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METPUNYECKUE XAPAKTEPUCTUKUA
HECIIPAMJIAEMBIX OAVYT 1 3AJTAYA O CKAYKE

b.A. Kay

AnaHOTa U

B crartbe mccaenyercss kpaeBas 3a7ada O BOCCTAHOBJIEHWM TOJIOMOP(MHON (DYHKIUN TI0 ee
CKQ4YKy Ha 33JaHHOI HecmpamigeMoil myre. /Ij1s TaKUX IyT BBeIEHBI HOBBIE METPHYECKHUE Xa-
pakTepucTuKyU THna pasmeprocreit. OCHOBHBIM Pe3y/IbTaTOM CTATHU ABJIAETCS HOBOE YCIOBHUE
PAa3pemmnMOCTH 33aM 0 CKAYKe B TEPMHHAX YKA3AHHBIX XapakTepucTuk. OHO yaydmmaer us-
BECTHBIE YCJIOBUST TAKOTO POJIA.

KuroueBbie cioBa: rojoMopdHas (yHKINsS, 3ajada 0 CKadKe, HECTIPAMJIsieMas Iyra,
dpakTasbHasg Pa3MEPHOCTb.

BBenenue

B teopun dyHKIHMiT KOMIIEKCHON TTepeMeHHOM XOPOIO M3BECTHA TaK HA3BIBAEMAs
3agada o ckauke. OHa craBurca ciemyommm obpasoMm. Ilycrs I' ects myra HA KOM-
mrekcHoit mnockoctu C ¢ HAYAIOM B TOYKE ¢ W KOHIIOM B TOUKE (o, U HA 9TOH KPUBO
samana dynkmua f(t). Tpebyercs maiitn ronomopduyio 8 C\T' dynxmuio ®(z), mvero-
nmyio mpu mipubmKennm 2 w3 obmactu C\ I k mo6oit Touke ¢ € ['° = T'\ {a1, a2} caena
U crpaBa npejebhbie 3nadenuss PV (¢) u @7 (¢) cooTBeTcTBEHHO, CB3AHHbBIE YCIOBUEM
IPAHUYIHOTO COMPSAYKEHUS

(1) — B (1) = f(t),t € T 1)

KpoMe TOro, npeanonaraercs, 94to P(oo) = 0.

Kak mpaBuio, 3Ty 3amady pemainT B Kiacce (pyHKIWA, OrpAHUIEHHBIX WA WHTE-
rpUpYeMBbIX BOJM3W KOHIOB ayru (cM., Hampumep, [1, 2]), onnako B mamHoii pabore
(3a UCKITIOUEHNEM MOCTEHErO MyHKTA) MBI HE HAJATAEM HA MCKOMYH (DYHKIIUIO TAKHX
OrpaHUYeHU

Mpr cumraem, 9TO 3amannas Ha Kpuboil [ byHKImS [ yIOBIETBOPSET YCIOBHIO
Tennaepa

/ "

SHP{W :t’,t”er,t’#t”} =h,(f,T) < o0 (2)
¢ KaknM-1160 mokazarenem v € (0,1]. Huxe uepes H,(T') Mbl 0603HAUAEM MTPOCTPAH-
ctBO Tebepa, TO €CTh MHOYKECTBO BCEX 3aJaHAbIX HA ' (GyHKINi, yI0BICTBOPSIIONIAX
yciosuio (2).

Xopoio uzsectHo (cm., Hanpumep, [1, 2]), uro B cayuae Kycogno-raaakoi ayru I
permenne 3ToM 3amaqn (B Kaacce QyHKIHH, IMEOIIX NHTErPAPYEMbIe OCOOEHHOCTH HA
KOHI[AX JIyTH) €IUHCTBEHHO U JaeTcs uurerpajaom tuna Kormmn:

D(z) = %m/fé@j‘ic. (3)
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Eme Tapraky, Mopepa u Coxonkomy ObLIO B TON WX WHOI CTEMEHW W3BECTHO, UTO
9TOT MHTErpaj MMEET HENPEPBIBHbIE TPAHMYHBIE 3HAUeHHA Ha ['° ¢ obenx CTOPOH ecn
wiorHocth f(t) ymosserBopsier ycsiosuio [esbiepa ¢ ro0biM [OKa3areseM rV w3 yKa-
3aHHOTO BHINIE TTPOMEKYTKA, a KOHTYD WHTErPUPOBAHWSA SIBJIACTCA KyCOUHO-TIATKAM
(cMm. [2]). PasHoCTh 9THX IPaHMYHBIX 3HAYEHWH pABHA MJIOTHOCTH WHTErPAsa; COOTBET-
CTBYIOIIIEE PABEHCTBO, Ha3biBaeMoe hopmyioit COXOIKOTro, IEXKUT B OCHOBE TIPUJIOKEHU
uHTerpana (3) B KpaeBbIX 3a/a9ax.

