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O CJIO2ZKHOCTU OAVH PA3 YNTAIOIIINX
BEPOATHOCTHBHBIX ITPOT'PAMM

P.I". Mybapaxsanos

AnaHOTa U

Vropsi1oueHHbIe OUH PA3 YNTAIOIINE BETBSNINECS TPOrPAMMBI ITPECTABIISAIOT COD0 y/106-
HOE CPEJICTBO OMMCAHUS JIOTUIECKUX CXeM, OyseBbix dbyHKImit. BmecTe ¢ Tem He TOIBKO 1eTep-
MUHHADPOBAHHBIE, HO ¥ BEPOSATHOCTHBIE C OIPAHUYIEHHEM HA OMMOKY YIODPsI0YeHHbIE OIUH Pa3
YUTAIONTAE BETBAMINECA TPOTPAMMBI UMEIOT HEMTPUEMJIEMO GOIBIION (IKCTIOHEHIMATBLHBII) pa3-
Mep IS PSa M3BECTHBIX (GyHKIWN. /15T BEPOSTHOCTHBIX OJMH Pa3 YUTAIONINX BETBSIIIXCS
IpOorpaMM 3KCIOHEHIIHa/IbHble HUKHHUE OLEeHKH CJA0KHOCTU U3BECTHBI JIMIIb IIPU OYeHb CHUJIb-
HBIX OFPAHUYIEHNAX. B JaHHOI cTaThe 3TH OrpaHNYeHU S YJACTUIHO CHUMAIOTCH 33 CUeT IIepexoa
K BETBSIIIMCS TTPOrpaMMaM, OnpeesasieMbiM rpadom mopsiaka. s 3TUX BBITHCINTETHHBIX
MozeJiell yaaeTcd J0Ka3aTh SKCIOHEHIMa/IbHble HUXKHUE OIeHKH CJIOZKHOCTH.

KuroueBnlie ciioBa: Oynesa ¢hyuknms, OnHapHas BETBAIIAICT IPOrPAMMa, KJIACC CJIOXKHO-
CTH, HUKHSS OIEHKa CJI0YKHOCTU BBIYMCJ/IEHMUIA.

1. OcHoBHBIE onpeageJgeHud

Oupenesienue JIeTePMUHUPOBAHHBIX BETBAIIMXCA IIPOrPAMM XOPOIIO u3BecTHO [1].
OTa MOMENb ONPEIesieTCss OPUEeHTUPOBAHHBIM AIUKINIECKUM TpadoM, y KOTOPOTO
KaykJas BEepIInHA, 38 UCK/IIOYEHHEM JBYX BBIXOIOB (CTOKOB), COOTBETCTBYET HEKOTO-
POl MepeMEeHHO U MMeeT JBe UCXO/AIUE IyTd, IOMedeHHble HyaeM u equaurei. [ns
GbUKCUPOBAHHBIX 3HAYEHUIT MEPEMEHHDBIX BBIYUC/ICHNE HAYNHACTCA B €IMHCTBEHHON Ha-
9aIbHOM BepIINHE, WIET [0 JAyraM B COOTBETCTBHUU CO 3HAYCHUSMU [MEPEMEHHBIX U BO3-
BpAIIAeT 3HAYEHNE, KOTOPHIM MOMEYEH BhIXO. ECIn HA KAayKIOM Ty TH KarKIasi TIepeMeH-
Has BCTpedaeTcs He 60Jjiee OHOTO Pa3a, TO MporpaMMa Ha3bIBAETCS OJIMH Pa3 TUTAIOMNIeH
(BP1). Kpome Toro, ec/iu epeMeHHbIe YATAIOTCA B KAKOM-TO OTPEIEJICHHOM MOPSIIKE,
TO mporpaMmma HadbiBaeTcs ynopaaodenuoit BP1, wmu OBDD .

