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3AJAYA JUNPUXJIE B ITAPAJIJIEJIEIIUITEJIE J1JI¢1 QJIJIMIITUYECKOTI'O
YPABHEHUA C TPEMA CUHIVJ/IAPHBIMU KOOPUIINEHTAMUNU

Awnnorama. Uccnenosana 3amada upuxiie B mapajiiesenunese s YPABHEHUs, sBJISIONIEr0Cs
AHAJIOrOM O0OODIEHHOTO ABYOCECHMMETPHIECKOTO yPaBHEHNs [ eTbMIOIbIa s CIydas TPeX He3a-
BUCHMBbIX IepeMeHHbIX. C [IOMOLIBI0 METOI0B CIEKTPAJIbLHOIO aHAJIM3a J0KA3aHa €AUHCTBEHHOCTD
pelenus uccyemyeMoit 3aga4u. Pemenne mocTpoeHo B BUE JBOWHOIO Psi/ia € UCIOJIb30BAHUEM Pa3-
noxenus B psaa Oypne-bBeccensa. Halinennr mocTaTodnble yCIOBUSA Ha MCXOAHBIE TAHHBIE 33/Ia49H,
MIpA KOTOPBIX COOTBETCTBYIOIINE PSAIBI CXOAATCSI PABHOMEPHO W DEIEHUE CYIIECTBYET.

KrogeBple cyioBa: ypaBHEHNE C CHHTYISPHBIME Kodhduimenramu, 3amada upuxie, crekTpaib-
HBII MeToz, pyHKIUN Beccens, nBOWHON psi.
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BBE/IEHUE

ns ypaBHeHUS
2 2 2
Lu :uzx+uyy+uzz+?uuz+;puy+?quz_kzu =0, p< _1/27 p< _3/27 q< 1/27 (1)
B mapasutesermnene D = {(z,y,2) | 0 < z < a,0 < y < b,0 < z < ¢}, vme u, p, q, k, a, b —
3a/[aHHbIe MTOCTOSTHHbIE, PACCMATPUBAETCS
Sanaua Jdupuxie. Haiitn dyskmmo u(x,y, 2), yIOBIETBOPSIOINIYIO CJIEIYIONMM YCIOBUSIM:

u(z,y,z) € C(D)NCHD\{z=clU{z=0}))NC*D), Lu=0, (2)
u(0,y,2) =0, wu(a,y,z) =0, 0<y<b, 0<z<e, (3)
u(x,0,2) =0, wu(z,b,z)=0, 0<z<a, 0<z<eg, 4)

u(z,y,0) =0, wu(x,y,c)=p(z,vy), 0<z<a, 0<y<ec, (5)

riae o(z,y) — 3aJaHHas HeMpepbIBHAs (DYHKIINS TaKasi, ITO

©(0,y) = ¢(a,y) = ¢(z,0) = ¢(x,b) = 0.

Ypasrenne (1) apasiercss aHATOrOM 0600IIEHHOTO IBYOCECUMMETPUYECKOTO ypaBHeHust [ ebM-
rOJIBIA JIJIst CJTydasi TPEX MEePEMEHHBIX, KPAEBBIE 33JIa4M /sl PA3TUIHBIX YACTHBIX CIy9aeB KO-
TOPOro M3ydanauch MHOrMME apropamu (Hampumep, [1]-[3]). Ypasuenus tuna (1) umeror unTe-
pecHoOe CBOHCTBO: BUJ KPAEBBIX YCJIOBHIA, TIPH KOTOPBIX KPAEBAad 382498 OJHOZHAYHO Pa3permma,
3aBucKT 0T 3HadYeHus Koahdurmenros ypaprerus [4]. Takxe Kk ypasuenuto (1) upuBogsTcs Bbi-
POXKIATONITIECS JLIUITHIECKIE YPABHEHHs CO CTEIIEHHBIM XaPAKTEPOM BBIPOXK JIEHUS.

IMocrynuna B pemakiuio 29.08.2018, mocae mopaborku 29.08.2018. ITpuasara k mybaukamun 27.03.2019.
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CHeKTpaﬂbeIﬁ METOA IIPpU N3y41eHuun KpaeBOIU/I 3aa491 JIJid YPAaBHCHUA JIJIUIITUICCKOTI'O TUILA C
cuHryssipabiM Ko3ddunuerrom 661 ucnoab30Bal B crarbe [5]. Takxke ormerum padorst [6], [7],
r7le CIIeKTPAJbHBIN METO TPUMEHEH JJTst U3y UEHUST KPAEBhIX 3a0a4 JJIsT YPABHEHUI CMEITaHHOTO
THUTIA ¢ CHHTYIApHBIME Kodddurmentamu. B cratbe 6] 6611 paspaboran BApHAHT CIIEKTPATBHOTO
MeTOJIa C UCTIOJIb30BaHneM pasyioxKenus B psa Pypbe—Beccenss, KOTOPBIN UCTOIB3YETCS B TAHHOM
HCCTeTOBAHUH.

