,2) ideals and in particular, an (€, € Vq)-fuzzy bi-ideals
and (1,2) ideals in semigroups will be investigated. We prove that for intuitionistic
fuzzy set A = (4, Aa) of a semigroup S is an intuitionistic fuzzy bi-ideal of S if and
only if it satisfy for all z,y,z € S and t1,t5 € (0,1] and sq, 2 € [0,1),

(a) 2t 51) € A and ylta, s2) € A —> (ay)(mtr, to}, M{s1,2}) € A,

(b) z(t1,s1) € A and z(t2, s2) € A = (zyz)(m{t1,ta}, M{s1,s2}) € A.

We also prove that for an intuitionistic fuzzy set A = (ua, Aa) of a semigroups S
is an (€, € Vq)-intuitionistic fuzzy bi-ideal of S if and only if the following conditions
hold;

(@) pa(xy) = min{pa (), pa(y),0.5} and A (zy) < max{Aa(z), s (y),0.5}.

(0) pa(zay) = min{pa (z), pa(y),0.5} and Mg (vay) < max{As(x), a(y),0.5}.
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PETPAKTABEJIBHBIE 1 KOPETPAKTABEJIbBHBIE MO/IYJIN
A.H. Ab6bi30B
Kasanerut (Hpusoasceruti) dedeparvrot ynusepcumem, Kazamno
aabyzov@kpfu.ru

Bee KoJIbIla TIPe/IIoIararoTcst aCCOIUATHBHBIMU U C €JMHUIIEH, a MOJYJIn — YHU-
tapubiMu. Momyas M HasbBaeTcst kKopempaxmabesvhvim (coome. pemparmaben-
HOLM), eCTTH JIJIsi KayKJIOro ero coOGCTBEHHOrO (COOTB. HEHyJIeBOro) moamomysis N
Beiosaeno yeiaosue Homp(M/N, M) # 0 (coorB. Hompgr(M,N) # 0). Kosbro
R maswbBaercs npasvim CC - Koavyom (cooms. npasvim mod - pemparmabesvrvim
KOABYOM,), €CITH KaZKIbII TIPaBblii R - MOJIYJIb SIBJISIETCST KODETPAKTa0eIbHbBIM (COOTB.
perpakTabesbibiM). B paborax [1], [2] 6b110 nano onucanue npaseix C'C - KoJerl,

Teopewma. /liis kosibria R ciieyroriyue yejaoBUsl PABHOCUIbHBL:

(1) ana kaxgoro wiaeana [ komblia R KayKjblii ¢CBOOOJHBIN IIPABBIA MOJYJIb HA/T
KOJIBIIOM R/[ siBiisieTcsi KOpeTPaKTOEIbHBIM;

(2) mns kazkoro uieana I kosbiia R dakrop-koabio R/I seiagercs kosibiiom Ka-
ma;

(3) maj KosibIoM R KaxKJIblil IPaBBIi U JIEBbI KOHEYHO MOPOXKJICHHBINH MOJLY/Ib SIB-
JIIETCS KOPETPAKTOETbHBIM;

(4) HaJI KOJIBIIOM [ KayKJIblil IIPaBblil W JIEBBIM ITUKJJIMIECKAH MOTY/Ib SIBJISIETCS KO-
peTpakTOe/IbHBIM;

(5) R - nmpasoe C'C' - KOJIBIIO;
(6) R - neBoe C'C' - KoJIbIIO;

(7) ko010 R m30MOphHO KOHETHOMY HPSIMOMY IIPOU3BEIEHUIO TIOTHBIX MATPUTHBIX
KOJICI, KOHCYHBIX Pa3MepOB HaJ| COBCPIICHHBIMU JIOKAJIbHBIMA KOJIBIIAMU.

Konbio R naswBaercs npasvim CSL - xoavuom, ecan KaxKIblil npaBblii R -
monyb M, y koroporo Endg(M) - Teio, sBIsieTCsT MPOCTHIM.

Teopema. [Ins npasoro (mim JieBoro) KBasUMHBAPHAHTHOIO KOJiblla R ciesyto-
e yCJIOBUSA PABHOCUJILHBI:

(1) R - mod - perpakTabesbHOE KOJIBIIO;
(2) R - nomyapruaoso C'SL - KOIbIO;

(3) R - mo/1yapTUHOBO KOJIBIIO, Y KOTOPOI'O KaxK, Iblil MAKCHMaJIbHbIN HEPa3/I0KUMbBIiT
daKTop SABIASIETCH JIOKAJTbHBIM COBEPIIIEHHBIM KOJIBIIOM.
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SOME RESULTS ON CS-RICKART MODULES
A.N. Abyzov, T. H. N. Nhan
Chair of Algebra and Mathematical Logic, Kazan (Volga Region) Federal
Univesrity, 18 Kremlyovskaya str., Kazan, 420008 Russia
aabyzov@ksu.ru, Adel. Abyzov@ksu.ru,tranhoaingocnhan@gmail.com

Let M be aright R-module. M is called a CS-Rickart module if Keryp is essential
in a direct summand of M for every ¢ € S = Endg(M). M is called a d-CS-Rickart
module if Imgp lies above a direct summand of M for every ¢ € S = Endgr(M).

Theorem 1. Let A be a uniform hereditary right R-module, B be a singular
uniform Artinian right R-module. Then the following statements hold:

1. A@ B is a CS-Rickart module.
2. If B is not an A-injective module, then A @ B is not a CS module.

If R is a Dedekind domain and P is a nonzero prime ideal of R, then it is deduced
from the previous theorem that R-module R@® (R/P™), where n is a natural number,
is a CS-Rickart module and direct sum of CS module but not a CS module.

Let M be a right R-module. We then define V(M) as the set {f € EndgM |
Imf < M} and A(M) as the set {f € EndgM | Kerf < M}.

Theorem 2. Let M be a right R-module and P be a projective module in the
category o(M). Then the following conditions are equivalent:

1. For any homomorphism ¢ € Endg(P), we have ¢(P) = eP & P’, where P’ is
an M -singular module and e? = e € Endg(P).

2. P is a CS-Rickart module satisfying C5 condition.
3. P is a d-CS-Rickart module satisfying A(P) = V(P).

From the equivalence of 1) - 3), we obtain the following corollary, which has been
proved in [2].
Corollary 3. The following conditions are equivalent for a ring R:
(1) R is a semiregular ring and J(R) = Z.(R).
(2) The ring R is a right ACS ring which is also a right Cy ring.

(3) If T is a finitely generated right ideal, then T = eR @® S where ¢ = ¢* € R and
S is a right singular ideal of R.

(4) Every finitely generated projective module is a CS-Rickart module which is also
a Cy module.
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YHUOPOPMUIAIINA X-TIPEJINKATOB B HW(Rgxp)
C. A. AnekcanapoBa
HI'Y, Hosocubupcxk

svet-ka@eml.ru

Jlokam  TOCBAIIEH — UCCAEIOBAHUIO MIPOOJeMbl  YHHMpOpPMU3AIUNA — JIId -
OpPEACUMBIX IIPEIUKATOB B HACJICACTBEHHO KOHEYHON CIUCOYHON HAJCTPOMKE HAJL
1noJieM JeficTBuTesbHbIxX duces ¢ sxcnonentoit (HW (R.,,)). Onncanne ncrosssyemoit
MOJIEJIN CITUCOYHON HaJICTPOKN MOXKeT ObITH HaiijieHo B |1|.

Teopema. /s moboro Y -onpegemmvoro B HW(R..,) npegukara P C
C HW(Reyp) x HW(R.,,) cymecrByer X -onpenenmumast yHkmus [ ¢ 061acTbIO
OIIpEJICICHHUS
dom(f) ={z:3yP(z,y)} u rpadpuxom I'y C P.

Kax ciencrsue moyden pesy/ibTaT CyIlieCTBOBAHNA YHUBEPCAJILHON (DYHKINU 11T
kiacca L-oupenennMoix B HW (R.,,).
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KOMBHVNHATOPUKA IIOJIVIPVIIIIBI HEOTPUITATEJIbHBIX
MATPUI]
FO. A. Agbnun, B. C. Agbnuna
Kasancxut (Ipusossiceruti) gedeparvronts yrusepcumem, Kazanw

Yuri. Alpin@kpfu.ru

Cortacao Teopeme PpobeHnyca HEIPUBOIUMAS HEOTPUIIATEIbHAS MATPHUIA JITOO
NPUMUTHBHA, JTUOO TOCPEICTBOM IEPECTAHOBOYHOI'O MO/I00US ITPpeodpa3yeTcs K BULY

0 Ap ... 0 Al (2) 0 0
A= o o oal, |omwwewar=f 0 A 00
A 00 0 0 .. AY

— MaTpuIa ¢ IPUMUTUBHBIME JUAroOHAIbHbIME O1okamu. B pabore [1] qokazano 0606-
mierre Teopembl PpobeHnyca: Besikasi HEIPUBOIUMAS [OJIYTPYIIa HEOTPUIIATE/ILHBIX
MaTpHI] 6e3 HYJIEBBIX PSAJIOB JIUO0 COMEPKUAT MOJOKUTETBHYIO MaTPHILY, JTUOO IOCPE/I-
CTBOM HEKOTOPOTO IEPECTAHOBOYHOI'O 000K MaTPHIIHI TTOJIYTPYIIIBI TPeo0pasyroT-
¢ K OJIOYHOMY BHU/LY, IIPA KOTOPOM B KazKJIOM OJIOMHOM Psi/ly €CTh POBHO OJIUH HEHYJIe-
BOIT OJIOK, TpUIEM IIpeobpa30oBaHHas IOJIYTPYIIIa COIEPXKUT OJIOUHO-IUATOHAIBHY O
MaTPHUILy C MOJIOKUTEJIBHBIMU OJI0KaMu. ABTOPBI MOCTABUIN BOIIPOC O KOMOWHATOP-
HOM JIOKa3aTeJIbCTBE ITO TeopeMbl. ICKOMOe JI0Ka3aTeIbCTBO OIYOJIMKOBAHO B [2].
CpeacrBamu 37100t paboThl MOXKHO HepeHecTn TeopeMy IIporacoBa—Boiinosa Ha OoJtee
IMUPOKAHI KJIACC MOJIYTPYIIL.

[Iycts P — mosyrpyiia HeOTPUIATEIbHBIX MaTPHIL HOpsijKa n 06e3 HyJIEBBIX psi-
110B. IHJEKChI © U ] co8MECMUMDbL, €CJIN JIJId HEKOTOPOoit A € P 1 HEKOTOPOro MHIEKCa,
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k onnoBpemeHHO a;; > 0 1 aj; > 0. BunapHoe oTHOIIEHNE COBMECTHMOCTH Ha MHOKE-
crBe uHyekcoB {1,2,... ,n} pediekcuBHo u cumMeTpudHO. [{J1st HEIPUBOIUMBIX MTOJTY-
IPYIII, HO He TOJIBKO JIJIsT HUX, COBMECTUMOCTD TPAH3UTUBHA U, TEM CAMBbIM, ABJISIETCS
SKBUBaJIeHTHOCTBIO. Marpuiy A > 0 maseBaioT crarusatomieil, ecoim AAT > 0.

Teopema. Ilycmov das noayepynno, P ommuowenue co8Mecmumocmuy AGAAEMCA
IKBUBANEHMHOCTIDI, NPUUEM YUCAO KAGCCO8 COBMeCTnUMOCY pasHo 1. Tozda cy-
wWecmeyem nepecmanosowHoe nodobue, npeobpasyrouiee Mampuyv, nosyzpynnu, P x
ON04HOT hopme, npu Komopoti Kasrcoas MAMPUUE UMEEM T HEHYAECBVT OA0KOE — Mo
oornomy 6 Kaxcdom baownom pady. [Ipeobpasosarmasn noayepynna codepocum udean,
COCMOAWUT, U3 MAMPUY, HEHYALEBLE DAOKU KOTNODLIT — CMAUBAIOULUE MATNPUUDL. FC-
AU P nenpusoduma, mo npeobpazosartas noiy2pynna codeprcum uoean, cocmoaujul
U3 MAMPUY, C NOAOAHCUMENOHDMU HEHYAECBMU OAOKAMU.
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If the group G = AB is the product of two abelian subgroups A and B, i.e.
G ={ab | a € A,b € B}, then G is metabelian by a well-known theorem of N.
Ito6 [1, Theorem 2.1.1]. This raises the question whether every group G = AB with
abelian-by-finite subgroups A and B is metabelian-by-finite |1, Question 3| or at least
soluble-by-finite.

However, this seemingly simple question is very difficult to attack. A positive
answer was given only under additional requirements, for instance for linear groups G
by Ya. Sysak and for residually finite groups G' by J. Wilson (see [1, Theorem 2.3.4]).
Furthermore, N.S. Chernikov proved that every group G = AB with central-by-finite
subgroups A and B is soluble-by-finite (see [1, Theorem 2.2.5]).

It is natural first to consider groups G = AB where the two factors A and B
have abelian subgroups with small index, notably less or equal than 2. In this talk
we will discuss some results in the case that "enough"involutions are present which
were recently obtained by Lev Kazarin, Yaroslav Sysak and myself. Here we mention
two examples.

It is unknown whether every group G = AB which is the product of two Chernikov
subgroups both containing abelian subgroups of index at most 2, is likewise a (soluble)
Chernikov group.

The following theorem in [1] gives a positive answer in the special case that one
of the two subgroups A or B is of dihedral type.

Theorem 1. Let the group G = AB be the product of two Chernikov subgroups
A and B, each of which contains an abelian subgroup Ay resp. By of index at most
2. If further one of the two subgroups, A say, is of dihedral type, i.e. it contains an
involution 7 that inverts every element of Ag, then G is a soluble Chernikov group.

Groups of dihedral type will Iso be called generalized dihedral. It is easy to see that
a group A is generalized dihedral if and only if it is a semidirect product A = X x <
< a> of an abelian group X with a group < a > of order 2 such that z* = 27!
for every x € X . Clearly dihedral groups and locally dihedral groups are generalized
dihedral.
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The following theorem is proved in [6]. It generalizes earlier results about products
of dihedral groups in [5] and products of locally dihedral groups in [4] and [2].

Theorem 2. Let the group G = AB be the product of two subgroups A and B
each of which is either abelian or generalized dihedral. Then G is soluble.

The proofs of theses results depend on special calculations with involutions.
In particular extensive use is made from the fact that in any group two distinct
involutions generate a dihedral group.
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BEPXH4IS OITEHKA AJITEBPANYECKOV NMMYHHOCTU
OTOBPAYKEHUMN.
B. /1. Anocos, A. B. IlokpoBcknuii
HITUBE MI'Y um. M.B. Jlomorocosa, 2. Mocksa
AlexPokrovskiy@Qyandex.ru

B pamkax mamHoit paboThl MHOXKeCTBO OoTOOparkeHuit, nefictBytonux u3 V, B V;
obo3HauuM cUMBOJIOM J, ;. MHOXkecTBO OysieBBIX (PYHKIMIT OT 7 IepeMeHHBIX 000-
suaanM JF,,. Ilomsiit mpoobpas smementa y € O(V,,), roe © € F,,; obo3HaINM Kak
>~ (y).

Onpenenenne MHoxxecTBOM aHHYyJIATOpOB oToOpaxkenus ® € F,; um BekTOpa
y € ®(V,) mim mpocTto MHOXKECTBOM aHHYJISITOPOB 0ToOpazkennss ¢ HasbBaeTCst

Amn(®,y) ={ge€ F, | g(z) =0 Ve e 27 '(y)}.
Onpepnesienne Anredpandeckoil IMMYHHOCTBIO oToOpazkenust ¢ € F,,; Ha3biBa-

eTcs
Al(®) = min {deg(g) | g € Ann(®,y) \ {0}}.
B cayuae t = 1 B aBHOM BUJIE TI0JIy9aeTca OIpeeIeHue aarebpamdecKoil IMMYHHOCTH
Oynesoit dpynkuuu (cum., napumep, [3|). Ilonsrue anrebpandeckoit UMMYHHOCTH 0TOG-
parkeHnsl XapaKTepu3yeT ero yCTOMYMBOCTh K METOJLy PelIeHHs HeJIMHeHHBIX CUCTeM,
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npeJIozKeHHoro B paborax 1] u [2], npu KoTOpoM JieBble YacTn ypaBHeHuUi peraeMoit
CHCTEMbBI PACCMATPUBAIOTCS KaK KOOPAMHATHBIE (DYHKIIMK OTOOpaKEHUSI.

EcrecrBenHblii Bopoc, KOTOPBII BOZHUKAET IPU HCCIEI0BAHUN aJiredpandecKoil
UMMYHHOCTH, 9TO BOIIPOC O € MaKCUMAaJIbHOM 3HAYEHUN U JOCTUXKUMOCTH 3TOI OIEH-
ku. B caydae, korma orobpazkenne siBjsieTcst OysieBoit dpyukIimeit f € F,,, TO BBIIOJ-
HSETCsT HePaBeHCTBO (CM., Hapumep, [3])

AL < |5 ]

B ciygae t > 1 ynaJsioch jokazaTh 0OoJiee 0OIIyI0 TeopeMy, U3 KOTOPOil Kak CJIeJICTBHAE
IIOJIy9aeTCd IPEABIAYIIUNA PE3yIbTaT.
Teopema. Asrebpandeckass nMMyHHOCTH oToOpazkenns ® € F, 4 yJoBjaeTBopsier

HEpaBEeHCTBY
[n — log, [®(V,)] + 11
5 .

AI(D) <
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OB VIIOPAJOYEHHHBIX ITOJIVI'PVIIIIAX OTHOIIIEHUN
H. }O. AumBaeBa, /1. A. Bpeauxun
Capamosckuii 2ocydapcmeernnviii mexrnuveckut yrusepcumem, Capamos
anshvaevanatalya@mail.ru

[ox anzebpoti ommowenutd Mbl IOHUMaeM yropsiodennyo mapy (P®,€2), rne &
— MHO>KECTBO OMHAPHBIX OTHOIIEHUI, 3aMKHYTO€ OTHOCUTE/ILHO HEKOTOPOil COBOKYTI-
noctu §) omepanumii naj Humu. Oniepanyuy HaJ OTHOIIEHUSME OOBIYHO 3aJIAI0TC C
IIOMOIIBIO (DOPMYJI JIOTUKHU TPEIUKATOB MEPBOIO MHopsijika. Takue omeparun Ha3bIBa-
I0TCHA A02UMECKUMU. BayKHBIM KJIACCOM JIOTMYECKUX OTEPAIsS SIBJISIETCH KJIACC JIHO-
anToBbix onepanmuii [1]. Onepanus HazbiBaeTCst Juoganmosot, eciu OHa MOXKeT ObITh
3aJlaHa C IMOMOIIBIO (POPMYJIbI, KOTOpast B CBOEil IpeBapeHHONl HOpMaJIbHO (hopme
COJICPZKUT JIMINb OTEePAINi0 KOHBIOHKIIMN U KBAHTOPBI CyinecTBoBaHus. OTHOIIEHME
TEOPETUKO-MHOXKECTBEHHOI'O BKJIIOUeHUsT C CTabUIbHO OTHOCHTE/IHHO JTUOMAHTOBBIX
oneparuii. CienoBaTe/bHO, BedKasd ajredpa OTHOIIEHWH ¢ MO aHTOBLIMU OIIepal-
SIMH MOKeT OBbITh paccMOTpeHa Kak yropsgouentas (P, 2, C) srum orHOIIIEHHEM.

K «aucity modhaHTOBBIX OTHOCUTCS ON€paIiisl YMHOXKEHUsT OTHOIIEHU ©. DTa ore-
parus sBJIgeTCs acconuaTuBHON. Ajrebpa orHommenuit Buga (P, 0) obpasyer moiy-
IPYIILY OTHOIIEHUH, U BCsAKas IMOJIYyTPYIIa n30MOpQHa HEKOTOPOIi TOJIyTI'PYIIIe OTHO-
menuii. CymecTByeT psi/i APYTUX ACCOINMATUBHBIX TUOMAHTOBBIX ONEpaIlnii HaJ[ OT-
HOIIEHUAMHU, IIO9TOMY C TOYKHM 3PEHUd TEOPUU IIOJIyIPYIIl €CTeCTBEHHO BO3HHUKAET
3aJiava U3ydeHus CBOMCTB Tux ormeparuii. CocpegoTounM BHUMAHUE Ha CJIEYIOIIei
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aCCOIMATUBHOM olepamyuy HaJi OTHOIICHUSIME * , OLPEJIe/IsIeMOIl CJIe Ly IOIUM 00Pa30oM.
g Beakux OMHAPHBIX OTHOIIEHUN p U 0 , OIPEJIeIEHHBIX Ha MHOXKecTBe U , MTOJIOXKIM
pxo={(u,v) €U xU: (3s,t,w)(u,s) € p(t,w) € o}.

st 3a1anHOr0 MHOXKECTBa, §) onepanuii Haji GUHAPHBIMU OTHOIIEHUSIME 0003HA-
quM depe3 R{Q, C} kiacc ynopsmodeHHbIX aarebp, M30MOPQHBIX YOS IOICHHBIM
asrebpam ortHomrenuii ¢ onepanuamu u3 ). Iyers Var{Q,C} (Q{Q,C}) — muoro-
obpasue (KBazuMHOTOOOpasue), nmopoxaeHuoe kiaccom R{€), C}.

Teopema 1. /ls ynopsimodenroii moyrpymnusr A = (A, -, <) caexyromie yco-
BHd 95KBUBAJICHTHBI:

1. A npunamiexxkur kpazumHoroobpasmo Q{x, C};

2. A npunajiexxur mHOorooopasmto Var{x, C};

3. A ynoBsieTBopsieT TOXK[ecTBaM

vy =2y =y’ (1), ayz =122y = (2), v <2? (3), zy <a? (4).

Teopema 2. Viopsiouennast nosyrpynmna A = (A, -, <) HIpHHAIIEKAT KIACCY
R{x,C} rorma u tospKo TOIIA, KOIjIa OHAa YJOBJETBOpsieT ToxaecTBaM (1-4) u cie-
JyiolmuM akcuoMaM 1y = w2V yz =zy =1y (5), axy=2*Vy <z (6).
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O ITPEAEJIbHBIX U ITPOCTHIX HA/JI KOHEYHBIMUA
MHO2KECTBAMU MOJEJIAX TEOPUMN JIOKAJIBHO
CBOBO/IHBIX AJITEBP
K. A. Baiikagosa

Hosocubupck
bkristina@bk.ru

Onpepenenne |1, 2|. Csobodnan L-anrzebpa— 310 anrebpa, n3omopdHas anredbpe
Bcex L-TepMoB. L-anrebpa A Ha3bIBAETCS A0KANGHO 6000010, eCoin JII00ast KOHETHO
OPOzKIEHHAs moaaarebpa aaredpsl A csobojHa.

Onpepenenne [3|. Monens M reopun T HasbiBaercst npedeavhot, eciu M He

SIBJISIETCSI TIPOCTON MOJIEJIbIO HU HaJ| KakuM Koprexkom u M = |J M, jnia Heko-
new

Topoii ssiemenTapuoit neru (M,,),e,, TPOCTBIX MoJiesieit Teopuu T HaJi HEKOTOPBIMU

KOPTeXKaMH.

Teopema 1. CuerHas Teopust JOKaJIbHO CBOOOJHOI aaredpbl MaJia TOLAa U TOJIBKO
TOI/1a, KOIJIa ee CUIHATYPa COJAEPXKHAT He O6ojiee OHOTO OJJHOMECTHOTO (DYHKI[HOHA/Tb-
HOrO CHMBOJIA U HE COJEPXKHUT (DYHKIITHOHAJIBHBIX CHMBOJIOB MECTHOCTH 1 > 2.

Teopema 2. Eciiu T — maJjiast Teopust JIOKaJIbHO CBOOOIHOI ayrebpnl, To T umeer
He boJiee OJIHOI IIpeJIeIbHOH MOJe/H, a TakXKe 1 WM W IHPOCTHIX HaJ[ KOHEIHBIMU
MHO>KeCTBaMH MOJeJIen.

Teopema 3. Ecim I’ — cuerHast Teopusi JIOKAJIbHO CBOOOIHOI ajireopbl ¢ KOHTH-
HyaJbHBIM IHCJIOM THIIOB, TO T mmeer 2% mpee/bHbIX MOJEJICH.

Teopema 4. Eciu T — cuernast Teopust JIOKaJIbHO CBOOOJHOI ajredpbl ¢ KOHTH-
HyaJbHBIM YHCJIOM THIIOB, TO T mMmeer 2% mpocThIx Mojesell HaJ KOHeIHBIMH MHO-
JKECTBAMMU.

Pabotra Bbimoinena mnmpu puHaAHCOBON 10/Iep:kKe Poccuiickoro dhonia dyHaMen-
TaJbHBIX uccaesoBanuit, mpoekT 12-01-00460-a.
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FINITE GROUPS WITH 7-DECOMPOSABLE 2-MAXIMAL
SUBGROUPS
V. A. Belonogov
Krasovsky Inst. Math. Mech., Ural Branch of RAS, Ekaterinburg (Russia)
belonogov@imm.uran.ru

The finite non-nilpotent groups in which all 2-maximal subgroups are nilpotent
was studied in [1] and [2]. Let 7 be a set of primes. A group is called 7 -decomposable
(or (m,7")-decomposable) if it is the direct product of a w-group and a 7’-group.

Theorem. Let G be a finite simple group and 7 a set of primes. The following
assertion are equivalent:

(A) G is not m-decomposable and all its 2-maximal subgroups are -
decomposable;

(B) one of the following conditions holds ( here a(G) denotes that of sets 7N (G)
and 7' N7 (G) which does not contain the number 2):

(1) G~ A,, where r =5 with @ # a(G) C {3,5} or r and (r—1)/2 are primes,
r & {5,7,11,23} with a(G) = {r};

(2) G~ PSLs(q), ¢ > 5, d:=(2,q—1) and one of the following conditions holds:
(2a) q € {7,11} with o(G) = {q};
(2b) ¢ > 11, (¢ +1)/d =: r is prime with «(G) = {r};
(2¢) ¢ > 11, (¢—1)/d =: r is prime with & # ) C {p,r}, where {p} = 7(q);

G
— 1), with a(G) = {s};
G ~ PSU,(q), where r and s := t/(t,q +
+ 1), with a(G) = {s};
) G ~ Mys with o(G) = {23} or G ~ F, with a(G) = {47}.

The proof of Theorem is based on the results of [4]. The description of all finite
groups G with property (A) of Theorem will appear in [5] (with using [3]).

This work was supported by RFBR (project no. 13-01-00469), Program DMS of
RAS (project no. 12-T-1-1003), and by Programs of JR of UB RAS with SB RAS
(project no. 12-S-1-10018) and Belarusian NAS (project no. 12-S-1-1009).

o
~ PSL,(q), where r and s := t/(t,q — 1) are odd primes for t
1)

(
are odd primes for t = (¢" +
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ON AUTOMORPHISMS OF DISTANCE-REGULAR GRAPHS WITH
INTERSECTION ARRAYS {2R+1,2R—2,1;1,2,2R + 1}
1. N. Belousov, A. A. Makhnev
Institute of Mathematics and Mechanics, Ekaterinburg
i belousov@mail.ru, makhnev@imm.uran.ru

We consider undirected graphs without loops or multiple edges. Let I' be a graph.
For vertex a of I' the subgraph TI';(a) = {b |d(a,b) =i} is called i-neighboorhod of a
in I'. We set [a] =T(a). ' is called amply regular with parameters (v, k, A, u) if T'
is regular of degree k on v vertices, and |[u] N [w]| equals A, if u is adjacent to w,
equals pu, if d(u,w) = 2. Amply regular graph of diameter 2 is called strongly regular.

Let u,w € I' such that d(u,w) = i. By b;(u,w) (by ¢;(u,w)) we denote the
number of vertices in I';iq(uw) N [b] (in I';—;(w) N [b]). The graph I' with diameter d
is called distance-regular with intersection array {bg, b1, ...,b4_1;¢1, ..., cq} if for every
i € {0,...,d} the values b; = b;(u,w) and ¢; = ¢;(u,w) do not depend on the choice
of vertices u,w at distance 7.

In [1] there were found feasible intersection arrays of distance-regular graphs
with A = 2 and at most 4096 vertices. There are intersection arrays {2r + 1,2r —
—-2,1;1,2,2r + 1}.

Theorem. Let I' be a distance-reqular graph with intersection array {2r+1,2r —
—2,1;1,2,2r+1}, r <43, 2r+1 is not a prime power, G = Aut(T"), g — an element
of G of prime order p, Q2 = Fix(g) and «;(g) is the number of vertices u € T such
that d(u,u?) =1i. Then the following conditions holds:

(1) Zf (T_l)a1<g) 7é OéQ(Q), then (T,p) € {<227 5)7 (257 17)7 (277 5)7 (277 11)7 (317 7)7 (327
5),(32,13),(38,7),(38,11), (42,5), (42,17), (43,29)} ;

(2) if Q is empty graph, then either p does not devide r, as(g) =0, ai(g) = 2r+
+ 24 (4r +2)l and p devides 21, d = 2,3 ( mod 4), and r € {22,25,27,31,37,43}
or p devides r, as(g) =wr, p devides 2r +2 —w, a;(g) =1—w+ (2r+ 1)l and p
devides | —w + 1;

(3) if Q is n-clique then either n = p = 2, ai(g9) = 2r — 2+ (4r +2)l and p
devides 6l ;

(4) if Q intersects t antipodal classes by s wvertices and p > 2, then p devides
2r+2—t and r—s, in the case p > 2 the graph § is distance-regular with intersection
array {t—1,t—4,1;1,2,t—1}, t —4 =2s—2 and |I' = Q| < ts(2r—t), in particular,
s<randp<r.

Corollary. Distance-reqular graph with intersection array {2r+1,2r—2,1;1,2,2r+
+ 1}, 7 <43, 2r + 1 is not a prime power, is not arc transitive.
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O X9-HAYAJIbBHBIX CETMEHTAX BBIYNCJ/INMBIX JINHEMHBIX
ITOPAIKOB
P. 1. BukmyxameroB
Kasancruti ([pusonsiceruii) gedepanvrondi yrusepcumem, Kazanw
ravil.bkm@gmail. com

O/110 U3 HAIIPABJICHU{T NCCIIEOBAHNIT BEIYUCIUMBIX JIMHEHHBIX TOPSIKOB COCPEIO0-
TOYEHO HA M3YUEHUN AJTOPUTMUTIECKOI CI0KHOCTH HAYAIBHBIX CerMEeHTOB. JlaHHast
paboTa TmocBsiiieHa 0030py M JajbHeiieMy u3y4denuto 31oit obsactu. Bo Bcex ompe-
JICJICHASIX ¥ 0003HAYCHHUAX TEOPHU BBIYUCIUMOCTH Oy/IeM PUACPKIBATHCS KHUTH [1].

Jluneiinstit nopsiiok £ = (L, < 1) HasbBaeTcs BHIAUCIUMBIM (X -BBIUHCINMBIM),
€CJI OCHOBHOE MHOXKECTBO L U OTHOIIEHHE MOPsiiKa < j SIBJISIIOTCS BBIYHCIMMBIMU
(X -Boramcsimmbiv ). HagaabHBIM CErMEHTOM JIMHEHOTO MOPsi/iKa HA3bIBAETCS TAKOe
noamuozkectBo [ C L ¢ MHYIMPOBAHHBIM HOPSIIKOM, YTO:

Ve,y (e <py&yel)=xell

M. Poy [2] nokazau, uro I19-Hava bHbI CErMEHT BBIMUCIMMOTO JIMHEHHOTO TTOPSAT-
Ka UMeeT BhIaucnMoe rnpejcrasierue. C Apyroit CTOPOHBI, UM OBLI MOCTPOEH TPH-
Mep BBIMHCJIUMOTO JIMHEHHOro nopsiyika ¢ [19-HaYaabHBIM CETMEHTOM, HE UMEIONIUM
seraucanmoii kormu. P. Koyis, P. Hoyan u B. Xycanunos [3| nokasasu, 1to cymiecTsy-
eT BBIYUC/IUMBIiT JIMHEeHHbIH opsaI0K ¢ 119 -Hada bHbIM cerMeHToM, He H30MOPMHBIM
HUKAKOMY BBIYHCIUMOMY JIMHEHHOMY MODPSIKY. 3aMETUM, UTO JOKA3ATEIbCTBO MOC-
JIEJTHETO Pe3yJIbTaTa UCIO0JIb3yeT MeTOJ IPHOPUTETA ¢ OECKOHEYHBIMU HAPYIIEHUSIMU.
Boiee mpocroe 1o0Ka3aTeIbCcTBO, UCIOJIBL3YIOIIEE TOJIHKO JIUIIb TPUOPUTET ¢ KOHETHbI-
mu Hapymenusgmu, noiaydeno M. B. 3y6okosbiv [4]. K. Am6oc - ITnuce, C. B. Kyuep u
C. Jlemnmn [5] B coBMecTHOl paboTe MOKA3a/IM, YTO KasK/Iblil 9-HATATbHBIH CErMEHT
JII0O60TO BBIMUCTUMOrO JIMHEHHOTO MOPSIKA UMeeT BhraucauMmyto komuio. Creayromast
TeopeMa, MOJIydeHHAs aBTOPOM, SIBJISETCs JIOTIOJTHEHNEM K MTOCIETHEMY PE3Y/IbTaTy.

Teopema 1. /[s siro6oro pramcumoro JimHeiiHOro mopsyika L = (L, < 1) 6e3
HanOOJIBIIEro dJIeMeHTa H JII060ro MHOKecTBa M € Y, cymecTByer Takoil BEIYHC/IH-
Mbri yHeRnb nopsyiok L=A+n, 9o A= L u A =7 M.

flcHO, YTO ec/im BBIYUC/IUMBIN JTMHEHHBIN TOPA/IOK UMeeT HanOOJIBITUN SJIEMEHT,
TO OH MOXKET ObITh TOJBKO BBIYHCIUMBIM (T.e. Yg-) HaYaJIbHBIM CerMEHTOM. Tarum
06pazoM, Y9-HauaIbHbIe CerMEHThI BBIYUCUMbIX JIMHEHBIX TTOPAIKOB UCUEPIILIBAIOT
B COBOKYIIHOCTH BC€ BBIYNCJIUMBIE JIMHEWHBIE TTOPSIKN 0€3 HanOOJIBIINX 3JIEMEHTOB 1
Bee Y9-crerenn.

Paboma evinoanena npu wacmuuroti noddeporcke epanmos PODOU-12-01-97008 u
PODH-14-01-31158.
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GROWTH CODIMENSIONS SOME SIMPLE LINEAR ALGEBRAS
WITH UNIT
O. A. Bogdanchuk, S.P. Mishchenko
Department of Algebra and Geometric Computations
Ulyanovsk State University
Ulyanovsk 432970, Russia
bogdanchuk o a@mail.ru, mishchenkosp@mail.ru

We consider numerical characteristics of not associative algebras variety over a
field of characteristic zero and their polynomial identities.In the sequel we shall follow
the work [1], [2], where the necessary background was stated.

How known, any information about the variety V contained in properties of
the sequence P,(V), n = 1,2,..., of multilinear elements relatively free algebra.
An important characteristic of the variety is the codimension sequence ¢,(V) =
= dimP,(V), n = 1,2,.... The growth of this sequence determines the growth of
variety.

In the case of the exponential growth the sequence {/c,(V) is bounded and has
lower and upper limits, are known as the lower and upper exponents of variety,
respectively. When they are equal, the limit of this sequence exists and is called
by the exponent of variety.

Classic objects such as simple algebra or simple algebra with unit often have integer
exponent of it variety. Moreover, the exponent equal to the dimension of algebra.

The first example of simple algebra variety with fractional exponent was
constructed in [3]. We have constructed the infinite series of similar varieties with
different fractional exponents.

Theorem. For the simple algebra variety var(Vs), s € N, over field of zero
characteristic the following strict inequalities hold

3 <exp(V3) <exp(Vy) < ... <exp(Vs) <exp(Vip1) < ... <4

References
1. Giambruno A. Zaicev M. Polynomial Identities and Asymptotic Methods,
Mathematical Surveys and Monographs. — AMS, Providence, RI, 2005. — 122 p.

2. Bahturin Yu. A. Identities in Lie Algebras (Russian). — Moscow: Nauka, 1985. —
447 p.

3. Zaicev M. V. Repovsh D. Four dimencional simple algebra with fractional PI-
exponent // Mathematical Notes. — 2014. — V. 95. — No. 4. — P. 538-553.



46

OB OJTHOM CBOMCTBE OBOBIIIEHHOM IIOATPVIIIIbI
OPATTUHU
P. B. Bopoauu, M. B. Ceabkun, E. H. Bopoan4
Yupeotcdenue obpazosarus "I'omesvcrutl 2ocydapemeennvill yrnusepcumem umMery

Dpanyucra Cropurv, [omenn
Borodich@gsu.by; Selkin@gsu.by; EBorodich@gsu.by

B patore [I.Beiignemana u I1I.Cymura [1] 6611 mocrasiien cieyomuii Borpoc: "Ec-
mu H cybHopmasibhasi nojrpymmna rpymnsl G cogepxkamast $(G), To Gyger au u3
cepxpasperntnvoct H/P(G) crenoBarh cBepxpaspenmMocTs noArpymmnst H 7", Dra
3aj1a4a paccmarpuBaiachk B paborax M.B.Cenbkuna [2|, Bamiecrepa-Bosunrieca [3]
U MHOTHX JPYTUX aBTOPOB

[Iycrs panel rpynna G, mHOXKecTBO A 1 orobpaxkenue f : A — End(G), rue
End(G) — romomopdHoe orobpazkenre rpymibl G B cebst W SHIOMOPMU3M MDY IIITbL
G . loarpynma M naswiBaetcs A-momyctumoit, eciiv M BBIIEPXKUBAET JEHCTBHE BCEX
oriepaTopoB u3z A, 1o ectb M* C M njist jroboro oneparopa o € A.

HecioxkHO 3aMeTWTh, 9TO TaK KakK OINEepaTopbl JEHCTBYIOT KakK COOTBETCTBYIO-
e UM SHJIOMOPMU3MBI, TO KaxK/las XapaKTePUCTUIeCKas MOJIPYyIa ABjgercs A-
JIOTTYCTUMOM JIJTs1 TIPOU3BOJIBHOM I'PYIIIBI OTIEPATOPOB.

O6osnaunm vepes depe3 A(G, A) nepecedenue siziep Bcex abHOPMAJIbHBIX MAKCH-
MaJIbHBIX A-nomyctumbix noarpyiir. B ciaydae orcyrerBus B rpynme G yKa3aHHBIX
HMOJINPYIIT Gy/IeM OJIaraTh, 9TO COOTBETCTBYIOIIHE MIEPECEUEHUsT COBIIAJIAIOT ¢ CaMOi
rpymmoit G.

Teopema.

IIycrs rpynna G umeer rpymity oneparopo A, takyto, uro (|G|, |A]) =1, § —
JIoKaJibHast popmarust. Ecoim N — cybrHopMmasibHas A-jorycrumast moJarpyiiina rpyi-
et G u N/JNNA(G,A) € §. Torma N npejcraBuMa B BrJie MPSIMOTO MPOU3BEIECHIST
N = Ny X Ny, MHOXKATE/ I KOTOPOI'O YOBJIETBOPSIOT CJIETYIONIAM YCTIOBUSIM:

1) Ny €3;

2) m(No) N7 (F) = ;

3) Ny CA(G,A).
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ON PARTIAL ORDERED ALGEBRAS OF RELATIONS WITH
OPERATIONS OF CYLINDRIFICATION
D. A. Bredikhin
Saratov State Technical University, Saratov
bredikhin@madl.ru

A set of binary relations closed with respect to some collection of operations on
relations forms an algebra called an algebra of relations, and each such algebra can be
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considered to be partially ordered by the relation of set-theoretic inclusion. The first
mathematician who treated algebras of relations from the point of view of universal
algebra was Alfred Tarski [1]. Now, the theory of algebras of relations is an essential
part of algebraic logic and modern algebra [2]. We concentrate our attention on the
operation of relation product o (that is, composition of relations) and two unary
operations of cylindrification Vi, V,, playing the important role in algebraic logic
[3]. These operations are defined as follows. For any binary relation p on U, put
Vl(? ={(u,v) € U x U : (Fw)(u,w) € p}; Valp) ={(u,v) e U x U : (Fw)(w,v) €
€ p;.

Let R{2, C} denote the class of all partially ordered algebras isomorphic to ones
whose elements are binary relations and whose operations are members of (2.

Theorem 1. A partially ordered algebra (A,-,*, <) of the type (2,1) belongs to
the class R{o,V1,C} if and only if it satisfies the following axioms:
(zy)z ==x(yz), =™ =a", (ay) =ay", z<a’z, z'y<a’,

Theorem 2. A partially ordered algebra (A, -,*, <) of the type (2,1) belongs to
the class R{o, Vs, C} if and only if it satisfies the following axioms:
(zy)z =x(yz), =™ =a*, (ay)" =2y, z<az”, zy" <y,

'y =y"Vaxz=zx=z, vy"=y"Vr<z.

Theorem 3. A partially ordered algebra (A, -,*,*, <) of the type (2,1,1) belongs
to the class R{o, Vs, Vo, C} if and only if (A,-,*, <) satisfies the conditions of Th.
1, (A,-,*, <) satisfies the conditions of Th. 2, and the following identities hold:

= .I'**, ¥ = QZIZ’**, * = .
The proofs of the theorems is based on results of [4, 5.
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ABCOJIFOTHO SAMKHYTHIE I'PVIIIIBI B
KBASBVMHOTI'OOBPA3UNAX
A. . Byakun
Aamatickuti 2ocydapemeennoili yrusepcumem, 2. Bapraya
budkin@math.asu.ru

[Iycts M — npousBoJibHOe KBa3uMHOroooOpasue rpyii. B atom ciry4ae jiist j1000ii

rpymel G uz M u eé noarpynmsr H gomunmon domy (H) noarpymmst H B G (B

M) ompejensercs Tax:
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domM'(H) ={a € G|VYM € M Vf,g:G — M,

ecma f |p= g |u, T0 af = a%}.
31ech, Kak 00bIaHO, dYepe3 f,g : G — M obo3nadeHbl roMmoMopdu3Mbl rpymibl G B
rpynny M, gepe3 f |y — orpanuuenne f wa H.

Hec10xH0 3aMeTHTh, 9T0 dom:y (—) sBJISIeTCS OIepATOPOM 3aMBIKAHIS Ha PEIIET-
Ke MOJrPYII JaHHO! rpymibl (G, B TOM CMBIC/IE, YTO OH SKCTEHCHBHBI (JIOMUHHOH
noarpynnbl H cofep:xut H ), WIeMIOTeHTHBIN (JOMUHIOH JTOMHHHOHA IIOJIDYIIIIbI
H pasen gomunuony H) u wusoronnsiii (eciu H C B, to momununon H conep-
XKuTc B JoMuHnone B). BosHukaer monsTHe 3aMKHYTON moarpynmnsl H B rpyiie
G (orHOCHTeNbHO Kitacca M), KoTopoe nccieyercs B paHuoi pabore. Ilonpobmyto
nHGOpPMAIIIO O JOMUHIOHAX MOYXKHO HaiiTu B [1,2].

I'pynma H masbiBaeTcs abCOIIOTHO 3aMKHYTOH B Kjacce M, ecian [ist Jio0oi
rpymmer G uz M u3 kaskoro srimodenns H < G cenyer, uro domy (H) = H.

I'pynma H HasbiBaeTcs n-3aMKHYTOI B Kitacce M, ecomm 1715 j1:060it rpynnsl G =
=gr(H,aq,...,a,) u3 M, conepxaieii H u OPOKIEHHOI 110 MOLy/t0 H 10/1X0/151-
IIIMHI 7. 9JIeMEeHTaMHU, CIIPaBeJINBO PABEHCTBO: domgA(H )=H.

MuozkecTBO Y moArpyi rpyunbl G Ha3bIBaeTCs JIOKAJIbHBIM HOKPBITHEM I'PYIIIbI
Y, ecmn UgesA = G u g mobeix A, B € ¥ cymecrByer C' € ¥ Takast, uto A U
uBCC.

Teopema 1. Ilycrs M — npoussosibHOe KBaszumHorooopasue rpymma, G € M,
H<G, Y ={Gy | k€ K}, ¥y ={Hy | k € K} — jtoKa/bHBIC HOKPBITHS TPYII
G m H coorsercrBenno, Hy, C (), npu raxkgom k. Ilpeamonaraem, aro ecoim Hy, C
C H,,, o G C G,,, u ectn Gy, C G,,, To H, C H,,. Toryia eciin Besikast rpyiina Hy,
samkHyTa B G, ornocuresibio M, to rpymmna H samirayra B G orHocuTejbHO M.

CaencrBue. [lyctb G € M, H < G, ¥y = {Hy | k € K} — JokanbHOe
mokpeiTae rpymnbl H . Torga ecom Besikast rpymma Hy, 3avmkaHyTa B (G OTHOCHTEIBHO
M, 1o rpynma H 3amkuyra B G orHocurejsbao M.

Teopema 2. Ecjm jpist KaK0ro0 HATYpaJILHOIO ducaa n rpynna H n-3aMKHyTa
B KBa3uMHOroobpasuu M, To H abcogroTHO 3aMKHYTa B 9TOM KBA3UMHOIOOOPA3UH.
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KOHEYHBIE PASBPEIIIVMBIE T'PVYIIIIbI C
METAHMNJIBITOTEHTHBIMI MAKCUMAJIbHBIMUA
IIOATPVIIITAMMUA
A. B. ByznaunoB
YO "Tomenvcruti 2ocynusepcumem umenu D.Crxopuro, [omeany
kolenchukova@gsu.by

PaccemarpuBaroTcst TOJIBKO KOHEYHbIE pA3PENTUMble I'PYIIIbI, HCIIOIb3YeTCs TePMU-
Hosiorusi, npungrag B [1]. Heequauanyio wopmasibuyio p-noarpymiy 7 rpynmst G
OyJ1eM Ha3bIBATh MOATPYIIIOH IIMUIATOBCKOTO TUIIA B (G, €CJIU BBIIIOJIHSIOTCS CJIeLyT0-
[IMEe YTBEPIKICHUS:

1) ecnin T meabenena, o ®(T) =T" = Z(T) — noarpyia SKCIOHEHTHI P;

2) ecim T' abejieBa, TO OHA JJIEMEHTAPHAS;

3) ect p > 2, 10 exp(T) = p, eciu p =2, 10 exp(T) < 4;

4) T/®(T) — G-rnasusiit dbakrop u ®(T) =T NP(G) C Z(T).

[Ipomoszkast ucciemoBanus pador 2] u [3], qokazana cieyomas Teopema.

Teopema. Ilycts § — JjokanbHas noggopmanns gpopmanua N2, e F-rpymma G
¢ ®(G) = 1 umeer aBe makcumaJibable oarpynnel My <G, My 4 G, npunaiexa-
mue §. Ecm My 2O F(G), My D F(G), To ars /1i060if MEHIMAJIBHOH HOPMAJIHHOMH
p-moarpymer P rpynnst G, conepskametics B GY | clipaBei/inBbl cieyrome yTEep-
SKJICHUSI:

1) C=Cq(P)C My, My =F(G)AH,rne 1 # H e N, M,/C — HuibrioreHTHAS
p/ -rpymma, G/C — HEeHWIBIMOTEeHTHAS TDYIIIIA;

2) ecn q=|G: M|, 70 P=P, x PP x P e k<q, xe€G/M,, P, — uu-
auMasibHasg M -gonycrumast nogrpynmna rpymasl P, npudaem k = ¢, ecum 04T pyIIIbI
P, u PP me aprsmorcs My -n3oMopHBIMIE;

3) C C My, My/C = (My/C)yNMs/C),, mme (M2/C)y € f(p) €N a1 Hexo-
TOPOTO JIOKAJILHOI'O 9KpaHa [ opmarmnn § ;

4) ecn q # p, ro G/C ecrb p'-rpynmna, My/C — kaprepoBcKasi mojrpyna;

5) ecn ¢ = p, t0 (My/C), = (G/C), # 1 ectb noarpyumna mopsigka p, F(G/C) =
= M, /C — xomnosckas p'-noarpynna rpynnst G/C, G/C = (Q/C)(My/C) rme Q/C
ecth r-moArpynmna mmugrosckoro tuna B G /C' 1t HEKOTOPOro IpocToro 4uciaa r #
# p, npuaem 6o Q/C = (G/C)S, ecrn G/C € F, mibo Q/C = (G/C)*, My/C €
eEMN, ecmm G/C €F.
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ON LOCALLY SOLUBLE SUBGROUPS OF THE FINITARY LINEAR
GROUP
O. Yu. Dashkova
The Branch of Moscow state university in Sevastopol, Sevastopol, Ukraine
odashkova@yandez.ru

In [1], [2] it was begun the investigation of the finitary linear group F'L,(K) where
K is a ring with the unit, v is a linearly ordered set. In particular it was studied the
finitary unitriangular group UT,(K) [2].

We study the finitary linear group F'L,(K) in the case where K is a commutative
Noetherian ring with the unit.

The main result of this paper is the theorem.

Theorem. Let G be a locally soluble subgroup of F'L,(K), K be a commutative
Noetherian ring with the unit. Then G is a locally abelian—by—metanilpotent—by—
polycyclic group.
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OBb OJHOM CITIOCOBE OITPEAEJIEHUS CJIOZKHOCTUAU

JIOTUYECKUX ®YHKIIMOHAJIbBHBIX CUCTEM

. II. JlumutpudeHKo

Dedepanvroe 2ocydapcmeennoe brodricemmoe yupescoenue HayKu

Hayuno-uccaedosamenverkutds unemumym npukaaorot Mamemamuky U
asmomamusaauyuu Kabapourno-Baakapckozo nayunozo yenmpa Poccutickot axademuu
nayk (HUW [IMA KBHI] PAH), Harvwux
dimdp@Qrambler.ru

B macrogmeit pabore paccMOTpeH BOIPOC 00 OIpPeIeeHun CJA0XKHOCTUA k-
SHAYHBIX JIOTMYECKUX (QDYHKIMIA [OPU  IIOMOIM METOJ0B JIOTHYECKOI'O HHTETrPO-
i depeHInaIbHOr0 UCIUC/IEHUsI, IPUKJ/IAIHBIE aCIIeKThl KOTOPOro MTPOaHaATU3UPO-
BaHbI B [1].

PaccMoTpuM MHOXKeCTBO k¥ BCEBO3MOMKHBIX k-3HAUHBIX JIOPMYECKUX (DYHKIHIL
F(z) or omnoit nepemennoit x,x =0,...,k-1.

Onpegnesnienne. [Ipoussonnoit F'(xy) dyukmun F(x) B TOUKe T HA3BIBAETCS Be-
JIMYUHA, IpUpalieHns (DYHKIUU [IPU U3MEHEHNN 3HAYCHUS apIyMEHTa Xo Ha €IUHUILY
B IIOJIO?KATEIBLHOM HallpaBJeHun, Takoe 9to: F(zg + 1) = F(xg) + F'(x0) [2].

Teopema 1. Berony onpejenennas dbyukius F(x) nuddepennupyema Bo Beex
TOYKax 00IacTu oupejesaeHus [2].

Orcrona cireryer, 9To KaxKJI0i BCIOfy ompejesienHoi dbyHkmn F(z) MOXKHO T10-
CTaBUTh B COOTBETCTBHE BCIOJY OIPEIEJEHHYIO ITPOU3BOIHYIO.

Kpurepuem oleHKH CJIOXKHOCTH (DYHKIMU ABJIAETCA KOJIUIECTBO MOC/IEI0BATE b
HbIX JuddepennmpoBannii, obpamaommx HCXoaHyo GyHKnuo F () B TOXK/IECTBEH-
HBI HOJTb mu camy cebst. Toraa Hy/ieBas KOHCTaHTa Oy/IeT UMeTh CJIOXKHOCThH PABHYIO
HYJIIO, HEHYJ/IeBble KOHCTaHThI €UHUIe, JUHEeHHbIe (DOYHKIMA IBYM K T.I.
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Jlns aHasm3a CJIOXKHOCTH MHOXKECTBa, BCeX k-3HAUHBIX (DYHKIHI IPU 38 [aHHOM
SHAYEHUN k YUITEM TeOpeMy O Pas/IoKeHWH [IPOU3BOJIbHON k-3HauHOi dyHKIMA [3]:

Teopema 2. Ilycts dyuknusa F(x) ompeiesiena B Touke xo =0 u uMeeT B Heil
IIPOU3BOHBIE JI0 TIOPsAIKa k-1 BKJIIOYUTEIHHO, TOT/Ia OHA IIPEJICTAaBUMa B BUJIE CJIEJLY-

k=1
IOIEro MHTerpasbHoro pasnokenus: F(z) = Y FU(0);(z).
=0

[Ipm sTOM MOCTATOYHO TOCJIEIOBATENHHO N dDePEHITNPOBATH COBOKYITHOCTD WH-
TerpaibHbIX (DYHKIIHIT JI0 TOJTHOTO UX OOHYJIEHUS.

[Tonyuensl ciemyroniue pe3ysibTaThbl BCe MHOXKECTBO K-3HAUHBIX (DyHKIMIT pa3ou-
BaeTCs Ha JIBa HelepeceKalomXcs KJacca:

1) ®yukiuu, nociegoBaresbHoe udGepeHnupoBaHne KOTOPBIX MPUBOJUT K Hy-
JIEBOII KOHCTaHTE 338 KOHEYHOE HHCJIO MIAT0B. DTO MOJMHOMBI W/ UX AHAJIOIH.

2) @yHKIUH, IS KOTOPBIX BHIIOJHSAETCS ClIefylomee cooTHomenme: F(™(z) =
= F(z), m - HEKOTOpOe HATYpPaJbHOE YUCIO0. DTO JUCKPETHBIE AHAJIOIH TPUTOHO-
MeTprIecKux MYHKIUH Sin 1 cos.
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OTHO3HAYHA A HYMEPAIIS B AHAJINTUNYECKON
NEPAPXUN
M. B. Hop>kueBa
HI'Y, Hosocubupck
dm-3004@Qinboz.ru

Ixefive Oynnce nokasau B ceoeit pabore [1], aro myia cemedictsa Beex [1] -MHOKECTB
HET OJIHO3HAYHON HyMepalliH, UCIOJb3ys MeTapeKypCuBHYyIO Teopuio. JlaHubIi pe-
3yJIbTaT ObLI IIOJIyUeH B KJacCu4iecKoil (hopme 6e3 UCIIoIb30BaHUsT METAPEKYPCHH JIJIsT
[IEPBOr0 YPOBHSA aHAJMTUYECKON MepapXxuu, a TaKKe IlepeHece Ha ypoBenb n € N.

Teopema 1. /[nag n > 1 me cymecrsyer I} -BoraucuMori moc/ie10BaTe IbHOCTH
v(n) raxoii, uro Kaxknoe 11! -MHOKECTBO B 9TOM MOCICIOBATEILHOCTH BCTPEIACTCST
TOJIBKO OJIHH Pa3.
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O CEMAHTUKAX IIPOIIO3UIINOHAJIbHBIX NCYNCJIEHNI.
B.H. Ipoboryn
Hasrodapcruti 2ocydapemeennviti yrusepcumem um. C. Topatieviposa, Iasaodap
drobotun.nina@mail.ru

B nannoit pabore cTpouTCs HETPAUITMOHHAS TEOPETUKO-KOJIbIIEBas CEMaHTUKA UC-
qucsiennst BoickasbiBanuii (11B).

C anrebpanteckoil TOYKN 3peHust, MHOKeCcTBO opmys VB ecth MHOXKECTBO TEp-
MoB curHaTypel A = (G35 G3; G3; G%; dy; dy) Ha MHOXKECTBOM TIPOMO3HIMOHAIBHBIX
nepemenHbIX {X1; Xo;...; Xy ... }. [locrpoenne cemantux VIB cBomuTcs, Tem cambiM, K
MTOCTPOEHUIO YJIOBJIETBOPSIIOIINX OINPEIeIeHHBIM YCIOBUSIM WHTEPIIpeTauii 17 Curaa-
TYPBI A, IIPA 3TOM, B Ka9eCTBE «CTPOUTEILHOTO MaTepuaJjay UCIOJIb3YIOTCA CTPYK-
TYPHBIE COCTaBJIAIONINE KOHKPETHBIX ajirebpanmdeckux cuctem M. Konkpernzarus
[PEJICTABICHAl O CeMaHTHKAaX IPOINO3UIMOHAIBHBIX JIOTHIECKUX ncaucaeHuit [1-2],
npuMeHnTebHO K VB MoxKeT OBITh OCyIecTB/IeHa CJIETYIONIIM 00PA30M.

Omnpepnesienne 1. Anrebpa I = (I;7G% G2, G2%;" G2;"dy;" dy) masbiBaeTcs wn-
repuperanueiit B ¢ monem osnaausanus M = (M; f"™; 325 ..; flir; P™5 Py L P,
a1;ag;...; Q) , €CJIM OCHOBHBIE OIEPAIUU TOI Aaredphl SIBJISIFOTCA TePMAaJbHBIME Olle-
parusmu cuctembr M.

Onpenenenne 2. [lycts I - unrepuperarnus VB ¢ nosem o3naunsanusgs M u S —
noaMHOKecTBO Hocuresist M sroit cucrembr. Tepm ¢ = ¢(X1; Xo;...; X,,) curraTypsr A
HA3bIBAETCsI ODIE3HAYUMBIM (OTHOCUTEJILHO UHTEPIIPETAIIMN 1) U MOJMHOXKecTBa S ),
ecin "t(aq; ag;...;a,) € S s MOOBIX Q1 Qg; ...; Ay € M

Onpenenenne 3. Uarepnperanus I VIB ¢ mostem o3aaunBanns M 1 BbIIeI€HHBIM
[IO/IMHOXKEeCTBOM S HasblBaeTcsd ceMaHTukoil VB, ecin BbIIOHATOTCSA yC/I0BUS:

3.1) Bce akcnombl VIB, Kak TepMbl CUTHATYPBI A, SIBJISIEOTCS OOIIE3HATIMbBIMM;

3.2) ecm TOCBLIKY MpaBmil BbiBOsia 1B, Kak TepMbl CUTHATYDBI A, SIBJISIFOTCS 00-
ME3HAYNMBbIMHI, TO W 3aKJIIOYEHNs] 9TUX [PaBUJI, KaK TePMbl CHTHATYPBI A, TaKKe
SIBJITIOTCS OOIIE3HATUMBIMU.

IIpensoxenune 1. [lyctre M = (M; +;e;0;1) — npousBobHOE OYJIEBO KOJIBIO €
eJINHUTIEN, MHTePIPeTaIns 1) CUTHATYPBI A Ha MHOXKecTBe M ompeesieHa Mo MpaBu-
nam: "G3(a; b) = a+b+aeb; "G5(a; b) = aeb; ”G%(;z; b) = 1+a+aeb; "d; =1;"dy =0
u S = {1} . Torga anrebpa I = (M;? G3;" G3;" G3;0; 1) sngercs cemanTukoii IB ¢
mojieM O3HadYmBaHWA M ¥ BBIJIEIEHHBIM TOJIMHOXKECTBOM S .
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KOMIIO3NIINA ACCOIIMATUBHBIX AJITEBP I1O JIBYM
rOMOMOP®PU3MAM
. B. J1yoHos
MTYCH, Mocksa
ddubnov@yandex.ru

Komnoszunus no asym romomopdusmam [2] Ilycte A, B — accoruaruBHble aJi-
reOpol Hag osteM k, F: A— B, G: B — A - romomopdusMmbl ajrebp. Onpeennm
Ha TEH30PHOM IpousBeseHnn A ® B ciepyoliee yMHOXKEHHUE:

(CL1 X bl)(ag X bg) = (alG(bl)ag ® b2 +a1 ® blp(ag)bg) — alG(bl) &® F(ag)bg.

Anrebpy A ® B ¢ TakuM yMHOXKeHHeM Oy/ieM Ha3blBaTh KoMmmosunueir A m B 1o
romomopdusmam F' u G u obosnadarh A o(p gy B umm npocrto Ao B.
Ilpenjioxkenne. A o B — accornuaruBHasi ajareopa.

KoMnozunusi Kosi9aHoB ¢ cootHoineHusimu llycts A, B, — ayreOpbl KOJTIAHOB
€ COOTHOIIIEHUEMH HaJ[ ToJieM k ¢ m30MOpGHO MOIYIPOCTONl YacThio, TO ecTh A =
=C® Rad(A), B=C® Rad(B), C = k™ =ke; ® ... D ke, . Pagukan Ixxexobcona
anrebpsl A (anajiornuno B) pasyiaraercs B cymMMy BEKTOPHBIX IpocTpaHcTB RadA =
=C @D Az‘j, riae Aij = le(ld(AM)] .

[Mockombky A/Rad(A) = C, B/Rad(B) = C, nzoMmopbusM MOIyIPOCTHIX dacTeit
naéT napy romomopdusmos F': A — B, G : B — A, 0bpa3oM KOTOPBIX SIBJISICTCS
C. Anrebpy Ao(p) B MoXKHO 0ThaKTOPU30BaTh /10 anredpel A oo B Ha BEKTOPHOM
npocrpanctse AQc B = C® Rad(A)® Rad(B)®S€D, j 41—y ..., Ai,j®Bjx ¢ noayupocroi
qacTbio C' U YMHOXKEHUEM B DaJIUKAJIE

;b = djrai; @ by, brai; =0, a; €A, by€B.
Teopema [1]. I'omosoruyeckast pazmepHocTb aarebpol A oo B paBHa cymMMme ro-

MOJIOTHYE€CKHX pa3MepHocTeii amredp A u B.