B nanpreiimem orpanmvenus Ha myry I meomHokpaTHO ocaabmsnuch. Omaamm u3
HanboJIee BasKHBIX JOCTHYKEHUH B 9TOI 00/1aCTH ABISIETCS Pe3yIbTAT, MOy IeHHbBIA He3a-
sucumo apyr ot apyra E.M. IOpmskunbiv [3] u T. Caznmorsiv [4]. Do ornerka Momyis
HENMPEPBIBHOCTH HHTErpaia (3) mo cupaMigemoii (BoobIe roBopst, HErJIaIKoi) 3aMKHY-
TOi KpuBOii [ Wepes MOIyIh HEMPEPBIBHOCTH €ro TJIOTHOCTH f W HEKOTOPHIE BETWIUHBI,
XapakTepusylomue MeTpadeckue cpoiicrea I'. B wacTHOCTH, BBIACHUIOCH, 9TO ecn | €
€ H,(I") upu v > 1/2, 1o rpanuunsle 3nadenns O+ (t) cymecTsyor u HenpepbIBHbI 663
KAKWX-JIMO0 ITOTOJHATENHHBIX OTPAHNYEHUI HA CIPAMISEMYIO KpuByo L.

E.M. [IpibpKuH [3] ycTaHOBUI TaKKe, YTO €ro pe3yibTaT HeyJlydIliaeM B TepMUHAX
MCTIOIH30BAHHABIX METPUYECKNX XAPAKTEPUCTUK KPUBOii. B 9acTHOCTH, 11t TPOM3BOJIB-
Ho dukcuposannoro v € (0,1/2] on mocrpous Takyo cupsaMIgeMyIo KpuByo I u rakyio
sazannyio Ha ueil pyukuuto f(t) € H,(I'), uro uarerpas (3) Tepsier HENPEPHIBHOCTD B
OJIHOI M3 TOYEK KOHTypPa MHTErpupoBaHus. I3 3TMX Pe3y/lbTATOB CIeMyeT, 9TO 3aJa4a
0 CKauyKe paspernmuma Ha MPOM3BOJILHO CpsMIIseMoit KpUBOil mpu yciosun v > 1/2,
NpUYeM MOC/IeIHEe YCIOBUE HEYJIYdIaeMO Ha BCEM KJIACCE CIPIMIISEMbIX KPUBBIX.

3areM HaMu OBLIA UCCIEI0BAHA PA3PEITIMOCTD 3aa91 O CKAYKE HA HECTIPAMJISIEMOM
kpupoil. Bouio mokazano (cm. [5]), uro juia Jsoboit npocToit 3aMkHyTON Kpupoi I' u
Joboit 3anannoii na weit pyukuuu f € H,(I') nupu yciosuu

1
1/>§Dmf (4)

cymiectyer rosomopduas B C\T' dyukims ®(z), rpaHnIHbIe 3HAYEHHUST KOTOPOH CBSI-
sanbl pasercTsoM (1). 3mecs Dm I' — 310 x0poio ussectHasa B Teopun Gppaxranos (cM.,
Hanpumep, [6]) Bepxussa merpudeckas pasmepHoctb [, O ecTb

log N(g; T
Dm I" = lim sup L(E’)
c—o —loge

)

rae N(g;T') ecrb HaumeHblee 4UCI0 KPYroB uaMerpa &, o0pa3yiomux moKpbirue I
(1o BUMMOMY, BIIEpBbIE OlIpeiesieHue 310l pa3meprocTu 6bw10 nano B padore [7]). Eciu
I' ectp cupsvmnsgemas kKpubas, To Dm I' = 1, Tak 9T0 3TOT pe3yabTaT COAEPKUT B cebe
ycnosue v > 1/2 nyist cipsMisieMbIX KPUBBIX. B masbreiireM HaMM OBIIM MOJIYYEHBI
ero aHaJIorw JIJIsi PA3OMKHYTHIX AyT (CM., Hanpumep, [8]).

VYenoue (4) Takake HeyJydIIaeMo. DTO O3HAYAET, YTO JJis 11060l napet yucen d, v,
cBg3anubix HepasencrBamu 0 < v < d/2 < 1, MoxkHO mocrpouth KpuByio I' BepxHeil
merpuueckoii pazmepuoctu d u dyukuuio f € H,(I'), aisd KOTOPbIX 3a7a49a O CKadKe
(1) mepaspemma. KoHnerpykuuns Taknx KpuBoit n dbysknun mpusenena B [5]. Oarako
9TOT PE3yJIbTAT He UCKJII0YAET CYIIECTBOBAHUS KPUBBIX | U 33JaHHBIX HA HUX (DYHKIHI
f, st KoTophIx yesorue (4) He BBIMONHEHO, HO 3ama4a (1) paspemmumva. B paGore [9]
MOCTPOEH KJIACC KPUBBIX, HA KOTOPOM 3Ta BO3MOXKHOCTH Peau3yercs.

