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ÓÐÀÂÍÅÍÈß Ñ ÒÐÅÌß ÑÈÍÃÓËßÐÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Àííîòàöèÿ. Èññëåäîâàíà çàäà÷à Äèðèõëå â ïàðàëëåëåïèïåäå äëÿ óðàâíåíèÿ, ÿâëÿþùåãîñÿ
àíàëîãîì îáîáùåííîãî äâóîñåñèììåòðè÷åñêîãî óðàâíåíèÿ Ãåëüìãîëüöà äëÿ ñëó÷àÿ òðåõ íåçà-
âèñèìûõ ïåðåìåííûõ. Ñ ïîìîùüþ ìåòîäîâ ñïåêòðàëüíîãî àíàëèçà äîêàçàíà åäèíñòâåííîñòü
ðåøåíèÿ èññëåäóåìîé çàäà÷è. Ðåøåíèå ïîñòðîåíî â âèäå äâîéíîãî ðÿäà ñ èñïîëüçîâàíèåì ðàç-
ëîæåíèÿ â ðÿä Ôóðüå�Áåññåëÿ. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ íà èñõîäíûå äàííûå çàäà÷è,
ïðè êîòîðûõ ñîîòâåòñòâóþùèå ðÿäû ñõîäÿòñÿ ðàâíîìåðíî è ðåøåíèå ñóùåñòâóåò.
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Ââåäåíèå

Äëÿ óðàâíåíèÿ

Lu = uxx +uyy +uzz +
2µ

x
ux +

2p

y
uy +

2q

z
uz − k2u = 0, µ < −1/2, p < −3/2, q < 1/2, (1)

â ïàðàëëåëåïèïåäå D = {(x, y, z) | 0 < x < a, 0 < y < b, 0 < z < c}, ãäå µ, p, q, k, a, b �
çàäàííûå ïîñòîÿííûå, ðàññìàòðèâàåòñÿ
Çàäà÷à Äèðèõëå. Íàéòè ôóíêöèþ u(x, y, z), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

u(x, y, z) ∈ C(D) ∩ C1(D\({z = c} ∪ {z = 0})) ∩ C2(D), Lu ≡ 0, (2)

u(0, y, z) = 0, u(a, y, z) = 0, 0 ≤ y ≤ b, 0 ≤ z ≤ c, (3)

u(x, 0, z) = 0, u(x, b, z) = 0, 0 ≤ x ≤ a, 0 ≤ z ≤ c, (4)

u(x, y, 0) = 0, u(x, y, c) = ϕ(x, y), 0 ≤ x ≤ a, 0 ≤ y ≤ c, (5)

ãäå ϕ(x, y) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ òàêàÿ, ÷òî

ϕ(0, y) = ϕ(a, y) = ϕ(x, 0) = ϕ(x, b) = 0.

Óðàâíåíèå (1) ÿâëÿåòñÿ àíàëîãîì îáîáùåííîãî äâóîñåñèììåòðè÷åñêîãî óðàâíåíèÿ Ãåëüì-
ãîëüöà äëÿ ñëó÷àÿ òðåõ ïåðåìåííûõ, êðàåâûå çàäà÷è äëÿ ðàçëè÷íûõ ÷àñòíûõ ñëó÷àåâ êî-
òîðîãî èçó÷àëèñü ìíîãèìè àâòîðàìè (íàïðèìåð, [1]�[3]). Óðàâíåíèÿ òèïà (1) èìåþò èíòå-
ðåñíîå ñâîéñòâî: âèä êðàåâûõ óñëîâèé, ïðè êîòîðûõ êðàåâàÿ çàäà÷à îäíîçíà÷íî ðàçðåøèìà,
çàâèñèò îò çíà÷åíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ [4]. Òàêæå ê óðàâíåíèþ (1) ïðèâîäÿòñÿ âû-
ðîæäàþùèåñÿ ýëëèïòè÷åñêèå óðàâíåíèÿ ñî ñòåïåííûì õàðàêòåðîì âûðîæäåíèÿ.

Ïîñòóïèëà â ðåäàêöèþ 29.08.2018, ïîñëå äîðàáîòêè 29.08.2018. Ïðèíÿòà ê ïóáëèêàöèè 27.03.2019.
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Ñïåêòðàëüíûé ìåòîä ïðè èçó÷åíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ñ
ñèíãóëÿðíûì êîýôôèöèåíòîì áûë èñïîëüçîâàí â ñòàòüå [5]. Òàêæå îòìåòèì ðàáîòû [6], [7],
ãäå ñïåêòðàëüíûé ìåòîä ïðèìåíåí äëÿ èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî
òèïà ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè. Â ñòàòüå [6] áûë ðàçðàáîòàí âàðèàíò ñïåêòðàëüíîãî
ìåòîäà ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ â ðÿä Ôóðüå�Áåññåëÿ, êîòîðûé èñïîëüçóåòñÿ â äàííîì
èññëåäîâàíèè.
Â íàñòîÿùåé ðàáîòå ïðèìåíåí ñïåêòðàëüíûé ìåòîä ê èçó÷åíèþ ïåðâîé ãðàíè÷íîé çàäà÷è

äëÿ óðàâíåíèÿ ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè â ñëó÷àå òðåõ íåçàâèñèìûõ ïåðåìåííûõ.
Äîêàçàíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ èññëåäóåìîé çàäà÷è è ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ.