T'omomopdu3mbl BJIOXKeHUsT U ITPpoeKIuu u rnceBaoandpepeHnnpoBaHne KOMIIO-
gunuu anarebp nmo AByM romomopdusmam lImMeroTcesd cieyioniue roMOMOPQPU3IMbI
BJIO2KEHUA U IIPOEKIINU:

in: A= Ao B, isla) =a®1; ip: B—AoB, ig()=11b,
pa: AoB — A, palaod)=aG(b); pp: AoB — B, pa(aob)=F(a)b

Kommozunus 1o JiByMm roMoMopdu3MaM UMeeT KaHOHU4YecKoe TceBnoanddepen-
nupoBanue D, yI0BJIETBOpsiioliee 000OIIEHHOMY TTpaBuiIy JlefibHuia

D(zy) = iapa(x)D(y) + D(z)inps(y)-
Ompegenium D(a® 1) :=a®1—-1® F(a); D(1®0b):=10b—G(b) ® 1, orkyaa
Da®b)=D((a®1)(1®b) =2a®b—aG(b)®@1—1 F(a)b.
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O BE3OITACHOCTU OIIEPATOPA MH®JIAIIMOHHONI
PUKCUPOBAHHON TOYKU
C. M. ynakosn
Tsepcroti 2ocynusepcumem, Teepw
sergeydudakov@yandex.ru

g u3Bnevenne wHdoOpMaIuu n3 6a3 JaHHBIX TPAJIUIINOHHO UCIIOIB3YIOTCA JIOTH-
vyeckue si3biku [1], mpexe Bcero — SQL. Iocsetue Bepeun 3Toro A3bIKa UMEIOT B
CBOEM COCTaBe CPEJICTBO MOCTPOEHUs PEKYPCUBHBIX 3allpocoB. Jlornueckum aHaorom
9TOr0 MeXaHU3Ma SBJIsleTCs onepaTop MHMIAInoHHON dhukcupoBanuoii Touku (IFP,
cM. [3]). Bassl JaHHBIX TPAKTHYECKH BCET/a PACCMATPUBAIOTCS HAJ| HEKOTOPBIM YHIU-
BEPCYMOM, Ha KOTOPOM OIPEJIeIeHbl KAKHe-TO OTHOIIEeHUs 1 oneparun |2]. 3ampocs
(dopmysIbl) IpU STOM MOI'YT HCIIOJIB30BATH OTHOIIEHHS M 0a3bl JAHHBIX, U YHUBED-
cyma. Ho ognoBpemennoe ucrionib3oBanue [FP-oneparopa u orHomenunit ynusepcyma
JIETKO MPUBOJUT K BO3MOXKHOCTU MOJIEJIMPOBaHUA PabOTHl MamuHbl ThiopuHra, 4To
O3HAYaeT HEPA3PENINMOCTDb MPODJIEMbI OIPEICICHI UCTUHHOCTH JIJIst STUX (POPMY.IL.
MpbI uccsestyeM BOIpoC: Jjid KaKUX YHUBEPCYMOB BbinoJiHnenue [FP-omeparopa 6e3-
OTIaCHO, TO €CTh Pe3yJIbTaT BCET/Ia CTPOUTCS 338 KOHEUHOE UHCJIO MAaroB?

OcHOBHBIE HAIK PE3YIBTATHI COCTOAT B CJIELYIONINX YTBEPKICHUX:

Teopema. Ilyctp Teopusi T' umeer KOHeYHYIO curHarypy. /lias Toro, 4robbl cyiie-
crBoBaJia IFP-cpopMysia, HCTHHHOCTH KOTOPOH HEBO3MOXKHO OIIPEJIC/IUTH 38 KOHEIHOE
YHCJIO ITAroB B MoJessiX Teopun 1, HeOOXOJUMO H JJOCTATOYHO CYII[eCTBOBAHUE MHO-
sKecTBa popMys1 X , VIIOBJIETBOPSIOIIEIO CJEIYIOIIAM YCJIOBHUSIM:

A. opmynasr 3 X He coleprKar CJIOXKHBIX TEPMOB (apryMeHTaMH HIPEJHKATa U
GyHKIH MOTYT OBITH TOJBKO II€PEMEHHBIE),

B. B X cymecTByeT 6ecKOHETHO MHOTO ITOIIAPHO HEIKBHBAJIEHTHBIX B 1T chopmyi,

C. cymectByer KoHctanta K w Kaxkgas ¢opmyna u3 X coxepxkur He boee K
PA3JIMYHBIX HEPEMEHHBIX (CBODOJHDBIX HJIH CBSI3AHHBIX).

CaencrBue. Ecin Teopusi KOHEYHOH CHIHATYPBI SBJISETCS CUETHO KaTETOPHIHOM,
TO TaKoro MHOyKecTBa hbopmysr X He cCyIIeCTBYeT, cjenoBarebHo, pe3yiabrar IFP-
olriepaTopa BCErjja MOXKeT OBbITh MOCTPOEH 3a KOHEYHOE YUCJIO HIATOB.

Bwmecte ¢ TeMm, creficTBUE He ABJISAETCA HEOOXOIUMBIM YCJIOBUEM:
Teopema. CyiecrByer Teopusi KOHEYHOH CHTHATYDBI, KOTOpasi HEe SIBJISIETCS CUeT-
HO KaTeropudHoii, Ho pe3syibrar IFP-omeparopa Bcerjia MOXeT ObITh ITOCTPOEH 3a
KOHEYHOEe YHCJIO ITaroB.
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MHBAPUNAHTHBI 1 KOJIbIIA YACTHBIX H-ITIOJIYITEPBUYHbBIX
H-MOIAYJIbBHBIX PI-AJITEBP
M. C. EpsamkuH
Kasancxut (Ilpusossiceruti) gedeparvronts yrusepcumem, Kazanw
mikhail. eryashkin@gmail. com

[Iycts H — xomeunomepnas ajiredpa Xorda. Borpoc o Tom, Oyzier m KoMMmyTa-
tuBHasg H-momynbHasg A IensIM pacmmpenueM Tofaaredpsl nasapuanTos A 6ot
nocrasied B [1]. EcrecTBeHHBIM IPOJIOIZKEHIEM 3TOTO HAIIPABJICHW UCCIIE0BAHUIT B-
JISIETCS PACCMOTPEHUE aHAJIOTUIHOTO BOIIPOCA O MEJTOCTHOCTH H -MOyIbHOM ayirebpbl
Ha,T 1TO/1aIre0poii MeHTPaIbHBIX MHBAPUAHTOB JJIsi H -MOIy/IbHBIX ajIredp, yI0BIeTBO-
PSIFOIIUX TIOJMHOMHUAIBLHOMY TOXKJIECTBY. B paboTe [2| ObLI Moy YeH 0/I0KUTE/IbHbBII
OTBET Ha 3TOT BOIIPOC JIJIsd IEPBUYHBIX H -MOIYIbHBIX P [-ajredp mpu HEKOTOPBIX J10-
[OJTHUTEIHHBIX TPEJIIOI0KEHNsIX. AHAJIOTHYHBIN BOIPOC paccMarpuBascs B (3] mis
CIenuaabHOro Kjacca H -MOJIYIbHBIX aareOp, y/I0OBJIETBOPSIONINX OJTHHOMUATIHLHOMY
ToK1eCcTBY. OCHOBHBIM ITOIXOIO0M B 3TO PabOTe SIBJISJICS IIEPEXO/L K KOJIbILY YaCTHBIX
H -niepuunbix H -MoOJly/IbHBIX ajarebp M3 paccMaTpUBaeMOro Kjacca, KOTOPOe sBJIs-
JIOCh KOHETHOMEPHOM aJirebpoil HaJI MmojieM WHBAPUAHTHBIX 3JIEMEHTOB. AHAJIOrTIHOe
YTBEPKJIECHNE YIAJIOCH TOJIYIUTh JIJIT HEKOTOPBIX H -1moryriepBuYHbIX H -MOJ Iy IBHBIX
PI-anrebp.

Teopewma 1. IIycte H — roHeunomepHast ajirebpa Xorga, a A — H -moxyibHast
PI-anrebpa, Koropast umeeT KoHedHOEe 4uca0 H -mepBHYHBIX mieaJioB {Pz‘}ieﬁ Ta-
kux, (| P, = 0. Torga amrebpa A umeer KBasuppoOEHHYCOBO KJIACCHIECKOE JBY-
CTOPOHHEE KOJIBI[O YacTHBIX (), KoTopoe siBiasercs H -mosynpocroit H -monyibHOI
ajrebpoit. Asrebpa () sIBJISIETCST KOHEUHO-ITOPOXKICHHBIM MOIYJIEM HaJl IIOJaareoport
nenrpabibix nasapuantos C(A)? . [Ipmuem anre6pa C(A)? nomynpocra n Qp(A) =
=C(A)A.

Bosee Toro, ecitm A — H -nieppuunast H -momyneaass Pl -anrebpa, To ajarebpa
C(A)" aprsercs momem.

YcranosyieHHBIE (DAKTBI O KOJIBIIAX YACTHBIX TO3BOJIMIA II0KA3aTh

Teopewma 2. IIycte H — xoneunomepnast ajireopa Xomga, a A — H -monyibaast
anrebpa, KoTopas mMeeT Konednoe dncio H -meppmanpix mueanos { P}, Takmx,
(P, = 0. Torga ecim anrebpa A siBIsieTcsi IPOEKTUBHBIM MOJLYJIEM KOHEYHOI'O DAH-
ra Haj[ cBouM 1eHTpom Z(A), To aiarebpa A nena Haj mojaarebpoii meHTpaIbHbBIX
unpapuantos Z(A)7 .
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LIMITWISE MONOTONIC SETS OF REALS
M. Kh. Faizrahmanov, I. Sh. Kalimullin
Kazan, Kazan (Volga Region) Federal University
marat. faizrahmanov@gmail.com, Iskander. Kalimullin@kpfu.ru

We extend the limitwise monotonicity notion to the case of arbitrary computable
linear ordering to get a set which is limitwise monotonic precisely in the non-
computable degrees. Also we get a series of connected non-uniformity results to
obtain new examples of non-uniformly equivalent families of computable sets with
the same enumeration degree spectrum.

O KOMMYTATUBHOCTUA KOJIBIIA SHAOMOP®UNU3MOB
OJHOT'O KJIACCA P-JIOKAJIBHBIX I'PVIIII
B. X. ®apykimuxa
Mocxoscruii [ledazozuveckuti Tocydapemeernnvit Yruusepcumem, Mockea

fukh@mail.com

Paccmarpusaercs kareropust £, p-JIOKaJIbHBIX abeJIeBBIX I'PYII 6€3 KPydeHus KO-
HegHOro panra. I'pynma A HasblBaeTCs p-JIOKAJBHON (p — MPOCTOE YHUCIIO), e
A aBngerca Zy,-monyneMm, Z, — JIOKaJIN3allUsd KOJbBIA IIEJIBIX YUCE] OTHOCHUTETHHO
npoctoro p. llomnmome K monsa p-ammdeckux unces (@, HasbIBaeTcs MOJEM PACIIEl-
nennda nuaa rpynnsl A € L, ecam jyia Kombnia R = K N Z, BBIIOIHEHO yc/osue
A®z, R=2=D®F, tne D — gemumetit R-momnynb, I — csobomubiit R-momynb, Z, —
KOJIBIIO IEJIbIX p-agudecKux 4dncesl. Koabio R B 9TOM ciydae Ha3bIBAETCs KOJIBIIOM
pacierieHus Jijist rpymmsl A.

Teopema. Ilycre rpynma A € L, u noje eé pacmienienus K sBisgeTcs KBaJIpa-
TUYHBIM paCIIIPeHneM 10/ parmoHaabHbIX rces Q. Torna KoibIo sH10MOPGU3MOB
E(A) rpynnel A KOMMyTaTHBHO B TOM U TOJIbKO TOM CjIydae, ecjid rpymnmna A u3o-
mMopdHa Z,, wim Q, uim ajiuTHBHON IpyIIe KOJIbIa paciiemienuss R jyist rpyst
A.

JlanHoe yTBep:KIeHne OTHOCUTCS K TIpobJiemMe, TTocTaBieHHol B [1].
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ON CATEGORICITY OF SCATTERED LINEAR ORDERS
A. Frolov, M. Zubkov
N.I. Lobachevsky Institute of Mathematics and Mechanics, Kazan Federal
University, Kremlevskaya 18, Kazan, Russia
andrey.frolov@kpfu.ru, mazim.zubkov@kpfu.ru

We consider the categoricity of countable scattered linear orders. Recall that
linear order is scattered if it has no dense suborder. A computable linear order
L is computably (AL -, resp.) categorical if for every computable copy L' of L
there is a computable (A%-, resp.) isomorphism between L' and L. J. Remmel [1],
S. Goncharov, V. Dzgoev |2] obtained the description of computably categorical linear
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orders. Namely, they proved that a computable linear order is computably categorical
if and only if it contains finitely many pairs of successors. Ch. McCoy [3] obtained
the description of AY-categorical computable linear order with additional conditions.
We proved that if L is a computable scattered linear order such that L is a finite
sum of scattered orders of rank n then L is AY -categorical. The definition of rank
of scattered linear orders can be fined in [4].
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COMPUTABLY ENUMERABLE GRAPHS AND EQUIVALENCE
STRUCTURES
A. Gavraskin
Auckland University of Technology, Auckland
gavruskin@aut.ac.nz

We investigate dependence of recursively enumerable structures on the equality
relation given by a specific c. e. equivalence relation on w. In particular, we compare
c.e. equivalence relations in terms of structures they permit to represent. This defines
partially ordered sets that depend on classes of structures under consideration. We
consider the class of graphs and the class of equivalence structures and investigate
some algebraic properties of these partially ordered sets. For instance, we show that
some of these partial ordered sets possess atoms, minimal, and maximal elements. We
also fully describe the isomorphism types of some of these partial orders.

This is a joint work with Sanjay Jain, Bakh Khoussainov, and Frank
Stephan.

ON SIMPLE NON-AMENABLE GROUPS
A.L. Gevorgyan, A. E. Grigoryan
Russian-Armenian (Slavonic) University, Yerevan
amirjan.gevorgian@gmail.com, ag89.08@mail.ru

One of the classical results on non-amenable groups is Adian’s theorem, which
states that for all odd n > 665 and m > 1 the free Burnside groups B(m,n) are
non-amenable (see [2]).

Using the construction of the n-periodic products of groups introduced by
S.I.LAdian and non-amenability of the groups B(m,n), we have constructed 2-
generated non-amenable simple groups of bounded period. The constructed groups
confirm the hypothesis of the existence of non-amenable groups without absolutely
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free subgroups of rank 2 in a stronger form. Note that the first examples of non-
amenable groups without absolutely free subgroups of rank 2 were constructed in [2].
The groups from [2] also are simple. But they are either torsion free or periodic groups
with unbounded orders of elements.
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ITOJIMHOMMAJIbBHO BBIYCJIMMBIE Y- CIIEIIN®OUNKAIINN
MNEPAPXMN3MNPOBAHHBIX MYJIbTUATEHTHBIX CUCTEM
B. H. I'mymkoBa
JI'TY, Pocmos-na-/lony
lar@aaanet.ru, lar@sfedu.ru

[ToBeenne MyIbTHATEHTHON CUCTEMBI crienuuIupyeTcsas opMyJIaMi MHOTOCOPT-
noro aspika UII 1-ro mopsjka ¢ orpaHmdeHHbIME KBaHTopamu HaJj KC-crnmckamu,
BbIJIEJIEHHBIME B KOHIeNuu Y - nporpamvuposatnus [1]. KC-crmeku npeacraisiior
nepesbst pazbopa KC-rpamMaTnk, nepapxusupyonimx COBOKYITHOCTD JIEHCTBUI U CO-
CTOSIHUII areHTOB TOCPeJCTBOM mpaBmi Bujga Sty — {Act}*, (Sto— nHavaibHOe co-
crosinue) Act — Acty | ... | Act,, Act; — St;...Sty. Pesynbrarom neiicrBust Act;
SABJISICTCA IIEPEX0/] YePe3 COOTBETCTBYIOINLYIO MOC/IE0BATEILHOCTD COCTOAHMUI, IPABH-
JIa JI7Is1 KOTOPBIX OIPEICSIOTCA crieluduKoil jreiicTBrs.

Ocnosy cremudukanuyu coctasasgior AgT- hbopMmyibl BUga:

(Vz1€t1) ... (VEm€tm) (1 < 21) ... (Yp < 2p)0(T, 1) — Y(Z,1)

m>=1,p=>0,y;,z €<T,t>; € 0603HATACT OTHOIICHUE IIPHHA/JIEZKHOCTU JIEMEH-
Ta CIHUCKY WM ero TPaH3WTUBHOE 3aMblkaHne, < — orHorrenne "jgesee". Qopmysibl
(1)) KOHDBIOHKITHST ATOMHBIX (bOPMYJI Buja p, 71 = 7o (r, [ = T) WIK UX OTPHUIAHWIL;
p, T, f— upeaukarHbie U DYHKIIMOHAJILHBIIT CUMBOJIBI, T, Ty, To— TEPMBI.

Teopusa Th KaxKJa0ro areHTa paccMaTPUBAETCs KakK JIOTMIecKas CHeruuKaIims
JUTS BBIYUCIeHNS (DYHKIUI 1 OTHOINEHM Ha CIHUCKAaX HOCHTEJS MOJEIN. AJIropuTMm
MHTEpIIPeTalii PeaJu3yeT MPsIMOil JIOrMYeCKUil BBIBOJ /I 3aJaHHOI TEeOpHH, UC-
X0/ U3 Hada bHbIX (akToB. [Ipeaukarsr, (hyHKIMN 1 aKCHOMBI TEOPUU COTJIACOBa-
HBI ¢ HETePMUHAJIBHBIME CHMBOJIAMHU U IpaBuiamu rpamvaruku |2|. Vepapxuanocts
CIIMCKOB IIO3BOJISIET CHHTAKCUYECKU OPUEHTHPOBAHHBIM CIIOCOOOM 3a ITOJIMHOMUA/Ib-
HOE BpeMsi OTHOCHUTEILHO "pa3mepa' epeBa HAWTH BCe 3JIEMEHTBI, YIOBICTBOPSIIOIIE
npedukcy dopmysibl. s naTepuperaun (GyHKIMH IPUMEHSAETCs OJIHa, U3 IVIABHBIX
mapaJiurM BBIYUCIEHUI ¢ paBEHCTBOM HCIIOJIH30BaHUE MX KaK IPABUJI IIePENnChiBa-
Hust TepmoB. llpu uwHTEpHpeTalUUN TEOPUU CTPOAT JEPEBO WCIIOJHEHUS JIeficTBU C
KOHCTAHTAMMU, BBIYUC/ISIEMBIMI B TIPOIECCE WHTEPIIPETAINI. AKCUOMBI ar€HTOB MOTYT
BBITIOJTHSAITHCSI ACHHXPOHHO 3a MCKJ/IIOYEHNEeM TeX aKCHOM, KOTOPBIE COjep:KaTr oOIIme
npeukaThl (HyHKINN) pasHbix areHToB. O6paboTKa TAKMX AKCHOM 3aJIePyKHBAETCs
B CJIydae HeONpeJIe/IEHHOCTH 3HAYCHUI pas/iesieMbIX (PYHKIUN U ITPEIUKATOB.
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PACIIOBHABAEMOCTDB HEKOTOPBIX CUMMETPUYECKUX
I'PVIIII 110 CIIEKTPY
. B. I'opmikos
Hremumym mamemamuru um. C.JI. Coboresa, Hosocubupcsk
ilygor@ngs.ru

[Iycrb G — komeunast rpymma, 7(G) — MHOXKECTBO HPOCTHIX JIeJIUTeNel ee To-
psiyika, w(G) — ee CHEKTP, T. . MHOXKECTBO MOPSJIKOB 9J1eMeHTOB Ipytibl G. Bymem
roBopuTh, 94T0 (G pacros3HaBaeMa IO CIEKTPY (KpaTKo, pacro3HaBaema), eCIu [
moboit korewnoit rpymnsl L n3 pasencrsa w(L) = w(G) caeayer nzomopdusm L o~
~ (. OrmernM, 9TO PaCIO3HABAEMOCTb CUMMETPUIECKUX T'PYII S, CTEmeHn n =
=17,9,11,12,13, 14 u "Hepacno3zHaBaeMoOCThb s n = 2,3,4,5,6,8 Obli1a ycTaHOBJIEHA
B paborax [1], [2], [3], [4]. Bompoc o pacrosnaBaeMocTi CHMMETPUTIECKO IPYIIIBL CTe-
nean 10 ocraercst oTKpeITBIM. B [5] ObLta j0Ka3aHa PaCmO3HOBAEGMOCTH TPYMIT S,
rje p — IHpOCTOe YUCyIo, GoJbinee 13, KPOME TOro TaM »Ke ObLIM IOJIyYeHbl CHJIb-
Hble OIPAHMYEHUs HA TPYIIBL C TEM Ke CIHEeKTPOM, 4TO U y rpyui S,i1. B [6] 66110
JIOKa3aHo, 9T0 ecju rpymmna G ¢ TeM Ke CIHEKTPOM, YTO U CUMMETpUYecKas TPYIIa
CTEIIeHN N, UMeeT KOMIIO3UIIMOHHBIA (hakTop n30MOp@HBII 3HAKOIEPEMEHHON I'PYIIIe
A, crenenu n, to G~ S,.

Henasao B 7] 6bu1a JOKa3aHa PACIO3HABAEMOCTh 3HAKOIIEPEMEHHBIX TDYIIT A, ,
n > 25. JlokasaTejbcTBO BejeTcs MHIyKIWed 1o crenedn. OCHOBHYIO MJIEI0 JIOKA3a-
TEJILCTBA 3TOH PabOThl MOKHO IIEPEHECTH Ha, CIydail CUMMEeTPUIeCKUX rpymi. Takum
obpaszoM, JIIst JIaJIbHEIIero MpuMeHeH!sT MeTo/[a MOJIyYeHHOro B |7] K cummeTrpute-
CKHMM TI'PYIIIaM IOJE3HO JOKA3aTh PACIIO3HABAEMOCTh CHMMETPHIECKUX TPYIIT MaJIbIX
CTeIleHEel.

B macrosimmeit pabore J0Ka3bIBaeTCsl PACIO3HABAEMOCTb Ipymm Sis, Sig, Sig, U
So1. Teopema. I'pymmer Sis, Sig, S1s, S21 pacmo3HaBaeMbl.

JImteparypa
1. Brandl R. , Shi W. Finite groups whose element orders are consecutive integers

// J. Algebra. — 1991. — V. 143. = N. 2. — P. 388--400.

2. Praeger C. E., Shi W. A characterization of some alternating and symmetric groups
// Comm. Algebra. — 1994. — V. 22. — N. 5. — P. 1507-1530.

3. Masypos B. . Xapaxmepusauus xoneunvix 2pynn MHOHCECMBAMU NOPAIKOE UL
anemenmos |/ Anrebpa u joruka. — 1997. — T. 36. — Ne 1. — C. 37--53.

4. Darafsheh M.R., Modhaddamfar A.R. A characterization of some finite groups
by their element orders // Algebra Colloq. — 2000. — V. 7. — N. 4. — P. 467--47.



60

5. Bapapuurua A.B. Pacnosnasanue no mmosncecmsy nopadkos anemenmos CuM-

MEMPUUECKUT 2pynn. cmenenu T u r+1 das npocmoeo v [/ Cub. MaTeMm. KypH. —
2002. — T. 43. — Ne 5. — P. 1002—1006.

6. Basapuunuua A.B., Masypos B. . O nopadkax ssemenmos 6 HAKPOIMUAT CUM-
MEMPUYECKUT U 3HaKkonepemennvix epynn // Anrebpa u goruka. — 1999. — T. 38. —

Ne 3. — C. 296-315.

7. Topmkos . B. Pacnosnasaemocms 3naronepemenmvir epynn no cnekmpy |/ Am-
rebpa u joruka. — 2013. — T. 52. — Ne 1. — C. 57—63.

O T'PVYIIIIE ABTOMOP®U3MOB KOJIBITIA 7S,
E. B. I'paueB, A. M. Ilonosa
Hosocubupcruti 2ocydapcmeenmnvili mernudeckutd yrnusepcumem, 20pod Hosocubupck
algebra@nstu.ru

B pabore mnpemiaraercss ajaropuTM™ IS HAXOXKJIEHHUsI TPYIIILI aBTOMOP(MOU3MOB
KOJIbIA ZS4 U U3y4aercst CTPOEHKe STO IPYIIILI C IIOMOIIBIO TEOPUU IIPEICTABIEHNUIA.
[Iycts T1(G), ..., T5(G) - Bce HEPUBOMMbIE HEIKBUBAJICHTHBIE [TPE/ICTABJICHIST KOHEU-
Hoit rpymnbl G, TOTAa MOXKHO PACCMOTPETH KJIETOYHO-IUArOHAILHOE [IPEICTABICHIE
D(G) = (diag(T1(G), - ,Ts(G), g € G). Jlerko nokasars, uro ZG) = Z[D(G)], tae
Hoc/IeHee KOJIbIO €CTh IeJOYNCIeHHas JIMHeHass 000I09Ka MATPUIHOTO IIPEICTaB-
neaust D(G).

Hamomuum, 9To S; MMeeT naTh HelIPUBOIUMBIX HESKBUBAJIEHTHBIX IIPEICTABICHUIT
T1(S4), ..., T5(Ss) crenewneii, coorBeTCTBEHHO, N1 = Ng = 1,n3 = 2,n4 = n5 = 3. Bee
IpeJICTaB/IeHnsT canTaeM IesouncienubiMu. Hazosem kosbua Z[1;(Sy)], Bo3HUKAIO-
IIFe Ha MeCTe COOTBETCTBYIONINX KJIETOK KOJbIa [D(S)), IPOCTO KIETKAMH.

Oboznaunm depe3 Kerp,, sapo romomMopdusma MUHKOBCKOTO
Om : GL,(Z) = GL,(Z,)

Bsegem obosnadenust Ko = diag(1,1, Kerpia,1,1), Kyg = diag(1,1, 1, Keres, 1),
K5,8 = dZCLg(l, 11,1, K6T308)

[Tonsarno, uro Ko X Kyg X K55 <U(Z[D(Sy)]) . Iosromy moxkeMm Bce KI€TKH
paccMaTpuBaTh 110 COOTBETCTBYIOIIMM MOJLYJISIM.

Jlemma 1. Ilepecranoska kmerox Z[Ty(S4)] m Z[T5(S4)] He siBastercst aBromop-
duzmom Kobiia Z[D(Sy)].

3 memmpr 1 coeyer, aro aBroMopdusmbl Kosblia Z[D(Sy)] 3amaoTcs compsizke-
HUSIMU KJIETOYHO-IMAarOHAJIbHBIMU MaTpuliaMu Has Q.

Jlemma 2. Ilycrs T(S,) - Hempuogumoe mpejcraBjieHue IpyIbl S, CTereHd
2 w3 HaJT KOJIBLOM 1ejbix gucet. Torpa yoboii apromopgusm kobia Z[T(S4)]
38/]a€TCsT CONPSIZKeHHeM 9Toro Kosbna marpurnei uz GLy(Z) mm GL3(Z).

N3 semm 1 u 2 creyer, 9T0 MCKAThH COMpSTaoline MAaTPHUIlbl MOKHO B G L, (Z)
110 COOTBEeTCTBYIOMEMY Moayo. Ha srom u ocaoBan ajsropurm. Takum o6paszom, Mbl
mmeM rpymny Marpur V = {diag(1,1,v,y,2)} \ Kia X K48 X K53, t1e v € GLy(Z),
Y,z € GL3(Z), KoTOpBIe IIPU CONPsIZKEHUN BO3BpANaioT Koubo Z[D(S,)] B cebs.

B rpynme V paccmarpuBaercda HopManbHbIE pam Vi < Vo <V, rtme Vi =
= diag(1,1,v,1,1) \ K12, Vo = diag(1,1,v,y,1) \ K12 x K, u uzydaiorcsa dakro-
pbl 3Toro psiga. Ilpu 3ToM ucHoNb3yeTcs clenuaabHblil aJIMTUBHDBIA 6a31uC KOJbIa
Z[D(S4)] (em. [1]). Tomyaena

Teopema. B npuseneHnbix Boie obosHadeHusax crpaseaapo: Vi = Oy x Cg,

Vo\Vi = Cf, V\ Vo= H, rae |H| = 524288, C(H) = CI, H\ C(H) = C§
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HOEIIN N TUKJIBI T'PYIIII HA MHOTOITPAHHUKAX U TPA®AX
A.M. I'ypun
Xapovrosckutl nayuonasvhul yrusepcumem, Xapvkos
alexgul01Q@Qya.ru

Peunb moitger 0 KOMIO3UIUAX HUKJIXIECKUX TPYIINT ¢ oOmmMu 3jgemeHTamu. Ha
MHOT'OTPpaHHUKE U I'Pade KOMIIO3UIIUAM IPYIIIT OTBEYAIOT MHOYKECTBA I'PaHeil U IUKJIOB
¢ obmuMu pedpamu.

Kommnosunus rpymnm obpasyer Iielb, ecau CyIIecTBYeT KOMIIO3UIUS T'PYIIOBBIX
oreparii rpymi KOMIIO3UIMKM, KOTOPas OTOOparKaeT KaKJIbIil 3JIEMEHT OJHOU U3
IPYII B JII00O#, Hallepe/l YKA3aHHBIN 3/IeMEHT WHON T'PYIIbI 13 KOMIIO3UITUU TPYIIII.

Kommnosunust rpynm obpasyer IMUKJI, eCJH [T KaxK/I0ro JIeMEHTa IPOU3BOIBHOM
I'PYIIILI KOMIIO3UIIUU CYIIECTBYET OTOOPaKeHNe 9TOr0 djIeMeHTa B ceOs IIPH TOMOIIN
KOMIIO3UIIMY TI'PYIIIOBBIX OIlepalluii, COCTaBJICHHON TaK, YTO B Hee BXOIAT POBHO IIO
OJITHOM I'PYIIIOBOM OIlepaliii U3 KaXKJ0H I'PYIIbl KOMIIO3UIAN.

Teopema 1. KombuHaTOpHuKa Ka>kKJ0I0 MHOIOI'DAHHHKA H I'pada ¢ dIHCIOM BEp-
IITHH MeHbIe 9 OJJHO3HAYHO OIpee/IesieTCsT epedHeM ero Iereif U IHKJIOB.

Teopewma 2. KombunaTopuka Kazk/i0ro BBITYKJIOI'O MHOTOTDAHHHUKA C IIPABU/IBHBI-
MU T'DAHSIMHU OJHO3HATHO OIIPEJEC/IIECTCS MepedHeM ero Ienei rPyIIl ¢ YAC/JI0OM TDYIIIT
B KaxKJIOH 11ern MeHblIire 4.

O 3AJJAHU MHOT'OOBPA3UI SIIUTPVIIII CUCTEMAMMN
TOXKIECTB
C. B. I'ycen
Vparvcxui gedeparvroni ynusepcumem, Examepunbype
sergey. gusb@gmail.com

Inuepynnoti HA3BIBAETCS MOJIYTPYIIA, B KOTOPOl HEKOTOPAasi CTEIEHb JII00OTr0 /16~
MEHTa ABJIACTCA 2PYNNOGHIM INEMEHMOM, T. €. JIEKUT B HEKOTOPOIi ee mojarpytme. Ha
BCAKON SMUTPYIIIe MOXKHO BBECTH JIOTOJTHUTEIbHYIO YHAPHYIO OMEPAaInio, Ha3bIBae-
MyIo ncesdoobpauseruem (eM., Hampumep, [1]). Dro mosBosseT paccMaTpUBaTh MHOTO-
obpasust AMUTPYII KaK yHAPHBIX MOIyrpyIir. O630p MOIyIeHHBIX 3/1eCh PE3YIHTATOB
MOXKHO HaiiTu B [2, § 2]. [lycTh ¥ — nipousBoJibHas cucTeMa TOXKIECTB, 3allUCAHHBIX B
CUTHATYPE, COCTOsAMIEH U3 O/HON OMHAPHON U ofHON yHapHOI oneparuu. Ob6o3HATUM
qepe3 Ky KJacc BCeX SIMIPYII, YAOBIETBOPAONUX Y. KaK XOpoIIo u3BECTHO, 9TOT
KJIaCC MOXKET He ObITh MHOr0OOpas3ueM. B CBA3H ¢ 9TUM eCTeCTBEHHBIM IIPEJICTABISICTCS
BOIIPOC O TOM, IIPU KaKUX OTPAHUYCHHUSX Ha Y Kjace Ky sBJISeTCs MHOTOOOPA3MEM.
B nannoit pabote mosyduen ucaeprbiBaionuii oreer Ha 3TOT Boiipoc. CJI0BO B yKa3aH-
HOI BBINIIE CUTHATYPE HA3BIBAETCHA NOAY2PYNNO6bIM, €CTTU OHO HE COJEPKHUT YHAPHOMN
onepalu. TOXKIECTBO HA3BIBAIOT NOAY2PYNNOGHIM, €CJIN 00€ ero JaCcTH sIBJISIOTCS 10~
JIyTPYIIOBBIME cjioBaMu. [IoyrpynmoBoe TOXKIECTBO HA3BIBAETCS Pe2YAAPHHLM, €CITH
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Kazk iast OyKBa BXOJIUT B JIEBYIO U IIPABYIO €r0 YACTU OJUHAKOBOE YUCJIO PA3. DJIEMEHT,
[1CeBI000OPATHBIN K 3JIEMEHTY & JAHHON SMUTPYIIILI, 0003HAYAETCA Yepe3 T .

Teopema. /s cucteMbl TOXK[eCTB Y., 3allUCAHHBIX B CUTHATYPE, COCTOSIIEH W3
OJTHOI OMHAPHOI W OJIHOH YHAPHOI OIlepallu, CJIeYIONHe YCJIOBHS SKBUBAJCHTHBI:

1) Ky — muOroobpasue;

2) X BJeder TOXKJECTBO, OJ[HA H3 9aCTell KOTOPOI'O SIBJISIETCS HOJIYTDYIIIOBBIM CJI0-
BOM, a Jpyras — HET;

3) X Baeder TOXKJIECTBO x' = ™ JJIsT HEKOTOPOI'O N;

4) ¥ comepxkuT JibO MOJIyTPYIIIOBOE HE PErYJISIPHOE TOXKIECTBO, JIHOO TOXKIECTBO,
OJIHa U3 dacTeil KOTOPOTO SIBJISIeTCS HOJIYyTPYIIIIOBBIM CJIOBOM, a JApyras — HeT.

[IyakT 4) moKa3bIBaeT, YTO €CJAM CHCTeMa Y. KOHEeYHa, TO CyIIeCTBYeT MPOCTOIl
AJICOPUTM IIPOBEPKU TOrO, SABJIsieTCs Jin Kjaace Ky, MHOroobpasmem.
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ON INJECTIVE ENVELOPES OF SIMPLE SEMIMODULES
S.N. I’in
Lobachevski™i Institute of Mathematics and Mechanics, Kazan (Volga Region)
Federal Unwversity, Kazan, Russia
silyin@kpfu.ru

As is well-known, every module over a ring has an injective envelope. The same
result does not hold for semimodules over semirings in general, but some important
cases were found when semimodules possess injective envelopes. Namely, it was
shown in [1] that every semimodule over an additively idempotent semiring has an
injective envelope; that result was significantly generalized in [2] for semimodules
over additively regular semirings. However, the problem of describing of semirings
whose all semimodules have injective envelopes, in the general case is, probably, a
quite complicated question, so, it is natural to consider the analogous one in respect
to simple semimodules in light of the fact that every simple semimodule is either a
module, or it has an idempotent addition. Particularly, each simple semimodule over
a zeroic semiring has an idempotent addition, and it was shown in [3] that they all
have injective envelopes. We present here two new results on this matter.

Remind that a semiring S is additively reqular (additively m-regular, zeroic) iff,
for any a € S, the equation a + 2 4+ a = a (na + x + na = na for some n € N,
a+ x = x) is solvable in S. We say that a semiring S is semizeroic iff the equation
a+x+y =y is solvable in S for any a € S. Clearly, any additively regular semiring is
additively m-regular, and all additively m-regular semirings as well as all zeroic ones
are semizeroic.

Theorem 1. For a semiring S the following conditions are equivalent:
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(i) Every simple S-semimodule having an idempotent addition possesses an
injective envelope;
(ii) S is semizeroic.

Theorem 2. Every simple semimodule over an additively m-regular semiring has
an injective envelope.
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TO2KJIECTBA BEKTOPHBIX ITPOCTPAHCTB, BJIO2KEHHBIX B
AJITEBPHI JIN
.M. Ucaes, A.B. Kucaumuxa
Aamatickas 2ocydapecmeentan nedazozuveckasn axademus, Bapraya
1saev@uni-altai.ru, kislitsin@Quni-altai.ru

[Iycts F' — HekoTopoe mosie, A — nuHeiiHas ajrebpa Haj mojem F, E — mommpo-
CTPaHCTBO aareOpnl A.

Ilycte F(X) — cBObOMHAS HEaCCOIMATUBHAS aaredpa OT MHOMKECTBA [TOPOZK/IAI0-
mux X . Toxka1ecTBOM BEKTOPHOIO MPOCTPAHCTBA F Ha3bIBAETCS HEaCCOIUATUBHBIN
nojmaoM f(z1,Xs, ..., x,) € F(X) takoit, aro f(ey,eq,...,e,) =0 B anredpe A s
BCEX 9JIEMEHTOB €y, €a, ..., e, € F. Toxnecrso f(x1,xs,...,T,) ABIAETCI CJICICTBAEM
muoxkecTBa TOXRACTB G = {g;(21, ..., Tm,)|i € I}, ecim MuorOwWICH f(21, X9, ..., Tp)
JeKUT B ujease ajreOpbl F(X), MOpOXKJIEHHOM MHOTOYJIEHAMH, MOJYYCHHBIMU W3
MHOTOWIeHOB MHOXKecTBa G = {g;(Z1,...,Tm,)|i € [} ¢ HOMOIIBIO JMHEHHBIX 3aMEH
IIepeMEeHHBIX.

ObosznauuMm gepe3 £ Kjacc BCeX BEKTOPHBIX IIPOCTPAHCTB, BJIOXKEHHBIX B a/IN€OPhI
JIu. fcHo, 9T0 BEKTOpPHOE IPOCTPAHCTBO [, sIBJIAIONIEECs OIIPOCTPAHCTBOM aJIred-
pbl L, JIEXKUT B 9TOM KJacce, ecyin E yI0BIE€TBOPsIET BCeM TOXKIeCTBaM Bua, (uv)w +
+ (vw)u+ (wu)v =0, uwv = —vu, u? = 0 JIg BeeX HEACCONUATHBHBIX OJHOUICHOB U3
F({X).

B nacrosieit pabore JIoKa3aHO CJIE/IYIOIIEe YTBEPXKICHHE:

Teopewma. ToxknecTBa Ktacca £ BEKTOPHBIX TPOCTPAHCTB, BJIOYKCHHBIX B AJr€OpbI
JIn, He ciemyror u3 KOHEYHOrO Habopa TOXKJECTB, BBHIIIOJIHSIIOIIIXCS B 9TOM KJIACCE.

Panee aBropamu jjokazana aHajornvdHas TeopeMa Jijis TOXKJIECTB BEKTOPHBIX ITPO-
CTPAHCTB, BJIOYKEHHBIX B ACCOIMATUBHBIE ajareOphl [2].

Paboma svinoanena npu wacmuunot gunarcosot noddepocke PODPU (kod npoex-
ma 12.01.00329a) u 6 pamxax 3adarus N 2014/418

Paboma svinoanena npu wacmuunot gunarncosot noddepocke PODPU (kod npoex-
ma 12.01.00329a) u 6 pamrax 3adanus N 2014/418 na evinosnenue 20cydapcmeerHix
pabom 6 cphepe nayuHol deAMeAsbHOCTIU 8 PaMKAX 6a3060T 4acmu 20cydapcmeeHHo20
sadanus Munobprayrxu Poccuu nwa 2014 200.
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TEOPETUKO-'PA®OBBIE METO/bI OIIPEIAEJITEHN £
MAPIIIPYTOB CJIOXKHBIX XUMNYECKI PEAKIINN 1
BBININCBIBAHU Y CYMMAPHBIX YPABHEHUN
C. . CouBak, A.C. Ucmaruiosa
Bawl'V, HHK PAH, 2.Yga
ismagilovaas@rambler.ru

MapmipyT peaknuu — 3T0O XapaKTepUCTUKA HEKOTOPOT'O ee HAITPABJIEHUsI, BbIparKa-
IOIETO OJIMH U3 ITyTell XUMIIECKOT0 B3aMMO/IEHICTBUSA B JAHHOI CHCTEMe IIPU OIpe/ie-
JIEHHOM COYeTaHUU 3JIEMEHTAPHBIX CTA NI, OMUCHIBAEMOM COOTBETCTBYIOIIIMM HAOOPOM
crexnomerpuieckux quceds [1]. C maTemaTiaeckoit TOUKH 3peHnst, MapIIPYT €CTh BEK-
TOP, YMHOXKEHHE 3JIEMEHTOB KOTOPOI'O Ha, COOTBETCTBYIOIINE CTA/ MU MEXaHU3Ma, CJI0K-
HOI PeakIuu BMECTe C TOCJEYIONINM CJI0KEHUEeM CTaIuil IPUBOIUT K CYMMapHOMY
YPABHEHHIO PEaKIn, KOTOPOe yKe He COJEPIKHUT IIPOMEKYTOUHBIX BEIecTB [2].

Pesynbrarom nacrosiieit paboThl IBISETCH OMUCAHNE TEOPETUKO-TPadOBBIX METO-
JIOB HAXOXKJIEHUsI IIUKJIMYeCKHUX o/rpados rpada XUMUIeckoii peakiyu |3, coorser-
CTBYIONINX OA3MCHBIM MApIIPyTaM, U BBIIUCHIBAHIE CyMMAPHBIX YPaBHEHUI.

AJtropuTMbI HAXOXKIEHUS 0A3UCHBIX MapPIIPYTOB OCHOBAHBI HA AHAJIN3E MATPHUILHI
uHIueHTHOCTH [4] 1 MaTpuIBl uHIeKcoB! .

[Tox mMaTpureit nHIEKCOB Oy/IeM MOHUMATEL (M X 7)-MATPUILY SJEMEHTAMU KOTO-
POl ABJIAIOTCA UHJIEKCHI BEPIINH rpada CJIOKHON peakIuu B3dThle CO 3HAKOM - JJid
UCXO/IHBIX BEIECTB JIAHHON CTa UM, MPOJyKTOB PEaKIUd — CO 3HAKOM

S=(sy), 1<i<m,1<j<n,

e m — YUCJIO CTaUil, n — YHUCJIO NMPOMEXKYTOUYHBIX BellecTB. Ecim BerecTBo He
y4acTByeT B JAHHON CTa/IMU, TO COOTBETCTBYIONINAI €My 3JIEMEHT B MaTpHIlE WHJEK-
coB obo3HauaeTcss oo. Takum oOpa3oM, CTpOKaM IOCTaBJIEHBI B COOTBETCTBUE CTA M,
cTOJIOIaM — IIPOMEXKYTOUHbIE BEIeCTBa.
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KPUTEPUN OTAEJINMMOCTHU HYMEPAILINUN AJITEBPHI
H. X. KacsimMoB

C OCHOBHBIMHU HEOTIPEJIEIAEMBIME TOHSITUSIMU MOYKHO O3HAKOMUTHCS B [1,2].

Crenys 1O.JI. Epmosy [1|, HymepoBanHyIo airefpy Has3oBeM OTIETMMOI, €CJIn
TAKOBOI sIBJITETCSI ee HyMepallnoHHAas SKBUBAJIEHTHOCTD.

[Tox, roMmoMopdu3MaMu HyMEPOBAaHHBIX aJIredp MOHMMAIOTCS OOBIYHBIE TOMOMOP-
usMbI, sBIISIOIECT MOP(MU3MAME COOTBETCTBYIOIIMX HYMEPOBAHHBIX MHOYKECTB.

Teopema 1. Hymeposartas arzebpa omadesuma mozoa u mosvko mozda, k0206 0Ha
annpoxcumupyemcs sppexmusrno omdesumvimu. Craencrsue 1. Omdesuman wy-
MEPAUUA NOONPAMO HEPA3N0ACUMOT ar2edpv, spdexmueno omdesuma. Teopema 2.
Besaxas omdeaumas nymepayus arzebpol ¢ apmurosots pewemroti Kou2pyaHUuull A6~
emcsa appexmueno omdesumoti. Takum obpaszom, HyMepallmOHHbIE SKBUBAJIEHTHOCTH
OTJIEJTUMBIX HyMepalluii ajredp ¢ apTHHOBBIME PEIeTKAMU KOHTDYIHIIUN SBJIAIOTCS
BeraucanMbeiMu B embicsie FO. JI. Eprosa [1].

CaenctBue 2. Omodesumas HYMepauus ar2edpvl ¢ KOHEUHM YUCAOM KOHZDYIH-
yutl asasemes sppexmuero omoesumod.

Bameuanue 1. CaoocHoCMb HYMEPAUUOHHOT IKEUBAAEHMHOCTU 0MAEAUMOT (da-
oHce PEKYPCUBHO 0MOEAUMOT) HYMEPOBAHHOT an2ebpbL ¢ HEMEPOBOT PEWEMKOT KOH-
epyanuutl Modcem npesocrodums A0byo naneped 3adannyro. 3amedanme 2. Hy-
MEPOBAHHAA NPOCMNMAA aneebpa dddexmusro omdesuma mozda U MoAbKO moz2da, Ko-
2da ona umeem cobcmeeHHoe PEKYPCUBHO NEPEYUCAUMOE NOOMHONACECTNEO, 3AMKHYMOE
OMHOCUMEALHO €€ HYMEPAUUL.

Sameuanue 3. Cpedu HYMeposaHHbIT a2e0D CYULeCm8YIom Kakx noonpamo Hepas-
AOACUMDBIE, MAK U AN2EOPBL C APMUHOBDIMU PEWEMKAMU KOH2PYIHUUL, HYMEPAUUOH-
Hble IKBUBAAEHTHOCTUY KOMOPBLIL 00Aa0a10M, COOCMEEHHVIMU PEKYPCUBHO NEPEHUCAU-
MOLMU TOOMHOHCECTNBAMY, (3AMKHYMBLMU OMHOCUMEALHO COOMEEMCMEYIOULUT HYME-
payutl) u He ABAAOMCA OMOCAUMBMU.
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PROPERTIES OF AN INTUITIONISTIC MULTI-TYPED THEORY
WITH OPERATIONS
F. Kachapova.
Auckland University of Technology, Auckland
farida.kachapova@aut.ac.nz

A formal system BT [2]| for constructive mathematics is a generalisation of
Beeson’s theory of operations [1|. The theory BT additionally has a countable number
of types for sets and a predicative comprehension axiom for each set type. BT has
intuitionistic logic but is consistent with classical logic. BT is proof-theoretically
stronger than the Beeson’s theory. Many theorems of classical mathematics can be
expressed in BT due to its rich language.

BT has a set-theoretical model constructed of its external terms. Using this model
and a realizability, we prove the following two metamathematical properties of BT'.

Theorem 1.

1. Conjunction property.

If BT ¢V, then BT F ¢ or BT 1.
2. Existence property.
If BT +3Yp(Y), then for some external term t, BT = 3Y [t ~ Y A p(t)].

Next we define an extension PATr of Peano arithmetic PA, which is
equiconsistent with BT'.

Theory PATry is just PA. Theory PATRy)., is the theory PATR; with an
additional predicate Try,q, which is a truth predicate for formulas of the language
P ATT‘k .

Theory PATr is obtained from PA by adding all the truth predicates Try(k =
=1,2,...) and corresponding axioms.

We denote BT, the fragment of BT that contains only types < s.

Theorem 2.

1. The theories BTy and PATr, are interpretable in each other (s =0,1,2...).

2. The theories BT and PATr are interpretable in each other.
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qncCJI10 HOHBﬂEHHfI BEKTOPOB B MATPUYHON
PEKYPPEHTHOMU ITOCJ/IEJOBATEJIbHOCTU ITEPBOT'O
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[Iycrb R = GR(q™,p") — kosbio lanya xapakrepuctuku p", cocrosiiee u3 "
9JIEMEHTOB, R,; — MHOXKECTBO BCeX MaTpull pasmepos s X t nax R, V = (V (i),
— mocsteioBaTebHOCTh MATPHIL V (1) = (Vs (7)) mxk, YAOBIETBOPSIONIAS YCIOBHSIM

V(i+1)=AV(HE)+ B, >0,

rie A€ Rym, B€ Ry, a V(0) € Ry, — HadaIbHasi MATPUIIA.

Bynem paccmarpusars Vo u mocsemoBarenbuoctn vy = (vs(i))2,, s = 1,...,m,
t =1,..., k Kak ncesjocrydaiiHble MOCIEI0BATEILHOCTH. Bhibepem HaTypaabHbIe YHC-
T T, U1y eoey py J1y ooey Jp TAK, 9T0 1 <41 < ... <4, <m, 1 <1 <...<j.- < k.
Nszyanm wactory Ni(Z, vy, ..., v;,.¢) TOsiBIEHUIT BekTOpa Z € R™ cpenn BeKTOPOB

(0,6(0), ..., 0;,.4(0)), (Viye(1), ..., v3,4(1)), ..,
(Vie(L = 1), .. v;4(0 — 1)),

a Taxxke 9acTory Ni(Z, V), ..., Vsj,) NOABIEHUN Z CPeJU BEKTOPOB

(Usjl (0)7 e 7U5j7‘(0>>7 (Usjl(l)ﬂ 7U8jr(1))7 )
(v, (L = 1), ..., 04, (I = 1)).

[lyects R = R/pR = GF(q) — daxTopronbno kombia R mo mieary pR. O6-
pa3 muorounena F(z) € R[z| (marpunpt C' € R, ;) UpH JEHCTBHN €CTECTBEHHOIO
suuvmopbusma R[z] — Rlz] (Rnx — Rng) obosnauum uepes F(z) (C). Byaem
CUMTATh, YTO XapAKTEPUCTUIECKUN MHOrouwieH F(x) marpuibl A yjoBierBopsier
yenopusim: F(x) — wenpusogum nan R, F(z) # x, F(z) # o — e. Torna marpu-
na A— F obparuma nag R. [lycrs C = —(A— E)™'B, T(F) — nepuoj MHOTO4/IEHA

Teopema. Ecim panr marpmisr V(0) — C' pasen k, To gra kaxgoro | < T(F)

L] ¢ —1 4 AN
Ni(Z, iyt - Vigt) — < —— " S T(F)+ < ) q>,
‘ l(zavlt Urt) nr an p <7T2 n ( )+5)q

l an—l 4 — 9 m
Ni(Z iy V) — —| < ——p" ™1 [ —InT(F - ]qz.
‘ l(Zav]U 7U]r) an an p (7_‘_2 n ( )+5)q

Dru onerku 06001aI0T pe3ynbrarsl pador [1] u [2], rae npeanonaranocs, uro F(x)
ABJIETCS MHOTOYIEHOM MaKCHMAaJIbHO BO3MOxHOro nepuogia T'(F) = p" (g™ — 1).
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K BOIIPOCY O JOIIOJTHAEMOCTHI KOPAJIMNKAJIA KOHEUYHOI
I'PVYIIIIbI
C. ®. KaMmOpHUKOB
Meotcdynapoonoti ynusepcumem "MUTCO I'omeas
sfkamornikov@mail.ru

Ucnonp3yiorest onpeenenns 1 obo3uadenns u3 [1].

Kaxk ormedeHo B [2|, B TeOpUN KOHEUHBIX TPYIIIT OOJIBIIOE 3HAYEHIE UMEET BOIPOC
O CYyIIECTBOBAHUM JIOTIOJIHEHUN K §-Kopajukaaam. [leHTpasibHoe MecTo B pelrenuu
9TOro BOIpoca 3aHnMaeT cieaytomuii pesyasrar JI. A. [llemerkora.

Teopema ([3]). Ilycte § — Hachinernas popmansi, G — konedrnast rpynmna. Ecim
JpIst Jtioboro mpoctoro uucia p, jetsmero |G GY|, cunosckas p-noarynna nz G
abeseBa, To mogrpymia G gomonmsema B G

OTa TeopeMa MMeeT YHUBEpPCaJbHbIN xapakTep. OHa BK/O4YaeT B cebs MPAKTHU-
YEeCKH BCe M3BECTHBIE PE3YJIBTATHI O JOMOJHIEMOCTH §-KOPaJNKAIOB (B TOM HHCIIE
teopemy Illypa-Ilaccenxaysa o IONOJHAEMOCTH HOPMAJILHON XOJIJIOBOW TOJIPYIIIIbI,
teopemy larmmora o jonosiHsgeMocTu abeieBoro §-kopajukasia, Teopemy . Xosia
0 JIOTIOJTHSIEMOCTH KOMMYTAHTa, PA3PEIINMON TPYIIIBI ¢ abe/IeBBIMI CUTOBCKUMU TIOT-
rpynnamu, teopeMy Xymiepra o jgonoJasiemoct noarpymmnsl OF(G), obsagarormeit
abesIeBoil CHUIIOBCKO# p-TIOATPYIIIOii).

[Ipumepbl MOKA3BIBAIOT, YTO YCJIOBHE A0EJIEBOCTH COOTBETCTBYIONINX CUJIOBCKIX
MOArpynn §-Kopaankasa B npuBenennoit Teopeme JI. A. IllemeTkoBa CyIiecTBEHHO.
DTO O3HAYAET, YTO JIFOOOI MPOTrPece B MOIBITKAX OCJaOUTH TO yCJIOBUE MOKET ObIThH
CBSI3aH TOJILKO C BBEJICHUEM JIOTIOJTHUTE/ILHBIX Orpannydennii Ha rpyuiny G uim ¢popma-
nuo §. B manmnoit paboTre Takoii porpecc JIOCTUTraeTes 3a CYeT PACCMOTPEHUS T'PYIIIIHI
GG, nipeJicTaBUMOIl B BHJIe MPOU3BEJIEHNs CYOHOPMAJIbHBIX MOJIPYII, ¥ HACHIIIEHHON
dopmanuu Purrunra F.

Teopewma. [lyctp § — HacseimenHast popmarnust Purruara, G — KOHeIHAs IPYIIIA,
rpejicTaBuMasi B BHJIe MPOU3BeJeHHsT cyOHopMabubix roarpymnn A u B. Ecan mist
Jiroboro 1pocroro uucia p, aeasmero |G : GY|, curosckne p-noarymisr nuz AS u BS
ABJITIOTCS abesiesbivu, TO mogrpynna G gonomnsema B G

Caencrue [4]. Ilycrs § — nacobimennast popmanusi Qurrunra, G — KoHedHAasT
rpylIia, npeacraBuMasi B BHJIE NIPOU3BEJeHUsT HOpMaJibHbIX mojarpyin A n B. Ecin
SISt Jii0boro 1poctoro yncia p, geismero |G : GY|, curosckue p-nioarynnst uz AS n
BS apgrorcs abenespivi, To noarpymma G gomonnsema B G
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O I'PVYIIIIOBBIX KOJIBIHAX T'PVYIIII C ITEPNOINYECKVMU
OIIPEAEJJIAOIINMNM COOTHOIIIEHNUAMMN.

M. P. Kapamnersn, A. C. IlaiineBansa
Poccuticko-Apmancruti (Crasanckuti) ynusepcumem, Epesan
Epesarcrut I'ocydapemeennoili Ynusepcumem, Epesan
ag89.08@mail.ru , apahlevanyan@ysu.am

Quiement A € Z[G] Ha3blBaeTCsi HETPUBHAJIBHBIM JIeBHIM (IPABBIM) JleJHTE/IeM
HyJIdd, eciii A eCTb JIeBblil (COOTBETCTBEHHO, IIPABbIii) JIeJUTe/b HyJId U Jis JH000ro
snemerta B € Z[G] takoro, uto B # 0 u AB = 0, napa A, B He sIBJisleTCsl TPUBH-
asbHOM mapoit memureneit nyns, re. A= X(1—h)u B=(1+h+-+h"HY nna
HEKOTOPOXO 3JieMenTa h nopsiika n (umm naobopor). C.B.Msanos 8 Koyposckoit Ter-
paJin octasm Borpoc [em. Koyposckast Terpasip, 3agada 11.36.1]: [Iyctrb m > 2 u n
JI0aTaTOYHO GOJIBIIOE HEYeTHOE YUCII0. BepHO Jin, 4To KaKk/ast napa Je/uresneil Hys
B Z[B(m,n)| rpusnanbua? Henasno C.B.MBanos nu P.Muxaitios B [1] mamu orpuna-
TeJILHOE PEIeHre ITOr0 BOIPOCaA, IIOCTPOUB HETPUBUAJIbHBIE TIAPHI JeIUTe/Iel HyIsd B
Z[B(m,n)| nna Beex meuvernwix nepuojios n > 100, Haman jokazana, uTo mocTpo-
eHHBbIE UM 3aBUCAIIME OT 7, Hapbl HETPUBUAJILHBIX JeUTesell Hy sl Ha CAMOM JieJie
SIBJISTIOTCS. HETPUBUAJIBHBIME [IAPAMU JIeJIeMTe el HyJls JIJIsl BCeX HeUeTHBIX 1 = 665.
JlokazarenbeTBo onmpaeTcs na Monorpadumio [2].

JInteparypa
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OBPAIIIEHUE JUO®PEPEHIIMPYEMOM ®VHKIINU HA I
JIBOMHBIM MOIYJIEM
A.B. Kapnos
Tomckuti 2ocydapcmeennnds ynusepcumem, Tomck
karpov@isc.tsu.ru

[Iycts C' u S — kosbia ¢ eaununamu, (G — KOHedHas adejeBa T'PYIIA, Pac-
cMaTpuBaeMas Kak ABOiHON Momxynb ¢Gg. Oyuknuga f : G — G HaswBaercsa dug-
pepenyupyemoti B Touke x w3 (G, ecm CyIMEeCcTBYeT €€ npouseoonas B STOW TOUKE —
Takoii ssement Dy(x) uz S, 4ro s jroboro asycropontero uueana J <C' u moboro
seMeHTa a u3 noamoysis JG BepHO

f(z+a) = f(x) +a-Ds(z) mod J*G.

Oyukrus f HasbiBaeTcsa dudgepernyupyemoti, ecim ora 0018/ 1aeT IIPON3BOTHON B KazK-
qoit Touke u3 G. B Tom uwnciie nuddepeHnnpyeMbIME SIBJIAIOTCA TOJUHOMUATBHBIE
BEKTOP-(DYHKIIUU HAJT KOMMYTATUBHBIM KOJIHIIOM.

ITycts dynknua f mugynupyem moacTaHoBKy Ha MHOXKecTBe Xy C (. Paccmart-
PHUBAIOTCS 3aJ[a9H TIOCTPOEHU i1t f 00paTHOI MOJICTAHOBKY W MeHEPAIMN B3aMMHO
00paTHBIX OJICTAHOBOK, UMEIOIINE TPUJIOKEHN B KPUIITOrpau U TEOPUH KOJIUPO-
BAHUS U PEIICHHBIC B 2] /I MOIMHOMUAIBHON DYHKIMK f Ha KOJIBIOM Zym .

[lycts J — aBycroponnuii HUIBIOTEHTHBIH wteas B C' WHJIeKCa HIIBIIOTEHTHOCTH
r > 2. Torna nonrpynnet G,, = J"G, riae 1 < n < r, 00pa3yior cTPOro yObIBAIOILYIO
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nenb B GG, u obparenne (pyHKnuu f MOXKeT ObITh BBIIIOJIHEHO ITOCIEI0BATE/IHHO HaJT
dakrop-rpymmamu G/G,,. Umenno, nycrs dbyaknus g, — obparHas K f Haj dak-
top-rpyunoit G/Gy, 1o ectb f(gr(z)) =z mod Gy ma mis moboro x u3z Xy. Torna
obparnoit k f Haj dakrop-rpymmnoit G/Gyyq sBisieTcss QyHKIHs

ge+1(2) = gr(@) = (f(gr(2)) — 2)Dy(ge())",
rie L= |S/Anng(Gy: G1)"| — 1 u Anng(Gs : G1) = {s € S|G1s C Gy}. Oyuknusa
it 1/2) () = 29k(2) — gk (f (9k(2))), k = 2,

sBJIseTcs obpaTHoit K f nax daxrop-rpymnoit G /Gy (k) . Hakoner, dynxmus

9x(2) = gr(2) = folgr(2)) Dy, (2)

— obparnas K f(x) + fo(x), ecrm fo(x) € Grrja) m Dy (x) € Anng(Gy - Gryo) A
moboro x € Xy.

JIuteparypa
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O MHOT'OOBPA3UN B,; AJITEBP C JIBYMf YHAPHBIMUI
OITEPAIINAMMN
B. K. Kapramos
Bosnzoepadckuil 20cydapcmeennvili couuaibHo-nedazo2udeckuti YHusepcumen,
Boseozpad
kartashovvk@yandex.ru

K nacrosiiiemy BpemeHH Jijisi YHApOB (T. e. aaredp ¢ OJHOW yHApPHOI orepariy-
eit) 1o npobiemaruke, obosHadeHnoit B [1], [2], mosmyuen psig rybOKUX pe3ysibTaTos,
MMEIOIINX OKOHYATEIbHDI B,

Oxasasocs ( (3], [4]), aro Teopust yHapHbIX ajrebp, CUrHATYPa KOTOPBIX COJEPIKHUT
6oJIee OJHOIO CUMBOJIA, UMEET 3HAYUTEILHYIO ClIenu(UKY 1, II03TOMY, PE3YJIbTATEI 111
YHApOB HE BCerJa MOryT ObITh 3(b(MEKTUBHO UCHOIB30BAHbI /I IIOCTPOCHUS THIIOTES
B 001mieit Teopun yHaApHBIX ayreop. [losromy mcceenoBanne yHapHBIX aaredp ¢ JIByMs
onepanyusaMu IpuoOpeTaeT aKTyaabHbIA XapaKTep.

B nacrosimee BpeMs cpeiy Takux ajaredp Hambosiee riryboKO MCCIIeJOBAHbI aire6-
psl MHOrOOOpasus Aj 1, 3agannoro toxaecramu fg(x) = gf(z) = x, tue f,g -
byHKIMOHABHBIE YHADHBIE CUMBOJIBI (CM., HampuMep, [4]).