Berpsamasics nporpaMMa Ha3bIBAETCS HeJemepMUHUPOSAHHOT, €CITH B Hell JTOmyc-
KAIOTCsl HEJIETEPMUHUPOBAHHBIE Y3JIbI, TO €CTh y3JIbl, U3 KOTOPBIX BBIXOIST JBE HEMO-
MeueHHbIe ayru. [Ipu Hajmwawu B BETBAMIEHCS MPOrpaMMe BEePOSTHOCTHBIX Y3JI0B, st
KOTODBIX BBIXOJIHAS JyTa OMPEIESeTcsi ¢ BEPOSTHOCTHIO 1/2, BeTBAIIAsICs TTpOrpaMMa
HasbiBaercsa sepoamuocmuot [2]. Ina e, 0 < & < 1/2, Gyaem roBoputhb, 4T0 BEpOAT-
HOCTHas BeTBslagAcsa uporpamma B (1 — €)-evuucasem dyukuuio h, eciu B Bbliaer
h(z) c BeposTHOCTBIO HE MeHee 1 —¢& s KaxKa0ro Bxoaa . Takoe BblYMCI€HIE HABBIBA-
ercsi (1 — £)-BBIYNCIIEHNEM, WM BEPOSITHOCTHBIM C OTPAHNYEHNEM Ha ONMOKY, DABHBIM
€. Tak Kak B HACTOAIIEH CTAThE PACCMATPUBAIOTCS JIUIIb TAKWE BBIUYUCIEHUS, OyIem
HA3BIBATH WX IPOCTO BEPOSITHOCTHBIMHU.

Ha BeposTHocTHBIE U HeTEPMUHUPOBAHHDBIE TTPOrPAMMBI €CTECTBEHHBIM 00Pa30M pac-
upocrpansiorcsa nouarus BPI1 w OBDD. Tlon caootcrocmovio (uinu pasmMepom) BeTBs-
Ieficst TPOrpaMMBbl TIOAPA3yMEBAETCS KOJUYIECTBO €€ JTeTePMUHUPOBAHHBIX y370B. 1o
CAODICHOCTBI0 BHIUUCIeHUs (Wau peanu3anuu) (DYHKIUU TOHUMAETCA MUHUMAIbHAS
CJIO’KHOCTH BBIYUCJISIOINIEH ee MpOrpaMMbl B COOTBETCTBYIOIIEM KJ1AcCe.
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[Iycts M — HEKOTOPBI# KJjlacc BeTBAIUXCS nporpamm, nanpumep, OBDD, BP1 wu
. 1. Torpa kaacce 6ysieBbix DYHKIMI, BBIYUCIUMBIX J€TEPMUHUPOBAHHBIMU (HEIETEPMU-
HUPOBAHHBIME) IPOrPAMMAMU IIOJIMHOMUAJILHOrO pa3Mepa tuna M, oboznauum P-M
(NP-M). Ilycrs BPP.-M — knacc dbyukuuii, (1 — €)-BBIYHCANMBIX BEPOSITHOCTHBIMH
BETBAIIUMUCA MporpaMMaMu tuna M monmmHOMHUAILHOTO pasmepa. Torma BPP-M =
= U BPP_-M. Otuomenns Mexay Kiaaccamu cioxkuoctu P, BPP, NP B KOHTEK-

0<e<1/2
cre OBDD xoporo usydvens! [3]. Hanpumep, n3BecTHA 3KCMOHEHIMATbHAS HUYKHSIS
OIeHKA CIIOKHOCTH BeposaTHOCTHBIX OBDD [4]. TokazaHo Takke, 9T0 DYHKIUS «IeJ10-
gucientoe ymuoxkenne» (MU LT, ) cnoxua nns BeposgrHoctHbIX OBDD [5]. @ynkuns
MULT, oupeneyisiercsd HA MEPEMEHHBIX X, ...,Tp—1, Y0,---,Yn—1 KAK n-il 6uT mpo-
U3BEIEHUS

(IQ AN wn—l) X (yo AN yn—l)-

Panee Hamu Oblia MccieoBaHa CleayIoNas orpanndentas monens BP1 [6].

Onpenenenne 1. BP1 P na n nepemennsix X uHaszoBem BP1 c¢ 6onwmmoit OBDD
gacTeio (15 kparkoctn BP1(OBDD)), ecnu cymectByer nogMuokectso X' C X me-
pemennbix Moutaoctu O(logy n) u 3navenus d nepemennbix u3 X' rakue, 4TO MOAIPO-
rpamma P mocnie pUKCHPOBAHUSA 3HAYCHMIT mepeMeHHBIX u3 X' paBHbIME d ABIAETCA

OBDD ma X \ X'.

B [6] Ham yaazock moNydnTh BHICOKME HUKHUE OLEHKN CJIOKHOCTH BEPOSTHOCTHBIX
OJIVH Pa3 YUTAIOIINX BETBSIIUXCS MporpaMm ¢ 6osbimoit OBDD 4dacTbio [y pa3jind-
HbIX yHKIwit, B yactaoctu u g dyarnun MU LT, . Beuio moka3aHo Takke, 4To

BPP-OBDD C BPP-BP1(OBDD) C BPP-BP1.

B macrosimeii crarbe paccMaTpUBAIOTCS BETBSIIIUECS MPOIPAMMBI, ONPEIe/sieMble
rpadom mopanka. Mccnemyercst CI0KHOCTD peanu3anun pyHKIHH COOTBETCTBYIOMIHMI
BETBSAIIUMUCS TPOTPAMMAMH.