1. Ïîñòðîåíèå ÷àñòíûõ ðåøåíèé

Ïðîèçâåäåì ðàçäåëåíèå ïåðåìåííûõ u(x, y, z) = V (x)W (y)N(z) è ïîäñòàâèì â óñëîâèÿ
(2)�(4). Ïîëó÷èì êðàåâûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

V ′′ +
2µ

x
V ′ + γ21V = 0, (6)

V (x) ∈ C1[0, a] ∩ C2(0, a), V (0) = V (a) = 0; (7)

W ′′ +
2p

y
W ′ + γ22W = 0, (8)

W (y) ∈ C1[0, b] ∩ C2(0, b), W (0) = W (b) = 0; (9)

N ′′ +
2q

z
N ′ − σ2N = 0, (10)

N(z) ∈ C[0, c] ∩ C1[0, c) ∩ C2(0, c), N(0) = 0, (11)

ãäå γ1, γ2 � ïîñòîÿííûå ðàçäåëåíèÿ, ò. å. ñïåêòðàëüíûå ïàðàìåòðû, êîòîðûå ïîäëåæàò îïðå-
äåëåíèþ, σ =

√
k2 + γ21 + γ22 .

Îáùèå ðåøåíèÿ óðàâíåíèé (6) è (8) ìîæíî çàïèñàòü â âèäå ([8], ñc. 134, 136)

V (x) = A1x
−µ1J−µ1(γ1x) +A2x

−µ1Yµ1(γ1x),

W (y) = B1y
−p1J−p1(γ2y) +B2y

−p1Yp1(γ2y),

ãäå Jν(t) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, Yν(t) � ôóíêöèÿ Áåññåëÿ âòîðîãî ðîäà, Ai, Bi,
i = 1, 2, � ïðîèçâîëüíûå ïîñòîÿííûå, µ1 = µ− 1/2, p1 = p− 1/2.
Èç àñèìïòîòèê ôóíêöèé Áåññåëÿ â îêðåñòíîñòè íóëÿ ([8], ñ.172) è óñëîâèé (7) è (9) ñëåäóåò

A2 = B2 = 0. ×òîáû äàííûå ðåøåíèÿ îáðàùàëèñü â íóëü ïðè x = a è y = b, íåîáõîäèìî
γ1 = rn/a, γ2 = lm/b.
Îáùèì ðåøåíèåì óðàâíåíèÿ (10) áóäåò ôóíêöèÿ ([8], ñ.141)

N(z) = C1z
−q1I−q1(σnmz) + C2z

−q1Kq1(σnmz),

ãäå Iν(t) è Kν(t) � ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ, q1 = q−1/2, C1, C2 � ïðîèçâîëü-

íûå ïîñòîÿííûå, σnm =

√
k2 +

(
rn
a

)2
+
(
lm
b

)2
.

Ââèäó àñèìïòîòèê ìîäèôèöèðîâàííûõ ôóíêöèé Áåññåëÿ ([8], ñ.173) è òðåáîâàíèÿ îáðà-
ùåíèÿ â íóëü ôóíêöèè N(z) ïðè z = 0 ïîëó÷èì C2 = 0.
Òàêèì îáðàçîì, ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (1) âèäà

u(x, y, z) = Vn(x)Wm(y)Nnm(z), (12)
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óäîâëåòâîðÿþùèå óñëîâèÿì (2)�(4), îïðåäåëÿþòñÿ ôîðìóëàìè

Vn(x) = x−µ1J−µ1

(rn
a
x
)
, (13)

Wm(y) = y−p1J−p1

(
lm
b
y

)
, (14)

Nnm(z) = Cnmz
−q1I−q1(σnmz). (15)

2. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è

Tåîðåìà 1. Åñëè ðåøåíèå çàäà÷è (2)�(5) ñóùåñòâóåò, òî îíî åäèíñòâåííî.

Äîêàçàòåëüñòâî. Â ñëó÷àå k 6= 0 åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (2)�(5) ñëåäóåò èç ïðèí-
öèïà ýêñòðåìóìà äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé. Óñòàíîâèì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è
ìåòîäîì ñïåêòðàëüíîãî àíàëèçà, ñëåäóÿ ðàáîòàì [9] è [6].
Ïóñòü u(x, y, z) � ðåøåíèå çàäà÷è (2)�(5).
Ñèñòåìû ñîáñòâåííûõ ôóíêöèé Vn(x) è Wm(y) íå ÿâëÿþòñÿ îðòîãîíàëüíûìè, ïîýòîìó

íåîáõîäèìî íàéòè ñîáñòâåííûå ôóíêöèè V ∗n (x), W ∗m(y) êðàåâûõ çàäà÷, ñîïðÿæåííûõ ê (6)�
(9).
Äëÿ ýòîãî ðàññìîòðèì èíòåãðàë

a∫
0

V ∗nLx(v(x))dx = 0,

ãäå Lx(v(x)) = v′′(x) + 2µ
x v
′(x),

v(x) ∈ C1[0, a] ∪ C2(0, a), v(0) = v(a) = 0. (16)

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì, ïîëó÷èì

a∫
0

V ∗n (x)

(
v′′(x) +

2µ

x
v′(x)

)
dx =

= V ∗n (a)v′(a)− V ∗n (0)v′(0) + lim
x→0

(
2µ

x
V ∗n (x)v(x)

)
+

a∫
0

v(x)L∗x(V ∗n (x))dx, (17)

ãäå L∗x(V ∗n (x)) = V ∗n
′′(x)− 2µ

x V
∗
n
′ + 2µ

x2
V ∗n (x).

