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n

2nS. HaroutunianAbstratA speial lass of 2m -dimensional submanifolds in a 2n-dimensional pseudo-Eulideanspae with metri of signature (n, n) , known as a pseudo-Eulidean Rashevsky spae, is studied.For suh submanifolds, anonial integrals and parametri equations are found.Key words: even-dimensional submanifolds, pseudo-Eulidean Rashevsky spae, double�ber bundle, anonial integral, di�erential-geometri struture, �bration, foliation.One of the most harateristi features of modern Di�erential Geometry is the ativeappliation of its methods in the adjoining �elds of the mathematial siene. Essentiallyinreased e�etiveness of these methods whih aumulated fundamental ahievements,�rst of all from the general algebra and theory of di�erential equations, in ombinationwith the tendeny to onsider various mathematial objets as di�erential-geometristrutures on orresponding manifolds, has led, on the one hand, to the appearane ofnew diretions of the di�erential geometri study, and, on the other hand, to a morefundamental, geometri interpretation of these objets.The next step is the di�erential geometri analysis of these strutures and identi�a-tion of their most general harateristi (geometri) properties. Finally, on the last stageof researh, these properties or their part beome the foundation for generalizations andnew problems in the initial theory.Moreover, in aordane with [1℄, they assume in partiular the exat desription ofthe ategory of the strutures under study and also the identi�ation of the ategory ofalgebrai systems neessary for their study.All above mentioned is true for the geometry of multiple integral depending onparameters. The study of di�erential geometri strutures de�ned by suh an integralon the manifold of integration variables and parameters to a ertain extent is similar tothe study of the integral geometry [2�4℄. At the same time the presene of parameterstotally hanges the yle of arising problems and orresponding results. By systematistudy of multiple integrals depending on parameters (in a speial ase when the numberof parameters is equal to the number of variables) and orresponding integral transformsone an see a good number of interesting geometrial problems onneted with thedesription of invariant properties of suh integrals.The present artile is devoted to the study of a speial lass of 2m-dimensional sub-manifolds with struture of double �ber bundle in the 2n-dimensional pseudo-Eulideanspae En
2n with metri of index n . We �nd multiple integral depending on parameters,determining the struture of suh a submanifold on the orresponding manifold of in-tegration variables and parameters, also parametri equations of this submanifold.



216 S. HAROUTUNIAN1. Pseudo-Riemannian Rashevsky spaeIn 1925, Russian geometer P.A. Shirokov from Kazan State University introdued [5℄the speial lass of even-dimensional symmetri spaes known as A-spaes or ellipti
A-spaes. In 1933, E. K�ahler [6℄ studied the same spaes known now as K�ahler spaes.Let us onsider a 2n-dimensional manifold M with loal oordinates x1, . . . , xn ,
y1, . . . , yn suh that in all admissible transformations of oordinates two sets of n oordi-nates are separated: the transformed oordinates x1, . . . , xn are funtions of x1, . . . , xnand the same is true for the seond set of oordinates. Consider a real kern funtion
U(x1, . . . , xn, y1, . . . , yn) and introdue the following values

gi
j =

∂2U

∂xj∂yi

.It is easy to hek that the matrix
G =

(

0 gi
j

g
j
i 0

)is invariant under all admissible transformations of loal oordinates. This matrix isnondegenerate and, therefore, its elements introdue a metri on M . In its turn thismetri generates an a�ne onnetion on M . On this manifold, the �bers from di�erentfamilies are omplex onjugate.The so alled hyperboli ase when both the families of �bers are real n-dimensionalmanifolds was introdued by P.K. Rashevsky [7℄. He studied an invariant salar �eld
U(x1, . . . , xn, y1, . . . , yn) with nondegenerate matrix of seond order derivatives:

det

(

∂2U

∂xj∂yi

)

6= 0and, using this matrix, introdued a pseudo-Riemannian metri of index n on M andthe orresponding pseudo-Riemannian onnetion. This spae is known as a Rashevskypseudo-Riemannian spae. It has the following harateristi properties.1. The salar �eld U(x1, . . . , xn, y1, . . . , yn) generating the struture of a pseudo-Riemannian spae on M is determined with arbitrariness
U(xi, yj) −→ U(xi, yj) + U1(x

i) + U2(yj).2. Eah point of M belongs to one and only one �ber from eah of the two familiesof �bers. Fibers from di�erent families have intersetion in no more than one point.3. The �bers of both the families are isotropi.4. The �bers of eah family have the property of absolute parallelism (auto paral-lelism): vetors tangent to �bers from one of the families remain tangent to them afterparallel transfer along an arbitrary smooth urve.It follows from eah of the two latter properties that both the families of �bers aretotally geodesi in M .This spae was studied by P.K. Rashevsky and other researhers as an example ofa pseudo-Riemannian spae only, without any relations to other �elds of Mathematisand Physis.Later, in 60-th, professor V.V. Vishnevsky from Kazan State University introduedthe third type of A-spaes (paraboli A-spaes) [8℄ and ompleted the lassi�ation ofthese strutures.In terms of a o-basis of linear di�erential forms ω1, . . . , ωn, ω1, . . . , ωn adapted tothe struture of 2n-dimensional Rashevsky spae, the struture equations of this spae
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2N 217an be presented in the form [9℄
dωI = ωI

K ∧ ωK ,

dωI = −ωK
I ∧ ωK , I,K, P, T = 1, . . . , n

dωI
K = ωI

P ∧ ωP
K +RIT

KPω
P ∧ ωT ,

(1.1)where RIT
KP are the nonzero omponents of the urvature tensor. The metri of thisspae is generated by the nondegenerate bilinear losed form [9℄

dϕ = ωI ∧ ωI . (1.2)It is known [9℄ that an integral of the form λω1 ∧ . . . ∧ ωn indues a struture ofa 2n-dimensional Rashevsky spae on the manifold M of integration variables andparameters under natural ondition of nondegeneray for the matrix of seond orderderivatives of the funtion lnλ .Rashevsky spae an also be onsidered as a double �bered manifold with two fami-lies of n-dimensional transverse geodesi �bers. It is a generalization of the ross produtof two manifolds: a (2n + s)-dimensional smooth manifold M is said to be a double�ber bundle if two smooth mappings
πi : M −→Mi, i = 1, 2,from M onto n- and n+ s-dimensional smooth manifolds M1 and M2 are given, the�bers, i. e., full preimages of points from M1 and M2 under the mappings π1 and

π2 respetively are smooth n + s- and n-dimensional submanifolds, and the tangentspaes to the �bers of the bundles π1 and π2 at an arbitrary point have only trivialintersetion:
TP

(

π−1
1 (x)

)

∩ TP

(

π−1
2 (y)

)