2. BetBamueca nporpamMMsbl, onipeaesgeMbie rpadoM MopsaaKa

Broicokne HMKHEE OIMEHKN CIOXKHOCTH OTHOCHTENTBHO JIeTKO monydarh ang OBDD
B CHJIy TOTO, YTO OHU IPEACTABJIAIT CODOH CHIbHO OrPAHUYEHHBIH KJIACC BETBAIIAXCS
nporpamm, obJ1aaomuX PsIoM yA00HbIX [ uCcieqoBanus coiicrs. B [7, 8] nezaBucu-
MO OBIJIO TTpeIIoKeHo pacmmupenne knacca OBDD 3a cueT (pUKCHPOBAHNS He MOPSIIKA
YTeHUs TIePEeMEHHBIX, a rpada YTEHUs MepeMeHHbIX.

Onpenenenne 2. I'pad G, mazbiBaembrii rpadOM UTEHUs] TTEPEMEHHBIX, SIBJISET-
Ccd OMH Pa3 YMTAIOIell BeTBAIIeiica MporpamMMoil, UMeromeil OMuH CTOK, MPUYEeM Ha
KaXKJIO0M MyTH OT KOPHSA K CTOKY UHTAIOTCA BCe TepeMennble. Lopopar, uro BPI B
umeer rpad dreHud nepeMenubix (G, €Cym BBINOJHAETCH cieayforiee. /s moboro na-
6opa 3HadvYeHuil BXOJAHBIX MEPEMEHHBIX T1,...,~T,, €CJIA MePEMeHHAsd T; duTaercd B B
mepes mepeMeHHoit x;, T0 x; unTtaercs B G mepes mepeMeHnoil ; (3aMeTuM, IT0 My Th
Bhrunciennsa B G ONpenessiercs eIUHCTBEHHBIM 00Pa3oM).

BetBsiuecss mporpamMmbl, UMeEIOIIHe rpad UTeHUs MEPEeMEHHBIX, B aHTJIOS3BITHOMN
JUTEpaType Ha3BIBAOTCA graph-driven, m njd wxX ODO3HAYEHHS HUCIOJL3YETCs IIpe-
dukc gd. Obozuaunm mporpammy, onpejensemyio rpadom arenns G, aepe3 G- BP1 .

I'pad urenus nmepemenubix (G, HA3bIBAEMbIil TakKe rpadoM MOPsiIKa, 3aaeT HOPsi-
JIOK, B KOTOPOM OYIyT YMTATHCS TIEPEMEHHBIE, eC/I 3a(pUKCHPOBATH UX 3HAYeHusd. s
OBDD rakum rpadom Oymer «auHeiHbI» Tpad € 7 BepUIMHAMH, B KOTOPOM IyTH,
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BBIXOISIIIME U3 OIHOI BEPINWHBI, BEJIyT B OJHY W Ty Ke Bepmuny. Jlrobas merepMuHu-
poBannasa BPI1 umeer rpad durenusa nepemMeHHbIX. Ecim 3aduKcupoBaTh rpad dTeHus
mepeMeHHbIX (G ¥ PACCMATPUBATH JIUIIH OIWH PA3 YUTAIOIINE BETBSIINECS IPOrPAMMBI,
UMEIOIINE OJUH U TOT ke Tpad UTeHUs mepeMeHHbIX G, TO MOXKHO CHOBA JIETKO MAHUITY-
JINPOBATh BETBAIIUMUCS MPOTPAMMAME, B YACTHOCTHU MPOBEPSATH UX IKBUBAJIEHTHOCTD.

[Tpu paciupenny BO3MOKHOCTE BETBAIIUXCsT TPOrpaMm (TIpH MEPexXoIe K HeIeTep-
MHUHUPOBAHHBIM UJIM BEPOATHOCTHBIM HPOrPaMMaM) COOTBETCTBUE HEKOTOpOMY rpady
HOPsi/IKA PEJICTABIIeTCs CUIbHbIM Orpanudenuem. {iis HeerepMuHupPOBaHHbIX (Bepo-
aTHOCTHBIX) BP1 rpad urenus nepeMeHHbIX HE BCErJa OIPEJIesIeH, TaK KaK [IPU OJHUX
U TeX YKe 3HAYEHUSIX MePEMEHHBIX OHU MOTYT YATATHCS B 3aBUCHMOCTH OT HEJIETEPMU-
HUPOBAHHOTO (BEPOSTHOCTHOIO) BBHIOOPA B PA3IMIHOM Nopsijake. Tem He MeHee B CUITY
CJIO’KHOCTHU WCCJIEIOBAHUS TAKUX KJIACCOB BO3HUKAET HEOOXOIMMOCTH CYXKEHUS TArKe
KJTacca gd-mporpamMm.