B macrosmeit paboTe mprMeHEH CIIEKTPAJIbHBIN METO K N3y ICHUIO IePBOH TPAHITHON 33,11
JUIsT YPABHEHUS C CUHTYJISIPHBIMU KO3 DUIMEHTAME B CJIyYae TPEX HE3ABUCUMBIX IEPEMEHHBIX.
Joxazana TeopeMa €IMHCTBEHHOCTH PEIIEHUS UCCIEAYEMOHM 3aJladul U MOJIYUYEHBI JIOCTATOYHBIE
YCJIOBUSI CYIIECTBOBAHUS PEIIECHUS.

1. TIOCTPOEHUE YACTHBIX PEIIEHUN

[Iponssenem paszaenenue mepemeHHbIX u(x,y,z) = V()W (y)N(z) u moactaBuM B yCI0BHS
(2)—(4). oxyaum Kpaesble 3a1a49u 151 OOBIKHOBEHHBIX UM GEpEeHITHATBHBIX YPABHEHHI:

V" + %“V’ +71V =0, (6)
V(z) € CY[0,a] N C*(0,a), V(0)=V(a)=0; (7)
w" + 2;W’ + W =0, (8)
W (y) € C'[0,b] N C2(0,b), W(0) =W(b) = 0; (9)
N" + %N’ — 02N =0, (10)
N(z) € C[0,¢] N CH0,¢) N C%(0,¢), N(0)=0, (11)

TJIe Y1, Y2 — HNOCTOSHHBIE Pa3JleJieHNsd, T. €. ClIeKTPaJbHbIE TapaMeTPbl, KOTOPhIE NOJJIeXKaT OIpe-

nenenuto, o = \/k? + v§ + 3.

O6ume perennst ypaprernii (6) u (8) moxkuO 3amucars B Bue ([8], cc. 134, 136)

V(z) = Ajx™ " J_p, (max) + Agx™ Y, (M),

W(y) = Biy ™" Jp, (72y) + Bay "' Yp, (20),
rae Jy,(t) — dyskius Beccens nepsoro poma, Y, (t) — dyukuus Beccenst Broporo poxa, A;, B;,
i = 1,2, — Opou3BOJBHBIE TIOCTOSHHBIE, (1] = pt — 1/2, py =p — 1/2.

U3 acmvmroruk dbyskunit Beccens B okpectrocTr Byt (8], ¢.172) u yeaosuit (7) u (9) cnenyer
Ay = By = 0. UrobsI JaHHble penterns oOpaliainch B HYJIb TPH £ = a U Y = b, HeOOXOIUMO
" = Tn/aa Y2 = lm/b

O6mnm perennem ypasuenus (10) 6ymer dynxmus ([8], ¢.141)

N(z) = Ciz " _g (0nmz) + Coz” " Kg, (0nm2),

rae 1, (t) u K, (t) — mopudunuposanusie byukimn Beccensi, g1 = ¢ —1/2, C1, Cy — npon3Boib-

HEBIE ITOCTOAHHBIE, Oppm = \/ k2 + (%)2 + (%’")2.

Beuy acumuroruk mojudunuposanubix dyskuuit Beccesst ([8], ¢.173) u rpebosanusi obpa-
menust B Hy/ib Gy N(2) upu z = 0 noayuum Co = 0.

Takum 06pazoMm, YacTHBIE pelieHns ypasHenus (1) Busa
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yaoBjieTBopsitoiue ycaosusm (2)—(4), onpenensitorcs popmyiamu

Vo(z) = 27MJ_,, (%”m) , (13)
Win(y) =y P J_p, <lgly> ; (14)
Nom(2) = Comz" g, (Onm2). (15)

2. E,Z[I/IHCTBEHHOCT]) PEIIEHNA 3AJAYN
Teopema 1. Ecau pewenue 3adauu (2)—(5) cywecmeyem, mo ono eOuHcmeeHHo.

Aoxazameavcmeo. B cayaae k # 0 equHCTBEeHHOCTH pernienust 3agaqn (2)—(5) ciaemyer w3 npuH-
AT SKCTPEMYMA, JJIsl SJUTHITHIECKAX yPpaBHeHU. YCTaHOBUM € IHHCTBEHHOCTD PEIIeHIs 3a1aun
MEeTOJIOM CHEKTPAJBHOrO aHaInu3a, ciaeays padboram [9] u [6].