×òîáû âíåèíòåãðàëüíûå ñëàãàåìûå áûëè ðàâíû íóëþ, äîñòàòî÷íî ïîòðåáîâàòü âûïîëíå-
íèÿ óñëîâèé

lim
x→0+

2µ

x
V ∗n (x) êîíå÷åí, V ∗n (a) = 0. (18)

Ôóíêöèè V ∗n (x) êàê ñîáñòâåííûå ôóíêöèè îïåðàòîðà L∗x äîëæíû ÿâëÿòüñÿ ðåøåíèÿìè
óðàâíåíèÿ

V ∗n
′′(x)− 2µ

x
V ∗n
′ +

((rn
a

)2
− 2µ

x2

)
V ∗n (x) = 0. (19)

Ôóíêöèÿ V ∗n (x) = xµ1+1J−µ1( rna x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (19) ([8], c.136) è óäî-
âëåòâîðÿåò óñëîâèÿì (18) â ñèëó àñèìïòîòèêè ôóíêöèè Áåññåëÿ Jν(t) = O(tν), t → 0, è
îïðåäåëåíèÿ ÷èñåë rn.
Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì ôóíêöèè W ∗m(y) = yp1+1J−p1( lmb y).
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Äëÿ òàêèì îáðàçîì îïðåäåëåííûõ ôóíêöèé V ∗n (x) è W ∗m(y) âåðíû ðàâåíñòâà

a∫
0

V ∗n (x)Lx(v(x))dx =

a∫
0

v(x)L∗x(V ∗n (x))dx = −rn
a

a∫
0

V ∗n (x)v(x)dx, (20)

b∫
0

W ∗m(y)Ly(w(y))dy =

b∫
0

w(y)L∗y(W
∗
m(y))dy = − lm

b

b∫
0

W ∗m(y)w(y)dy. (21)

Èñïîëüçóÿ ñîîòíîøåíèå (20), ïðèâåäåì ðàâåíñòâî

0 =

a∫
0

V ∗n (x)Ludx =

a∫
0

V ∗n (x)

(
Lxu+ Lyu+ uzz +

2q

z
uz − k2u

)
dxdy

ê âèäó

a∫
0

uyyV
∗
n (x)dx+

a∫
0

uzzV
∗
n (x)dx+

2p

y

a∫
0

uyV
∗
n (x)dx+

+
2q

z

a∫
0

uzV
∗
n (x)dx−

(
k2 +

(rn
a

)2) a∫
0

uV ∗n (x)dx = 0. (22)

Äëÿ ôóíêöèè

un(y, z) =
1

(Vn(x), V ∗n (x))

a∫
0

uV ∗n (x)dx (23)

óðàâíåíèå (22) ïåðåïèøåòñÿ â ôîðìå

∂2un
∂y2

+
∂2un
∂z2

+
2p

y

∂un
∂y

+
2q

z

∂un
∂z
−
(
k2 +

(rn
a

)2)
un = 0.

Ïîýòîìó âåðíî ðàâåíñòâî

0 =

b∫
0

W ∗m(y)

(
∂2un
∂y2

+
∂2un
∂z2

+
2p

y

∂un
∂y

+
2q

z

∂un
∂z
−
(
k2 +

(rn
a

)2)
un

)
dy =

=

b∫
0

W ∗m(y)

(
Ly(un) +

∂2un
∂z2

+
2q

z

∂un
∂z
−
(
k2 +

(rn
a

)2)
un

)
dy. (24)

Èñïîëüçóÿ ôîðìóëó (21), ðàâåíñòâî (24) ïðèâåäåì ê âèäó

b∫
0

∂2u

∂z2
W ∗m(y)dy +

2q

z

a∫
0

b∫
0

uzzV
∗
n (x)W ∗m(y)dxdy−

−

(
k2 +

(rn
a

)2
+

(
lm
b

)2
) a∫

0

b∫
0

uV ∗n (x)W ∗m(y)dxdy = 0. (25)
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Äëÿ ôóíêöèè

unm(z) =
1

(Vn, V ∗n ) · (Wm,W ∗m)

a∫
0

b∫
0

vV ∗n (x)W ∗m(y)dxdy =

=
4

a2b2J2
−µ1+1(rn)J2

−p1+1(lm)

∫ a

0

∫ b

0
vV ∗n (x)W ∗m(y)dxdy (26)

ðàâåíñòâî (25) ìîæíî çàïèñàòü â âèäå óðàâíåíèÿ

u′′nm +
2q

z
u′nm − σ2nmunm = 0. (27)

Èç ôîðìóë (3) è (4) ïîëó÷àåì óñëîâèÿ

unm(0) = 0, (28)

unm(c) = ϕnm, (29)

ãäå

ϕnm =
4

a2b2J2
−µ1+1 (rn) J2

−p1+1 (lm)

∫ a

0
xµ1+1J−µ1

(rn
a
x
)
dx

∫ b

0
ϕ(x, y)yp1+1J−p1

(
lm
b
y

)
dy.

(30)
Óðàâíåíèå (27) è óñëîâèå (28) ñîâïàäàþò ñ óðàâíåíèåì (10) è óñëîâèåì (11), à ïîòîìó

ôóíêöèþ unm(z) ìîæíî ïðåäñòàâèòü â âèäå

unm(z) = Cnmz
−q1I−q1(σnmz). (31)

Ïîäñòàâèâ ôóíêöèþ (31) â ðàâåíñòâî (30), ñ ó÷åòîì (29) ïîëó÷èì

Cnm =
ϕnmc

q1

I−q1(σnmc)
. (32)

Ïóñòü ϕ(x, y) ≡ 0. Òîãäà èç ôîðìóë (30)�(32) ñëåäóåò unm(z) ≡ 0. Èç ïîñëåäíåãî òîæäå-
ñòâà ïî îïðåäåëåíèþ ôóíêöèè unm(z) (26) ïîëó÷àåì

b∫
0

un(y, z)yp1+1J−p1

(
lm
b
y

)
dy = 0.