VkazanHoe 06CTOSITETECTBO MOXKHO TPAKTOBATH KAK HEMOJHOE COOTBETCTBUE TAKOi
MEeTPUYIECKON XapAKTEPUCTUKU KOMIAKTHBIX MHOXKECTB, KAK BEPXHsIs METPUYECKAS Pa3-
MEPHOCTH, TOTPEOHOCTAM 33/1a9M O CKaYKe. B CBA3M € 9TUM BO3HUKAET 3314494 TOCTPOe-
HUsl WHBIX XapPaKTEPUCTUK TUTA PA3MEPHOCTH, 00JIe€ TOYHO OMHUCHIBAIOIINX MTPUPOIY
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KPHUBBIX, JJIs KOTOPBIX 3a7a4da O CKadke paspemmnma. s 3aMKHYTBIX KPHUBBIX Ta-
Kasg pa3sMepHOCThb npezyioxkena B pabdore [10] mos HazBaHueM yTOYHEHHON METPUIECKON
Pa3MEepHOCTH, 3aTeM B HECKOJbKO M3MEHEHHOM BHJIE 3T XapaKTEPUCTHUKA H3ydaiach
B [11]. B obenx 31ux paborax GbLIO TOKA3AHO, YTO YCJIOBHS PA3PEINMOCTH 337241 O
CKAYKe MOYKHO YJIydYIIUTh TIyTeM 3aMEeHbI B HUX BEPXHEH METPUYEeCKOi pa3sMepHOCTH Ha,
YTOYHEHHYI0 METPUUYECKYIO pa3zMepHOCTh. OIHAKO 3Ta BEIUYNHA UMEET WHYIO MPUPO-
Jly, 9eM BEpXHsisi METPUUIECKas pazMepHOCThb. Tak, BO BCeX ONpeeeHUuIX YTOIHEHHOM
METPUYECKON PA3MEPHOCTH KAKOrO-JTUO0 MHOYKECTBA MPEJINOIaraeTcs, 9T0 OHO pasjie-
JIsieT TJIOCKOCTh Ha jBe obnactu. [lodromMy mpu ajanTalidu JTaHHON XapaKTePUCTUKH
JIJI1 HE3AMKHYTBIX KPUBBIX (TO €CTh JyT) BO3HUKAIOT ONPEIEJIECHHBIE TPYIHOCTH.

B nmammoit pabore 3T TPYIHOCTH B KAKOH-TO MEpE MPEOI0IeBAIOTCS, YTO MPUBO/INT
K MOCTPOEHUIO0 AHAJOTA YTOYHEHHOW METPUYECKOW pa3MEpHOCTH [JIsi IyT, WMEIOIIEro
NpUIOKEHNsT B 3a1ade O ckadke. B mepBom maparpade obCy:KIat0Tcs OmpeaeTeHust
YTOYHEHHON MEeTPUYECKOH Pa3MEepHOCTH JIjisi PA3OMKHYTBIX JIyT, & BO BTOPOM 3Ta Xa-
PAKTEPUCTUKA, UCTIOIB3YETCS JIJIs PEMIeHUs 33a49h O CKAUYKe.

1. OmnpeneneHus YyTOYHEHHOII MeTPUYECKOil pa3MepHOCTH

Crauana HanoMHIM ompesenenns u3 pabor [10, 11].
B pa6ore [10] unTepecyorias HAC BEJIUYUHA OIPEIEJIAETCH TAK.

Onpenenenne 1. [lycts I' — mecnpsamiasgemas: 3aMKHyTas KPUBasi, OrPAHUIUBAIO-
mas KOHeIHy1o obacTs [ . PaccMoTpuM BCeBO3MOXKHBIE TPEACTABICHIS 9TOH 001acTH
B BUJIe O0beINHEHNS KOHEYHBIX MU DECKOHEYHBIX CEMENCTB AUAINIeCKUX KBAJIPATOB,
He NMEIOIUX O0NIMX BHYyTpeHHnX Touek. Muoxecteo e(I") coctonT n3 Beex uncen p > 1,
00JIATAIONITIX CJIEYIONTIM CBOMCTBOM:

obsracts D jmomyckaer mpejcTaBieHne B BU/Ie 00 beInHEHUS TUAIMIeCKUX KBAIPATOB
CO CTOpOHAMH @1, A2, A3,..., HE AMEIONIUX ODIIUX BHYTPEHHUX TOYEK W TAKUX, UTO

o0
cymma ) af Komewna.
Jj=1
Torna sesmunny inf e(T") mer Gygem obo3nagars dm® T

Ormernm, 9TO MO AUATUIECKAMA KBAIPATAMU MOHUMAIOTCs, KAK OOBITHO, KBAIPa-
THI € MAPAJIIETBHBIME OCSM CTOPOHAMM, JJIMHBI KOTOPHIX HMEIOT 3HAUeHMs BUA 27 F
a BEPINWHBI JIEXKAT B TOYKAX Buma 2~ "n, rae k, m, n — neabie gucaa. CobOcTBeH-
HO B pabore [10] KBajpaThl He HPEANOIATAJIUCH JIUATUIECKUMU, HO JIEPKO BUJETH, YTO
3TO JOTMOMHATETHHOE TpeboBaHme He Mo¥KeT n3MernTh peamanay dm® I'. Hakomer, aia
OECKOHEUHBIX CEMEHCTB KBAIPATOB MO/ KOHEYHOCTHIO CYMMBI, BXOJIAIIEH B 3TO OIpe-
Jle/leHre TIOHIMAETCs CXOAUMOCTh COOTBETCTBYIOMero paga. Bemmunny dm®l moxkmo
Ha3BaTh AMMPOKCUMAIMOHHON pa3zMepHOCTRHIO KpuBoit .

Teneps nepeiizem k onpeenenusm u3 padoret [11]. Oba cogepzxkariuxcs B Heii ope-
JIeJIeHrsl OCHOBAHBI HA CIIEIUATBHBIX MPEJCTABICHUAX OTKPBITHIX MHOXKECTB Ha MLII0CKO-
CTH, KOTOPBIE MbI Oy/IeM HA3BIBATH UX PA3TOKEHUSMHA.

