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ANALYTIC CYCLES ON COMPLEX TORI

M.G. Tankeyeva
I ——

The transcendence degree of the field of meromorphic functions on a compact complex manifold
is one of the most important invariants related to the geometry of the manifold. For example,
from the well-known classification of compact complex surfaces it follows that on a surface with
one algebraically independent meromorphic function a pencil of elliptic curves exists. More exotic
manifolds exist without nonconstant meromorphic functions, still scantily explored, which are usu-
ally used in the literature for constructing examples disproving the ordinary geometric intuition
(see [1]).

This article is devoted to the study of the geometry of simple complex tori without nonconstant
meromorphic functions, which allows us to get certain information concerning geometry of manifolds
which are close to such tori in the sense of the theory of deformations of complex structures.

Theorem 1. Let V' be a connected smooth closed compler-analytic submanifold of a complex
torus T. If 0 < dim(V') < dim(T"), then V is unstable with respect to small deformations of T.
Moreover, for the normal bundle N of V in T, we have H'(V,N) # (0).

As is known (see [2], theorem 1), H*(V,N) = (0) implies stability of V. Let X — S be a
Kuranishi versal family of deformations of a torus 7" = X,, and A C S the set of points s € S
such that the torus X, is simple and on X, no nonconstant meromorphic functions exist. It is
well-known that A is dense in S.

Theorem 2. On a simple complex torus T without nonconstant meromorphic functions, any
analytic cycle of codimension not less than 1 is 0-dimensional.

Proof. As is known (see [1]), 7" has no nonzero divisors. Show that no curves exist on 7". Let
C C T be an irreducible curve. One can assume that 0 € C. Let C,, = C+---+C (n summands). If
C, 1 # T, then dim(C,,) = n. Indeed, C,, ; C C, and C,,_; # C,, (otherwise C,, , = C,, ; +C,,
and, consequently, C,,_; is a nontrivial analytic subgroup in 7', which contradicts the assumption
that 7" is a simple torus), therefore dim(C,,) = 14+dim(C,,_;) and then dim(C,,) = n. If ¢ = dim(7T’),
then C,_; is a divisor on 7', which contradicts Krasnov’s theorem (see [1]).

Let S C T be an irreducible reduced closed complex subspace of minimal strictly positive
dimension on T'. Clearly, dim(S) > 1, Sing(S) is finite, on S there are no nontrivial divisors and,
therefore, no nonconstant meromorphic functions. Resolving (isolated) singularities of S with the
use of successive monoidal transformations of 7" with nonsingular centers (see [3], Chap.0, §7,
theorem 1"), we obtain a smooth model S’ of the space S such that S’ C 7" where 7" is obtained
by successive blowing-up of nonsingular centers of the Kéhler manifold T', and so 7" is a Kéhler
manifold. Consequently, S’ is a Ké&hler manifold without nonconstant meromorphic functions.

(©2000 by Allerton Press, Inc.

Authorization to photocopy individual items for internal or personal use, or the internal or personal use of specific clients, is granted
by Allerton Press, Inc. for libraries and other users registered with the Copyright Clearance Center (CCC) Transactional Reporting
Service, provided that the base fee of $50.00 per copy is paid directly to CCC, 222 Rosewood Drive, Danvers, MA 01923.

7




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