Îòñþäà â ñèëó ïîëíîòû ñèñòåìû ôóíêöèé Áåññåëÿ â L2[0, b] ([10], c.315) ñëåäóåò un(y, z) = 0
ïî÷òè âñþäó íà [0, b] ïðè ëþáîì z ∈ [0, c]. Âñëåäñòâèå íåïðåðûâíîñòè un(y, z) ïîëó÷àåì
un(y, z) ≡ 0. Òîãäà èç ðàâåíñòâà (23) è îïðåäåëåíèÿ ôóíêöèè V ∗n (x) èìååì

a∫
0

u(x, y, z)xµ1+1J−µ1

(rn
a
x
)
dx = 0.

Îòñþäà, èç ïîëíîòû ñèñòåìû ôóíêöèé Áåññåëÿ è íåïðåðûâíîñòè ôóíêöèè u(x, y, z) ñëåäóåò
u(x, y, z) ≡ 0. �
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3. Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è

Ïóñòü ôóíêöèÿ xµ1yp1ϕ(x, y) ∈ C1([0, a]× [0, b]), òîãäà åå ìîæíî ïðåäñòàâèòü â âèäå ðÿäà
([8], c.165)

ϕ(x, y) =

∞∑
n=1

ϕn(y)Vn(x) =

∞∑
n=1

Vn(x)

∞∑
n=1

ϕnmWm(y), (33)

ãäå

ϕn(y) =
2

a2J2
−µ1+1 (rn)

∫ a

0
ϕ(x, y)xµ1+1J−µ1

(rn
a
x
)
dx,

à êîýôôèöèåòû ϕnm îïðåäåëÿþòñÿ ôîðìóëîé (30).
Ïîêàæåì, ÷òî ñóììà ïîâòîðíîãî ðÿäà (33) ðàâíà ñóììå äâîéíîãî ðÿäà

∞∑
n,m=1

ϕnmVn(x)Wm(y). (34)

Ïîä ñõîäèìîñòüþ äâîéíûõ ðÿäîâ áóäåì ïîíèìàòü ñõîäèìîñòü ïî ïðÿìîóãîëüíèêàì.

Ëåììà 1. Ïóñòü ôóíêöèÿ f(t, s) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì: 1) f(t, s) èìååò

îãðàíè÷åííîå èçìåíåíèå ïî ïåðåìåííîé t íà îòðåçêå [0, a] äëÿ ëþáîãî ôèêñèðîâàííîãî çíà-

÷åíèÿ s èç [0, b];
2) ôóíêöèè f(0, s) è f(a, s) èìåþò îãðàíè÷åííîå èçìåíåíèå íà îòðåçêå [0, b];
3) èçìåíåíèå ôóíêöèè f(t, s) ïî ïåðåìåííîé t íà îòðåçêå [0, a] äëÿ ôèêñèðîâàííîãî çíà-

÷åíèÿ s

( a

Vt
0
f(t, s)

)
êàê ôóíêöèÿ îò s èìååò îãðàíè÷åííîå èçìåíåíèå íà [0, b].

Òîãäà ñïðàâåäëèâà àñèìïòîòèêà

b∫
0

s1/2Jν2(λ2s)ds

a∫
0

t1/2f(s, t)Jν1(λ1t)dt = O
(
λ
−3/2
1 · λ−1/22

)
, λ1, λ2 → +∞, (35)

ãäå ν1, ν2 ≤ −1/2.

Äîêàçàòåëüñòâî. Ïîëîæèì f(x, y) = ψ1(t, s) − ψ2(t, s), ãäå ψ1(t, s) =
t

Vt
0
f(t, s), ψ2(t, s) =

ψ1(t, s)−f(x, y). Ôóíêöèè ψ1(t, s), ψ2(t, s) âîçðàñòàþò ïî t íà îòðåçêå [0, a] ïðè ëþáîì ôèêñè-
ðîâàííîì çíà÷åíèè s èç îòðåçêà [0, b], òîãäà ïî âòîðîé òåîðåìå î ñðåäíåì ñóùåñòâóåò òàêàÿ
ôóíêöèÿ 0 < ξ1(s) < a, ÷òî âåðíî ðàâåíñòâî

a∫
0

ψ1(t, s)dt = ψ1(0, s)

ξ1(s)∫
0

t1/2Jν1(λ1t)dt+ ψ1(a, s)

a∫
ξ1(s)

t1/2Jν1(λ1t)dt.

Ôóíêöèÿ ψ1(0, s) òîæäåñòâåííî ðàâíà íóëþ ïî ïîñòðîåíèþ, ôóíêöèÿ ψ1(a, s) èìååò îãðà-
íè÷åííóþ âàðèàöèþ ïî ïðåäïîëîæåíèþ ëåììû, ïîýòîìó åå ìîæíî ïðåäñòàâèòü â âèäå ðàçíî-
ñòè äâóõ ìîíîòîííûõ ôóíêöèé ψ1(a, s) = ψ11(s)−ψ12(s), äëÿ êàæäîé èç êîòîðûõ ïðèìåíèìà
âòîðàÿ òåîðåìà î ñðåäíåì. Ïîýòîìó èíòåãðàë

I1(λ1, λ2) =

b∫
0

s1/2Jν2(λ2s)ds

a∫
0

t1/2ψ1(s, t)Jν1(λ1t)dt =
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=

b∫
0

ψ1(0, s)s
1/2Jν2(λ2s)ds

ξ(s)∫
0

t1/2Jν1(λ1t)dt+

b∫
0

ψ1(a, s)s
1/2Jν2(λ2s)ds

a∫
ξ(s)

t1/2Jν1(λ1t)dt (36)

ïðåîáðàçóåì ê âèäó

I1(λ1, λ2) =

b∫
0

[ψ11(s)− ψ12(s)]s
1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt =

= ψ11(0)

ξ2∫
0

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt+ ψ11(b)

b∫
ξ2

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt−

− ψ12(0)

ξ3∫
0

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt− ψ12(b)

b∫
ξ3

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt.