[Iycrs u(z,y, z) — pemenne 3agaun (2)—(5).

Cucrembr cobcrernbix dbyukiuii V,,(x) u Wy, (y) He ABISIOTCS OPTOrOHATBHBIME, ITOITOMY
HeoOxonuMo Haiitu cobcrBennbie dyuknun V) (x), W (y) KpaeBbIX 3a7at, COMPsIKEHHbIX K (6)—
(9).

st 9TOro paccMOTPUM HHTErpaJ

riae Ly (v(z)) = 0" (z) + 27“1)’(3;),
v(x) € C0,a] U C?(0,a), v(0) = v(a) = 0. (16)

ITponHaTErpUPOBAB IO YACTAM, TTOJIYTHUM

aVJ(az) o(2) + 2Pl () ) der =
frie ( )

T

a

= V*(a)v'(a) — V.5 (0)v'(0) + lim (?V;(CL‘)U(I‘)) + /U(J})L;(V:(SL‘))dx, (17)

z—0
0

* * _ *// 20y ! 20y 7%
Yro6b! BHEMHTETIPAJIbHBIE CJIATaeMble OBLIN PABHBI HYJIIO, JOCTATOYHO TTOTPEOOBATH BBITIOJIHE-
HHUd YyCJIOBUHR
L2l .
lim —V,(z) xoueuen, Vyi(a) =0. (18)
z—0+ X
Oyukuun V' (x) kak cobcrsenuble dyHKumM oneparopa LY j10JKHBL sIBIASTHCS PELICHUSMU
ypaBHEHUS

Va(a) - L4 <(2‘)2 - i’;) Vi(2) =0. (19)

Oynkuus Vi(z) = a1, (f2x) asaserca pemennem ypapaerns (19) ([8], ¢.136) u yzo-
Biersopsier ycaosusiv (18) B cuiy acumnroruku dbyskuuu Beccens J,(t) = O(tY), t — 0, n
OIIPEJIEJICHUST TUCEJL T,

Amasormamen o6pasom nomywaem dynkmun Wi (y) = yP1 I, (by).
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Hust rakum obpaszom oupejesennbix dyuknuit V5 (x) u W (y) Bepabl paBeHcrsa

jwwmmmm:]wmmwmmt—j/wummm

0

b b
/Wé(y)Ly(w(y))dy: /w(y)LZ(W;Z(y))dy = —lTb"/W;Z(y)w(y)dy-
0

Ucnonssyst coorrorenue (20), IpuBeieM PaBeHCTBO

a a 2

0= /V:(J:)Ludaz = /V,f(x) <Lxu + Lyu+ u,, + —quz — k2u> dxdy
z

0 0

K BUZLY
/“ny (z )dﬂf+/usz* yp/ x)dz+
0 0

s dyukimn
a

ypasrenue (22) nepermmercs B popme

v,  O%u,  2p0u,  2qOuy, 9 T\ 2

i e Lk ) =0.
8y2+8z2+y8y+z82 +a tn

IlosTOMy BepHO paBEHCTBO

. 9uy, 82un 2p Ou,  2q Ouy, 9 T\ 2
0_/W < (322 +y6y+zaz_<k+(a>>un)dy_

b
0u,  2q0uy 9 ™\ 2
0

Ncnonssyst hopmyay (21), pasencrso (24) npusegem K BuLy

b
2
[ Saw @+j//wmwwm@mw—
0

ﬂ
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Hrst dyukimn

a b
nm = V* dxdy =
um() = V- Wm,W* // (w)dwdy =
0

vV ()W, (y)dzdy  (26)
a2b2<]3#1+1( —p1+1 //

paBeHCTBO (25) MOXKHO 3aIMCATH B BUJIE YPABHEHUS

2
un o+ ?qu;m - aimunm =0. (27)

N3 dopmyn (3) u (4) momyuaem ycroust

Unm(c) = Pnm, (29)
rje
4 /a L Tn b ) L
Onm = e, (e dw/ oz, y)y" T, | =y ) dy.

(30)
VYpasraenue (27) u ycnosue (28) cosnagator ¢ ypasueanem (10) m ycimosuem (11), a moromy
GYHKIMIO Upyp (2) MOKHO TIDEJCTABUTH B BUJIE

Unm (2) = Comz” g, (Onm2). (31)
IMoucrasus dyukuuio (31) B pasencrso (30), ¢ yaerom (29) nosyunm

(an qu

Cnm = 5 -
I_q (onme)

(32)

Ilycrs ¢(z,y) = 0. Torga u3 dopmyn (30)-(32) crenyer upm(z) = 0. 113 mocrenmero Toxe-
cTBa 10 onpeenennio MYyHKINT Upm (2) (26) nomaydaem

b
Im
/un Y, 2) leJ_pl (by> dy = 0.
0

Orcroza B cuy nosHoThl cucrembl yHkimit Beccesst B Lo[0, b] ([10], ¢.315) caenyer up(y, z) = 0
nouru Berogy Ha [0,b] upu smwbom z € [0,c]. Benencreue HenpepblBHOCTH Uy (Y, 2) 1OJSydaeM
un(y,z) = 0. Torga uz pasencrsa (23) n oupeupesnennst dyuxun V¥ (z) umeem

a

/u(w,y, 2t (%x) dx = 0.