B nanHOM cOOBIIEHIN PACCMATPHUBAIOTCS aJredpbl MHOrooGpasus By 1, olpe iesieH-
Horo ToxkaecrsoM fg(x) = x. Muoroobpasue B;; paccmarpusaiocs B [6], [7].

ABTOPOM HOJIyYeHBI CJICAYIONHIE PE3YIbLTATEL.

Teopema 1. Muoroobpasue B sBistercs mokpsrraueM uist Ay, B pelleTke Bcex
MHOIroobpasnii aarebp ¢ JByMs yHAPHBIMH OIICPAIHIMI.

Teopema 2. /lns 110600 cuirbHO cBsA3HON anrebpel A MHOroobpasus B, cipa-
BEJJIMBO PABEHCTBO

Endl = Aut?l.

(depes End u Aut2l 0603HAYAIOTCS COOTBETCTBEHHO MOJIyTDYIIIA SHIOMOPGHU3MOB
o rpymma aBroMopu3MoB aaredper A ).
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O TPYIIIONJAX AHTUMHOT'OOBPA3UN AJITEBPANTYECKNX
CUCTEM OTHOCUTEJIBHO MAJIBIIEBCKOI'O YMHO>KEHUA
A. B. Kapramosa
Boszozpadckuii 2ocydapemeennoili coyuanvro-nedazo2udeckuti yHusepcumen,
Bonzozpad
kartashovaan@Qyandex.ru

[Iycts 8 — npousBoJibHBIN Kjace ajarebpandeckux cucreM. [Ipoussenenue Mo
R

ero nogkiaaccos M u N B K onpeneseno AV Masnsuessiv ( [1]) mo npasmry
A€ img‘ﬁ &

AeR& (FO)(A/ e N & (Va e A)(ab € R = ab € M)),
rjae af — CMeKHBIN KJIACC KOHTDYSHIUU §, COIEPKAIIUI JIEMEHT «.
Anrumuoroobpasuenm (cM. |2]) Ha3bIBaeTCs BCAKMIT KIaCC aJredpaniecKux CHCTeM
dbukcupoBannoii curaaTypbl (2, OIpeneseMblil HEKOTOPBIM (BO3MOYKHO, IIyCTBIM)
MHOKECTBOM aHTHTOXK/ECTB, T.€. IIPEJJIOKEHIN BUIA

(VZ) (a1 (Z) V man(Z) V ... V 2, (7)),

rie «;(T) — aromHas dbopMmysa curHaTypbl € jyist o6oro yucia i € {1,2,...,m}.
Teopewma 1. [Iyctb MHOXKeCTBO (pyHKIIHOHAJIBHBIX CHMBOJIOB CUTHATYPBI §) KOHEU-
vo. Torja nogaHTHMHOTOOOpa3usT KaXkK/JI0ro aHTHMHOroobpasus R ajredpandecKux
cucreM CHTHATYDHBI §) 00pa3yroT MoJIyrpyHIy OTHOCHTEIHHO YMHOXKEHHS B Kjacce R.
s moboit curaarypsl 2 depes Lo 0003HAUNM KJIacC BCeX ajaredpamdecKux CHu-
CTeM JIAaHHOW CHTHATYDPBI, a depe3 i, — KIacc BCeX ajreOpamvdecKux CHCTEM ITOMH
CUTHATYPBI, HE COJIEPXKAIIIX UJIEMIOTEHTOB.
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Teopema 2. Ecim MHOXKeCTBO (pyHKIHOHAJIBHBIX CHMBOJIOB CHTHATYDHI () Oec-
KOHEYHO, TO IOJaHTUMHOr00obpasus aHTUMHOroobpa3susi g He 0bpa3yioT rpyImona
OTHOCHTEIHLHO MaJIbI[EBCKOTO YMHOXKEHHUS B Ki1acce g .

Teopema 3. IIycte K& — anTumHoroobpasue ajaredop Komedroii curuatypbsr (), N
u N — nomanTuMHOrO00Opa3ust antuMHorooopasust K. Torma

/
Mo — LlQ, ecJin WZL[Q, 9)17&5.19,
R M, B ocTaJbHBIX CIyYasIX.
CaencrBue. AaruMHOrO0Opasus ajaredbp KOHEeUHOIH cUrHaTypbl () 0bpas3yroT oT-
HOCHUTE/IbHO YMHOXKEHHUsT B Kjiacce g IOJIyTDYIITy ¢ IIYCTBIM IIEHTPOM 0€3 MpaBbIX
€IMHHI], eIHHCTBEHHOH JIeBOH eJHHHUIIeH KOTOPOMH sIBJsIeTcst 3jieMeHT U .
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TEOPEMA MOEHCA JdJId AJIBTEPHATUBHBIX AJITEBP
. B. Kaiiropomgos
Hnemumym mamemamuru CO PAH, Hosocubupck
kib@math.nsc.ru

B 1955 /IxekobcoH mpoKazaJ, YToO KOHEeUHOMepHasl ajredpa JIu Had mojiemM xapak-
TEePUCTUKU HyJIb, JOIyCKAIOIAst HeBBIPOKIeHHoe (0bparumoe) auddepeHimposanue,
SIBJII€TCSl HWIBIIOTeHTHOW. B masnbreiinem, Jlukcumbe mpuBes TpuMep HUJIBIOTEHT-
Hoit anrebpsr JIu, riae kaxkoe auddepennupoBane HUJILIOTEHTHO. J[aHHbIe pe3yiib-
TaThl TMOJIYIUIN 0000IIeHE JIId caydad npeanddepeHimpoBanus B paborax baxko
u Bypue. duddepennupoBanus u mnpeauddepeHnpoBans JOIMYCKAIOT 0000IIeHne
Jio0 JeiibnuneBbix auddepennmposannii. [loy elibnumessiM uddepermpoBaHueM
MOPsIKa N TTOApa3yMeBaloT JUHeTHoe 0ToOpazKeHne, YA0BIeTBOPLAIONIee TOXKIECTBY

n

=1

B pabore [1] 61 oty gen Kputepuii HUIbIoTeHTHOCTH aarebp JIu mocpecTBoM Jieii6-
HUTEBBIX T depeHnmpoBanmii. A mMeHHO, ObILJIO TTOKAa3aHO, YTO KOHEIHOMEPHAsT aJl-
rebopa Jlu HaI 1MoJIeM XapaKTePUCTUKHM HYJIb HUJIBIIOTEHTHA TOT/a M TOJBKO TOT/A,
KOTJ1a OHa 00JIaJlaeT OOPATUMBIM JICHOHUTIEBBIM JTU(DDEPEHITTPOBAHIEM.

EcrecTBeHHBIM BBIIVISIJIUT BOIPOC O BBIMOJIHEHUH aHaJora TeopeMbl MoeHca i
Jpyrux MHOro0Opasuit anre6p. Tak, @uanoscku, Xyaobepabies u OMupos B 2] noka-
3aJi, 9To TeopeMa MoeHca, ¢ HEKOTOPbIMU U3MEHEHUsIMU, BepHa Jijisd ajareop Jleiio-
HIIA (HEKOMMYTATHBHOrO 00001eHust aare6p JIu). B moxke Bpemsi, B cirydae aare6p
Oumnmnosa (0606meHue anrebp Jlu Ha cirydail n-apHoii onepaiun), emte B 2009 roxy
BuiibsiMcom ObLIO YCTAHOBJIEHO, YTO aHAJIOT pe3y/ibrara J[zkekobcoHa (1, B 4aCTHOCTH,
Moenca) He sIBJISIETCS BEPHBIM.



73

Kaxk okazasocs (cM. [3]), reopema MoeHca BepHa Takzke U B aCCOIUATUBHOM, U B
AJIbTEPHATHBHOM CJTyJasiX:

Teopema. KoneunomepHasi ajibrepHaTHBHAsS (B YACTHOCTH, ACCOLHATHBHAS) AJl-
rebpa HaJI 110JIEM XapaKTePUCTHKH HYJIb 00J1aJaeT 0OpaTHMBIM JIEHOHHUIIEBBIM JTH(p-
¢epeHnmpoBaneM Toria U TOJBKO TOIJIa, KOI/[a OHA HUJIBIIOTEHTHA.

Pabora Beimosinena mpu o iepzkke rpanta Cosera mo rpartam [pesuaerTta Poc-
cuiickoit Pereparnu Jist MOIEPKKA MOJIOBIX poccuiickux yaenbix (MK-330.2013.1).
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BBITIOJTHEHUE JIOTUYECKUX OIIEPAIINII B KBAHTOBBIX
STI-HEMPOHAX
M. A. KazakoB
Dedeparvroe zocydapcmeertoe 0100HceMHOe YupeHcoeHue HayKu
Hayuno-uccaedosamenvckuti uncmumym npukiainots Mamemamury u
asmomamuszayuy Kabapduro-Baakapckozo nayunozo yenmpa Poccutickotl axademui
wayk (HUW IIMA KBHI] PAH), Harvuuxk
fwolfgang@mail.ru

B nacrosmeit pabore paccMaTpuBaeTcs Criocod peau3alini OMHAPHBIX OTEPAITHit
JIOTUIECKOTO TIPONU3BEIEHNsT U JIOTUIECKON CyMMBI TIPH TTOMOIIU YHUTAPHBIX Tpeobpa-
30BaHUil HaJT KyOuTamu.

[lepsorit cioit XII-HEPOHOB COCTOUT U3 JIEMEHTOB, BBIIOJHAIONINX OIEPAIIIIO
yMHOKeHusI. Oeparuio JJOrnIecKoro Mpon3BeIeHUsT MOYKHO BBITIOJTHUTD IIPY TIOMOIIIH
ssiemerta Toddomu. DToT 371eMeHT, JieficTBYs Ha cucTeMy Tpex KyOouToB |z,y,z),
peasiuzyer (OYHKITHIO

Tl|z,y,2) = |z, y,2©x Ay),

npu z = 0 snement Toddoan
Tla,y,0) = |z, y,x Ay).

Bropoii cnoit XII-HeffpoHOB COCTOUT U3 3JIEMEHTOB, BBITOJTHSAIONINX ONEPAITUIO JIO-
TUIECKOTO CJIOYKEHUA. DTY OMEPAIINI0 MOYKHO BBITIOJHATH U€PE3 OMEPAIUN JIOTTIECKO-
r0 OTPUIAHUS ¥ JIOTHYECKOrO yMHOXKeHus: x V y = —(T A 7).

YuurapHoe npeodpa3oBaHue, COOTBETCTBYIOIIEE OIEPAIIAM OTPULIAHIS MOXKHO CO-
CTABUTDb U3 CJIEYIONUX OJHOKYOUTOBBIX OIIEPATOPOB:

(10 (01
—{o1) 9%2=\11 0 )

rjie 1 - TOXKIeCTBEHHbII OIepaTop, 0, IpejcTaBiiseT coboit oary u3 marpuir [laysim.
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Tenzopnoe npoussenenne 3tux mMarpur, NOT, = 1 ® 1 ® 0, obpasyer marpu-
my 8 X 8, AeHCTBYIOILYIO Ha CUCTEMY M3 TpeX KyOHTOB. DTa MaTPHUIA COOTBETCTBYET
YHUTAPHOMY IPEOOPA30BaHUIO, ITPOU3BOILIIEMY HHBEPCUIO ITEPBLIX JIBYX KYOUTOB.

Tenzopnoe npoussesneane NOT3 = 0, ® 0, ® 1 obpasyeT MaTpuiry, COOTBETCTBY-
IOIYIO YHUTAPHOMY ITPEOOPA30BaHUIO, TPOU3BOJILIIEMY HHBEPCHUIO TPETHETO KyOUTA.

Taxum 0OpazoM, oreparuio JOrHIeCKOro CJI0XKEHNUT MOXKHO BBIITOJTHUTD TIOCJIE/I0BA~
TeJIbHBIM JICHCTBHEM TPeX YHUTAPHBIX OIIEpaTOPOB Ha cucTeMy Tpex KyouTosn. [lepsbie
JiBa KyOuTa - cjlaraeMmbie, TPETHil KyOUT - Pe3yJIbTar.

NOTy, T NOTs |x,y,0) — |Z,5,2 V y)
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I'PVIIIIBI C BOJIBIIINUM HEIIPUBOJAMNMBIM XAPAKTEPOM
JI. C. Kazapun, C. C. Ilouceesa
Hpl'y, Hpocarasav
kazarin@uniyar.ac.ru

Vzyvarorcss KOHEUHBIE TPYIIIBI, 00/Ia/Iafole TAKIM HEIPUBOIUMBIM XapaKTepOM
O, uro |G| < 20(1)2. I'pynny G nopsjxa 60Jblne 2, HMEIOILYIO Takoil XapakTep O,
6yaem HazbBaTh LC(O)-TpyIImoii.

Teopema 1. Ilycts G spasiercss LC(O)-rpynmoii. Ecin |G| He siBisiercs crerne-
HbBIO YHCJIa 2, TO JII0OOH HENPUBOIUMBIH XapakTep rpymibl G sIBJIsS€TCsT KOHCTUTYIH-
Toit XapakTepa ©2.

DKcTpacienuaabias 2-Tpymma mopaaka 227 mueer xapaxtep © crenmennm 2™,
[Ipsimoe ipon3BeieHne 3HAKOIIEPEMEHHON TPYTIhl Ay U IPyHIbl S3 TaK¥XKe JaeT IIpu-
Mep TpYIIIbL, Jyig Kotopoit |G| = 20(1)2.

Teopema 2. IIycte G sBisiercss p-paspenmmoii LC(O)-rpymmoii ¢ abeseBoii cu-
JtoBckoil p-noarpynmnoii. Ecin ©(1) — crenens p, To smbo p — npocroe uucao Mep-
cenna, u rpymmna G — npsivoe npoussejienne rpyin Ppoberunyca mopsiikos p(p + 1),
6o p = 2 u G — mpsiMoe Mpou3BeeHIe HEKOTOPOro KommdecTsa rpyin Ppobermyca,
Kaskjasi U3 KOTOPBIX HMeeT IOpsiIoK jubo 2™iq;, rae ¢; = 2" + 1 — npocroe 4uc/io
®epma, b0 mopsiiok 72. B gactHoctu, G sIBJIsSIeTCST p-HUJIBIIOTEHTHOMH I'PYIIITOH.

Teopema 2 GyeT, BooOIIIe TOBOPSI, HEBEPHA, €CJIN OTKA3aThCA OT aDeJIeBOCTU CUJIOB-
ckoit p-oprpynisl. Ipynmna AGLy(3) nopsaaxa 32! umeer nenpusoumblii xapakrep
creriean 16, HO ee 2-j1MHA paBHA 2.

B obmem cityuae 3aj1ada omucaHus IPYIIbI ¢ HEIIPUBOIUMBIM XapakTepoMm O, jjis
kotoporo |G| < ¢©(1)? mia HeGOTBINON KOHCTAHTBI ¢ > 2 TIPEJICTABISETCS OBOJIBHO
cinoxuoit. Tak rpymma G, uzomopduas ojnoit u3 rpynn Marse My, Mo, Moy, Mos,
My, criopajmueckoit pocroit rpymie Auko Jo mian rpynme Tommcona Th, mmeer
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HeNPUBOAMMBIiT xapakrep ©, g koroporo |G| < 30(1)%. Oanako yiobas KoHedHas
npocTas HeabeeBa IPYIIa UMeeT HelPUBOIMMBIN xapakTep O, /st Koroporo |G| <

<01 (em. [1]).

JImteparypa

1. Kazapun JI. C., Carupo . A. O cmenenar nenpusodumvlx rapakmepos KoHey-
Hox npocmoiz epynn. Aazebpa. Tonoaoeus // Tpymer UMM YpO PAH. — 2001. —
T.7.— N2 —C. 113-123.

AHAJIOTU TEOPEMBI XAHA-BAHAXA AJI4 (ITIOJIV)T'PVIIII:

IIOCTPOEHUNE HN>KHEN OT'MBAIOIIIEN
Bb. H. Xabubysuua
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s naper muOXKecTB X, Y MHOXKecTBO Beex dyukmmit f: X — Y obo3nada-
em Y. Oana 3 xnaccndeckux dopm Teopemsbr Xama-Banaxa /1719 BEKTOPHBIX IPO-
crpancTB X HaJI [IOJIEM BEIEeCTBEHHBIX duces R: aobas cybrunetinan pynkyus f €
€ R¥ paena nomoveunoti mounoti eeprmeti eparu 6cex aunetinvr gynxuyuti ¢ € RY
maotcopupyemoz f, m.e. p(x) < f(z)Ve € X. Jdamgum obriyro mMOCTAHOBKY 3TO
IPOOIEMATUK.

[TIycrs (S, <), win S, — yHopsiioueHHOe MHOXKECTBO ¢ OTHOIIEHHEM TopsIka < [1]
MOPSIJIKOBO TIOJTHOE, T.€. KayKJ/I0e OMPAHUYEHHOE CBepXy W CHU3Y 3djeMeHTamu u3 S
IOJIMHOXKECTBO Sy C S 00/1a/1a€T TOUYHBIMEI BepXHeil 1 HuzKHeil rpanbio inf Sp, sup Sy
B S. [lonostanm (pactmpum) S 1o com S gobasierneM cumbosios inf S u/wmmum sup S,
ecm B S Her inf S u/mam sup S, yacro 0603HAYAEMBIX KaK COOTB. —00 M/HMIH +00.

IIycrs X — muokectso, f € (com S)™Y, ® C (com S)™ | dynxus
z — sup{p(z): ¢ € , p(2) < f(2') V2’ € X} € comS, z € X,

— nuotcnas P-oeubarowan na X yukmun f.
Bamaua. B repmunax X, S, ® omnmucarb 1o Bo3MOXKHOCTH MaKCHMAJBHBIH KJIACC

X N . .
Gyukmun [ € (comS)” | paBHbIx cBoeii HikHedl $-ormbaromeii Ha X, u/win gath
KOHCTPYKTHBHOE MocTpoeHue HmkHeil P -orubaroreit f ma X depe3 camy (DyHKIIHIO

D1y u bostee oOITYIO 3aady IPEII0IaraeTcsa 0OCYINTh B CAELYIONINE CATYAIIIX.
1. Ha X wu (S,<) 3azganbl jgeiicrBust (nosy)rpynm coors. (H,-) m (H,-); h — ro-
momopgpuszm H B H; & — kitacc b-odnopodnvx yuaknmii o(hx) = h(h)e(x) Vo €
e X,Vhe H.

2. (X,4) — (wouy)rpymmna, (S,<,+) — (mosy)rpymima co cioxennem +, coryiacoBaH-
vbIM ¢ < ; ® — kimace addumusnor Gyrkmii p(r1+x2) = @(r1)+p(x2) V1,29 € X
3. X u (S,<) obmajgaror crpyKTypamu Kak 1. 1, Tak I II. 2 B OIIPEJICJICHHOI cOTvIa-
copaHHOCTH, a KJjacc ® — mepecedenne KjaccoB © mz . 1 u . 2.

4. X rak>ke HaJleJIeHO HEKOTOPOH MOPSIIKOBOH CTPYKTYPOH, HaIIpUMED, CTPYKTYPOIH
[IPOEKTHBHOI'O IIPEJIEJIa BEKTOPHBIX penieToK [2], a ® — pasznoobpasHble KIACCHI.

5. X u S B . 1-4 cHaOXKeHbI TOIOJIOTHSIMH, COTJTACOBAHHBIMH CO CTPYKTYDAMH, yKe
sajagapiMa Ha X u S, a & — paszHoobpa3HbIe KJIACCH.

Bce a1mu pesyibrarhl B TO M WHON crernenu B jayxe |2, Beenenue| MoryT ObITh
[PUMEHEHbI B TEOPHUU IOTEHIHAJA, K PACIPEIeTeHUI0 HYJIEBBIX MHOXKECTB B BECO-
BBIX KJIaccax roJIoMOpdHBIX (DYHKIINI, K SKpaHUpoBaHHOMY ypaHeHuio [Iyaccona u
crarmonapaoMy ypasaenuio [Ipéauurepa, K /IMNITHIECKAM YPaBHEHUSIM U T. II.
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O BbIlUUCJINMOCTU KJIACCA X-OIIPEAEJINMBIX CTPYKTYP
A. H. Xucamuen
Hnemumym mamemamuru um. C. JI. Cobosesa, Hosocubupcruti 2ocydapcmeeruiil
ynusepcumem, Hosocubupck
hisamiev@math.nsc.ru

B macrosiiiiee Bpemst OOIIEIPU3HAHHO, YTO OJHUM W3 BarKHBLIX OOOOIIEHMIA IT0-
HATUsI BBIYUCIUMOCTH $IBJISIETCS . -ONPEJIEJIMMOCTh (0000IIEHHAsT BBIYUCIUMOCTD) B
JIOIYCTUMBIX MHOXKECTBax. DTO O0OOOINEeHMe a0 BO3MOMKHOCTH HCCJIEI0BATH IIPO-
6J1eMbl BBIYMCIUMOCTH HAJI IPOU3BOJILHBIMEA CTPYKTYpPaMU, HaIpUMeEp, HaJl I0JIeM
BeIEeCTBEHHBIX unces. Hanbosiee BasKHBIE PE3Y/IHTATHI 110 TEOPUU BBIYUCIUMOCTU B
JIOIYCTUMBIX MHOXKECTBAX U UX MPHMEHEHHH B TeopeThdecKoil nudopmaTuke (ce-
MaHTHIECKOe IIPOrpaMMIPOBaHUe, JJMHAMIYIECKasl JOIUKa, Teoprusa 3PMOEKTUBHBIX f-
IPOCTPAHCTB U.T.JI.) npusegenbl B Monorpadun 0. JI. Epmosa «Oupenenumvocts u
BBIYHCIUMOCTD> [1].

s npousBosibaOit KPU-cTpyKTyphl A HAIIOMHUM CJIE/IyIONINAE TIOHATHS TEOPUU
06061enHoi Borancumoctu (M. [1]). Tlepsble jBa onpeiesieHns AB/ISIOTCST €CTECTBeH-
HBIM 0600ITIEHNEM COOTBETCTBYIOIINX ITOHATUI KJIACCHIECKO# Teopun HyMeparuii [2].

A -nymepayuets MEHOXKecTBa S Ha30BeM JI0060e O0TOOpaskeHWe I HEKOTOPOTo -
nojmuoxkecrBa B C |A| ma muoxkectBo S. Ecim S — Hekoropoe cemeiicTBO Y-
nonMHOKeCTB |A|, To A-mymepanusa v @ B — S cemeiicTBa S Ha3BIBACTCS 6bi4UC-
aumot, ecm upeaukatr {(b,a) | b€ B,a € |A|,a € v(b)} aBasgerca X -omnpesesnMbIM.

CrpykTypa A Ha3bIBaeTCsd pe30avb6eHmHol, ecau CcyIlecTByerT X-dyunusa [
Ord(A) — |Al* Taxas, wto f(0) C f(8), a<Bu [Al= U  fla).

acO0rd(A)

Crpykrypa 9% KoHedHOi mpeaukaTHOW curHaTypsl o = (P, ..., P, 1) Ha3biBa-
ercst Y-onpedeaumoti 6 A, ecau cymectByior Y-dopmyna g(rg) u A-TpeauKaTs
n™o PO PP ma muowectse My = bf[x] Takme, uto 7™ ectn orHomenue
KOHTDY9HTHOCTHU Ha CTPYKType

My = (Mo, P, ..., P™)
u crpykTypa 9 mzomopdua daxTop-cTpykType Mo /1m0
[IpuBeieM OCHOBHOI pe3yJIbTAT JAHHOT'O COOOIICHUS.
Teopewma. I[Iycrs A — pezosbenrnas KPU-crpykrypa. Torma jirst mpou3BoJibHOL
KOHEYIHOH NPEJUKATHOH CHIHATYpbI 0 cemeiicTBo 27 (A) Beex Y -ompenesnMbix B A
CTPYKTYP JJAHHOH CUTHATYPBI BITHCIHIMO.
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KOHEYHBDBIE I'PVIIIIBI C P-CYBHOPMAJIBHBIMN
BUIITPUMAPHBIMMU ITIOAT'PVYIIIIAMN
B. H. Kaaruna
Tomeavceruts unorceneproitd uncmumym MYC Pecnyoauxu Beaapyco, Tomens
knyagina@inboz.ru

PaccmarpuBatorest Tobko KoHewnble rpynmnbl. [Iycts P — mHOMXKecTBO Beex mpo-
croix gucesn. Cobcreennas noiarpyima H rpynnbl G HasbiBaercs P-cyOHOpMAaJIBHOMN
MO/ITPYTITION, eCain CyInecTByer 1enb noarpynn H = Hy C Hy C ... C H,, = G Takas,
aro |H; : H;_1| = p; — npocroe qucyio mjs joboro i = 1,2,....n, [1].

B paborax [1-3| onucanbl KoHEUHBIE TPYNIBI ¢ P-CyOHOPMAJIBHBIME TPHMAPHDI-
MU, 2-MaKCUMAJIBHBIMHI TTOTPYIIAME U IPUMAPHBIMU MUKJIMIECKAME TOIPYIIIIaMu
COOTBETCTBEHHO. B dWacTHOCTH, TaKuWe TPYIIbl OKA3a/UCh JIUCIIEPCUBHBIME, & 3Ha-
YUT W pa3pemmMbiMu. Pa3BuBasi JIAHHYIO TEMATUKY MbI PACCMATPUBAEM T'DYIIIBL C
P-cybnopMaIbHBIMU OUIIPUMAPHBIMU JUCIEPCUBHBIMU TOJArpyHamMu. /lokasanbl cire-
JIYIOIIE TEOPEMBI.

Teopema 1. Ilycts p — Hambosbuiuii MpoCTO jeauTess nopsaka rpyumnsl G.
Ecym B rpymiie G Bce bunpumapabie p-3aMKHYThIe pd-rtoarpymmbl P-cyOHOpMAJTBHB,
to G/O,(G) p-mmmsnorentna; B qacraoctu, rpynmna G p-paspemmma u 1,(G) < 2.

Teopema 2. Ilyctp q¢ — HaHMEHbBINIHII IPOCTOH JleJIATE/b IIOPsIKa TI'DYIIIBI
G. Ecmu B rpymne G Bce OunpumMapHble (-HHJIBIOOTEHTHbIE qd-moarpyiibl P-
cybropmasipiel, To G paspenmmva n 1,(G) < 1.

IIpumep 1. TpeboBanue < p — HaAUOOJIBINHI TPOCTOH JIETUTEb TTOPSJIKA TPYIIIIHI
G » orbpocurb Hesb3s. [Ipumepom ciryxut mnpocras rpymnna PSL(2,11) npu p =
= 2. B aroit rpymire Kaxgast 2-3aMKHyTasi OnlpuMapHasi TOArPYIIa 9eTHOTO TOPSIIKA,
n3oMopdHa 3HaKorepeMeHnHoil rpymme A, cremenn 4, Koropas P-cybHOpMasbHa B
PSL(2,11). CoorsercrBytomas (Ay — PSL(2,11))-nens mveer Tum (5,11).

ITpumep 2. Onenka p-ymHbl B TeopeMe 1 siBasiercs: Tounoit. [loarsepx tennem
caykut rpymna [Fs2] Ay, 3-1ymmHa KoTopoit paBHa 2 1 B KOTOPO# KazK1ast 3-3aMKHY Tast
ounpumapuas 3d-noarpyiia P-cyoHopMasbHa.

IIpumep 3. /i kaxkaoro ¢ > 3 rpynna ¢ P-cyOHOpMAIbHBIME ¢ -HUJIBIIOTEHTHDI-
MU OUIIPUMAPHBIMU ¢d-TIOATPYIIIAMU MOXKeT ObITh 1poctoit. s ¢ = 3 sro rpymia
SL(2,2") upu JiroboM HederHoM n > 3, a g ¢ > 5 — rpymna PSL(2,q). Tosro-
My yCJIOBUE < ¢ — HAUMEHBIIUN MPOCTON JIeJINTE/Ib MOPsiJIKa IPYIILI> B Teopeme 2
0TOPOCUTH HEJIB3SI.
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O YUCTHIX ITOAITIOJIVIPVYIIITAX ITOJIVI'PVYIIII C HYJIEM
O.B. Kusizes
Omcxuti 20cydapemeennoill nedazozuveckuts yrusepcumem, Omck
knyazev50@rambler.ru

B [1| npeayiararorcs HarpaBjieHUsT UCCJIEIO0BAHNUI TIPOU3BOJIBHBIX YHUBEPCATIBHBIX
anrebp. B wactaocTH, craBaTcs 3amadn, (cM. [1], mpobiaemsr 16-23) cBsazanmbie ¢ mo-
HSITHEM YUCTOTHI. Hac mHTEepecyroT YuCThie OO IYTPYIIIbI TOTYTPYIIL C HYJIEM.

HanmomunmM HeKoTOpBIE orpejiesieHns. Mbl CMOTPUM Ha TOJYTPYIIBI ¢ HYJIeM Kak
Ha aJreOphl ¢ OJHON OMHAPHON acCONMATUBHON omepalueil — yMHOYKEHHe, U OJHON
HY/JIbapHOIl omneparmeii — Bbljiesienne Hyad. [lyctb V. — mHOroodOpasme Bcex IMoJIy-
rpynn ¢ BbtesieHHbIM HysieM; L(V) — pemerka moamMuOroo6pasuii MHOroobpasust
V, X € L(V), A € V. B nanbreiimem noj cioBom "mosyrpymna' monnmaercs
ajredpa 3 mHoroobpasusa V. EpmHcTBeHHBIM KitaccoM X—BepOaJibHON KOHT'DYIH-
mn p(X, A) ma nomyrpynne A (p(X,A) — HamMeHbIasd U3 KOHrpysHImil Ha A,
bakTOp-MOTY Py NITBI 10 KOTOPBIM IPUHAIEKAT X ), ABJISIONMMC OOy TPY IO
noyrpynnsl A, 6yzger kiaace, copepxxamuii Hysab. O6o3nadaor ero depes X(A) u
HA3BIBAIOT X — 6epOaA0M TIOJYTPYIIThL A.

[Mogmosryrpynmny B moayrpymnmbl A Ha3bBAOT wucmot B A, ecanm paBeHCTBO
X(B) = X(A) N B Bomosasercs s oboro aroma X u3 pemterkn L(V).

Ecmm mis mobbix a,b € A cylmmecTByer Takoe HaTypaJibHOE UHUCJIO 1, 9TO a' €
€ AbA, To nonyrpyniy A Ha3bIBAIOT apXUMEOBOII.

DJIEMEHT ¢ TOJIYTPYIIbl A HA3BIBAIOT T'PYIIIOBBIM, €CJIU MOPOXKJICHHAS UM IO/
[IOJIyTPYIIA €CTh IPYIIIa ¢ TPUCOEINHEHHBIM HYJIEM.

Iycrs A> ={a-b| a,b € A} uw GrB — MHOXKeCTBO BCeX IDYIIIOBBIX 3JEMEHTOB
nosryrpynnbsl B. Vmeer mecto citemyromas

Teopewma. Ilycts A ecth cBsI3Ka apXHUMEJIOBBIX MOJIYTPYIIT, B — mnogmosyrpyiiia
nomyrpymmsr A. Torma sxmodenus A? N B C GrB jocraTodmno s TOro, ITOOLI
nostyrpyiina B sBistiack 9HCTOH OOy TPYIITON HOIyrpy sl A .
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RADICAL PROPERTIES OF NILPOTENT ALGEBRAS
J. V. Kochetova
Moscow Pedagogical State University, Moscow
jkochetova@mail.ru

Let F' be a partially ordered field and let A = (A4;+;-) be a linear algebra over a
field F'. By < we denote a partial order of a set A. Suppose an algebra A satisfies
the following conditions:

(1) (A;+) is a lattice ordered group with respect to the order < (see [1]);
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(2)if a < b, then ya < b for all a,b € A and v > 0, v € F;

(3) from a > 0 it follows that a > ab and a > ba for any elements a,b € A.
Then this algebra A over a partially ordered field F' is said to be a lattice K -ordered
algebra and a lattice order < is called a lattice IC-order (see, for example, [2]).

Suppose an associative algebra (a Lie algebra) A over a linearly ordered field is a
finite-dimentional algebra; then it is known that the following conditions are equivalent
(see [4]): a) for A there exists a lattice C-order; b) A is a nilpotent algebra.

Let us remember that the [-prime radical of a lattice K-ordered algebra A is the

intersection of all [-ideals B in A such that for any nonzero [-ideals I and J of the
n=n(z)

factor-algebra A/B we have IJ ={z= > wxyyr|xr €1, yp € J} # {B} (see [2]).
k=1

In this paper, following [5], we say that algebra is a B-radical algebra if this algebra
and its prime radical are equal. Using results of [4], we shall say that a K-ordered
algebra is called a B;-radical algebra if its [-prime radical is equal to this algebra.

Theorem. Let A be a finite-dimentional nilpotent algebra over a linearly ordered
field. If either A is an associative algebra or A is a Lie algebra then A is a B -radical
algebra and A is a B;-radical algebra.

Moreover, if a finite—dimentional nilpotent algebra A is an associative algebra then
A is a radical by Jacobson algebra.
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O KOHEYHBIX IT1OYTHU ITPOCTHIX 6-IIPUMAPHBIX I'PVIIITAX
B. A. KoanakoBa, A. C. KonaparbseB
Hnemumym mamemamuru u mexarnuxy um. H.H. Kpacosckozo YpO PAH,
Examepunbype; Yparvcxui gedeparvroiti yrusepcumem um. b.H. Eavuyuna,
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[Iycrb G — koneunas rpynna. O6osaadum depes 7((G) MHOXKECTBO MPOCTHIX Jle-
qmresieit nopska rpynmnsl G, a depe3 Soc(G) — eé nokob. I'pynna G HasbiBaeTCs
n-npumaproti, eca |m(G)| = n. Ipad npocmoz wucea (epagd I'pronbepea — Kezenn)
['(G) rpynubr G onpezensiercss Kak rpad ¢ MaokectBoM Bepinnt 7(G), B KOTOPOM
JIBE Pa3JUYHbIC BEPIIMHLI P U ¢ CMEXKHBI TOIJA U TOJLKO Tornaa, Korga B (GG ecTb
9JIEMEHT IOpSAIKA P .
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Hamre BHMMaHue mpuB/eKaeT 3ajada IOJAPOOHOIO M3YUeHHs KJIacca KOHEUHBIX
TPYII ¢ HECBA3HBIM T'padoM TPOCTHIX [nce. B pamrax stoit 3amaun A.C. Kon-
naparbeB u V. B. Xpamios [1-3] usyuanu KoHedHble IPYIIbI, UMEMOIINe HECBI3HBIN
rpad MpPOCTBHIX YHCEJI ¢ YHCJIOM BepIuH, He mpeBocxoqdanuM 4. B nenasueit padbore
A. C. KonzparbeBa 6bLIH OIIPEICSICHBI No%my npocmoie (T. €. TPYIIBI ¢ TIPOCTHIM Hea-
GesteBBIM TIOKOJIEM ) H-TIpUMapHbBIe I'PYTIITLL BMeCTe ¢ UX rpadamu mpocThix dncest. Mol
MIPOJIOJIZKAEM STU UCCIIEOBAHUS, UMes TIeJIbIO0 OIPEIe/INTh CHAYasIa MOYTH POCThIe 6-
npuMapHbie rpynibl u ux rpadst ['prondepra — Keress. st 9Toro Mbl ucrosib3yem u
YTOUYHSIEM CIIHCOK TPOCTHIX G-IPUMAapPHBIX TPYII, moJtydenuslii B [4]. Hamu mokasana

Teopema. IIyctp G — KoHedHast 11o4dTH 1pocrasi 6-npuMapHasi rpyiiia. Tora

(1) Ecmn Soc(G) = PSps(q), To smbo q € {33 34 17*}, smbo q = 2™, e m
uqg—1— HpOCTbIe ancia, m > 5, (¢ + 1)/3 — cremenp mpocroro 4mciaa w m He
gemnt q(q* — 1), smbo ¢ — npocroe uucio, 17 # q > 11, mbo q — KBajpaT IpocToro
qncaa, q = 11 JH/I6O q=3",mem u (q— 1) /2 — HedeTHbIE IPOCTHIE ducaa, m = 5,
|7((q + 1)/4)] =1 u m me gemmr q(¢* — 1

(2) Ecam Soc(G) = Go(q), To mbo q € {9 17}, smbo q — npocroe aucyio, ¢ > 13,

m(g = 1)| = 3, (G = 1 gz ¢ € {+, -}

Pabora Beinostena npu dbunarcoBoil nomaepxkke PODOU (mpoexr 13-01-00469),
nporpammbl Otnesienns maremarndeckux Hayk PAH (mpoekt 12-T-1-1003) u mpo-
rpamm coBMecTHBIX uccsenoBannii YpO PAH ¢ CO PAH (mpoekr 12-C-1-1018) u ¢
HAH Benapycu (nmpoexr 12-C-1-1009).
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HNJIb-NJEAJIBI KOJIEILT HA ABEJIEBBIX MT-TPVIIITAX.
E. 1. Komnannesa
Mocxkoscruii 2ocydapemsennoti nedazoeuueckut ynusepcumem, HUY Buicwas
wxosa sxonomuku, Mockea
kompantseva@yandex.ru

YMHOKeHneM Ha abesieBoii rpyme G HazbiBaeTcss romoMopdusm GRG — G . Abe-
JieBa rpyiira G ¢ 33/IlaHHBIM HA Hell YMHOXKEHUEM HA3bIBAETCs KOJILIIOM Ha rpytie G .
B [1] mocrapiena 3ajsada nsydenus abesieBbIX TPYII, Y KOTOPBIX JIEO00e YMHOKEHUE
Ha, [IEPUOIUIECKON JaCTU OJJHOZHATHO ITPOJIOJIZKAETCs JI0 YMHOXKEHUsI Ha Bceil rpyl-
ne. Takue rpymibl, HazeiBaembie MT'-rpyimamMu, 9acTo BCTPEYalOTCs B paboTax 1o
Teopun abeJIeBbIX I'PYIIIL.
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ABCOTIOTHBIM HUJIb-UIeaJIOM abesieBoil rpymibl (G Ha3bIBAETC ee IOArPYIIa, KO-
TOpasl ABJIsIeTCsl HUIb-IeaoM B Jo0oM Kosblle Ha (. Hacrosimas pabora mocss-
IeHa U3YUYEHUIO aDCOTIOTHBIX HIIb-uaeanoB M T -rpymi, onucan abCoTIOTHBIA HIAIb-
pajukas npousBosbHoi M T -rpynmbl. ITox abcoMOTHBIM HIIb-PaIRKaJIOM abesIeBoi
rpynnsl G ornMaetcs nepecedenne N*(G) BEePXHUX HUJIb-PA/IUKAIOB BCEX ACCOIH-
aTuBHBIX KoJter, Ha G . OueBniHO, J1I000# aOCOIOTHBII HIIb-UAeaa Tpynnbl G co-
nepxurca B N*(G). [Ipobiaema onncanns abCOMOTHBIX PaJINKAIOB abeIeBOI TPy LI
cdopmynuposana JI. @ykcom |2, mpobiema 94].

Kak obbrano, yepe3 Z u Ny 00603HATIAOTCsT MHOXKECTBA IEJIbIX U IEJIbIX HEOTPUIIA-
TeJIbHBIX THCEJI COOTBETCTBEHHO, h,(g) — p-BbICOTA 371eMenTa ¢ (p — HPOCTOE HHCIIO).
CortacHo [3] 6yzeM roBoputh, 9T0 3jieMeHT ¢ abesieBoil rpymibl G yI0BJIETBOPSIET
YCJIOBUIO () JIsT EiCTBUTEIHHOIO YHCIa d U IIPOCTOTO P, €CJIH CYIIeCTBYeT HeyObl-
Batomas Heorpanniennas dynkuust f : Ng — Ny taxas, aro h,(p'g) > d(i+f(i)) ms
Beex i € Ny. st npousBosbHOit abesteBoit rpynmsl G obosaatunm: A(G) — MHOKECTBO
BCEX MPOCTHIX P, st Kotopsix 1,(G) # 0, tne T,(G) — p-npumapHas KOMIIOHEHTa
rpynnsl G, G, — MHOXKeCTBO Bcex ¢ € (G, Il KazKJI0ro U3 KOTOPBIX HaiijyTesd k €
€ Z\ {0} u geiicrBuresnvroe d > 1 Takue, 9T0 kg YJAOBIETBOPSIET YCIOBHIO it d 1
moboro p € A(G).

Teopema. /[t mo6oii MT -rpynnber G ee abeomorablii Huib-pagukan N*(G) =
= () pGy. Ipwu stom Ha rpynme G cyIecTByeT acCOlHATUBHOE U KOMMYTATHBHOE

PEA(G)
KOJIBI[O, BEPXHUIT HUJIb-PaUKal KOTOPOro coBnajaer ¢ moirpymnmoi (| pGh .
PEA(G)

JImteparypa
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O KOHEYHEIX I'PVIIIIAX, KOTOPHIE UMEIOT HECBSA3HBIN
I'PA® ITPOCTBIX YNCEJI 1 KOMITIOSUIINOHHBIN ®AKTOP,

N30MOP®HBIN I'PVYIIIIE Ls(17)
A.C. Kongparees, 1. B. Xpamiosn
Hremumym mamemamury u mexaruru um. H. H. Kpacosckozo YpO PAH,
Examepunbype; Yparvckuti gedeparonuii yrusepcumem um. B.H. Eavyuna,
Examepunobype
a.s.kondratiev@imm.uran.ru, thramtsov@qgmail.com

[Iycrs G — woneunas rpyima. O6o3aadnMm depe3 m((G) MHOKECTBO BCEX MPOCTHIX
nemureseil mopsaiaka rpynnsl G I'pagom npocmor wucea (wimu epagom I 'pronbepea—
Kezenn) T'(G) rpynner G HasbiBaeTcst rpad ¢ MHOXKecTBOM Bepint 7((G), B KOTOPOM
JIBe PA3JIMIHBIE BEPIIMHBI P U ¢ CMEXKHBI TOTJIa U TOJIBKO TOr/a, Korja (G cOepKuT
SJIEMEHT Mopsijika pq. ABTOpBI B [1] ommcanu KoHedHble YeThIpePUMAPHBIE TPYIIIIbI
G ¢ HecBa3HBIM I'padoM MpocThiX dnces. K coxkasennio, B Tabsmie 1 u Teopeme 7 u3
9TO# cTaThu OBLT MPOIYINEH Caydail, Korjga (G mMeeT KOMIIO3UITUOHHBIN (haKTop, U30-
MopdHublit rpymme L3(17). B nanHoit pabore, BOCIOJHsIS 3TOT TPOGEIT, Mbl JIOKA3bIBAEM
CJIEJIYIOIINE J[BE TEOPEMBI.
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Teopema 1. Eciu (G — KoHedHasl IpyIIa ¢ HECBI3HBIM I'DagOM IMPOCTHIX Y-
cer n G uMeeT KOMIIO3UIIHOHHBIH haxTop, m3omopgubii rpymnme Li(17), o G =
= G/F(GQ) = L3(17) mmm Aut(L3(17)), n(F(G)) C {2,3,17} u p-rrasmeiii dax-
top rpynnsl G moxker ObITh m3oMoper 306 -MepHOMY abCOTIOTHO HEIPHBOIHMOMY
GF(p)G-momnysro gist kaxaoro p € {2,3,17}.

Teopema 2. Eciin G — roneunas rpynna n I'(G) = I'(L3(17)), o G/05(G) =
L3(17) mmm Aut(L3(17)).

I3 Teopem 1 u 2 caepyer, uaro rpymma L3(17) sBiisercs Hepaco3HaBaeMoii 1o rpa-
¢y mpoCTHIX YnCes, T. €. CyIecTByeT OECKOHETHOE MHOYKECTBO MTOTIAPHO HE N30MOPdh-
HBIX KOHEYHBIX I'PYIII ¢ TAKUM Ke IpadoM MPOCTHIX vuces, Kak y rpynnbl Lz(17).

Hammn obo3nadennst craHIapTHBI, ©X MOXKHO HaiiTw, Haupumep, B [2].

Pabora BeinosHena npu dbuHarcoBoil nomnepxkke PODOU (mpoexr 13-01-00469),
nporpammbl Orgesiennst Maremarndecknx Hayk PAH (mpoekr 12-T-1-1003), mpo-
rpamm coBmecTHbIX ucciegoBanuii YpO PAH ¢ CO PAH (mpoekr 12-C-1-1018) u
¢ HAH Benapycu (mpoekr 12-C-1-1009), rpanta ¥Ypo PAH s Mosonbix yueHbIx
(mpoekt 14-1-HII-27) u B pamkax mpoekTa HOBBIIIEHNs KOHKYDPEHTOCIIOCOGHOCTH (CO-
ramerne Mexk 1y MuHncreperBoMm obpaszoBanust n Hayku Poccuiickoit @egepanun u
Ypasibckum dejiepasibibiM yHEBepcuTeToM ot 27.08.2013, rpant Ne(02.A03.21.0006).
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O I'NIABHBIX ®PAKTOPAX ITAPABOJINMYECKUNX
MAKCUMAJIBHBIX ITOATPYIIII T'PVIIIIBI %Fg(Q?%)
B. B. KopabJjeBa
Yeaabunckutli 2ocydapcmeernnniii yrnusepcumem, Yeaaburck; Urnemumym
mamemamuru v mexarnury um. H.H. Kpacosckozo ¥YpO PAH, Examepunbype
vok@csu.rTu

OjHoit 3 pyHIAMEHTAIBHBIX 3a/a9 TEOPUH I'PYIII SIBJISETCS U3y4YeHre HOArPyIl-
[IOBOT'O CTPOEHUS JIAHHO IPyTIbl. [Py IeBa TUIIA COCTABJISIOT OCHOBHON MaCCHB
KOHEYIHBIX IIPOCTBIX I'PYII. M3ydeHne yHUIOTEHTHBIX [TOAIPYIIT IPYIIbLI JIMeBa TUIIA
SIBJISIETCsI KJTFOUOM B ITOHUMAHWH ee CTPOeHst U cBoiicTB. B pabore apropa [1] 6110 110-
JIy9eHO YTOUHEHHOE OIUCAHUE TVIABHBIX (DAKTOPOB MapaboIMIecKinX MaKCUMAJTbHBIX
MOJIMPYIII, BXOJIAIIUX B YHUIIOTEHTHBIN pajiKal, /IJisi BCEX I'PYII HOPMAJIBHOI'O JIHEBa
THIa, 3a UCKIodeHneM rpymi tunos By, C;, Fy, Go HaJ M0JieM JeTHO XapaKTepu-
cruku u tuna (o HaJ MOJIEM XapakKTepUCTHKH 3. B nannoit pabore mMpooKaoTcs
HCCJIEJIOBAHUST B 9TOM HAIIPABJICHUN.

B pabore paccmaTpuBaoTcs KOHEUHAsI IPOCTasi IPyIa (CKPYUIEHHOro) JIneBa THh-
na ?Eg(q*) u P = UL — napaboimyueckas MakCUMaJjbHas MOJArPyIIa B Heil, rje
U — yuunorenTubiii pagukan u L — ponosuenue Jlesu B P. 3 crarbu [2| ciuenyer,
910 (PaKTOPbl HUYKHETO MEHTPAJIBHOIO psifia Tpymibl U SBISIOTCS TJIABHBIMU (Dak-
Topamu rpynnsl P u seistorcs venpusoguMbivu GF (q) L-monynsavu uin GF(q?)L-
MOJTYIAME. JHuC/I0 9THX (HaKTOPOB HE 3aBUCUT OT MOJIsI, & 3ABUCUT TOJBKO OT JINEBa,
THITA TPYIIIHL.
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Ecmu A m B — HOpMAaJibHBIE TIOArPYIILI Tpyiinbl P, B — moarpymma A u dak-
Top rpynna A/B sBisiercss MUHIMAIBHON HOpMaJIbHON noarpynmnoit 8 P/B, 1o A/B
HA3BIBACTCS 2AA6HbLM PAKMOPOM TPYIILL P.

B nacroseii paboTe aBTOpoM Jjis KOHeIHOit pocToii rpytmbl 2 Fg(g?) yrounsercs
OTMCAHNE TJIABHBIX (DAKTOPOB KaxKJIOW ee 1mapaboImdecKoil MAaKCUMAJILHOM TIO/IrPYTI-
IIbI, BXOJAIIUX B YHUIIOTEHTHBIN pajukasl. [IpuBoaurca Tabiuia, B KOTOPOil yKa3bl-
BalOTCA Pa3MEPHOCTH U MOPOKIAIOININE JIEMEHTHI COOTBETCTBYIOIIIX MOJTYJIEH.

Pabora Beiosaena npu ¢unancoBoii nojyiepkke POPU (poexr 13-01-00469) u
JlabopaTopun KBaHTOBO# Tomosiornu JeasitOMHCKOro rocyHuBepcuTera (IPaHT [paBu-

resiberBa PO Ne 14.750.31.0020).
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IIPOCTHIE JINEBBI IIVUKI MAJIBIX PASMEPHOCTEN
H. A. Kopemikos

Kasancruti pedeparvnui ynusepcumem, Kasamnw
Nikolai. Koreshkov@kpfu.ru

[Iycts L — BekTOpHOe mpocTpancTBO Haj mojgem P. Obosnadnm depe3s K 1mpo-
CTPAHCTBO BCEX KOCOCUMMETPUIECKHUX 0ToOpaskenuit uz L X L B L.

Onpenenenne 1. JlueBbiv myuxom L(S) Ha3plBaeTcss mapa BEKTODHBIX IPO-
crparctB L uw S, xorma S C K, ecim giss jr0b6oro orobpaskeHust s u3 S HMeEeT
mecro coorommerue: (asb)sc+ (bsc)sa+ (csa)sb =0, a,b,c € L. (Bnech xsy — obpas
mapbl (z,y) € L X L npu orobpakenun s.)

[Ipumepom JueBa MydKa SBJIAETCA COHIBHYECBA aaredpa.

Onpepnenenne 2. Couisuuepoii anrebpoii M, (L,S) HaspiBaercsi mapa mpo-
crparctB L u S, comepxkamiuxcst B npocrpaHcTBe Matpuil M, | yIOBJIeTBOPSIONAX
yeqoBuro asb — bsa € L, korga a,b € L;s € S. (Baecp asb u bsa € L — obbraubie
[IPOU3BEJICHUST MATPHI]. )

Teopewma. JIwoboii npocroii ymes my4ok L(S) pasmepHocTH, He MPeBOCXOJsIICH
qYerpIipex, HaJl ajredpamdecKu 3aMKHYTBIM I0JeM P XapaKTepuCTHKH, OTJIHIHOH OT
JIBYX H TPEX, COBIIAJ[AeT C OJHUM H3 CJIEIYIOIHX :

1. L(S) = M3(R,T), rje R — npocTpaHCTBO BCEX KOCOCHMMETPHICCKHUX MATPHI B
M;3(P), T — smroboe moJipocTpaHCTBO B IIPOCTPAHCTBE BCEX CHMMETPUIECKHUX MATPHI]
B M;3(P), conepxamee (E) (FE — emuaudnass marpnia). B gacraocrn, korpa T =
= (F), ny4ok L(S) — aro npocrasi tpexmepHast ajrebpa Jlu.

2. L(S) = M(I,1"), k=2,3,4, pne I — MuHHMAJIBbHBI JICBBIH HIeas B ajgrebpe
marpur; My(P), It = {A € M(P) | AT € I}. (3necs A" — rpancnonuposannast
MATpHIIA) .

3.dimL =4, dim$ = 2. B npocrpanctBe ymMHOXKeHHIT S ciiecTByer basuc S, S

3 3 _ _
rakoii, uro L(s) = & L;, L(3) = & L;, dimL; =dimL; =1,i=0,...,3, L; = L;,
=0 i=0

i=1,2, L;=1Ls;,i=0,3. Asrebpnr Jln L(s) u L(S) — rpajgynposannbie are6pbt
JIn ¢ ycinosuem LisLj = L, ;, LisL; =L ;,1,j=0,...,3, 1+ 7 < 3.
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4. L = My(P), D C S C My(P), rme D — HOMIPOCTPAHCTBO JTHATOHAJIBHBIX
MaTpHIl, U yMHOX«KeHHsT 3ajatorcst popmymoii (A, B)C' — (A,C)B — (B,C)A, B,C €
€ My(P), A€ S, u (X,Y) — HeBbIpOKIeHHAST KOCOCHMMETPHYIECKAasT OHIMHEITHASI
¢opma Ha Msy(P).

5. L(S) = My(My(P),S), DC S C My(P).

6. dmL =4, dimS = 3 mim 4. IIpoctparcTBo ymHOXKeHHIT S nMeer BHI S =
=565, dimS = 2, dimS = 1 wm 2, npugem L(S) = My(Ms(P),D). Ilycrs
L(sg) = H @& L, & Ly — rapranosckoe pasjioxkenne ajreopor JIm L(sg), rae so —
YMHOYKEHHe, BXOJSIee B peryisipayio napy (o, So), KoTopasi olpee/isseT KapTaHOB-
ckyto nogaareopy H B ymepom myuke L(S), m dimH = 2, dimL; = dim Ly, = 1.
Torma HSH = 0, HSL = 0, LSL C H, npuuem dim(LSL) = dim S, e L =
=L@ Ly.

ABTOMATHHBIE ITPEOBPA3OBAHUA ITPEPUKCHO
PA3SPEININMBIX CBEPXCJIOB
H. H. Kopueena
Kasancrut (lpusonsrceruti) gedeparvronii ynusepcumem, Kasanw
Natalia. Korneeva@kpfu.ru

OaHuM 13 HaIpaBJIeHUI MCCIeI0BAHUN B TEOPUU ABTOMATOB SIBJIACTCH U3ydeHue
JIEHCTBUSI ABTOMATOB € BBIXOJOM (CHHXPOHHBIX U ACHHXPOHHBIX) Ha GECKOHEUHBIE T10-
CJIEJIOBATEILHOCTH CUMBOJIOB KOHEYHOI'O ajipaBuTa WK, JIPYTUME CJIOBAMHU, HA CBEPX-
CJI0Ba HaJI KOHEYHBIM ajihaBuToM. B maHHOT paboTe paccMaTpuBaeTcss BOIPOC O JIeii-
CTBUM yKA3aHHBIX aBTOMATOB Ha HPeUKCHO pa3pelInMble CBEPXCIOBA.

[Iycts ¥ — KoHedHBIN axdaBuT, & — CBEPXCI0BO HaJl ajdauToM > . OO03HAUNM
yepe3 Pref(xr) — MHOXKeCTBO BcexX MPedUKCOB CBEPXCJIOBA T .

CeepxciioBo = HasbiBaercs npedukcHo paspemmmbiM ([1]), ecin s o6oro pe-
ryjagpuoro a3bika L B ajdasure Y paspemnma 3agada Pref(x) N L # (). dpyrumu
CJIOBAMU, CBEPXCJIOBO I NPEMUKCHO PasperMo, eCIu A JII0O0ro J1eTepMUHUPOBAH-
HOI'O aBTOMATa MOXKHO OIPEIEIUTh IPOXOIUT OH IPH YTEHUH CBEPXCJIOBA, I, HAUNHAd
C HAYAJILHOI'O COCTOSHHUS, Yepe3 (PUHAJIBLHOE COCTOSHHIE I HET.

OupegennM feiicTBIe KOHEYHOIO aBTOMAaTa ¢ BBIXOJOM Ha CBEPXCJIOBO.

Acunxponsabiv apromaroMm (cMm. [2]) maseiBaercst Habop S = (S, %, Y, 0, w), e
S, 3, Y — KOHEYHBbIE MHOMKECTBA COCTOAHUIT, BXOJHBIX U BBIXOIHBLIX CUMBOJIOB COOT-
BeTCTBEHHO; § : S X ¥ — S — dyHKIuA nepexoios; w : S x 3 — (X/)* — byukims
BBIX0J10B. Ecim 061acThio 3Hadenuii pyHKINN BBIXOIA ABJIAIOTCA TOJBKO CUMBOJIBI BbI-
xoaHoro anadaBuTa, a He CJI0Ba U3 CUMBOJIOB BLIXOJHOIO ajdaBuTa, TO €CTh w : S X
X Y — Y. 1o nojydaeM KoHe4dHbIH apromar Mmuuu. Ecim Bblieseno HagaabHOE
COCTOSIHUE Sy, TO aBTOMAT HA3LIBACTCS MHUIMAJLHBIM.

HeiicTBue GpyHKINU BBIXOJA aBTOMATa €CTECTBEHHBIM 00Pa30M MPOJO/IZKACTCA Ha,
MHOXKeCTBO CBepxcyioB. Ilycrs (S, s9) — KOHEUHBI aCUHXPOHHbIH MHUIMAJIBHBIA aB-

tomar. O6pasom csepxciaoBa x = {z(i)} npm JeffictBunm aBroMara S Ha3LIBACTCS
cBepxcaoBo w(sg, £(0))w(sy, z(1))w(se, x(2)) ..., tae siy1 = 0(s;,x(i)) masa moboro
1€ N.

Teopema. IIycts S = (S5,%,%,0,w, sg) — KOHeUHBIIT HHALHAIBHBIT aBTOMaT Mu-
JIM HJTH KOHEIHBII ACHHXPOHHBIH HHAIHAIBHBIH aBTOMAT, & — IPEPHKCHO PA3PEITHMOe
cBepxcyioBo HaJt ajigpasurom Y. Tora w(sg, &) — IPEPHKCHO Pa3PEITIMOe CBEPXCIOBO
Ha1 ajagapurom Y.

Pabora Boinosinena npu mojyiep:kke Poccuiickoro dhonga gpynmaMenTa bHbIX UC-
caepoBanuii (mpoekt 14-01-31200 mosr_a).
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LATTICE ISOMORPHISMS OF THE DIRECT SUMS OF GALOIS
RINGS
S. S. Korobkov
Ural State Pedagogical University, Ekateringburg
ser1948@gmail.com

Let R be an associative ring. We denote by L(R) the lattice of all subrings of
R. By a lattice isomorphism of the ring R onto a ring S we mean an isomorphism
¢ : L(R) — L(S) of L(R) onto L(S). We write the mapping down exponentially;
thus the image of R under the map ¢ will be denoted by R¥.

Among different questions that arise in studying lattice isomorphisms the most
important is the question as to which properties of rings are preserved under lattice
isomorphisms. It is very interesting to know what kinds of rings the next implication:
L(R) = L(R?) = R? = R holds? According to [1] if R isomorphic to the Galois ring
GR(p™,m), where n > 1,m > 1 then R? = R. The next step may be a passage to
the direct sums of Galois rings.

It is well-known that Galois rings have different properties. For example if n =
= 1 then the ring GR(p™,m) is isomorphic to the Galois field GF(p™). Lattice
isomorphisms of direct sums Galois fields were regarded in [2]. For such rings it was
proved that a ring, lattice isomorphic to the direct sum of k finite fields (k > 2) is
the direct sum of k finite fields too. If m = 1 then the ring GR(p", m) is generated
by identity element and the direct sum of such type rings is generated by orthogonal
idempotents.

The main results of this thesis are Theorems 1 — 4. There theorems describe lattice
isomorphisms of direct sums of different types of Galois rings.

Theorem 1. Let R = Ry + Ry +---+ Ry, where k > 2. Suppose R; = GR(p™, 1)
(t=1,k), ny,ny > 1. Then R¥ = R.

Theorem 2. Let R = Ry + Ry. Suppose R; = GR(p™,m) and Ry = GR(p™,1),
n;>1, m>1. Then RY = R; (i = 1,2) and either R? = R{ + R} or R = R{ ® Ry,
n1 < ne and the identity element of R is the same in R?. In all cases R? = R.

Theorem 3. Let R = Ry + Ry. Suppose Ry = GR(p™,m), n > 1, m > 1 and
Ry =2 GF(p*). Then R¥ = R + RY, RY 2 R, R) = GF(p!) and either k =1 =1
or k=pi"--p and I =qi" g

Theorem 4. Let R = Rl—f—RQ—f——l—Rk Put R; = GR(p”Z,mZ), n, >1,m; >1.
Then RY = R; and R® = Ry + Ry +--- 4+ R} .
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OB AJITOPUTMUYECKON ITPOBJIEME PACITOSHABAHINS
KOHCEPBATUBHBIX PACIHINPEHUU TIPEATABJINYHBIX
CYIIEPUHTYUIINOHUNCTCKUX JIOTUK C
JOITOJTHUTEJIbHBIMU KOHCTAHTAMMUA
A. K. KomieeBa
OI'EOY BIIO “YoI'V”, Uocesck; 'BOY BIIO “MI'IIITY”, Mockea

kannakst@mail.ru

Cynepunmyuyuonucmckoti A02uKot HA3bIBAETCA MTPOU3BOJIBHOE MTOJIMHOXKECTBO L
MHOXKeCTBa, F'm, hOpMyJT POMO3UIIMOHAIBLHOTO sI3bIKa, BKJIOUAOIIee JIOTUKy Int u
3aMKHYTO€ OTHOCHTE/IHLHO TIpaBui modus ponens u mojctanoBku. J{o0aBuM K A3BIKY
KOHEYHBII HAGOD JIOrMIeCKUX KOHCTAaHT @ = {p1, ©a, ..., ¢n}

p-Jloeuxoti Ha3bIBaeTCT MHOXKECTBO L (HOPMYJI PACHIUPEHHOTO sI3bIKa, BKJIIOYAI0-
mee Int U 3aMKHYTOe OTHOCHTEIHHO IIPABUJI MOJLYC IIOHEHC U TIOJICTAHOBKU. (-Jlornka
L Ha3bIBaETCHA KOHCEPBAMUSHLIM pacutupenuem joruku L, ecin L C L w s jioboit
dopmyner A € Fm u3s A € L cinenyer A € L. ¢-Jloruka £ Ha3BIBACTCA NOAHDIM
no I1.C. Hosuxosy pacwupenuem noruku L, ecim L KOHCepBaTWBHA Hax L u Jis
nob6oit hopmyser A € Fm(@) \ L, ¢-noruka £ + A HekoHcepsarubHa Haji L.