(37)

Ðàññìîòðèì ïåðâîå ñëàãàåìîå èç ïðàâîé ÷àñòè ðàâåíñòâà (37) è ïðîâåäåì â íåì çàìåíó
ïåðåìåííîé η = λ1t, τ = λ2s. Ïîëó÷èì

ψ11(0)

ξ2∫
0

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt = ψ11(0)λ
−3/2
1 λ

−3/2
2

λ2ξ2∫
0

τ1/2Jν2(τ)dτ

λ1a∫
λ1ξ1(τ/λ2)

η1/2Jν1(η)dη.

(38)
Äëÿ îöåíêè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ èíòåãðàëà â ïðàâîé ÷àñòè ðàâåíñòâà (38) ïðè

áîëüøèõ çíà÷åíèÿõ λ1 è λ2 ðàññìîòðèì èíòåãðàë, ãäå ôóíêöèè Áåññåëÿ çàìåíåíû ïåðâûìè
÷ëåíàìè èõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé äëÿ áîëüøèõ çíà÷åíèé ïåðåìåííîé ([8], ñ.157).

Ââèäó îãðàíè÷åííîñòè ôóíêöèé τ1/2Jν2(τ) è η1/2Jν1(η) áóäåì èìåòü òó æå àñèìïòîòèêó,
÷òî è èñõîäíûé èíòåãðàë,

λ2ξ2∫
0

τ1/2
(

2

πτ

)1/2

cos
(
τ − πν2

2
− π

4

)
dτ

λ1a∫
λ1ξ1(τ/λ2)

η1/2
(

2

πη

)1/2

cos
(
η − πν1

2
− π

4

)
dη =

=
2

π

λ2ξ2∫
0

cos
(
τ − πν2

2
− π

4

)
×

× [sin (λ1a− πν1/2− π/4)− sin (λ1ξ1 (τ/λ2)− πν1/2− π/4)] dτ = O (λ2) . (39)

Â ñèëó ðàâåíñòâà (38) è àñèìïòîòèêè (39)

ψ11(0)

ξ2∫
0

s1/2Jν2(λ2s)ds

a∫
ξ1(s)

t1/2Jν1(λ1t)dt = O
(
λ
−3/2
1 · λ−1/22

)
, λ1, λ2 → +∞.

Îñòàëüíûå òðè èíòåãðàëà èç ïðàâîé ÷àñòè ðàâåíñòâà (37) îöåíèâàþòñÿ àíàëîãè÷íî, ïî-
ýòîìó âåðíà àñèìïòîòèêà
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I1(λ1, λ2) = O
(
λ
−3/2
1 · λ−1/22

)
, λ1, λ2 → +∞. (40)

Ó÷èòûâàÿ, ÷òî ôóíêöèè ψ2(0, s) = f(0, s) è ψ2(a, s) = ψ1(a, s)− f(a, s) èìåþò îãðàíè÷åí-
íîå èçìåíåíèå, ïîäîáíóþ îöåíêó ìîæíî ïðîâåñòè è äëÿ èíòåãðàëà

I2(λ1, λ2) =

b∫
0

s1/2Jν2(λ2s)ds

a∫
0

t1/2ψ2(s, t)Jν1(λ1t)dt = O
(
λ
−3/2
1 · λ−1/22

)
, λ1, λ2 → +∞.

(41)
Èç ðàâåíñòâ (40) è (41) ñëåäóåò óòâåðæäåíèå ëåììû. �

Ñëåäñòâèå 1. Äëÿ ñïðàâåäëèâîñòè àñèìïòîòèêè (35) äîñòàòî÷íî ñóùåñòâîâàíèÿ íåïðåðûâ-
íûõ ïðîèçâîäíûõ fs(t, s) fts(t, s) íà ìíîæåñòâå [0, a]× [0, b].

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî â ýòîì ñëó÷àå ôóíêöèÿ f(s, t) óäîâëåòâîðÿåò óñëîâèÿì ëåì-
ìû 1. Èç ñóùåñòâîâàíèÿ ïðîèçâîäíîé ïî t ñëåäóåò, ÷òî äëÿ f(t, s) âûïîëíåíî ïåðâîå óñëîâèå
ëåììû. Èç ñóùåñòâîâàíèÿ ïðîèçâîäíîé ïî s � âòîðîå óñëîâèå.

Ïîëíîå èçìåíåíèå
a

Vt
0
f(t, s) â äàííîì ñëó÷àå ìîæíî ïðåäñòàâèòü â âèäå

a∫
0

|ft(s, t)|dt,

èçìåíåíèå äàííîãî âûðàæåíèÿ êàê ôóíêöèè îò s íå áîëüøå ÷èñëà abMfts , ãäå Mfts � íàè-
áîëüøåå ïî ìîäóëþ çíà÷åíèå fts(t, s) íà ìíîæåñòâå [0, a] × [0, b]. Ïîýòîìó òðåòüå óñëîâèå
ëåììû òàêæå âûïîëíåíî. �

Ëåììà 2. Ïóñòü ôóíêöèÿ ϕ(x, y) ∈ C1([0, a]× [0, b]) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1) íà ìíîæåñòâå [0, a]× [0, b] ñóùåñòâóåò ñìåøàííàÿ ïðîèçâîäíàÿ ϕxyy òàêàÿ, ÷òî ôóíê-
öèÿ xµyp−1(yϕxyy(x, y)− ϕxy(x, y)) óäîâëåòâîðÿåò óñëîâèÿì ëåììû 1;
2) ϕx(x, 0) ≡ ϕx(x, b) ≡ ϕxy(x, 0) ≡ 0.
Òîãäà ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ P1, ÷òî âåðíà îöåíêà

|ϕnm| ≤ P1n
−3/2m−3/2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì èíòåãðàë â îïðåäåëåíèè êîýôôèöèåíòîâ ϕnm (30) è ïðîèíòå-
ãðèðóåì ïî ÷àñòÿì îäèí ðàç ïî x è äâà ðàçà ïî y. Èñïîëüçóÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ
ôóíêöèè Áåññåëÿ