Omnpegenenne 3. HemerepmunupoBanHas OJUH pa3 YUTAIONIAS BETBANIASCA PO-
rpamma B, umeromas rpad dreHus nepeMmeHabix (G, HA3BIBAETCH XOPOIIO CTPYKTYPHU-
posannoii (well-structured), eciu cymecrsyer orobpaxkenue [ MHOXKecTBa Bepuiud B
Ha MHOXKeCTBO BepinH G Takoe, 4To KayKiaas Beprmua v B B u ee o6pa3 f(v) B G
MMOMEYeHbI OJHOW U TOil ke mepemennoit. Kpome toro, amis smoboro Habopa 3HAUYEHUIT
BXO/IHBIX MEPEMEHHBIX T1, ..., L, : €CJIU BBIYUCIECHNE B B MPOXOIUT Yepe3 BepIiuHy v,
To BhlumcaeHue B G upoxoaur dyepe3 sepiiuny f(v).

9TO 0O3HAYAET, UTO MEPEXOJ, B XOPOIINO CTPYKTYPUPOBAHHON MpPOTpaMMe He TOJIHKO
coorsercrByer GG (Kak it gd-mporpamm), HO U ONPEJeNsiercs YIOMAHYThIM 0TOOpa-
xkenneM. /s gd-nporpammbl B BepIimuHa v, JOCTHKAMAas HA PA3TUIHBIX HAOOpax a u
b, MOXKeT COOTBETCTBOBATH pa3judHbIM BeprmHaMm G . Jles0 B TOM, 9TO XOTS TIepeMeH-
HbIE, TPOYNUTAHHBIE B B 710 v, HE MOT'YT BCTPEYATHCS TOCIE U, OHU MOTYT YAUTATHCS B
pasHoM nopsake. B 3aBUCHMOCTH OT HEJETEPMUHUPOBAHHOTO (BEPOATHOCTHOTO) BHIOOPA,
mporpamMMa ¢ KopaeM B duTaeTr mepeMeHHble B pa3jaudHoM nopsake. Ho sTor mopsmok
JIOJIPKEeH O/THO3HAYHO OMPEIeIAThCH 3HAYCHUSAMA TPOYUTAHHBIX [TEPEMEHHBIX.

B. Bonnur nmonydunna pe3ynbTaThbl O COOTHOIIEHNH KTACCOB CIOKHOCTH, 0Opa30BaH-
HBIX TPU PACCMOTPEHUN HEIETePpMUHUPOBAHHBIX BP1, uMeronux B KadecTBe rpada
YTeHNs TIepeMeHHbIX fepeBo [9] (3amernm, uro knacc BP1(OBDD) sapasercs 060061ie-
HUEM 3TUX IIPOIPAMM), U II0KA3aJsa, YTO YMHOKEHHUE CJOXKHO U JJIsi TAKUX BETBAIIUXCS
nporpamM. 3aTeM B COABTOPCTBE ¢ aApyrumu uccienoparessamu [10, 11] pesyabrar 6bui
pacmpocTpaHeH Ha XOPOIIO CTPYKTYPUPOBAHHBIE HegerepMuHupoBannbie BP1.

3. BepoaTHocTHBIE BeTBAIINECHd IIPOTPAMMBI,
onpeJesigeMble TpacdoM Hmopsaaka

[Ipencrasiasier maTEpEC CEAYIOMMA (haKT:

Jlemma 1. Ilycmv B - sepoamuocmuasn gd-BP1l om n nepemennuix ¢ 2pa-
dom wmenua G, (1 — e)-ewuucasrowas dynkyuro [ das nexomopozo € € [0,1/2).
Tozda cyuecmeyem xopowo cmpykmypuposannasn eepoamuocmuas G-BP1 R, 6 xo-
Mopoil 6EPOAMHOCTIHBLE BEPULUHDL PACTLOAONACEHDL O WMeEHUA A10001 JemePMUHUPOBAH-
Hotl nepemennot, (1 —e’)-swvucaarowan gynryuro f das npouseoavrozo €' € [e,1/2).
ITpu amom pasmepuvi (Koaunecmso 6epuiuh) npozpamm céasans. Hepasencmeom |R| <
< O(n)|B].