= p, π1(p) = x, π2(p) = y, x ∈M1, y ∈M2.Therefore, the tangent spae of M at an arbitrary point is a diret sum of n + s-and n-dimensional subspaes. The ase of Rashevsky spaes orresponds to s = 0 .If the urvature tensor of suh a spae is trivial, we have a pseudo-Eulidean Ra-shevsky spae whih, in terms of a o-frame of prinipal exterior linear di�erential forms
ω1, . . . , ωn, ω1, . . . , ωn adapted to the struture of a double �ber bundle on En

2n andde�ned on the prinipal �ber bundle of tangent frames on En
2n , an be presented bythe following struture equations [9℄

dωI = ωI
K ∧ ωK ,

dωI = −ωK
I ∧ ωK , I,K, P = 1, . . . , n

dωI
K = ωI

P ∧ ωP
K ,

(1.3)where the seondary forms ωI
K are de�ned on the manifold T 2En

2n of seond ordertangent frames assoiated to En
2n and do not depend on the prinipal forms. There isa natural onnetion between suh spaes and the Fourier transform [9℄: this integraltransform invariantly indues a struture of En

2n on the double �bered manifold ofintegration variables and parameters M .An (n + s)-tuple integral depending on n parameters is said to be a anonial in-tegral of a di�erential-geometri struture on a 2n+ s-dimensional manifold M if thisintegral generates the struture on M . Suppose that n-tuple integral depending on nparameters generates a struture of a Rashevsky 2n-dimensional spae on a manifold



218 S. HAROUTUNIANof integration variables and parameters. An n-tuple integral depending on n parametersonstruted on parameters of integration generates the same struture of a Rashevsky
2n-dimensional spae on the manifold of integration variables and parameters M if andonly if M is an Einstein spae (Rii tensor is proportional to the metri tensor withonstant oe�ient). This is the geometrial meaning of the invertibility of the orre-sponding integral transform. This means that the ategory of Einstein 2n-dimensionalspaes with metri of signature (n, n) is the most general one for the onstrution ofinvertible integral transforms. One of the most important problems here is �ndind ofan integral transform generating the struture of a given Rashevsky (Einstein) spaeon M . 2. 2m-dimensional submanifolds with strutureof double �ber bundle in a pseudo-Eulidean spae E

n

2nThe neessity to onsider submanifolds of the pseudo-Eulidean spaes En
2n andorresponding anonial integrals follows from the problem of �nding anonial integralsof Rashevsky (Einstein) spaes beause in the speial ase when the spae under study ispseudo-Eulidean (the urvature is equal to zero) the orresponding anonial integraloinides with the lassial Fourier transform. Taking into aount that an integralgenerates the orresponding di�erential-geometri struture in an invariant way andthat the geometry of a pseudo-Riemannian spae, in general, is de�ned by its urvaturetensor, it is natural to suppose that the anonial integral of a Rashevsky (Einstein)spae is related to the urvature tensor of this spae in a speial way.Let us onsider 2m-dimensional submanifold M with struture of a double �berbundle in an 2n-dimensional pseudo-Eulidean spae En

2n with metri of index n(pseudo-Eulidean Rashevsky spae) when the dimension n satis�es the ondition
2m > n .Suppose that, in terms of a o-basis of linear di�erential forms ω1, ω2, . . . , ωn, ω1,

ω2, . . . , ωn adapted to the struture of a pseudo-Eulidean Rashevsky spae En
2n , thestruture equations of the spae are represented in the form (1.3) and that a 2m-dimensional submanifold M is de�ned by the equations

ωm+i = ω2m−n+i, ωm+i = ωi, i = 1, . . . n−m. (2.1)Let us note that relations (2.1) determine the most general lass of 2m-dimensionalsubmanifolds in En
2n with struture of a double �ber bundle. This lass is a diretgeneralization of the orresponding lasses of submanifolds of odimension two, studiedin [10, 11℄.There are three possible ases: 1) 2(n−m) > m or 3m < 2n , 2) 2(n−m) = m or

3m = 2n , 3) 2(n−m) < m or 3m > 2n .The ase 3) was studied in [12℄. Let us study the ase 3m < 2n . Therefore thefollowing inequalities hold
3n < 6m < 4n.This ondition is equivalent to the inequality 2m − n < n − m . Let us introduenew indies α = 1, . . . , 2m−n ; ξ = 2m− n+ 1, . . . , n−m ; a = n−m+ 1, . . . ,m . Themetri form of the total Rashevsky spae En

2n de�ned by the invariant bilinear losednondegenerate form dϕ = ωI ∧ ωI indues the bilinear form
dϕ∗ = ωα ∧ ωα + ωξ ∧ ωξ + ωa ∧ ωa + δ

ξ
2m−n+αωξ ∧ ω

α + δa
2m−n+ξωa ∧ ωξ (2.2)on M .
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2N 219Substitution of relations (2.1) into (1.3) and appliation of the above introduedindies gives the following general struture equations of a submanifold M

dωα = ωα
β ∧ ωβ + ωα

ξ ∧ ωξ + ωα
a ∧ ωa + ωα

m+k ∧ ω2m−n+k,

dωξ = ωξ
η ∧ ωη + ωξ

α ∧ ωα + ωξ
a ∧ ωa + ω

ξ
m+k ∧ ω2m−n+k,

dωa = ωa
b ∧ ωb + ωa

α ∧ ωα + ωa
ξ ∧ ωξ + ωa

m+k ∧ ω2m−n+k,

dωα = −ωβ
α ∧ ωβ − ωξ

α ∧ ωξ − ωa
α ∧ ωa − ωm+k

α ∧ ωk,

dωξ = −ω
η
ξ ∧ ωη − ωα

ξ ∧ ωα − ωa
ξ ∧ ωa − ωm+k

ξ ∧ ωk,

dωa = −ωb
a ∧ ωb + ωα

a ∧ ωα − ωξ
a ∧ ωξ − ωm+k

a ∧ ωk,

dωα
β = ωα

γ ∧ ω
γ
β + ωα

ξ ∧ ω
ξ
β + ωα

a ∧ ωa
β + ωα

m+k ∧ ωm+k
β ,

dωξ
η = ωξ

µ ∧ ωµ
η + ωξ

α ∧ ωα
η + ωξ

a ∧ ωa
η + ω

ξ
m+k ∧ ωm+k

η ,

dωa
b = ωa

c ∧ ωc
b + ωa

α ∧ ωα
b + ωa

ξ ∧ ω
ξ
b + ωa

m+k ∧ ωm+k
b ,

dωα
ξ = ωα

β ∧ ω
β
ξ + ωα

η ∧ ω
η
ξ + ωα

a ∧ ωa
ξ + ωα

m+k ∧ ωm+k
ξ ,

dωα
a = ωα

β ∧ ωβ
a + ωξ

α ∧ ωξ
a + ωa

c ∧ ωc
a + ωα

m+k ∧ ωm+k
a ,

dωξ
α = ω

ξ
β ∧ ωβ

α + ωξ
η ∧ ωη

α + ωξ
α ∧ ωa

α + ω
ξ
m+k ∧ ωm+k

α ,

dωξ
a = ωξ

α ∧ ωα
a + ωξ

η ∧ ωη
a + ω

ξ
b ∧ ωb

a + ω
ξ
m+k ∧ ωm+k

a ,

dωa
α = ωa

β ∧ ωβ
α + ωa

ξ ∧ ωξ
α + ωa

b ∧ ωb
α + ωa

m+k ∧ ωm+k
α ,

dωa
ξ = ωa

α ∧ ωα
ξ + ωa

η ∧ ω
η
ξ + ωa

b ∧ ωb
ξ + ωa

m+i ∧ ω
m+i
ξ ,

(2.3)