0

Orcrona, u3 nojHoThL cucrembl PyHkuuit Beccens u wenpepoisrocru dynknun u(z, y, z) caeayer
u(z,y, z) = 0. O
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3. CBHHECTBOBAHHE]NHHEHHHﬁ3AﬂAQH

ycrs dynxous 21 yPro(z,y) € C1([0,a] x [0, b]), Torma ee MOXKHO TIPEACTABUTL B BIE PAIA
([8], c.165)

p(z,y) = Z en(y)Vn(z) = Z V() Z CrmWin(y), (33)
n=1 n=1 n=1

rue

2 a T
() = i+l g (l ) d
80 (y) CL2JEM+1 (Tn) /0‘ gp(xvy)x M1 a T x7

a K03 MUIMETBT Yy, OnIpeaensirorca dopay.noit (30).
IMokazkem, 9T0 cymMMa TOBTOPHOTO psijia (33) paBHA CyMMe JBORHOTO psiia

Z Onm Vo (2) Wi (y). (34)

n,m=1

HO,ZL CXOAUMOCTBIO rZLBOI‘/JIHBIX PAI0B 6y,£[€M IHOHUMATh CXOAUMOCTD 11O IPAMOYT'OJIbHUKAM.

Jlemma 1. ITycmo ¢ynxyus f(t,s) ydosaemsopsem caedyrowum yeaosuam: 1) f(t,s) umeem
02PaHUNEHHOE UMEHEHUE No nepemernol t na ompeske [0, a] dan awbozo Pukcuposantozo ana-
wenus s uz [0, b];

2) gynryuu f(0,s) u f(a,s) umerom ozpanuvennoe usmenerue na ompesre [0,b];

3) usmenenue pynxyuu f(t,s) no nepemennot t na ompeske [0,a] dasa Purcuposanmozo 3Ha-

a
YeHUA S ( Vi f(t, s)) Kak PynKyus om s umeem ozpanuvernnoe usmenerue na [0, D).
0

Tozda cnpasediusa acCuUMNMOMUKA
b a
/31/2J,,2()\23)ds/tl/zf(s,t)J,,l()\lt)dt =0 (Af”/? : /\;1/2) . AL — 400, (35)
0 0
ede v1,v9 < —1/2.

ﬂo%asame/zbcmeo. Honoxum f($;y> = 1?1 (ta S) - ¢2<t7 3)1 rae ¢1(t7 8) - ‘2 f(ta S)a ¢2(t78> =
0

P1(t,s)— f(x,y). Dyuxuun ¢y (t, s), ¥a(t, s) Bospacrator no t va orpeske [0, a] npu atbom dukcu-
POBAaHHOM 3HaueHHH $ m3 orpeska [0,b], Torga mo BTOPOit TEOpeMe 0 CPemHeM CYIECTBYeT TaKas
dyrkmma 0 < £1(s) < a, 9TO BEpHO PABEHCTBO

a &1(s) a
/ Y1 (t, s)dt = 1(0, s) / Y27, (At)dt + ¥ (a, s) / Y27, (Ast)dt.
0 0 51(5)

Oyuxius 11(0, $) TOKIECTBEHHO PABHA HYJIIO MO NOCTPOEHUIO, (DyHKIUd 11 (a, $) mMeer orpa-
HUYEHHYIO BAPUAIIMIO [0 TIPEIIOI0KEHNIO JIEMMBI, TIO3TOMY €€ MOYKHO MPEJICTABUTEH B BHJIE PA3HO-
CTH JBYX MOHOTOHHBIX (DyHKIU# 11 (a, 8) = 111(8) —112(8), A1s1 KK IO M3 KOTOPBIX MPUMEHNMA,
BTOpas Teopema 0 cpegneM. 11o3roMy mHTErpas

b a

Li(A1, o) = /sl/zJ,,Q()\gs)ds/tl/zwl(s,t)Jl,l(/\lt)dt =
0 0
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&(s) b
= /1,/}1(0,3) Jy, (\2s)ds / 2.7, (A1t) dt+/w (a,s)s'/%J,,(As)ds
0 0 0