JokazareascTBo. [lycTh MakCcHMabHOE YHCJIO BEPOSITHOCTHBIX BEpINH B B Ha
nyTu 10 (hUHATBHON BEPIMWHBI pABHO 1. TOraa CyIecTByeT MHOXKECTBO BHIOOPOB BEPO-
ATHOCTHBIX [EPEeX0N0B {a1,as,...at},t < 2™, KaxKublil U3 KOTOPbIX (DUKCUPYET JeTep-
vuaupoBannyio G- BP1 na nerepMUHUPOBAHHBIX epeMeHHbIX. OO03HATNM MHOXKECTBO
coorsercrByommx G-BP1 uepes Q = {B1,Ba,... B}, t <2™.
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s IpOU3BOIBLHOIO T BhIOEPEM CIydaifHbIM 00pa30M HE3aBUCUMO I IPOrPAMM W3
MHOXkKecTBa () m moctpouM BepostHOCTHYIO G-BP1l R Tak, 9T0 B Ha4Yaje mMpOrpam-
MBI PACHOJIOKEHBI BEPOATHOCTHBIE Y3JIbI, OOPA3YIOMIME JIE€PEBO, JIUCThs KOTOPOTO CO-
OTBETCTBYIOT KOPHSAM BBIOPAHHLIX mporpamum. s hbuKCupoBaHHOrO HAOOpa 3HAYCHUIT
nepeMeHHbIX {X1,Za,... Ty} =y 0603HauNM Yepe3 Pgr(y) BEPOATHOCTH TOTO, YTO MOIY-
JyeHHast porpamMMa R faer HeBepHoe 3Hadenne dhyukimn f wa y. [Tycrs P(y) — BeposiT-
HOCTB TOTO, 9T0 PRr(y) mms cayvaiino BeIGpanHoil nporpamMbl R Gonbme ¢ € [e,1/2).
Ussecrro [12], uro P(y) ue upesbimaer c(e,e’)” nag HEKOTOPOro (GDUKCHPOBAHHOIO
c(e,e’) < 1. Hycerw r > nlogy, . (1/2). Torma P(y) < (1/2)".

[TpencraBum cebe MpAMOYTOJIbHUK, PA3OUTHIl HA BEPTUKAJIBHBIE U TOPU3OHTAILHBIE
MOJIOCHI OJMHAKOBO# MUPUHDBI. BepTUKaIbHbIE TOJOCH! COOTBETCTBYIOT BCEBO3MOKHBIM
3HAYEeHUAM NepeMeHHbIX GyHkmuu f (UX KOIUYecTBO paBHO 2" ), a TOPU3OHTAJBHDIE
HOJIOCHT — BCEBO3MOXKHBIM mporpaMMaM R. 3amTpuxyem mepecedenne noaoc, s KOTo-
poix Pr(y) Gombine €. 3amrpuxoBaHHOil MOKeT ObITh MeHee (1/2)" miomaan 11060~
ro cronbma. CrenoBaTensHo, HANIETCS TOPUBOHTAIBLHAS TOJI0CA 663 3aITPUXOBAHHBIX
ssemenToB. OHa COOTBETCTBYET UCKOMOit mporpamme R. JIjist pa3MepoB mporpamMM Bep-
ro repasenctro || < r|B|. Tak xak r MOXHO B3aATH paBHbIM [nlog..) . (1/2)], To
IR| < O(n)|B].

[To mocTpoenuio mporpammy R MoXKHO pa3zmenunTh HA jaBe dactu. B kopreBoit 4ga-
CTH PACHOJATAIOTCS BEPOATHOCTHBIE BEPIMUHBI M OHU 06pasytor nepeso. Kaxkaprii muct
9TOrO JepeBa TOopoKIaeT moarpad, aBasdmomnmiics merepmuanposannoit G- BP1. Co-
XpaHss NPUBEJIEHHBIE ONEHKN pa3Mepa R, MOXKHO MOCTPOUTH MPOTPAMMY TaK, YTOOBI
9T noarpadbl He Mepecekanuch. Torma cBORCTBO XOPOIE CTPYKTYPUPOBAHHOCTH JIIsi
R BeimonauTCd. O

JI1 mMpon3BOTBLHOIM XOPOITIO CTPYKTYPUPOBAHHOM BepoATHOCTHON BP1 BepHO cre-
JyloIee.

Jlemma 2. ITyecmv B — zopowo ecmpyxmypuposarnas eepoamuocmuan G'-BP1 om
n nepemennwviz. Tozda cywecmsyem 2pa G, asaarouuiicsa zpagom nopadka, maxot,
wmo B A8AAEMCA TOPOWO cmpykmypuposarnot eepoamuocmuoti G-BP1. Ipu smom
pasmepuvi (KoauwecEo eepuun) npozpamm ceasanv, Hepasencmeom |G| < 2(n —1)|B].