where the seondary forms ωα
β , ωξ

η , ωa
b , ωα

ξ , ωα
a , ωξ

α , ωξ
a , ωa

α , ωa
ξ and ωα

m+k , ωξ
m+k ,

ωa
m+k , ωm+k

α , ωm+k
ξ , ωm+k

a are de�ned on the manifold T (2)M of seond order tangentframes assoiated to the manifold M and adapted to its struture.Taking into aount that the bilinear form dϕ∗ is losed and using exterior di�erenti-ation of (2.2) with appliation of general struture equations (2.3), we arrive at the iden-tity whih shows that, in the general ase, the forms ωα
ξ , ωξ

a , δξ
2m−n+βω

β
α−δ

η
2m−n+αω

ξ
η ,

δa
2m−n+ξω

ξ
α−δ

ξ
2m−n+αω

a
ξ , δξ

2m−n+αω
α
η −δ

a
2m−n+ηω

ξ
a , δa

2m−n+ξω
ξ
η−δ

b
2m−n+ηω

a
b are prin-ipal. We will use these general onditions for more detailed researh of the di�erential-geometri struture on M .Taking into aount that the submanifold M has a struture of a double �ber bundle,i. e., that the following systems of linear di�erential equations

ωα = 0, ωξ = 0, ωa = 0,

α = 1, . . . , 2m− n, ξ = 2m− n+ 1, . . . , n−m, a = n−m+ 1, . . . ,m;

ωα = 0, ωξ = 0, ωa = 0,

α = 1, . . . , 2m− n, ξ = 2m− n+ 1, . . . , n−m, a = n−m+ 1, . . . ,mare totally integrable, we arrive at the following system of identities
ωα

m+k ∧ ω2m−n+k = 0, ω
ξ
m+k ∧ ω2m−n+k = 0, ωa

m+k ∧ ω2m−n+k = 0,

ωm+k
α ∧ ωk = 0, ωm+k

ξ ∧ ωk = 0, ωm+k
a ∧ ωk = 0.

(2.4)



220 S. HAROUTUNIANApplying Cartan's lemma [1℄, one an easily see that the seondary forms ωα
m+i ,

ω
ξ
m+i , ωa

m+i and ωm+i
α , ωm+i

ξ , ωm+i
a are linear ombinations of the basi linear di�er-ential forms ωξ , ωa , ξ = 2m − n + 1, . . . , n−m , a = n −m + 1, . . . ,m and ωα , ωξ ,

α = 1, . . . , 2m− n , ξ = 2m− n+ 1, . . . , n−m respetively.On the other hand, the exterior di�erentiation of relations (2.1), whih are identitieson M , gives the following two identities
(

ωm+i
k + ωm+k

2m−n+i

)

∧ ωk + ωm+i
a ∧ ωa + ωα

2m−n+i ∧ ωα+
(

ωm+i
n−m+ξ + ω

ξ
2m−n+i

)

∧ ωξ +
(

ωm+i
n−m+a + ωa

2m−n+i

)

∧ ωa = 0,

(

ωm+k
m+i + ωi

k

)

∧ ωk + ωi
a ∧ ωa + ωα

m+i ∧ ωα+

+
(

ωi
n−m+ξ + ω

ξ
m+i

)

∧ ωξ +
(

ωi
n−m+a + ωa

m+i

)

∧ ωa = 0.Taking into aount identities (2.4), it is easy to hek that this system is equivalentto the system of the following four identities
(

ωm+i
k + ωm+k

2m−n+i

)

∧ ωk + ωm+i
a ∧ ωa = 0,

ωα
2m−n+i ∧ ωα +

(

ωm+i
n−m+ξ + ω

ξ
2m−n+i

)

∧ ωξ +
(

ωm+i
n−m+a + ωa

2m−n+i

)

∧ ωa = 0,
(

ωm+k
m+i + ωi

k

)

∧ ωk + ωi
a ∧ ωa = 0,

ωα
m+i ∧ ωα +

(

ωi
n−m+ξ + ω

ξ
m+i

)

∧ ωξ +
(

ωi
n−m+a + ωa

m+i

)

∧ ωa = 0.

(2.5)It follows diretly from the obtained system that all the seondary forms ωα
a areequal to zero identially. Indeed it's follows from the third identity from (2.5) that theseondary forms ωα

a are linear ombinations of the basi prinipal di�erential forms ω1,

ω2, . . . , ωn . But it is easy to see from the seond identity of system (2.5) that the sameforms have expansions in terms of the basi prinipal di�erential forms ω1, ω2, . . . , ωnonly. This is possible if and only if the forms ωα
a are equal to zero.Besides the �rst identity of system (2.4) shows that the seondary forms ωα

m+ihave nontrivial expansions in terms of the basi prinipal forms ω2m−n+1, . . . , ωn only.Substituting the orresponding expansions into the fourth identity of system (2.5), wesee that the seondary forms ωα
m+i are vanishing.Let us note now that, as follows from the last identity of system (2.4), the seondaryforms ωm+i

a are linear ombinations of the basi prinipal forms ω1, ω2, . . . , ωn−m .Substitution of the orresponding expansions into the �rst identity of system (2.5)shows that all the forms ωm+i
a are vanishing too.Using relations (2.4), it is easy to hek that system of identities (2.5) is equivalentto the following system

ωn−m+a
k ∧ ωk = 0,

(

ω
n−m+ξ
k + ωm+k

ξ

)

∧ ωk = 0,

ωα
ξ ∧ ωα +

(

ω
n−m+ξ
n−m+η + ω

η
ξ

)

∧ ωη = 0,

(

ωn−m+a
n−m+ξ + ωξ

a

)

∧ ωξ = 0, ω
ξ
m+α ∧ ωξ + ωa

m+α ∧ ωa = 0,

(

ωm+k
m+ξ + ω

ξ
k

)

∧ ωk + ωξ
a ∧ ωa = 0,

(

ω
ξ
n−m+η + ω

η
m+ξ

)

∧ ωη +
(

ω
ξ
n−m+a + ωa

m+ξ

)

∧ ωa = 0.