/ 121, byt (36)
&)

npeobpasyeM K BHIY
b a
Li(A1, ho) = / Y11(8) — V12(8)]sY2 T, (Aas)ds / Y27, (Art)dt =
0 1(s)

&2 a b a

= 11(0) / sY2.7,,(Aas)ds / Y27, (Ait)dt 4 111 (b) / s12.7,,(A\as)ds / Y27, (Art)dt—
0 £1(s) &2 &1(s)
&3 a b a
— 12(0) / sY27,,(\as)ds [ Y20, (Ait)dt — ra(b) / sY27,,(Aas)ds [ Y20, (Ait)dt.
0 €1(s) & €1(s)
(37)

PacecmoTpuM mepBoe ciraraeMoe n3 MpaBoii YacTu paBeHCTBa (37) M MPOBEIEM B HEM 3aMEHY
HepeMeHHoﬁ n = Ait, T = Ags. [omyuanm

a A2é2 Aia
$11(0 / 2 1, (Aas)ds / 720, ()t = i (0)A; 22, / 72T, (r)dr / n'/2J,, (n)dn.
51( ) 0 )\151(7/)\2)

(38)

JLJTsT OTIeHKM aCHMITOTHYIECKOTO TOBEJICHNs] HHTErpaia B MPaBoil JacTu paBeHcTBa (38) mpu
OOJIBINNX BHAUEHUSIX A1 U Ao PACCMOTPHUM MHTerpaJi, rie GpyHKIun Beccesis 3aMeHeHbl IEPBBIME
WIEHAMH UX aCHMOTOTHYECKNX Da3/IoKeHuil /st Gosbinx 3HadeHuit mepemennoit ([8], ¢.157).

Beuy orpanmaennocrn dyukmuit 7/2.J,, (1) u n'/2.J,,(n) 6yneM uMerh Ty Ke aCHMITOTHKY,
9TO M MCXOTHBIA HHTErpall,

v 2\ /2 T T e 2\ /2 v s
/ 1z = cos<T——2——)dT / /2 (= cos(n——l——>d77:
To\Tr 2 4 ™ 2 4
0 A1é1(r/A2)
A2&2

2/ ( TV 7r>><
= — cos (17— — — —
s 2 4

X [sin (AM1a — vy /2 — w/4) —sin (A& (7/XN2) — 71 /2 — 7 /4)]dr = O (N2). (39)

B cuny pasenctsa (38) n acumuroruxu (39)

&2 a
¥12(0) / Y27, (Aas)ds / 20t = 0 (52 E) L a o,
0 600

OcranbHble TP MHTErpaia U3 NPaBoil 9acTh paBeHcTBa (37) OUEHMBAIOTCA AHAJIOTUIHO, MO-
3TOMY BepHA aCUMIITOTHUKA
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LML) =0 ()\1_3/2 : /\2_1/2) L AL e = oo, (40)

YunteiBas, aro byaknnu Y2(0,s) = f(0,s) u ¥a(a, s) = ¢¥i(a,s) — f(a, s) nmeoT orpann<eH-
HOe M3MEHEeHHe, IOI00HYI0 OIleHKY MOYKHO IIPOBECTH H JIJIS HHTErPAJIa

b a
(A1, Xo) = / sY2.7,, (Aas)ds / /209 (5,8) Ty (M t)dt = O ()\1_3/2 : )\2_1/2), Ay Ao — 400,
0 0
(41)
U3 pasencts (40) n (41) caeayer yTBep:KIeHHE JTEMMBI. O

Caencreue 1. Jnga cnpasemmmsocT acuMnToTuky (35) IOCTATOYHO CYIIECTBOBAHUS HETPEPHIB-
HBIX TPOUBBOAHBIX [s(t,s) fis(t,s) na muoxkectBe [0, a] x [0,0].

Zoxrasameavcmeo. Tlokazkem, 9o B 910M ciydae dbyukius f(s,t) yI0BIETBOPSET YCIOBUAM JIEM-
Mol 1. VI3 cymecTBoBamust MpOU3BOIHON 110 ¢ ciieyeT, 9ro 1jisi f(t, $) BBIIOJHEHO TIEPBOE YCJIOBHE
JneMMbL. U3 cymecTBoBaHns IpOM3BOAHOI 10 § — BTOPOE YCIOBHE.
a a
Hosoe msmenenue Vi f(f,s) B paHHOM Cilydae MOxKHO upejcrasurs B Buge [ |fi(s,t)|dt,
0 0
M3MeHeHWe JTaHHOTrO BhiparkeHus Kak (pyHKIMM oT s He bosbiie uncia abMy, , rne My, — nau-
Bosbiee o Momysto 3uavdenue fis(t, s) Ha muoxkectse [0,a] X [0,b]. TTosromy Tperwe yciaorue
JIEMMBI TAaK?K€E€ BBIITOJITHEHO. D