JokazaresbcTBo. Yaanum u3 G’ BEpIIMHBL, 17151 KOTOPBIX OTCYTCTBYIOT B B BEp-
[IIUHBI, COOTBETCTBYONNE (DYHKINKA XOPOIIeil CTPyKTypupoBanuocTu. Ecau mgyra Beger
B yIaJsIEMYI0 BEDIIUHY v, TIEPEHANpPABUM €€ B JII000i HeymasIsieMblii TOTOMOK W Bep-
muHbl v. CBOWCTBO XOPOITEil CTPYKTYPUPOBAHHOCTHU TIO3BOJISIET OJTHO3HAYHO BOCCTAHO-
BuTh w. B pesynbrare pazmep nosyudennoro uz G’ rpada ne 6osee yem |B|. Tlockosb-
Ky B rpade mopsika HA KaxK/JIOM IIyTH OT KOPHs J0 CTOKA YUTAIOTCs BCE IePEMEHHBIE,
HEe0OX0MMO JOOABUTH MEXK/ly BEPUIMHAMU U U W [ Kaxk0il qyru (v, w) GUKTUBHBIE
BEPIIUHBI C TIOMETKAMHI TEX TIEPEMEHHBIX, KOTOPbIE He MPOYUTAHBI HA MYTAX OT KOPHS
JI0 v, HO MOTYT OBITh TTPOYUTAHBI HA TMYTAX OT KOPHS 10 w. Tak Kak W3 KayKI0il Bep-
IITUHBI BBIXOAUT 2 NyTH, KOTOpbie MOryT Bect B OBDD nnuubl e 6osnee uem n — 1,
MOJTyIaeM TpeOyeMyro OIEeHKY . O

s JOKa3aHHBIX JIEMM BBITEKaeT

CaencrBue 1. Ilycmv B - sepoamuocmuan gd- BP1 om n nepemenwHuir ¢ 2pa-
gom wmenua G, (1 — €)-ewnucasrowas Pynkyuro [ das nexomopozo £ € [0,1/2).
Tozda cywecmeyem zpad umenus G u TOPOULO CMPYKMYPUPOBAHHAA BEPOAMHOCTNHAA
G'-BP1 R, 6 xomopoli 6epoAMHOCTIHbLE GEPULUHDL PACTIONONCEHDL 00 wmenua A10007T
demepmunuposarnol nepemennots, (1—-e')-ewnucaarowasn gynxyuro f das npouseons-

nozo &' € [g,1/2). ITpu smom pazmepuvi (KOAUNECTNEO BEPULUK) NPOZDAMM CEA3AHBL HEPA-
sencmeom |G'| < O(n?)|B.



O CJIOKHOCTU BEPOATHOCTHBIX ITPOT'PAMM 111

Teopema 1. Pynxuyua MULT, om 2n nepemennuzr Z = X UY axcnonenyuarvmo
CAONCHG ONA BEPOATNHOCTIHBLT 00UH PA3 YWUMGIOUULT BEMBAULULCA NPOZPAMM, UMEIOULUL
2pag umernus.

JokazaTeabcTBo. Jl0Ka3aTeabCTBO TEOPEMbI MPAKTUYECKHU TIOJTHOCTHIO COBIIA A~
eT C JI0KA3aTeIbCTBOM [l HeJerepMuHupoBanuoro ciy4as [10]. deranu sToro pokasa-
TEJIbCTBA, JIOBOJILHO CJIOXKHBI, TIO3TOMY PACCMOTPUM JIUITh OCHOBHBIE WJIEH.

Paccmarpusaerca nogdyukmua MULT) dyuxmun MU LT, , oCyIecTBIAOMNAA Te-
DPEMHOXKEHUE JIMIIb HEeYeTHbIX ducen (T,_1 = yp—1 = 1). Paccmorpum muoxkecrsa A,
B, Y IBOMYHBIX IMEJBIX UHCETT, UMEIONNX He 6osee 9eM N pa3psiioB, IpudeM Y Ccomep-
KHUT UL HedeTHble dncaa. [loctpoum marpuity M craepyommm obpasom. s mpo-
u3BOJILHBIX uncesnl a € A, b € B, y € Y anement marpuisl M Ha mepecevdeHnn CTPOKH,
COOTBETCTBYMOIIEH a, W cTosdIa, coorsercTyomero (b,y), pasen MULT(a + b,y).
B [10] nokasano, uro M CONEPKUT TPEYTOJBHYIO MOAMATPHUILY, HUKHSST OIEHKA JIJIst
pasMepa s KOTOPOW ONPeesisieTCs COOTHOIMEHUSIME, 3ABUCAIINMEI OT MOIITHOCTEH MHO-
xects A, B, Y. [Insa nonydenuss 3TMX COOTHOIIEHHI CTPOSTCS TAKKUE MOJIMHOMXKECTBA
{a1,...,a5} T A, {b1,...,b5-1} € B nuncio y € Y, uro

MULT;(aerbj,y) =1l&i<.