[Tojt ipobJiemoit pacnodnasanus KoncepsamueHocmuy 0yaeM TOHUMATH CJIETYIOILY 0
MacCoByIO mpobsiemy: myctb ganbl L u A(@); Oymer qu @-noruka L = L + A(p)
KOHCEPBATUBHBIM PaCIUpPEHUEeM JIOTuKu L7

Hnst caygas L = Int sta npobiema paccmarpusasiach B paborax [1], [2].

JLitst meciie ryeMbIX TpeITadInIHbIX C.H1.J1., KOTOPBIX coryiacHo padote JI. JI. Makcu-
MOBOIi [3] poBHO Tpu: JIorHKa KOHEUHBIX Tierneii, win joruka Jammera (LC, L1); soruka
KOPHEBBIX MK Myounsl 2, uin eepos (L2); jornka KOPHEBBIX MIKAJ TJIyOUHBI 3 C
HAUOOJIBIIUM 3JIeMEeHTOM, Wik datimondos (L3), mosrydeHs! ciieiyroliye pesyibTaThl.

YrBepxkaenue. CymectByer 3¢heKTHBHBIH HEraTHBHBIH TeCT JJIsi ITPOOIeMbI
KOHCEPBATHBHOCTH.

st pazpenumocT TpoH/IeMbl KOHCEPBATHBHOCTH HEOOXO UM 3D (DEKTUBHBII 10~
SUTUBHBII TeCT. 371eCh UCIOIb3YETCs TOHSTHE MOJTHOTO 110 HOBUKOBY pacIiupeHust.

YCTaHOBJIEHO, YTO B S3bIKE C HECKOJBKUMU JIOTIOJTHUTEILHBIMUA KOHCTAHTAME BCE
noJsiabie 10 HOBUKOBY pacIiupennsi yKa3aHHBIX PEITA0TMIHBIX C.U.J1. PA3PEIINMBbI.

IIpeagioxkenune. AjrropurMudeckast IpoodJIeMa pacIliO3HABAHUSI KOHCEPBATHBHOCTH
nostabix 1o 11.C. HoBukoBy pacimupenuii npearabJImaHbIX CYIePUHTYUIHOHUCTCKIX
L1, L2, L3 B s3bIKe ¢ JIOMOJHATEIBHBIMH KOHCTAHTAMU PAa3PEIIIMAa.
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SOME PROPERTIES OF FOX’S DERIVATIONS FOR LIE ALGEBRAS
A.F. Krasnikov
Omsk State University, Omsk
phomsk@mail.ru

Let F' be a free sum of Lie algebras A; (i € I) and a free Lie algebra G with
basis {g;|j € J}; U(F) the universal enveloping algebra of F'; u an element of U(F).
Then we can find unique elements Dy (u) € U(F) such that

U= ZDZ-(U) - Zngj(U)>

icl jeJ

where D;(u) € A;U(F), i € I. We call the elements Dy(u) (k € I U.J) the Fox

derivatives of w. If M is an ideal in F' then we denote by My the ideal in U(F)

which is generated by M. One of the results of [2] may be stated as follows:

Let F = (>."A;) x G be a free sum of Lie algebras A; (i € I) and a free Lie algebra
iel

G with basis {g;|j € J} and its ideal N has trivial intersection with each summand

A;; v an element of F'. Then

Dy(v)= 0 mod Ny, ke U J,

if and only if v € [N, N].

Further theorem extends this result.

Theorem 1. Let F = (>."A;) * G be a free sum of Lie algebras A; (i € I) and
i€l

a free Lie algebra G with basis {g;|j € J} and its ideal N has trivial intersection

with each summand A;; K a subset of I UJ, Fi the subalgebra of F', generated by

{g9;j € KNJ} and {A;]i € KN1}; v an element of F'. Then

Dk(U) = 0 mod Ny, ke (IU J)\K,

if and only if there are an elements vy of Fx and vy of idp(Fx N N) such that v =

= vg +v; mod [N, N].

This is used to extend Shirshov’s theorem on freedom [1] as follows:

Theorem 2. Suppose F = (>."A;) * G is a free sum of Lie algebras A; (i € I) and
il

a free Lie algebra G with basis {g;|j € J}; r a nonzero element of F', R = idp(r)

and R has trivial intersection with each summand A;. Let s be an element of I U

UJ, K= ({UJ)\{s}, Fx the subalgebra of F, generated by {g;|j € K N J} and

{A;Jie KNI}. Then Fx "R =0 if and only if Dy(r) #0 mod Ry .
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SOME PROPERTIES OF FOX’S DERIVATIONS FOR GROUPS
A.F. Krasnikov
Omsk State University, Omsk
phomsk@mail.ru

Let F be a free product of groups A; (i € I) and a free group G with basis {g;|j €
€ J} and its normal subgroup N has trivial intersection with each factor A;. By a
derivation in a group ring Z(F') will be meant any mapping 0 of Z(F') into itself
which for any u, v € Z(F) satisfies (u+v) = d(u)+9(v), O(uv) = O(u)v+e(u)d(v),
where ¢ : Z(F) — Z is the natural augmentation.
We denote by Dy, (k € I UJ) the Fox derivations of the group ring Z(F'). They are
uniquely defined by the conditions
Dji(g;) =1, Di(g;) =0, k # j; if a; € A;

then D7J(CLIL> = a; — 1, Dk((ll> = 0, k 7£ 1.

One of the results of [2] may be stated as follows:

Let F = ('éIAi) x G be a free product of groups A; (i € I) and a free group G with

basis {g;|7 € J} and its normal subgroup N has trivial intersection with each factor
A;; v an element of F'. Then

Dip(v)= 0 mod N, ke IUJ,

if and only if v € [N, N] .

Further theorem extends this result.

Theorem. Let F' = <‘*1Ai) x G be a free product of groups A; (i € I) and a free
1€

group G with basis {g;|j € J} and its normal subgroup N has trivial intersection
with each factor A;; K a subset of I UJ, Fx the subgroup of F', generated by
{gjl7 e KN J} and {A;|li € KNI}; v an element of F. Then

Di(v) = 0 mod N, ke (IUJ)\K,

if and only if there are an elements vy of Fx and vy of (Fx N N)¥ such that

v = vov; mod [N, NJ.

Now the Freiheitssatz due to Magnus 1] may be stated as follows:

Let F' be a free group with basis {gj|j € J}; s an element of J, K = J\{s}, Fk the
subgroup of F', generated by {g;|j € K}; r an element of F', v # 1, R the normal
closure of r in F'. Then the following conditions are equivalent:

L FK NR=1 5
e 1 is not conjugate to any element of Fi ,

e D,r)#0 mod R.
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IIOJAIPVYIIIIA ABTOTOIIN3MOB ITOJIVIIOJIEBOM IIJIOCKOCTU
HEYETHOT'O IIOPSAJKA, NT3OMOP®HAY 3HAKOIIEPEMEHHOM
I'PVIIIIE A,

O. B. Kpasuona

Cubupcrutl gedeparvhoili yrusepcumem, Kpacrosapck
ol71@bk.ru

Xoporo uzBectHa runoresa [1|: noanas epynna asmomoppuzmos scaroll Koneu-
HOTL MOAYNOAEB0T Hede3ap2060T NAOCKOCMU Pa3pewuma. K HacTOAImeMy MOMEHTY 9Ta
IUIOTEe3a MOITBEPK IEHA JIUIIb JIJIsT HEKOTOPBIX KJIACCOB TOJIYIIOJIEBBIX ILJIOCKOCTel. B
cuty TeopeMbl Peiira—ToMIIcOHA O pa3peruMOcTh JII0OO0# IPYIITLI HEYETHOTO TTOPSi/I-
Ka JIJIsI TIOJATBEPIKIECHUSI THIIOTE3hI JIOCTATOYHO PACCMATPUBATH TOJIBKO IOJIyIIOJIEBbIE
ILJIOCKOCTH, JIOIYyCKAIOIIe aBTOMOpGU3MbI Hopsiyika 2. B coorBeTcTBUU € Kjaccude-
CKUM pe3ysbraToM [1|, mHBOIOIMK B TpyIIe aBTOMOPGhU3MOB BCAKON MPOEKTHBHOI
IJIOCKOCTH SIBJIATOTCS JINOO IEPCIEKTUBHOCTIMMU, JTUOO O3POBCKUME KOJLIMHEAIHSIMHU.

B 90-x romax omyGsmkoBaH psiyi pabot (|2] m mpyrue), MOCBAIMEHHBIX MOCTPOE-
HUIO ¥ MCCJIEJOBAHUIO MOJIYIIOJEBBIX IJIOCKOCTEH paHra 2, JOMyCKAIOIMIX 6IPOBCKYIO
uuBoJtonuio. [locTpoenns MCoIb30BaIn BEKTOPHOE IIPOCTPAHCTBO PasMepHOCTH 4 1
cHeruaJIbHOe CeMefiCTBO JIMHEHHBIX IIpeobpa30BaHuii — peryJisipHoe MHOYKECTBO, IIPeJl-
cTaBJieHHOE 2 X 2-MaTpUllaMK HaJ, mojeMm mnopsjka p™. B srom ciaydae dyHKImN,
3a,/TaI0MINe PEeryJIgpHOe MHOYKECTBO TJIOCKOCTH, €CTh MHOTOU/IEHB! cTernean < p" .

ABTOp paccMaTpuBaeT MOJIYIOJIEBYIO IIOCKOCTD, JOIIYCKAIOILYIO0 O3POBCKYIO HHBO-
JIIOIIMIO, C UCIIOJIb30BaHUEM JIMHEMHBIX [IPOCTPAHCTB IIPOU3BOJILHON YeTHON pa3MepHO-
CTH HaJI TTOJIEM ITPOCTOTO MOPSJIKA, CJIEJCTBHEM [Uero siBJISAeTCs Tepexojl K JIMHEHHBIM
dbyuknuam. TTocrpoeno [3] marpuunoe mpejcrasienne 63POBCKON WHBOJIIONUKE U Pe-
IyJIIPHOTO MHOMKECTBA IOJIYIIONeBOfi IJIOCKOCTH HedeTHoro nopsjaka p?' (p > 2 —
POCTOE).

Tokazano [4], uTo nosyno/nesas MiIoCKOCTh HEIETHOTO MOPAKA P> ¢ JIEBBIM siJI-
poM Topsijika p" He JIOMyCKAeT IMOJArPYIIBI aBTOTONNU3MOB, U30MODPMHON 3HAKOIIe-
pemenHnoii rpymmne Ay. [ist mopsiika JieBoro siipa MeHee p" MOCTPOEHO MATPUIHOE
npeJicTaBjieHne perysipuoro Muoxkecrsa 8 G L, (p) U{0} u JuHeHHbIX aBTOTONM3MOB,
obpasyonmx rpyminy Ayg.

Paboma svnoasnena npu punarncosoti noddeporcke PODU, epanm 12-01-00968.
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TROPICAL OPTIMIZATION PROBLEMS
N. Krivulin
Saint Petersburg State University, Saint Petersburg
nkk@math.spbu.ru

We consider optimization problems that are formulated and solved in the tropical
(idempotent) algebra setting. The problems are to minimize or maximize functions
defined on vectors of a finite-dimensional semimodule over an idempotent semifield,
and may involve constraints in the form of linear vector equations and inequalities. The
objective function can be either a linear function or a nonlinear function calculated
by means of multiplicative conjugate vector transposition.

We give an overview of known tropical optimization problems and solution
methods. The overview starts with problems with linear objective functions, which
present idempotent analogues of the usual linear programming problems. Then,
we consider problems with nonlinear objective functions, including Chebyshev
and Chebyshev-like approximation problems, problems with minimization and
maximization of span seminorm, tropical “linear-fractional” programming problems,
and problems with the evaluation of spectral radius. Some of these problems can be
completely solved, and the solution is found in an explicit vector form. The existing
solutions given for other problems are obtained in the form of iterative algorithms
that produce a particular solution if any or indicate that there is no solution.

Furthermore, we present recent results on the solution of new optimization
problems that extend known problems by introducing more general objective functions
and taking into account additional linear constraints. To solve the problems, several
approaches are proposed that offer direct explicit solutions in a compact vector form
suitable for further analysis and applications. For many problems, the results obtained
are complete solutions.

The solution of the some problems without constraints involves the evaluation of
sharp lower or upper bounds for the objective function and the solution of an equation
to find all vectors that yield the bound. To find solutions to the problems with linear
equation and inequality constraints, we first obtain a general solution to the equation
or inequality, and then substitute it into the objective function to get an unconstrained
problem with known solution.

To solve other problems, we introduce an auxiliary variable, which indicates the
minimum value of the objective function. The problem is then reduced to the solving
of a linear inequality with a parameterized matrix, where the above variable plays the
role of parameter. We exploit the existence condition for solutions of the inequality
to evaluate the parameter, and then take the general solution of the inequality as the
solution to the initial optimization problem.

Applications of the results to solve real-world problems in job scheduling, location
analysis, decision making and other fields are also discussed.

CBONCTBA CUETHO-KATETOPUYHBIX CJIABO IMUKJINYECKU
MMWHUMAJIBHBIX CTPYKTVYP
B.I11. Kynnenion
Meotcoynapodruiii yrusepcumem ur@opMauoHHbLx mexroro2uti, Aimamot
b.kulpeshov@iitu.kz

Huxsruveckut nopadox OMUCBIBAETCS TEePHAPHBIM OTHOIEHHeM K , KOTOpoe yII0-
BJIETBOPSET CJIELYIONINM YCIOBUSIM:

(col) VaVyVz(K(z,y,z) — K(y, z,x));
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(co2) VaVyVz(K(z,y,2) NK(y,x,2) <> c=yVy=2z2Vz=u1);

(co3) VaVyVz(K(x,y,z) — VI[K(z,y,t) V K(t,y,2)]);

(cod) VaVyVz(K(x,y,2) V K(y,z,2)).

[ukamyeckn yropsiiodennas crpykrypa M = (M, =, K3, ...) nasbiBaerca caabo
YUKAUYECKY MUHUMAADHOT, €CTTH JTI000e ONpeIeJuMoe (¢ ITapaMeTpaMu) TOIMHOZKe-
CTBO CTPYKTYPbI M sBJisieTcst 0ObeIMHEHNEM KOHETHOIO YUC/IA BBITYK/IBIX MHOXKECTB.

B paGorax [1]- [3] 6buin mncciem0BaHbl CIETHO-KATEIOPUIHBIE CJ1a00 TUKJINICCKI
MUHUMAJIBHBIE CTPYKTYPBI, SABJISIONMECs 1-TpaH3UTUBHBIMU. B Hacrosiiem Jiokjiajie
MBI UCCJIEJIyeM TOBejieHrne 2-(hOPMYJ/I B CYETHO-KATErOPUIHBIX C1a00 UKJINIECKA MU-
HUMAJIbHBIX CTPYKTYPax, He ABJISIONMXCA 1-TPAH3UTUBHBIMU.

[Iycrs p € S1(0) u F(x,y) — (-onpenenumast hopmysia Takas, 9To Jjisi KasKJI0r0
b e pM) F(M,b) C p(M) u F(M,b) — BbItyKjI0€ GeCKOHETHOE KOOECKOHETHOE
muozkectso. Ilyers FU(y) — dopmyita, rosopsinas, 9To y ABjgeTcs JeBoil KOHIEeBOi
toukoii Muoxkectsa F'(M,y). Msr roopum, uro F(z,y) swisercsa p-cmabusvnot
suINYKA0T 6Npaso, ecan st oboro b € p(M)

M = Vx[F(z,b) — F'(b) AVz(K(b,z,7) — F(z,b))]

Byznem roBoputh, 4ro p-crabuiibHasi BBIIyKas BOpaBo dopmyna F(x,y) sBis-
eTCs IKBUBAAECHMHOCTNb-2eHePUPYIoWLet, ecau Jid Jo0bIX o, € (M) Takux, 91O
F(B,a), mvmeer mecro caemytomee: M = Vo(K(B,z,a) Nz # a — [Fz,a <

Teopema. Ilycte M — cuerHO-KaTeropudHas cj1ab0 IMUKJIXICCKH MHHUMAJIbHAS
CTPYKTYpa, He siBjstiomasicss 1-tpansurusnoit, p € S1(()) — meanrebpandeckuii. To-
raa Jiobast p-crabuIbHAsT BBILYKJIash BIPABO (POPMYJIA SIBJISIETCS 9KBUBAJEHTHOCTH-
TeHePHUPYIOIeH.

CaencrBue. Ilycrs M — cuerHO-KareropudHasi ¢j1ab0 IUKJIAICCKH MHHUMAJIb-
Hasl CTPYKTYpa DAHI'a BBILYKJIOCTH 1, He siBjstiomasicst 1-tparsurusroii, p € S1(0) —
Heasirebpamdeckuii. Torya He cymiecTByer p-cTabuIbHOH BBITYKJIOH BIPABO (DOPMYJIBL.
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ON FINITE RINGS AT WHICH ZERO-DIVISOR GRAPHS SATISFY
THE DIRAC’S CONDITION
A.S. Kuzmina, Yu.N. Maltsev
Altar State Pedagogical Academy, Barnaul
akuzminal Qyandex.ru, maltsevyn@gmail.com

The zero-divisor graph T'(R) of an associative ring R is the graph whose vertices
are all nonzero zero-divisors (one-sided and two-sided) of R, and two distinct vertices
x and y are joined by an edge iff either xy =0 or yx = 0.



92

In the present paper, we give full description of finite rings of order p™ such that
their zero-divisor graphs satisfy the Dirac’s condition (p is a prime number), i.e.
degree of each vertex is more or equal to a half of order of the graph.

Firstly, we fix some notations. Let R be a ring. For any a € R we will denote

[(a) ={x € Ryza =0},7(a) = {z € R;ax = 0}.

We denote the Jacobson radical of R by J(R). If R is a direct sum of two non-zero
ideals I, J of R, then we write R = I & J. We denote order of R by |R]|.

A finite ring R with identity is called local, if the factor-ring R/J(R) is a field.
Finally, GF(q) is a finite field with ¢ elements.

The main result of the work is the next theorem:.

Theorem. Let R be a finite ring of order p™, where p is prime number and n > 1.
Then T'(R) satisfies the Dirac’s condition iff one of the following conditions holds:

A. R*=(0), |R| > 3;

B. |R| = 3", n > 3; moreover, for any element a € R either aR = (0), or Ra =
= (0), or [l(a)| = [r(a)] = 3", I(a) # r(a);

C. |R| = 2", n > 3; moreover, for any element a € R either aR = (0), or Ra =
= (0), or [r(a)] =271, U(a) Z r(a), or |i(a)] =2"7", r(a) & I(a);

D. R=GF(q) ® GF(q), 2 2;

E. R is alocal ring and T'(J(R)) satisfies the Dirac’s condition (i.e. J(R) satisfies
one of the conditions (1)-(3) of this theorem);

F. R = e Fe; @ esFeys + e Fey, where ey,ey are orthogonal idempotents,
1=-e+ey and F is a finite field;

G. R = e Fey @ exFey + eyFey, where ej,es are orthogonal idempotents,
1=e14+ey and F 1is a finite field.

The work is supported by RFFI (grant 12-01-00329) and a grant from the Ministry
of Education and Science of the Russian Federation, project No. 2014/418 for the
implementation of State order in the research field (fundamental component).
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VAUGHAN-LEE ALGEBRA V8 AS A FORM OF LIE ALGEBRA OF
THE TYPE A,
M. 1. Kuznetsov, A. A. Shmelev
Nizhny Novgorod State University, Nizhny Novgorod
kuznets-1349Qyandex.Tu

In [1] M. Vaughan-Lee using computer calculations obtained the classification of
simple Lie algebras over Fy of dimension less then 10. It contains 8-dimensional Lie
algebra V8 realized as 8 X 8-matrices with a special basis {X7, ..., Xg}. This algebra
was not identified Lie algebras proved that V8 is a form of classical Lie algebra A,.
Here we announce an elementary proof of the fact and give an isomorphism of L®p,Fy
and Ay, L = V8 ( [2]) . Namely, by direct calculations in the basis {Xi,..., Xg} it
may be shown that L ®p, Fgs is isomorphic to A,. In such a case it follows from the
theory of forms for A, that L ®p, F4 is isomorphic to Ay. The following map is an
isomorphism

o(hy) = X1+ X5+ Xg, @(he) =t7'X; + X3 + X4 + Xv,

Vlea,) = X1+ X3+ Xy + X7, ple_q,) = Xo+ X5 + Xo + X7+ X,
O(€an) = X1+t Xg +t X5+ Xy + X5+t X+t X7 + Xg,
O(e—ay) =t X1+t Xy 71X+t X, 4+ X5+t X + X,
©O(Caytay) = tX1 +1Xo +t X3 + 171Xy + X5 + tXg + X,
P(e—ar—ay) = X1 +1Xo + 17 X3+ Xy + X5+ t X6 + tX7 + X,
teFy, t2+t+1=0.

Note that we use matrices X; transposed to those given in [1].
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O I'PVYIIIIAX JIN HPEOBPABOBAHHﬁ, CBA3AHHBIX C
PUBNYECKUMUI CTPYKTYPAMU PAHTA (N-+1,2)
B. A. Ksipos
T'opro-Aamatickutl 2ocynusepcumem, Lopro-Aamadtick
KyrovVA@yandex.ru

Paccmorpum rimajgkoe muoroobpaszue B, dim B = s, a TakKe IVIaJIKOE OTOOpazKe-

ane f: BxXQpgn — B, npudeMm {dgn C B — OTKPBITOE U IJIOTHOE TTOIMHOT000pasne.
[TocTpoum riajkoe orobopaxkenue F': B" X Qlgn — B™:

[IycTh BBITOJHAIOTCS AKCHOMBI |1]:
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B1. V(@i ..., (b, ..., b") € Qpa, () (al,...,a") € Qpn Taxas, 4To

B2. V(a!,...,a") € Q. u Vb€ B, (3) i' € B:
f@tat,. .. a™) =b.

B3. V(%' ...,i") € B X Qpn u Yag = (a},...,a8),a; = {(af,...,a}) € B
cymiecTByeT (DyHKIMOHAILHAS CBA3b:

foo = g(for, fro -5 fuos f11s -y fr1),

vie, nanpuiep, foo = (1% ap).

Onpepesienne. [2] Orobpaxkenne f: B X Qpn — B, yJIOBJIETBOPSIOIIEE aKCUO-
maMm Bl — B3, 3amaer na muoroobpasusax B u Qpn dusuueckyro cmpykmypy paraa
(n+1,2).

Teopema 1. Muoroobpasme gn siBIsIETCST rpymmoit Jlu ¢ 6uHapHOH orneparuert
Fo,. : QpnxQpn — Qpn. MHooroobpasue B" saBisgeTcs 4acTHIHOI JIy1I0ii ¢ OHHAPHOI
omeparueii F': B" X Qpgn — B™. Ee 6yz1em obosnadars (B™, o, ¢€).

Teopema 2. Yacruunast jiyna (B", 0, e) spiasercs rpynmoii Jlu npeobpazopaHuii
¢ 0YTH 3PpPEKTUBHBIM H IIOYTH IIPOCTO TPAH3UTHBHBIM JeHCTBHEeM Ha MHOIOOODa3HU
B" rpynmsr JIn (Qpn, 0, e€).

TepMuHOIOrHsT B 9TUX yTBEPKACHUSIX B3ATa 110 KHUTaM |3, 4].
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MHAEKCHBIE MHOXKECTBA TITPAKTUYECKNUX AJITOPUTMOB
n. B. Jlatkun, JI.1I. Jlarkuna
Bocmouno-Kasaxcmancxuti Tocydapemeennnts Texnuveckut yrnusepcumema um. /1.
Cepurbaesa, Yemuv-Kamenozopck, Kasaxcmanr
lativan @yandez.ru, ludalat@yandex.ru

B [2| BBeeHDI OmpeiesieHnst TUCIOBBIX U IPAKTUIECKIX aIlOPHTMOB U HAYATO MX
usydenne (cM. takzke [3]). Ilpu sTom okasamoch ymoOHBIM 3a1aBaTh KJIACCHI Peasn-
3aluii TaKUX aJrOPUTMOB M WX MOJKJIACCHI, B dacTHOCTH nojakiace Algpr(f) peasnm-
3aIil MPAKTUIECKNX aJITOPHUTMOB C OTPAHITIEHHON CJI0KHOCTBIO IPOIPAMM U BBIUHC-
JIeHuil, olpejieleHNeM UX HUHJEKCHBIX MHOXKeCTB. IlocirenHuil HOIK/IACC TOCTATOYMHO
IMIIPOK — TIPHU TOJXO/IsAIell orpaHuduBaolieil (pyHKun f MoYTH BCE NPUMEHUMbIE
Ha [IPAKTHKe AJTOPUTMBI 00JIAJAI0T PEATH3al[UsIMI I3 TOrO Kjacca. B To e Bpe-
MsI OH BIOJIHE 0003PUM, TaK KaK €ro HHJEKCHOEe MHOYKECTBO HIPUHAJIEKHUT KJIACCY
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¥9. TIpu BBesenun Gostee JKECTKUX OIPAHUYEHHUI MOJIYHa0TCs MOKIacchl ¢ 119~ uam
BBIYUCIMMO [IEPEIUCTUMbIMA HH/ICKCHBIME MHOYKECTBAMIL.

Honxmnace PAlgpr(f) (wm E® Algpr(f)) peanusamuii aaropuT™MOB € IOJIHMHOME-
aJIbHON (MJIM 9KCIOHEHINAJIBbHOM YPOBHS k) CJIOKHOCTBIO BBIUNCJICHUI, TTOJIYIAI0TCS
u3 kaacca Algpr(f) nobasiennem K OrpaHUYICHHIO HA BEJIMYUHY PE3y/IbTaTa aJrOpUT-
Ma B OIpeJeIeHnd 3 U3 2| MOJHHOMHUAIBHOTO (MM 9KCIOHEHIMAIBLHOTO YPOBHS K )
OrPAHMYCHUsS Ha BPEMsl €10 BBIUUCICHHs. DTH TOKJIACCHI TAKZKe MMEOT WHICKCHBIE
MHOKECTBa U3 Y9. U3 onpejie/ieHust mMeeM, 9To JId BeeX N Ew BEPHO

PAlgpr(f)= €O Algpr(f) € €D Algpr(f) € ... € EMD Algpr(f).

B cBasu ¢ stum daxToM, nepapxua Epmosa X' pa3HOCTEll BBIYHCINMO IIepe-
YUCJIMMBIX MHOXKECTB, U3y4ueHHas B 1], ecrecTrBeHHBIM 06pa3oM Mpojo/IzKeHa B 2] 10
mepapxun LY, pasHocTeil Y)-MHOMKECTB (CYHTAEM, UTO ¥, — 910 XTt): MHOXKe-
creo M € X3, mpu n >0 B TOM U TOJbLKO TOM CJIydae, KOTJ[a CyMIECTBYeT Takas
yrnopsijouentas n-ka (Rg, Ry, ..., R,_1) X9-muoxects Ry D Ry D ... D R, 1, uTo
M:U0<i<k<R2i \ Rais1), e k — nenas 9acthb ot jgesnenus n—1 va 2, u R, =), ecimn
n — neudrroe. Homomum N5, =115 =AYy, u M€lly, < w\MeXy .

Teopema. lmeercst takast Beraucnmasi yHKImus f, 910 npu BesskoM 1> (0 MHO-
axectBo My =Jyc;cp (EMD Alg(f)\ EM27D Algpr(f)) (rae k — nenas gacts or
genennsg n—1 na 2, u ETY Algpr(f)=0, ecm n — HeuérHOE) — M-yHHBEPCATLHO
(m-nomo) B knacce Y3, . Boaee Toro, nocrenosaresuocts (€Y Algpr(f),

EN=2 Algpr(f),...,EQ Algpr(f)) — m-ynusepcaibia (m-nona) B K1acce HOCTEI0-
aresnpHocreii (Cy, C1, ..., C,_1) Yg-muOXKecTB Takux, aro Co2C1 D ... 2C), 1.
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T'EAEJIEBCKUE HOMEPA — MEPA CJIO2KHOCTU ITPOI'PAMM
. B. Jlatknn
Bocmouno-Kaszaxcmanckuti Tocydapemeennniti Texnuveckuti yrnusepcumema um. /1.
Cepuxobaesa, Yemo-Kamenozoper, Kasaxcman
lativan Qyandex.ru

B reopun BLIYUCIMMOCTH aJrOPUTMOM YACTO HA3LIBAIOT PEAIM3AIMIO HA MAIITHE
ThropuHra Kakoii-To BLIMUCIUMOl (DYyHKIUK, 8 HOMEPOM aJrOPUTMa — HOMED 3TON Ma-
IIMHBI, T.€. AITOPUTM IIOHUMAETCA Kak n-MecTHas ¢pyHknusg. Ha nmpakTuke ajropurm
OOBIYHO TPAKTYETCS KakK IPOLeLypa 0O0IIero Xapakrepa, IPOU3BOIAINas BbIUNCICHN
IIPU BCEX 7 U JIOOBIX JAHHBIX T1, ..., Ta(n) (He 00sA3aTENBHO (n)=n), T.e. KAK (DyHK-
must w3 (J,e, w' B w. B [1] 1uia cormacoBanus STHX HOIXOI0B HPEUIOKEHO CIUTATE,
4T0 peasmmsanus ducjaoporo ajaropurma A, ¢ HomepoMm t = ¢(l,r) u paboratomero ¢
HaboOpaMu THHBL @, (1) =a(n), 970 — QYHKIUS ) TaKasi, 9TO JJIS BCIKOTO 1 IHCJIIO
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m=;(n) — réaeneBckuit HOMep (N )-MECTHON BBIYUCIUMOI DYHKINH, KOTOPast [IPH
JIIOOBIX 1, ... s La(n) BBIIAET PE3YJIbTAT IPUMEHEHUsI aJIlOPUTMA AK xq,... s Ta(n) -

DTOT TOIXOT TO3BOJISIET HANTH CPeICTBO JIJI KOCBEHHOMN ONEHKU KOMNACKCHOT Me-
Pl CAOHCHOCTNAY, JIJIS TIOJIKJIACCA YUCJIOBBIX aJITOPUTMOB — TaK Ha3bIBAEMBIX NPaKmMuU-
MECKUT aA20pummos [1], Korjia BBOJIATCA OrPAHIICHUS HA BeIHINHY QO (L1, ..., Ta(n))
u BpeMda eé I[IOJIydeHud, T.€. 9MUCJIO 3JIEMEHTAPHBIX IMal'OB MalllWHbI TbIOpI/IHFa Pm .

[Ipobiema B ToM, 9TO mpocTeiiliasg Mepa CJIOKHOCTH PEAJTU3AINA aJrOPUTMA —
BpeMsi paboThl — B 9MCTOM BHJE JAJIEKO He BCerja aJeKBaTHO 0TOOparkaeT UCTUHHYIO
CJIOXKHOCTb AJTOPUTMA, KaK MOKA3bIBAIOT HeCJIoKHbIe puMepsl [1]. Ucrunnas mepa
CJIOZKHOCTH JIOJIZKHA OBITH KOMNAEKCHOU, T.e. YIUTHIBATH U BpeMs pabOThl MAIIWHBI,
U CJIOYKHOCTb €€ TporpaMmbl. V3BeCTHO HECKOJIBKO ITOJIXOJIOB K OIIEHKE CJIOYKHOCTH
IIporpamMm (C.HO}KHOCTI/I OIlMCaHUsI aJIFOPI/ITMa)I 9TO MOXKET OBITH YUCJIO BHYTPEHHUX
COCTOSIHUN WJIM YHUCJIO BHEITHUX CUMBOJIOB, WM YUCJI0 KoMaHJ. Kak mpasBuiio, réje-
JIEBCKasl HyMepalius MalliiH ThIOPUHTa CTPOUTCI € YIETOM BCEX dTUX ITapaMeTpPOB U
MOHOTOHHO 3aBHUCHUT OT HUX, IIO9TOMY CaM HOMEDP SBJISAETCS HEILJIOXON OIEHKOU CJIOXK-
HOCTHU TIPOI'PAMMBI, B CJIydae MMOJ00HOM MOHOTOHHOM I'éJIeJIeBCKON HyMepaIluu.

Jlig paKTUYecKuX aJI'OPUTMOB MMeeTCHd BO3MOXKHOCTL JIejIaTh OIEHKU WX WC-
TUHHOM CJIO2KHOCTH, a He€ IIPOCTO BpEMEHU pa6OTI>I, JOBOJIBHO IIPOCTO: MOZKHO TaK2Ke
OIleHUBATL BCJIMYHMHBLI HOMEPOB 1 WJIX YMCJIO ITaroB H€O6XOﬂI/IMbIX JJId UX BbIYUCJIC-
HUA.

Hemnaercs ynporenue onpejesenuii u3 [1|, B 4acTHOCTH, Telleph YUCIOBBIE U TPAK-
THUYIEeCKHE aJI'OPUTMBbI PpaCCMaTPUBalOTCA KaK BbBIYHCJIMMbBIC beHKLLI/II/I ABYX apryMeEH-
TOB: HAOOPBI T1, ..., Ta(n) CIUBAIOTCSA B OJMH apryMEHT-LIENOYKY, & BTOPbIM apryMeH-
TOM SABJISETCS TIapaMeTp N, KOTOPbBI UT'PAET POJb cmpyxmyphot pazmeprocmu. Bee
JIOKa3aHHbIE B [1] CBOMCTBa IIPU 3TOM COXPAHAKTCA U IIOJIY4al0TCA HOBLIE.
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ABOUT BINARY BEHAVIORS OF EUCLIDEAN PLANE
A. G. Lozhkin
M.T. Kalashnikov Izhevsk State Technical University, Izhevsk
lag@istu.ru

Hilbert formulating axioms for Euclidean plane R x R suggested that must
be considered construction of linguistic rules. In the present study [1] hypothesis
extended to the plane itself, which is proposed as text. Levels of study of the text
are its internal relations. As basic postulates were used: Dieudonne symmetries; table
automorphisms and transfer symmetry H. Weyl; definition of symmetry M. Born,
binary automorphisms F. Bachman.

The theory is based on the permutation symmetry, which has non-algebraic proper-
ties. For further constructions used automorphic definition A. Frenkel a € A for ZF-
set theory, the Cartesian product of the relational algebra and semiotic analysis by
A.P. Ershov. Next, using the method of inference built table symmetries Dieudonne.
Table joined the internal relations of set theory and universal algebra, which alternate
with each other. Such a relationship between automorphisms called symmetry of
knowledge. Table symmetries is: the existence of the set (Zermelo); the existence of
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relations (Codd); membership element of set (Frankel); the universal relation (implica-
tion f : Q — Q); saving cardinality (Lagrange); saving power relations (Klein);
linguistic order (Descartes); mathematical order (Cantor); permutation; mirror. Sym-
metry of knowledge as well be called Hilbert symmetry, since it was he who first made
the connection. Dedekind axiom called Klein automorphism, as the inverse element
axiom determined by mirror symmetry.

The rule interactions automorphisms any relationship mapping function,
operation, operator, transformation is performed in the Euclidean plane so that
perform symmetry with minor number with possible preservation of symmetries
following her. Symmetries defining Erlangen program should be between implication
and Lagrange symmetries. It was symmetry power conservation of cortege and
symmetry of Euler formula (e'™ = —1) previously. Inductive method is easy to prove
the sufficiency of the hierarchy in the table.
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O JOIIYCTUMOCTMU ITPABIJI BBIBOJIA JINMHEMHOM JIOTUKU
SHAHUNA M BPEMEHU LTKrp C UHTPAH3UTUBHBIM
OTHOIIIEHVEM BPEMEHN
A.H. Jlykpsaa9yK
Cubupcruts Pedeparvrviti Ynusepcumem, Kpachosapck
a.lukyanchuk@inboz.ru

B pabore ucciemayercs BOIPOC JOIMYCTUMOCTH ITPABUJI BBIBOJIA JIMHEIHON MHOI'O-
MOJIAJIBHOM Jtoruky 3HaHust u Bpemenn LT K, ¢ pedJieKCUBHBIM U WHTPAH3UTHBHBIM
oTHOIIIEHHEM BpeMeHu. JIoruka onpeiessieTcs ceMaHTHIeCKN KaK MHOYKECTBO (POPMY.I,
HUCTUHHBIX Ha (ppeiiMax cIrieruaabHOro Brjia. BpeMsi paccMaTpuBaeTcst Kak JIMHEHHAsT
JINCKPEeTHAsI TOCIe0BaTe/IbHOCT MOMEHTOB. KasK/Iblit MOMEHT COJep:KUT B cebe Ha-
60p MHPOPMAIMOHHBIX Y3JI0B, CBI3aHHBIX MEXKIY CODO0M KOpPTeXkKeM MOJAJIBHBIX OIle-
paruit R; , MMUTHDYIONUX 3HaAHUE areHTOB (moapobuee co crpoenueM LT K. -dpeitmos
MOXKHO O3HAaKOMHUTCS B [1]).

Omnpesiesium crieruaJibHbI MHOTO-MOa bbb LT K, -dpeitm Kpunke Fgp, ciey-
IOIIM 0OPa30M:

(a) Pacemorpum LT K, -dpeiim

_ P pP pP P
.FP — <W‘FP’RT7RN’R1 77Rk>
takoit, 4ro Wx, cocrout TosbKO U3 onHOM Toukn @, 10 ecth Wi, := {Q@Q}, u orHO-
menust Ry, R, Rq,..., R sIBJISIIOTCS OTHOIIEHUAMU SKBUBAJIEHTHOCTH.
(b) Ilycrs Fs = (Wxry, R§, RS, RY,...,R}) — xomeunsiii LTK,-dpeiim. [ne
d
W}‘S = Ui:O Cl n CoRTclﬁT “e RTCd A
(¢) llyers Fi = (W, Ry, R, Ry, ..., Ry) (0 <i < d) - LTK,-bpeiivbr KoneqHoit
JUINHBI, COCTOSIIIAE TOJBKO U3 OHOIEMEHTHBIX RY.-crycTtroB. To ects Wxr, = {wyi, ...
Swy, b m wi Rrwy Ry ... Rywy,
S P-dpeiim - 310 KOpTExK .ngp = (Wsp, Rr, R, Ry, ..., Ry), rue
1) WSP = W}'P U Wg‘s U Ui:O W]:Z.; ;
_ PP RS i i i o

2) Ry = REURFUUL_) REU{(z, Q) |z € CayUU;_o{(wi,,, z) |wi, Rr-MakcnmasbHblit

ssementF;, z € C; C Fg}s
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3) R.=REURS UL, RL;

4) Rj=RPURSUUL R, (1<j<k).

Teopema 1. IIpasniio r,y me gomycrumo B joruke LT K, Toria m ToJbKO Torja,
Korjga cymecrByer KoHeunbti LT K, -cpeiin Fsp, orpaHHYeHHBIH pa3sMepOM Tyf, U
osHaunBanue V' IIepeMeHHBIX NMpaBH/a Tyny Ha Fgp Takme, 9TO:

(1) Fsp v Con(ryy);

(2) Fsp v VPr(ray); .

(3) (Fsp,w}) Fv 0, <= (Fsp,wh) v 0, <= (Fsp, Q) =y 0, 1151 HEKOTOPOrO
0, € VPr(rny), me (0 <1< d).
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O ITIOUCKE OIIPOBEP2KEHUNA B ICHUCJIEHUAX
K-JIN3'BbIOHKTOB
A. B. JIanenukumii
Kuesckuti nayuornasvruti yrusepcumem umenu Tapaca Illesuwenkxo, Kues
lav@unicyb.kiev.ua

Jl1s1 Toncka ONMpOBEPKEHUsT B KJIACCUIECKON JIOTUKE 1-10 TOpsiiKa IpejiaraeT-
cd PE30JIIONMOHHAas TeXHUKa, Oa3upylonascsa Ha ODOOIECHUU MOHATHA JTU3bIOHKTA
(clause) u3 [1] (cm. Takxke [2]), HA3BAHHOIO KOHBIOHKTUBHBIM JIM3BIOHKTOM (K- (U3 bHK-
tom) u umemomero Bug (Li; A ... A Liy) V ..o V. (Lpgs A oo A Lym,),
rne Lii,..., Ly, — aromapHble ¢GopMya miam ux orpuraxud. [] obosHadaeT K-
JIM3BIOHKT, HE COJAEPKAINi HI OJHOIO KOHbIOHKTA.

K-n3bIoHKTHI JIOMyCKAIOT J[Ba PA3JIMIHBIX [IPABUJIA BBIBOJA ITPOU3BOJIBLHOMN apHO-
cru: CR, siBasioneecst 0600IeHreM IpaBuJa JaTeHTHO KJIall-pe3ostonun u3 [3], u
IR, ciyaliee pe3osionuoHHbIM 0600ImenneM npasuia B obparaoro meroia us [4].

Teopewma 1. lcexoaoe mHOXKECTBO S K-/IU3BIOHTOB HEBBIITOJTHIMO B KJIACCHIECKOLT
Joruke 1-ro mopstika 6e3 paBeHCTBa TOIJA U TOJBKO TOIJIA, KOIJIa B HCUHC/ICHUU K-
an3bioHKTOB ¢ npaBuioM CR (IR) u3 S Beogum .

Jl71st ctydast JIOTUKHU C PABEHCTBOM B PaCCMaTPUBAEMbIe HCUHUC/IEHUsT MOYKHO BBECTHU
anajgor PP npasuia mapaMOLyIsini, IPeIIozkKeHnoro B [5] (cm. rakxe [2]).

Teopema 2. HcxonHoe MHOXKeCTBO S K-JIU3BIOHTOB, COJMEPIKAIINHX, OBITH MOXKET,
3HAK PaBEHCTBA, HEBBIIIOJHUMO B KJIACCHICCKOIH JIOTHKE 1-10 HOpsiIKa ¢ PABEHCTBOM
TOIIa U TOJIBKO TOIJa, KOIJ[a B HCUYHCJIEHHH K-IH3bIOHKTOB ¢ npasuadavu CR n PP
(IR u PP ) 6e3 kakux 6bI TO HI OBLITO OrpAaHHYEeHHI HA IIOUCK BBIBOJIA U/ HJIH TIPABH/IA
BeiBoga 13 S U {x =z} BoBogum 0.

Teopembl 1 1 2 UMEIOT MECTO, JIaKe €CJI OTPAHUIUTHCS TOJIHBKO OMHAPHBIMU TTPU-
venenusmMu C'R u [R. B ciiydae Jlorukn ¢ paBeHCTBOM, KOTJIa Ha IIPOTECC TTOUCKA
BBIBOJIa 1/mim Ha npumenennst npasuwia CR n PP (IR u PP) HakiaabBaioT-
cd JIOTIOJTHUTE/IbHBIC UM WHBbIE OTPAHUYCHUS, MOXKET OKa3aThCsd, UTO JIJId MOJTHOTHI
UCYIUCTCHUI ¢ BBOJUMBIMUA OIPAHUYEHUSIMUA B S HYXKHO JT00ABJISITH AKCHOMBI (DyHK-
[IMOHAILHON pedJIeKCUBHOCTH (KaK, HAIPUMeEp, IpU TpeOOBaHUY JIMHEHOCTH TTOUCKA,
B cMbICIe [2]).
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{2,3}-GROUPS WITHOUT ELEMENTS OF ORDER 6
D. V. Lytkina, V. D. Mazurov
SibSUTIS, Sobolev Institute of Mathematics, Novosibirsk
daria.lytkin@gmazil.com, mazurov@math.nsc.ru

I. N. Sanov in [1] proved that groups of period 12 without elements of order 6
are locally finite. The full description of groups was ontained by D. V. Lytkina in [2].
Later on V. D. Mazurov in [3] proved that groups of period 24 without elements
of order 6 are locally finite. Next, the structure of a periodic group all of whose
elements have orders dividing one of the numbers 4 or 9 was found by E. Jabara and
Lytkina [4]. Recently Jabara, Lytkina and Mazurov proved that groups of period 72
without elements of order 6 are also locally finite [5].

Our goal is to generalize all listed results.

Let G be a group. We cal its subgroup H forbidden if H possesses the following
properties:

(a) H is generated by an involution, i.e. an element of order 2, and an element
of order 3, and is a {2,3}-group; (b) H contains no elements of order 6; (c) every
maximal 2-subgroup of H is an infinite locally cyclic group.

Authors are not aware of examples of groups with forbidden subgroups.

Theorem. Suppose that G is a {2,3}-group without elements of order 6 and
forbidden subgroups. If for every two elements of G whose orders are at most 4, the
order of their product is at most 9, then one of the following statements holds:

(1) G = O3(G)T', where O3(G) is Abelian, and T is either a locally cyclic 2-group,
or a quaternion group of order at most 16.

(2) G = O2(G)R, where Oy(Q) is nilpotent of class at most 2, and R is a 3-group
with the unique subgroup of order 3, acting freely on Os(G).

(3) G = O2(G)D, where D contains a locally cyclic subgroup R of index 2, and
O5(G)R satisfies (2).

(4) G is a 2-group or a 3-group.

Here O,(G) for a prime p is the largest normal p-subgroup of a group G.

Note that there exist examples of groups that satisfy item (2) of the Theorem and
are not locally cyclic .

References

1. Sanov I.N., Solution of Burnside’s problem for exponent 4 (in Russian) //
Leningrad State University Annals (Uchenye Zapiski) Math. Ser. ~1940. — No. 55. —
P. 166-170.

2. Lytkina D. V., Structure of a group with elements of order at most 4 // Siberian
math. journal. — 2007. — V. 48. — No. 2. — P. 283-287.



100

3. Mazurov V.D., Groups of exponent 24 // Algebra and Logic. —2010. — V. 49. —
No. 6. — P. 515-525.

4. Jabara E., Lytkina D.V., On groups of period 36 // Siberian math. journal. —
2013. — V. 54. — No. 1. — P. 29-32.

5. Jabara E., Lytkina D. V., Mazurov V.D., On groups of exponent 72 // to appear
in J. Group Theory.

BITOJIHE PA3JIO2KMMBIE ®AKTOPHO AEJINMMBIE ABEJIEBBI
I'PVYIIIIBI C UA-KOJIBITAMU 95HI0MOP®N3MOB
O. B. JIiobumiies
Huotcezopodcruti 2ocydapemeenmnvitli aprumexmypHo—CcmpoumenrsHull yHusepcumen,
2. Huorcnuti Hoszopod
oleg lyubimcev@moail.ru

Kombio K ecTh KOJIBIO ¢ OJHO3HAIHBIM cyiozkeHneM (U A—KOJIbII0), ec/i Ha ero
MYJIBTHILTHKATUBHON nostyrpymme (K, -) MOXKHO 3aJIaTh €IMHCTBEHHYIO OHHAPHYTO
oreparnuio +, npespamiamoiyto ee B kKoybio (K, -, +) (eMm., nanpumep, [1]). A6enesy
rpytiy HazoBeM End—U A-rpymmoit, eciin ee KOJIbIO SHAOMOPGU3MOB siBjisiercss U A—
KOJIBITOM. AbesteBa rpynma A HazbiBaeTcs haKTOPHO JETUMOI, eC/ii OHa He COIEPIKUT
HEHYJIEBBIX TIEPUOAMIECKUX JIEJIMMbIX TIOATPYIII, HO COJAEPKHUT TAKyI0 CBOOOJIHYTO MOJI-
rpynmy F' komednoro pasra, uto A/F —uepuojmdeckas jesumMas rpymmna [2]. Pakx-
TOPHO JIeJIUMAast TPYIINa ABJISIeTCS BIIOJIHE PA3JIOKUMOMN, €CJIM OHA PACKJIa/IbIBAETCsI B
psSIMYIO cyMMy (baKTOpHO JieuMbIX TpyIit padra 1. B pabore naiigenst End—U A—
IPYIIBI B KJIACCE BIOJIHE PAa3JIOKUMbBIX (PaKTOPHO JIEJUMbIX abeIeBbIX I'PYIIIL.

IIycte A = AP AP ...ED A, — duxcuposanioe pasoKeHHe BIOJHE PA3JIO-
KUMOI (haKTOPHO Je/ MO IPYTIIIbI B IPAMYIO CyMMy Tpymin panra 13 x(A;) = (m,,)
— MHOZKECTBO KOXapakTePHUCTHK [3| JaHHOrO pasnoxkenus, i = 1,2, ...,n. ObozHaunm
Q, = {m),i=12..,n}, Q& ={m):0<m <ooi=12.,n} Eaom Q) =0
it Beex p € P, to rpynmna A sBisiercs End—U A-rpynnoit Torja u TOJIBKO TOT/IA,
KOIJIa OHA He COJEPKUT M30JIMPOBAHHBIX MPsMbIX ciaraeMbix [4]. Takoit ke orser
nostyanm, ecsm nepuoudeckas dactb t(A) = t5(A) Pts(A), rue t5(A) un t5(A) —
ssieMenTapubie 2 1 3-rpynnsl. lamee momaraem, aro t(A) # t5(A) P t5(A).

MHO?KeCTBO HPOCTBIX YHCEJI, JUId KOTOPBIX MHOxkecTBO () # () obosmaunm uepes
P'. Nns rpynmst A; monoxnm Py = {pe P:0<m) <oo}, PP ={peP:ml=
=00},

Teopema Ilycte A — BroJiHe pasjoxKumasi (pbaKTOpHO JenMast rpyiia. Torya
rpynna A sBistercss End—U A—rpymmoit B TO9HOCTH TOI/Ta, KOTJIA BBIITOJHEHBI YCI0-
BHSI:

1) s moboro p € P' muosectso S, copepskuT 10 Kpafineii Mepe jipa MaKCH-
MAaJIbHBIX 9JIEMEHTa WM MHOXKECTBO §), COJEPXKHT XOTsI ObI OJHH CHMBOJI OO ;

2) BCsIKOe H30JIMPOBAHHOE IpsiMoe cjaraemMoe A; (ecym Takue HMEIOTCSI) HE pac-
MeIIgeTcss W HalileTcss Ipsamoe ciaraeMoe Aj, Takoe 9To MHOxKecTBO P3o N lej
6eCKOHETHO.
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O PA3IEJIEHUUN KJIOHOB KBA3WJJINHENHBIX ®YHKIIUN
T'NITEPTO2K IECTBAMMUA
N. A. Maabnes
Hnemumym mamemamuru um. C. JI. Cobosesa CO PAH, Hosocubupck.
malcev@math.nsc.ru

Iycrs fi™, ..., fi* — Bce dyHKIMOHAILHDIE CHMBOJIBL M 1, ..., Tp — BCE Tpell-
MeTHbBIE CUMBOJIBI, BXoJidIue B TepMbl 11 u 1o, g™, ..., gl — Bce DYHKIMOHATIbHBIE
CUMBOJIBI U 71, ...,%, — BCe IPEJIMETHbIE CUMBOJIbI, BXOJAIINE B TepMbI ()1, ..., Q).

[IepBoe n3 BBIpaKeHUit
VLYY Y, (T = Th),
Vg™ . Vg Ve Ve (Qr = Qo V.V Quor = Q)

HA3BIBAETCS TUIIEPTOXKIECTBOM, BTOpoe — rurepdopmyoit. [oBopsT, 9T0 rumeproxK-
nectBo (runepdopMmysia) pasjesisier JBa KJIOHA, eciu OHO (OHA) MCTUHHO (MCTHHHA)
Ha OJTHOM U3 HUX, HO JIOXKHO (JIO?KHA) Ha JIPYTOM.

Nzy4aerca npobsiema pazjiesienns KJIOHOB, 0OPA30BaHHLIX OJIHOMECTHBIMU (DYHK-
usiMy 1 DY HKIUSIME, TIpecTaBuMbiMu B Buge f(g1(21)®... B gn(z,)), rie n > 1, Bee
dbyuknuu onpenenenst na muoxkecrse {0, 1,2}, ux 3HaYEHUs] TPUHAJJIEIKAT MHOXKE-
crBy {0, 1}, cioxkenne Bejiercs o momysto 2. Takue DyHKIMN IpUHAIIEKAT KIACCY
dyHKIMI, HA3BIBAEMBIX KBasuanHeiHbIMI. HazoBeM (yHKIWIO yKa3aHHOTO BHja HE
KpeaTUBHOI, ec/iu MPH IOJICTAHOBKE B Hee JII0O# JIpyroil KBas3mJIMHEeHOW (hyHKITII
co 3HaveHnsMU B MHOXKecTBe {0, 1} 9HCIIO CyIIECTBEHHBIX TIEPEMEHHBIX HE BO3DACTa-
et. CymecTByeT 6€CKOHETHO MHOTO KJIOHOB, B KOTOPBIX BCE OTJIMIHBIE OT CEJIEKTOPOB
dyuKIMN He KpeaTuBHBI. [10poOHO 9TH K/IOHBI, OOpasyeMas UMU pelreTka u (PyHK-
MY, TOPOXK/IAIOIINE TaKUe KJIOHBI, OIMCAHBI B paborax |1, 2|.

Teopema. JIrob6bIe jiBa KjI0HA, 0Opa3oBaHHbIE HE KpeaTHBHBIMH KBA3UINHEITHBIMHI
GbyukImMsIME, onpegeseHHbIME Ha MHOXKecTBe {0,1,2}, co 3HAYEHHSIMI B MHOXKECTBE
{0, 1}, MoxkHO pazgesnTs OO THIIEPTOXK IeCTBOM, Jnbo rutiepgopmysioii. CyimecTBy-
FOT MTaphl KJIOHOB YKA3aHHOTO BUJA, HE Pa3/e/IUMbIe THITEPTOXKIECTBAMHI C YHAPHBIMI
DYHKITHOHAILHBIMH IT€PEMEHHBIMH.
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HACJIEAYEMOCTbDb CBOWCTBA D, HAAT'PYIIIIAMMUA
m-XOJIJIOBBIX ITOAI'PVYIIII
H. Y. ManszaeBa
HI'Y, Hosocubupck
manzaeva@mail.ru

[Iycts ™ — HEKOTOpPOE MHOMXKECTBO MPOCThIX duces. Koneunas rpynmna (G Ha3bl-
BAeTCA T-IPYMIION, €M MHOYXKECTBO HMPOCTLIX Je/uTeiell eé mopsaaKa JIe:KUT B 7.
[Moarpyumna H konewnoii rpynibl (G Ha3bIBaeTCA T-XOJUIOBOMH, ecim H gaBigerca -
IPYIIION U BCe MpOCThIe Jeurenn eé unjekca He jexar B m. Cremnys @.Xosny [1],
6ysieM roBopuTh, 9To rpymma G obramaer ceoiicrom D, (wiu, kopoue, G € D, ), ec-
JI BCe e6 MaKCHMaJILHBIC T -IIOJIIPYIIILI conpszkennl. ['pytiny co csoiicrom D Gynem
TaKKe Ha3bIBaTh [, -TPyNIIOil.

B «Koyposckoit Terpagm» [1] mox nHomepom 17.44(6) 3amnucana crieyromniast

IIpobnema. Bceeryia jin B D, -rpyimme HajrpyImna m-XOJJI0BOH IOJAIDYIIIIbI sBJIs-
ercst D, -rpymmoii?

C nmomoripio KyraccuuKaIium KOHETHBIX TPOCTHIX TPYII JOKA3aHA CJICIYIONAs

Teopema. [lycte ™ — HEKOTOpPOE MHOXKECTBO IIPOCThIX uuces, (G — KOHedHasl
rpyitiia, obiajatomnas coricreom D, H — m-xosnoBa nojarpynma rpymmbsl G . Toraa
sobast moarpynna M rpymnmner G, conepxkamasi H | sipiastercst D, -rpymioi.

Taxum oOpazoM, MOJTYYEHO MOJOKUTETHHOE PEIIEHUE JTAHHON TTPOOJIEMBI.
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IIPUMEHEHUE [INPCOBCKUX IIEIIEN ITOJIYKOJIEIL
P. B. Mapkos
BamI'l'V, Kupos

makovrv@Qyandex.ru

B paborax aBropa |1, 2| BBomuTCS MOHATHE TMPCOBCKOM TENN TTOJIYKOJIEN, — aHa-
JIoTa, MUPCOBCKOM TIeru KoJiell [3]|, u J0Ka3bIBAIOTCS HEKOTOPhIe CBONCTBA ITON KOH-
crpyknuu. [lokazaHo, B 9aCTHOCTH, ITO HEKOTOPBIE CBOWCTBA MOJIYKOJIEI MOT'YT “TI0/JI-
HUMAaThCst” (HACIIEJOBATBCSA) OT HEPA3JIOKUMBIX (haKTOPIOIYKOJIEI, mMi-haKTopOB
(MAKCHMAJIBHBIX HEPA3JIOKUMBIX (DaKTOPIIOIYKOJIEN) U IIHPCOBCKAX CJI0EB K MCXOJI-
HOMY TOJIYKOJIbITy. HebxomMble orpeie/ieHusIMI, CBSI3aHHbBIE C TOJTYKOJIBIIAMI U UX
Iy YKOBBIMU TIPEJICTABICHUSIMU, MOXKHO HANTH B |4]; onpeesieHusiMm XOpHOBCKOI (op-
MyJIbL 1 €€ mHTeprperanuii — B [5].

My IbTUIITIKATUBHBI UJAEMIIOTEHT € € S HA3BIBACTCA UECHMPANLHbIM JONOANAEC-
mowm udemnomenmom, ecim: (Vo € S)(ex = ze); (Jet € S)(e+ et =1Aeet =0).

Nnean A monykosbiia S HA30BEM pe2yAApHbLM, €CJTH OH ITOPOYKIEH HEKOTOPBIM
MHOKECTBOM JIOIOJIHAEMBIX HIeMIIOTeHToB. KOHrpysHIuio ¢ Buja a ¢ b & aet =
=bet, re a, b € S, et — gonosHeHNE K HEHTPAILHOMY JOHOJHICMOMY HIEMIIOTEHTY
€ U3 HEKOTOPOTO MaKCUMAaJbHOTO peryaspHoro ujecaja A, HazoBeM konepysnuyued
[upca.

DaKTOPIOIYKOJIBLIO S/ HA3BIBAETCA NUPCOSCKUM CA0EM TIOIYKOJIbIA S .

Cuavroti xoprosckotl Gopmyaoti HA30BEM XOPHOBCKYIO (OpMyIy 0e3 KOHbBIOHK-
TUBHO BXOJISIIIAX OTPUIAHUIA.

[U1aBHBIM pe3ysibTaToM cTaThbi [2| siBjsiercs TeopeMa 1 O HAC/IEJIOBAHUM UCTHHHO-
CTH CTPOIUX XOPHOBCKHUX (POPMYJI MCXOJHOTO TMOJIYKOJbIA ero dakropamu. I[Ipoe-
MOHCTPUPYEM ee TpHMeHeHne Ha mpumMepe pf-mosykoderr (mceBnodpobeHnyCOBbIX ).

[Mosnykosbito S ¢ 1 HA3BIBAETCS Pf-NOAYKOALUOM, €CITH IS JIIOOBIX TAKUX T,y € S,
gro zy = 0, cymecTByoT Takue a,b € S, uro a+b=1, xa=0 u by = 0.

DTO oIpe/ie/IeHNE 3aIUChIBACTC B BUJIE (DOPMYIIBL:

(Vz,y Ja,b) (zy #0Va+b#1)V(xa=0Aby=0)), (1)

PaBHOCUJILHOI CTPOroil XOPHOBCKOM (hopMy.Ie.

Teopema. Popmyiia (1) yroBieTBopsieT yCJI0BUSIM T€OPEMBI 1, T. €. CBOHCTBO MCeB-
J10¢pbpobeHIYCOBOCTH "TIEPEHOCHUTCST OT HEPA3J/IOKUMBIX (DaKTOPIIOJIYKOJIEI], ITHPCOB-
CKHX CJIOEB I Mi— (PaKTOPOB K HUCXOAHOMY IOJIYKOJIBILY H OOPaTHO.
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MHOTOOBPA3UNA KOMMYTATUBHBIX ITIOJIVI'PVIIII,
OBJIAJAIOIMIIINE ITIOJIHBIM PA/INKAJIOM
JI. M. MapTbIHOB
Omcruti 20cydnpemeennvili nedazo2uveckuts yrusepcumem, 2. Omck
[.m.martynov@yandex.ru

Teopus abeieBbIX TPYII JaeT APKUil TPUMep pa3BUTOM CTPYKTYpHOI Teopuu. [Ipu
9TOM BayKHYIO POJIb TaM WIPAIOT MOHATUS MOJHOTHI (JeJMMOCTH) U DPeLylnpOBaH-
noctu. OKa3aoch, YTO K ONPEJEIEHUsIM STUX MOHATHII BO3MOXKEH JPYTOil MOIXO/I,
UCIOJIB3YIONINN TEOPUIO MHOT000OPa3uil IpyIil. DTO JTaJI0 BO3MOKHOCTH aBTOPY OIpe-
JeuTh B 1] nx anasoru i mponsBosibHBIX adarebp. [IpuBegem omnpeesenns o6y xK-
JIaeMbIX TIOHSTHII TPUMEHUTEIHHO K MOJIYIPYIIIaM M HAIIOMHUM OIpeJIe/IeHIs HEKO-
TOPBIX TOHATHIT Teopuu mosayrpyiil. [losyrpyiia HasbiBaeTCsS noAHOTU, €Can Y Hee
HET TOMOMOP(MU3MOB Ha HEOJIHOIJIEMEHTHBIE MOJIYTPYIIIhl U3 aTOMOB PEIIETKH BCEX
MHOT000pa3uil mosryrpynn. Ecian moayrpynna He mMeeT HEOTHOIIEMEHTHBIX MOJHBIX
MIOJITOJIYTPYIII, TO OHA HA3bIBaeTcA pedyuuposaroti. [lonaTno, 4To 0HOdIeMEeHTHAS
[OJIyTPYIIA SBJISETCA OJHOBPEMEHHO ITOJTHON W PeylupOBaHHON. BymeM roBoputs,
9TO MHOTOOOpaszme X MOJIyTPYII 00/IaaeT NoAHbM Padukanom, eCIi Ha JTF00i mo-
ayrpynie S w3z X cymecTByeT Takasd KOHTDyeHIus p, 9o (akropruosayrpymma S/p
PeIyIUPOBaHAa, a BCE P—KJIACCHI, ABJISIONIMECS TOIOIYIPYIIIIaMU TOJIYTPYIIIILL S, B~
JISTIOTCSI TIOJTHBIMU. ['0BOPST, 1TO MHOr0oOOpasne X MOJTyTPYIIT UMEET KOHEUHI UHOEKC
HUABNOMEHMHOCNU, €CTTU CTYIIEHN HUJIHIOTEHTHOCTH HUJIBIIOTEHTHBIX MOJYTPYII U3
X orpaHWYeHbl B COBOKYIIHOCTHU; B IPOTHBHOM CJIydae I'OBOPST, YTO MHOroobpasue
X umeer beckoneunvili undexc nuavnomermuocmu. Llomyrpymibl, yI0BIeTBOPSIIO-
e TOXKIECTBY T1Tso...Tp = (0 [mk = 0| mna mexkoroporo k > 0, Gynem Ha3bIBaTh
k -ruavnomermmuovimu noayepynnamu |k -rnusvnosyepynnamu|. Tlomyrpynibt ¢ eau-
CTBEHHBIM UJIEMIIOTEHTOM HA3BIBAIOTCA YHUNOMEHMHHLMU.