(tνJν(t))′ = −tνJν−1(t), (42)

ïîëó÷èì ∫ a

0
xµ1+1J−µ1

(rn
a
x
)
dx

b∫
0

ϕ(x, y)yp1+1J−p1

(
lm
b
y

)
dy =

= − a

rn

a∫
0

xµ1+1J−µ1−1

(rn
a
x
)
dx

b∫
0

ϕx(x, y)yp1+1J−p1

(
lm
b
y

)
dy =

=
ab

rnlm

a∫
0

xµ1+1J−µ1−1

(rn
a
x
)
dx

b∫
0

ϕxy(x, y)yp1+1J−p1−1

(
lm
b
y

)
dy =

=
abp1+3

rnl2m
J−p1−2(lm)

a∫
0

ϕxy(x, b)x
µ1+1J−µ1−1

(rn
a
x
)
dx−
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− ab

rnl2m

a∫
0

xµ1+1J−µ1−1

(rn
a
x
)
dx

b∫
0

(yϕxyy(x, y)− ϕxy(x, y))yp1J−p1−2

(
lm
b
y

)
dy.

Ïåðâûé èç èíòåãðàëîâ ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà èìååò ïîðÿäîê O
(
r
−3/2
n

)
([11], ñ.653), âòîðîé èíòåãðàë èìååò àñèìïòîòèêó O

(
r
−3/2
n l

−1/2
m

)
ïî ëåììå 1. Òàêæå âåðíû

ñîîòíîøåíèÿ J−p1−2(lm) = O(l
−1/2
m ), J−p1+1(lm) = O(l

−1/2
m ), J−µ1+1(lm) = O(l

−1/2
m ). Êîðíè

ôóíêöèè Áåññåëÿ èìåþò ñëåäóþùåå ïîâåäåíèå íà áåñêîíå÷íîñòè ([11], ñ.558):

rn ≈ π (n− µ1/2− 1/4) , lm ≈ π (m− p1/2− 1/4) , (43)

îòêóäà ïîëó÷èì óòâåðæäåíèå ëåììû. �

Ëåììà 3. Ïóñòü x ∈ [0, a], y ∈ [0, b], òîãäà ñóùåñòâóþò òàêèå ïîñòîÿííûå P2, P3, P4,

P5, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ çíà÷åíèé n è m âåðíû îöåíêè

|Vn(x)| ≤ P2, |V ′n(x)| ≤ P3n, |Wm(y)| ≤ P4, |W ′m(y)| ≤ P5m. (44)

Äîêàçàòåëüñòâî. Ïî ôîðìóëå äèôôåðåíöèðîâàíèÿ ôóíêöèè Áåññåëÿ (42) èìååì

V ′n(x) =
rn
a
x−µ1J−µ1−1

(rn
a
x
)
.

Ñîãëàñíî àñèìïòîòèêàì ôóíêöèè Áåññåëÿ Jν(t) = O
(
t−1/2

)
ïðè t→ +∞ è Jν(t) = O (tν)

ïðè t→ 0. Ïîýòîìó ïðè ν ≥ 0 ôóíêöèÿ Áåññåëÿ îãðàíè÷åíà íà ìíîæåñòâå [0,+∞). Òàê êàê
−µ1 ≥ 1, òî ôóíêöèè J−µ1(t) è J−µ1−1(t) îãðàíè÷åíû.
Ó÷èòûâàÿ àñèìïòîòèêó êîðíåé ôóíêöèè Áåññåëÿ (43) è îãðàíè÷åííîñòü ôóíêöèè Áåññå-

ëÿ, ïîëó÷àåì òðåáóåìûå îöåíêè äëÿ Vn(x), V ′n(x).
Óòâåðæäåíèÿ ëåììû îòíîñèòåëüíî ôóíêöèé Wm(y) è W ′m(y) äîêàçûâàþòñÿ àíàëîãè÷íî.

�

Ïóñòü ôóíêöèÿ ϕ(x, y) óäîâëåòâîðÿåò óñëîâèÿì ëåììû 2. Ïðîèçâåäåì îöåíêó îáùåãî ÷ëå-
íà ðÿäà (34) ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ëåìì 2 è 3

|ϕnmVn(x)Wm(y)| ≤ P1P2P4n
−3/2m−3/2.

Îòñþäà ñëåäóåò
∞∑

n,m=1

|ϕnmVn(x)Wm(y)| ≤ P1P2P4

∞∑
n=1

n−3/2
∞∑
m=1

m−3/2. (45)

Òàê êàê îáà ðÿäà ñïðàâà â íåðàâåíñòâå (45) ñõîäÿòñÿ, òî ðÿä (34) ñõîäèòñÿ ðàâíîìåðíî, à
çíà÷èò, ðàâåí ïîâòîðíîìó ðÿäó (33).
Ôîðìàëüíîå ðåøåíèå çàäà÷è Äèðèõëå, óäîâëåòâîðÿþùåå óñëîâèÿì (2)�(4), äàíî ôîðìó-