(2.5′)
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2N 221Exterior di�erentiation of relation (2.2) shows that the seondary forms ωξ
a , ωα

ξ areprinipal forms. The appliation of the seond and third identities of system (2.5′) givesthe following expansions
ωα

ξ = C
αβ
ξ ωβ + C

αη
ξ ωη,

ωξ
a = Cξ

aαω
α + Cξ

αηω
η + C

ξ
abω

b
(2.6)with the symmetry onditions on the oe�ients orresponding to Cartan's lemma:

C
αβ
ξ = C

βα
ξ , Cξ

ab = C
ξ
ba .Applying Cartan's lemma [1℄ to identities of the �rst and the last identities of system(2.5), we obtain the following expansions

ωm+i
α = Cm+i

αβ ωβ + Cm+i
αξ ωξ, Cm+i

αβ = Cm+i
βα ,

ωm+i
ξ = Cm+i

αξ ωα + Cm+i
ξη ωη, Cm+i

ξη = Cm+i
ηξ ,

ω
ξ
m+i = C

ξη
m+iωη + C

ξa
m+iωa, C

ξη
m+i = C

ηξ
m+i,

ωa
m+i = C

ξa
m+iωξ + Cab

m+iωb, Cab
m+i = Cba

m+i.

(2.7)Exterior di�erentiation of expansions (2.6), (2.7) with further appliation of thegeneral struture equations of a submanifold M gives the following di�erential identities
(

dC
αβ
ξ − C

αγ
ξ ωβ

γ − C
γβ
ξ ωα

γ + Cαβ
η ω

η
ξ

)

∧ ωβ+

+
(

dC
αη
ξ − Cαν

ξ ωη
ν − C

βη
ξ ωα

β + Cαη
ν ων

ξ − C
αβ
ξ ω

η
β

)

∧ωη−C
αβ
ξ ωa

β∧ωa−C
αη
ξ ωa

η∧ωa = 0,

(

dC
ξ
ab + Cξ

acω
c
b + C

ξ
cbω

c
a − C

η
abω

ξ
η + Cξ

aαω
α
b + Cξ

aηω
η
b

)

∧ ωb+

+
(

dCξ
aα + C

ξ
aβω

β
α + C

ξ
bαω

b
a − Cη

aαω
ξ
η + C

ξ
abω

b
α

)

∧ ωα+

+
(

dCξ
aη + Cξ

aµω
µ
η + C

ξ
bηω

b
a − Cµ

aηω
ξ
µ + C

ξ
abω

b
η

)

∧ ωη = 0,

(

dCm+i
αβ + Cm+i

αγ ω
γ
β + Cm+i

γβ ωγ
α − Cm+k

αβ ωm+i
m+k + Cm+i

αξ ω
ξ
β + Cm+i

βξ ωξ
α

)

∧ ωβ+

+
(

dCm+i
αξ + Cm+i

αη ω
η
ξ + Cm+i

βξ ωβ
α − Cm+k

αξ ωm+i
m+k + Cm+i

ξη ωη
α + Cm+i

αβ C
γβ
ξ ωγ

)

∧ωξ = 0,(2.8)
(

dCm+i
αξ + Cm+i

αη ω
η
ξ + Cm+i

βξ ωβ
α − Cm+k

αξ ωm+i
m+k + Cm+i

ξη ωη
α + Cm+i

αβ C
γβ
ξ ωγ

)

∧ ωα+

+
(

dCm+i
ξη + Cm+i

ξµ ωµ
η + Cm+i

µη ω
µ
ξ − Cm+k

ξη ωm+i
m+k + Cm+i

αη C
αγ
ξ ωγ + Cm+i

αη C
αγ
ξ ωγ

)

∧ωη = 0,

(

dC
ξη
m+i − C

ξα
m+iω

η
α − C

µη
m+iω

ξ
µ + C

ξη
m+kω

m+k
m+i − C

ξa
m+iC

η
abω

b − C
ξ
abC

ηa
m+iω

b
)

∧ ωη+

+
(

dC
ξa
m+i − C

ξb
m+iω

a
b − C

ηa
m+iω

ξ
η + C

ξa
m+kω

m+k
m+i − C

ξη
m+iω

a
η − C

ξ
cbC

ca
m+iω

b
)

∧ ωa = 0,

(

dC
ξa
m+i − C

ξb
m+iω

a
b − C

ηa
m+iω

ξ
η + C

ξa
m+kω

m+k
m+i − C

ξη
m+iω

a
η − C

ξ
cbC

ca
m+iω

b
)

∧ ωξ+

+
(

dCab
m+i − Cac

m+iω
b
c − Ccb

m+iω
a
c + Cab

m+kω
m+k
m+i − C

ξa
m+iω

b
ξ − C

ξb
m+iω

a
ξ

)

∧ ωb = 0.



222 S. HAROUTUNIANIt follows from �rst two identities of this system that quantities Cξ
ab and Cαβ

ξ are in-variants and therefore their vanishing has an invariant geometri meaning. For example,if Cαβ
ξ = 0 , then the system of linear di�erential equations ωα = 0 , α = 1, . . . , 2m− nis totally integrable; the ondition C

ξ
ab = 0 haraterizes the total integrability of thesystem of Pfa� equations ωa = 0 , a = n−m+ 1, . . . ,m .Next identities of the system (2.8) show that the quantities Cm+i

ξη , Cξη
m+i , Cm+i

αβ ,
Cab

m+i are invariants, and the other quantities ourring in this system are not invariants.Therefore, without any loss of generality, the quantities Cm+i
αξ , Cξa

m+i an be onsideredequal to zero.There are three possible ases:a) 2m− n < 2n− 3m , i. e., 5m < 3n , therefore 15n < 30m < 18n ,b) 2m− n = 2n− 3m , i. e., 5m = 3n , therefore 15n < 30m = 18n ,) 2m− n > 2n− 3m , i. e., 5m > 3n , therefore 18n < 30m < 20n .Let us onsider the ase 15n < 30m = 18n . We note that, by virtue of thefat that the ranges of the indies α = 1, . . . , 2m − n ; ξ = 2m − n + 1, . . . , n − m ;
a = n−m+ 1, . . . ,m are of the same length, the dimension m is divisible by 3.Exterior di�erentiation of identities ωα

a = 0 , ωα
m+i = 0 , ωm+i

a = 0 and appliationof the general struture equations of a submanifold M gives the system of relations
ωα