Jdemma 2. ITycmo dynryua o(x,y) € C1([0,a] x [0,b]) ydosaemsopaem caedyrouum ycaosuam:
1) na mroocecmse [0, al x [0,b] cywecmeyem cmewannaa npoussoonan Py, MaKat, mo Gynx-
yua TPYP " (Yuyy (T, Y) — @ay(2,y)) ydosaemeopaem ycaosusm aemmvy 1;
2) (pm(x70) = 90:13('7:7 b) = (ny(l', 0) = 0
Tozda cyuwecmsyem maxas nocmoannas Py, wmo eepna oyenka

|()0nm| < P1n73/2m73/2-
Jlokasameavcmeo. Paccmorpum unrerpan B onpejgeseann Ko3hOUuenTos @y, (30) u npounre-
CPUPYEM 110 YACTAM OJWH Pa3 10 T u aBa pa3a 1o y. Vcnonb3ys dopmysny auddepenmupoBanus
dyukuun Beccenst

(", (1) = —t" -1 (t), (42)

b
@ n I,
/0 LR (;x) dw/w(x,y)y”l“J—pl <by> dy =
0

b
__ 9 p1+1 n p1+1 Im _
rn/ Jpy—1 ( . x) dw/sox(wjy)y J—p, ( b Y dy

OJIy YAM
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a b

/:v’”“J j—1 (T )dw/(ysoxyy(w,y) Py (2, Y)Y T-py—2 <lb )dy
0

0

ab
ral2,

3/2
[lepBriit U3 WHTErPAJIOB TPABOl YaCTH MOJIYYEHHOTO PaBEHCTBA UMeeT opsiqok O (rn / )

3/2l 1/2

([11], ¢.653), BTOpOIt WHTETPAT MeeT aCUMITOTUKY O (r ) mo jlemMe 1. Takke BepHBI

coorromennst J_p, _o(lm) = O(Im'"?), J_pis1(lm) = Om""?), J_pis1(lm) = O(lm"?). Kopun
dyuripun Beccens umeror ciepyromee nosegerne ua Geckoneanoctn ([11], ¢.558):

T (n—u/2—-1/4), lp=x(m—p/2-1/4), (43)

OTKY/Ia HMOJIYYNM YTBEPXKJICHUE JICMMBL. O

JIemma 3. ITycmw x € [0,a], y € [0,b], mozda cywecmeyrom marue nocmosnnuve Py, Py, Py,
Ps, wmo 0aa docmamouno 60AvWUT 3HaMEHUT T U T 6EPHYL OUEHKU

Va(@)] < Poy V(@) < Psn, [Win(y)| < Py, Wi (y)| < Psm. (44)
Jlokasameawvcmeo. Tlo dopmyne muddepentuposanns dynkumn Beccers (42) nveem
Tn _ r
Vi(z) = Eac L 1(;.%).

Coryracuo acumnrorukam (yuakuuun Beccens Jy,(t) = O (til/z) npu t — +oo u J,(t) = O (t¥)
upu t — 0. TTosromy npu v > 0 dyukius Beccens orpanuuena na muoxectse [0, +00). Tak kak
—p1 > 1, To bynrmmn J_,,, (t) w J_,, —1(t) orpanutens:.

Yuurbisag acumnToruky kopueit dpynknuu Beccenst (43) u orpanngennocts dynkuun Becce-
Js1, mosrygaem Tpebyembie onenku ais Vi, (z), V) (x).

VrBepx aeHus geMmbl oTHOCHTENBHO (hyHKIUHA W,y (y) m W) (y) nokaseiBaloOTCs aHAJIOIHTHO.

g

[Tycrs dyukiws ¢(x,y) yaosaersopser yciaosusiM jgemMbl 2. [Iponsseiem oreHKy 0611ero wie-
Ha paga (34) ¢ ucnoap30BaHNEM PE3yJIBTATOB JeMM 2 U 3

| rm Vi (2)Win (y)| < PLPyPyn~32m=3/2,

Orciona ciemyer

Z | onm Vo (2) Wi (y)| < PLPaPy Zn*B/Q Z m3/2, (45)
n,m=1 n=1 m=1

Tak kak oba psia cpasa B HepaseHcTBe (45) cxomsares, TO psif (34) ¢XOIUTCsT PABHOMEPHO, a
3HAYUT, PABEH MOBTOPHOMY Dsijty (33).