OCHOBHBIM PE3Y/ILTATOM 3aMETKH SIBJISCTCS CJIEIYIONIee YTBEPAKICHHUE.

Teopema. Muoroobpaszue X KOMMYTATHBHBIX HOJIyTDYIIII 00J18JaeT ITOJHBIM Da-
JIMKaJIOM TOIJIa U TOJIBKO TOIJIa, Korja, inbo X — 1epuogudecKkoe MHOTroobpasue bec-
KOHEYHOI'O HHIEKCa HUJIBIIOTEHTHOCTH, COCTOSIIIIee U3 MePUOJUIeCKIX VHUITOTeHTHBIX
rostyrpymi, gnbo X — j11000e MHOroobpasue KOHETHOI'O HHIEKCa HUJIBIIOTEeHTHOCTH. B
1mepBoM [BTopoM| cJiydae HOIyTrPyHITbl U3 X SBJISIOTCS k —HAJIbPACITHPEHUSIME [[IOJTY-
perrierkamMu k —HHJIBIIOTEHHBIX DACIIUpeHHii| abeeBbIX IPYII ¢ TOXKJECTBOM T = x
JIIsT HeKOTOphIX k>0 mwn > 1.
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ON THE COINCIDENCE OF GRUENBERG-KEGEL GRAPHS OF A
FINITE SIMPLE GROUP AND ITS PROPER SUBGROUP.
N. V. Maslova
IMM UB RAS, Ekaterinburg
butterson@mail. ru

Let G be a finite group. The spectrum of G is the set w(G) of element orders of
G'. The subset of prime elements of w(G) is denoted by 7(G). The spectrum w(G) of
a group G defines its prime graph (or Gruenberg—Kegel graph) T'(G) with the vertex
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set m(G), in which any two different vertices r and s are adjacent if and only if
rs € w(QG).

In [1] all the pairs (G, H) where G is a finite simple group and H < G with
7(G) = w(H) were described. We describe all the cases when the prime graphs of a
finite simple group and of its proper subgroup coincide. We prove the following

Theorem. Let GG be a finite simple group and H be a proper subgroup of G.
Then I'(G) = I'(H) if and only if one of the following conditions holds:

(1) G=A,, and H = A,_; where n and n — 4 are odd and are not prime;

(2) G = PSps(q) and H = PSLy(q*).(t) where q is even and t is the field
automorphism of order 2 of the group PSLy(q?);

(3) G = PSpg(2¥) and H = SOg4 (2¥);

(4) G = PQg(q) and H = PQy(q);

(5) G = PSLg(2) and H is the stabilizer of a subspace of dimension 1 or 5 of
the natural projective module of G;
6) G:Aﬁ aHngA{);
7) G = A10 and H = (S7 X S3) ﬂAlO;
8) G = PSU4(2) = PSp4(3) and H € {24 . A5,S6,S5};
G = PSps(2) and H = Sg;
) G = PSU43) and H = Ay;
) G =G5(3) and H = PSL,(13);
) G = M11 and H = PSLQ(ll),

(13) G = PQ;(Z) and H € {26 : Ag,Ag,Sg}.

The item (1) is obtained with using of extended binary Goldbach hypothesis.

The research was supported by RFBR (project 13-01-00469), by the Program
of the Joint Investigations of the UB RAS with SB RAS (project 12-C-1-10018)
and with Belorussian NAS (project 12-C-1-1009), by the grant of the President
of the Russia for young scientists (project MK-3395.2012.1), by the Dmitry Zimin
Foundation "Dynasty”, by the grant of UB RAS for young scientists (project 14-1-
HII-27) and by the Program of the State support of leading universities of the Russia
(agreement no. 02.A03.21.0006 of 27.08.2013).
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KOHEYHA4A BASUPYEMOCTDB KJIACCOB I'VJIYVBEHEI 2 B
PEIITIETKE L,
E. A. MuxeeBa
Val'V, Vavanosck
melalex05@Qrambler.ru

laxnast paboTa MOCBSIIEHA OMUCAHKIO PEIeTKH (110 BKJIIOUeHN0) L BCeX 3aMKHY-
TBIX KJIACCOB TPEX3HAYHO JIOTUKU P53 ¢ yKazaHueMm, KOTJia 9TO BO3MOXKHO, Oa3uCOB 1
MTOPSTKOB.

MHO>)KecTBO pa3/MIHbIX KJIacCOB U3 L3 Ha3bIBaeTCs IEIbI0, €C/I OHO JIMHEIHO
YOOPAA0YIEHO IO BKJIIOYEHUIO. L[enb Fy D Fy D ... D F), na3niBaercd HEeYIJIOTHAEMOM
nenbio JnHbl n Mexnay F' u Py, ecm Fy = Py, F,, = F u F;;1 - UpeanoHbIit
KJacc B F; jisa kaxkjioro ¢ < n. JlnHa HamMeHbIelh KOHETHON HEeYILJIOTHSIEMO eI
Ha3bIBaeTCs IVIyOMHOU Kacca [’ B pernetke Lg.



106

Kuaccnr rmybunsr 1 B L3 - 970 npe/rosnble Kiaacchl B P3. Ix Bcero 18, onu Bce
ormcanel C.B. f6monckum B padore [1]. ITozzxe B.M. 'mugenko nokasas [2|, aro omu
BCe UMEIOT KOHeuHble Oa3uchl. Kitaccel 1yyOunbl 2 B L3 - 9TO KJI1ACChI, TPEJIITIOTHbIE
B IpenoaHbix Kiaccax. Ouu nosHocrbio onucanbl B (3| 1. Jlay dyepes mpejukarThl,
TaKUX KJIACCOB OKazaJaoch 161.

Teopema. Bce kitaccel riryounsl 2 B perierke Ls HMEIOT KOHEIHbIE OA3HCHI.
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ON ISOMORPHISMS OF UNIVERSAL HYPERGRAPHICAL
AUTOMATA
V. A. Molchanov
Saratov State University, Saratov, Russia
V.Molchanov@inbox.ru

A hypergraph is a system H = (X, R), where X is a non-empty set and R is a
family of arbitrary subsets of X . The elements of X and R are called vertices and
edges.

Following [1], by automaton we mean a system A = (X, S,Y,d,\) consisting of a
state set X, a semigroup S of input signals, a set Y of output signals, a transition
function 6 : X x S — X and an exit function A : X x S — Y such that 6(z, sys9) =
= §(6(x,81),52) and A(z,s152) = A(d(x,s1),52) for any z € X, 51,80 € S. An
automaton A is said to be hypergraphical if its sets X and Y endowed with a
structure of hypergraphs H = (X, R) and H' = (Y, R’) such that, for any s € S,
the mappings ds(z) = d(x,s), As(x) = AMx,s) (z € X) are homomorphisms of the
corresponding hypergraphs. In this case we denote the automaton A = (H, S, H',, \).

For hypergraphs H, H', the universal hypergraphical automaton is the system
Atm(H,H') = (H,S(H,H'),H',0,\), where S(H, H') = End(H) x Hom(H, H') and,
for every z € X, (p,¢) € S(H,H'), (z,(¢,¥)) = ¢(x), Mz, (p,¢)) = ().

It was proved in [2] that a wide class of such sort of automata are determined
up to isomorphism by their semigroups of input symbols. In this talk we investigate
a connection between isomorphisms of these automata and isomorphisms of their
components — semigroups of input symbols, hypergraphs of states and hypergraphs
of output symbols.
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O ITPOU3SBEAEHNUN OBPATUMBIX 9JIEMEHTOB KOJIBIIA
KJIACCOB BBIYETOB
B. C. Monaxos, 1. K. Yupuk
Tomeavcrutl 2ocydapemeernnnidl yrusepcumem um. @. Cropunwv, Tomenrv;
Tomenveruts unorceneprvits unemumym MYC Pecnybauxu Beaapycw, Tomenw
Victor. Monakhov@gmail.com; chyrykira@mail.ru

Bce ucnosb3yemble oHsATUST 1 0O6O3HAUEHUsT COOTBETCTBYIOT [1]— [2].

[ycts m — warypanbhoe uuciao u Z, = {0,1,...,m —1} — Koyblo Kjaccos
BBIUETOB 1O Mojaymio m, riae 0, 1, ..., m —1 — HamMeHbINIIe HEOTPUIIATETbHBIE
BbrueThl. MyIbTUIIMKATUBHAS TPyIIa ZF 00paTUMbIX 3JIeMeHTOB abesieBa MopsijiKa
©(m) | COCTONT M3 TeX KJIACCOB, HAUMEHBIINE HEOTPHUIATEIbHBIEC BBIYETHI KOTOPBIX
B3aMMHO ITPOCTHI ¢ MojysieM m, |1, Teopema 4.1, ctp. 86|. Saecy ¢(m) — dbynkius
Oitniepa. 3aMeTuM, 4TO KJIacC m — 1 IPUHAJJIEXKUT rpyune Z; upu joboMm m > 1
U sIBJIsieTCsl 1eMeHToM Topsijka 2. ['pynma ZF, nukimdeckast (|1, Teopema 7.4, cTp.
168]) Torma u TosbKO TOrIa, Korjga m € A rie

A={2,4p2-p'|peP\{2}, te N}

Baech N — MHOXKECTBO BCEX HATypPaJbHBIX duces, a [P — MHOKECTBO BCEX IIPOCTHIX
JHCEI.

B Hacrosmeil 3aMeTKe JOKa3bIBaAeTCs CJIelyolas TeopeMa.

Teopema 1. [Ipoussesenne Becex 06paTUMbBIX 3J€MEHTOB KOJIbIA Ly, paBHO m — 1
mpum € A u 1 npu m &€ A.

Caexncrsue 1.1. (Teopema Busnbcona) HarypasbHOE 9UCI0 P SIBJISIETCS TPOCTHIM
Torja u ToJbKO Torja, korga (p— 1) = —1 (mod p).

g marypasnbnoro uncia k 4epes k!, Oyiem o603HaUaTh IIPOU3BEIEHNE BCEX TEX
quces or 1 j10 k, KOTOpble B3aUMHO ITPOCTHI ¢ k.

Caencrsue 1.2. Ilycts m — matypasabnoe gucio. Ecom m € A, o ml, = —1
(mod m). Ectu m ¢ A, To ml, =1 (mod m).

Teopema 1 sABJIETCS 9aCTHBIM CIyYaeM CIIEAYIONMEH TeOPEMBbI.

Teopema 2. IIycte G — KoHeuHasi abejieBa IPyIIa ¢ €JHHAIHBIM 9JIEMEHTOM €
u P — ee cunockas 2-noarpynna. Ecin P aenukmundeckasi, to p(G) = e. Ecin P
mursndeckas u P # {e}, ro p(G) =i, rge i — ssement mopsiika 2.

Baecy p(G) — mpomsBeieHEE BCEX 3JIEMEHTOB Ipymnbl (. 3aMeTuM, 9To ec/In
B abeseBoil rpymme (G 9eTHOrO MOPsiIKa CUIOBCKAs 2-TIOATPYIITa IUKIXIECKasd, TO
9JIEMEHT % Hopsjaka 2 B rpyiie (G eIMHCTBEHHBII.
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ON PRODUCTS OF F(G)-SUBNORMAL SUBGROUPS OF FINITE
GROUPS
V.I. Murashka, A.F. Vasil’ev
Francisk Skorina Gomel State University, Gomel
muimath@yandez.ru, formation56@mail.Tu

All considered groups are finite. One of the problems of group theory is the
structural study of a finite group which can be factorized as a product of two or
more pairwise permutable subgroups. The origin of the theme may be tracked back to
Burnside who in 1903 discovered that a finite group cannot be simple if it factorises
as a product of a Sylow subgroup and the centraliser of non-trivial element.

In the context of the previous problem in many papers classes of groups which
are closed under taking products of certain types (normal, subnormal, abnormal and
etc.) of subgroups were studied. In [1] Amberg, Hofling and Kazarin studied classes
of groups which are closed under taking products of arbitrary subgroups. Bryce and
Cossey [2] described all soluble formations which are closed under taking products of
normal subgroups. Vasil’ev [3] studied formations of groups which are closed under
taking soluble products of abnormal subgroups.

A formation § is called lattice [4, p. 248] if the set of all F-subnormal subgroups of
every group G is a sublattice of the lattice of subgroups of G. It is known [4, p. 254]
that a soluble subgroup closed saturated lattice formation is a class of soluble groups
whose elements are the direct product of Hall subgroups corresponding to pairwise
disjoint sets of primes. For example formation of all nilpotent groups is lattice .

Recall that F'(G) is the Fitting subgroup of G. A subgroup H of a group G is
called F(G)-subnormal if H is subnormal in HF(G). In [4] was shown that a group
G = AB is nilpotent if and only if A and B are nilpotent F'(G)-subnormal subgroups
of G. Here we proved the following theorem in the soluble universe.

Theorem. For a normally hereditary saturated formation § the following
statements are equivalent:

(1) § contains every group G = AB where A and B are F(G)-subnormal
subgroups of G'.

(2) § is lattice formation.
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JIOTUKO-AJITEBPANYECKVE METOAbI NCCJIEIOBAHUNA
JAVMHAMMNYECKNX CUCTEM
H.B. Haryn
Hruemumym dunamuru cucmem u meopuu ynpasaerus CO PAH, Upxymck
sapling@icc.ru

B nmokiajzie ocBemaiorcss MeTOJIbI UCCJCTOBAHUS JIMTHAMUYECKUX CHCTEM, pa3pa-
OoTaHHbIE HA CTBIKE aJredOpbl U Joruku. Tak, B 1974 romay st obecriedeHus: ajro-
PUTMUYIECKOTO (DOPMUPOBaHUsT KPUTEPHUEB COXPAHEHUS CBONCTB JIMHAMHYECKUX CHU-
cTeM Ha OCHOBe Jjormdeckmx MeronoB B. M. Marpoco mpeamoxmia memod cpas-
HeHULA, MOJIyYUBIINI B JaJbHEHNIeM I[IUPOKOE Pa3BUTUE B €ro HAay4YHOU IIKOJIe
(JI. YO. Ananonsckuit, C. H. Bacuibes, P. 1. Kozsos u ap.). OnHum n3 0CHOBHBIX IIPHU-
MEHEHMI KPUTEPUEB COXPAHEHUS ABJISIETCS CBEJIEHME Ha UX OCHOBE 33JIa9l M3YUeHUS
CJIOZKHOW MOJIC/TN K U3YUYEHUIO 0oJiee TPOCTOi, TIO9TOMY METO/T UCIIOIb3YEeTCS JIJIs UC-
CJIeJIOBaHUS HAJIMYUs B JIMHAMUYECKON cucTeMe, OmuchIBaeMoil, Harpumep, audde-
peHIMAIbHBIMI YPaBHEHUSIMHU, CBOMCTB YCTOMINBOCTHU €€ PEIIeHn, TUCCUIIATUBHOCTH
" T.1.

C apyroit cTOpOHBI, COXpaHEeHNe CBONCTB ABJISIETCA BasKHOM IpoO/IeMoit Ipu n3y-
qeHnn ajredpamdeckux cucreM. Llenbiit psg yTBepKaAeHn KIaCCHIeCKON TeOPUU MO-
JieJieit, TaK Ha3bIBAEMBbIE MeoPeMbL YCMOUYUBOCTNU, WU TAPAKMEPUCNULECKUE MEOPE-
Mbl, YCTAHABIUBAIOT CBA3b MEXKJy CEMAHTUICCKUMU U CHHTAKCUICCKIMU CBOMCTBaMU
dopmyin s3bika storuku mepsoro nopsizka (P. JIummon, E. Jlocsk, A. Tapckunii, C. ®e-
dbepman u 1p.). B pazsurtue Teopemsr P. JInumoHa 0 coxpaHeHNN TO3UTUBHBIX (DOPMYT
IpU TOMOMOP(U3MAX M KPUTEPHUEB IMEPEHOCUMOCTH TEPMOB U COOTHOIIEHUN B TEO-
pun ctpykryp H. Bypbaku B 2005 roay C. H. BacuibeBbiM OBLT HIPEIOXKEH MEMOO
npedcmasumocmu, JeXKAIMUi Ha TePeCeIeHUN JIMHAMUKU CUCTEM, aJIredpbl U JIOTUKH.
JL1a npuMeHeHnst MeTo/1a IIPEJ/ICTABUMOCTHU M3Yy4daeMyIO MOJIEIb TUHAMUYECKON cucTe-
MBI CJIejlyeT TepeBecTr B (hopMy MHOMOOCHOBHOI asrebpamueckoit cucrembl (MAC),
a OllpeJieJIeHre N3y9aeMoro CBOMCTBA IPEJICTaBUTh B HEKOTOPOM KJlacce CBOMCTB, JIJIsd
KOTOPOT'O UMeEETCs KPUTEPUil COXPaHEHUS.

K coxanenunio, 3ajada mpecTaBUMOCTH (DOPMYJIbI U3y4aeMOTO CBOHCTBA B Tpe-
OyeMOM KJracce SIBJISEeTCs, BOODINE TOBOPs, aJIOPUTMUYECKN HepaszperuMoit. [lis
perenust 3Toil MpodIeMbl U MOJTyYeHUs KPUTEPUEB COXPAHEHUS CBOWCTB JUHAMUYE-
CKHAX CHCTEM, COCTOANINX U3 YCJAOBUI THUIIa COXPAaHEHUH Ollepaluil MM OTHOIICHUNH,
[pPeJIOXKEH MeTo/1 JIoruKo-aiaredbpandeckux ypasuennii (H.B. Haryo, 2008), koTopbiii
obecrieanBaeT rubKoe (hOpMUPOBAHUE KPUTEPUEB COXPAHEHUs 110 KOHKPETHOMY BHJLY
n3ydaeMoro coiictsa. Jlunammaeckas cucrema npejcrasisercs B Bujge MAC ¢ gomosr-
HUTEJbHBIMU PACHIUPEHUAMU, BBEJIEHNE KOTOPBIX OBLIIO MOTHUBUPOBAHO CTPEMJIEHUEM
OXBATUTh WHTEPECHBINH KJIACC TUHAMUICCKUX CHCTEM — JIUCKPETHO-COOBITUIHBIE CHU-
CTEMBI.

Pa6ora BeimosHena npu dactudHoii noyepxkke [Ipesumumyma PAH (nporpamma
Ne15) u POOU (poextsr 14-07-00740, 14-07-31192-Mosr-a).
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ITPOEKTUBHOCTBb KOHEYHO 1IOPOZ2K/JIEHHBIX IIJIOCKIX
MOAVJIEU B KATEI'OPUU BUCBAYSPA
M. ®. HacpyTauHoB

Kasancxut (Ilpusossiceruti) gedeparvronis yrusepcumem, Kazanw
Marat. Nasrutdinov@kpfu.ru

PaccmarpuBatorcst accormaTuBHbBIE KOJIBIA € €IMHATIENH W YHUTAPHBIE MOJTIYJIA HA/T
aumu. [lycrs M npaseiit R-moynb. Yepes o[ M] obosnauaercs kareropus Bucbays-
pa Moyt M, TO ecTh HOJIHAS [TOJIKATErOPUs KATErOPUH IPaBbIX R-Mojtyiieit, cocTo-
SIIast U3 BCEX MOJMOJIYJIel 1 TOMOMOPMHBIX 00pa30B MPSMBIX CYMM KOIHH MOJLYJIsT
M . OrmernmM, a0 o[R| coBmagaer ¢ Kareropueil Bcex MOJLyIIeil.

XopoTIIo U3BECTHO, YTO TOMOJIOTHIECKIE CBOMCTBA KATETOPUHU MTPABBIX R-MO/Ty/I1eit
MIO3BOJISIIOT OXapaKTepU30BaTh CBOHCTBa caMoro koJibia. Kitaccudeckunii npumep 1o-
JIOOHOTO PoOJIa — KayK bl R-MOJyJIb IIPOEKTUBEH TOIJIA ¥ TOJBKO TOT/IA, KOIJa KOJIbIO
R sBJisteTcst psiMoii cyMMOIt Koster, MaTpuly Haj Tesiamu. B kuure [1] Bucbayspom 6b1-
JIO TIOKA3aHO, YTO MHOI'HE PE3Y/IbTATHI TOMOJIOTMIECKON KJIaCCU(PUKAIINT MOTYT OBIThH
HepeHecensl Ha Kareropuio o[M].

B noknazie pacemarpuBaroTes cBoiicTBa Momysisi M, Ipu KOTOPBIX B KATErOpun
o[M] mpoekTuBeH KaxK/blil KOHETHO TOPOK/ICHHBII TITOCKUIT MOJTYITb.

OrMernM, 9TO KOJIBbIA, B KOTOPBIX BCAKUN KOHEYHO MOPOXKJIEHHBINH TIOCKHUNA MO-
JIyJIb TIPOEKTUBEH BIIEPBBIE paccMaTpuBa/nch npod. Kadeapsr ajnredpsl Kazanckoro
yuusepcutera V.M. CaxaeBbiM (cM. [2]) 1 u3yuammuch MHOrUME aBTOPaMU (CM., HAIIPU-
Mep, [3]). B gacTrOCTH, OCTAETCS OTPBITBHIM BOIIPOC O TOM BBINOJHAETCS JIH YCJIOBUE
MIPOEKTUBHOCTH BCEX IIPABBIX KOHEYHO TTOPOKICHHDBIX TIJIOCKUX MOJLYJIEH, €CITH TTPOEK-
TUBHBI BCE JIEBbIe KOHETHO MMOPOXKJIEHHBIE TIJIOCKIE MOJLYJIH.
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O BblYUCJINMBIX ITOATPVYIIIIAX HUJIBIIOTEHTHBIX I'PVYIIII
M. K. Hypmusunos, P. K. Tromobepreunes, H. I'. Xucamuen
Bocmouno-Kasaxcmanckuti 2ocydapecmeennoiti ynusepcumem um. /[. Cepurbaesa, e.
Yemuv-Kamenozopcek
marat.nurizinov@gmail.com

3yuenne KOHCTPYKTUBHBIX (BBIYUCIMMO HyMEPOBAHHBIX ) MDY HadaTo B 1], e
AWM. MaJsibrieB moctaBu/i o0IILyIo 3aady: "onpeae/inTh, KaKkine KOHCTPYKTHBHbBIE HY-
MepaIy JIOIYCKaIOT Te UM UHble abCTPaKTHO 3ajanuble rpymmbl". B a1oit xke pabore
OBLIO TaHO ONMCaHWe BBIYUCINMBIX abeJIeBBIX TPYIIT 63 KPYydeHUs.

[Iycrs UT,(Q) — rpymma Bcex YHUTPEYTOJIbHBIX MATPUI] pA3MEPHOCTEN n X n HaJ
[I0JIEM PAIMOHAJIBHBIX ducesa (), m € w, w — MHOXKECTBO BCEX HATYPAJbHBIX UHCEJI,
Yo — €€ HEKOTOpasd TejesieBa HyMepaliusd, T.€. 0 JJAHHOMY YHCIY M € W 3POEKTUBHO
HaXOJINTCS MATPHUIA 7Y,M ¥, HA0OOPOT, IO JAHHOI MaTPUIIE — €€ 7Y, -HOMED.
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B mannoii paboTe 1moJry4eHbl KpUTePUH BLIYUCJIUMOCTU HUJIBIIOTEHTHBIX TPYIII €3
KPY4eHNsl KOHEYHBIX pa3MepHocTeil. Kak ciiejcTBre IoJIy4eHo CyIecTBOBAHUE IJIaB-
HOIl BBIYMCIMMON HyMepaluy KJIacca BCeX BBIYUCIUMBIX HUIBIOTEHTHBLIX TPYII 6e3
KpyUYeHUsl KOHeUHbIX pasdmepHocteil. [Toctpoen npumep rpynnst G < UT3(Q), koro-
pad HEBBIYHUC/INMa, HO CEKIIUN .HIO6OFO €e IEHTPaJIbHOTI'O pdda BbIYHMCJ/IMMBI.

Teopema 1. Ilycrs mogrpynna G < UT,(Q) Bbraucamva, v — HEKoTopas ee
BBIYHCIIMAs HyMepaIlusl 1

1=Gy<Gi<...<G1 =G

— ee HEKOTOPBIH MEeHTPaJIbHBIH psijl, CeKIIHH KOTOPOro He HMeIT KpydeHus:a. Tormaa
kaxkasi norpymma G; sprancianma nepeducauma B (UT,(Q), ) B Vv < Yn, TAE Yn
— resesteBa Hymepatust rpymmsl UT, (Q).

CaencrBue 1. HuibnorentHasi rpyiia 6e3 KpydeHHsS KOHEYHOH Da3MEpPHOCTH
BBIYHC/IIMA TOIJIa H TOJIBKO TOIJA, KOI/[a OHA H30MOP(HA BHIYHCIHMO II€PEeIHCIIMOL
moarpymme (UT,(Q),yn) Opu HEKOTOPOM .

Caencrsue 2. CymecrByer riiaBHasl BBIYHCIUMAs HyMepallds CEMeCTBa BCex
BBIYHCIUMBIX HUJIBIIOTEHTHBIX I'PYIIT 6€3 KPYYeHHsT KOHEUHBIX Pa3MEPHOCTEH.

Teopema 2. Ilycts G — nogrpymma (UT,(Q), V), 1 =Gy < Gy < ... < Gg_1 =
= (G — ee NeHTpaJIbHBII PsiJl, CEKIUH KOTOPOr'o 06€3 KPYYEHHS, H G, - - - , Jin;—1 — OA3HC
rpymibl G; = G; /Gy . Torma G Berauc/mmma €cJid U TOJIBKO €CJIU CIIPABEJTHBDIL:

1. st smoboro @ < k xapakrepuctuka X(G;) cekrnmuu G; — BBIYHCIAMO MEPEIUC-
JIIMO€ MHOYKECTBO;

2. cyIiecTByeT 4acTHYHO BBHIYHC/IAMAsI (DYHKIIHS BHIOOPA.

Teopema 3. Cymecrsyer mHeBbrancanmast noarpymia G < UTs(Q) rakasi, 9ro Bce
CEKITHH JIIOOOI0 €€ IEeHTPAJIBLHOIO Dsijia BHIYHCIAMBI.

Orcroza ciejyer, ycjaoBre 2 TeopeMbl 2 He 3aBUCUT OT YCIOBHA 1.
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0-DERIVATIONS OF SEMISIMPLE FINITE-DIMENSIONAL
STRUCTURABLE ALGEBRAS
E. Okhapkina
Nowosibirsk State University, Russia
eliza_okhapkina@mail.Tu

The concept of d-derivation first appeared in papers by V. Filippov, as a
generalization of ordinary derivations. Recall that for a fixed § of the main field
F, under §-derivation of algebra A we mean a linear mapping ¢, which satisfies the
condition

P(zy) = d(d(x)y + o (y)) (2)

for arbitrary elements x,y € A. V. Filippov proved that every prime Lie algebra
has no nonzero J-derivations, if § # —1,0, %, 1. The big cycle of articles according
to the description of d-derivations can be found in works of I. Kaygorodov such as
d-derivations of semisimple finite-dimensional Jordan algebras [1].

The class of structurable algebras was introduced in 1978 by B. Allison. This class

of algebras is of interest because it contains such objects as tensor multiplication
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of composition algebras, a 35-dimensional algebra T'(C'). Structurable algebras are
algebras with the unit e and involution ~, which satisfy the identity:

(T, Vayl = Viwy — Varsy, where T,,V, . € End(A), (3)
%,y(z) = ('Ty)z + (Zy)x - (zf)y7TZ = sz,e for T,Y,z € A.

In the work [2] O. Smirnov proved that the whole class of simple finite-dimensional
structurable algebras is isomorphic to six specific algebras like an unital associative
algebra with the involution, the algebra of Hermitian form and some other. Jordan
algebras with the unit and identical involution are also structurable, so we will receive
the generalization of the results of 1. Kaygorodov in more general (structurable) case.

Let us note that the linear mapping y is called a generalized -derivation if it is
related with d-derivation ¢ by the following correlations

X(zy) = 6(x(@)y + z¢(y)) = 0(¢(x)y + zx(y)).
Now we can pass to the main results of this paper.

Theorem 1. A semisimple finite-dimensional structurable algebra over an
algebraically closed field of characteristic p # 2,3,5 has no nontrivial §-derivations.

Theorem 2. Let x be the generalized J-derivation of the semisimple finite-
dimensional structurable algebra A over an algebraically closed field of the
characteristic p # 2,3,5, then x € Der(A) + I'(A). Here I'(A) is centroid of A.

References
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ON QUOTIENTS FOR STRUCTURES OF DISTRIBUTIONS OF
BINARY FORMULAS
E. V. Ovchinnikova, S. V. Sudoplatov
Novosibirsk State Technical University, Novosibirsk; Sobolev Institute of
Mathematics, Novosibirsk State Technical University, Novosibirsk State University,
Nowosibirsk
eovchin@ngs.ru; sudoplat@math.nsc.ru

Structures P,y = (P(pup) \ {&}; ) (for types p € S'(@) and labelling
functions v(p)), Pur), STy, and M,z (for nonempty families R C S (o)
and corresponding families v(R) of labelling functions) of distributions for binary
formulas and basic properties of these algebras are defined and investigated in [1-3,
3]. Deterministic structures B, qn for acyclic graphs with unary predicates and
colored arcs are described in [5].

Quotients of P, () 4a produce the class of structures B, as well as quotients of
graph representations [1] for 9,(,) 4a produce graph representations for 9B, :

Theorem 1. Any structure B, is a quotient of a structure B, ) da -

Theorem 2. For any structure *B,(,) there is a structure B, ) 4. and its graph
representation I',() 4. such that a quotient of I'y) 4. Is a graph representation

fOI“ my(p) .

Similar results are obtained for structures ‘B, gy, &J,(r), and M, (g .
The research is supported by RFBR grant No. 12-01-00460-a.
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AJITOPUTM IJIS1 IIOCTPOEHUSA NHTEJLJIEKTYAJIBHON
CUCTEMBHBI YIIPABJIEHNA NMHTEPBAJIbHO-3AJIAHHBIM
OB'BEKTOM C 3AITA3BJBIBAHVUEM HA OCHOBE
NCKYCCTBEHHBIX HEMPOHHBIX CETEN
I'. H. Ilammenko
PrII “Unemumym npobaem ungopmamuru u ynpasienus” Komumema Hayku
Munucmepemea obpasosanus u nayxu Pecnybauxu Kazaxcmarn, Aamamor
galina__ pashenko@mail.ru

WNureiekTyanbHble CUCTEMbI YIIPABJICHUS B IOCJIEIHEE BPEMS CUMTAIOTCS OJIHIM
13 CaMbIX [IEPCIIEKTUBHBIX HAIIPpABJIEHUI B HAYYHBIX nccaeaoBaHussx. OcobOblit mHTEpec
BBI3BIBAIOT IPUHITAIILI TOCTPOEHUSI NHTE/IEKTYAJIBHBIX CHCTEM yIpaBIeHHs Ha Oase
Pa3JIMIHBIX TEXHOJIOTUN U CO3JIaHIe COBPEMEHHBIX MHTEJIIEKTYAIbHBIX TEXHOJIOTHI B
[PUJIOKEHNH K 3a/Ia9aM YIIPABJICHHs CIOKHBIMA JMHAMIIECKAME oObekTamu [1-3].

CJIOXKHBIM JIMHAMUYIECKIM OOBbEKTaM, KaK IIPABUJIO, MPHUCYIH TaKne KadecTBa,
KaK 3alta3/blBaHne, 00JIbINasg Pa3MepHOCTh 00bEeKTa, yIIPpaBJIeHHs, HECTAITMOHAPHOCT,
HEJIMHEHOCTD, & TaKxKe, MapaMeTpbl 00beKTa MOI'YT HAXOJUTCS B IIpeIesax HeKOTO-
pbix mHTEpBasIOB. Clle10BaTeIbHO, pa3padaThiBaeMble CHCTEMbBI YITPABIECHUST CJIOKHBI-
MH 00bEKTAMU JOJIZKHBI OBITh TAKUMHU, 9TOOBI 00ECIIeINBAIOCh UX (DYHKITMOHUPOBAHIE
Ipu JIIOOBIX YCIOBUAX C 3aJaHHBIM IIOKa3aTeeM KadecTBa.

Paspaboran ajaropurm Jijisi TIOCTPOEHNST MHTEIEKTYAJbHBIX CHCTEM yIIPABJICHUS
MHTEPBaAJIbHO-38JaHHBIM O0BEKTOM C 3alla3/IbIBaHNEeM Ha OCHOBE MCKYCCTBEHHBIX Heii-
ponHbIx cereii. [locTpoena mHTEsIEKTyaIbHAsT CHCTEMa YIpPaBJICHHS HHTEPBaJIbHO-
3aJJAHHBIM OOBEKTOM C 3alla3/IbIBAHIEM Ha OCHOBE MCKYCCTBEHHBIX HEHPOHHBIX CeTeil.
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IMEPMOJMYECKUNE CBOMCTBA IIOJIMHOMUMAJIBHOI
BEKTOP-OYHKIIVIN HA/I KOJIBITIOM HEJIBIX YNCEJI
H.T. ITapBaToB
Tomckuti 2ocydapemesennwiti ynusepcumem, 2. Tomck, Poccus
parvatov@mail.tsu.ru

Yepes A(f,m,a) u 7(f, m,a) 0603HAUNM COOTBETCTBEHHO IPEIEPHOJ] 1 HEPHO/T
PEKypPPEeHTHO MOCIe0BATEIbHOCTI

a mod p™Z", f(a) mod p"Z", f(f(a)) modp™Z", ...,

rae a u3 Z"™, p — mpocroe, m U n — Iejble nojoxurenbhee, f(xr) = (fi(z),...
ooy fu(x)) mast moboro x wuz Z" w fi, ..., f, — MHOPOWIEHBI U3 KoOJbla Z[Ty,...

, ). Byaem mHTpecoBaThbCs ycJOBUSIME, DU KOTOPBIX [ J1i060ro Habopa a u3
HeKoTOporo MHOXKecTBa A C Z™ 5Ta MOCIeJ0BATEIbHOCTD YUCTO MIEPUOINIECKasi, TO
€CThb C HyJIeBBIM Tpe/nepno oM A(f,m,a) = 0, a TakzKe BO3MOXKHBIMHI €€ [EPUOIAMHE
7(f,m,a) upn pacrymem m. dasee sta 3amada pemena nasg A = a + pZ".

[Iycts M,,(7Z) — KOJIBIIO NEJOYUCICHHBIX KBAPATHBIX MATPHUI] pa3Mepa n, £ —
equHIYIHad MaTpuna, |A| — onpegermrens matpunsl A u ord,(A) — eé MyIbTHIUIIKA-
TUBHBIIT TTOPsATI0K 110 MOJtysi0 pM,,(Z), To ecTh HAMMEHBIIIee TTOJIOKUTEIBHOE K, TAKOE,

aro A¥ = E mod pM,(Z), cymectsyiomee, ecm |A| mod p # 0. O6ozHaunm qepes

d .
D; marpuiy fkobu cucremer muorowrenos f, riae Dy, = d_:?' g HaTypaabHBIX
1

k nonosane Di(a) = Dj(a) - Dy(f(a)) - Dy(f*1(a)). tae fi(a) = F(f*(a)) npu
k>0mu fO%a) =a.

Teopema.

Ilyers A(f,1,a) =0, 7(f,1,a) =7 m m > 1. Torza paBHOCH/IBHBI yCIOBHSI.

(1) X(f,m,b) =0 mus r0boro b uz a + pZ™.

(2) X(f,2,b) =0 s smoboro b uz a + pZ™.

(3) Dj{a)] mod p#0.

(4) |Dy(b)] mod p # 0 as moboro b usz {a, f(a), f*(a),... " (a)}.

Ipw BoIOTHEHIN >THX YCJIOBHIT JijIsT JII0O0TO b U3 a + pZ™ BBIIOJHSETCS COOTHO-
mrerme T(f,m,b) | 7-p™ " - ord,(Dy(a)); a ecmn npu srom D} (a) — E| mod p # 0,
10 u coornomenue T(f,m,b) | 7-p™ - ord,(D(a)).

CdopmymupoBaHHast TeopemMa JaéT YCIOBHUS HMEPUOJUIHOCTH U OIEHUBAET CBEpP-
Xy HepuoJbl JId HOJMHOMHUAILHON BEKTOP-MYHKIUNA HaJl KOJBIOM Zjym . 1lomobnble
YCJIOBHST OBLIM M3BECTHBI paHee Jjis MOJUHOMUAJIBHON (DYyHKIMKA OJIHOM TIepeMeHHO
HAaJI KOHEIHBIM KOMMYTATHBHBIM KOJIBIIOM, CM. |1|, OlleHKH 1eprooB — /ISt TOJIHHO-
MUAJTLHON (bYyHKIMU OJHON HepeMenHoi Ha 1 Kosbiiom [amya, cm. [2].
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O JIOKAJIbHO-KOHEYHHBIX I'PVYIIIIAX C YEPHNUKOBCKHM
HMEHTPAJINSATOPOM HEKOTOPOI'O 9JIEMEHTA
. . 1laBiarok
Iasrodapcruti 2ocydapecmeennniti yrusepcumem um. C. Topatiewposa, 2.1lasrodap,
Kaszaxcman
wan. pavlyuk@mail.ru

Bompoc 13.7 (B.Xaptin) u3 [1| pemen yTBepanTeapHo, T.e. IMEET MECTO CIIE/IYIO-
rast

Teopema. Jloka/ibHO-KOHEYHAST TPYIIIIA, COAEPXKAIIAs JEMEHT ¢ YePHUKOBCKHM
[[EHTPAJIN3aTOPOM, IIOYTH JIOKAJILHO PA3PEIINCHA.

Pabora BbINOIHEHA IPK HOMJIEPIKKE TPAHTOBOrO (DUHAHCUPOBAHUS HAYYHBLIX HC-
cieposanuii Komurerom naykun MunucrepcTsa 00pasoBanus U HayKu PeciyOjukn
Kazaxcran wa 2014 roj o npuopurery MHTe/IEKTYAJbHbIH TOTEHIIMA CTPAHBI, 110
teme "Paszpaborka Teopun cpaBHeHuit B rpymmax’.

JInteparypa

1. Hepewennvie onpocwo, meopuu epynn. Koyposckasa mempads // Hoocubupck,
HoBocubupcknii yausepcurer. — 2002. — 172 c.

O KJIACCAX HOPMAJIN3ATOPHO-2KBNUBAJIEHTHBIX
SQJIEMEHTOB I'PVIIIIBI
Nu. N. Ilasaok JI. 1. TeusteBa
THasrodapceruti 2ocydapemeennnits yrusepcumem um. C. Topatiewposa, 2.1lasrodap,
Kasaxcman
inessa777@mail. ru

MormHoCTh KJjacca 9KBHBAJIEHTHOCTU TPYIIIBI - 9TO KOJMYECTBEHHAs] XapaKTepu-
CTHKa KOMIIOHEHTBI TPYIIIOBOI CTPYKTYpPHI. Ke 3nanue jpaet mudopMaiumo o CTpyK-
Type caMOil TPYIIIIbI, IIOCKOJIbKY OHA BhIPAXKaeTCsd depe3 KOJIMIECTBEHHbIE XapaKTepu-
CTHKH JIPYTUX 00BbEKTOB I'pyHibl. [ToHgTHE K1acca HOpMaJIM3aTOPHO-IKBUBAJIEHTHBIX
ssiemenToB npuna/iexkut V.M. ITasmoky [1]. UccrenoBanus HEKOTOPBIX BOIIPOCOB 10
9TOI TeMe MOYKHO HaiiTu B paborax [2,3].

Onpenenenune. DjgemeHtol x,y € (G HOpMaam3aTOPHO CpaBHUMBI B rpyime (G
oTHOCHTE/IbHO HekoToporo muoxkectBa M C G, ecoim M*® = MY, T.e.

(VM C G)3x,y € G) ((mM =y) & (e = My)) .

Herpyro mokasars [1,2], aro orHomenmne = "oTHOCHTE/IBHO HEKOTOPOI'O MOJMHO-
sxkecrBa M rpynnsr G sBJIsIeTcsl OTHOIIEHHEM SKBHBAJICHTHOCTH.

Teopema. MorHocTs MHOKECTBA HOPMAJIH3ATOPHBIX KJIACCOB H af}‘ IDYIIIbI
G ornocurensuo mogmuoxkecrBa M C G pasma |G : N(M)|, a MomHOCTS KaxK /1010

HOPMAJIH3aTOPHOI'O KJIACCA %E’ pasHa |N(M)|.
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Pabora BbIO/IHEHA [IPU TIOJIJIEPYKKE IPAHTOBOrO (DMHAHCUPOBAHUS HAYIHBIX UC-
cnepoBanuit Komurerom maykm MwunucrepcrBa obpasoBanus u Hayku PecryOmkn
Kazaxcran na 2014 roja o npuoputety MHTE/IEKTya/bHBIN TOTEHITMAJ CTPAHBI, 10
teme "Pa3paboTka Teopun cpaBHeHUit B rpyrimax".
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TPVIIIBI IITYHKOBA, HACBIIIIEHHBIE L;(PY)
K. A. ®umnnos, A. H. ®uimunnoBa
Cubupckuii 2ocydapcmeennviii asporxocmuveckut yrusepcumem, Kpacroapcrui
2ocydapcmeennoili azpaphoit yrHusepcumem, Kpacrnosapcexk
filippov_ kostya@mail.ru

I'pynna G Hacviuena epynnamu U3 MHOACECNEa 2pynn R, ecal A100a8 KOHEYHAA
nodepynna K us G codeporcumces 6 nodepynne epynnvt G, u3omopdroti Hexomopot
epynne u3 R [6].

[IpousBosibHast TpyIIna Ha3bIBaeTcst 2pynnot [IIynxosa, ecum B KayKJIOM ee CedeHnn
110 KOHEYHOH HOArpyIie Jiobas mmapa CONPSIKEHHBIX 3JEMEHTOB IPOCTOrO IMOPSIKA
MIOPOXKJIaeT KOHEUHYIO MOJIPYIIILY.

B [2], Bomp. 14.101 BhICKa3aHa rUIOTE3a O TOM, YTO MEPUOJMIECKasl IPYIIIA, Ha-
CBIIIEHHAS I'PYIIIaMA U3 MHOXKECTBa IPOCTBIX KOHEYHBLIX I'PYIII JIME€Ba THUIIA, PAHIH
KOTOPbIX OI'PaHUYECHBI B COBOKYIITHOCTHU, CaMa ABJIAETCA HpOCTOﬁ prHHOﬁ JInEBa TUIIa
HaJI JIOKAJbHO KOHEeYHbIM mosieM. B [3-5] sra runoresa moarsepKieHa Jjisl CJryda-
eB, Korja R COCTOWT, COOTBETCTBEHHO, M3 TPYII PU, NPOEKTUBHBIX CIEIUAJIHHBIX
JINHEHHBIX Py pa3zmepHocTu 2 u rpyun Cy3yku.

B pa6ote [1] 6611 m0Ka3aHO, 9TO Heproarnaeckast Tpyia (G, HaChIIeHHAsT TPYIITa-
mu u3 MHOXKecTBa {L3(2™)|m = 1,2,...}, usomopdua rpymne L3(Q) Haj m0ax0/15-
UM JIOKAJIBHO KOHEYHBIM TI0JieM () XapakrepucTtuku 2. B wacraoctu, G JIOKAJIBHO
KOHEYHaA.

B obmem ciaydae Korja XapaKTepHCTUKa KOHEYHOTO TOJIsi OTJIMIHA OT 2, JI0Ka-
3aTh aHAJOTMYHBINA pe3yiabrar He ymaércd. OIHaKo, B KJacce MEPUOINIECKUX TPYIII
[MlynkoBa 3TO MMeeT MECTO.

[Iycre MM = {L3(q)}, ¢ = p™, p — buKcHpoBaHHOE HEYETHOE IPOCTOE YUCIIO, & 1
— HepUKCUPOBAHHOE HATYpPAJbHOE.

Teopewma. Ilepuoguieckas rpymia Illyunkosa GG, HACBIIICHHAS TPYIIIIAMH H3 MHO-
skecrBa M, nzomopcpHa rpymie L3((Q)) HaJL MOAXOIAIIHAM JOKATBHO KOHEIHBIM TTOJIEM
() xapTepHCTHKH D .
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OB OIIPEJIEJINMBIX I ABTOYCTOMNYMNBBIX KOHI'PYSHITNAX
A.T. ITunyc
Hosocubupcruti 2oc. mexnuveckutl ynusepcumenm
ag.pinus@gmail.com

Konepyonyuro 0 yausepcasbhoit amredpst A = (A; o) Ha30BEM a6moycmotiuueod,
ecan Jist J0OBIX a,b € A u mo6oro apromopdusma ¢ anrebpot A (¢ € Aut) us
BJIoueHus (a,b) € 0 Buirekaer Briodenue (p(a), (b)) € 6.

Henocpeicreenno 3amedaercst, aro coBokymHocTh AutCon2l Bcex aBTOyCcTOWYIN-
BBIX KOHTPYSHIHI ajrebpbl 2 3aMKHYTa OTHOCHTE/IBLHO omepalnuii A u \V perneTku
Con%l. To ecrbp AutCon®l sasistercs nogpemnterkoii permerku Con%l.

Anrebpy 2l Haz0BeM G.2€6POT € ABMOYCMOTUMUBHLMU KOHZDYIHUUAMU, €CJIA BCE ee
KOHTPYSHITUH aBTOYCTONIMBEL.

Teopewma 1. Jloboe nempusuanvroe mrozoobpadue V  exatouaem 6 cebs xax an-
2e0pvL ¢ ABMOYCMOTUMUBHLMU KOHZPYIHUUAMU, MAK U HE ACAANOUUECS MAKOGHLMU.

[Iycrs L mekoTopblil Jormdeckuii s36ik. Konepysnuyuro 0 amrebpsr A = (A;0)
Hazosem moveuro L-onpedesumoti, ecimm s aroboro a € A cymectByer L-dopmyiia
®,(x,y) Takast, aro jyist 066X b, ¢ € A, moboro ¢ € Aut?l Takux, aro b € p(a)/l,
yeaosust (b,c) € 0 u A |= @,(b, ¢) paBHOCHUIIBHBL

COBOKYITHOCTh BCeX TOYedIHO L -OmpeneMMbIX KOHIPY3HImI aarebpbr 2 obo3Ha-
qnM Kak L-PDefCon®l. Umeer mecro Britodenne L-DefCon2l C AutConf.

Yepes 32 A Ly 0603HAYMM JIOTHUECKHH A3BIK, (DOPMYJIaMHI KOTOPOTO SBJISIOTCH
KOHBIOHKINU (BO3MOXKHO, GecKOHEeUHbIE) Lo-hopMyT ¢ BO3MOXKHBIM MOCJIE/TYIOIIIM
HABEIMBAHUEM KBAHTOPa J 110 IPeIMKATHBIM ITepeMeHHBIM. 371eCh Ly — A3bIK JIOTUKN
BTOPOT'O TOPSIIKA.

Teopema 2. (V = L). Jlaa w0600 e 6oaee wem cuemmnotls areebpu A = (A; o)
Koneunoti cuznamypol umeem mecmo pasencmeo 32 A Ly -PDefCond = AutCon®l.

CaencrBue 1 (V = L). Ecau A ne boaee wem cuemman anrzebpa koneunot cuena-
mypol ¢ a8MOYCMOUHUBHMU KOH2PYIHUUAMU, MO 6Ce KOH2PYIHUUY ar2edbpvl A mo-
weurno 32 A Ly -onpedeaumv, (Con2l = 32 A Ly -PDefCon2A ).
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Pabora BbImoinena npu puHAHCOBON 10/ Iep:KKe MuHHCTEpCTBa 00pa30BaHUs 1
Hayku P®, 110 rocynapcrsenromy 3aganuio Nt 2014/138, npoekr 1052.

OBIIIEE CTPOEHUE MVJIbTUIIJINKATUBHBIX I'PVIIII IIOJIEN
K. H. IlonomapeB
HI'TY, 2.Hosocubupck
ponomaryov@ngs.ru

YcraHoBJIeHa CTPYKTYpa paclIupeHnsi MyJIbTUILITHKATHBHBIX TPYII MTOJIEl TIpU Ta-
KuX pacimpenusx nojeit F'/K, B koropeix nojie K ajrebpandecku 3aMKHYTO B HOJIE
F.

JI1s1 MHOYKeCTBa MPOCTHIX YIHUCESI T 0DO3HAYAEM oo AJUTUBHYIO TPYIIITY Palli-
OHAJILHBIX Jpo0eil 3HAMEHATEeIN KOTOPBIX SIBJISIOTCH CTEIeHSIMHU IPOCTBIX YUCET U3
MHOXKECTBA, 7. DTa TPYIIIIA MOJyIaeTCs T -TOMOTHEHHeM Tpynibl /. AbeeBbl Ipyii-
I, W30MOP(MHbIE TAKUM TPYIIIAM, HA3BIBAEM NONOAHEHUAMY (IIMKJITIECKONH TDYIIIIbI
Z.) Takxke cumraeM p = 1 TPOCTBIM YUCJIOM, B 9TOM CJIydae B 3TUX OOO3HAUEHUSX
npu 7 = {1} mosyvaercs cama aJJIMTUBHAS IPYIHA MEJIbIX IUCeT Z .

Teopema. IIyctp nose K ajnrebpamiecku 3aMKHYTO B 1ioJie F'.

VrBeprkaaercst, 9T0 MYJbTHILIHKATHBHAS Tpylmna F* mpeacraBisiercst MpsMbIM
1Ipou3Be/leHueM abeIeBbIX I'PYIIIT

*=K*xC,

B KOTOpPOM I'pyIIIIia C - npsAamasd CyMMa HEKOTOPbIX IHOIIOJIHEHUI LU/IKJH/I‘IGCKOI'/"I I'DYIIIIbBI
Z.

Pabora BeimiosiHeHa npu puHAHCOBOH momaepxkke Munucrepcrsa obpasoanust u Hayku P®, mo
rocymapcrsenaoMmy 3aganuio Ne2014/138, npoekr 1052

O YMCJIE ITPOCTHIX U IIPEJEJILHBIX MOJEJIEN TEOPUN
AJIINTUBHO I'PYIIIHI IIEJIBIX YNCEJI
P. A. ITonkos
Hosocubupcruti 2ocydapemeernvit mexnuveckud ynusepcumem, 2. Hosocubupck
r-popkov@yandez.ru

Ussectro (1|, uro mist mosiHOM cuérHON MaJjioii Teopun 6e3 KOHEYHBIX MOjeseit
Jiobast CI€THasT MOJIEIb SBJISETCS MPOCTON HaJl HEKOTOPHIM KOHEIHBIM MHOXKECTBOM
WA TpeJiesibHoi. i pon3BOJIbHOM TTOTHOM CYETHON TEOpUM MOTYT CYIIECTBOBATH
CUETHBIE MOJIEJIH, He ABJISIONNECs] HU IPOCTBIME, HU peeabHbiMu [2]. VHTepecHbiM
ABJIFeTCA BOIIPOC O paclpelesieHIN MoJlesleil eCTeCTBeHHBIX TeOpUil, O/{HON U3 KOTO-
pBIX sBJIgeTCs Teopust rpytibl (Z, +,0). B pabore [3| mokazano, uro nanHas teopust
He MMeeT TPocToii Mojenn Hay & . Creyst 2|, MOIIHOCTH MHOXKECTB THIIOB H30MOD-
duzMa MPOCTHIX HAJ KOHEIHBIMI MHOXKECTBAMU, MPEJICTbHBIX U OCTAIbHBIX CIETHBIX
mojereit Teopun 1 Oymem obosnadars depe3 P(T'), L(T), NPL(T) coorsercrBento.
C ucnosib30BaHKeM TIPEJTIOKEHHBIX B [3] MoJesieli mokasaHo, 4To JiJisd JaHHON Teopun
umeer mecro P(T) =2Y, L(T) =2%.

Pabora BbImoinena mnpu (huHAHCOBON 10/Iep:KKe MuHucrepcTBa obpaszoBaHus u
nayku P®, mo rocymapcersennomy 3agarmio Ne 2014 /138, mpoekt 1052.
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YACTUYHBIE T1IOPAJIKNM HA MHO2KECTBE BTOPUYHBIX
NMAEMIIOTEHTOB AJITEBPHI BYJIEBBIX MATPUIIL
B. B. llomnaBckuii
Capamosckuil 2ocydapcmeernviii yrnusepcumem, Capamos
poplavskivb@mail.ru

PaccmarpuBatoTcss MHOXKECTBO TaK HA3bIBAEMbBIX BTOPUYHBIX UJIEMIIOTEHTHBIX MaT-
pHUI[ HaJI TIPOU3BOJILHOM OyJIeBOi airebpoii OTHOCHTETHHO KOHBIOHKTHOTO (UJIH T3 b-
IOHKTHOI'0) YaCTUYIHOIO TIPOU3BEJIEHUST B YACTUYHOM MOJIyIPyIIe MATPHIL IPOU3BOJIb-
HBIX pa3mepoB [1|. Takne BTOpUYIHBIE MIEMIOTEHTHI UI'PAIOT TJIABHYIO POJIb B BOIIPO-
cax pa3peniuMOCTU MPOCTENINX MATPUYHBIX YPABHEHU, JNEJIUMOCTHU, PETYASIPHOCTHA
MaTPUIl, XapaKTepU3aIiy 1JeasloB MOJIYTPYIII, TOUCKa TPAH3UTUBHO-PedIEKCUBHBIX
3aMbIKanuit 1 mp. MbI J0Ka3bIBaeM, 4TO PENIETOYHbBIN YaCTUIHBIN OPAIOK COBIIAIAET
C HATYPAJIbHBIM YaCTHIHBIM HOPSIKOM 2| Ha MHOXKeCTBE BTOPUIHBIX UJEMIIOTEHTOB B
cJIydae TMOJIyTPYIIBI C U3 BIOHKTHBIM [TPOM3BEEHIEM U SIBJI€TCS OOPATHBIM JIJIs Ha-
TYypPaJIbHOI'O YaCTUYHOI'O IIOPSAJIKA HA MHOZKECTBE BTOPUYHBIX MJIEMIIOTCHTOB B CJIydae
HOJIYT'PYIIIBI ¢ KOHbIOHKTHBIM ITPOU3BE/IEHUEM.
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ON CONGRUENCE LATTICES OF NILSEMIGROUPS
A. L. Popovich
Ural Federal Unwversity, Ekaterinburg
alexander.popovich@usu.ru

Studying congruence lattices is one of the well-established directions in semigroup
theory. A survey of this area was given in [3| and [4]. One of the central questions here
is the following representation problem: what lattices are isomorphic to congruence
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lattices of semigroups? This problem is known to be extremely hard and it is not
likely that it would be solved soon.

Recall that an element a of a complete lattice L is compact if for every X C
C L such that a < \/ X there exists a finite subset X’ C X such that a <\/ X’. A
complete lattice L is called algebraic if every its element is a join of compact elements.

The congruence lattice of any semigroup is an algebraic lattice. The converse is
not true. Freese, Lampe and Taylor have proved in [1] that there exists a modular
algebraic lattice which is not isomorphic to the congruence lattice of any algebra of
finite type. As for distributive algebraic lattices, the question of whether or not every
such lattice can be represented as the congruence lattice of a semigroup is still open.

A semigroup with zero is called a nilsemigroup if, for every its element x, there
exists a positive integer n such that 2™ = 0. It is proved in [2] that the congruence
lattice of a nilsemigroup is strictly semimodular. In the present note we show that
many lattices, even finite distributive ones, cannot arise as the conrguence lattices of
nilsemigroups. The width of (X, <) is the least number n such that X contains an
antichain with n elements.

We present the following result:

Theorem. Let S be a nilsemigroup. Then:

1) Con S cannot have width 2, but all other values are possible;

2) if Con S is distributive, then it is a chain.

Also we show some necessary conditions for finite modular lattice to be the
congruence lattice of some nilsemigroup.
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ON VARIETIES OF PARTIALLY ORDERED SEMIGROUPS OF
RELATIONS WITH DESCRIPTOR OF FIXED POINT AND
OPERATION OF REFLEXIVE DOUBLE CYLINDRIFICATION
A.V. Popovich
SSTU, Saratov
popovich__al@mail.ru

A set of binary relations ® closed with respect to some collection €2 of operations
on relations forms an algebra (®,2) called an algebra of relations. These algebras
can be considered as partial ordered by set-theoretical inclution C. For any set 2
of operations on relations, denote by R{2, C} the class of partial ordered algebras
isomorphic to ones whose elements are binary relations and whose operations are
members of Q. Let Var{{, C} be the variety generated by R{,C}.
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We shall concentrate our attention on the operation of relation product o, the
descriptor of fixed point V; and operation of reflexive double cylindrification V,
defined as follows:

Vilp) ={(z,2) : Fy)(y,y) € p},  Valp) ={(z,y) : (F2)(2,2) € p}.

The basis of identities for the varietiy Var{o, Vy, C} is found in [1].
The following theorem give the basis of identities for the varieties
Var{o,Vy,Vy, C}.
Theorem 1. An algebra (A,-,*,*,<) of the type (2,1,1) belongs to the variety
Var{o,V,,Vs,C} if and only if it satisfies the identities:
(xy)z =a(yz), (") =", ay*=y'z,
.Z'*iEl'* _ iL‘*, (l_*y)Z _ x*y, (:cy*)2 — xy*, xy* < T,
(zy)" = (y)*, (zy)" = (y2)", 2'yz" =z2"ya", (2y") = y'a,
(xy")" =a"y", (7y") =a"y", (Ty2")" =a"(y2")",
vy <yt wty <t (wyte)" = (wy) (ye)t 2t < (@)
for any natural number p.

The basis of identities found in the Theorem 1 is infinite. Is there a finite basis for
this variety? The answer to this question is given by the Theorem 2.

Theorem 2. The variety Var{o, V1, Vsy} is not finitely based.

*
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CHARACTERIZATION OF JORDAN ALGEBRAS BY SPECIAL
KIND OF DERIVATIONS
Y. Popov
Sobolev Institute of Mathematics, Novosibirsk, Russia
yuri.ppv@gmail.com

For algebra A with unit, we denote by U(A) the set of all multiplicatively
invertible elements of A. A nonzero derivation d of A is called a derivation with
invertible values, if d(x) € U(A) N (0) for every = € A. In the paper [1] Bergen,
Herstein and Lanski classified associative rings admitting derivations with invertible
values. They proved that such ring must be either a division ring, or the ring of 2 x 2
matrices over a division ring, or a factor of a polynomial ring over a division ring
of characteristic 2. They also characterized division rings such that the 2 x 2 matrix
ring over them has an inner derivation with invertible values. Further, associative rings
with derivations with invertible values (and also their generalizations) were discussed
in variety of works. Our goal is to generalize the result of Bergen, Herstein and Lanski
to algebras in classical non-associative varieties, such as Jordan algebras.

An algebra J is called Jordan if it satisfies the following identities:



122

ry = yx, 2*(yx) = (%y)z.

In our work we generalize the result of Bergen, Herstein and Lanski, describing
Jordan algebras that allow derivations with invertible values.
Theorem. Let J be a Jordan algebra of characteristic # 2,3 with unit element 1,
and let J admits a derivation with invertible values d. Then one of the following holds:
1) J is a simple Jordan algebra;
2) J is an extension of a simple Jordan algebra by M = P(J) — the prime radical of
J,M C ker(d), M is the largest ideal of J.
Also, for types of algebras appearing in our classification, we also obtain necessary
and sufficient conditions for them to admit a derivation with invertible values.
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OB YHUBEPCAJIbBHOM 9KBUBAJIEHTHOCTHU YACTUYHO
KOMMYTATUBHBIX METABEJIEBBIX AJITEBP JIN
E. H. ITopommenko
Hosocubupcruti 2ocydapecmeeniviii merHuveckud yrusepcumenm
Hosocubupck, Poccus
auto _ stoper@ngs.ru

[Iycts R — obuactb nesoctHoctn u iyctb G = (X; E) — rpad ¢ MHO)KeCTBOM Bep-
muHa X 1 MHOXKecTBOM pebep E. Pebpo rpada, coeuHsIoNee BEPIIUHY @ ¢ BEPITUHO
b Gyiem obosHauaTh uepes {a,b}.

Yacmuuro xommymamuehas memabesesa anrzebpa Jlu ¢ mrmodxcecmeom nopoic-
davowur X u onpedeasowgum epagom G (6ymem obosuauars ee M (X;G)) — 10
R-anrebpa Jlu M (X)/I, rne M(X) — cBobonuas merabeseBa R-anrebpa Jlu, a I —
ee ueall, IMOPOXKICHHBI MHOXKECTBOM COOTHOIICHHI

{[zi,z;] = 0|2, z; € X, Takue uro {z;,x;} € E}.

Yepes C,, obozHauuM rpad Ha N BepUIMHAX, ABJIAIOIINIAC IUKIOM.