ξ ∧ ωξ
a = 0, ωm+i

ξ ∧ ωξ
a = 0, ωα

ξ ∧ ω
ξ
m+i = 0,and, therefore, by virtue of expansions (2.6) and (2.7), the following system of algebrairelations holds:

C
αβ
ξ Cξ

aγ = 0, C
αβ
ξ C

ξ
ab = 0, Cab

ξ Cξ
aγ = 0, C

αη
ξ Cξ

aγ = 0, C
αβ
ξ Cξ

aη = 0,

C
αη
ξ C

ξ
ab = 0, C

αη
ξ Cξ

aµ = 0, Cab
ξ Cξ

aη = 0, Cαc
ξ C

ξ
ab = 0,

Cm+i
αξ C

ξ
ab = 0, Cm+i

ξη C
ξ
ab = 0, Cm+i

αξ C
ξ
aβ = Cm+i

βξ Cξ
aα,

Cm+i
ξη Cξ

aα = Cm+i
αξ Cξ

aη, Cm+i
ξη Cξ

aµ = Cm+i
ξµ Cξ

aη,

C
αβ
ξ C

ξη
m+i = 0, C

αβ
ξ C

ξa
m+i = 0, Cαν

ξ C
ξη
m+i = C

αη
ξ C

ξν
m+i,

Cαa
ξ C

ξη
m+i = C

αη
ξ C

ξa
m+i, Cαb

ξ C
ξa
m+i = Cαa

ξ C
ξb
m+i.

(2.9)
It follows from identities (2.5′) that the form ω

m+ξ
m+α is prinipal and that it has anexpansion in terms of the prinipal forms ωα , ωξ , ωa , ωα , ωξ . It follows from here(and from the same identities) that the form ωξ

a is also prinipal, but it has expansionin terms of the prinipal forms ωα , ωξ , ωa , ωα only. Comparison of these relationsshows that the form ωξ
a has an expansion in terms of the prinipal forms ωα , ωξ only.Therefore, in partiular, Cξ

ab = 0 .Further lassi�ation of admissible di�erential-geometri strutures is based on theanalysis of algebrai relations (2.9).A) At least for one value of the index i (= 1, . . . , n−m) ,
det

(

Cm+i
ξη

)

6= 0 6= det
(

C
ξη
m+i

)

.B) At least for one value of the index i (= 1, . . . , n−m) ,
det

(

Cm+i
ξη

)

6= 0 = det
(

C
ξη
m+i

)

.
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2N 223C) At least for one value of the index i(= 1, . . . , n−m) ,
det

(

Cm+i
ξη

)

= 0 = det
(

C
ξη
m+i

)

.The ase (A) was studied in [13℄. Let us study the ase B. Taking into aount thatthe matrix (

Cm+i
ξη

) is of maximal rank, it is easy to see from algebrai relations (2.9)that
C

ξ
ab = 0, Cξ

aα = 0, Cξ
aη = 0, therefore ωξ

a = 0.It follows from identities (2.8) that the values Cm+i
αξ an be onsidered equal to zero:

Cm+i
αξ = 0 , then the forms ωξ

α beome prinipal. Using the same proedure, we arriveat the relation C
ξα
m+i = 0 but values Cαβ

ξ remain arbitrary. This gives a reason toonsider system of algebrai relations (2.9) one more and suppose that, for a �xedvalue of the index x(= 2m − n + 1, . . . , n − m), the matrix C
αβ
ξ is nondegenerate:

detCαβ
ξ 6= 0 . It follows from this ondition that C

ξη
m+i = 0 . Let us note that thisondition an be obtained from the relation det

(

Cm+i
ξη

)

6= 0 (for �xed value of theindex i (= 1, . . . , n − m) . It is easy to see now that the system of linear di�erentialequations
ωξ

α = 0, ωξ
a = 0, ωα

β = 0, ωξ
η = 0, ωa

b = 0is ompletely integrable. We an rewrite the system of struture equations of M in thefollowing form
dωα = C

αβ
ξ ωβ ∧ ωξ, dωξ = 0, dωa = ωa

α ∧ ωα + ωa
ξ ∧ ωξ,

dωα = −ωa
α ∧ ωa, dωξ = −ωa

ξ ∧ ωa, dωa = 0,

dωa
α = Cab

m+iC
m+i
αβ ωb ∧ ω

β , dωa
ξ = C

αβ
ξ ωa

α ∧ ωβ + Cab
m+iC

m+i
ξη ωb ∧ ω

η,

(2.3′)where the oe�ients satisfy equations (2.8). Exterior di�erentiation of the identity
ωξ

α = 0 gives the following algebrai ondition
Cm+i

αβ C
αβ
ξ = 0,therefore, Cm+i

αβ = 0 . It is obvious now that the system of linear di�erential equations
ωa

α = 0 is ompletely integrable. We obtain the �nal form of the system of strutureequations
dωα = C

αβ
ξ ωβ ∧ ωξ, dωξ = 0, dωa = ωa

ξ ∧ ωξ,

dωα = 0, dωξ = −ωa
ξ ∧ ωa, dωa = 0,

dωa
ξ = Cab

m+iC
m+i
ξη ωb ∧ ω

η.

(2.3′′)

dC
αβ
ξ = C

αβγ
ξ ωγ ,

dCm+α
ξη = Cm+α

ξηµ ωµ,

dC
m+µ
ξη = −Cm+α

ξη Cαβ
µ ωβ + Cm+α

ξηµ ωµ,

dCab
m+α = Cab

m+ξC
αβ
ξ ωβ + Cabc

m+αωc,

dCab
m+ξ = Cabc

m+ξωc.

(2.8′)It is easy to see that the system of prinipal and seondary di�erential forms ωα ,
ωξ , ωa , ωα , ωξ , ωa , ωa

ξ and funtions Cαβ
ξ , Cm+i

ξη , Cab
m+i satisfying equations (2.3′′) ,

(2.8′) is losed and, therefore, by virtue of the Cartan �Laptev theorem [14℄ the followingstatement is true.



