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Abstract—We formulate and prove necessary and sufficient conditions of simultaneous diagonal-
ization of three real symmetric matrices of regular pencil. The conditions are algebraic and consist,
in particular, of two spectral requirements and one matrix equality. For the degenerate matrix pencil
we suggest an approach that allows reducing of the analysis to a regular pencil. With the use of
obtained theorems we investigate a decomposition of linear gyroscopic system into subsystems of
an order not higher than two and the stability of trivial solution to a system.
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INTRODUCTION

Many problems of integration and qualitative analysis of differential equations are essentially sim-
plified after the reduction of the investigated objects to the corresponding normal forms. The necessity
of such an analysis arises, for example, for mechanic systems [1–3], which allow more than two first
quadratic integrals. The diagonalized system is decomposed into several independent subsystems of
less dimensions. Examples are the cases of integration of the mechanic Liouville, Stoeckel systems
[4, 5].

A diagonal matrix is one of normal forms of symmetric matrix [6]. For two and more matrices [6–8]
their simultaneous diagonalization is not always possible. One knows several variants of conditions,
under which one can realize it. The simultaneous diagonalization of two real symmetric matrices
A and B is always possible [6], if one of them corresponds to a fixed-sign quadratic form. The
transformation is realized by the main matrix of pencil (B − λA), whose columns are formed by elements
of system {ej} of fundamental solutions to equations

(B − λjA)ej = 0, (0.1)

where λj is the root of characteristic equation det(B − λA) = 0. The corresponding diagonalization can
be realized by a linear nonsingular real congruent transformation, and the matrix B allows degeneration.

For alternating forms x′Ax and x′Bx in [2] one has established the diagonalization of matrices A
and B in the case of fixed sign connection of the form x′(αA + βB)x with some real α, β. Here both
matrices allow degeneration.

In the case of arbitrary matrices the condition AB = BA is necessary and sufficient for the simulta-
neous diagonalization of matrices A and B, moreover by an orthogonal transformation [7]. In this case
both matrices also allow degeneration.

In a series of sources with solution of this question for two matrices one uses the geometric approach
[9, 10], which is based on the proof of existence of common basis of main axes for the forms x′Ax and
x′Bx.

The mode of construction of main matrix [6] is preferable in order to formulate algebraic conditions
of diagonalization and linear real transformation [6]. All above mentioned conditions of simultaneous
diagonalization of two real symmetric matrices are described in the following theorem.
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