®opmasbHoe perienne 3anaun lupuxie, ynosaersopsiomiee yeaosusM (2)—(4), mano dopmy-
gamu (12)-(15). Ilosromy, yunTeiBas pasioxkenue (33), dbopmanbHoe pemenue 3agadn (2)—(5)
npegcrasumo B Buge (12)—(15) ¢ xoadbdurmenramu Cy,y,, BbipazkaeMbiMu dopmysoii (32). Ta-
KuM obpasoM, dhopmasbHOe perenne 3amaqau (2)—(5) onpegensercs Gopmytoi

u(z,y, 2 Z OnmNum (2) Va(2) W (y), (46)

n,m=1
rae V,,(z) onpenensercs dopmynoit (13), W, (y) — (14),

-
Ny (2) = 2z Mg, (0nm?)

g (Onme)
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[Ipoussenem weobxoanmble onenku Beanaud Ny (2), N, (2), N (2), V' (x), W) (y).

Jlemma 4. ITyemo x € [g,a], y € [e,b], 2de 0 < ¢ < min{a, b, ¢}, mozda cywecmeyrom nocmo-
annvie P u Pr maxue, umo das docmamoumno GOALWUT HOMEPOS N U T, 6EPHDL OUEHKU

Vi (@) < Pen?, [Wyi(y)| < Prm?.
Jlokasameavemeo. Tonssysacek dbopmynoit (42), Berancmm

2
V'(z) = r—nx_”l_lJ_m_l (T—na:> + %x_“lJ_m_g (T—nx) .
a a a a
MuoxkecrBoM 3Hadenuii t = 2 npu x > € Gyaer gy ["2e,400). Kax GbuIo nmoxasano pa-
Hee, Ha 3TOM MHOxKecTBe dbyukius J_,, _o(t) orpamundena. Orciona ¢ y4eToM acUMITOTHKH (43)
CJIEJIyeT yTBEPXKICHUE JIEMMBI.
s W) (y) mokazarenbcTBo aHAIOTHIHO. O

Jlemma 5. Ilycmo y € [e,¢ — €]. Tozda cywecmsyrom nocmosannwe Py, Py u Py maxue, wmo
das AoCamodHo GOABWUT HOMEPOS N U T GEPHBL OUEHKU

n _egmm

‘Nnm(z)’ S Pge_%e_%, ‘errm(z)‘ S P9nm€_%e 2,

emn __emm

|N;l'm(z)| < P10n2m26_76 26,

Joxasameavcmeo. Tonbsysics dopmynoit nuddepennuposanus ([8], c. 141)

(L) =t L (b),
BBIYUCTHM
Onmz Mg, _1(0nmz)
N’ _ Onm Q nm 47
R T (47

Unmz_ql_llfqlfl (Onmz) + U%mz_ql I_g—2(0nm?)
B I_g (opme)

Ny (2) =

Momudurnuposannsie dbyHkiun Beccenst MOTYyT UMeTh UMb KOHEUHOE UUCIO JIEHCTBATE -
HBIX Hyseit, uro ciegyer w3 dopmymst I,(z) = e /2], (2e"™/?) u Toro, uro dbynxmums J,(z)
MMeeT JIMIIb KOHEYHOe YMCI0 KoMIteKCHbIX Hysteit ([8], c. 162). Tlycrs g, — naubonbmnii Hysib
dbynkimu I, (z), TorAa 4718 n 1 m, HOSIUHAONINXCH HEPABEHCTBY Opy, > MaX{g—_q,—1/€, §—q, -2/,
g—q1—3/€}7 (byHKHI/H/I Z’(_qu—lll (Onmz)a Z_qlf_ql_l(O'an), Z_ql_lj—ql—lj—ql—l(O'nmz)a
207 T4 —9(0nmz) MOHOTOHHBI Ha OTpe3Ke |¢,c¢ — €], TaK KaK WX MPOM3BOJHbIE HUTJE He
obpamarorcs B Hysb. U3 acumnroruku moauduiupopantoit dyuknun beccesst

I(t) = et /(2mt)/?, t — oo, (48)

caenyer, 9To JaHHbIe beHKHHH TOJIOZKUTEJIBbHBI 1 BO3PACTAIOT, TTOTOMY JJIA TAKUX 3HAYEHUN N
1 M BEPHBI HEPABCHCTBA

| Npm (2)] < I_q (nm(c — 8))/I—ql (onme),
[Ny (2)] < G gy —1(0nm(c = €)) /T gy (0nme),
Tpm(c — 5)_q1_11—q1—1(0nm(c —¢€)) + U%mc_qll—q1—2(0nM(c —¢€))
¢ g, (0nmc) .