224 S. HAROUTUNIANTheorem 2.1. The metri onnetion of a 2n-dimensional pseudo-Eulidean Ra-shevsky spae En
2n indues a di�erential-geometri struture of speial type a�ne on-netion determined by the system of di�erential forms ωα , ωξ , ωa , ωα , ωξ , ωa , ωa

ξand funtions Cαβ
ξ , Cm+i

ξη , Cab
m+i , α, β = 1, . . . , 2m−n , ξ, η = 2m−n+1, . . . , n−m ,

a, b = n−m + 1, . . . ,m , i = 1, . . . , n −m satisfying equations (2.3′′) , (2.8′) on 2m-dimensional (15n < 30m = 18n) submanifold M de�ned by equations (2.1) on on-dition that, at least for one value of the index i (= 1, . . . , n −m) , det
(

Cm+i
ξη

)

6= 0 =

= det
(

C
ξη
m+i

) , det
(

C
αβ
ξ

)

6= 0 .The struture of this a�ne onnetion an be studied using struture equations
(2.3′) . Let us note that it has nontrivial urvature tensor

Rab
ξη = Cab

m+iC
m+i
ξη .To study the struture on M , let us note that the system of linear di�erentialequations ωξ = 0 is ompletely integrable and, therefore, it determines submanifolds ofdimension n−m . Therefore the following result is established.Theorem 2.2. The submanifold M is a double �ber bundle. The �bers of the �rstbundle are foliations with n−m-dimensional �at leaves. The �bers of the seond bundleare ross produts of 2m− n- and n−m-dimensional planes in En

2n .It is easy to see that the system of Pfa� equations ωα = 0 , ωα = 0 , α = 1, . . . , 2m−nis ompletely integrable and determines in M submanifolds N of dimension 2(n−m) .3. Canonial integralIt is known [9℄ that a k -tuple integral depending on k parameters indues a strutureof a pseudo-Riemannian Rashevsky spae on the 2k -dimensional manifold N of inte-gration variables and parameters. The inverse problem of �nding a k -tuple integraldepending on k parameters induing a given admissible struture on N , known asa anonial integral of this di�erential-geometri struture, is muh more interesting.If the urvature tensor is trivial, this integral leads to the Fourier transform. It is evi-dent that, in all other ases, obtained integrals are natural generalizations of the Fouriertransform.Let us �nd a anonial integral of a di�erential-geometri struture de�ned by equa-tions (2.3′′) , (2.8′) on N , i. e., an n−m-tuple integral of the form
Ω = λω2m−n+1 ∧ · · · ∧ ωm (3.1)depending on n−m parameters induing the di�erential-geometri struture
dωξ = 0, dωa = ωa

ξ ∧ ωξ,

dωξ = −ωa
ξ ∧ ωa, dωa = 0,

dωa
ξ = Cab

m+iC
m+i
ξη ωb ∧ ω

η,

dCm+α
ξη = Cm+α

ξηµ ωµ,

dC
m+µ
ξη = Cm+α

ξηµ ωµ,

dCab
m+α = Cabc

m+ξωc,

dCab
m+ξ = Cabc

m+ξωc.

(3.2)
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2N 225on the 2(n−m)-dimensional manifold of integration variables and parameters. Followingthe results obtained in [9℄, this proedure inludes solution of the system of di�erentialequations
d lnλ = λξω

ξ + λaω
a + λξωξ + λaωa,

d
(

λξωξ + λaωa

)

= ωξ ∧ ωξ + ωa ∧ ωa + δa
2m−n+ξωa ∧ ωξ.

(3.3)Using struture equations (2.3′′) , let us present the essential prinipal and seondaryforms as linear ombinations of di�erentials of variables:
ωξ = dxξ, ωa = dxa −

1

2
Ca

m+iC
m+i
ξ dxξ,

ωξ = dyξ − Ca
m+iC

m+i
ξ dya, ωa = dya,

ωa
ξ =

1

2

(

Ca
m+iC

m+i
ξη dxη − Cab

m+iC
m+i
ξ dyb

)

(3.4)where the smooth funtions Ca
m+i = Ca

m+i(y2m−n+1, . . . , ym) , Cm+i
ξ =

= Cm+i
ξ (x2m−n+1, . . . , xm) are solutions of the following di�erential equations

dCa
m+i = Cab

m+idyb,

dCm+i
ξ = Cm+i

ξη dxη.It is easy to hek that forms (3.4) satisfy struture equations (2.3′′) .Let us introdue the following formal expansions of the di�erentials of the oe�ientsof equations (3.3):
dλξ = λξ

ηω
η + λξ

aω
a + λξηωη + λξaωa,

dλa = λa
ξω

ξ + λa
bω

b + λaξωξ + λabωb,

dλξ = µξηω
η + µξaω

a + µ
η
ξωξ + µa

ξωa,

dλa = µaξω
ξ + µabω

b + µξ
aωξ + µb

aωb.

(3.5)Let us substitute now the expressions of basi forms into these expansions. Thenwe substitute these expansions into the seond relation and into the result of exteriordi�erentiation of the �rst relation of system (3.3). As a result we obtain the followingsystem of algebrai relations:
µξη = µηξ, µξa = µaξ, µab = µba, λξη = ληξ, λξa = λaξ,

λξ
η = µξ

η = δξ
η, λa

b = µa
b = δa

b , µξ
a = λξ

a = 0,

µa
ξ =

1

2
Cab

m+iC
m+i
ξ λb − δa

2m−n+ξ, λa
ξ =

1

2
Ca

m+iC
m+i
ξη λη − δa

2m−n+ξ.Substitution of the obtained relations into the system of expansions (3.5) gives thefollowing system of di�erential equations
∂λξ

∂xη
= δξ

η,
∂λξ

∂xa
= 0,

∂λξ

∂yη

= λξη,
∂λξ

∂ya

= −λξηCa
m+iC

m+i
η ;

∂λa

∂xξ
= −δa

2m−n+ξ +
1

2
Ca

m+iC
m+i
ξη λη −

1

2
Ca

m+iC
m+i
ξ ;

∂λa

∂xb
= δa

b ,
∂λa

∂yξ

= λξa,
∂λa

∂yb

= λab − λξaCb
m+iC

m+i
ξ ;
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∂λξ

∂xη
= µξη −

1

2
µξaC

a
m+iC

m+i
η ,

∂λξ

∂xa
= µξa,

∂λξ

∂yη

= δ
η
ξ ,

∂λξ

∂ya

=
1

2
Cab

m+iC
m+i
ξ λb −

1

2
Ca

m+iC
m+i
ξ − δa

2m−n+ξ;

∂λa

∂xξ
= µξa −

1

2
µabC

a
m+iC

m+i
ξ ,

∂λa

∂xb
= µab,

∂λa

∂yξ

= 0,
∂λa

∂yb

= δb
a.Solving this system, we represent the solution in the following form

λξ = xξ + ψξ(y),

λa = xa − δa
2m−n+α −

1

2
Ca

m+iC
m+i
ξ xξ + ψa(y),

λξ = yξ −
1

2
Ca

m+iC
m+i
ξ ya − δa

2m−n+ξya + ϕξ(x),

λa = ya + ϕa(x),where ϕξ(x) , ϕa(x) , ψξ(y) , ψa(y) , are smooth funtions of the orresponding variables.Substitution of these expressions into the �rst equation of system (3.3) gives the formula
lnλ = xξyξ + xaya − δa

