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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ëèíåéíàÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ ñèñòåìà óðàâíåíèé
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ïðîèçâîëüíûé èíäåêñ, à ìàòðèöà ïðè èñêîìîé âåêòîð-ôóíêöèè â êàíîíè÷åñêîì âèäå ñèñòå-
ìû èìååò òðåóãîëüíóþ ôîðìó. Â îáîèõ ñëó÷àÿõ ñ ïîìîùüþ ìåòîäà õàðàêòåðèñòèê è ìåòîäà
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Ââåäåíèå

Ïðè îïèñàíèè ïîâåäåíèÿ ñïëîøíîé ñðåäû (ãàç, æèäêîñòü, òâåðäîå òåëî) âîçíèêàþò ðàç-
ëè÷íûå ìîäåëè, êîòîðûå ïðèâîäÿò êàê ïðàâèëî ê ñèñòåìàì óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ, ê èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ ÷àñòíûìè ïðîèçâîäíûìè èëè ê
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèì ñèñòåìàì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [1]�[5]. Ïîä
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìîé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ äâóìÿ
íåçàâèñèìûìè ïåðåìåííûìè ïîíèìàþò ñèñòåìó âèäà

Fs
(
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)
= 0, (1)
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òîæäåñòâåííî âûðîæäåíû â îáëàñòè îïðåäåëåíèÿ U . Åñëè â êàæäîé òî÷êå îáëàñòè U ïó÷îê
ìàòðèö ∂pF+λ∂qF ïðè ëþáîì çíà÷åíèè u ÿâëÿåòñÿ ðåãóëÿðíûì, òî åãî èíäåêñ èëè, èíà÷å ãî-
âîðÿ, èíäåêñ ñèñòåìû (1) îïðåäåëÿåòñÿ ïàðîé ÷èñåë (k, 0), ãäå k � ýòî ìàêñèìàëüíàÿ ñòåïåíü
ýëåìåíòàðíûõ äåëèòåëåé ïó÷êà ∂pF+λ∂qF , ñîîòâåòñòâóþùèõ íóëåâûì è áåñêîíå÷íûì êîð-
íÿì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det (∂pF + λ∂qF) âî âñåé îáëàñòè U . Âòîðîé ïàðàìåòð
èíäåêñà ðàâåí íóëþ, ïîñêîëüêó ïó÷îê ∂pF +λ∂qF íå ñîäåðæèò ñèíãóëÿðíîé ñîñòàâëÿþùåé.
Áóäåì ðàññìàòðèâàòü èìåííî òàêèå ñèñòåìû. Ýòî îïðåäåëåíèå èíäåêñà îñíîâàíî íà ñòðóê-
òóðíûõ ñâîéñòâàõ ìàòðè÷íîãî ïó÷êà, ïîñòðîåííîãî ïî êîýôôèöèåíòàì ñèñòåìû è ïîýòîìó
íàçûâàåòñÿ àëãåáðàè÷åñêèì. Òàêèì îïðåäåëåíèåì áóäåì ïîëüçîâàòüñÿ â äàííîé ðàáîòå. Â
äåéñòâèòåëüíîñòè, èíäåêñ ñèñòåìû èìååò ðàçíîîáðàçíûå òðàêòîâêè äàæå â îòå÷åñòâåííîé
ëèòåðàòóðå. Òàê, íàïðèìåð, â ðàáîòå [6] îí îïðåäåëÿåòñÿ ïîðÿäêîì ëåâîãî ðåãóëèçèðóþùåãî
îïåðàòîðà ñèñòåìû. Â çàðóáåæíîé ëèòåðàòóðå ñóùåñòâóåò íåñêîëüêî òåðìèíîëîãèé è òðàê-
òîâîê èíäåêñà [7], [8]. Îòìåòèì, ÷òî åñëè îäèí èç ïàðàìåòðîâ èíäåêñà äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêîé ñèñòåìû âûøå åäèíèöû, òî ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ òàêîé
ñèñòåìû ñîäåðæèò íå òîëüêî ïðàâóþ ÷àñòü è íà÷àëüíî-êðàåâûå ôóíêöèè, íî òàêæå èõ ïðî-
èçâîäíûå. Ïîýòîìó èññëåäîâàíèå è ÷èñëåííîå ðåøåíèå ñèñòåì, äëÿ êîòîðûõ õîòÿ áû îäèí èç
ïàðàìåòðîâ èíäåêñà âûøå åäèíèöû, ñóùåñòâåííî îòëè÷àåòñÿ îò ñèñòåì, êàæäûé ïàðàìåòð
èíäåêñà êîòîðûõ íå ïðåâîñõîäèò åäèíèöó. Äëÿ ëèíåéíûõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ
ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ èíäåêñà (1, 0) è (k, 0), ãäå k ≥ 2, ðàçðàáîòàíû ýô-
ôåêòèâíûå ìåòîäû ÷èñëåííîãî ðåøåíèÿ, îáëàäàþùèå âûñîêîé òî÷íîñòüþ [9]�[11]. Âîïðîñ
ñóùåñòâîâàíèÿ ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ òàêèõ ñèñòåì ïîêà îñòàëñÿ áåç âíè-
ìàíèÿ. Ðàíåå áûëè ïîïûòêè äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ äëÿ ëèíåéíûõ óðàâíåíèé ñ
ìàòðè÷íûì ïó÷êîì ÷àñòíîãî âèäà, èìåþùèì èíäåêñ (1, 0) [12], [6]. Äëÿ äîêàçàòåëüñòâà ïðè-
ìåíÿëñÿ äîñòàòî÷íî ãðîìîçäêèé ìåòîä êîíå÷íûõ ðàçíîñòåé, êîòîðûé âïîëíå ìîæíî áûëî
çàìåíèòü ìåòîäîì õàðàêòåðèñòèê. Â äàííîé ðàáîòå èññëåäîâàí âîïðîñ ñóùåñòâîâàíèÿ ðåøå-
íèÿ ñìåøàííûõ çàäà÷ äëÿ ëèíåéíûõ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ, èìåþùèõ èíäåêñ (1, 0) è (k, 0), ãäå k ≥ 2, ñ ïðèìåíåíèåì ìåòîäà
õàðàêòåðèñòèê [13]�[15].
Êîðîòêî î ñòðóêòóðå ðàáîòû. Êðîìå ââåäåíèÿ, ñòàòüÿ ñîñòîèò èç òðåõ ðàçäåëîâ è çàêëþ÷å-