[Tycts D — KoHewHast 06JaCTh HA KOMIIJIEKCHON MJIOCKOCTH. PaccMoTpnM KOHETHYIO
IJIH CYETHYIO OCIEI0BATEIBHOCTE A, cocTosmyo u3 map suga {0;,s;}, j=0,1,2,...,
rae 0; 1upu JiobOM j ecTb KOHEYHAs OJHOCBA3HALA 00/1ACTh, & BEJHYHHA S; IPU KaXKIOM
j mpunumaer 3uadenue +1 wnm —1, npudem sg = +1. C Kaxa0il nociegoBaTebHO-
cTbIO nap A CB#KEM MOCJIEI0BATEbLHOCTh MHOXKECTB (ee 4acTUUHBbIX cyMM) Ag, Aq,
As, ..., OIpeneNeHHyo ciaeayiomum oopasom: Ag = dg; mpu n > 0 cymma A, =

n
= > s;0; ecTb BHYTPEHHOCTb OObemumeHus A, _; U 0, Upu s, = +1 um pasHOCTH

j=0
An—1\ 6, upu s, = —1. Ecau nocnepoaresbnocrs A Geckoneudna, 10 Ay, COCTOUT
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U3 TOYEK 2, MPUHAMJIEIKAIINX BCEM YACTHUHBIM cymMmaM A, , HAYUHAsA C HEKOTOPOTO
n = n(z). Mbl Gyznem HazbiBarb A passioxkenueM D, eCiiu BbIIOJHEHBI CIEAYIONIE 1Ba
yenosust: (a) 6, N A,y =0 npu s, = +1 u 6, C Ap_y Wpu s, = —1 mna n =
=1,2,...; (6) D =A,,, rme m — 4YuCJI0 Nap B MOCIEAOBATENLHOCTH A (OHO MOKET
ObITh KaK KOHEYHBIM YHUCJIOM, TaK U OECKOHEYHOCTHIO).

Janee, Oymem HA3bIBATH pa3yioxKeHne A CHOPSIMJISEMbIM, €CJIU BCE BXOISAIINE B HETO
obsacTu §; UMEIOT CHpAM/IAeMble IPAHUIIbI, U KBAIPATHBIM, €C/IH BCe 3TU 00JIaCTH €CTh
JIMAIUYECKHe KBAaIPAThI.

Eciim A — cupsMisieMoe pasjioxKeHHe, TO IPU KOHEYHOM m rpanuna A, BCeraa
CIPAMJISEMa, TaK YTO CIPSAMISEMOE MWW KBAIPATHOE PA3JIOYKeHNe 00JACTH C HECTIPSIM-
JIIEMO# TpaHUIIeH MOYKET OBITH OECKOHEUHBIM.

Hasee, s mo6oii obracti § obo3HaumM vepe3 w(d) aumaMerp HAUOOJBIIEro n3
HOMEIIAMOIUXC BHYTPU O OTKPBITBIX KPYrOB; ec/iii rpanuia § cupsamisema, 1o A(J)
O3HAYAEeT JJIMHY TOH rpaHUIIbL.

Oupenenenne 2. Ilycts I' — 3aMKHyTas »KOpJAaHOBA KpUBas HA KOMILIEKCHOM
IJIOCKOCTH, pa30UBalOIIasi HEKOTOPYIO COMEPIKAIIYI0 €€ OJHOCBS3HYI0 00jacTh () cO
CIpsSIMISIEMOli rpanmuneil Ha ase omHOCBs3HBIE obnmactn Q) m Q”. OGosHaunm uepes
e/(T") mHOKecTBO Beex uuces: p > 1, obasamomux e yomuM CBOiCTBOM:

XoTs Obl ojHa u3 obnacreit ', Q" nonyckaer cupsmisdemoe pasioxenue A =

= {{d;,s;}, 0 <j <m} rakoe, ato cymma o(A) = > A(d;)wP~1(d;) koneuna.
§=0

Torna senmmamua rdm I' = inf ¢/ (T') HasbBaeTcst yTOYHEHHOR METPUYECKOH pa3mep-
HOCTBHIO KpuBOit I'.

Ecin A = {{d0, 50}, {01,581}, {02, 82},...} — pasmoxenne omnoit 13 KoMIoHeHT Q’,
Q", o A" = {{Q,+1},{00,—s0}, {01, —s1},{d2, —s2},...} ecrb passoxkenue BTOpOI,
TO eCTh yTOYHEeHHas PasMepHOCThL He 3aBUCUT OT BLIOOpa KOMIOHeHThI. Q4eBuiHO OHAa
He 3aBHUCHT W OT BBIOOpa obbemiomei obractn (.