Jlanublii MOMCK Ja/eKo He TPUBHMAJIEH W He CBOAUTCs (Kak B ciaydae 6oJiee MpOCThIX
Moziesieil) K PaCCMOTPEHUIO YUCEs Y, COAEPXKAIIUX JIBE €JUHUIIbI, KOIJA YMHOXKEHHE
daKTUIECKHU SABISAETCSA CIOKEHUEM <«9aCTeily MePBOTO COMHOXKHUTENS, U, COOTBETCTBEH-
HO, HEOOXOIUMO OTPE/IETUTh, OCYIIECTBISAETCS JI TP CIOKEHUH «IIEPEHOC» Pa3psiia
un HeT. 3aMeTuM, YTO JIjIsi OIEHKN S He BAXKHO, KAKOBBI MHOXKecTBa A, B, Y | cyre-
CTBEHHBI JIUITb UX MOITHOCTH.

[Iycrs f — wekoropas dyukius or n nepemensabix X , a (X1, Xo) — pasbuenue X .
Paccvorpum mekoTopyto dyuakimio fi or mepemenunix X . Ilycth ams m060ro BeKTO-
pa o 3HAYEHU TIepeMeHHBIX U3 Xo MHOMKECTBO BEKTODPOB 1 3HAYEHWH MEPEMEHHBIX
3 X1 Takux, 9uro Ha (21,x2) OyHKIMH f W fi COBMAmAIOT, MMeeT MOIIHOCTh HE MeHee
gem £2/X11. Torma f, maswesaercs dyukimeii, -6mm3koii kK f. Puavmpom F vmoxe-
crea X Ha30BeM ONpeJesieHHoe MHOXKeCTBO moaMHokecTB X (cM. [10]). Acconmupys
J0boe U3 3TUX NOAMHOKECTB ¢ Xo, noiaydaem (X7, Xo)-pasbuenune X, X7 = X \ Xo.

[Mycrs F' — dunbrp muoxkecrsa X , u qgis jo6oro acconuuposantoro ¢ F (X7, Xo)-
paszbuennsa X Bepno caemyomee. Jns mo6oit byrakoun [/, €-6am3K0it K f, CIOKHOCTH
KOMMYHUKAI[MOHHOTO BeposATHOCTHOTO (X7, X2)-NMPOTOKOJIA (BBIYUCINTEIN YUTAIOT TIe-
pemennbie u3 X u X9 COOTBETCTBEHHO) He Menee ueM [. Torga aubo CI0KHOCTH BEPO-
arnocruoit G- BP1 B, seraucnsiomeii f, ne menee uem 2! + 1, 6o pasmep G Gosee
gem 1/e.

JlokazaresbCTBO BeIETCst OT MPOTUBHOIO, TO eCTh pa3Mepbl B u G OrpanuanBaioTCs
cBepxy. B G mro6oe pebpo pa3buBaeT MHOXKECTBO TEpEeMEHHBIX X Ha MOJIMHOXKECTBA:
X, — Tex mepeMeHHBIX, KOTOPhIE MTPOYUTAHBI 0 3TOTO pebpa, u Xo — ocraBmuxcs. Haii-
nercst pedbpo e, KOJUYECTBO TyTel 0 KOTOPOro He MeHee ueM Q‘Xl‘/|G|. Paccmorpum
CIEYIONIee KOMMYHUKAIIMOHHOE Bhraucaenne pyHKuu f’, Korga BBIYUCIUTEN TATa-
0T epemennble u3 X1 u Xo cooTBeTCTBEHHO. IlepBhIil BhIdnCINTENH 3amycKaeT B Ha
MyTSX /10 € U TepelaeT MOMETKY BEPIUHbI B BTOPOMY BBIYUCIUTENIO, TO €CTh He 00-
see yem log, |B| 6ut. Bropoii BerancanTesns MpoaosKaeT BhIUNCIeHne Ha B, HaunHas
C TOJIy9YeHHON BepmmHbL. Ha Apyrux BXOJAaX 3HAUEHWE BBIYUCIAEMON (DYHKIMH HECY-
mecTBeHHo. Borauncisiemas dyukiusg Oymer £-6iu3koil K f, 1 ee KOMMYHUKAIIMOHHAS
CITOXKHOCTD Oyaer Mmenbine [. [lomygaem mporuBopedne.