Teopema 1. Ilycteb R — obJiacTh 1eJIOCTHOCTH, cojepKaliiasl 7. B KadecTBe I10JI-
kosbra, X = {xo,x1,...,Zn_1}, ¥ = {Y0,Y1, .-, Ym—1} — MHOMKECTBA BEpIIUH IDa-
¢os C,, u C,, coorBercTBeHHO. YacTHIHO KOMMYTaTHBHbBIE MeTabEJIeBbI ajareopsl Jln
M(X;C,) u M(Y;C,,) yHEBEpCATbHO SKBHBAJCHTHBI TOIJa H TOJHKO TOIJA, KOIJA
m=n.

s sepmmmnnl z € X rpada G Beegem oboznadenue x- = {y|d(z,y) < 1},
rje d(x,y) —310 pebepHoe paccTosHUe MeKJly BepluIMHaMu * U Y. BBejem Ha Bep-
muHax rpadga G oTHOIeHue ~ |, mojarad T ~ |4 B TOM U TOJHKO TOM CJIydae,
Korjia o) = Y. DTO OTHOIIeHUE, OUYEBUJHO, SBJIACTCA OTHONMIEHHEM SKBUBAJCHTHO-

cru. Kitacc ~ | -95KBUBaJIEHTHOCTH, COJIEPXKAINUIL 3jIeMeHT T OyJjieM obo3Ha4daTh X, .

Haxkoner, nycts Y C X, u G(X,E) — rpad co mHO)RecTBOoM Beprna X . Uepes

G(Y') obosnaunm noarpad rpada G, IOCTPOEHHDIN HA BEPITHHAX MHOXKECTBA Y .
Teopewma 2. I[Iyctr X — koneunoe muoxkectTBo Bepinh rpaga G . 1lpemmoroxum,

9TO CymiecTByeT x € X , TAKOH 9TO KJIaCC ~ | -9KBUBAJEHTHOCTH X, COJEPXKHUT boJiee
oaroro siementa. Hakorer, mycre X' = X\{z} u G' = G(X'). Torga ajrebpnl
M(X;G) u M(X';G'") yauBepca/ibHO S5KBUBAJEHTHBL.
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Huxe npuBenien npumep AByX rpadoB, UMEOIINUX OJIMHAKOBBIE YHUBEPCAJILHBIE
TEOPUH, OJINH U3 KOTOPBIX SBJISETCS JIEPEBOM, & BTOPOIl — HeT.

&

Pa6ora Bbimosinena npu dbunancopoii momepxkke POOU (rpant 12-01-00084), a
Tak:ke Ipu (pUHAHCOBOH Toep:kKe MunncTrepcTBa obpasosanus u vHayku PO (rocy-
napcreenHoe 3aaanue Ne2014 /138, npoekt 1052).

O PEIIIETKAX ®OPMAIINII YHAPOB C KOHEYHBIM YMCJIOM
INKJIOB
A.JI. Pacctpurun
Boszozpadckuii 2ocydapcmeennoili couuanivro-nedazo2udeckuti yHusepcumen,
Bonazozpad
rasal@fizmat.vspu.ru

Dopmayueti Ha3bIBAETCA KJIACC aareOpanvecKux CUCTEeM, 3aMKHYTBIH OTHOCUTE -
HO B3THs TOMOMODMhHBIX 00pa30B U KOHEUHBIX MOANPAMbIX mpoussegenuit ( [1]).
Dopmarnus, cocrosias U3 KOHEYHBIX (He Oojiee UeM CUYeTHBIX) CHCTEM, HA3bIBAETCS
Koneunol (ne boaee wem cuemnoti) dopmaruei.

Vnapom nazwiBaeTcs yHapHas ajrebpa ¢ ojHoil oreparueit. OCHOBHBIE OIpeje-
JeHns MOXKHO HaiiTu B [2]. O6benunenue (KOHEIHOrO Ync/a) HOMAPHO HEIEPECeKa-
IONUXCS YHAPOB HA3bIBAETCsl UX (KOHEwHOU) npamol cymmot. YHAD, cojeprKaIiuii
JINITH KOHEYHOE YUC/I0 TMOMapHO Hem30MOPMHBIX ITUKJIOB, HA3BIBAETCS YHAPOM C KO-
HEYHDIM YUCAOM YUKAOB.

B pabore [2]| aBropa 6110 TaHO aGCTPAKTHOE OMUCAHKE PEIIeTKH KOHEIHBIX (hop-
Maruit ynapos. 3 Hero ciiesiyer, uto pererka mnoadopMaruii Tpou3BoIbHON KOHEed-
HOl bopMAaIy YHAPOB JUCTPUOYTUBHA.

st perieTkn Beex (popMalinii yHapoB 3TO He TaK. B gacTHocTH, BEpHO

ITpennoxxkenue. Perrrerka Bcex He boJiee deM cUeTHBIX pOpMaIliii yHApOB He MO-
JTYJISIDHA.

Taxum obpasomM, pereTka BceX popMaliiii yHapoB HE MOJLYJIAPHA.

Jlns nannoit popMaluu § MHOMXKECTBO BcexX ee mojidopmalinii o0pasyer MOJTHYIO
perietky Lp(§) 110 OTHOIMIEHUIO TEOPETHKO-MHOXKECTBEHHOTO BKJIIOUEHUS.

Teopewma. Ilycte § — He bojiee yeM cdeTHast (popMalldsi YHAPOB C KOHEIHBIM
ancsioMm 1nukJioB. Torya pemterka Lp () jaucrpubyTuBHa B T€X U TOJBKO TEX CJIyYasiXx,
KOIJTa

A. b0 § COMEPAKUT TOJHKO KOHEUHBIE MPSIMbBIE CYMMBI,
B. ymbo § comep:KuT TOJIBKO MPsIMbIe CYyMMBI ITHKJIOB.

Teopema. Ilycte § — He bojiee dem cdeTHasi (popMalidsi YHAPOB C KOHEYHBIM
ancyioM 1ukyoB. Torga pemmerka Lp(§) aucrpubyrnBHA B TOM H TOJIBKO TOM CJIydae,
KOIla OHa MOJIYJISPHA.
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O ITPOCTPAHCTBAX CIIEIIMAJIBHOI'O BUIA MHOT'OOBPA3UM
AJITEBP ITYACCOHA
C. M. Paiiees
Vavanosckutl 2ocydapcmeennvill yrnusepcumem, Yavanosck
RatseevSM@mail.ru

Bekroproe npocrpancrso A majg mojgem K ¢ jaByms K -OujuimHEHHBIME OTiepa-
MUsIMU yMHOXKeHUsi - U {, } HasbBaercsa anrebpoii ITyaccoHa, ecim OTHOCHTEIHHO
OIepaIUU - TPOCTPAHCTBO A sIBJIsIeTCS KOMMYTATHBHOW acCOIMATUBHON aareOpoit
¢ enmHUIEH, OTHOCHTEJILHO omieparwn {, } — asrebpoit JIu u nanuble onepanuu cBs-
sanbl nipasusioM Jleiiouuna: {a - b,c} =a-{b,c} +{a,c}-b, a,b,c € A.

[Iycte F(X) — cBobonuas asnrebpa Ilyaccona, rme X = {1, ,...} — cuernoe
MHOKECTBO CBOOOMHBIX obpasytormux. Oboznaunm depes P, mpoctpanctBo B F(X),
COCTOATIEE U3 TOJUINHERHBIX 3JIEMEHTOB CTEIIeHN 7 OT MEPEMEHHBIX I, ..., L, . Ompe-
JIEJTEM TIOJIITPOCTpancTBO R, B P, , KOTOpoe siBJsgeTcs JUHEHHO 000/I09KOi d/1eMeH-
TOB CJIEJIYIONIETO BUJIA!

Ry = {z-), 2r@2)} - {T2(3) Tr @)} - -
'{xT(2M71)7 x‘r(2m)} *Lr(2mA41) © - " Lr(n) |
T€S, 0<2m<n, 7(1)<7(2), 7(3) <7(4),...,
T(2m —1) <7(2m),7(1) < 7(3) < ... < 7(2m — 1),
T2m+1) <7(2m+2) < ..<7(n)k.

[Iycts V — Hekoropoe MuOroobpasue aarebp Ilyaccona, Id(V) — nmeas ToxaecTs

muoroobpasus V. Obosuaunm R,(V) = R,/(R,NI1d(V)), r,(V) =dim R,(V).

Teopema 1. Ilycte V — merpuBmnajsibHoe MHOroobpasue ajrebp llyaccona nas
MIPOU3BOJILHBIM IToJIeM. Tora Jinbo

1) 7,(V) > 2" s moboro n,
60

2) Hafijercst TaKOi MHOTOYJIEH (s NN+ 4 ayz+ag cremrern 2N > 0 u3 Kosbna
Q|x], uro ss smoboro n = 2N Gyuer binoHeHo paseHcTBo 1,(V) = asyn®Y + ... +
+ ain + ag, asy # 0, npmaem

n(n —1) . .
60 2a) rn(V)>1—|—T, n>1, 1 o < oy < sy
6o 2b) r,(V) =1 mrs smoboro n.

[Iycte Ay — anrebpa I'paccmana ¢ equHuIeii, 00pa3yoOMUMI SJIEMEHTAME €1 ,€Ey U
omeparmeit ymuoxkenusi /. Bemem B anredbpe As 1Ba HOBBIX yMHOMKEHUS:

1
a-bzé(a/\qub/\a), {a,b} =aANb—bAa, abe A,.

O6oznaunm nosyuennyio anrebpy Ilyaccona (Ag,+, -, {,}) 1epes Gs.

Teopema 2. B ciydae OCHOBHOIO IOJIS HYJIEBOH XapaKTEPUCTHKH MHOT00ODODa-
sue var(Gy), mopoxaernoe ajarebpoii Gy, SIBJISETCS HAHMEHBIIIM MHOI00Opa3ueM
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cpemr Bcex MHOroobpasuii anrebp Ilyaccoma V| y KOTOPBIX IOCJIEJ0BATEIBHOCTD
{rn(V)}n>1 pacrer me HizKe moJimHOMA.
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O T'PVIIITIAX, HACBIIIMEHHBIX KOHEYHBIM MHOXXECTBOM
I'PVIIII
N. B. Cabomax
Cubupcruti 2ocydapcmeennvili adPOKOCMUYECKUT YHUBEPCUMEM, UMEHU GKADEMUKA
M. ®D. Pewemmnésa, Kpacroapck
sabodax@mail.ru

[lorsATHE HACKHINIEHHOCTH I'PYIIIHI 38 JaHHBIM MHOYKECTBOM T'PYIIIT MOSBUIIOCH B 1993
roay B paborax A.K. Ilnénkuna [1]: T'pynna G Hachlmena rpynmaMu U3 MHOXKECTBA
rpyrn O, ecin jr0bast KoHEYHast HMOArpyia u3 (G COMEp:KUTCS B MOATPYIIIE, H30-
MOpPgHOIT HEKOTOPOI Tpytme u3 .

O603Ha9nM Yepe3 § MHOXKECTBO BCEX KOHEUHBIX ITPOCTHIX HeabeIeBbIX TPYIII, B KO-
TOPBIX EHTPATU3ATOP CUJIOBCKON 2-TIOJINPYIIIIBI COJEPIKUT SJIEMEHT HEI€THOT'O TIOPSI/I-
ka. Kax mokazamu A.C. Kongparses u B. /1. Masypos [2], muoxkecTBy § npunaekar
tosbko rpymmet: ES(q) u L (q).

B [3, 4] mokazan ciemyrommii pesynbrar: Ilycts mepuopnmdeckas rpymma G Ha-
CBITIEHAa, KOHEYHBIMHU ITPOCTBIME HEA0EJEeBBIMU I'PYIIIAME U3 KOHETHOTO MHOXKECTBa
R, umerorero mycroe epecedenne ¢ §. Torma G koHeuna u n3oMopdHa HEKOTOPOI
rpyIie MHOXKecTBa R.

B pabore [3] omucanbl mepruoudeckie IpyIiiibl, HACHIIEHHBIE KOHEYHBIM OIMHO-
JKeCTBOM MHOKecTBa & BCEX KOHEUHBIX IPOCTBHIX I'PYIIT S, 000X TeM CBOii-
CTBOM, UTO HEUETHBIE TOPSIKU 3JIEMEHTOB IEHTPAIN3ATOPA CUTOBCKON 2-TIOIPYIIIHI
n3 S He MPEeBOCXOIAT JHCIa 3.

[esb HACTOSIITIEH PAOOTHI — OOBLEIMHATE U OOOOIIUTH TH pe3y/abTarhl. [lycrs £3 =
= {L3(q),Us(q),q megerno}. Ilycrb € — MHOKECTBO KOHEUHBIX 9JIEMEHTAPHBIX abe-
aeseix 2-rpymn n M = {L x E|L € GU L3, F € €}.

Teopema. Ecim G — mepuojudeckasi rpyIia, HACBII[EHHAST KOHEIHBIM MHOYKE-
crBoM rpyiir u3 M, ro G € M.

CaencrBue. Ilycte M = {L x E|E € €}, rge L — npocrast rpymia JimeBa THIIA
panra 1. Ecin G — nepuogmdeckast rpyiia, HACBIMEHHAS KOHEYHBIM MHOXKE€CTBOM
rpymr u3 N, o G € N.
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ABCOJIOTHO 3AMKHVYTHIE I'PVYIIIIbI B
KBA3SBNMHOTI'OOBPA3UNAX ABEJIEBBIX I'PVIIII
C. A. IITaxoBa
Aamatickutl 2ocydapecmeennviti yrusepcumem, 2. Bapraya
sashakhova@gmail.com

Jl1s1 mpon3BOIbHOIO KBasuMHOroobpasust N rpymi, rpynmnel G w3 9 u eé moj-
rpynnsl H onpegenu, ciaeays |1, 2], muoskectso domi(H ), HasbiBaeMoe JOMUHIO-
noMm niogrpynnsl H rpynmer B KBazuMuoroobpaszuu 9N, ciegayomumM o0pa3oM:

domZ(H) ={g € G|VYM € MV, : G — M,

ecin @ |g= 1 |, 10 v(g) =¥ (9)},

riae ¢, v : G — M — romomopdusmel rpynnsl G B rpynny M; ¢ |g, ¥ |g — cyxenne
romoMopdusMoB ¢, ¢ Ha noarpymuiy H; ¢(g), ¥ (g) — obpassl sjementa g npu ¢,

Ipynmna H € M nasbiBaercs abcomoTHo 3amkuyTol B O, ecim domir(H) = H
qutst i06oit rpynnel G w3 N, comepxkarieit H B KadecTBe MOATPYIIIIHL.

Hacrosmas pabora mocBsiena MCCAeJOBAHNAIO I'PYII, abCOJIOTHO 3aMKHYTBIX B
KBa3MMHOI000pa3usX abeIeBbIX I'PYIIIL.

O6oznaunm N — MHOXKECTBO HATypPaJIbHBIX |mces, P — MHOXKECTBO ITPOCTBIX
qucen, Z, — IUKINIecKas Ipynna Hopsjaka 1.

Kaxnomy kBasumuoroobpasuio 91 abesieBbIX I'DYNI ITOCTABUM B COOTBETCTBUE
MHOXKECTBO

EOM) ={peP| Bk eN)(Zy1eM& Z, ¢ M)}

u st p € (M) sadurcupyem k = k(p) us onpeenenus &(N).

Xoporo uzsectHo 3], ¥To npousBosbHas abenesa rpymnmna H pasiaraercs B Ipsi-
MYIO CYMMY IOJTHON U peynupoBanuoit moarpymi. Obosnaunm depe3 H,. pemynupo-
BaHHYIO nojrpymiy rpymibsl H. Jlokaszana ciemyrorias TeopeMa.

Teopema. [lycte 9 — npousBoibHOE KBa3UMHOIroobpasue abejieBbix rpyiir, H €
€ M. I'pynmna H abcosrrorHO 3aMKHYTa B 0N TOI/1a H TOJIBKO TOI/1a, KOT/a JIJIst JIIOOOIO
sseMeHTa g OGeckoHedHoro nopsiika uz H,. , moboro p € £(9M) u coorBeTCTBYIOMEro

emy k = k(p) BblosiHeHO: ¢ e gt

T o)
CTEINeHSIMU 3JIEMEHTOB TpyIbl H,.

k .
riae HP" — noarpyria, nopoxgéunast p* -mu
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MO/ VYJISIPHBIE SJIEMEHTHI PEIIIETKI MHOT'OOBPA3UI
ITOJIVI'PVIIII
B. IO. IllanpbiHCKMii
Yparvcrui pedeparvroi ynusepcumem, Examepunbdype
vshaprQ@Qyandex.ru

DJIEMEHT T PeIeTKN HA3bIBACTCSH MOJYJ/ISPHBIM, €CJTH
y<z—=>(yVe)Az=yV(xAz)

JITst JIFOOBIX 9JIEMEHTOB Yy U 2 9TOH pererku. B 1oK/ajie paccMaTpuBaIOTCA MOLYJISIP-
HBIE 3JIEMEHTBI PENIETKN BCeX MOJIYTPYIIIOBBIX MHOT00Opas3mil. Takme seMeHTh Oy/1eM
HAa3bIBATH MOJY/IIPHBIMU MHOIOOOPA3UsIMHU. 3ajiavde OMICaHUs MOJLYJIAPHBIX MHOT'000-
pasuiil n POJICTBEHHBIM eii 3a1adaM 1ocBsieH § 14 o63opa [1]. Toxkmecrsa Buga w = 0
HasbiBatoTCst O-mpuBefeHHBIMA. TOXKIeCTBO HA3BIBACTCA IT0JCTAHOBOIHBIM, €CJIN 00
€ro YacTU COJIepyKaT OJHU U Te Ke OyKBBbI U IpaBasg YacTh IMOJIydaeTcsd U3 JIEBOU
B3aMMHO OJTHO3HAYHBIM IepeobosnavuenneM O6ykB. B paborax [2, 3| zamaua onucanus
MO/TIyJISPHBIX MHOTOOOpa3uil ObLIa MOJIHOCTBIO CBEJIeHa K PACCMOTPEHUI0 HUJIBMHO-
roobpasmii, 3aJJaHHBIX TOJBKO O-TIPUBEIEHHBIMU U TTOJCTAHOBOYHBIMU TOKJIECTBAMU.
Hamu nostyueno rosiHoe ornucanme MOIY/ISPHBIX HUJIBMHOIOOOpa3uil, 94To 3aBepIIaeT
OTIMCAHMe MOJTYJIIPHBIX MHOr00Opa3uii B 1esioM. [losiHass popMympoBKa 1oty 4eHHOTO
pesyabraTa TpeOyeT BBeJEHUs IIEJIOTO Psjia OIpeesleHnii 1 0003HAYEHW I, U TTOTOMY
He MOYKeT OBbITH IPUBEJEHa 3/IeCh 110 coobparkeHusM oObema. OTMeTHM, OJIHAKO, UTO
HAIIIe OTMCaHUe OJIM3KO T10 JIyXY K IOy IeHHOMY B [4] OIMCAHUIO CIICIHATBHBIX SJIEMEH-
TOB PsJia THIIOB B PelTeTKe HaJKOMMYTATHBHBIX MHOT000pa3uii moyryrpymi. B obrmmx
Jeprax ero MOXKHO cOPMYJIMPOBATH TaK: BBOJIUTCH HEKOTOPOE CUETHOE MHOXKECTBO
KOHEYHO 0a3upPyeMbIX MHOr00Opas3uii U JIOKA3bIBACTCs, YTO HUJIBMHOI00Opasmne MoIy-
JISIPDHO TOTJIa M TOJIBKO TOT/Ia, KOT/Ia OHO SBJISIETCS TepecevdeHrneM MHOTo00pas3uit u3
9TOr0 MHOYKECTBA, IPU YCJIOBUU, YTO HEKOTOPbIE MHOT000pa3us IepeceKaTh MeXKTy
coboil 3amperaercs.
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TEPHAPHBIE 1 OBOBIIIEHHBIE /INOOEPEHIITMPOBAHU A
IIPOCTBIX MOPJIAHOBBIX CYIIEPAJITEBP
A. 1. Illecrakos
Hosocubupcruii I'ocydapemeennwti Ynusepcumem, Hosocubupcsk
shestalexy@mail.ru, shestalexy@yandez.ru

Tepuapubie auddepeHImpoBaHs, a TaKXKe CBA3aHHbIE ¢ HUMHU 00001eHHbIe JTHh-
bepenIpoBaHnst U3yYAINCh B PA3INIHBIX Kiaccax aarebp, cm. vampumep [1] - [3]. B
HACTOAIIEH paboTe 9Ta 3a/a9a U3yIaeTCs JIJIsi KOHETHOMEPHBIX HOP/IAHOBBIX CyTIepai-
reop.

[Iycts A — cynepasirebpa uas mogem ©, 1.e. A = Ag+ Ay — Zso-rpajtynpoBannas
d-aredpa.

Tpoiika (D, F, G) ogHOpoaHbIX JuHeRHbIX oTobpaxkenuit D, F, G € End(A) na3bIl-
BaeTCst mepHaprovim dudgeperyuposanuem cynepaaredbpbr A, ecin st 100bIX T,y €
€ A BBIIOJIHAETCS PABEHCTBO

D(xy) = F(x)y + (=1)*0@Dzq(y).

[Tepsas kommonenTa D tepHaproro auddepentmposanust (D, F, G) HasblBaeTCsa Tak-
ke 0bobuennvm duddepernyuposanuem. Ilonstie Tepuaproro,/obobrnernoro audde-
peHIupoBanusi 006061maer obbranbie auddepeniupoBanus upu D = F = (G, a Takxke
d-muddepentmposanust ipu F'= G = 0D, (§ € ), cm. mampumep [4]- [5].

SaMeTuM, 9TO TPONKU OTOOPAXKEHHH CJIeYIONIEro BIIA, OUEBHUIHO, ABJISIOTCA TEP-
HapubiMu JinddepeHImpoBanusaMu B JI000i cynepaJiredpe:

A=(p+1+D" ¢+ D" ¢+ D, (4)

riae ¢,1 — IPOU3BOJBHBIE 3JIEMEHTHI IeHTpoua cynepaiareopnt A, a D° — moboe
obbikHOBeHHOE JndbhepentmpoBanne B A, T.e.

D(zy) = D(x)y + (—1)4o@deaD®) 3 DOy,

npu stoM deg¢ = degtp = deg D° = deg/A. Hazsosem mIpuBejeHHBIC TepHApPHDBIE
muddepeniuposanust Buja (4) — cmandapmuvimu. COOTBETCTBEHHO, OTIPEJIEIISIIOTCS
U CTaHJapTHble 0000meHHbIe uddepeHnnpoBans KaK rJIaBHble KOMIIOHEHTHI CTAH-
JIAPTHBIX TEePHAPHBIX JinddepeHImpoBaHuii.

[Tokazano, 9TO 3a ONPEJIEIEHHBIM UCKIIIOUEHNEM, BCsIKoe TepHapHoe (00001IeHHoe)
nuddepeHImpoBanne B IPOCTHIX HOPIAHOBBIX Cylepaaredpax HaJl ajaredpaniecku 3a-
MKHYTBIM TI0JIEM XapaKTEPUCTUKH HOJIb ABJISIETCS CTAHJIAPTHBIM, a TaKXKe B CJIydae
[IPOM3BOJILHON XapaKTEPUCTUKHU II0JI HE PABHON 2, HO IPU YCJIOBUU HMOJIYIPOCTOTHI
veTHo#l yactu. Vckirouenne e CBA3aHO C IMIPOCTOI cyrnepairedpoil HeBbIPOK IEHHOM
oumnHeitHoit (hopMbI f | ONpeie/IeHHOl Ha TIOJTHOCTBIO HEYETHOM JIBYXMEPHOM BEKTOP-
HOM TIPOCTpaHCTBe V', T.e.

JWV,f)=0-1+Vo+V, upu Vo=0, Vi=V, dimV =2. (5)

Bce gernbie quddepennupoBanus JaHHON cynepaaredpbl sBISIOTCS CTAHIAPTHBIMUI,
a Bce HedeTHble TuddepeHIMPOBAHNs HAXOIATCH BO B3AUMHO OJITHO3HAYHOM COOTBET-
CTBUU ¢ BeKTOpamMu u3 V| ciemyommum oopasom:

{Av | Av(l) - (U, %7 %)7 Av(x) - (@,f(x,v%f(m,v))
Vo e V}UGV-

DTO €JIMHCTBEHHBII CIydail MPOCTHIX HOPJAHOBBIX Cylepasredp ¢ HeCTaHIAPTHBIMU
TepHapHBIME (06001IeHHBIME) (D (bDEPEHITTPOBAHUSIMU.
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KOPPEKTHBIE AJITEBPANYECKUWE OITEPAIINN HA/I
AJITOPUTMAMMUA
3. M. IITub3yxoB
HUN npukradnot mamemamuru u asmomamusavuu KBHI] PAH, Harvuuk
szport@gmail.com

B nacrosimeit pabore obCyKIaeTcd KJacc ajaredpandecKuX KOPPEKTHBIX olepa-
muit HaJ| ajropurMamu [1-5|, BO3HUKAIONINX B CBA3M C MPOOJIEMOIl TTIOCTPOEHUST KOP-
PEKTHBIX ajroputMmoB [6] mamuaHOro 06ydenus. KoppekTHble omepaium 00aai0T
BasKHBIM CBOMCTBOM: OHH COXPAaHSIOT CBOWCTBO KOPPEKTHOCTHU AJITOPUTMOB. THIINY-
Has 3a/la9a MOMCKa KOPPEKTHON olepalini BO3HUKAET, KOTJIa HCIOJIb3yeMbIi MeTO/T
[IOCTPOEHUST AJITOPUTMA 110 BLIOOPOYHON MHMOPMAIUN B paMKaxX BBIOPAHHON MOJEIN
AJITOPUTMOB ITO3BOJISIET CTPOUTH MHOXKECTBO PAa3JIUYIHBIX AJTOPUTMOB, KOPPEKTHBIX
Ha oOydaroreir nH(OpPMaIUU, HO UMEIOMNX HEJIOCTATOYHBI ypoBeHb 0000maroIeit
CIIOCOOHOCTH. 3HAYUTEIHLHOE BHUMAHUE YJIEJIEHO HCCJIEIOBAHUIO AJreOpanvIecKux IMo-
TOYEYHO KOPPEKTHBIX M arperHpoOBaHHO KOPPEKTHBIX OIepaIldii HaJl aJrOPUTMAMMA.
[ToroueuHo KOppeKTHBIE Ollepaliiil COXPAHSIOT CBOWCTBO MOTOYETHON KOPPEKTHOCTH,
KOTJIa aJIlrOPUTM JIaeT BEPHBIE OTBETHI JIJISI BCEX HMPUMEPOB M3 00yUAIOIIero MHOXKe-
cTBa. ArpernpoBaHHO KOPPEKTHBIE OIl€paIliil COXPAHAIOT CBOWCTBO arperupoBaHHOIM
KOPPEKTHOCTH, KOI'/Ia arperupyrolias oleHKa KadecTBa (PyHKIIMOHUPOBAHUS aJITOPHUT-
Ma IIPUHUMAET ONTUMAJIbLHOE 3HaYeHHe.

Ormmcana 000CHOBaHHAsT CXeMa MMOCTPOEHUsT TTOTOYCTHO KOPPEKTHBIX U arperupo-
BAHHO KOPPEKTHBIX Ollepaluii Jijisd 3a/1a4d PErpeccuu u 3aja4d Kjaccudukanuu. boJrb-
1110€ BHUMAaHUe TaKKe yJIe/JIeHO UCC/IeI0BAaHUIO ITPUMEHEHHS arperupyommx QyHKITIi
THUIIA CPEIHEro JIJIsI MOCTPOEHUsT KOPPEKTHBIX Ollepalinii HaJ aJIrOPUTMAMHE.

Pabotra Boeimosinena npu nojyiep:kke rpanta POOU Ne 12-01-00162-a.
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ON LEX-EXTENSIONS OF PL-GROUPS
E. E. Shirshova
Moscow Pedagogical State University, Moscow
shirshova.elena@gmail.com

Let G be a partially ordered group (po-group), and G* = {z € G|le < z}. A
subgroup M of G is said to be convex if the inequalities a < g < b imply g € M
for any a,b € M and g € G. An o-ideal is a convex directed [1| normal subgroup
of po-group. A po-group G is called a lex-extension of a convex normal subgroup M
by the partially ordered group G /M, if the inequality m < a holds for any elements
a € GF\' M and m € M. Elements a and b € G are said to be almost orthogonal
if the inequalities ¢ < a,b imply ¢" < a,b for any ¢ € G and any integer n > 0. A
po-group G is an AO-group if each ¢ € G has a representation g = ab~! for some
almost orthogonal elements a and b of G*.

Theorem 1. Suppose an AO-group G is the lex-extension of its o-ideal M , and
N is the set-theoretic intersection of all convex directed subgroups H of G, where
M C H; then if n € N\ M, then n = ab™! for some almost orthogonal elements
a and b of GT, where there exist integers k > 0 and | > 0 for which either the
inequality a < b* or the inequality b < a' holds.

A po-group G is an interpolation group if whenever aq, as, by, by € G and aq,as <
b1, by, then there exists ¢ € G such that ay,ay < ¢ < by, by. An interpolation AO-
group is called a pl-group.

Theorem 2. Suppose a pl-group G is the lex-extension of a convex normal
subgroup M, and N is the set-theoretic intersection of all convex directed subgroups
H of G, where M C H ; then the following assertions hold:

1. N is an o-ideal of G;

2. G is the lex-extension of N by the po-group G/N ;

3. if N # M, then the set N \ M is a chain;

4. if a,b € NT\ M, then there exist integers k > 0 and [ > 0 for which either the
inequality a < b* or the inequality b < a' holds.
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ABOUT SHUNKOV GROUP SATURATED BY PGLy(PY)
A. A. Shlyopkin, I. V. Sabodakh
Russia, Krasnoyarsk
shlyopkin@gmail.com

The structure of periodic Shunkov group saturated by PG Ls(p"), was obtained
in presented work.

Group G is called Shunkov group if for any finite subgroup H from G every two
conjugate elements of prime order in factor-group Ng(H)/H generate finite group.

Group G is saturated by the groups from set X, if any finite subgroup K from
G is contained in subgroup of group G, isomorphic to some group from X [1].

We continued studies started in the articles [2—4].

Define 9 = { PGLy(p")}, where p is fixed prime number and n varies.

Theorem. Periodic Shunkov group, saturated by the groups from 9t isomorphic
to PGLy(Q) for some locally finite field Q).
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ITIOCTPOEHUE AJITEBPANYECKOI'O CPEJIHEI'O B PAMKAX
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asmomamusaayuu Kabapduro-Baakapckozo nayunozo yenmpa Poccutickoti akademuu
nayx (HUW IIMA KBHI] PAH), Haavuuk
lenavsh@yandex.ru

B nmamnoit pabore paccmoTpeHa 3ajavda HaxXOXKJIEHUs aHajora cpegrero mo Koi-
MOI‘OpOBy JJI HepeMeHHbIX k—3Ha‘{HOﬁ JIOI‘I/IKI/I, TaK KaK B 3aJa4dax paCHO3HOBaHI/IH
C TEJbI0 YMEHBIIEHUS BBIYUC/IUTEIbHBIX 3aTpaT Ipu 00paboTKe OOJIbIINX 00bEMOB
JIAHHBIX TpeOyeTcs HaXOXKJIeHNe CpeJiHell BeJTMINHbI aHAJIM3UPYEMbIX ITapaMeTpoB. B
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pabore [1]| IpesIOKEeHO TOCTPOECHHE PETYIAPHBIX KOHEYHBIX cyMM 10 KosMoroposy,
KOTOpOe 0000IIaeT MHOTHUE U3BECTHBIE YAaCTHBIE C/Iydan CyMMUPOBaHUSI.
[Tycrb 3aman vHabop 3uavennii X = {x1, z9, ..., x,},v1e x; € {0,1,....k—1},k € N.
Tpebyercs onpeenuTsb ux cpegnee Ty, ..., Tp)
Oynknust p(xy, ..., T,) OUPEAETIACT CPeIHEe TUCKPETHBIX 3HAYCHUIT X1, ..., Ty, , €CIIH
OHa YJIOBJIETBOPSIET CJIEYIOIIIM YCJIOBUSIM:
1. p - cummeTpudeckast (DyHKITHST;
2. jt - MOHOTOHHAsT (DYHKITHUS;
3. pulx,x,...,x)=x;
4o (21, ey X Y1y ooy Ym) = Mg (Ty ooy TyYL, ooy Y ), THE T = (X1, .oy ) -
rtu yesosust, cienyst Komvoroposy A.H. [2] 6yem Ha3bBaThH aKCHOMAMU CpeJIHE-
IO JIJIs TUCKPETHBIX BEJTNIMH.
Cayuaii k = 2 paccmorpen B pabore [3]. Pacemorpum 3amady k -3Ha9HON JIOTHKY,
rae k> 2.
Bepxuum cpegnuM JIByX BEJIUYUH Kk-3HAYHOW JIOTUKU HA30BEM  (DYHKIIUIO
g(x1,29) = max(xy,x2), & HIKHAM cpegHUM - h(x1, T2) = min(xy, T2).
Teopema. Ananoe cpednezo no Koamozoposy 0as n  QUCKPEMHIT BEAUNUH
X1, X2, ey T € {0,1, ...,k — 1} k-3naunots nozuxu npedecmasum 6 eude:
OAf M — 4emHo20
Nma$(xl7 ey xn) - mal‘(mln[g(xm In—l)u M(xla ) xn—Z)]a
max[h(T,, Tno1), p(z1, ..., Tn—2)])
Lomin (T1, <y ) = min(min]g(z,, Tp_1), p(x1, ..., Tn_2)],
max[h(z,, Tn_1), p(x1, ..., Tn_2)])
OAs N — HEYEMHO20
,U(.’L'l, "'7$n) =
= maa:(min(xna Mmam(xla X3 xn—l))a Nmin($17 ey xn—l)) =
= min(maw(mn, Mmin(l‘h 23 xn—l))u ,umax(xla 23 xn—l)) ’
ede p(x1,...,z,) € {0,1, ...,k —1}.
Heiicteurenbro, byukimst (i(xq, ..., T,) SBISIETCT AaHAJOIOM CPEJTHETO, T.€. YIOBJIs-
0T aKCHOMaM CPEIHErO.
Samevanue. Ilpu paccmorpennn k-3HaTHON JIOTUKU YUCI0 (DYHKIIAA OTBEIIAIONINX
aKCHOMaM CPEJIHETO BO3pacTaeT ¢ BO3pacTaHueM K.
Hanpumep, 77151 Tpex3HavIHOI JIOTUKN CpejHee IBYX BEJUYUH KPOME maxr W 1Mmin
CYIIECTBYET eIlle JIBe PEeATM3alui CPEJIHEro YIOBIETBOPSIONUX akcuomam [3].
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O PABPEHHINMMOCTU KOHEYHBIX T'PVYIIII C YCJIOBUEM
IIJIOTHOCTU OJIA &p6-CYBHOPMAJIBHBIX ITOJATPVYIIIIL
A. 3. IIIMmurupes
YO MI'IIY um. H.II Hlamarxuna, Mosvipo
Shmigirev@tut. by

Bce paccmarpuBaembre rpyminbl KOHEIHBI. MBI HCITOTB3yeM 00O3HAYMEHUST U TePMU-
nosioruto u3 Kuuru JI.A. Illemerkosa [2].

Onpenenenue. [lycts § — Hemycras dpopmaliusi. Bymrem roBoputhb, 910 MHOMKE-
CTBO BCeX §-CyOHOPMAJIbHBIX MOATPYIIT Tpymibl (G IJIOTHO, €CJU JiJIsl JTFOOBIX JIBYX
pasimanbx moarpynn H w K rpynmbl G, W3 KOTOPBIX HEpBast COJIEPIKUTCS BO BTO-
poii m He MakcuMaJjbHa B Hell, B rpymme (G CyIIecTByeT Takas §-CyOHOpMaJIbHas
noarpyrnna N, yro H C N C K.

B pabore [1] 661 nccsteoBan BOIpoc 0 cTpoeHuu Tpyibl G- B KOTOPOH MHOKe-
CTBO BCEX €€ §-CYyOHOPMAJIbHBIX TOJAIPYIII IJIOTHO JIJIst CJIydasd, KOT/la § — KJIacC BCeX
p-3aMKHYTBHIX Ipytin. Hamu ucesenoBan JanHblil BOIIPOC B ciiydae, KOTjia § — IPOou3-
BOJIbHasI S-3aMKHYyTas HACBIMEHHAS (DOpMAIist p-3aMKHYTBIX TpyIil. B dacTHOCTH,
HoJIydeHa CJIeJIyIoas TeopeMa.

Teopewma. Ilycrs § — Herrycrasi S-3aMKHYyTasT HACBIIICHHAS P-3aMKHYTasi (popMa-
must, G — rpymnmna, y KOToOpoi# MHOXKeCTBO BCEX § -CyOHOPMAJIbHBIX MTOTPYIII IIJIOTHO.
Torga G ymbo paspenuma, JHOO SIBJISETCS p-3aMKHYTOH m(F ) -rpynioii.
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ABUOT DERIVED 7n-LENGTH AND CENTRAL INTERSECTION OF
A FINITE n-SOLVABLE GROUP
O. A. Shpyrko
The Branch of Moscow State University in Sevastopol, Sevastopol, Ukraine
shpyrko@mail.ru

All groups considered in this article are finite. All used concepts and notations
correspond to [1].

Only finite groups are considered. Let PP be the set of all primes and let m be the
set of primes. Denote the complement to 7 in P by 7. Let 7(G) be the set of primes
dividing an order G.

Each m-solvable group G has a subnormal series

G=Gy2G12..2G,12G, =1

whose factors G;_1/G; are ©’-groups or abelian 7-group. The least number of abelian
m-factors of all such subnormal series of G is called the derived 7-length of G and
denoted by %(G). Clearly, I#(G) < I%(G) for any m-solvable group G and in case
m = {p} we will obtain I2(G) = I2(G) = [:(G) = 1,(G).

A.G.Anischenko and V.S.Monahov are noticed that many invariants of Sylow p-
subgroups affecting the p-length [,(G) of a group G, can be replaced invariants
central intersections of p-Sylow subgroups, see [2].
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Recall, under the central intersection of w-Hall (p-Sylow) subgroups understood
the intersection of two different w-Hall (p-Sylow, respectively) subgroup containing
the center of one of them.

Proved the following theorem:

Theorem. 1. If a p-solvable group G has no central p-Sylow intersection, then
15(G) = d(Gp).

2. If a m-solvable group G has no central w-Hall intersection, then 12(G) = d(G).

Here d(G.(G) (d(G,)) is the derived length of a m-Hall (p-Sylow, respectively)
subgroup of a group G.
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N30MOP®IM3MBI PEIIIETOK ITOJAJITEBP IIOJIVIIOJIEN
HEIPEPBIBHBIX ITOJIOXKUNTEJBHBIX ®YHKIINN
B. B. Cunopos
Bamcexuti 2ocydapecmeenmnoiti 2ymanumapHuil yrusepcumem, Kupos
sedoy vadim@mail.Tu

[Tycte X — Tomosiornyeckoe MpoCTPaHCTBO, P — MHOXKECTBO IOJIOKUTETHLHBIX
JEHCTBATENIBHBIX ducesl ¢ 00bIaHON Tomosorneii, U(X) — mosymose HenpepbIBHBIX
dyukiuit 13 X B P ¢ MoTOYEYHBIME ONEpAITUAMU CJIOKEHUs U yMHOXKeHusi. Herry-
croe maOKecTBO A C U(X) 6ynem naspiBatTh nojasarebpoit, ecm A-A C A, A+A C A
u P-AC A MuoxectBo Beex nogairedbp mosynoss U(X) ¢ 1o6aBIeHHBIM IyCTHIM
MHOKeCTBOM (IIyCTOM 1moiarebpoii) OTHOCHTEIBHO OTHOIIEHUST BKIIIOUEHUsT 00pasyer
perretky A(U(X)) Bcex nomanare6p nosymnomns U(X).

B 1997 r. E. M. Beuromos [1] moka3zas, 9ro jjis IPOU3BOJLHBIX KOMIIAKTOB (KOM-
HAKTHBIX XaycaopdoBbix mpoctparcTs) X u Y wusomopduocTs pemerok A(C(X))
u A(C(Y)) nomanrebp koser; C'(X) u C(Y) HenpepbIBHBIX JEHCTBUTEIHLHOBHATHBIX
dyuknuit papaocubHa romeomopduoctn X u Y.

Jloka OyaeT MOCBSIIIEH CJIeIyoIIeil rumnorese.

I'mnoresa. /s npowussosbabix kommaktoB X wu Y pemerkn A(U(X)) u
A(U(Y)) msomopubsr Tora m TOJIbKO TOIja, Korja npocrpanctBa X u Y romeo-
MOPHBL.
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O MHOT'OOBPA3UU V,; AJITEBP JIEMBHUIIA
T. B. Ckopas
Vavanosckutl 2ocydapemeennuiti yrusepcumem, Yavanosck
skorayatv@yandex.ru

[Iycts ocHOBHOE 1016 ¢ MMeeT HYJIEBYIO XapaKTepucTukKy. Bce Heompeeisgembie
HIKe TTOHATHs MOyKHO Haiitu B [1]. Hamomunm, uto anrebpoit Jleitbrnma nasbiBaercs
BEKTOPHOE IIPOCTPAHCTBO ¢ OMIMHEIHO oneparyeil YMHOXKEHUs, y/I0OBIETBOPSIOINIE
ToxKIecTBY (1y)z = (22)y + 2(yz2).

O6osnaunm yepe3 F(X, V) orHocureabHo cBOOOIHYIO aiarebpy MHOroobpasus V
OT CYETHOI'0 MHOYKeCTBa CBOOO/IHBIX oOpasyomnmx X . [IpocTpancTBo nosmimHeitHbIX
9JIEMEHTOB 3TOil anrebpsl oboznaunm [epe3 P,(V). Pocrom muoroobpasms V Ha-
3BIBAETCS ACHMIITOTHIECKOE HMOBECHNE HOCTIeI0BATeIbHOCTH ¢, (V) = dimP,(V). B
ciaydae cymectBoBanusd Takux dmcen Cp > 0,0y > 0, dy > 1,dy > 1, uro jisda
BCEX 4nces n BhIMoJHAIOTC HepaBencTBa C1d) < ¢, (V) < Cady, roBopst, 94TO pocT
MHOT000Pa3ust ABJIAETCs IKCIIOHEHITNAIBHBIM. FC/Ti TPU 9TOM BEPXHU 1 HUKHUN TIpe-
JIEJTBI ITOM ITOC/IEI0OBATEILHOCTH COBIA/IAIOT, TO UX 3HAYEHNE HA3BIBAIOT SKCIIOHEHTOMH
MHOTI000pa3us.

MHuoroobpasue V3 gBisieTcst aHAJIONOM XOPOIIIO U3BECTHOIO MHOrooOpasust Vs aji-

re6p JIu. Panee, B pabore 2] orHOCHTEIBHO MHOTOOGpa3ust V3 OblLia JOKa3aHa MOYTH
HOJIMHOMUAJIBHOCTH €ro pocTa, B pabore [3| ObLM Ompe/iesieHbl €10 KPATHOCTH U KOJI-
JMHA, a B pabote [4] mokasaHa Me09nCIeHHOCTD 9KCIIOHEHTBI 9TOT0 MHOI000PA3Hs.

Teopema. Jxcnonernma mHoz2006pasus v, pasHa 3.
Paboma evinoanena npu dunarcosotc noddepoicke PODU (kod npoexma 14-01-
31084).
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CIHEIINAJIBHASI PEAJIN3YEMOCTD B THTVUIITMOHUCTCKOI
APNO®METUKE 1 TEOPUN MHOXKECTB.
. M. CmensHckuii
MIIT'Y, Mocksa
dmsolardens@gmail.com

Metos peasmsyemoctu, npeyoxennbiii C. Kiuau B 1945 1. B KadecTBe KOHCTPYK-
TUBHOIl MHTEpIpeTanui WHTYUIHOHUCTCKON apudmernkun HA, takxke siBisercs (B
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Pa3JINIHBIX MOANMUKAIIAK) OJHUM M3 OCHOBHBIX CPEJICTB JIOKA3aTE/IbCTBA COBMECT-
HOCTH (DOPMAJIBHBIX TEOPUi, OCHOBAHHBIX HA WHTYHUIIHOHUCTCKON JIOTMKE C PSIOM
KOHCTPYKTHBHBIX IPUHIIAIIOB, MEPBBIM M3 KOTOPBIX CJIEJIyeT Ha3BaTh Te3uc depya
CT:Va(y(a) — Jbp(a, b)) — eVal(a) — Fb(¢(a,b) Ae(a) = b)]. B nepporadanibHOM
BapuanTe KimHu 3Ta Moes b moKa3biBaeT COBMECTHOCTEL apudMeruku HA ¢ Tesucom
Yepua (u gazxe yeusaenubiM ero BapuanToM ECT), a Takzke IPUHIMIIOM KOHCTPYKTHB-
soro nogabopa Mapkosa M:Va(¢(z) V —p(x)) A ~—=Jzp(z) — Jre(x). (Cama reopus
HA+ECT+M nocut HazBaHue “TpajuinoHHbIi KoHCTpYKTHBU3M”). /{15 obocHOBaHMSI
ke jipyroro npununa - P: (=) — ¢(z)) — 3Jx(— — ¢(x)) - Tpebyercs Goee croxkK-
Had MOJeJb, TaK Ha3bIBAEMON CIIEIIMAJIbHON pean3yeMOCTH, IIPU KOTOPOA B KA4eCTBe
peau3aluii MOryT OBITH MCIIOJIB30BAHBI HE BCE BO3MOKHBIE BBIUUCIUMbBIE (DYHKIINH,
a JINIIb OIIPe/IeJIeHHBINA KJlacc.

Baxxueitimumn XxapaKTepUCTUIECKUMU CBORCTBAMU KOHCTPYKTUBHBIX TEOPHIl SB-
JIIOTCSA U3 bIOHKTHBHOCTD U 9K3UCTEHIIMAJIBHOCTD. JIIsi IPpOBEPKHU 3TUX CBONCTB B
cayaae HA mw HA+M co3manbl MITpHUX-pPeaan3yMOCTh, TPeOYIOILYI0 B CBOEM OIIpe/ie-
nenun Jyisi popmyst Buga ¢ V ¢ u Jap(a) Takke BBIBOAUMOCTH (DOPMYI @, 1) W
Jayp(a). B ciayuae ke HA+CT+M Tpebyercst COeMHUTD IITPUX-PEATU3YEMOCTD € -
dexTuBHOI peanm3zyemMocTbio KinHu — Takas MOJie/Ib U3BECTHA KAK (-PeaTn3yeMOCTh.
Ecnu nmpomseecTn Takoe e COeIMHEHNE MITPUX-PEATN3YEMOCTH CO CIIEIUATBHON pe-
AJIM3YEMOCTDBIO, TO IOJIyIUM BO3MOXKHOCTH JIOKa3aTh CBONCTBA JU3BIOHKTUBHOCTH U
skaucrenmasibuoctn g HA-+CTHP.

Chenyrommeil 3ajadeil IOCTPOEHME IOJOOHBIX MOJeeil I HUHTYHUITHOHIUCTCKOM
TEOPUU MHOYKECTB B COEJIMHEHWH C YKA3aHHBIMH KOHCTPYKTUBHBIMU HPUHITUIIAMEA T
IIPOBEpKa HaJu4Ind CBOHCTB 3(PEeKTUBHOCTU Takux Teopuil. B Hacrosmeit pabore
MPEJJIAral0TCsl TAaKUe YCUJIEHHBIE C MTOMOIIBI0 BBIBOJIMMOCTH BAPUAHTHI CIEIUATBHOMN
pean3yeMOCTH I apupPMETUKI ¥ TCOPUH MHOYKECTB.

O HNJIBIIOTEHTHO! AITIIIPOKCUMHUPYEMOCTHA
HNN-PACIHINPEHUU
E. B. CokoJuioB
Heanoscruiti 2ocydapcmeennoiti yrnusepcumem, 2. Mearoso
ev-sokolov@yandez.ru

Hamomuum, 910 corsiacHO O0IeMy OIpeJie/IeHIIO IpyTa X Ha3bIBaCTC AlllPOK-
cuMupyeMoit kjiaccom rpymi C, eciu Jijisd KayKJIoro HeeJUHUIHOro jiementa x € X
CYIIECTBYeT Takoit romoMopdusM ¢ rpymibl X Ha HEKOTOPYIO rpyiiny u3 Kiacca C,
gro x1p # 1. Hamomuum Takzke, 9to mojarpymmna Y rpymmnbl X HasbiBaercs p'-H30-
JupoBaHHOil B X /I 33/ JaHHOTO MPOCTOrO YHCJIa P, €CIU JJIs JII0OOr0 IPOCTOro
4qucia ¢, He paBHOTO P, W Jijisd JII00Oro sjeMeHTa r € X u3 coorHomreHus x? € Y
cieayer, 9to x € Y.

JI. H. Azaposeim n E. A. VBanoBO#i OBLI TIOJIyYeH CJI€YIONIHI pe3y/IbTar.

Teopema 1 [1]. IIyctb P — cBoGojHOE MpoH3BEJeHUE HEKOTOPOrO CeMelCTBa
JIOKAJIbHO HHUJIBIIOTEHTHBIX TPYIIT ¢ OAHOH oObeauHeHHOH moarpymrmoi (). W myctb
rmoarpynia () Xots ObI B JIBYX CBOOOJHBIX MHOXKHTEISX COJEPIKUTCS COOCTBEHHBIM
obpaszom. Ecim rpynna P anmpokcuMupyeTcss HUJIBIOTEHTHBIMU TDYIIIIAMH, TO CY-
M[ECTBYET TAKOEe IMPOCTOe YHCJIO P, 4To mnoarpyima () p'-u3ompoBaHa B KayKoM
CBOOOJHOM MHOXKHTEJIE.

ABTOpPOM yCTaHOBJIEHO, YTO AHAJOIUIHOE YTBEPXK1eHue umeer mecto u Jjiyisi HNN-
paclIMpeHuil rpymir.

Teopema 2. Ilycts G = (A, t;; t; 'Hit; = H_;, ¢; (i € T)) — HNN-pacmmpe-
HIe JIOKAJIbHO HUJIBIOTEHTHOH I'PYIIIBI A ¢ IIPOXOJAHBIME OyKBaMH t; U HOJAIDYIIIAMA
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H;, H_;, cBasanupivu ripu nomornu nzoMopgusmos ¢; (i € ). U nycre H; # A #
# H_; mrs kaxknoro ¢ € . Econ rpynma G anmpoKCHMHPYETCST HIJIBITOTEHTHBIMA
rpyImiamM, TO CYIIeCTBYET TAKOe MPOCTOe UHCJIO P, 9TO Jisd Jioobix ¢ € T, € = +1
moarpynna H.; p'-uszonmuposana B rpymie A.

OTmeTuM, ITO €CIu B YCJIOBUH TEOPEMBI 2 OTKA3aThCs OT TPeDOBAHUS HECOBIIA/IE-
HUA KayKJIOH M3 CBA3AHHBIX HOJIPYIIT ¢ 6a30BOI T'PYIIIONR, TO yTBEPKIECHUE JTAHHOM
TeopeMbl HepecTaneT GbITh BepHbIM. I'pynma Baywmcnara-Comurepa (a,b; a 'ba =
= %), npexcrasisiomasn coboit Hucxogmee HNN-pacipenne 6ecKOHeHOM UKJIH-
YeCKOH TPYIIIBI ¢ TOPOKIAIOININM b, AllPOKCUMUPYETCsT KOHEIHBIMU H-TPyIIaMu |2,
TeopeMa 3|, HO ee TOArPYIIa, MOPOXIeHHas djeMenToM b®, oueBHIHO, He ABJAETCS
P/ -u30/IMpOBaHHOl B 6A30BOM TPyIIIE HU JIJIsI KAKOTO IIPOCTOIO YUC/Ia P.
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KOHEYHBIE CBOBO/IHBIE KOMMYTATVBHBIE ITOJIYTPVIIIIHI,
JOITYCKARIIINE OBOBIITEHHBIE BHEIITHEII/TAHAPHBIE
I'PA®BI K2JIN
1. B. Conomarusn, II. O. MapTbiHOB
Omcxuti 20cydapemeennolii nedazozuveckuts ynusepcumem, Omck
denis_ 20017@bk.ru, marv98Q@Qgmail.com

M3y4atorcs KOHEUHbIE CBOOOJHBIE KOMMYTATHBHBIE IIOJYIPYIIILI, JOIIyCKAIOIINE
0bobiieHHbIe BHENHeIIanapHble rpadbl Kou. Haiiaeno ciemyiomiee XxapakTepucTy-
YECKOE CBOMCTBO:

Teopema. ['pa¢p Ksym KoHETHOH CBOOOIHON KOMMYTATHBHOH MOJIYTpyHIbl S OT-
HOCHTE/IbHO MHOXKECTBa CBOOOJIHBIX 00pa3yIoIinx 0000IIeHHO BHEIITHEILIAHAPECH TOIJIA
M TOJIBKO TOrza, Korga S 3aJaHa KOIPEACTABICHHEeM OJHOIO U3 CJCAYVIOIHX BHOB:

(1) S = (a|la™™ =a"), rme r uw m — ga0OBIEe HATYPAJIbHBIE TUCIIA;

(2) S = {a,blab = ba,a™™™ = a",b" = V"), e jaua marypamsaex v, m, h, t
BBIIOJIHSACTCS XOTsI ObI OIHO U3 CJACLYIOUIHX VCIOBHIL:

a)h=1,t=1, m<2;mwmr=1, m=1,t<2;

6) (h<2,t=2) mwm (h<3,t=1)), npu r+m =3; win

(r<2,m=2) wm (r<3,m=1)), npu h+1t=3;

(3) S = (a,b,clab = ba,ac = ca,bc = cb,a® = a,b* = b,c* = c).
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O 7-3AMKHYTOCTU Q,-PACCJIOEHHBIX ®OPMAIINN
MYJIBTUOITEPATOPHBIX T-I'PVIIII
M. M. CopoknHa
Bparckuti 2ocydapemeennviti yrnusepcumem umernu M. I. Ilemposckozo, Bpanck
mmsorokina@Qyandex.ru

(2-paccsioernbie (hopMaI MyJIBTHOIEPATOPHBIX 1 -TPyIIT ObLIN BBEJIEHBI B Pac-
emorpenne B.A. Beneprukoseim B 2009 romy (em. [1]). ITycrs 90t - Kitacc Bcex Myuib-
TUOTIEPATOPHBLIX T -I'PYIII, YJIOBJIETBOPSIIOMINX YCJIOBUSIM MUHUMAJIBLHOCTH U MAKCH-
MasbHOCTH i T -noarpyt, J; - Knace Beex npocteix M -rpymm, () #£ Q; C J1, K(G)
- KJacc Beex IM-rpyin, m30MOPMHBIX KOMIIO3UIMOHHBIM (hakTopam IM-rpymimsr G,
f:Qu{Q} — {dbopmaruu M-rpynm} - Q F-dbyukiws, ¢ : J; — {wemycroie dhop-
manun Ourrunra MM-rpynn } - FR-bynkius. Popyarus § = (G € M : G/Oq, (G) €
€ f(Q)) u G/Gua) € f(A) ma cex A € R(G) Ny ) naspiBaerca () -paccioeHHOM
M-dopmarmeit ¢ ;-coytaukoM [ u HanpasieHuem ¢ [1,2].

[Iycte 7 - mnoarpymnmosoit IM-dyrkrop. M-dbopmarus § Ha3bIBaeTcsd T-
3aMKHYTOI, ecin 7(G) C § st siioboit rpymmbl G € §. Q -ciiyTHEK ()] -pacc/ioeHHOM
M-bopmarun HA3BIBAETCS T-3aMKHYTBIM, €CJIH BCE ero 3HAYeHUs SIBJISIIOTCS T-
3aMKHYTBIME I)T-bopmarusavu [2].

Teopema 1. Ilycte § - $i-paccioennast IM-cpopmariust ¢ HaIpaBICHHEM
wo < @, T - peryasipablii ()i p-pajuKaJabHBIH TOArPYIIIOBoi M -(hyHKTOD, 3aMKHY-
ThIH OTHOCHTEJIHBHO KOMIIO3HI[HOHHBIX (pakKTopoB. Ecim opmarmss § obaagaer -
3aMKHYTBIM $)1 -CIlyTHHKOM, TO § SIBJISIETCSI T -3aMKHYTOH ¢popMarineri.
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O I'PVYIIIIAX C H-®POBEHNYCOBbBIM 2JIEMEHTOM
A.N. CozyTos, A. M. Ilonos
Cubupckuti geseparonuiti yrusepcumem, Kpacnoapcer; Cubupcrudi
2ocydapcmeennuill aspoxocmuveckut yrusepcumem, Kpacrosapck
sozutov_ar@mail.ru, vm__ popov@mail.sibsau.ru

Oaement a rpyunbl G HaswpBaercsa H -gpobenuycosvim, ecim H — cobcTBeHHAS
noarpymmna 8 G u Bce moarpymist Buna L, = (a,a?) (g € G\ H) ABsioTcst TpynaMu
Opobennyca ¢ JIOMOJTHEHUEM, COJIEPKAIIUM SJIEMEHT .

[Iycrs |a| > 2 u a — H-bpobennycosblii smement rpyunbl G. fBagercs
obbesuHenre Beex sep bpobeHMYCOBBIX MOArpYIIl rpymnbl G ¢ jonoaHerneM (a)
noarpynnoii? (Cm. Bompoc 10.61 u3 Koyposckoit rerpaan [1]). dus ciydast yernoro
HOPSIIKA 9JIEMEHTA @ TOT BOIIPOC PEIIEH IOJIOKUTEILHO B [2].

Teopema 1. ITycrs a — H -¢ppobennycobiii ssement rpymibl G, |a| < oo u siapa
Beex noarpyma L, (g € G\ H ) nmabsnorenrust. Torga s joboro g € G\ H spo
F, rpynmsr L, j0kaIbHO KOHETHO U JJIsT HEKOTOpOro stementa f € F,\ H noarpymma
H, = (a, a’t ) coxepxurcs B H u saBisiercss gomosnenneM rpynnbl L .

DaeMeHT x rpymibl X Ha3bIBAETCS KOHEUHVLM, €CJIU Bee noarpymisl (r, zY) (y €
€ X) B X KOHEUHBI.

Teopema 2. IIycrb a — H -¢ppobennycosniii siement rpymmsr G, |a| > 5, supa
Beex noarpyuir Ly (g € G\ H) muibrnorentusl u (a) COLEPKHUT HEENHHHYHBIH KO-
ueunprit B H siement. Torja obbenunenue F sinep Bcex (ppOOEHIYCOBBIX HMOJATDYIIIL
uz G ¢ gonosHeHneM {(a) siBjsiercst HopMasbHoii B G mogrpynmoii u G = FH
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ON THE SET OF COMMUTATORS IN PERFECT GROUPS
A. M. Staroletov
IM SB RAS and NSU, Novosibirsk
astaroletov@gmail.com

Let G be a group and a, b € G. The element a~'b~tab of G is denoted by [a, D]
and is called the commutator of a and b. It is known that the set of all commutators
may not be a subgroup of G. The smallest example of group with such property has
order 96.

There are many different problems about the set of commutators. In particular,
D. MacHale (see [1, question 17.76]) formulated the following question:

Does there exist a finite group G, with |G| > 2, such that there is exactly one element
in G which is not a commutator?

We obtain the following properties of a group with unique non-commutator if such
group exists.

Theorem. Let G be a finite group and |G| > 2. If z € G is the unique element
which is not a commutator in G' then

1) G is perfect, |z| =2, and z € Z(G);
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(G) — is a 2-group;
/ < z > is not a simple nonabelian group;
(H ) denotes the number of conjugacy classes in a finite group H then
2-k(G/<z>).

Il :-;QN

2)
3)
4) i
k(G)
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AKCUOMATUSNPYEMOCTB KJIACCA NTHBEKTVBHBIX
ITIOJINTOHOB
A. A. Crenanosa, II. A. 3amopoBa
J[BDY, Baadusocmox
stepltd@masil.ru

B paborax [1, 2| npuBouTcs onucanue MOHOUJIOB S, KJIACC IIOCKUX, IPOEKTUE-
HBIX, CBOOOJIHBIX U PETYJISPHBIX S-TIOJUTOHOB HAJT KOTOPBIMHU aKCHOMATH3UpyeM. B
JIAHHO¥ paboTe perieHa 3a/1a9a OMUCaHIsT KOMMYTATHBHOTO MOHOUIA S, HAJT KOTOPBIM
KJIACC MHBEKTUBHBIX S -IIOJTUTOHOB aKCHOMATU3UPYEM.

st bopMyIMpoBKY JIAHHOTO pe3y/IbTaTa HAIIOMHUM HEKOTODPBIE OIPEJIe/ICHUs U3
Teopun MoJjeseit u Teopun mosuronos (em. [3, 4]). Ilox sesbiM S-mosmronom gA
Hay MOHOUIOM S (WM MPOCTO S-TIOJIMIOHOM) MOHMMAETCs MHOXKeCTBO A, Ha KO-
TOPOM MOHOWJ S JEHCTBYeT cjieBa, IpudeM eauHuia S JAefiCTBYeT TOXKJIECTBEHHO.
NHBEKTUBHBIM S -TIOJIATOHOM Ha3bIBAETCSI S -TIOJUTOH g() Takoii, 9TO HJjsI JIFOOBIX S -
IIOJIMTOHOB g A u B, jmoboro monomopdusma 1: gA — B u 1151 1106010 TOMOMOP-
dusma f: gA — sQ cymecrByer romomopdusm [’ ¢B — 5@ Takoii, uro f = f'o1.
Kitacc nabekTuBHbIX S-110MroHOB ob03HadaeTcss Inj. Kiace K cTpyKTyp si3bIKa
L Ha3bIBaeTcsd aKCMOMATH3UPYEMBIM, €CJIH CYIIECTBYET MHOXKECTBO IMPEJJIOKEHUN .
s3bIKa L Takoe, 94To cTpyKTypa A npuHaiekuT Kiaaccy K Torjga u TOJIBKO TOT/IA,
KOIJIa KaskJ0€e MPEeJIJIOKEeHNe U3 Y, MCTHHHO B A.