Onpegesienne 3. Ilycrs mroxkectBo €®(I') cocront u3 Beex uncen p > 1, obnana-
IOIUX CTCAYIONAM CBORCTBOM:
xorg Obl omma m3 obmacteit (', Q" momyckaer KBagpaTHOe pasioxKenume A =
m

= {{8;,5;},0 < j < m} Takoe, aro cymma o°(A) = > \(§;)wP!(§;) koneuna.
i=0
Torna sesmuuny inf e®(T') Gyaem oboznadars rdm® T,

[epeiimem K 0OCYKIEHUIO 3TUX TpeX XapakTepucrtuk kKpusoit ['. Ormerum mpex e
BCEro CJIEIYIOIINE Pe3ynbTarsl u3 paborst [10]:
(al) s s06oit 3aMKHYTOH KOpAaHoBO#l Kpusoil ' Ha ILUIOCKOCTH ClPABEJIUBBI
COOTHOIIIEHUSA
1<dm®T'<DmT <2

(61) mas moboro wucna d € (1,2] cymectsyer xkpupas I' taxkas, uto dm® < d =
=Dm T}
u u3 pabors [11]:
(a2) s mo6Goit 3aMKHYTOH KOpAaHoBo# Kpusoil ' Ha IJIOCKOCTH CIPABEIJIUBBI
COOTHOTIEHNUS
1<rdm I'=rdm°T <Dm T <2; (5)

(62) mas mo6oro uncna d € (1,2] cymecrByer kpupas I' takas, uro rdm I' < d =
=DmT.

Nnnivu ciosamu, BH ofna u3 pazmeprocteil dm® I, rdm I', rdm® I’ me cosmagaer ¢
Dm I', a pasmeproctu rdm I' u rdm® T’ coBmajaior Mexkiy coboii.
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Tenepr cpaBuum onpenenenust 1 u 3. B mepBoM u3 HUX UIAET pedb O MOCTPOEHWUH
orpannveHHOil KpuBoit ' obmactu myTem <«CIOXKeHUsl» IUAJUYECKUX KBAJIPATOB, a B
HOCJIEIHEM K <«CJIOXKEHUIO» J00aBJisiercs onepaius <«Bblauranusy. [losaromy e(I') C
C e®(l) m dm®T > rdm ' = rdm® I'. TTocKobKY TIOJTy9e€HHbIE B 3THX PAGOTaX yCIOBHS
Pa3penMMOCTH 3312491 O CKaYKe UMEIoT BUJ (4) ¢ 3aMeHoil BepXHeil MeTpuveckoil pas-
vepuaoct Dm ' Ha ofHy U3 BBEIEHHBIX B 3TOM Maparpade yTOIHEeHHBIX PA3MepHOCTE
dm®T, rdm I', rdm®T, mocrombky membimme pasmeproctn rdm I' m rdm®I mmeroT
371eCh MTPEUMYIIECTBO, OMPABIBIBAIOIIEE WX YCIOKHEHHOE onpeaenenne. Brnpodem, Ham
HeU3BEeCTHLI IIPUMepbl KPUBLIX, 1715 KoTopux dm® [ > rdm I

Kak yske ormedanoch, KOMMOHEHATHI Q' u () WrparoT COBEPIEHHO CHMMETPHYHBIC
POJIM B OTIPEIeJIEHUSIX YTOYHEHHBIX pa3MepHocTeit. B onpenenennsx 2 u 3 (hpasy «xors
661 ogHa w3 obmacreit ', QQ” momyckaer...» MOYKHO 3aMEHWTH Ha «obe obmactnm Q'
Q)" momyckarr. . . », 9TO MO3BOAAET nepedOPMYIUPOBATE 3T OIPEIEICHAI TaK, ITOObI
OHU UMEJTH CMBICT He TOJBKO JJIs 3aMKHYTBIX KPUBbIX. [IpuBeem 06a BapuaHTa TAKOTO
OTIPEJICJICHUST: «CIPSAMJIISEMBId» U «KBAIPATHBIN>.

Onpenenenne 4. Ilycts [' — KOMIaKTHOE MHOKECTBO HA, KOMITJIEKCHON TIJIOCKOCTH,
a (Q — 0bJacTh co cupsAMIsieMoil rpanniei Takas, uro I' C Q. O6ozmnaunmm vepe3 (1,
Q2, ... ces3Hble KOMNOHeHTHI MHOXKecTBa () \ I'. O6o3naunm vepes e’ (I') MHOXKeCTBO
BCcex uncen p > 1, obIagaronmx CIeIy oMM CBONCTBOM:

KaxK/jas U3 KOMIOHEHT (1, (Q2,... JONyCKaeT CIHpsaMsgeMoe pasjoxkeHue A =

= {{8;,5;},0 < j < m} rakoe, aro cymma o(A) = > A(§;)wP~1(;) xoneuna.
7=0

Torpa sesimuuna rdm I' = inf €/(T') nasbiBaercs yrouHeHHOI MeTpuYecKoii pa3mep-
HOCTBIO KpuBoii I'.

Omnpenenenne 5. Ilycrs muoxecrso €(I') cocrout u3 Beex uucesn p > 1, obuajga-
IOIINAX CJEAYIONNAM CBONHCTBOM:
KaxkKgas w3 KOMIOHEHT (1, (Qo,... JOMyCKaeT KBAJApPATHOE pasjoxkenme A =
m

= {{d;,5;},0 < j <m} rakoe, uto cymma o°(A) = > A(J;)wP~!(d;) xoueuna.
i=0
Torna sesmunny inf e®(I') Gynem o6osnauars rdm® .