2m−n+ξx
ξya − Ca

m+iC
m+i
ξ xξya + ϕ(x) + ψ(y),where ϕ(x) = ϕ(x1, . . . , xm) and ψ(y) = ψ(y1, . . . , ym) are smooth funtions on theorresponding �bers of the double bundle N . Therefore, the following result holds.Theorem 3.1. An n−m-tuple integral depending on n−m parameters induinga di�erential-geometri struture (3.2) on the 2(n − m)-dimensional submanifold Nof variables and parameters an be redued to an integral of the form

Ω = P (x)Q(y) exp
[

xξyξ + xaya − δa
2m−n+ξx

ξya − Ca
m+iC

m+i
ξ xξya

]

×

× dx2m−n+1 ∧ · · · ∧ dxm (3.6)where P (x) = P (x2m−n+1, . . . , xm) and Q(y) = Q(y2m−n+1, . . . , ym) are the exponentsof funtions ϕ(x) = ϕ(x2m−n+1, . . . , xm) and ψ(y) = ψ(y2m−n+1, . . . , ym) respetively.In the speial ase when the values Cm+i
ξη , Cab

m+i are onstants, we arrive at theformulas
Ca

m+i = Cab
m+iyb, Cm+i

ξ = Cm+i
ξη xη,and expression (3.6) an be rewritten in the following more symmetri form

Ω = P (x)Q(y) exp
[

xξyξ + xaya − δa
2m−n+ξx

ξya − Cab
m+iC

m+i
ξη xξxηyayb

]

×

× dx2m−n+1 ∧ · · · ∧ dxm. (3.7)Let us note that the partial derivatives of the funtions Ca
m+i , Cm+i

ξ ourringin the anonial integral of a di�erential-geometri struture (3.6) ompose the urvaturetensor of the orresponding a�ne onnetion. Besides, the omponents of the urvaturetensor are oe�ients of monoms of the fourth degree.
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2N 2274. Parametri equationsTo �nd parametri equations of the submanifold M under onsideration, let usintegrate struture equations (2.3′′) . To do this, let us onsider the equations of in-�nitesimal displaement of a moving frame (P, eα, eξ, ea, em+i, eα, eξ, ea, em+i) in thespae of a�ne onnetion En
2n

deα = ωα
β e

β + ωα
ξ e

ξ + ωα
a e

a + ωα
m+ie

m+i,

deξ = ω
ξ
βe

β + ωξ
ηe

ξ + ωξ
ae

a + ω
ξ
m+ie

m+i,

dea = ωa
αe

α + ωa
ξ e

ξ + ωa
b e

b + ωa
m+ie

m+i,

dem+i = ωm+i
α eα + ωm+i

ξ eξ + ωm+i
a ea + ωm+i

m+ke
m+k,

deξ = −ωα
ξ eα − ω

η
ξ eη − ωa

ξ ea − ωm+k
ξ em+k,

dea = −ωα
a eα − ωξ

aeξ − ωb
aeb − ωm+k

a em+k,

dem+i = −ωα
m+ieα − ω

ξ
m+ieξ − ωa

m+iea − ωm+k
m+i em+k.The submanifold M is haraterized by the identities

ωα
β = 0, ωa

b = 0, ωξ
η = 0, ωα

a = 0, ωα
m+i = 0, ωξ

α = 0,

ωξ
a = 0, ω

ξ
m+i = 0, ωa

α = 0, ωm+i
α = 0, ωm+i

a = 0,

α, β = 1, 2m− n; ξ, η = 2m− n+ 1, . . . , n−m; a, b = n−m+ 1, . . . ,m.Substitution of these relations into the previous system gives the following equations ofin�nitesimal displaement of a moving frame (P, eα, eξ, ea, em+i, eα, eξ, ea, em+i) on thespae of a�ne onnetion M :
deα = C

αβ
ξ dyβe

ξ,

deξ = 0,

dea =
1

2

(

Ca
m+iC

m+i
ξη dxη − Cab

m+iC
m+i
ξ dyb

)

eξ + Cab
m+idybe

m+i,

dem+i = Cm+i
αβ dxβeα + Cm+i

ξη dxηeξ + ωm+i
m+ke

m+k,

deα = 0,

deξ = −C
αβ
ξ dyβea −

1

2

(

Ca
m+iC

m+i
ξη dxη − Cab

m+iC
m+i
ξ dyb

)

ea − Cm+i
ξη dxηem+i,

dea = 0,

dem+i = −Cab
m+idybea − ωm+k

m+i em+k.Replaing the seondary forms ωm+i
m+k by −ωk

i and solving the obtained, we obtainthe following expressions for the basis vetors
eα = Cα

ξ (eξ)0 + (eα)0,

eξ = (eξ)0,
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ea =

[

Ca
m+iC

m+i
β − Ca

m+ξC
α
ξ C

m+α
β

]

(eβ)0+

+

[

1

2
Ca

m+iC
m+i
ξ + Ca

m+i

(

Cm+i
β C

β
ξ + Cm+i

ξ

)

]

(eξ)0+

+
(

Ca
m+α − Ca

m+ξC
α
ξ

)

(em+α)0 + Ca
m+ξ(e

m+ξ)0 + (ea)0,

em+α = Cm+α
β (eβ)0 +

(

Cm+α
β C

β
ξ + Cm+α

ξ

)

(eξ)0 + (em+α)0,

em+ξ =
(

C
m+ξ
β − Cα

ξ C
m+α
β

)

(eβ)0 +
(

Cm+ξ
α Cα

η + Cm+ξ
η

)

(eη)0 − Cα
ξ (em+α)0 + (em+ξ)0,

eα = (eα)0,

eξ = −Cα
ξ (eα)0 +

(

1

2
Cm+i

ξ Ca
m+i + Cm+α

ξ Cα
η C

a
m+η

)

(ea)0 − Cm+α
ξ (em+α)0+

+
(

C
m+η
ξ + Cm+α

ξ Cα
η

)

(em+η)0 + (eη)0,

ea = (ea)0,

em+α = −
(

Ca
m+αC

α
ξ C

a
m+ξ

)

(ea)0 + Cα
ξ (em+ξ)0 + (em+α)0,

em+ξ = −Ca
m+ξ(ea)0 + (em+ξ)0.where [

P, (eα)0, (e
ξ)0, (e

a)0, (e
m+α)0, (e

m+ξ)0, (eα)0, (eξ)0, (ea)0, (em+α)0, (em+ξ)0
] isa �xed orthonormal frame in En

2n . Substitution of these relations into the equation
dP = −ωαeα − ωξeξ − ωaea − ω2m−n+iem+i − ωαe

α − ωξe
ξ − ωae

a − ωiem+iand further integration gives the equality
P = −xα(eα)0 − xξ(eξ)0−

−
[

xa − Cm+α
ξ Cm+ηC

α
η − δ

ξ
2m−n+α

(

Ca
m+i + Cα

η C
a
m+η

)

yη+

+ δ
ξ
2m−n+α

(

Ca
m+α + Cα

η C
a
m+η

)