Teopema. Ilycth S — KOHEYHO MOPOXKIEHHBIH KOMMYTATHBHBIH MoHOHJ. Kiacc
Inj unbeKTUBHBIX S -TIOJTUTOHOB AKCHOMATH3HUPYEM TOIJ[a U TOJIHKO TOIJa, Korja S —
KOHEYHO TIOPOKIeHHBIH MOHOH/I.

Pa6otra Beimosiena npu noiep:kke PODU, npoekt 12-01-00460-a.
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ON CLASSES OF STRUCTURES AND THEIR GENERIC LIMITS
S. V. Sudoplatov
Sobolev Institute of Mathematics, Novosibirsk State Technical University,
Nowvosibirsk State University, Novosibirsk
sudoplat@math.nsc.ru

In series of papers, semantic generic structures and their applications for model-
theoretic purposes are defined. In [1], syntactic generic constructions are presented and
they were applied for the classification of countable models of complete theories |2, 3].
In this talk, we consider topologies for classes of potential structures corresponding
to generic constructions and investigate properties and cardinalities of neighborhoods
in these topologies, both for countable and uncountable powers.

Let (To;<) be a self-sufficient generic class of a language > and ®(A) be a
diagram in Ty. Denote by [®(A)] the class {M | M = ®(A)} of all potential
structures M, of the language X, containing A and satisfying ®(A). For a diagram
®(A) € Ty we denote by [®(A)]so the quotient of [®(A)] by the isomorphism
relation; by [®(A)]won the the restriction of [®(A)] to the isomorphism types
of structures of cardinality < A; by [®(A)]ison the restriction of [®(A)] to the
isomorphism types of w-homogeneous structures; by [®(A)sonr the restriction of
[®(A)]iso.r to the isomorphism types of structures of cardinality < .

Theorem 1. Let (Ty; <) be a complete self-sufficient generic class and M be a
countable (Ty; <)-generic structure. The following conditions are equivalent:
(1) N [®(A)]sorw is a singleton (consisting of the isomorphism type of generic
‘I’(A)GTO
limit M ); (2) the structure M is saturated.

Theorem 2. Let (Ty;<) be a complete self-sufficient generic class and M be
a countable (Ty;<)-generic structure. The following conditions are equivalent: (1)
N [®(A)]sow Is a singleton (consisting of the isomorphism type of M); (2) the
D(A)eTH
structure M is saturated and the theory T = Th(M) is either countably categorical
or there are no powerful types of T" and there is unique, up to isomorphism, union of
elementary chains of prime models over tuples which realizes all types in S(T').

Using the classification of countable models and spectrum functions for
uncountable models of countable complete theories we investigated cardinalities and

links for intersections [ [®(A)]sonr as well as for () [P(A)]mson-
P(A)ETy ®(A)ET
The research is supported by RFBR grant No. 12-01-00460-a.
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O CIIEHNMAJIBHOM KJIACCE KOJIELl ®OPMAJIBHBIX MATPUII
. T. Tankuna
Kasanv, KOV
danil.tapkin @yandez.ru

Ilycte Ry, R, ..., R, - xoubla, a M;; - (R;, Rj)-6umonynu, npudem M; = R;,
o Beex 1 < 4,7 < n. Illyers Takxke @i @ M;; ®R, M, — My, OynyT (R;, Ry)-
OMMO/Ly/IbHBIME TOMOMOP(MU3MaMHU, C OFOBOPKOH 4TO ;i @ Ry ®p, My — M;; n
vijj + Rij ®r; Ry — M;; - Kanonuveckue nzomopdusmer a1 Beex 1 < 12,7 < n.
Benem obosmnavenune aob = @ (a ®b) g a € M;;, b € M. 3a K obosnadum
MHOXKECTBO BCEX 1 X m-Marpuil (m;;) ¢ smementamu my;; € M, 1 < i,j < n.
[Ipocrast mpoBepKa MMOKa3bLIBAET, YTO OTHOCUTEILHO OOBLIYHBLIX OIePaIlUil CJIOMKCHHU U
yMHOXKeHust, K Gy/1eT KOJIbIOM, eCJii U TOJIbKO ecan a o (boc) = (aob)oc s Beex
a € My, be My, ce M, 1<,k l,j <n. Iomyuennoe xonpro K Ha3bIBaeTCH
KoAbUYOM hopmanrvroir mampuy nopsiaxa n u obosnadaercs K ({M;;} : {¢ijr}).

Kombmo dopmansubx marpury K ({M;;} : {pijx}) nmopsanka n, B koropom M;; =
= R, nna Bcex 1 < 4,7 < n, Ha3BIBACTCI KOABUOM POPMAALHOIT Mampuy, Had R
nopsigka n u obosnadaerca K, (R) win K, (R : {vijr})-

IMycts K, (R : {¢ijr}) - xombmo dopmambaeix Marpur mag R nopsaaka n. O6o-
sHaduM 15 = Pijk(1®1). Torma ¢;jk(a®0b) = nirab, nias Beex a,b € R u 1), J1eKuT
B IIeHTPe KoJiblla 2. Tak»Ke BBINIOJIHAIOTCS YCJIAOBUL:

1) migg =miz; =1, 1< 1,5 <n,
2) NijiNikt = NigMyke, 1 < 4,5,k 1 < n.

B o ke Bpems, mjst sioboro mabopa {nik |1 < 4,j,k < n} nenTpajbHLIX 3Je-
MEHTOB [, yIOBJIETBOPAIOMIUX II€PBOMY M BTOPOMY YCJOBHUIO, MOYKHO IIOJIOXKHUTD
vijkla ® b) = mipab, a,b € R. B srom ciydae Koabio (OpPMaIbHBIX MaTpPHIL
K, (R : {@ijr}) 6yaem oboznauars depes K, (R : {nix}).

PaccmorpuMm crieruasibublil cirydait Koster (popMabHBIX MATPUIl HaJT R mopsika

dik—0ij ol1—0;k
n. 114 menTpaIbHbIX 3J1eMEeHTOB 1, ..., B, IOJIOKUAM 1), = 3 B; . Hemrocpe -

CTBeHHAs IPOBEpKa IOKa3bIBaeT, 4To Habop {7k |1l < 4,5,k < n} ynosrersops-
eT ycaoBusIM 1 M 2, IpejcTaB/eHHBIM paHee, U, CJIeJI0BATEILHO, OIPEIeIaeT KOJIbIo
dbopmambubix Marpun zHag R. Homydennoe kosbio Oygem obosnatars Mg, 5 (R).
BepHbl ciiemyiomme TeopeMbt:
Teopema. Ilycrr R - komMMmyTaTuBHOE KOJIBIIO, N = 3, B,71,....7% € R u
anng(f8) C J(R). Torga Mg o, .. 0(R) = M,, 4, (R), ecmm u TosbKO ecm 7y; =
) Y )

= a(B)vsa; gt kaxxgoro i = 1,n, rae o € Aut(R), v; € U(R) u 1 = a1 +az+...+ay,
- PA3JIOXKEeHHe eJMHHUIBI B CYMMY ODTOTOHAJBHBIX HJEMIIOTEHTOB.
Teopema. Ilycrs R - kommMmyrarusrnoe Koubio, takoe aro Z(R) C J(R). Ilycrs
rakxke n = 3 1 B,7,...,7, € R. Torza Mﬂ,ﬁ,--.,ﬁ<R) = My, m (R), ecomn u
———

n

TosbKo ecn v; = o B)v; mrst kaxkgoro i = 1,n, rae o € Aut(R) u v; € U(R).
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AMALGAM FOR AFFINE GROTHENDIECK’ SCHEMES OF FINITE
TYPE
N. V. Timofeeva
Yaroslavl’ State University, Yaroslavl’
ntimofeeva@list.ru

The talk will be a continuation of the presentation given by the author on July 2013
at Krasnoyarsk [1] where the analogous result concerning zero-dimensional schemes [2]
was presented.

We construct the amalgamated sum for so called affine Grothendieck” schemes of
finite type over a field k. These are prime spectra of finitely generated commutative
associative k-algebras with unity. Algebras of our interest are now not supposed to
have Krull dimension equal to 0. For example, if such an algebra has no nilpotent
elements then it is isomorphic to the coordinate ring (= ring of regular functions) of
some closed algebraic subvariety X in some affine space X C A™.

The construction of the amalgamated sum X; ][ X0 X5 of two schemes X;, X,
with respect to the scheme X, provides a systematic way to glue them together even
in the case when X is not an open subscheme in both X;, X5. We assume only that
there are two morphisms X <+ Xy — X5. Amalgam X [] Xo X5 is a scheme defined
by universality as a coproduct.

The dual picture in the category of k-algebras is formation of a product algebra
defined by universality. If X; = SpecA4;, ¢ = 0,1,2 and there are two k-algebra
homomorphisms A; — Ay < As then X;]] x, X2 = Spec Ay X 4,42 where the
product of algebras A; x 4,A5 behaves functorially like fibred product in the category
of Grothendieck” schemes.

We do all the construction in the category of k-algebras and prove the following
theorem. Our proof provides the way to compute the product algebra by generators
and relations.

Theorem. The category of commutative associative algebras with unity of finite
type over a field k can be supplied with universal products. Dually, the category of
affine Grothendieck’ schemes of finite type over k is supplied with amalgamated sums.
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HEITOABUN2KHBIE TOUYKUW S9HAOMOP®N3MOB CBOBOJHBIX
METABEJIEBBIX I'PVYIIII
E. . Tumonienko
HI'TY, Hosocubupck
eitim45Q@Qgmail.com

[Iycrs G — Hekoropas rpymmna u G' = [G, G| — eé kommyTanT. DHIOMOPDUIM ¢
rpymnbl G HazbiBaeTcsd [ A—3H10MOPGU3IMOM, €C/In OH WHIYIIUPYET TOXKJIECTBEHHDII
sujgomopdusM Ha rpyune Gy, = G/[G, G].
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[Iycts F,, — cBobGomnas rpyuma KoHewdHoro panra n. I'pyuma M, = F,/[F), F]
Ha3bIBaeTCsI CBOOOHOI MeTabesieBoil IpymIoil paHra n.

OniemeHT g € (G HA3BIBAETCS HEINOJBUZKHON TOYKON 3HIOMOPDUIMA @, €CTU g =
= g'

Heemunutinas HenoBuzKHasi TOUYKa HA3BIBACTCS HETPUBUAJILHOM.

B [1] cchopmysmposan ciieryronuii BOpoc:

Bepro au wmo, wmo arwbéoti 1 A— asmomopgusm c60600not memabenesoti 2pynnol
M,, umeem HeMPUBUGALHVIE PUKCUPOSAHHBLE MOYKY Y

Ecau panr n rpynmst M,, paBeH JBYM, TO OTBET YTBEPUTEIbHBIH [2].

Osnako npu n > 3 B [3| ykazan [ A— asromopdusm rpyrnbt M, y KOTOPOTO HET
HETPUBHUAJIBHBIX HEIOABUYKHBIX TOYEK.

B [1], upusesensr mocraTodHble YCJIOBUSA I TOTO, IT00BI [ A—3sHI0MOphU3M
rpymmbl M, WMes HETpUBHAJIbHBIE HEOABUKHBIE TOUKNA. MbI yKazkeM HeOOXOIMMBIX
U JOCTATOYHBIX YCJIOBHUSIX JIJIsi TOTO, 9T00bI [ A—3umoMopdusm rpymmast M,, n = 2,
nMeJT HeTPUBUAJIbHBIE HEIOIBUYKHBIE TOUKU.

U3 510it TeopeMbl JIErKO BBIBOJMM DsIJI CJEJCTBU, JTOKa3aHHBIX B paborax |1, 3.
OpHuM n3 HuX siBjigercst upumep I A— apromopdusma rpymmbl M, n > 3, OTJIMIHbBIT
oT TpuMepa u3 3], KOTOpbIii He MMeeT HeTPUBUAIBHBIX HEIIOBIKHBIX TOUEK. JIpyrum
— pacnio3naBaeMocTb [ A—3HpoMopdu3MoB 63 HElmoABUKHBIX TOYeK [1].

Paboma evinoanena npu ¢urarcosoti noddepocke PODU, npoexm 12-01-00084,
a makoice npu Punarcosoti noddepocke Munucmepecmea obpaszosanus u nayku PO
(2ocydapemeennoe 3adanue Ne2014/138, npoexm 1052)
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PASPEHINMBIE I'PVIIIIBI C OTPAHNUYEHHBIMU ITIOPAJIKAMMN
HEKOTOPBIX CUJIOBCKUX ITOAI'PVYIIII
A. A. Tpobumyk
Bpecmerud 2oc. ynusepcumem um. A.C. Iywxuna, Bpecm
alexander.trofimuk@gmail.com

PaccmarpuBatoress ToJIbKO KOHEUHBIE IPyHIIbI. Bee 0603HavYeHns U UCIOJIb3yeMble
ompeeserns coorBeTcTByoT [1]|. Burukmmaeckoit #aspiBator rpymny G = AB), aBis-
OIIYTOCST TIPOU3BEIEHNEM JBYX IUKJMdeckux rmoarpynn A n B.

Unen pabor |2, 3| Hanum npuMeHeHre B UCCIEIOBAHUN PA3PENTUMbIX IPYIII, HeOH-
MUKJIMYECKUE CUJIOBCKHE TTOJPYIIIBI KOTOPBIX UMEIOT OI'PDAHMYEHHbIE TOPSIKU. TaK B
pabote 4] ayst pasperumoit rpymmbl G, y KOTOPOii HEOUIMKINIECKIe CUIIOBCKUE TOJI-
IPYIIBLI UMEIOT IIPOU3BOJIBHBII MOPAJIOK, JIOKA3aHO, YTO IIPOU3BO/IHAL JJINHA IPYIIILI
(G orpanuveHa CBepXy 3HAUYEHUAMU (PYHKIINN, 3aBUCIIIUMHI OT STUX TOPSIKOB.

Paccvorpum it rpyminbl G IIETIOUKY TOATPYIIT BUAIA
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Baecy ©(G) n F(G) — noarpynmna @parrunn u noarpynna @urrunara rpymmst G .

B pabore [5| mccnemoBamich paspentuMblie IPYIIBL, ¥ KOTOPBIX CHIOBCKHE IOJI-
rpynmsl B pakTopax mernouku Buga (1) GuIukImdecKue.

B nacrostiieii paboTe MpoIo/IKEeHO N3y IeHIe PA3PEIINMbIX IPYIIIL, Y KOTOPHIX (hak-
TOPBI 1ernovKy Buja (1) MMeoT 3a/laHHbIe OTPAHNICHMUS.

Teopema. 3agurcupyem mHatypaapHoe ducao n. Ilycts B paspermmmori rpyiiie
G cymecrByer nernouka noarpyin Buga (1) Takast, 94To HOPSIOK KaxKJI0H HEOHIHK-
JITYECKOI CHJIOBCKOI p-noArpyibl B ¢axtopax Gy 1/G; e nemmres wa p™ | s
kaxkzoro 1 u kaxjoro p € (@) . Torua HuibnorenTHast jymHa rpymsl G o npous-
BojHast jymnHa gaxrop-rpynnsl G/®(G) we npesbimnator p(n) + 1.

Baech p(n) — MakCUMyM MPOU3BOHBIX JIJIUH BIIOJHE TIPUBOUMBIX PA3PEITUMbIX
HOArpyI HOJHO JmHeitHoi rpynnbl G L(n,P) max noxem P, cm. 6, memmva 2.4].

Pabora BeinosiHena mpu dpunancooii noiepkke BPODU (rpant Ne @13M-113).
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VERBAL CATEGORIES AND ANALYTIC FUNCTORS
S.N. Tronin
Kazan federal university, Kazan
Serge. Tronin@kpfu.ru

Let W be a verbal category [1], [2], K be the category of sets, or multisorted sets,

or any other sufficiently good monoidal category.
We shall say that a functor F': W — K is called W -species of structures. For

each W -species of structures F' there is analytic functor F: K — K. By definition,
. zeW
F(X)= / F(z) @ X®.

Any functor isomorphic to a functor of the type F also is called polynomial.
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Theorem. Let W be a verbal category, F' and G are W -species of structures;
then there exists the unique up to a natural isomorphism W -species of stuctures
F o G such that

F.-G=Fod.

Corollary.The category of W -species of structures is a monoidal category with
respect to F'o G. Operads over verbal category W [1], [2] is monoids in this monoidal
category.

The above definition and results are the generalization and development of ideas
from [3], [4] and from some other papers.

The work is supported by the grant NSh-5383.2012.1 of President Grants for
Government Support the Leading Scientific Schools of the Russian Federation.

References

1. Tronin S.N., Abstract Clones and Operads // Siberian Mathematical Journal. —
2002. =V. 43. —Ne 4. —P. 746-755.

2. Tronin S.N., Multicategories and varieties of many-sorted algebras// Siberian
Mathematical Journal. —2008. —V. 49. Ne 5. —P. 944-958.

3. Joyal A. Foncteurs analitiques et espaces de structures // Lecture Notes in Math. —
1986. —V. 1234. —P. 126-159.

4. Fiore M., Gambino G., Hyland M., Winskel G., The cartesian closed bicategory of
generalised species of structures // J.London Math. Soc. —2008. — V. 77. — Ne 2. —
P. 203-220.

SOME APPLICATIONS OF THE OPERAD THEORY IN
PUBLIC-KEY CRYPTOGRAPHY
S.N. Tronin, A.R. Gaynullina
Kazan federal university, Kazan
Serge. Tronin@kpfu.ru, GaynullinaAlina@gmail.com

In modern mathematical cryptography we see algorithms which uses various
algebraic platforms. For example, widely used groups [1]. Our goal is to show that
cryptographic algorithms can be constructed by using a platform of commutative
operads introduced in [2]|. Definitions and designations necessary for further can also
be found in [2].

Let Z be a commutative operad, A be an algebra over Z. These data is public
(not secret).

Protocol 1. Creation a common secret key. Alice’s secret is the w € Z(n). Bob’s
secret is the A € Z(m). Public elements are a,; € A, 1 <i<n, 1 <j<m.

Alice computes a; = Y@ a;;, 1 < j < m. Bob computes 3, = >V a;;, 1 <
i=1 j=1
¢ < n. Then Alice sends Bob the elements «;, and Bob sends Alice the elements ;.

Then Alice computes > 3;, Bob computes > ™ «; . By definition of commutative
i=1 j=1

operad, > Y Mg, ; = SN 3@ g, ;. Thus Alice and Bob receive a common secret

=1 j=1 j=1 =1

key.
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Security of protocol is based on the complexity of the task of finding ¢ € Z(k)
k
using known by,...,b, € A and > ©b; € A.

i=1

Protocol 2. Bit string m of length ¢ is encrypted. Public data is g € Z(n) and
hash function h which maps elements of the operad Z to bit strings of length /.
Secret key is x € Z(m). Public key is y = zg...g € Z(mn).

Encryption begins with a random selection of the session key k € Z(d). The first
part of the ciphertext is ¢; = kg...g € Z(dn). The second part of the ciphertext is
the bit string co =m @ h(ky...y).

Decryption: m = c¢o @ h((zcy...c1)o). Here o is the uniquely calculated
substitution. Security of this protocol is based on the complexity of the task of finding
element of operad z according to known ¢g and zg...g.
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HEKOTOPBIE ITPUMEHEHN A TEOPUU OITEPA/L B
KPUIITOTI'PA®UN C OTKPbBITBIM KJIFOUOM
C. H. Tpouun, A.P. laiinynmuaa
Kasancxuti gedepanrvoruii ynusepcumem, Kazanw
Serge. Tronin@kpfu.ru, GaynullinaAlina@gmail.com

B coBpemMenHOiI MaTeMaTHYeCKONl KPUITOrPaMUH CTPOATCS U UCCJIEAYIOTCI KPUII-
Torpadudeckie aJrOpuTMbl Ha IIaTdOpPMaX Pa3INIHBIX aJIreOpamdecKuX CHCTEM.
Hamnpumep, jocraTodno mupoko uctosb3ytores rpymmne [1]. Hamra nesis — nokasars,
9TO KPUITOTrpadIIecKre aJrTOPUTMbBI MOXKHO CTPOUTD Ha I71aThOpPMe BBEICHHBIX B |2]
KOMMYTATHBHBIX ollepaji. Vcrosnb3yeMble onpe/iesienust 1 0603HAYEHNsT MOYKHO HANTH
B [2].

[Iycrs Z — xommyTaTuBHas onepajia, A — ajurebpa Hasi Z. DTH JaHHble OTKPBITHI
(He ABJIAIOTCS CEKPETHBIMN).

ITporokoJt 1. Beipaborka o61mero cekperroro kioda. Cekper Aucer: w
Cekper Boba: A € Z(m). Bagaiorcs OTKpBITBIE 3jeMeHTl a;; € A, 1 <
l<j<sm.

€ Z(n).
1 < n,

n m
Amuca peraucnser o = Y. @a;;, 1 < j < m. Bob soraucager 3 = Y. Ma,;,
= =1
1 <@ < n. 3arem Asmca noceliaeT BoOy ssnements! «;, a Bob Ammce — smemMeHTH
n m
B;. Hakonerr, Aymca sorauciger Y@ 3, Bob soraucizger Y™ a;. Beuy Toro, ato

i=1 j=1
n m m n

10 OTpe/IeTeHnIo KOMMyTaTHBH O onepagpt &) S W, =SSN Y @ g, . Asmca
=1 j=1 =1 =1

u Bob mostyvaior obmumii CeKpeTHBIN KJTI0M.

KpunrocroifkocTh IpOTOKO/Ia OCHOBaHA HA TPY/IHOCTH 33/a49H O HAXOXK ICHUU JJIe-
k
MenTa onepaap & € Z(k) 1o ussectHbIM by, ... by € Am SO b € A.
i=1



149

ITporokosn 2. ludpyercss 6uroBasi crpoka m jjauHbl £. OTKpBITBIE JIAHHBIE:
g € Z(n), n xom-dyHKIWs h, COMOCTABISIONIAs JIEMEHTaM OIepajibl Z OUTOBbIE
crpoku juHbl {. CekperHblil Kimou: © € Z(m). OTKPBITHIi KIOY: §y = Tg...q €
€ Z(mn).

IIngppoanne HaTUHAETCS CO CIIydaifHOrO BBIGOpa ceaHCcOBOro Kitoda k € Z(d).
BareM BBIYHCIAETCS TepBasg JacTh mudporekcra: ¢; = kg...g € Z(dn). Bropas
JacTh MmudpoTercTa — OuToBast cTpoka co = m & h(ky...y).

Jlemmmucpposarue: m = co @ h((xcy ... c1)o). 31ech 0 — OJHO3HAYHO BBIYUCIISIEMAsT
MOJICTAHOBKA. KPHUIITOCTONKOCTH 9TOr0 MPOTOKOJIA OCHOBaHA Ha CJIOXKHOCTU 33J1a9u
HAXOXKJICHUS SJIEMEHTa OIePaJIbl T 110 U3BECTHBIM ¢ U (... (.
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RSA CRYPTOSYSTEM FOR DEDEKIND RINGS
S.N. Tronin, K. A. Petukhova
Kazan Federal University, Kazan
Serge. Tronin@kpfu.ru, ksenypet@mail.ru

Suppose R is dedekind ring and we have for R:

L. If 9 is a maximal ideal then R/9 is a finite field.

2. Let 91,5 be maximal ideals then it’s possible to find a set W C R, such as:

2.1. For any 91 = 9, - My we have coset R/ such as R/NNW = {w}.

2.2. Any bit line of big fixed length may be encoded by elements from W'.

We can also consider the Euler’s function’s analog for all ideals of R as pgr(2) =
= |U(R/2l)|, where U is a group of all invertible elements.

We will encode some message m € W . Cipertext is from W too. “RSA-modulus”
is an ideal 9T = 9y - My, where Ny u M, are maximal ideals, My # M,

Given @gr(M) = wr(M;)er(M,) and suppose we have encryption exponent F
such as GCD(E, pg(M))=1.

Suppose d is decryption exponent, Ed =1+ ¢@(MN)t.

Public key is ideal 91 and E. Secret key is 9%, My, d.

Encryption:

C=mF (mod M) e W.

Hence we need choose unique element C' € W, such as m” +90M = w + N.

Decryption:

m=C? (mod M) € W.

Hence a set W must have next property:
1. We have sufficiently good ajghoritm that allow to find unique w € W such as
z24+N=w+N for every z € R.

Theorem. Given R, W,9 = 94,9, that were described early. Then m¥¢ = m
(mod M) for every m € W.

It’s possible to find some different examples of using commutative ring theory or
algebraic number theory in cryptography in [1].
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ON AUTOMORPHISMS OF A DISTANCE-REGULAR GRAPH WITH
INTERSECTION ARRAY {35,32,1;1,4,35}
L. Yu. Tsiovkina
Krasovsky Institute of Mathematics and Mechanics, Yekaterinburg
l.tsiovkina@gmail.com

Let A\ denote the number of common neighbours for any two adjacent vertices of a
distance-regular graph. In [1] A.A. Makhnev and M.S. Nirova have found all feasible
intersection arrays of distance-regular graphs with A = 2 and at most 4096 vertices.
In the present work, we study prime divisors of orders of automorphisms and their
fixed point subgraphs for a hypothetical distance-regular graph with intersection array
{35,32,1;1,4,35} from this list. As a corollary we show that arc-transitive distance-
regular graphs with intersection array {35,32,1;1,4,35} do not exist.

Theorem. Let I' be a distance-reqular graph with intersection array
{35,32,1;1,4,

35}, G =Aut(T'), g — an element of G of prime order p and let Q be the subgraph
of T' induced by Fix(g). Let ;(g) denote the number of vertices x in I such that
dr(xz,29) =i. Then 7(G) C{2,3,5,7} and one of the following holds:

(1) Q is empty graph and either p = 3, as(g) = 27Tm and a;1(g) = 18(2r + m)
for some m,r € Z, or p=2, asz(g) =0 and ay(g) = 12(2l + 3) for some l € Z;

(2) Q is contained in an antipodal fibre of T and either

(Z) p=7, |Q| =29, or
(i) p="5, |2 = 4.9,

3) p =3 and ' has precisely 9 antipodal fibres, intersecting Q0 by 3 wvertices,
as(g) =54, a1(g) = 9(4l — 15) for some | € Z and the neighbourhood of a vertex in
Q 1is either two isolated 4-cycles, or 8-cycle;

(4) p =2 and T' has precisely t antipodal fibres, intersecting 2 by s vertices,
asz(g) =t(9 — s) and either

(i) Q is the union of two antipodal fibres, a3(g) = 0 and ai(g) = 6(41 — 13)
for some l € Z, or

(1) t = 4, s € {5,7,9} and a connected component of the subgraph € is
4-clique or K4 minus the edges of matching, or

(i1i) t =06 and s € {3,5} or s =3 and t € {8,10}.

Corollary. There are no arc-transitive distance-regular graphs with intersection
array {35,32,1;1,4,35}.

Acknowledgement. This research was supported by RFBR (project 14-01-31298)
and by the grant of UrB RAS for young scientists in 2014 (project 14-1-NP-278).
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OBb AIIITPOKCUMUWPYEMOCTU KOPHEBBIM KJIACCOM K
HNN-PACIHHINPEHN A K-TPVYIIIIBI
E. A. TymanoBa
Hesanosckutl 2ocydapcmeennoili ynusepcumem, 2. HMearoso

helenfog@bk.ru

Cornacuo [1] comepzaniuii XoTst ObI OJHY HEIMHUYHYIO TPYIILYy KJjacc rpymm K
HA3bIBAETCH KOPHEBBIM, €CJIM OH 3aMKHYT OTHOCUTEIbHO B3ATUS MOJTPYII U TPAMBIX
[POU3BE/ICHNIT KOHEYHOI'O YUCJIa COMHOXKHUTENIEH, a TaKKe yJIOBJIETBOPSIET YCJIOBUIO
['pronbepra: ecim 1 < Z <Y < X — cybHOpMasibHbIil psji Tpynibl X u paxTop-
rpynusl X/Y | Y/Z npunajmexar kiaccy K, To B rpyime X CyIiecTByeT HOpMaJib-
nas noarpynmna 1’ rakasg, aro T C Z u X/T € K.

Hanomuum, uro rpynna X HasbBaeTcs amnmpokcumupyemoii kiaaccom Ko (KC-am-
[POKCUMUPYEMOit ), e JiIst JTI060r0 HeeJMHUIHOrO dj1eMeHTa & € X CyIIecTByer
romomopdusm ¢ rpymmbl X Ha HEKOTOPYIO K-TpyIiy Takoi, ato x) # 1.

B nannoit pabore MoJIydeHO JIOCTATOYHOE YCJIOBUE AIIPOKCUMUPYEMOCTU TPOU3-
BOJIBHBIM KOPHEBBIM KJjaccom rpymn K HNN-pacmmpenus: -Ipymibr ¢ COBIAIAI0-
MU HOPMAaJIbHBIMU CBSI3aHHBIMU TIO/ITDYTITIAMH.

[Tycts Beroy nastee K — KopHEBOIi KJjiace rpyii, B — HeKoTopast IpyIa u3 Kjac-
ca K, H — mopmaJsibHas mojArpymmna rpymuisl B, ¢ — aBromMopdusm moarpynns H |
G = (B,t; t7'Ht = H, ¢) — HNN-pacmmupenue rpymnsl B ¢ npoxojuoit 6yKBoit ¢
u nojrpymmnamMu H u Hp = H, cBI3aHHBIMUA OTHOCUTEJILHO aBTOMOPMU3MA .

Tax kak nmoarpynmna H nHopmasibHa B B, T0o oHa HOpMaJjbHa U B (G, TIO3TOMY OI'pa-
HUYIE€HUE Ha 3Ty MOATPYIIITY JIF0OOT0 BHYTPeHHero aBroMopdusma rpynmnsl G OKa3bBa-
ercs aBromopdusmom rpynnbl H . MuoxkecrBo Autg(H) Bcex Takux aBTOMOPMOU3MOB
siBJIsieTcs oArpynmnoit rpymmsl Aut H Bcex aBroMopdu3MOB rpytibl H .

CdhopmymupyeM Oy I€HHBIE PE3YIbTATHI.

Teopema. IIycrs rpynnsr B/H u Autg(H) npunamiexkar kaaccy K. Toraa cy-
mecTByeT roMmoMopusmM rpyiibl G Ha rpymiry u3 Kiacca K, HHbeKTHBHBIH Ha M0/
rpymme B, u, B wactaoctu, rpymmna G K -anmpokcuMupyema.

Ecnu xirace K 3aMKHYT OTHOCUTEIBLHO B3siTUsA (PaKTOP-TPYIIIL, TO JAHHASA TeopeMa
[pEBpAIAeTCs B KpUTepuii, (opMyJIUPYEMBIil CJIeIyIONTIM 0Opa30M.

CrnenctBue. Ilycrs kinacc K 3amMKHYT oTHOCHTEIbHO pakTopu3arnuu. Torma cire-
JIVIOIIIHEe JIBA YTBEPKJIEHHS PABHOCHJIBHBI U IIPH BBITOJTHEHHH JTFOO0T0 U3 HUX TDYII-
na G K-ammmpokcuMmupyema.

1. CymectByer romomopcpusm rpyimbsl G Ha rpynmny u3 Kjaacca K, HHbeKTHBHBIH
Ha mojrpyitire B.

2. I'pymma Aute(H) npunasurexur Kiaccy K.

JIuteparypa

1. Gruenberg K. W., Residual properties of infinite soluble groups // Proc. Lond.
Math. Soc. — 1957. — V. 7. — P. 29-62.



152

KOHEYHBIE I'PVIIIIBI C MUHUMAJIBHBIMUA
P-CYBHOPMAJIBHBIMU IIOATI'PYIIITAMMAX
B. H. TrorgasosB, II. B. Berukos
Meotcdynapodnwid uncmumym mpydosviT U COUUANLHLT omHouweHutl , Tomenn,
Beaapyco; Tomeaveruti 2ocydapemeennoiti ynusepcumem umeny D. Cropunos
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PaccMarpuBaioTesi TOJILKO KOHeuHbIe TpyIIbl. B pabore [1| 66110 BBEjIEHO Cliery-
1orree

Onpenenenne. [logrpynma H rpymnmsr G HaszsiBaercs P-cybnopmasbroit B G
(obosnadaercss wepes H P-sn G ), eciin smbo H = G, smbo cymecrByer nelb 1moj-
rpymm H = Hy C Hy C --- C H,1 C H, = G rakas, aro |H; : H;_1| — mpocroe
quCJI0 JIsT JIiIoboro 1 =1,...,m.

EcrecTBenno paccMoTpeTh BOIPOC O CTPOEHUU KOHEYHOMN I'PYIIIBI ¢ 33/ IaHHON CH-
cremoii P-cybHOpMasibHbIX oarpyin. Tak, Hanpumep, B [1] 66110 ycTaHOBIEHO CTPO-
eHne rpymmsl ¢ P-cyOHOPMAJIBHBIMU CHJIOBCKUMU TIOIPYIIIIAMU.

A. ®. Bacupes, T. . Bacunbera, B. H. TroTsHOB mmocTaBmin cjieayomniuit BOIpoc
[2, Bompoc 2]

Bompoc. Omnucars rpymibst G, y KOTOPbIX MHHUMAJIBHBIE IIOATPYIIIIBL (IPUMADHBIE
muKdeckne noarpyiibsl) P-cybropmanbasr B G

Crpoenne Tpyll, y KOTOPBIX BCe IUKJIMYECKHE IIPUMapHble OArpymibr [P-
cybropmasbHbl, 6610 yctanosieno B.H. Kusarunoit u B.C. Monaxossim B [3]. B
YaCTHOCTH, MTOKA3aHO, ITO TAKNE TPYIIIBI PA3PEIIIMBI.

B cnemyromieit Teopeme paccMaTpuBalOTCA TPYIINIBI ¢ MHUHUMaJbHbIMU  [P-
CcyOHOPMAJIBHBIMHE TIO/IIPYIIIAMHA.

Teopema. [Iycte G — KoHedYHas Hepa3permuMasi IpyIIa, y KOTOPOH Jirobast M-
HEMaJIbHasT noarpyimna P-cybrnopmanbia B G. Torna S(G) # 1 u HeabesieBbI KOMIIO-
surpoHHbIe pakTopsl rpyimbl G sBIsIIOTCs TpyIaMu ciaeiyromero crmcka: SLz(3);
SL3(5); PSLy(7); PSLy(11); SLo(2"), rme 2" + 1 = p — mpocroe ducio Pepma.
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KOHI'PYSHII-CBOMICTBA OJHOI'O KJIACCA AJITEBP C
OITEPATOPOM, NMMEIOIIINX TEPHAPHYIO OIIEPAIINIO ITOYTN
EJVMHOTJIACUA
B.JI. Ycoabnen
Bonzozpadckuti eocydapemeennvili coyuasvro-nedazo2uveckut yrusepcumen,
Bonazozpad

usl2004 @mail.ru

Ausrebpoii ¢ oneparopaMu Ha3BIBAETCS yHHUBEpCaIbHasg aarebpa ¢ JIONOJTHUTE b
HOIl CUCTEMOIT OIEPATOPOB — YHAPHBIX Oll€paInil, JIeMCTBYIONNX KaK SHIOMOPQMU3IMbI
OTHOCUTEJIbHO OCHOBHBIX OIlepaliuii.

Ouepaiueii ouTu ejuHorIacus (near-unanimity operation) Ha3bIBaeTCst OllepaIyst
f, ymosaerBopsiomast ToxgaectBaMm f(z,...,z,y) = f(z,...,x,y,x) = ... = f(y,z, ...

LL,x) =1

B [1] mokaszano, uro Ha jobom yHape (A, f) MOXKHO Tak ONpPEJeTUTh TEPHAPHYIO
OIIEpAINIO TIOYTH eauHoTIacust m(x,y, z), uyro aiarebpa (A, m, f) cranoBurcs ajared-
poii ¢ onieparopom f. B [1] maHo mosHOE ornucaHme mpocThIX U CTPOrO MPOCTHIX AIredp
(A,m, f).

Ouepatust m onpeiessiercs ciepyomum obpasom. [Tyers (A, f) — npousBoibHbIi
yaap u z,y € A. lnsa moboro snementa z yHapa (A, f) depes f"(z) obosnauaercs

pesyJIbTaT n-KpaTHOTro NpUMeHeHus onepaliui [ K sjiementy z; fO(z) = z. [Tomoxkum
M., ={n e NU{0} | f"(z) = f*(y)}, a rakxke k(z,y) = min M,,, ecniu M,, # 0

u k(x,y) = oo, eciu M, , = (). [Tlonoxum nasee
def | z, ecmm k(z,y) = k(y, 2);
m(z,y,2) = { x, ecmu k(z,y) < k(y, 2). (6)

[Tostyaeno nosiHoe onmcanue anredp (A,m, f), pemerka KOHIPYIHIUH KOTOPBIX
Oy/IeT IeNnbIo, a TaKXKe TaKUX aJredp M3 JJAaHHOTO KJIACCA, JIJIT KOTOPBIX PEIIeTKa KOH-
IpySHIHUIT UX YHAPHOTO pefykTa (A, f) coBmajaer ¢ peneTkoii KOHIPY HIiT aaredphl
(A,m, f).

Teopema. Asrebpa (A, m, f), rie oneparust m 3aana 110 npasuiy (6), HOAIPIMO
Hepas3JIO?KIMa B TOM H TOJILKO B TOM CJIydae, €CJIM PEIeTKa ee KOHTDYIHIIHI SIBJISTeTCS
IeIIBIO.

JImteparypa
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IIPEJCTABJIEHUE CBOBOJIHbBIX M-IIPON3BEIEHUN
M-T'PVYIIII ABTOMOP®U3MAMU JINHENHO YVIIOPAJIOYEHHBIX
MHO2KECTB
C. B. Bapakcun
Aamatickuti 2ocynusepcumem, Baprayn
varaksinsQyandex.ru

Hamomuum, aro m-epynnot (G, ) HasbiBaercs anrebpandeckast cucrema G Cur-
Hatypel m = (-,e,” ', V, A, ), KoTOopas sBjsteTcd (-TPYIIONi W Olepainus ¢ ecThb
apToMopdu3M Broporo nopsjka rpyunst (G, -, e, ') u anTunzomopdusM pererkn
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(G,V,N). Illycte G — rpynna ¢ 9acTUIHBIM WM [PABBIM MOPSAIKOM P 1 aBTOMOp-
du3zmom BTOpOro nopgjika . lopsaaok P pesepcupyercd @, eCiau U3 & < Y CJIeIyeT
P

o(y) < p(x). HazoBem ¢ pesepcueit, a rpyIily 9aCTUIHON WJIH IPABON 1M -IPYIIION.
P

[Iycrs (G,@) — dactuunas m-rpymma. Hazosem m-rpymmy (F, ) cBobomHOI
Hag G, ecim (G, ) Bioxkuma B (F, @) u o6oii o-romomopdusm oy : G — H,
YCTOWYUBBI OTHOCUTEIBHO (0, MPOJOJIXKAETCA 10 m-roMmomopdusma o« : F — H.

Teopema 1. ITycrs (G, p) — wacruunass m-rpymima. Torjga ycoBust SKBUBAJIEHT-
HBL:

1) cymecrByer cpobonnast m-rpynmna Haj (G, ¢);

2) cymecrByer m-smumoppuzm 7 (G, @) B HEKoTOpYIo m-rpyniy (T, ¢);

3) Gt ={g € Gle < g} — 910 IEPECEUEHNE IPABBIX P -PEBEPCUPYEMBIX HOPSIIKOB.

[Iycrs (G,¢) — uwactuunast m-rpymma. Torja ee nmopsjgok P siBjsercst nepece-
YeHHeM IPaBbIX HOPSIKOB P = QP,\. Ompenemum Cy = Aut(G, Py) x Aut(G, Py b,

aBroMopdusMbl 9o, Ha C) @ vA(g1,92) = (g2,91) 1 oo Ha C =[] Cr: vcley = v, -

A
Omnpegenum oy :G —Cy Kak 0x(9)(zo, 1) = (x0g, T1906(9)), 1 0 : G — C,0 = {0,}.
[Iycrs F' — (-noarpymnma B C, nopoxjennas o(G), u pr = @c|p.
Teopema 2. m-rpynna (F, ) sBisiercst ceoboguoii m-rpymmnoii vaj (G, p).
[Iycrs renieps {(Gy, p;)} — muO)ecTBO m-rpymi, G = xG; — ux cBOOOIHOE MPO-

U3BeJEHIE B KJIACCe IPYII, ¢ — HpojoJKenne ¢; Ha (G, a 4aCTUIHDBIA IOPAIoK P
Ha G nopoxjen nopsiikamu Ha (. Ilyers H — cBobognas m-rpymna Haj (G, @),
cymecrByionzas 1o teopeme 2. Torma m-rpynmer (G, @) JOIMyCKAIOT 0-BJIOYKEHHSI
a; B m-rpynmy (H, @2, nepecTaHoBouHble ¢ ¢ (HO He (-Bioxkenus). O6o3HATNM
qepes J = ((ai(9)”)' A ai(9)t|g € G;) m-unean m-rpynust (H, ), a depes F
dbakrop-rpynmy H/J 1o sTomy m-ujealy.

Teopema 3. m-rpynna (F,¢) = (H/J, ) sBisercs cBOOOIHBIM IIPOH3BEIEHUEM
m-rpyni (G, @;) B Kjiacce m-rpyIiL.
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O ITPE®PAKTOPU3IYEMBIX ITPOEKTOPAX KOHEYHBIX
m-PASPEIHINMBIX I'PVIIII
T. . BacuabeBa, E. A. Psas64eHko

Benopycckuti 2ocydapemeennviil yrusepcumem mpancnopma, 1omens
tivasilyeva@madl.ru, 6041131@tut.by

PaccmarpuBatorcest Tobko KoHeunble rpymnmbl. lyets X — kutace rpynmn. Makcn-
MaJibHasg X-1moarpyiia rpyunbl (G HasbiBaercd X-IIPOEKTOPOM, €CJIM OHA COXPAaHSET
9TO CBONCTBO Tpu JitoboM stmmopdusme rpymmbl G. [HorsgTue X-mpoekTopa BO3ZHUK-
JIO B CBA3U C 00OOIIEHWEM CBOMCTB CHJIOBCKHUX, KAPTEPOBBIX U XOJJIOBBIX IOATPYIIII
rpynnst [1]. Tng kinacca lynka X Bo Besikoil paspemmmoii rpymnie X -1mpoeKkTopbl
cymiecTBYIOT U conpszkensl [1]. B [2] mokazano, 9To 9TO yTBepK/IeHHE HMEET MECTO
BO BCAKOI m-paspemumoit rpyiie, ecin kiace [[lynka X ymosierBopsieT ycJIOBHIO

X=6X.
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B macrostiem cooOIeHnn HaiiJIeHbl YCJIOBUsI CYIIECTBOBAHUS IPehaKTOPU3yeMOro
MIPOEKTOPa B KJIACCE T -PA3PEITUMBbIX IDYIII.

Hanomuanw, eciu rpynima G = AB — npousBejienne noarpynn A u B, To moarpyi-
na S = (SN A)(SNB) nasbiBaercs npedaxropusyemoit ornocurenbio G = AB [3].
Knace llyaka — 3To HemycToit romomopd X, comepskammii Besskyio rpymmny G, v Ko-
TOPOil Bce MPUMUTHUBHBIE (DaKTOP-TrpyIIIsl TpuHaiexkar X. Yepes &, obozHavaeTcs
KJIacC BCeX 7' -I'PYIIIL.

Teopewma. Ilycte X = &, X — kiacc lllyuka, G = AB — m-pa3sperinmasi rpyIiia
u A< G. Ecm H — X-npoekrop noarpymnel B u w(H) N7(A) = 0, o B G
cymectByer X-1poeKTop, npegarropuzyembii oraocuresibio G = AB.

Crnenctsue 1. IIycte X — kiacc Illynka. Econ xosumoBa roarpynmna B pasperiu-
wmoit rpynnel G umeer HopMaJibHOe jgonosaHeHne A, o G obaamaer X -1IpoeKTopoM,
npecaxropuzyembim oTHocuTessbHO G = AB.

CaencrBue 2. Ilycrs paspemmmast rpynna G = AB, A < G. Ecoim H — noJ-
rpyma Kaprepa rpymbt B w w(H) N w(A) = 0, To B G cymecrByer mnoarpyiia
Kaprepa, npecpaxropuzyemast orHocurespao G = AB.
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KOHEYHBIE I'PVIIIIBI C MOAYJIAPHBIMUN IIOAI'PVIIITAMMN
CMNJIOBCKUX IIOAI'PVIIII
B. A. Bacuabes
Tomenveruti 2ocydapcemeennoiti yrusepcumem um. P. Crxopunw, Tomenn
vovichr@mail. ru

Bce paccmarpuBaembie B COODIIEHUN TPYIIIBL SBJISIOTCS KOHedHBIMU. [loHsiTHE
MOJLYJISIDHOTO 3JIeMeHTa pemérku (B cMbicie Kyporna) IPUBOAUT K HOHITHIO MO-
JYJSAPHOM TIOJTPYIIIBI TPYIIIBI, KOTOpoe ObLIo BBejeHo B 1969 romy P. IImwugrom
U 0Ka3aJI0Ch IMOJIE3HBIM B BOIIPOCaX KJIACCU(MPUKAINKA COCTABHBIX rpyIil. B MoHorpa-
dbun P. [Ivuara [1] MomyaspHble MOANPYMIIBL OBLIA UCIIOIB30BAHBI JJIs OJTY I€HUST
HOBBIX XapaKTepU3aluil pa3InIHbIX KJIACCOB TPYIIIL.

Hamu ucnionibzytores N u 4 151 0603HaMEHUS KJlacca BCEX HUJIBIIOTEHTHBIX I'PYIIIL
1 KJIACCA BCEX CBEPXPA3PEIINMBbIX TPYIIT cooTBeTcTBeHHO. Hamomuum, uro X -rumep-
eHTpoM Zxe(G) 2] rpymmsl G HasbiBaeTCs MPOU3BEICHNE BCEX HOPMAJBHBIX MOJI-
rpynn u3 G, ubn HedpparTuHueBsbl G -TiaBHble (DAKTOPHI ABIAIOTCH X -TIeHTPATHLHBIMU
B G. B ciyuae, xorga X =N, NP -runepuenrp obosnadant ZLg(G).

Ha ocroBe monsiTuit MomysaspHOit moArpynmnsl 1 XP-rumeprieHTpa TPyl HAMK
MOJIYY€H CJIe/IYIONINN Pe3yJIbTaT:

Teopewma. Ilycre ' — HopMmasibHas moarpymmna rpyiibl G, 0 p — HPOCTOIH J1e/TH-
resb |E|. Ipeamonoxnm, aro cunosckasi p-noarpymia P uz E umeer nogrpymiy D
rakyio, 4ro 1 < |D| < |P| un raxxnas nmoarpynua H u3 P ¢ nopsyikom |H| = |D| u
KaxKjasi UKJIndecKasi mojrpymmna u3 P c nopsyakom 4 (ecom |D| =2 u P sBisiercs
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HeabesIeBOil 2-rpyIiioi) He HMEIIHe P-HUIbIOTEHTHOro JobasjeHusi B G sIBJISIIOTCS
moyssipabivi B G . Toryga BbITOJIHSIFOTCST CJIEJIYIOUIUE Y TBEPK ICHUSL:
(I) Ecom p siBastercst HamMenbimnM IpocThiM JeanreneM |G|, o

E/Op(E) < Zo(G/Oy(E)).
(IT) Ecsn p siBstercss HAUMEHBIUM TIPOCTBIM jesuresieM |E|, To

E/Oy(E) < Zua(G/Oy(E)).
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O ITIOAMHOTI'OOBPA3MNAX MHOI'OOBPA3UA TTIOJIVKOJIELL C
IMOJIYPEILIETOYHBIM YMHOKEHWEM
E. M. Beuromos, A. A. Ilerpos
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Ioayxoavyom wasbiBaeTcst anrebpandeckast cTpykrypa (S,4,-), Takas, 91O
(S,4) — xoMMyTarWBHasI HOJIYrpymmna, (S,-) — MOJIyrpyIIa, YMHOKEHHE TUCTPHU-
OyTHUBHO OTHOCHUTEJILHO CJIOYKEHHs ¢ 00enx CTOPOH. ByiemM roBoputh, 9TO MOJIYKOJIBIO
S 0BIAAET NOAYPEWEMOUHDIM YMHOHCEHUEM, €CITN TIOTyTpyIa (S, ) dBJIsIeTcs mo-
JIypemerkoil (To ecTb KOMMYTATHBHON HIEMIIOTEHTHON mostyrpymioii). [loaykosbio
C TOXKJECTBAMU & + & = T, T + Yy = TY HA3BIBACTCA MOHO-NOAYKONLUOM. CKaXKEM,
YTO MOJIYKOJIBIIO O0JIATaeT KOHCMAHMHM CAOIHCEHUEM, €CIA Ha HEM TOXKIECTBEHHO
r+y=u-+uv.

Ob6oznatunMm depe3 I MHOrOOOpasme BCEX IMOJIYKOJIEI C Oy PEIIeTOUHBIM YMHO-
xkenneM. g nomykoser Sy, ..., .S, depes IM(S,...,S,) Oymem obo3HAIATH MHOTO-
obpasue MOIyKOJIel], TTOPOK/IEHHOE STUMU MOJIYKOJIbIIAMU. J[J1s1 MPOM3BOJILHOTO TOJTY-
KOJIbIIeBOro ToxkaectBa f = g uepes M(f = g) obozuaumm nojmuoroobpasue B I,
MTOPOKIEHHOE ITUM TOXKIECTBOM.

C TOIHOCTBIO 710 M30MOP(MU3MA CYIIECTBYET YETHIPE JIBYXIJIEMEHTHBIX MTOJTYKOJIBIA
C MOJIYPENIeTOYHBIM YMHOXKEHUEM: JIByX3JIEMEHTHas 1ellb B, JByX3JeMeHTHOe I0Jie
Zo, TBYX3JIEMEHTHOE MOHO-TIOJIYKOJIBIIO D) ¢ eiuHUTIEH U IBYX3JIEMEHTHOE MOJTYKOJIBIO
T c enquHuIEl 1 KOHCTAHTHBIM CJIOYKEHHEM.

[Monoxum N = M(B, Zy, D, T).

Teopema 1. Perrrerka rmogmuoroobpasuii Muoroobpasust M umeer poao 4 aroma
M(B), M(Zs), M(D), M(T) u saBassercss aTOMHOIA.

Teopema 2. [IponsBosbHOE TOJIYKOJIBIIO C IOJIyPENIETOYHBIM YMHOXKEHUEM SIB-
JISIETCST TIOJIIPSIMBIM [TPOU3BEJICHUEM MOJIYKOJIBIIA C HOJIYPEHIeTOTHBIM YMHOXKCHIEM C
TOXKIECTBOM 3T = X W MOJIYKOJIBIA C IOJIYPEIeTOIHbIM YMHOMXKEHUEM C TOXKIECTBOM
3r = 2x.

Teopema 3. B pererke nojmHaoroobpasuii Muoroobpasust 9 uMeroT MecTo cJie-
JIVIOIIHE DABEHCTBA:

A, M =M(3x = x) VM (3z = 272);
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MBr=22)NMBr+y=a+y)=M2x+y=x+y) =M2z =2z)VINT);
MBr+y=z+y) =3z =z)VvINT);

N =M(x+ 22y +yz =2+ 202 + yz);

Mm(B Z2, T) = M(x + 2zy = 3x);

MB,D,T) =Mz +yz = (z+y)(z+2) =NNMBz = 2z);

(Zz,]D) T) = M(x + 2zy = 3zy);

M(B, Ze, D) = NNM(3z = z);

MB, D) =NNM(2x = x).

Teopema 4. Pemerka mogvmaoroobpasmii Mooroobpaszusi N sBisercs 16-
9JIEMEHTHOH OyJIeBOI perreTKoH.

H.E.Q.“GFU.UQ.UU

K TEOPUN YACTUYHBIX ITOJIYVKOJIELL HEIITPEPBIBHBIX

0, 0]-3HAYHBIX ®YHKIIUII
E. M. Beuromos, H. B. IITanarunosa
Bamecexuti 2ocydapemeennviti eymarumaphoili yrusepcumem, 2. Kupos
vecht@mail.ru, korshunnv@mail.ru

[Tpomoimxkaercst usyuenne dactuanbix nosykoser, Ct o (X) HenpepbiBBHBIX (DyHK-
Uil Ha TOMOJIOTMYIECKUX MPOCTPAHCTBaX X €O 3HAUYEHUAMHE B mosykosbie [0, 0o] [1].
Henycroe muoxkectBo I C CT(X) Gyner ujaeagom B 9acTUUHOM HOJyKOjbie CT
+oo(X), econ gt mobbix f,g € I u h € CT(X) dyuximun f + g, fh € I npn
yeaosun, uto fh asiagerca wenpepbisHoil dbynkmueit. Unean I C CT o (X) HasbiBa-
ercst: npocmum, eciu fg € I = f € I wm g € I; empoeum (noaycmpozum), eciu
fHrgel=fgel (f+g fel=gecl).

[Iycts X — TtuxoHOBCKOE TTPOCTPAHCTBO, SX — €ro CTOYH-IeXOBCKasi KOMIIAKTHU-
buxarmua nu f# € Ct(BX) — mpomomxenue dbynxkmmn f € CT(X) na fX. s
dbyukmun f € CT(X) obosnaunm Z(f) = {z € X|f(z) = 0} u H(f) = {z €
€ X | f(z) = o0}.

[Iycts p € X . Cueayromue MHOXKecTBa sB/sitorcst uieanamu B CT oo (X):

X

= (e C )P €LY My = {J € Coo(X) [p e AN UH() 3,
0y ={f e CrulX) e @)Y,
Opoe = {f € CHoe(X) [p € (Z([) ) wan p e (H(F) )},

Nnmeror mecto Briouennda O, € M, C M, .

Teopewma 1. /[y1s1 mpon3BoIbHOIO THXOHOBCKOTO IIPOCTPAHCTBa X JIIOOOI TPOCTOI
miean P gacrmanoro nosykosbna Ct o (X) obragaer ciemyronmumu cBoficTBAME:

1) P —makcumasbabnil miean <= P = M, o, s Hekoropoil Toukn p € X ;

2) P conepxur naean O, s HEKOTOPOIT eAHHCTBeHHOH TOUKH p € X ;

3)0,CP,pepX = PCM,;

4) P conep:KuTcst B €JIHHCTBEHHOM MAKCHMAJIBHOM HIICAJIE;

5) PC M,,pe X = P — crporuii nzgear;

6) ectm O, C P M,, pe€ X = P ne nonycrporuii  Op o, C P;

7) P — crporuii <= P C M,, mus coorBercrByromeii Toukn p € X ;

8) P — MakKcHMaJIbHBII CPEIH CTPOrHX (IIOJIyCTPOIHX) MPOCTBIX HJIEAJIOB <—>
P = M, mma nekoropoit Touxn p € BX .

Teopewma 2. JI1060e XbIOUTTOBCKOE IIPOCTPAHCTBO X OIPEE/ISIeTCs ¢ TOTHOCTHIO
J10 roMmeoMopgpuzma yactuaabiM moJrykosbiiom CT o (X).
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KOHEYHBIE I'PVIIIIbI, BCE HECYBHOPMAJIbHBIE
ITOAI'PVIIIIBI HIMNATA KOTOPBIX CBEPXPASPEIIINMBbI
B. A. BenepHukoB
Mocxosckuii 20podckoti nedazozuveckuti yHusepcumem, 2. Mockea
vavedernikov@mail.ru

PaccmarpuBatorest Jiniib KoHedHble rpymnbl. B patore [1] O.FO.IIImuar uccie-
JIOBaJI CTPOEHHME HEHWJIBIIOTEHTHBIX TPYII, BCe COOCTBEHHBIE MOJATPYIIIHI KOTOPHIX
HUJIBIIOTEHTHBI. Taxme TpyIbl BIIOCIEACTBIN CTaIU Has3biBaTh rpynnamu [Ivuara. B
pabore [1] ycranosseno, uro rpynna [HImuara G 6unpumapsa, To ects 7(G) = {p, ¢},
cuoBcKad p-noarpymna G, HopMmasabhHa B G, Gy =< r > — OUKJIXYeCKad IPYIIIA,
<21 >=0,G) < Z(G), | G,/P(G,) |=p™, rae m — nokazaTesb YUCIA P IO MOILY-
mo g u G,/®(G)p) asasercs raasubiM dakTopoM rpymmsl G. OTciofa cegyer, ITo
rpymmna [vuara G cBepxpaspenmMa Toraa u TOJIBKO Toriaa, Korga m = 1.

B pa6ore [2| moydeHo mosHOe onncaHne CTPOeHNs HEHUIBIIOTEHTHON Tpymbl G
B KOTOPO#i Kaxkas nojarpymma [IImuara cybHOpMaibHa, B 4ACTHOCTH JOKA3aHO, YTO
G/F(G) siBasieTcs MUKINIECKOI TPYIIIOI.

B pab6ote [3] mosyueHo mosHOE ONMUCAHIE CTPOEHUST HECBEPXPA3PEINMbIX I'PYIII,
B KOTOPBIX KazKjasd COOCTBEHHAas MOArpYIIa CBepXpaspennma nim cybOHopMaibaa. B
YACTHOCTHU JIOKA3aHO, UTO TaKhe TPYIILI Pa3PelIMMbl U UX CBEPXPa3peIluMblii Kopa-
JUKaJI gBJIAeTCA IPUMAapPHON I'PYIIIION.

[Tpusesem onmcanne HEKOTOPBIX CBOMCTE IPYIII U3 KJacca, 00beUHIOETr0 KJIac-
CbI TPYIII, PACCMOTPEHHbBIX B paborax [2-3|.

IIpengmoxenue 1. [Tycrs G — mennabnorenTHas rpymma. Torga u TOJIBKO TOIJA B
rpyime Kaxxas nogrpynma IlIvmuara ceepxpaspernma, korga rpyimna G gucriepcuBHa
mo Ope u st 106bix p,q € w(G), p < q¢ wm q = 1(modp), win xommosa {p,q}-
moarpymmna rpyunbl G- HHJIBIOTEHTHA.

IIpennoxenue 2. Ilycte G — HecBepxpaspernvasi rpynna. Ecau B rpymme G
Kaxkjasi HecyOHOpMaJibHas noarpyiia IIImuara ceepxpaspemnnma, To rpynna G pas-
peluMa.

JIuteparypa
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O JIOKAJIbBHOM 3AJJAHUN ®OPMAILINN KOHEYHBIX I'PVYIIII C
CNJIOBCKNMMU K-3-CYBHOPMAJIBHBIMMU ITIOAI'PYIIITAMMUA
A. C. Berepa
Tomeavcruti 2ocydapemeennnds yrusepcumem umenu D.Cxopunol, omenn
artem.vegera@gmail.com

PaccmaTrpuBaiorcst TOJBKO KOHEYHBIE TPYIIIBL. XOPOIIO M3BECTHO, UTO TPYIIIA
HUJIBIIOTEHTHA, €CJIU ee CUJIOBCKUE IOJIPYIIIbl cyOHOpMaJbHbI. B mociieinee Bpems
AKTUBHO u3ydaiorcst (eM., nanpumep, [1, 2|) rpymmst ¢ 0606ImeHHO CyOHOPMAILHBIME
CUJIOBCKUMU TIO/ITPYIIIAMU.

B 1978 roxy O. Keresn Beest monsitue §-pocruxkumoii (K-F-cybHOpMambHOI, co-
[JIACHO TEPMUHOJIOMMU IPUHATON B [4]) mogrpyrmsi.

Onpepenenne [4, c. 236|. [Iycrs § — Hemycras ¢popmars. [oarpymnma H rpym-
el G HaseiBaercs: K-§-cybnopmasbaoii moarpynmoii B G (3amucbiBaercst H K-§-sn
G ), ecomm 6o H = G, smbo cymecrByer nens nogqrpynn H = Hy < Hy < ... < H, =
= (G rakas, uyro smbo H; 1 < H;, 1m60o Hf CH, y qmsmi=1,...,n.

[Iycrs § — memycras dhopmarust. B padore [3] Hamu usydasuch coiicTsa Kiacca
WS BCEX I'PYII, Y KOTOPBIX CHJIOBCKHE OAIPYIIIbI siBJIsioTCs K -§-cyOHOPMa/IbHBIMU.

B [3] 6110 yeTaHOBIEHO B KJ1acce pa3permMblX IPYIII, 9TO €CJId § — HAC/IeICTBEH-
Hasl HAChIeHHasd popMaliis, TO U KJIaCC Wy ABJSETCs HACIeCTBEHHON HACHIIEHHO
dopmarneii.

Cornacuao usBectHOit Teopeme [ammona-J/I00eaezep-IImuara m06ast HACHITIEHHAS
dopmarus siBIsieTcs JOKaJIbHON, 1 HA00OPOT.

[Iycts § — sokanbuas dbopMmarus u h — ee MaKCUMAaJIbHBIN BHYTPEHHUI JIOKAJTh-
HbIil 9kpan. O6o3HaUNM depe3 h* — JIOKaJbHBINA 9KpaH Takoii, aro h*(p) = (G €
€ 6 |VH € Syl(G) : H € h(p) u H K-F-sn G) auia moboro mpocroro p. Cieyiomnas
TeopeMa, YCTaHABJINBAET JIOKAJIbHBIN 9KPpaH I HACHIIEHHON (hopMaIun ws .