Teopema 1. Cnpasedausol caedyrousue ymeepircoenus:

(a3) das ar0b020 Komnaxmmozo muoscecmsa I' Ha naockocmu umerom mecmo co-
ommuowenus (5);

(63) das mobozo wucaa d € (1,2] cywecmeyem pazomxnymasn dyza T maxasn, wmo
rdm I’ <d= DmT.

Jloka3aTenbCcTBO MEpBOTO M3 ITUX YTBEDIKIEHWH COBMATAET C TOKA3ATETHCTBOM
yrBepKaenus (a2) u3 padorst [11]. Yreep:kaenne (63) TaksKe cieayer u3 OIEHOK 3TOM
paborbr. B meit aya moboro d € (1,2] nocrpoena 3aMKHyTas JOMaHas ¢ OECKOHEUHBIM
MHOZKECTBOM 3BEHBEB, yJOBIETBOPSAIONIAs TPEOyeMOMY COOTHONIEHUIO; €CIH YIATUTD N3
Hee OJ[HO 3BEHO, TO HOJIYYMTCH PA30MKHyTas Jyra, onucaHHasd B yTBepxkiaenun (63).
Orvernm, uro myra I' 3ambIkaemast (CM. HU¥XKe).

2. PaBpE‘H_II/IMOCTB 3aJa4um O CKa4YKe

2.1. 3Bambikaemble ayru. Teneps Bepaemcs K 3agaqe (1). Cuagasa paccMorpum
9Ty 3ajady Ha 3aMbIKaeMoil myre. 3j1ech u HuzKe ayra [ Ha3plBaeTCsi 3aMbIKAEMOIH, ecin
ee KOHIIBI MOXKHO coeananTb B C KyCOdHO-TIaIKOi ayro#t v, He uMmeromei ¢ I apyrux
obmux toyek. CKavoK f MOXKHO MPOJOJIKUTH HA Y € TOMOIIBIO OMEPATOPa MPOIOJ-
sKeHnst YuTHu (cM., HanpuMep, [13]). B pesymbrare MbI TOSydaem 3aady o0 CKavuKe Ha
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samkHyTON Kpupoii I' U~y. Kak mokaszano B [11], 91a 3a1aua npu ycaosun
1
V>3 rdm T (6)

umeer penterne Pg(z). Torga pasuocrsb

B = w(e) - o [ 9%

SBJISETCS PelTeHneM UCXOIHoM 3amaun. [I0CKOIbKY ayra v — KyCOUHO-T/IaIKasi, TO BOJIH-
37 KOHIIOB aj, j = 1,2, 3Ta pa3HocTh nMeeT 0COOEHHOCTN He BHITIE JIorapndMUIecKoro
nopsazka, To ectb (z) = O(log |z — a;|), j = 1,2. Hrax, nokazana

Teopema 2. Ecau T’ - samwraemasn dyea u f € H,(T), mo npu yeaosuu (6) 3adaua
o cxauxe (1) umeem pewenue, 0COOEHHOCTIU KOMOPO2O HA KOWUAL IMOT JYy2u UMEIOm
He boaee, uem no2apudmureckuti nopadox.

Samedanre 0 JorapupMUIECKOM XapaKTepe 0COOEHHOCTEH TTOCTPOSHHOTO PEITeHuUsT
Ha KOHI[aX AyTU JOMYCKAET YTOYHEHUE, a UMEHHO: U3 HAIIUX HOCTpOQHI/If/i CJIeaAYIOT OIEeH-
ku ®(z) = (—1) f(a;)log|z — a;| + ¢j + o(|z — a;]) mpu z — a;, j =1,2. 3mecs ¢; —
IIOCTOAHHBIE YHUCIIA.

2.2. Heszambikaemblie KpuUBbIe. Teneph pacCMOTPUM HECTIPAMIISEMYO AyTY, KO-
TOPYIO HENb3s 3aMKHYTh KycOdHO-ragkoi ayroit. Ilyers I'y C I' — ayra ¢ magasom
U KOHIIOM B TOYKaxX by u bo, by # by. I'panuma 3amMkHyTO# BBIMTYyK/I0# 000g0YKN ['q
COMIEPZKUT XOTdA OBl OHY BHYTPEHHIOIO TOYKY Ayru ['1, K Hell MOKHO TPUKOCHYTHCS
KOHITOM MAJIOr0 MPAMOJTHHEHHOTr0 OTPe3Ka, He MMEOero nHeIX oomux todex ¢ I'. Ta-
K€ TOYKN OyJeM Ha3bIBATH JIMHEWHO JOCTHKUMBIMHU. KaK MBI TOJIBKO YTO BUIEH,
MEKTy JIOOBIMU IBYMS PA3JIUIHBIME TOUKAMHU AyTu [ JIEKUT XOTsT OBl O/THA, JIMHEHHO
JOCTUKUMAas TOYKA. DTO 03HAYAET, YTO MHOXKECTBO JIMHEHHO JOCTHKUMBIX TOUYEK BCIO-
ny mwnotHo Ha . Ecmm koutel ayru [y MUHEHHO MOCTHUKUMBI, TO 3T AyTa 3aMbIKAEMA.
Iosromy I' mozxkuO mpencraButh Kak obbeaunenue |JI'; cuernoro cemeiicTBa 3aMbl-
kaeMbIx 1yr. O6o3nadnm gepe3 ®;(z) mocrpoennoe B m. 2.1 permenne 3a1a<dn O CKaUKe
Ha 3ambrkaemoit gyre I';. VI3 oreHoOK, TpUBEIeHHBIX B KOHIIE TOIHKO UTO YHOMAHYTOrO
MyHKTa cjaeayer, 9to ecau 'y, u '), — aBe cocemgrme myru ¢ oOImei KOHIEBOH TOYKOIA,
T0 ocobennoctn GyHKIHA P,y w P, B ITOM TOUKE TPU CYMMHPOBAHUU COKPAITATOTCS,
to ecrb P, + P, — pewienue 3ama4u o ckauke Ha o0beaunennoit myre L'y, |JT, . To-