ëàìè (12)�(15). Ïîýòîìó, ó÷èòûâàÿ ðàçëîæåíèå (33), ôîðìàëüíîå ðåøåíèå çàäà÷è (2)�(5)
ïðåäñòàâèìî â âèäå (12)�(15) ñ êîýôôèöèåíòàìè Cnm, âûðàæàåìûìè ôîðìóëîé (32). Òà-
êèì îáðàçîì, ôîðìàëüíîå ðåøåíèå çàäà÷è (2)�(5) îïðåäåëÿåòñÿ ôîðìóëîé

u(x, y, z) =
∞∑

n,m=1

ϕnmNnm(z)Vn(x)Wm(y), (46)

ãäå Vn(x) îïðåäåëÿåòñÿ ôîðìóëîé (13), Wm(y) � (14),

Nnm(z) =
z−q1I−q1(σnmz)

c−q1I−q1(σnmc)
.
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Ïðîèçâåäåì íåîáõîäèìûå îöåíêè âåëè÷èí Nnm(z), N ′nm(z), N ′′nm(z), V ′′n (x), W ′′m(y).

Ëåììà 4. Ïóñòü x ∈ [ε, a], y ∈ [ε, b], ãäå 0 < ε < min{a, b, c}, òîãäà ñóùåñòâóþò ïîñòî-

ÿííûå P6 è P7 òàêèå, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ íîìåðîâ n è m âåðíû îöåíêè

|V ′′n (x)| ≤ P6n
2, |W ′′m(y)| ≤ P7m

2.

Äîêàçàòåëüñòâî. Ïîëüçóÿñü ôîðìóëîé (42), âû÷èñëèì

V ′′n (x) =
rn
a
x−µ1−1J−µ1−1

(rn
a
x
)

+
r2n
a2
x−µ1J−µ1−2

(rn
a
x
)
.

Ìíîæåñòâîì çíà÷åíèé t = rn
a x ïðè x ≥ ε áóäåò ëó÷ [ rna ε,+∞). Êàê áûëî ïîêàçàíî ðà-

íåå, íà ýòîì ìíîæåñòâå ôóíêöèÿ J−µ1−2(t) îãðàíè÷åíà. Îòñþäà ñ ó÷åòîì àñèìïòîòèêè (43)
ñëåäóåò óòâåðæäåíèå ëåììû.
Äëÿ W ′′n (y) äîêàçàòåëüñòâî àíàëîãè÷íî. �

Ëåììà 5. Ïóñòü y ∈ [ε, c − ε]. Òîãäà ñóùåñòâóþò ïîñòîÿííûå P8, P9 è P10 òàêèå, ÷òî

äëÿ äîñòàòî÷íî áîëüøèõ íîìåðîâ n è m âåðíû îöåíêè

|Nnm(z)| ≤ P8e
− επn

2a e−
επm
2b , |N ′nm(z)| ≤ P9nme

− επn
2a e−

επm
2b ,

|N ′′nm(z)| ≤ P10n
2m2e−

επn
2a e−

επm
2b .

Äîêàçàòåëüñòâî. Ïîëüçóÿñü ôîðìóëîé äèôôåðåíöèðîâàíèÿ ([8], c. 141)(
t−νIν(t)

)′
= t−νIν+1(t),

âû÷èñëèì

N ′nm(z) =
σnmz

−q1I−q1−1(σnmz)

c−q1I−q1(σnmc)
, (47)

N ′′nm(z) =
σnmz

−q1−1I−q1−1(σnmz) + σ2nmz
−q1I−q1−2(σnmz)

c−q1I−q1(σnmc)
.

Ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ ìîãóò èìåòü ëèøü êîíå÷íîå ÷èñëî äåéñòâèòåëü-
íûõ íóëåé, ÷òî ñëåäóåò èç ôîðìóëû Iν(z) = e−iπν/2Jν(zeiπ/2) è òîãî, ÷òî ôóíêöèÿ Jν(z)
èìååò ëèøü êîíå÷íîå ÷èñëî êîìïëåêñíûõ íóëåé ([8], c. 162). Ïóñòü gν � íàèáîëüøèé íóëü
ôóíêöèè Iν(z), òîãäà äëÿ n èm, ïîä÷èíÿþùèõñÿ íåðàâåíñòâó σnm > max{g−q1−1/ε, g−q1−2/ε,
g−q1−3/ε}, ôóíêöèè z−q1I−q1(σnmz), z−q1I−q1−1(σnmz), z−q1−1I−q1−1I−q1−1(σnmz),
z−q1−1I−q1I−q1−2(σnmz) ìîíîòîííû íà îòðåçêå [ε, c − ε], òàê êàê èõ ïðîèçâîäíûå íèãäå íå
îáðàùàþòñÿ â íóëü. Èç àñèìïòîòèêè ìîäèôèöèðîâàííîé ôóíêöèè Áåññåëÿ

Iν(t) ≈ et/(2πt)1/2, t→∞, (48)

ñëåäóåò, ÷òî äàííûå ôóíêöèè ïîëîæèòåëüíû è âîçðàñòàþò, ïîýòîìó äëÿ òàêèõ çíà÷åíèé n
è m âåðíû íåðàâåíñòâà

|Nnm(z)| ≤ I−q1(σnm(c− ε))/I−q1(σnmc),

|N ′nm(z)| ≤ σnmI−q1−1(σnm(c− ε))/I−q1(σnmc),

|N ′′nm(z)| ≤ σnm(c− ε)−q1−1I−q1−1(σnm(c− ε)) + σ2nmc
−q1I−q1−2(σnm(c− ε))

c−q1I−q1(σnmc)
.