Hnass MULT] muOXKecTBO nepeMeHHbIX pa3dburo Ha X u Y. QuUKcHpyoTcs duc-
ga ¢ u k, 3aBucsdmuye ot n, u GuabTp F, comepkamuii MOJIMHOMKECTBA MOIIHOCTH k.
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Has mo6oit e-6mmskoit k MULT, dbyuknun f BepHO ciemyiomee. AcCCOMrpOBAHHOE
¢ F' pasbuenue coOTBETCTBYeT KOMMYHHUKAIIHOHHOMY BBIYHCJIEHHUIO, KOT/IA MIE€PBbIi BbI-
YUCIUTENb UATAeT mepemennble 3 Xip, Y1, a Bropoit — u3 Xo, Yo. U3 Teopermko-
MHOYKECTBEHHBIX COOOpaKeHUil MOKHO 3a(UKCHPOBATH 3HAUEHWS TEPEMEHHBIX U3 Y]
TaK, YTO KOJUIECTBO BO3MOYKHBIX 3HAUYEHUN MEPEMEHHBIX W3 X1, HA KOTOPBIX (DyHKIUN
MULTY n f paBHBI, He MeHee YeM £2/2  Tlomyuaem KOMMYHHKAIMOHHYIO MATPWILY,
CTPOKH KOTOPOil COOTBETCTBYIOT JAHHBIM 3HAYEHUAM X1, & CTOJIOIBI — BCEBO3MOKHBIM
s3navenusam Xo, Yo . [logobpas myxkuble 3Hadenus € u k, MOXKHO IOJyIUTH SKCIIOHEH-
[IUAJTBHYIO HUKHIOIO OIEHKY HA Pa3Mep § TPEYTrOJIbHON MOIMATPHIIHL.

Kax w3sectrO [5], Tpeanosoxkenne o TOJMHOMUATHHON BEPOSITHOCTHON BBIYMCIIN-
MOCTH (DYHKIUU ¢, UMEIOIIeil OOJIBIIMYI0 TPEYTOJbHYI0 MOIMATPHUILY, TPUBOJUT K BbI-
BOJIy O TIOJIMHOMWAJIHHON BEPOSTHOCTHOW KOMMYHWKAIMOHHOMW BBIYUCIMMOCTH JTEO00M
byuknun f. JleficTBUTENBHO, I TAKOTO KOMMYHHUKAITMOHHOTO BBIYMCJICHUS TEPBBIi
BBIYHCJIATE/Ib 3AMIyCKAET BLIYUCICHUE ¢ HEOOXOJMMOE YHCJIO Pa3 Ha Habope xj CBO-
UX TIEPEMEHHBIX, BTOPOil BBIYUCIUTE/b MPOJOJIXKAET BBIUUCICHUE ¢, IEIas PA3TUIHbIE
MPEINOIOKEHNST O 3HAYEHUSX T1 W OTOXKIECTBJISAS UX CO 3HAYEHUSMU CBOUX TIEPEMEH-
HBIX. B 3aBUCHMOCTH OT PE3yJIbTATOB OH CMOYKET ONPEJIENTh MTPABUIBLHO 3HAYEHUE X1
¢ HEOOXOIUMOIT BEPOATHOCTHIO.

Tak Kak pasmep S MOAMATPHIIHI IKCIOHEHIIUAIEH U CYIIECTBYIOT (DYyHKIUU, MMe-
I0II[ie BEPOSATHOCTHYIO KOMMYHHUKAIMOHHYIO CJIOXKHOCTH OOJIBINYIO, YeM Jiorapudm ot
KOJIMYECTBA MEPEMEHHBIX, TO TOJIYIAEeM MPOTUBOPEYHNE C MPEIMOJIOKEHUEM O TTOJTHHOMHU-
anbHOi BhruncauMoctu MU LT,, Ha BepOATHOCTHBIX OIWH pa3 YUTAIONINX BETBSAIITHAXCS
mporpamMMax, UMeIonx rpad ITeHnsd. O

Summary

R.G. Mubarakzjanov. On the Complexity of Randomized Read-once Branching Programs.

Ordered binary decision diagrams are a well known computational model. Graph-driven
read-once branching programs presented in this paper generalize this model. Exponential lower
bound of the complexity of such programs for integer multiplication is proven.

Key words: Boolean function, binary branching program, complexity class, computation
complexity lower bound.
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