[ee]

sTOMYy, ecau Obl paa » ., ®;(z) CXOmUICS, TO €ro CyMMa JaBaja Obl peIIeHre 33JatH O
Jj=1

ckadke Ha Beeit gyre I'. Boobiie roBopst, TaHHbBIN P PACXOAUTCS, HO €I0 MOXKHO Pery-

JIAPU30BATH: BCErJA CYIIECTBYET TaKas IMOCIEI0BATEIHLHOCTD PAIMOHAIBHBIX (DYHKITAN
o0

R;(z) ¢ momocaMu B TOYKAX a1, G2, ITO P E (®,(2) — Rj(z)) paBHOMEpPHO CXOANUTCS
=1

B C\T'. JJoka3aTesbCTBO CYIIECTBOBAHUS TAKWX PAIMOHAIBHBIX (DYHKIMHA TTOBTOPSET

paccyzkaenus u3 paborsl [12]. Tem cambiv ycranoBsiena

Teopema 3. Ha 060t necnpamasemoti dyze I' sadaua o ckauke paspewsuma npu
yeaosuy (6).

B ornmume oT mpenbiaymmeil TeopeMbl 31eCh MBI HE MOJYYHIN HUKAKOH mHdOpMa-
UK O TIOBEJIECHWN PEIIeHnsT Ha KOHIAX JyTH. JTO TOBEJACHUE MMEET BAYKHOE 3HAUCHWE
MPU MCCJIEIOBAHWN KPAeBbIX 3a1ad (cM., Hampumep, [1, 2]). B aroit cBasm npusemem
HEKOTOPBIE OICHKN PeIleHus BOJIM3H KOHIIEBBIX TOYEK.
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2.3. Ocobennoctn Ha KOHIAx. PaccMOTpuM 3a/1a9y O eIMHUYIHOM CKAUKe:
Ot(t)—d (t)=1, teTl°
ee pereHneM sBJsercs (pyHKIus

kr(z) := L In ﬂ,
2m oz —aq

rJe BeTBb Jorapudma onpesesnsiercsi pa3pe3oM Baoab ' u ycnoenem kr(oo) = 0. Ha
KOHIaX nyru [ MHUMAas dacTh 37Ol (GyHKINN nmeer jorapudmMuaeckune 0COOEHHOCTH;
YTO JKe KacaeTcs ee JIefCTBUTENLHOM 9acTu, TO OHA MOXKeT ObITh OrpaHuvYeHHON (ecsiu
ayra I' — riankas wiam xors Obl 3aMbIKaeMasi), HO MOXKeT ¥ UMeTb OCOOEHHOCTH CKOJIb
YTOJIHO BBICOKOTO TOPSIIKA, €CJIN JTa JIyra CKPYYHBAETCS HA COOTBETCTBYIONIEM KOHIIE
B crimpadib. JIioObie orpanuyienns 3THX 0COOEHHOCTEH COOTBETCTBYIOT OIPAHNYEHUSIM HA
CKOPOCTh Takoro ckpyumpanus. [Tokarkem, 9TO TIpW OMpPeEIEHHBIX YCJIOBUAX 00IIast
3aza4a 0 ckauke (1) umeer perieHue ¢ TeM Ke MOPsIKOM OCOOEHHOCTElH Ha KOHIAX, YTO
U pellleHne 33/1a9u O eIMHUIHOM CKadke kp.

Boibepem uucsio r > 0 tak, 4robbi ayra I' mosHOCTBIO J1e2KaIa BHYTPU Kpyra |z| < r
n 0003HAUNM 4epe3 w(z) raazkyo (GYHKIMIO, paBHYIO eInHuIe Npu |z| < r u HysI0
npu |z| > 2r. Iycrs f*(z) — pesyabrar npopoikennust YuTHu (cM., Hampuwmep, [13]) Ha
BCIO KOMIIJIEKCHYIO TI0CKOCTE (yukumn f, onpenesnennoit na I'. Torma nponsseernme
Y(2) = kp(2)w(z)f*(2) nenpepsso B C \ ' u uMeeT TaM YacTHbIE IIPOM3BOIHbIE O
Rez u Im 2z Bcex mopsaakos. Ha nyre I' dyukuus ¢ umeer ckagok f. Kpowme toro, sra
dbyHKIMa nMeeT KOMIAKTHBINA HOCUTEh. Bynem uckars pemenue 3a1aun (1) B Bume

B 9y d¢ A dC
U(z) = 9(z 2m// AT (7)