Â ñèëó (43) è (48) ñóùåñòâóþò òàêèå ïîñòîÿííûå P8, P
′
9, P9, P

′
10 è P10, ÷òî

|Nnm(z)| ≤ P8e
−ε
√

(πn/a)2+(πm/b)2 ≤ P8e
− επn

2a e−
επm
2b ,
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|N ′nm(z)| ≤ P ′9
√

(πn/a)2 + (πm/b)2e−ε
√

(πn/a)2+(πm/b)2 ≤ P9nme
− επn

2a e−
επm
2b ,

|N ′′nm(z)| ≤ P ′10
(

(πn/a)2 + (πm/b)2
)
e−ε
√

(πn/a)2+(πm/b)2 ≤ P10n
2m2e−

επn
2a e−

επm
2b . �

Ëåììà 6. Ïðè z ∈ [0, c] âåðíà îöåíêà |Nnm(z)| < 1.

Äîêàçàòåëüñòâî. Ïðîèçâîäíàÿ ôóíêöèè Nnm(z), îïðåäåëÿåìàÿ ôîðìóëîé (47), íå èìååò
äåéñòâèòåëüíûõ íóëåé, òàê êàê èõ íå èìååò ôóíêöèÿ Iν(t) ïðè ν > −1 ([8], ñ.163). Èç àñèìï-
òîòèêè (48) ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ïîëîæèòåëüíà, à çíà÷èò, ôóíêöèÿ Iν(z) ìîíîòîííî
âîçðàñòàåò, íå èìååò äåéñòâèòåëüíûõ íóëåé è ïîëîæèòåëüíà, ïîýòîìó

|Nnm(z)| ≤ Nnm(c) = 1. �

Tåîðåìà 2. Ïóñòü ôóíêöèÿ ϕ(x, y) óäîâëåòâîðÿåò óñëîâèÿì ëåììû 2, òîãäà ðåøåíèå

çàäà÷è (2)�(5) ñóùåñòâóåò.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü ñëåäóþùèå óòâåðæäåíèÿ: 1) ðÿä (46) ñõîäèòñÿ ðàâ-
íîìåðíî íà D, 2) ðÿäû, ïîëó÷åííûå èç (46) îäíîêðàòíûì ïî÷ëåííûì äèôôåðåíöèðîâàíèåì,
ðàâíîìåðíî ñõîäÿòñÿ íà ìíîæåñòâàõ Dε1 = D ∩ {ε ≤ z ≤ c − ε}, à äâóêðàòíûì ïî÷ëåííûì
äèôôåðåíöèðîâàíèåì � íà ìíîæåñòâàõ Dε2 = {(x, y, z) | ε < x < a, ε < y < b, ε < z < c− ε}.
1) Ðÿä (46) ñîãëàñíî ëåììàì 2, 3, 6 îöåíèì íà ìíîæåñòâå D

∞∑
n,m=1

|ϕnmNnm(z)Vn(x)Wm(y)| ≤
∞∑

n,m=1

P1P2P4n
−3/2m−3/2=P1P2P4

∞∑
n=1

n−3/2
∞∑
m=1

m−3/2.

Òàê êàê îáà ìíîæèòåëÿ â ïðàâîé ÷àñòè íåðàâåíñòâà ñõîäÿòñÿ, òî ðÿä (46) ñõîäèòñÿ ðàâ-
íîìåðíî.
2) Ñîãëàñíî ëåììàì 3 è 5 ñóùåñòâóåò òàêîå ÷èñëî P11, ÷òî íà ìíîæåñòâå Dε1 ðÿäû,

ïîëó÷åííûå èç (46) îäíîêðàòíûì ïî÷ëåííûì äèôôåðåíöèðîâàíèåì, ìîæíî ìàæîðèðîâàòü
ñõîäÿùèìñÿ ÷èñëîâûì ðÿäîì

∞∑
n,m=1

P11n
2m2e−

επn
2a e−

επm
2b = P11

∞∑
n=1

n2e−
επn
2a ·

∞∑
m=1

m2e−
επm
2b . (49)

Â ñèëó ëåìì 4 è 5 ïîäáåðåì òàêóþ ïîñòîÿííóþ P12, ÷òî ïîëó÷åííûå èç (46) äâóêðàòíûì
ïî÷ëåííûì äèôôåðåíöèðîâàíèåì íà ìíîæåñòâàõ Dε2 ðÿäû ìàæîðèðóåò ðÿä

∞∑
n,m=1

P12n
4m4e−

επn
2a e−

επm
2b = P12

∞∑
n=1

n4e−
επn
2a ·

∞∑
m=1

m4e−
επm
2b . (50)

Èç ñõîäèìîñòè ìíîæèòåëåé â ïðàâûõ ÷àñòÿõ ðàâåíñòâ (49) è (50) ñëåäóåò óòâåðæäåíèå
òåîðåìû. �

Èç ñëåäñòâèÿ ëåììû 1 ïîëó÷àåì

Ñëåäñòâèå 2. Äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Äèðèõëå (2)�(5) äîñòàòî÷íî, ÷òîáû
íà ìíîæåñòâå [0, a] × [0, b] ñóùåñòâîâàëè íåïðåðûâíûå ôóíêöèè xµypϕxyyxy, x

µypϕxyyy,
xµyp−1ϕxyxy, x

µyp−1ϕxyy è âûïîëíÿëèñü óñëîâèÿ ϕx(x, 0) ≡ ϕx(x, b) ≡ ϕxy(x, 0) ≡ 0.
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Dirichlet problem in parallelepiped for elliptic equation with three singular coe�cients

Abstract. For analog Helmholz biaxisymmetric equation for the case of three variable, we consider
Dirichlet problem in parallelepiped. We prove uniqueness of Dirichlet problem solution using
spectral analysis methods. We construct the Dirichlet problem solution as double series. In
constructing the solutions we use Fourier-Bessel series. We find boundary function the conditions,
then the corresponding series converges uniformly.
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