Teopema. Ilycts § — pa3peminMasl HacJIe/CTBeHHas HaChIIeHHasT ¢popmaliusi, h
— ee MaKCUMAaJIbHBIH BHYTpeHHUI JoKaabHblil skpad, ©m = w(F), 7' = P\ n. Torga
w§ = LF(f), nae f — makcuma ibHBIH BHY TPEHHHIT JIOKAJTBHBIH SKpaH pOPMAIHH W
TaKOH, 4TO

Fp) = N, eci p €
b N,h*(p), ecmmp € .
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HOBA4Ad XAPAKTEPU3AIINA CBEPXPA3SPEIINMBIX I'PVIIII
B. ®. Besecaunikuii, B. H. Cemenuyk
YO “Tomeckuti 2ocydapcmeennoitl ynusepcumem umeny D. Cropuno”, Tomean
velogos@rambler.ru

CornacHo Kjaaccudeckomy pesynbrary CuyioBa B JIFOO0H KOHEYHOH I'pyIIe CyIie-
CTBYIOT CHJIOBCKHE HOATPYIIIEL. JlaHHBIE TOATPYIIILEI UTPAIOT BayKHYIO POJIb IIPH U3Y-
YEeHUM CTPOEHUS KOHEUHBIX IpyIi. Hanpumep, rpyiima, y KOTOpoii Bce CHIOBCKHUE TI0/I-
PYIIIBI HOPMAaJIbHBI, HUJIbIIOTeHTHA. CBOMCTBO HUJIBIIOTEHTHOCTH COXPAHAETC U JJIst
IPYIII ¢ CYOHOPMAJIBHBIME CHJIOBCKAME IOATPYIIIaMA. B Teopuu KOHEIHBIX I'PYIIIT
€CTEeCTBEHHBIM 0000IIEeHNeM MTOHATHS CyOHOPMAaJIbHOCTH sIBJISETCS MOHATHE 0000IIEeH-
HOIT cyOHOPMAJILHOCTH (1§ -IOCTUKIMOCTH ).

Hanomuum, uro F-moctmkumoii (06001IEHHO CyOHOPMAJIBHOI) HA3BIBAIOT IO/
rpymmny H, eciin cymecTByeT Ielb TOIPYIII

G=HyDOH,D...OH,=H

Takasd, 9To Jjid jroboro ¢ = 1,2, ..., m qubo noarpynna H; sopmasibna B H; 1, 1mubo
(H;-1)¥ C H;.
[Tonyuena xapakTepusalus CBepXpas3pelmuMbix rpymn (4 — Kiace BceX CBepx-

paspermMbIX TPYIII) C MOMOIIBI0 0GOOIIEHHO CYyOHOPMAJIBHBIX moarpymm. ['pymma
Ha3bIBACTCA CBEPXPA3PEIIMMOil, €C/Ii OHA UMeeT HOPMAJbHBIN PAJl ¢ MUKJINICCKIMHI
dakropamu. /lokazaHbl cjeayronme Te0peMbl.

Teopema 1. ['pymia cBepxpaspelinma Torja U TOJBKO TOIJa, KOIJa B HEH JIo-
basi CHJIOBCKasl MOJrPYIIIa U JII0bast OulipuMapHasi CBepXpas3peniuMast mojarpyiira -
JTIOCTHKHMBI.

Teopema 2. I'pymma cepxpa3speriuMa TOrjIa U TOJBKO TOIJIa, KOIJa B (PaKTOD-
rpymnme G/®(G) srobast cimoBeKast OATPYIIIa 1 JF00ast CBePXpa3peIuMast MoArPYIIa,
I Ivugra U -10CcTHIKIMBL

KOMMYTATOPHAA ®OPMVJIA B I'PVIIITIAX AJIBITEPTHA
Bb. M. BepereHHUKOB
Yparverkuti gedepanrvivit ynusepcumem (Yp@Y), Examepunbype
borisQueretennikov.ru

[pymumoii Anbliepria Mbl Ha3bIBAEM I'PYIILY, KOHEUHYIO MM OECKOHEUHYIO, B KOTO-
poit Jirobast 2-MOPOoXKIeHHAasT TOAPYIIa UMeeT MUKINnIecKuii KommyTanT. JIxK. Ajb-
nepuH B [1] jokazan merabesieBOCTb KOHEYHBIX P-TPYII AJIbIIEpUHA TP HEYETHOM
IIPOCTOM .

B pa6orax [2], [3], [4] mocTpoenbr mpuMmepsl HeMeTabeJEBbIX KOHEIHBIX 2-TDYIII
U HEeNPUMAPHBIX KOHEYHBIX Tpymi AJibliepuHa, npudeM B [4] mokazano, uro srobast
KOHeuHast abesieBa IpyIiia MOKeT ObITh 130MOP(HA BTOPOMY KOMMYTAHTY KOHEUHOM
CPYIIBl AJTbIIEPUHA.

B.JI. Masypos na xoudepeniuu B Exarepunbypre, nocssiiernoit 100-1eTuio co
nust poxkienus C.H. Yepuukona, 3a/1a/1 BOIPOC aBTOPY 0 KaKOii-1ubo obrieit KomMyTa-
TopHO#i dopMmyie B Kjacce rpynn Ajbieputa. B oTBeT Ha 3TOT BOIPOC MpeIaraeTest
CJEAYIOIINA pe3ysibTar.

Teopema. Eciin G — rpynna Asbnepuna, x,y € G u [y, z]Y = [y, z]*, [y, x]* =
= [y, z]?, rme a, B — memsie wmca, TO TS TO6GOTO HATYPATBLHOTO 1 > 2 HMEET MeCTO
c¢opmyia:

«

(ay)" = a"y" [y, 2}/ P,
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rae f(n, o, B) = a(l+a(l+B)+a*(L+ B+ )+ +a" (14 S+ +5"7%)).
st 0c060 BasKHOTO, KaK MPEJICTaBIAeTC s, Cydasi, Korma «, 5 € {—1,1}, nmeem:

1) IIpn a=—-1,=—1: (zy)" = x”y”[y,$]_[%].
2) Ipu a=—-1,8=1: (zy)" = 2™y"[y, x](*l)n_l[%].
) pu a=1,=—-1: (xy)" = x”y”[y,x][%]

n(n—1)

) Ilpn a=1,6=1: (xy)" =2"y"[y,z]” z  (u3BectHas dbopmya).
BaMeTuM, 9TO U B OCTAJbHBLIX CJIyYasX, MOJb3YsICh (DOPMYJIOH CyMMBI M€OMETpPHU-
YeCKOIl TIporpeccun, MOXKHO TOJIyYUTh Bhipazkerue jyist f(n, «, ) 6e3 MHOroTouus.
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O ITYUYKAX CEPPA 1N AJITEBPE KYHIIA
A.B. BepéBkun
Vavanosckutl 2ocydapcmeentoill yrusepcumem, YavaHosck
abverevkin@gmail.com

[Iycts A = &;20A; — TpajynpoBaHHas accoluaTuBHAs ajaredpa Ha/l 1mojeM k, Ko-
HETHOITOPOKIEHHAST SJIEMEHTAME TIEePBOIi CTelenn, gr—A — KaTeropusi MpaBbIX TPaJIy-
npoBaHHBIX Moy eit Haj A. Obozaadum C' — HOJIHYIO TOJKATErOpHio gr—A JI0KaJIbHO
KOHEYHOMEPHBIX MojyJeir. Oupegenum kareropuio Qco(A), Kak (hakTop-KaTeropuio

gr—A/C, nonumaemyio B cmbicie ([1]) xareropun npasbix gactabx gr—A[X 7!, roe
Y — kiace C-uzomMopdusMoB B gr—A, TO ecTb,— MOPMU3MOB € JIOKAJTHLHO KOHEUHO-
MEpPHBIMU SPAMU U KOSIPAM.

U3 paborsr Ceppa ([2]) caemyer, uro jmas KoMmMmyTaTuBHON ajire6pel A Karero-
pust Qco(A) SKBUBAJIEHTHA KATEIrOPUHM KOIE€PEHTHBIX IIyYKOB HaJ| cxeMoit Proj (A), u
[O3TOMY B OOIIEM C/Iydae OHa Oblia Ha3BaHa KaTeropueil Kea3uko2epeHmHbLr nyukos
Ceppa — stor Tepmun B KouIe 1980-x rogos npeioxen FO.V. ManuabivM B pamMkax
ero IPOEKTa MOCTPOEHNUsT HEKOMMYTATUBHON aarebpaniecKoil reoMeTpun.

3/1ech yIa10Ch JI0Ka3aTh P/l aHAJIOIOB KJIACCUIECKUX TEOPEM IIPOEKTUBHOM ajre6-
pamdeckoit reomerpun ([3, 4 u MH. 1p.]). Bmecre ¢ Tem, B Teopun cTasm IpOSIBISITHCS
CYIIECTBEHHO HEKOMMYyTaTUBHbIE 3 dekTrl. Tak, naTepecnoe, HO MOKa MaJIOU3yIeH-
HOe 3HaveHue npuobperaer aszebpa Kynuya:

n
Lk * * *
Qn:k<$1,...,xn,x1,...,xn\E vix; — 1, xiw; — 0 >
i=1
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Ona nogiBusiack B padore (|5]), re gokaszano, 4ro ), siBisercs (HakTOpoOM THIIA
111, ansa A=1/n. Bumecre ¢ Tem, @, SBISETCS TPOCTOIl TPayHPOBAHHON 000JI04-
KoOil cBOOOJIHOI anrebper T,=k<z1,...,z,> u Qco(T,) ~ gr—Q,, 4To oupejeser
eé BaxkHOCTH Ipu uzydenun 1mydkos Ceppa (|6]). loksa/ mOCBAIIEH pa3sBUTHIO TOf
TEMBI.
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MHOT OOBPA3U A SIIUTPVIIILI CTYIIEHU N
B. M. Bepaukos, C. B. I'ycesn
Yparvcrui gpedeparvroi ynusepcumem, Examepunbdype
bvernikov@gmail.com, sergey.gusb@qgmail.com

Onuepynnotl Ha3bIBaeTCs HOJyTpymna S, B KOTOPOH HEKOTOpasi CTEleHb JII00o-
T'O 3JIEMEHTa, SIBJISE€TCs IPYIIOBBIM 3JIEMEHTOM, T.€. JIE2KUT B HEKOTOPOI MOJIPYIIITe
nostyrpynnsl S. Ha Begkoit smurpyiine MOXKHO BBECTU JIONOJHUTEILHYIO YHAPHYIO
OIEpAINIO, Ha3bIBAEMYIO ICeBgooOpalnenneM (cM., Hampumep, [1]). Dro mossosser
paccMaTpUBaTh MHOTOOOpas3Wsl SMUTPYNI KakK ajredp B CHUTHATYPE YMHOXKEHUs 1
ncesjioobpartenns. O630p MOJYUYEHHBIX 371€Ch PE3Y/JIBTATOB MOXKHO Haiitu B |2, §2].
DJIEMEHT, IICeBJI000PATHBIN K JIEMEHTY X JIAHHOW SMUTPYIIIBI, 0003HAYAETCS Tepe3
7. Ilo amajiorum ¢ MHOrooOpasusiMU TOJYTPYIIT, HA30BEM MHOToOOpa3ue SMUTPYIII
YV mmuozoobpazuem cmynenu n (Tjae n — IPOU3BOJILHOE HATYDAJIBHOE YUCIIO), eCIIH
BCE HUJIBIIOJIYTPYIIIBI U3 V) HUJIBIIOTEHTHBI CTYIEHN < N, IPUYEeM N — HAUMEHbIIIee
YUCI0 C TaKUM CBOMCTBOM. B wacTHOCTH, MHOroOOpasmus cTymennm 1 — 3TO B TOY-
HOCTU MHOroOOpasusi BIOJIHE DEryJsipHbIX mosyrpymm. W3 pesyiabratos paborst [3]
JIETKO M3BJICKACTCS XapaKTepu3alus MHOrooOpasuii MoIyrpyil CTYIIEHU 71 Ha sA3bIKe
MUHUMAJIBHBIX 3allPEIeHHbIX TOIMHOr000pasnii, a B [4, npeoxenne 2.11] stu muO-
roobpasusl OoXapaKTepHU30BaHbl Ha s3bIKEe TOXKJeCTB. HamMu mosydeH SnurpymnmoBoit
AHAJIOT ITUX PE3YJIBTATOB. A MMEHHO, JIOKa3aHa CJIeLyIoIast

Teopema. Ilyctb n — Hpou3BOJIbHOE HATypaJbHOE 4IHCJI0. JIj1s MHOroobpasms
SMUTPYIIT V) CJIEIYIONHe YCIOBHS SKBUBAJICHTHBI:

a) V — MHoroobpasme CTyImeHd n;
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6) V He cojep:kuT MHOroobpasus var{x? = x1xy -+ T, = 0, vy = ya};

B) V YAOBJIETBOPSET TOXKJIECTBY BHUA X1+ XLy — L1 Xj_1 * Tj- - ZEj . ijrl e Ty
Jist HekoTopbix 1 < i< j < n.
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O BEPXHEMOAYJ/IAPHBIX S3J/JIEMEHTAX PEIIIETKUAU
MHOT'OOBPA3UI SIINUTPVIIII
B. M. Bepnukos, /I. B. CkokoB
Yparverui pedeparvroni ynusepcumem, Examepunbype
bvernikov@gmail.com, dmitry.skokov@qgmail.com

Onuepynnotli Ha3bIBAETCA TOAYIpyIa S, B KOTOPOil HEKOTOpas CTEHeHb JIIOo-
ro 3JIeMEeHTa SBJISeTCs IPYIIIOBLIM 3JIEMEHTOM, T.€. JIEYKUT B HEKOTOPOM MOAIPYIIIe
nosyrpynnsl S. Ha Begkoil snurpyiime MOXKHO BBECTH JIOIOJTHUTEILHYIO YHAPHYIO
olepaIuio, Ha3blBAeMyIO IceBjioobparienneM (cM., Hampumep, [1]). DTo mossossier
paccMaTpuBaTh MHOTOOOpa3Usl SMUIPYIII KaK ajaredp B CUTHATYPE YMHOXKEHUS U TICEB-
noobpamnienusi. O630p MOJIyUEHHBIX 3/1eCh PE3YJILTATOB MOXKHO Haiitu B [2, §2|. Mbl
IPOJIOJIZKAEM U3YUEHHE CIEIUAIbHBIX 9JIEMEHTOB PA3JIMIHBIX THIIOB B PEIIETKE MHOTO-
obpasuii srurpymi, Hadaroe B [3|. Hanmomuanm, aro ssiement x pereTku L Ha3bIBAeTCsI
seprremodyasproim, ecn (z Ax)Vy = (2 Vy) Az g Beex y,z € L Takux, 910
y < x. MHoroobpasue mosyrpymn [suurpyir| 6yaeM Ha3bIBATh GEPLHEMOOYAADPHDIM,
€CJIM OHO SIBJISIETCS BEPXHEMO/LY/IAPHBIM 3JIEMEHTOM PEIIEeTKH BCEX MHOTOOOPa3HHMIL 110-
ayrpyni [snurpyi|. B paborax [4, 5| mostyuen psiji pe3ysibTaToB 0 BEPXHEMOLYJISIPHBIX
MHOT000Pa3usX MOJIyTPyIIl. B qacTHOCTH, B [4] TIOJIHOCTHIO ONUCAHBI KOMMYTaTHBHbIE
BEPXHEMO/LY/IIPHbIE MHOr0OOpa3us MoJIyrpyIir. Hamu mosiyden aHaaor 9Toro pesysib-
TaTa JJIsi MHOrOOOpasnii SMurpymi. A UMeHHO, JoKa3aHa CJIeLyIomas

Teopema. KomMyrarnBHOEe MHOTOOOpAa3He SMUTPYIIIT ) BEPXHEMOLYJISPHO TOTJA U
TOJIBKO Tora, korga auo6o Y C GV CV D, mbo Y C SLV E, rne G — npou3BoIbHOE
MmHoroobpasue abesiesbrx rpymi, SL — mHoroo6pasue mosypemerok, C = var{x? =
=2 vy = yr}, D = var{x’y = 0, vy = yz}, a € = var{z’y = xy? 2%yz =
=0, 2y = yz}.

B cuny [3], MHOrOOOpasust SHUIPYIII, ABISIONIIECS MOJYJISIPHBIME SJI€MEHTaMI
peIeTKN BeeX MHOroOOpasuii Smurpyii, o6s3aHbl ObITh TEPUOANIecKUME (T. €. MHO-
roobpasustiMu TOJIyrpyT). [jis BepXHeMOyIsIpHBIX MHOr00Opasuii 310 yKe He Tak:
n3 chOpMYJIUPOBAHHOI BBIIIE TEOPEMBI BHITEKAET, HAIIPUMED, YTO MHOI0OOpa3ne BCeX
abeJIeBBIX TPYII SABJIAETCSA BEPXHEMOJTY IS PHBIM.
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I'PVIIIIBI PACIIEIIJIEHUA JIOKAJIBHBIX I'PVYIIII BE3
KPYUYEHUA
C. B. Bepuiuna
Mocxosckuii Iledazozuveckut I'ocydapemeennviti Ynusepcumem, Mockea
svetlanaverhina@gmail.com

PaccmarpuBaercs Kareropusi p-JIOKAJbHBIX PEIyIIUPOBAHHBIX A0EJIEBBIX TPYIII
6e3 KpydeHHsi KOHEYHOro panra. AGesieBa rpyima A Ha3bplBaeTCs P-JOKATBHON (p-
[POCTOE YUCJIO), eCJIN YMHOXKEHHE Ha JII000e HEeHYJIeBOe YUCIO (¢, He JIe/IsIieecs Ha P,
siBjisiercst apromopdusmoM rpymibl A. [logmone K moss p-aamdeckux quces Ha3bl-
BaeTCS MOJIeM paciierienns 1] ayst p-okaapHoi rpynisl A, eciiin TeH30pHOE TIPOu3-

Begerne A ® (KN Z,) = D& F gpisercs OpsAMOH CyMMOii 1eJMMOro R-MOJy/Is

D n csobomnoro R-monyna F, tne R = K N Zy,, Z, — KOJbIO LEIbIX P-aJudecKIX
qucest. Kosbiio R B 9TOM ¢ilydae Ha3bIBAETCsI KOJIBIIOM paciierienus [1] s rpytst
A. I'pynmia B p-panra 1 HasbeiBaeTCsl IPYNIOi pacIieuieHus [2] st Hepas3ioxKu-
MOl P-JIOKaJIBbHOI TPYNIBl O0e3 KpydeHWs KOHEYHOIO paHra W p-paHra > 2, ecin
AR B=2 A, @ B*, qna k> 1.

Teopewma. /s peaynupoBaHHOH p-JTOKaabHONI rpyiiibl A 6e3 KpydeHusl KOHed-
HOT'O paHra U p-paHra > 2 CJAeJYIOIIHe YCIOBUS SKBUBAJICHTHDI:

A. I'pymmra A mveer rpymity paciieryieHus ©30MOPGHYIO & IHTUBHOI T'DYIIIE KOJIb-
11a paciertieans i A,

B. I'pynma A umeer cepBaHTHYIO HOJTDYIILY H30MODPMHYIO aJUTHBHOH T'DYIIIIEe
KOJIBITA PACIEIJICHHST TPYIIbI A,

C. I'pynma A mmeer mpsiMoe cjaraeMoe H30MOp(phHOe A IUTHBHOI I'DYIIIe KOJIbIa
pacrerieHnst rpymisl A,

D. B rpymme A umeercst sjieMeHT JijIsi KOTOPOIO BHYTDEHHsISI W BHEIIHSISI P-
aJIT9eCKue XapaKTEePUCTUKH COBIAIAIOT;

E. I'pynma romomoppusmos Hom(R', A) # 0, e RY — amaurusnasi rpyia
KOJIBIIA PACIeIIeHusT 11T A.
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OIIPEAEJJIAEMOCTD ®PAKTOPHO AEJIMMBIX I'PVIIII CBOMUA
I'PVIIIIAMUU ABTOMOP®N3MOB
B. K. Buasganos
HI'ILY um. K. Mununa, Huscnut Hoszopod

kadirovi4 @gmazil.com

U3sBecTHO, uTO p-rpyumsl (p = 3) ONPENEIAIOTCs CBOEH IPYIIIOi aBTOMOPMOU3MOB
B Kjtacce p-rpyti (eM. [1]). Bompoc onpeiesisieMocT BIOJIHE PA3/I0KUMBIX aD€TIEeBbIX
rpymn 6e3 KpydeHnsi CBOMME IPYIIIaMi aBTOMOPMU3MOB PaCCMaTpUBaeTcsa B paborax
[2, 3]. B macrosieii pabore paccMaTpuBaeTcsi BOIPOC ONPeEIsieMocT (haKTOPHO
JIeIMMOIE TPYIIIIBI paHra 1 cBoeii rpymioit aBToMOpgU3MOB B KJIaCCe BCEX TAKUX TPYIIIL.
[Tompobree 0 haKTOPHO JAETUMBIX IPYyIIaX MOKHO y3HATH B paborax [4, 5.

IIpumep 1. Cuenytomue (hakTOpHO AeIUMBIE IPYIILI Panra 1 3aJaHHbIEe KOXa-
PAKTEPUCTUKAME OIPEIEIAIOTCI CBOMMU TPYIIIAMUA aBTOMOP(U3MOB B Kjacce (ax-
TOPHO JICJIUMBIX TPy panra 1. a) cochar(A) = (3,1,00,...,00,...), b) cochar(B) =
= (00,00,1,00,...,00,...).

[Iycrs G — abesiera rpynmna. O6o3Haunm Ps, (G) MHOXKECTBO MPOCTHIX YHUCE P €
€ P s xoropeix pG = G.

Teopema 1. ITycmv A — pacwenasaowancs Gaxmopro deaumas 2pynna paraa
1 onpedeasowanca ceoeti 2pynnoti asmMoOMOpPUIMOE 6 Kaacce PaxmopHo OeAUMbLT
epynn panea 1. Toeda A = A"’ @ t(A), 2de A — daxmopno deaumasn epynna 6e3 xkpy-
wenus panea 1, t(A) — komewnas uyuxauveckas epynna nopadxa n = pit ... pk u
[Poc(A')] = 5.

Teopema 2. [Tycmb 6binosHersl CACOYIOULUE YCAOCUM

1) A=A ®t(A) — daxmopro desumasn epynna panea 1,

2) t(A) — womewnas yuxauveckas epynna nopadsa n = pit ... phs

3) t(A) — onpedeasemen ceoeti epynnot a8MOMOPHUIMOE 6 KAUCCE YUKAULECKUT
epynn u | Py (A')] = s.

Tozda epynna A onpedeasemcsa ceoeli 2pynnoti asmomopPusmos 6 Kaacce Gark-
mopro deaumvir 2pynn panza 1.
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O PAKTOPUSAIINN 11-PASPELINMBIX HEIITPUBOIAMNMBIX
JIMHENHBIX T'PVYIIII
A. A. Anuenko, B. E Kynpeenko
Hnemumym mamemamuru HAH Beaapycu, Tomean, Beaapyco
yadchenko_56@mail.ru

Onpenenenne. Iloarpynma X nazweaercsa 11 -nodzpynnot B rpymme Y | ecin
XYNX =1 aus Beex anementoB = € Y\ Ny (X).

B npomoszkenne pabor [1| — [7] npemiaraercst cieyormasi TeopeMa.

Teopema. Ilycts G — 7 -paspemmnmMasi HEIIPUBOIMMASA KOMILIEKCHAS JIMHEHHAS
rpynna crenean n < 2|H| ¢ w-xomnosoit T'I-noprpynmnoit H HeYeTHOro MOpsIKa u
H AG. Torpma cipaBejIMBO KazKJI0€ U3 CJEAYIONUX YTBEPKICHUI:

(1) n=|H|—-1,|H|,|H| + 1,2(|H| — 1) wmm 2|H| — 1 u n — cTeneHb IpocToro
qHCIIa ¢ 3a UCKIJIIOYeHNeM, MOXKeT ObITh, ciiydasi, Korja n = |H|;

(2) dakroprpymmna G/O. .(G) abenena;

(3) ecrm n = |H|, T0 G = [Ox(G), HINg(H) c abeneoit nonrpymnmoii (O (G), H|
u [On(G),HlN Ng(H) =1, ecm ke n # |H|, 10 G = O,(G)Ng(H), tae q u3 (1);

(4) ecsm rpynnma G mepaspemmma, o n = 2(|H| — 1) u (Cg(H))w/Z(G)
PSL(2,5).
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ON CLASSIFICATION OF PROPERLY 2-C.E. TURING DEGREES
M. M. Yamaleev
Kazan Federal University, Kazan / Nanyang Technological University, Singapore
marsiam2@yandex.ru

A set D is computable enumerable (c.e.) if it has a computable approximation
g(x,s) such that g(z,0) = 0, limsg(z,s) = xp(z) and for each = the assumption
about x is changed at most once. A set D is 2-c.e. if the assumption about each
element is changed at most twice. A Turing degree d is 2-c.e. if it contains a 2-c.e.
set. If it also doesn’t contain a c.e. set then it is a properly 2-c.e.

The existence of properly 2-c.e. degree was proved by B. Cooper in 1971. Further
investigation of 2-c.e. degrees (namely, noncuppable c.e. degree of B. Cooper and M.
Yates, M.M. Arslanov’s Cupping Theorem [1| and R. Downey’s Diamond Embedding
Theorem [2]) showed that the structures of c.e. and 2-c.e. degrees are not elementarily
equivalent. However, another model-theoretic question about definability of c.e.
degrees in 2-c.e. degree was raised at the same time, and it still remains open. The
recent result of M.M. Arslanov, I. Sh. Kalimullin and S. Lempp [3]| showed that 2-
c.e. and 3-c.e. degrees are not elementarily equivalent. In the same construction they
found infinite definable subclass of c.e. degrees.

In our talk we will discuss a classification of properly 2-c.e. degrees based on their
Lachlans’ degrees. Using this classification we study a structural properties of the
classes with the further goal to distinguish them from each other. The class of 2-c.e.
isolated degrees of the classification is widely studied and has different applications
(e.g., see G. Wu [4]), the class of exact degrees was introduced and studied by Sh.T.
Ishmukhametov [5], and some other classes were investigated in our recent joint works
with C. Fang, J. Liu and G. Wu, which will be presented at the talk.

The work is supported by RFBR (project 14-01-31200).
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PSPACE RATIONAL GRADING WITH INVERSE RELATIONS AND
INTERSECTION OF RELATIONS
M. Yanchev
Faculty of Mathematics and Informatics, Sofia University, Sofia, Bulgaria
yanchev@fmi.uni-sofia.bg

The graded modal language (Kit Fine, 1972) is an extension of the classical pro-
positional modal language with counting (or grading) modal operators ¢,,, for any
natural number n > 0. In a Kripke model 9t over a frame § = (U, R), O,y is true
in x € U iff there are more than n R-successors of x in which ¢ is true. In this way,
On has purely quantitative meaning. It is proven ( [1]) that the satisfiability problem
in the (many-relational) graded modal language is PSPACE-complete.

The language of Majority Logic (Pacuit and Salame, 2004) augments the graded
modal language with some qualitative capabilities. Two more unary modal operators
are added: M (M ajority) and W (W eak majority). In Kripke models My says that
more than half of the accessible worlds satisfy p—the simplest case of rational grading.

A natural extension of the graded and the majority languages is the generalized
graded modal language (Tinchev and Yanchev, 2010) having both quantitative and
qualitative modalities. It is obtained by adding to the graded modal language new
unary ‘majority’ operators, M" and (the dual) W", where r is a rational number
taken from a fixed set in (0,1). These operators generalize to full extent the rational
grading. They distinguish the part of accessible worlds having some property. The
appropriate semantics has frames in which every world can see finitely many worlds.
So, if |R(z)| is the number of R-successors of z, and |R,(z)| is the number of those
of them satisfying ¢, then z satisfies M"p iff |R,(x)| > r.|R(x)|.

It is proven that the set of all valid formulae, called Generalized Graded Modal
Logic, forms a decidable non-normal modal logic. A complete axiomatization (with an
infinite rule of inference) is given for that logic. It is also shown (Yanchev, 2011) that
the satisfiability problem for generalized graded modal language is PSPACE-complete.

In this talk we consider many-relational generalized graded modal language with
inverse relations and intersection of relations. The rational grading operators are:

[R]" and |R[",

where R is an intersection of possibly inverse relations. We prove that the satisfiability
problem in this modal language for rational grading keeps the PSPACE complexity.
The proof uses calculus for checking satisfiability based on tableau technique. This
calculus extends the one used in [1] for establishing the PSPACE completeness of the
satisfiability in the language with only integer grading operators, and uses modified
version of our cluster technique, developed for dealing with rational grading operators.
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O HEKOTOPBIX 3A/TAYAX, CBA3AHHBIX C ITOHATUEM

HOBOM JIOTUYECKOI CBY3KMU IIO II.C. HOBUKOBY
A. 1. dmmun
Mocxoscruii 20podckoti ncuzonozo—nedazozuveckuts yrusepcumem, Mockea
yashin.alexandr@yandex.ru

[Iyctes F'm — MHOXKecTBO (DOPMYJT SA3bIKA JIOTMKHU BBICKA3BIBAHUI C TTPOTIO3UITHO-
HAJBHBIMA IIepeMeHHbME Var = {p;, ¢;, ...}, CTAHZaPTHBIMA CBA3KAMH V, A, —>, 0 H
goruaeckuMu Kouctantamu 0 (y10kb), 1(ncruna).

Cynepunmyuyuonucmeras (c.u.) A02uka — TPOU3BOJIBHOE MOAMHOXKeCTBO L C
C Fm, Brimogarolee MHTYUIIMOHUCTCKYIO IIPOTIO3UIIMOHAIBHYIO JIOTUKY Int u 3am-
KHYTO€ OTHOCHUTEJIbHO TpaBmi modus ponens u mojcranoBku. depe3 L + A o6o3Ha-
JAeTCsl HAMMEHbIIAasl JIOTUKA, BKJIIOYAIONast JIOTuky L u cojepzkarmas dhopmyiry A.

Ob6oraTns A3bIK JOMOTHATEIBHOI JIOTHIECKON CBA3KOM ¢(+), MOy IIM MHOXKECTBO
Fm(y) dopmyn pacmmpentoro s3bika. Qopmysibl u3 F'm Ha3bIBAEM YUCTIOMU.

ITodcmanoskoti na F'm(yp) nasbiBaercs orobpazkenne s: Fm(yp) — F'm(p), coxpa-
HSAIOIIee KOHCTAHTBI U COMJIACOBAHHOE CO BCEMU JIOTHYECKUMU CBs3Kamu: s(A o B) =
= 5(A)os(B), s(p(A) = ¢(s(A)), s(=A) = 7s(A), rae o € {A,V, =}

[Toxt p-n02ukoti HoHUMAeTCsST MHOYKECTBO L (DOPMYJT PACIITUPEHHOTO SI3bIKA, BKJIIO-
qaroree Int, cojepxaiiee aKcuomy 3aMeHb. IKGUSAACHMHUT 0f c6asku ¢: (A <
B) — (¢(A) <> ¢(B)) u 3aMKHYTOe OTHOCHTEJIBHO TIpaBuyl modus ponens u mojicTa-
HOBKH.

p-Jloeuxa L Ha3BIBAETCS KOHCEPSAMUBHLIM DACUWUPENUEM C.U. JIOTUKH L, ecyu
L C L w pns Bestkoit uncroit popmysisl A uz A € L cienyer A € L.

[Ipobsiema HOBOI OJIHOMECTHOl JIOTUYIECKOW CBsi3KM B Int Oblia MOCTaBIeHA
[1. C. HoBukoBbIM 1 BrepBbie npuBe/ieHa B craThsax 5. C. Cmeranmya [1], [2].

p-Jloeuka L wazsBaercs noanvim no 1. C. Hosukosy pacwupenuem torukn L, ec-
mu £ xKoHcepBaTuBHA HaJ| L u iyist 060it hopmynst A € Fim(y), e npuHa/jiekaiei
L, p-noruka L + A nexoncepsarusHa Hajl L (r.e. L ne donyckaem npucoedunenus
HUKaKOil HOBO#i (bOpMYJIbI).

[ox npobaemots Hosukosa 0as c.u. aozuku L moHMMaeTcs OMMCAaHUE KIacca BCEX
nosiabix 110 11.C. HoBukoBy pacrmupennit L.

M3BecTHO, 9TO CEMENCTBO C.H. JIOTUK UMeeT MOITHOCTH KOHTHHYYMa, II03TOMY eCTe-
CTBEHHBIM IpejicTaB/sgeTcs pacemorpenne mpobsiemor 11.C. HoBukosa s Takux c.u.
JIOTUK, KOTOPBIE 110 TEM UM UHBIM IPUIUHAM YK€ HAXO/WINCh B [0JI€ 3PEHUs UCCIe-
JoBaTeJIEen.

[Ipennaraercs psii KOHKPETHBIX 3aJia4, CBsA3aHHBIX ¢ mpobsemoii I1.C. HoBukosa.
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CHMHTAKCUYECKOE ITOJOBUE MOHCOHOBCKINX MHOYKECTB
A.P. Emnkeen
Kapazarnduncruti 2ocydapcmeertvili YHUSEPCUMEM, UM. AKADEMUKA

E.A. Byxemosa, Uncmumym npuksadhott mamemamuxu, Kapazanda
modth1705@mail.ru

[Iycts 3aman mpowsBobHBIN g3bIK L . [lycth T'- ftoHcoHOBCKasg coBepIlieHHAas
TEOpUs IOJIHAS I SK3UCTEHIMAIbHBIX MIPEJIJIOZKEHNi B sA3blke L U ee ceMaHTute-
ckas Mojiesib ecth C'. MBI TOBOpUM, 9TO MHOXKECTBO X - | -ONPEJIEIIMO, €CJIU OHO
OIIPEJIESINMO HEKOTOPOI 9K3UCTEHIINAILHON (HhOPMYJIOii.

a) MuoxkecrBo X HasbiBaeTcs HOHCOHOBCKMM B Teopuu 1', €C/I OHO YJOBJIETBO-
PA€T CJAEIYIONUM CBOMCTBaM:

1. X ectb ) -ompeennmvoe noaMHOKecTBO C';

2. dcl(X) ecTh HOCHTEIH HEKOTOPOIl 9K3UCTEHITHAIbHO-3aMKHyTOM mogmoesn C'.

6) MuoxkectBo X HaszbiBaeTcCsi ajrebpanvecku HOHCOHOBCKMM B Teopuu 1, ecjm
OHO YJIOBJIETBOPSIET CJICIYIOMIMM CBONCTBAM:

1. X ecrb Y -onpejesmmoe nojmMuoxkectso C'

2. acl(X) ecTh HOCHTE L HEKOTOPOIl IK3UCTEHITNAIBHO-3aMKHY TOM moamoesn C' .

C IIOMOIIIbIO BBEJICHHDBIX OHpeﬂeHeHHﬁ MOHCOHOBCKMX MHOXKECTB MBI CMOXKEM IIe-
peHeCTH WHBAPUAHTHBIE CBOWCTBA OTHOCUTEIHHO MOJ00MS HOHCOHOBCKHUX TEOpPUil Ha
[IPOM3BOJIbHBIE TOJIMHOXKECTBA CEMAaHTHYECKOW Mojesn. Byrnem roBoputhb, 4UTO JiBa
HOHCOHOBCKUX MHOXKECTBA (QKBI/IBaﬂeHTHbI, KOCEMaHTHUYIHbI, KaTEeTOPUYIHbI, CUHTaKCH-
YeCKU MOJ0OHBI, CEMAHTHIECKU MOJ0OHBI) MeXKy COOOii, ecii COOTBETCTBEHHO OyIyT
(HOHCOHOBCKY SKBUBAJIEHTHBI, KOCEMAHTHYHbBI, KATETOPUIHBI, CUHTAKCUIECKHU M107100-
HbI, CEMaHTU4Y€CKHA HO,ZLO6HBI) MO/IeJIM KOTOPbIE IIOJIYyY9aloTCd IIPKU COOTBETCTBYIOIIUM
3aMBbIKaAHUUM 9TNUX MHOZKECTB. I[Ba MOHCOHOBCKHIX MHOYKECTBa CUHTAKCUYECKU HOILO6HBI
MeKJIy COOOM, eClIM CHHTAKCUYeCKU IOJIOOHBI OYIYT SJeMEeHTApHbIE TEOPUU UX CO-
OTBECTBYIOIMINX 3aMbiKauuil. Ecau V3-ciiepcrBust 9TUX 971€MEHTAPHBIX TEOpHil Oy/IyT
OHCOHOBCKUMU TeopudMu, TO B 9TOM CJIydae MBI CMO2KEM PAaCCMOTPETH UX MTOHCOHOB-
CKOe CHHTaKCHYeCKOoe TOJI00We, T.e., B CHJIy WHBAPUAHTHOCTUH CEMAHTUYECKON MOje-
JIN HAIlle OlpejieieHre KOPPEeKTHO. B paMKax JIaHHBIX HOBOBBEJIEHHBIX OIIPEIe/IeHNUIA,
MO2KHO PaCCMOTPETb M IIOIIbITaTbCA OIIMCAaThb CUJIbHO MHHHMAJIbHbIC MOHCOHOBCKHE
MHOKECTBA. DTO B CBOIO OY€PE/h IOBJIEYET 3a COOON IEJIblil pPsij HOBBIX ITOCTAHO-
BOK 3aJla4, HalpuMep yTodHeHue Teopembl Jlaxiana-Bosjgynna B pamkax paHHON
HOBOBBe,Z[eHHOfI TeMaTUKN. BCG HeoIIpe/ie/IecHHbIe B JaHHOM TE3UCE ITOHATHA MOXKHO
u3BJIeYb B [1].
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O MPEJIEJIBHO MOHOTOHHOI1I CBOANMOCTU ¥)-MHOXKECTB
. X. Baitneraunos, U. 1. Kagumynana
Kasanckud (lpusonsiceruti) Pedepanvivti yrusepcumem, 2. Kasano
damir.zh@mail.ru

O/iHo m3 HAIpaBJIEHUNl COBPEMEHHOI TEOPHH BBIYUCIUMOCTU COCPEIOTOYEHO HA
M3yYeHNN CBOWCTB IPeIeTbHO MOHOTOHHBIX (DYHKIINI 1 ITpeIeTbHO MOHOTOHHBIX MHO-
xkecTB. OyukIimsa [ @ w — W HA3BIBAETCA NPEIEALHO MOHOMOHHOT, €CITU CYIIECTBYET
Bbraucsmmast pyHkims o(x, §) Takas, 9TO JJId BCEX T € W:
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1) f(z) = limp(a, )

2) p(z,s) < pr,s+1) Vsew

MmuoxkecrBo A C w 6yjieM Ha3BIBATH NPEJeAbHO MOHOMOHHbLM, €ClTH A COBIIaiaeT
¢ 06J1aCTBIO 3HAYEHUIT HEKOTOPOIl IpeJebHO MOHOTOHHON dyHkyn nmn A = ().

MbI nMeeM JIe10 ¢ MHOZKECTBAMU U (DYHKIMSMHU, 3aJaHHBIMUA HA MHOYKECTBE HEOT-
punaTebHbIX Heabix gnces w = {0,1,2,...}. ng obo3HadeHrsi MHOXKECTBA BCEX
KOHEYHBIX I0CJIeJI0BATEIbHOCTEl HaJl w MCIOJIb3yeTcs 3amuch w<*. Ha mHoxkecTBe
WY It JOOBIX JIBYX CTPOK & U Y ONPEJENUM UX [OKOMIIOHEHTHBINH HOPSIOK, &
UMEHHO, T1X2...Tp < Y1Yo...Yp <= 11 < 1 & w2 <y & ... & z, < y,. Ilo-
CJIE ITOrO, MbI MOYKEM BBIUUCJIUMO OTOXKJECTBUTH MHOYKECTBO BCEX CTPOK, 38 [aHHBIX
Ha W, C MHOYKECTBOM HATYPAJBHBIX YHCEJI, T.6. MOKEM 3aJIaTh B3aMMHO-OJIHO3ZHATHOE
orobpazkenne w<* = w. Torga nox oboznadenrneM B<“ GyjaeM NOHUMATH MHOXKECTBO
HOMEPOB CTPOK T1Tsg...T, TakKux, 4ro r1 € B, ©o € B, ..., x, € B.

B pab6ote [1]| BBOmUTCS MOHSATHE CBOIMMOCTH Ha CeMefCTBAaxX MOJIMHOXKECTB HATY-
PaIbHBIX YHCEJI, COTJIACOBAHHOE C TIOHATUEM Y -OIPEJAETUMOCTH B JIOMYCTUMBIX MHO-
skecrBax. O6o3HauNM 1depe3 Fy ceMeiicTBO Hada bHBIX cermMenToB {{z |z <n} |n €
€ A}. B coorsercrBun ¢ paboroit [1], ompemesum Im-CBOIUMOCTh MHOYKECTB, Kak
Y -CBOJMMOCTb COOTBETCTBYIONINX HAYAIBHBIX CEIMEHTOB, a uMeHHO, A <, B <
<= Fa <y Fp. Orciona Jerko MOXKHO BBIBECTH SKBUBAJECHTHOE HOHATHE (M-
cBOMMOCTH, & uMeHHO, A <;, B <= am A = {0(z), = € B}, tae 0(z) —
peJIe/IbHO MOHOTOHHAst (DYHKIHsI, KOTOpas SBJISIETCS MOHOTOHHOM 110 CBOUM apry-
MeHTaM, T.e. ecian 0(y) | u x <y, Torma 6(z) L u 0(x) < 6(y).

MpbI j10KazKeM CyIecTBOBaHHE Mapbl HECPABHUMBIX Y.9-MHOMKECTB OTHOCHUTEIHLHO
I -CBOMMOCTH, & TaK3Ke IOCTPONM GECKOHETHYIO PABHOMEPHYIO [IOC/IEI0BATEIbHOCTh
HECPABHUMBIX Y.9-MHOKECTB OTHOCHTEIBHO [11-CBOJIMMOCTH.

Jlemma. Ecin A sBjisiercss 6eCKOHEUHBIM Y9 -MHOYKECTBOM H CYINECTBYeT GecKo-
HeuHoe MHOXKecTBO B, conepkaieecss B A, o A <, B.

Teopema 1. Cymniecrsytor takne 6eckonednbie L3-MHoxkecTBa A u B, aro A Lim
BuB %lm A.

Teopema 2. CymecrByer rakast paBHOMEPHAasI MOCJIEA0BATEIHLHOCT OECKOHEYHBIX
39 -muoxkecr {A; }bicw, 910 A Lim ﬂ#i A;, npmaém ﬂjEw A, beckoneurno u v € A;
opu x < 1.

Onpenemmm A = ,,B, ectu A <, B u B <, A. IlpegeabHo MOHOTOH-
HOIi cTeleHblo (WM, WHAYe, [Mm-CTeleHbi0) MHOXKeCTBa A Ha30BeM KJacC SKBUBa-
neatHoctu deg(A) = {B : B = ;,,A}. Yepes Dy, obosnaumm kiacc Bcex [m-

creneneil. Crenenn u3 Dy, 00pa3yoT 9acTUIHBII TOPSIIOK OTHOCUTETHHO OTHOIIEHHS
deg(A) < deg(B) <= amA <y B. Iumewm deg(A) < deg(B), ecm A < ;,, B, Te.
ecu A <y, B u B %4, A

MI)I XO0TUuM IIOKa3aTb, 9YTO IJIA .HIO6OFO CUYETHOI'O JaCTUIHO-YIIOPAJOYE€HHOI'O MHO-
xkectBa P = (P, <p) cymecrByer coxpansoriee mopsiiok 1:1 — orobpazkenne u3 P B
Dy, tae Dy, — 310 Kitace Beex Im-creneneit. ITocKOIbKY KazK10e CUETHOE YaCTHIHO-
YIIOPAJOYE€HHOE MHO2KECTBO BKJIQJIbIBACTCA B BBIUYUC/JUMBIIA YaCTUYHBII IIOPpA 0K, TO
MOZKHO CYHUTaTb, 9TO P =wn <P ABJIAE€TCA BBIYUCJINMBIM OTHOIIIEHUEM.

Omnpegenum orobpaxkenne f : w — Dy, , nosaras

f(i) = b; = deg(B;) = deg(NA : k <p i),

rie qepes B; obosmatmm [, ,; Ak
X
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MBI IOKazkeM, BO-TIEpBBIX, UTO ecil i <p j, T0 B; <j, Bj, 1 BO-BTOPBIX, ec/n
i &pj, 10 B; £y B;. Takum 06pasom, JOKa3aH CJICLYIONUH Pe3yIbTaT:

Teopema 3. Kazk/iplii cdeTHBII 9acTHIHbBIH IIOPsIOK BKJIaAbIBaeTCs B Dy, .
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ON STRUCTURE OF SEMIARTINIAN RINGS
Jan Zemlicka
Department of Algebra, Charles University in Prague, Faculty of Mathematics and
Physics Sokolovskd 83, 186 75 Praha 8, Czech Republic
zemlicka@karlin.mff.cuni.cz

Let R be a right semiartinian ring with the right socle chain £ = (S, | a < o +
+1),1i.e. Soq1/Sa = Soc(R/S,) and S,41 = R. Furthermore, if R is regular and all
right primitive factors of R are artinian, then for every a < o there exists a cardinal
Ao and for all 8 < A, there are integers n,s > 0 and skew fields K,s such that
So+1/Sa = Dpon, Mn,s(Kap) as rings without unit [1, Theorem 2.1]. The sequence
(Aa] @ < o) forms an invariant of class of all regular semiartinian rings with primitive
factors artinian, which is proved to satisfy strong cardinality properties. In particular,
a necessary condition in the abelian regular case will be presented |2, Proposition 3.1
and Theorem 3.5]:

Theorem. Suppose GCH holds and let R be an abelian regular semiartinian ring
with the socle chain L = (S, | &« < 0 + 1) such that \, = gen(Sa+1/5), and a, 0
are ordinals satistying o + 6 < 0. Then

A. [a,o)| <2,
B. if cf(A\q) > max(|0|,w), then Aqis < Ao and

C. Aots < AL otherwise.

On the other hand, commutative regular semiartinian rings which satisfy
conditions close to the necessary ones are constructed [2, Theorem 5.1|:

Theorem. Let o be an ordinal and (\,| a < o) a family of cardinals such that
for every a < f < o

a) \g < AP if ¢f(A\y) = w, and \g < A\, otherwise,
B a B

(b) Ao <w iff a =0,

(c) o, o) < Ao

Then there exists a commutative regular semiartinian ring with socle chain £ =
= (S4 | @« < o+ 1) such that such that \, = gen(Su+1/Sa)-

Possible generalizations and examples illustrating boundaries of applied tools will
be presented as well.
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O ITEPECEYEHUAX TTIAP ITPUMAPHBIX ITIOAT'PVYIIII B
KOHEYHBIX I'PYIIIIAX C ITOKOJIEM Ly (2")
B. . 3enkos
Hnemumym mamemamuru v mexarnuxu um. H.H. Kpacosckozo YpO PAH,
Examepunbype; Yparvcrxui gedeparvroiti yrnusepcumem um. b.H. Eavuyuna,
Examepunbype
v119252@mail.ru

IIycte G — koneunasi rpynmna, A u B — noarpymnsl u3 G, M — MHOXKeCTBO
MUHMMAJIbHBIX 110 BKJIIOYEHUIO oArpyn suja A N BY, riae g € G, u MHOXKECTBO m
COCTOHT M3 BCEX 9JIEMEHTOB n3 M, MOPSAIOK KOTOPLIX MUHIMaJEH. [lo ompemerennto
Ming(A, B) = (M) n ming(A, B) = (m), nosromy Ming(A, B) > ming(A4, B). 3a-
MeTHM, 9TO ecju B rpyiine G st J1000ro ee 1eMeHTa ¢ CIPABeINBO HEPABEHCTBO
AN BY # 1, o 910 9KBUBAJIEHTHO ToMy, uT0 Ming(A, B) # 1, 410, B CBOIO OYepe/Ib,
SKBUBAJIEHTHO TOMY, 4T0O ming (A4, B) # 1.

B pabore [1] mokazano, aro Ming(A, B) < F(G) aus moboit mapbl abeneBbIx
noarpynn A u B u3 G, a B pabote [2| mokazaHo, 4ro B pocToii HeabesieBoil rpyiie
G moxprpynmna Ming(A, B) exaunndna jiid 060 mapbl npuMapHbIX noarpynn A u
B

Ecan B rpynme G ¢ nokosiem, uzomopdubiM L, (2™), moarpynma ming(A, B)
HeeIMHUIHA 1711 J11060i mapel (A, B) npuMapubix noarpynn uz G, 1o mo [3, 1. (262)]
mb6o m = 1, ymbo m = 2 u n = 3. B mannoii pabore paccMaTrpuBaercs Cirydaii
m=2,n=3.

Jlokazama cjieyrorias

Teopewma. Ilycrs G — koHeuHas rpymia ¢ 1okojeM, nzomMopgubsiM Li(4), A u
B — muibnorenrapie noarpynnbl u3 G. Torma ciaemyiomme yCeI0BUsl S9KBUBAJICHTHDI:

(1) ming(A, B) # 1;

(2) rpymma G coxepxxur nogrpynmy G uHjekca He 6oJee JBYX, KOTOpasl siB-
Jstercst pacimmuperaeM noarpymisl G ¢ momonipro noarpymibsl (t) mopsiika 2, e t
urgynupyer Ha G’ rpagoBblii aBToMOpU3M, U I CHJIOBCKOH 2-HOATrpyIIIbl S, U3
(1 cnpasenBo paBeHcTBO ming, (S1,.51) = (S],t), npudem jyist moarpymmn A; = AN
N Gy u By = BN Gy (¢ tounocrbio Jjjo conpsikenus) napa (Ay, By) npunajrexxut
muoxkectBy {(S0, S0), (So,S1), (S1,50), (S1,51)}, rme Sy — MakcuMaIbHAS HOATPYIIIA
u3 Sy, coxepxkamas ming, (A1, By).

Pa6ora Bbimosaena npu nomaep:kke PODU (mpoekr 13-01-00476), mporpammbl
Ornenenns maremarndecknx HaykK PAH (mpoekr 12-T-1-1003), mporpammbl cOBMeCT-
ubix uccsegoBanunii YpO PAH ¢ CO PAH (upoekr 12-C-1-1018) u ¢ HAH Benapycu.
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IIOYTHU ITPOCTBIE I'PVYIIIIBI C TPA®AMMU ITPOCTBIX YUCEJI,
BCE CBA3HBIE KOMIIOHEHTBHI KOTOPBIX ABJIAKOTCHA
KIINKAMMN
M. P. BunosbeBa, A. C. Konaparben
Hnemumym mamemamuru v mexanury um. H.H. Kpacosckozo YpO PAH,
Examepunbype; Yparocrxui gedeparvhoits yrusepcumem um. B.H. Eavuyuna,
Examepunbype
zinovieva-mr@Qyandex.ru, a.s.kondratiev@imm.uran.ru

Ipagom npocmuvix wucen (wmu epagom I'monbepea—Kezean) I'(G) KoredHoit rpy1-
bl G Ha3bIBaeTCs rpad, B KOTOPOM BEPINUHAMHE CJIYy?KAT IPOCTHIE JIETUTETH TTOPIKA
rpymnbl G ¥ JBe pas/indHble BEPIIMHBI P U ¢ CMEXKHBI TOTJA M TOJBLKO TOIJa, KOr/a
(G CONEPKUT IJIEMEHT MOPSIIKA Pq .

Jlyaumo m Morxasyiamdap [1] ompeiesinim KOHeIHbBIE TIPOCTHIE HEAbEIEBbI TPYIIIIBI
¢ rpadaMi IPOCTBIX YUCEN, BCE CBSI3HBIE KOMIIOHEHTHI KOTOPBIX SIBJISIIOTCSA KJIUKAMUI
(1. e. mosbiMu rpadamu). A. B. Bacuines u E. I1. Baosun [2| yerpanwiu omubku u
HETOYHOCTH, JIOIYIIEHHbIe B 9TO craThe. [lepBoiit aBTop coBmectHo ¢ B. JI. Masypo-
BBIM 3| ompe/iesimim KOHEUHBbIE IPOCThIE HeabeIeBbl TPYIIIbI, Tpadbl IIPOCTHIX YUCEIT
KOTOPBIX COBHAIAIOT ¢ Tpadamu mpocThix [ncesn rpymn PpobeHnyca UM JIBONHBIX
rpymn Opobernyca.

Hami o6o3naveHnst cTanIapTHBL, MX MOXKHO HaiiTw, HarpuMmep, B [4]. B nanHoii pa-
6oTe MbI PACCMATPHBAEM KOHEIHbIE [IOUTH TIPOCTHIE I'PYTIEL (T. €. TPYIIIBL ¢ TIPOCTHIM
HeabeJIeBbIM I[OKOJIEM ) U [IOJIyYaeM CJIEYIONUil pe3y IbTar.

Teopema. Ilyctp G — KOHeUHAsT MOYTH IIPOCTasl, HO HE IIPOCTasi, I'PYIIIa 0 BCe
csszabie KomnonenTs! rpada I'(G) sapisores kmmkavu. Torna rpag I'(G) me cszen
u G uzomopcpua oiroii uz rpynn Sg, Mg, PGL3(9), Ss, Sia, Aut(Ly(8)), La(2™) :
Zox, tie k € N, PGLsy(p), rme p > 3 — mpocroe uncio Pepma wiam Mepcenna,
Lo(p™)(df), e p — HeweTHOE mpocToe dmcso, m 4erHo, d u [ — AHATOHAJBHBI U
HHBOJIIOTHBHBIH 110JI€BOIT aBTroMOpgu3MbI rpymiibl Ly (p™) coorsercrbernto, L3(8) : 2,
L3(8) : 3, Aut(L3(8)), Aut(Us(2)), Aut(®*D4(2)), Aut(Sz(32)), G2(3™) : Z,,, rne 1 <
<ne€Nmnmw(n) C{2,3}, Li(q) : Zn, tme 1 <n € N un(n) C{2,3}, PSps(q) : Zox,
e k € N.

Pa6ora Bbinosinena npu dbunancosoil nognepxkke PODOU (npoexr 13-01-00469),
nporpammbl Orienenns Maremarundeckux Hayk PAH (mpoekr 12-T-1-1003), mpo-
rpamm coBMmecTHbIX uccaenoBannii YpO PAH ¢ CO PAH (mpoekr 12-C-1-1018) u
¢ HAH Benapycu (npoekr 12-C-1-1009).
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ON THE LEAST SEMIGROUP CONGRUENCES ON DIMONOIDS
Yul. V. Zhuchok
Luhansk Taras Shevchenko National University, Luhansk, Ukraine
yulia. mih@mail.ru

Following J.-L. Loday [1], a dimonoid is an algebra with two binary associative
operations - and F satisfying the axioms (z 4y) 4z=2z4(yF 2), (zFy) 4z=
=zk(ydz), zdykFz=a2F @k 2).

For a given relation p on a dimonoid (D, ,F), the congruence generated by p will
be denoted by p*. If p is a congruence on (D, -, ) such that operations of (D, ,F)/p
coincide and it is a semigroup, then we say that p is a semigroup congruence.

Consider a relation

0={(aFba-b)|a,be D}

on a dimonoid (D,-,F). It is clear that 6* is the least semigroup congruence on
(D,,F).

Observe that the least semigroup congruences on dimonoids are used in [2]| to
construct a free product of arbitrary dimonoids.

We investigate the least semigroup congruences on some relatively free dimonoids
and use them to give exact representations of free products of dimonoids from given
classes.
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CIHEIINMAJIBHOCTDB MOPIAHOBBIX CYIIEPAJITEBP,
CBA3AHHBIX C AJITEBPAMM HOBUKOBA-IITYACCOHA
B. H. 2Kensa6un, A. C. S3axapos
HI'Y, UM COPAH, 2. Hosocubupck
antzakh@qgmail. com,vicnic@math.nsc.ru

OpmauM 13 BasKHEUININX BOIPOCOB B TEOPHUM MOPJAHOBBIX aredp W cyrepasaredop
SIBJISIETCS CIIEIUAIBHOCTh WM MCKIIOYUTEIHLHOCTh 3THX aurebp mam cynepasireop.
Aurebpa (cynepasirebpa) Ha3bIBAETCS CIENUAJBHON, €C/iM OHa BJIOXKUMA B ajredpy
(cynepasirebpy), MOy UIEHHYIO U3 ACCOIMATUBHOI aareOphl (cymnepaaredpsl), 3aMeHoi
YMHOXKeHHsI Ha cUMMeTpudHoe (cynepcummverpudnoe). Kiaccndeckuii crocob moiry-
YeHus HOpJaHOBBIX Cyllepaaredp 3To mponece, HasbiBaeMblii 1y6as Kanropa. Ilycrs
J(A) = A+ AL, rie A6 — m3omopduas ko A. Beenem na J(A) ymHOXKeHHE ©
CJIEIYIOIIUM 0OPa30M:

aeb=ab, aeb=aebl = (ab),al e b& = {a,b},

rie a,b € A, a ab — upousBesenue 31emenToB a u b B anredope A. Ilonydennyio
cynepairebpy obosnaunm uepes J(A,{,}). Crkobka {,} HasbBaercs HOpAaHOBOIA,
ecn J(A,{,}) asusercs ifopaanoBoii cynepasirebpoit. Yernast gacthb cynepaaredpbl
J(A,{,}) — npocrpancrBo A, HeuerHas — AE.

Pacemorpum anrebpandeckyio cucremy (A, - o) rmakyto, uro (A,-) — accorua-
TUBHAsi KOMMYTATHBHAs aaredpa U BEPHBI TOXKJIECTBA (MbI [OJIATAEM, UTO OlepaIusl
- mMeer mpuopuTer mepes o. [Ipu 3roM cuMBOJI + MBI OyJIEM OITyCKaTh):

ryoz=a(yoz);

ZLOY — X oYz = 2Yyoxr —yoxz.

Paccmorpum miponsBosibHyt0 06061mennyo anre6py Hosukosa-Ilyaccona (A, -, o).
Torma B KauecTBe CKOOKH MOYKHO B3sITh KOMMYTATOP OTHOCHTEIHLHO yYMHOXKeHust Ho-
BHKOBa, TO €CTh

{a,b} =aob—"boa.

Teopema. ITycrs (A,-,0) — obobiennas anrebpa Hosukopa-Ilyaccona. Torya
J(A,{,}) — cunenmanbnas itopiaHoBa cynepaJjreopa.

O PABPEIHINMMOCTU TEOPUMU ITEJIBIX YNUCEJI C OITEPATOPOM
TPAH3UTUBHOI'O SAMBIKAHU A
A. C. 3osoros
Teepcroti 2ocydapemeennviis ynusepcumem, Teepv
yesbody2@gmail.com

Wzyyenne nmpobieMbl pa3peninMOCTU ABJISETCA OJHON U3 NEHTPAIbHBIX 3a/1a9 Ma-
TeMaTUYeCKO JIOTUKH, IOy YeHbl MHOT'HE PE3YJIbTAThl O Pa3pPEIIUMOCTHA U HEpa3pelin-
MOCTH JIJIsl KJTACCUYIeCKUX TeopHsi epBoro mopsaka [1]. B mocieanee Bpemst akTuBHO
U3yYaloTCd PACHIMPEeHUd KJIACCUYECKOU JIOTMKM Pa3JIMYHBIMU OllepaTOpaMH, B 9acT-
HOCTHU, OIIEPaTOPOM TPaH3UTUBHOI'O 3aMbIKQHUSI.

Mpb1 mcceeyeM paspenmMocTb TeOPUU TEIbIX 4ncesl ¢ (DYHKIMed Cje0BaHusd,
IIpeInKaTaMu JeJTMMOCTH, PABEHCTBOM U OIEPATOPOM TPAH3UTUBHOTO 3aMbIKaHUs. B
TaKOll TEOPUH BbIPazkaeTCs TaK2Ke OTHOIIIEHUE «MeHbIIey IIPU ITIOMOIIY TPAaH3UTUBHOI'O
3aMbIKaHUsI OTHOIIIEHUS CJIeJIOBAHUS.
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Eciu momyckarh onepaTop TPAH3UTHBHOI'O 3aMBIKAHUS XOTs OBl 1O JBYM IIapam
[IEPEMEHHBIX, TO CTAHOBUTCS BO3MOXKHBIM BBIPA3UTh CJIOXKEHHE M yMHOXKEHHEe, 9TO
JeJIaeT TEOPUIO0 HEPaA3PEIMINMON.

MpI paccmaTpuBaeM OIepaTop TPAH3UTUBHOTO 3aMBIKAHNS TOJIBKO JIAIID IO OJJHOMN
nape mepeMeHHbIX. s Takux GOpMyT MBI TIpe/ijIaracM MeTOJT SJIUMUHAIINE Olepa-
TOpa TPAH3UTHBHOIO 3aMbIKAHUSI.

OCHOBHOI TEXHUYECKUIT PE3Y/IBTAT, KOTOPBIN MBI HCIIOIB3YEM, 3aK/II0UACTCS B ClIe-
JYIOIIEM:

Jlemma. [Ipu mocTpoeHnu «IyTd» MPH IOMOIIH OIepaToOpa TPAH3UTHBHOIO 3aMbl-
KaHUs U3 TOYKH T B TOYKY Y BCEIJa MOXKHO CYHTATH, 9TO BCE IPOMEXKY TOUHBIE TOUKH
STOro «IIyTH» Jexkar B uarepsaje (min(x,y) —h, max(z,y)+h), rge h — korcTanTa,
3aBHCSIIAST OT (POPMYJIBI TI0J] OIEPATOPOM TPAH3UTHBHOTO 3aMbBIKAHHSI.

C ncrosb30BaHueM JAHHON JIEMMBI MBI IIOJIyIaeM HAIl OCHOBHOW De3ysIbTarT:

Teopema. Teopust mesbIx ducest ¢ (OYHKIHEH CIe0BAHUS, IPEIHKATAMH JEJTHMO-
CTH, PABEHCTBOM H OIEPATOPOM TPAH3UTHBHOIO 3aMbIKAHHS TOJIBKO MO OJHOI I1ape
[IEPEMEHHBIX SIBJISICTCS PA3PEIIIMOI.
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