[N (2)] <

B cuny (43) u (48) cymecreytor Takue nocrostuusie Py, Py, Py, Pjy u Pjg, uro

(N (2)] < Pye=eV /a4 mm/bF < o= =5
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[N (2)] < Pé\/(m/a)2 + (em/b)2e eV T < pipmes T e R

[N (2)] < Py <(7T”/a)2 + (Wm/b)Q) e~V m/@TH /D) < pn2m2e Sl e . O

Jlemma 6. IIpu z € [0, ] sepra ouenka |Npm(z)| < 1.

Aoxazameavcmeo. llpoussonnas dyurnuu Ny, (2), onpenensiemast opmyoit (47), He mMeer
JefiCTBUTE/IbHBIX HyJIel, Tak Kak nx He nMeer dbyuxiws [, (f) mpn v > —1 ([8], ¢.163). 113 acumir-
toruku (48) mosydaeM, 9To TMPOU3BOIHAS TOJOKUTEIbHA, & 3HAYAT, MyHKIWs [}, (2) MOHOTOHHO
BO3paCTAeT, He UMeeT JeHCTBUTEIbHBIX HyJIell U IOJI0KUTeIbHA, T09TOMY

| Npm (2)| < N (¢) = 1. O

Teopema 2. [Tycmo pynkyus p(x,y) yooeaemeopaem Yciosusm aemmovs 2, moz0a pewerue
sadawu (2)—(5) cywecmeyem.

Jlokasamenwvcmeo. JlocTaTodnHo moKa3aTh Caeayronme yreepxkaenus: 1) psay (46) cxomurcs pas-

HOMepHo Ha D, 2) pabl, moaytdeHnbie u3 (46) o HOKPATHBIM MOUIeHHBIM MudhhepeRIIpoBaHTeM,

paBHOMEPHO cxoaTca Ha MHOKecTBax De1 = D N{e < z < ¢ — €}, a ABYKpaTHBIM TOYIEHHBIM

nuddepennuposanneM — Ha MHOXKecTBaX Doy = {(x,y,2) |e <z < a,e <y < be <z <c—e}.
1) Psg (46) cormacuo memmam 2, 3, 6 orMeHEM Ha MHOXKecTBe D

> emm Nam (2)Va (@)W (y)| < > PIPPn 3 Pm 32 =P PPy n 32 " m =32,
n=1 m=1

n,m=1 n,m=1

Tak kax 06a MHOXKHTE/S B MPABOH YaCTH HEPABEHCTBA CXOAATCS, TO psj (46) cxomurest pas-
HOMEPHO.

2) Cormacuo jnemmam 3 m 5 cymectByer Takoe 9mcao Pjp, 9T0 HAa MHOXKeCTBe Doy Dsijibl,
nosrygennbie u3 (46) 0JHOKpATHBIM MOUTeHHBIM b hEePEHITMPOBAHNEM, MOKHO MAaKOPUPOBATH
CXONLAMIMMCS TUCTOBBIM PIIOM

oo oo o0
Z P11n2m267%67572rl:n = P nZe” %a . Z m2e %, (49)
1 =1

n,m=1 n=

B cuny nemum 4 u 5 onbepeM Takyio MOCTOAHHYIO Po, 910 moaydenuble u3 (46) aByKpaTHBIM
nowieHHbIM JudbepeHInpoBanreM Ha MHOXKeCTBaX Dgo PSiJIBI MaXKOPUPYET PsiJl

o oo oo
4 4 —Emnm _emm _emn 4 _gmm
E Pion®m*e 20 e 26 = Py E n*e” 2 - g m*e” 2 . (50)
n=1 m=1

n,m=1

13 cxogumocTn MHOXKMTENEH B mpaBbix yactax pasencts (49) u (50) caenyer yrBepxjeHue
TEOPEMBI. O

U3 cnencreus semmbl 1 momydaem

CuencrBue 2. s cymecreoBanusi pernenust 3agaqu lwpuxie (2)—(5) mocrarodno, 9106wl
na muoxecrse [0,a] X [0,b] cymecrBoBasm mempepbiBhble GYHKIUE TFYPQryyay, THYPOryyy,
TPYP opy, TPYP gy v BBIDOIHSIIMCH ye0BUS ©i(7,0) = g (@, b) = ¢y (z,0) = 0.
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A.A. Abashkin and I.P. Egorova

Dirichlet problem in parallelepiped for elliptic equation with three singular coefficients

Abstract. For analog Helmholz biaxisymmetric equation for the case of three variable, we consider
Dirichlet problem in parallelepiped. We prove uniqueness of Dirichlet problem solution using
spectral analysis methods. We construct the Dirichlet problem solution as double series. In
constructing the solutions we use Fourier-Bessel series. We find boundary function the conditions,
then the corresponding series converges uniformly.

Keywords: equation with singular coefficients, Dirichlet problem, spectral method, Bessel func-
tions, double row.
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