Cm+iC
m+i
ξ −

− δb
2m−n+α

(

Ca
m+α + Cα

ξ C
a
m+ξ

)

yb − δb
2m−n+ξC

a
m+ξyb

]

(ea)0−

−
[

δ
ξ
2m−n+αyξ + Cm+α + δa

2m−n+αya − δ
ξ
2m−n+αCm+iC

m+i
ξ

]

(em+α)0−

−
[

δa
2m−n+ξya + δa

2m−n+αC
α
ξ ya − δ

η
2m−n+αCm+iC

m+i
η Cα

ξ + δ
η
2m−n+αC

α
ξ yη+

+
(

Cm+ξ + Cm+αCα
ξ

)

]

(em+ξ)0 −
[

yα +
(

Cm+ξ − C
β
ξ C

m+β
α

)

xξ+

+
(

Cm+iC
m+i
α − Cm+ξC

β
ξ C

m+β
α

)

+ Cα + C
β
ξ C

m+β
α xξ

]

(eα)0−

−
[

yξ + Cξ +

(

−
1

2
Cm+iC

m+i
ξ + Cm+i

(

Cm+i
β C

β
ξ + Cm+i

ξ

)

)

+
(

CβC
β
ξ + Cξ

)

+

+ Cα
η

(

Cm+α
β C

β
ξ x

η + Cm+α
η

)

+ (· · · + Cξ)
]

(eξ)0 − ya(e
a)0−

−
(

xα + Cm+α − Cm+ξC
α
ξ

)

(em+α)0 −
(

xξ + Cm+ξ

)

(em+ξ)0.
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2N 229Therefore, the following statement is true.Theorem 4.1. The submanifold M has be given by parametri equations of theform
Xα = xα, Xξ = xξ,

Xa = xa − Cm+α
ξ Cm+ηC

α
η − δ

ξ
2m−n+α

(

Ca
m+i + Cα

η C
a
m+η

)

yη+

+ δ
ξ
2m−n+α

(

Ca
m+α + Cα

η C
a
m+η

)

Cm+iC
m+i
ξ −

− δb
2m−n+α

(

Ca
m+α + Cα

ξ C
a
m+ξ

)

yb − δb
2m−n+ξC

a
m+ξyb,

Xm+α = δ
ξ
2m−n+αyξ + Cm+α + δa

2m−n+αya − δ
ξ
2m−n+αCm+iC

m+i
ξ ,

Xm+ξ = δa
2m−n+ξya + δa

2m−n+αC
α
ξ ya − δ

η
2m−n+αCm+iC

m+i
η Cα

ξ +

+ δ
η
2m−n+αC

α
ξ yη + Cm+ξ + Cm+αCα

ξ ,

Ya = yα +
(

Cm+ξ − C
β
ξ C

m+β
α

)

xξ +
(

Cm+iC
m+i
α − Cm+ξC

β
ξ C

m+β
α

)

+

+ Cα + C
β
ξ C

m+β
α xξ,

Yξ = yξ + Cξ +

[

1

2
Cm+iC

m+i
ξ + Cm+i

(

Cm+i
β C

β
ξ + Cm+i

ξ

)

]

+ CβC
β
ξ +

+ Cα
η

(

Cm+α
β C

β
ξ x

η + Cm+α
η

)

+ Cm+η
α Cα

ξ ,

Ya = ya, Ym+α = xα + Cm+α − Cm+ξC
α
ξ , Ym+ξ =ξ +Cm+ξ,where

Cm+α = Cm+α(x1, . . . , x2m−n), Cm+ξ = Cm+ξ(x1, . . . , x2m−n),

Cα = Cα(x1, . . . , x2m−n), Cξ = Cξ(yn−m+1, . . . , ym),

Cm+α = Cm+α(yn−m+1, . . . , ym), Cm+ξ = Cm+ξ(yn−m+1, . . . , ym)are smooth funtions satisfying the following di�erential equations
dCm+α = Cm+α

β dxβ , dCm+ξ = Cm+ξ
α dxα, dCα = Cm+β

α dxβ ,

dCm+α = Ca
m+αdya, dCm+ξ = Ca

m+ξdya.It is easy to hek that the parametri equations of the submanifolds N ⊂ M anbe written in the following form
Xξ = xξ,

Xa = xa − δ
ξ
2m−n+αC

a
m+iyη + δ

ξ
2m−n+αC

a
m+αCm+iC

m+i
ξ − δb

2m−n+αC
a
m+ξyb,

Xm+α = δ
ξ
2m−n+αyξ + Cm+α + δa

2m−n+αya − δ
ξ
2m−n+αCm+iC

m+i
ξ ,

Xm+ξ = δa
2m−n+ξya + Cm+ξ, Yξ = yξ +

1

2
Cm+iC

m+i
ξ + Cm+iC

m+i
ξ , Ya = ya,

Ym+α = xα + Cm+α, Ym+ξ = xξ + Cm+ξ,where Cm+α = Cm+α(yn−m+1, . . . , ym) , Cm+ξ = Cm+ξ(yn−m+1, . . . , ym) are smoothfuntions satisfying the following di�erential equations
dCm+α = Ca

m+αdya, dCm+ξ = Ca
m+ξdya.



230 S. HAROUTUNIAN�åçþìåÑ.Õ. Àðóòþíÿí. Î ãåîìåòðèè ïîäìíîãîîáðàçèé â En

2n .Èçó÷àåòñÿ ñïåöèàëüíûé êëàññ 2m -ìåðíûõ ïîäìíîãîîáðàçèé â 2n-ìåðíîì ïñåâäîåâ-êëèäîâîì ïðîñòðàíñòâå ñ ìåòðèêîé ñèãíàòóðû (n, n) , èçâåñòíîì êàê ïñåâäîåâêëèäîâîïðîñòðàíñòâî �àøåâñêîãî. Äëÿ èçó÷àåìûõ ïîäìíîãîîáðàçèé íàéäåíû êàíîíè÷åñêèå èí-òåãðàëû è ïàðàìåòðè÷åñêèå óðàâíåíèÿ.Êëþ÷åâûå ñëîâà: ÷åòíîìåðíîå ïîäìíîãîîáðàçèå, ïñåâäîåâêëèäîâî ïðîñòðàíñòâî �à-øåâñêîãî, äâîéíîå ðàññëîåíèå, êàíîíè÷åñêèé èíòåãðàë, äè��åðåíöèàëüíî-ãåîìåòðè÷å-ñêàÿ ñòðóêòóðà, ðàññëîåíèå, ñëîåíèå.
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