[Ipexe BCero BBIACHUM, KOTJA BXOMAAIIUI Cioma mHTerpan cymecrsyer. Kak mo-
kaszano B [11], mponssoamas Of" /O wATErpmpyeMa B KOHEWHOW 9WACTH TLIOCKOCTH B
m000# crenenn, Menbineit dncna (2 —rdm I')/(1 — v), To ects npu ycaosun (6) ona
UHTerpupyeMa B HEKOTOPO# crenenu, bonpmieit 2. IlosTomy npu ycmosun

kr(z) =0(lz —a;|™%), a<l, j=12, (8)

byHKIMSA ¢ KOMIAKTHBIM HOCHUTEJIEM wf = 8¢/8Z WHTETPUpyEMa, UTO JIeTaeT Ompe-
nenenue V(z) wkoppekrabiM. [lasee, npu rTex ke ycaOBUAX BHE JHOObIX OKPECTHOCTEl
KOHIOB ayru [ yHKIHS z/)z WHTErpHpyeMa B HEKOTOPOIl cTemeHu, OObINEH IBYX.
Orciona (cM., nanpumep, [14]) caemyer, uro unrerpasbhblii died (7) HeNpepbIBEH BO
BCell TIJIOCKOCTH 33 BO3MOXKHBIM UCKJI0UeHHEeM KOHIIOB ayru ['. Kpowme Toro, u3 xoporro
U3BECTHBIX CBOWCTB MHTETPAJILHOTO OMEPATOPa

o(2) 2m// dC/\dC

(cum., mampuvep, [14]) ciemyer, ato dbynkmms W(z) romomopdra 8 C\ T u ucaesaer na
Geckonegnoctr. rak, npu ycaosusx (6) u (8) dyukims (7) 1efiCTBUTEIBHO ABISETCS
pemennem 3a1a49u 0 ckadke (1). Ham ocTanoch BbIACHUTD, Kakue 0COGEHHOCTH OHA UMEET
Ha KoHmax myru I'.

Ee nmepsoe ciaraemoe t(z) UMeeT B TOUKAX aj, j = 1,2 0COGEHHOCTH TOTO K€ HJIH
Gosee HU3KOrO (ecam f obpalaercst TaM B HyJIb) Mopsigka, 9To u kp(z). B mobom ciy-
qae Y(z) = O(|z — a;| ). dng omnenxu ocobeHHOCTEH BTOPOrO CIAaraeMoro 0603HaIHM
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Yepe3 p CTerneHb, ¢ KOTopoii mponssognast 0f"/J( nHTErpupyeMa B KOHEYHON YacTH
IJIOCKOCTH; KaK 1 Bolmme, 2 < p < (2—rdm I')/(1 —v). Torna BOu3u TOUKE a; HMeeM:
1/ 1/q

_ . P
fesle 1) | )

|z|<2r |z|<2r

e p'+q ' =1, ( =x+iy,a C — HeKOTOpas HOIOKATEIbHAS MOCTOAHHAS. OQIeHKH

HOCJIE[IHEr0 MHTErpasa XOPOIo u3BecTHbl (cM., Hanpumep, [14]): o orpanuyen npu
ga + ¢ < 2, mmeer jorapudMUIECKyI0 OCOOEHHOCTL B TOUKE aj HOPH o + ¢ = 2 U
ocobermocts mopsanka O(|z — a;|~(9°+272) mpu qa + ¢ > 2. Tockomeky ¢ < 2, TO
MaKCUMAJIbHBIA 1IOP#I0K 0OCOOEHHOCTU UHTErpaibHOro ciaraemoro B (7) ectb (qo+ q —
—2)/g=a+1-2/q < «a. Urak, cupasemiuba

Teopema 4. FEcau dyza T' ydosaemsopsem ycaosuro (8) u f € H,(T'), mo npu
yeaosuu (6) 3adaua o ckauxe (1) umeem pewenue, 0cOGEHHOCMAU KOMOPO20 HA KOHUAL
amot dyeu donyckarom ouyenry P(z) = O(|]z — aj|~%),j =1,2.

Kaxk yke ormeuasoch, 3ra TeopeMa 4 OMUCHIBAET YCIOBUS, TPU KOTOPHIX 331244
0 CKadYKe OOIIEro BUIA WMEET Ha KOHIAX KOHTYpa OCOOEHHOCTH HE 0O0Jiee BBICOKOTO
MOPAZIKA, 9eM 3a7a9a O €ITMHUYHOM CKAQdKe HA TOM JKe KOHTYpe.

Pabora Bemmonnaena mpu nomaaepxkke Poccuiickoro dponma pyHIaMeHTATLHBIX HCCTe-

nosanuii (mpoektst 06-01-81019-Ben-a u 07-01-00166-a).

Summary

B.A. Kats. Metric Characteristics of Non-Rectifiable Arcs and the Jump Problem.

The paper is dealing with the boundary value problem on reconstruction of holomorphic
function with known jump on a given non-rectifiable arc. There are introduced new metric
characteristics of dimensional type for the non-rectifiable arcs. The main result of the paper is
new condition for solvability of the jump problem in terms of the mentioned characteristics. It
improves the known conditions of that kind.

Key words: holomorphic function, the jump problem, non-rectifiable arc, fractional
dimension.
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