íèÿ. Â ïåðâîì ðàçäåëå ôîðìóëèðóåì íà÷àëüíî êðàåâóþ çàäà÷ó, êîòîðàÿ ÿâëÿåòñÿ îáúåêòîì
èññëåäîâàíèÿ, è ïðèâîäèì íåîáõîäèìûå äîïîëíèòåëüíûå ñâåäåíèÿ îá èíäåêñå ñèñòåìû. Âî
âòîðîì ðàçäåëå äîêàçûâàåì òåîðåìó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøå-
íèÿ ñìåøàííîé çàäà÷è äëÿ ñèñòåìû èíäåêñà (1, 0). Â òðåòüåì ðàçäåëå ïðè îïðåäåëåííûõ
óñëîâèÿõ íà ìàòðèöó ïðè èñêîìîé âåêòîð-ôóíêöèè â êàíîíè÷åñêîé ôîðìå ñèñòåìû äîêàçû-
âàåì òåîðåìó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ ñìåøàííîé çàäà÷è
äëÿ ñèñòåìû èíäåêñà (k, 0), ãäå k ≥ 2. Â çàêëþ÷èòåëüíîì ðàçäåëå îáñóæäàåì ïîëó÷åííûå â
ðàáîòå ðåçóëüòàòû è äåëàåì íåêîòîðûå âûâîäû.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

A(x, t)∂tu+B(x, t)∂xu+ C(x, t)u = f(x, t) (2)

ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè

u(x0, t) = ψ(t), u(x, t0) = φ(x), (3)

ãäå A(x, t), B(x, t) è C(x, t) � çàäàííûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñ ýëåìåíòàìè, çà-
âèñÿùèìè îò ïåðåìåííûõ x ∈ R1 è t ∈ R1, (x, t) ∈ U = [x0;X]× [t0;T ]. Ïðåäïîëàãàåòñÿ, ÷òî
f(x, t), ψ(t) è φ(x) � çàäàííûå n-ìåðíûå âåêòîð-ôóíêöèè, îïðåäåëåííûå â òîé æå îáëàñòè
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U , à u = u(x, t) � èñêîìàÿ n-ìåðíàÿ âåêòîð-ôóíêöèÿ. Òàêæå ïðåäïîëàãàåì, ÷òî ýëåìåíòû
ìàòðèö A(x, t), B(x, t), C(x, t) è âåêòîð-ôóíêöèé f(x, t), ψ(t) è φ(x) ÿâëÿþòñÿ äîñòàòî÷íî
ãëàäêèìè â îáëàñòè U .
Ïóñòü

detA(x, t) = 0 è detB(x, t) = 0 ∀ (x, t) ∈ U. (4)

Î÷åâèäíî, ñèñòåìà (2) ñ óñëîâèåì (4) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì äèôôåðåíöèàëüíî-àëãåá-
ðàè÷åñêîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Âî ââåäåíèè îòìåòèëè, ÷òî åñëè â
êàæäîé òî÷êå îáëàñòè U ïó÷îê ìàòðèö P(λ, x, t) = A(x, t) + λB(x, t) ÿâëÿåòñÿ ðåãóëÿðíûì,
òî åãî èíäåêñ èëè èíäåêñ ñèñòåìû (2) îïðåäåëÿåòñÿ ïàðîé ÷èñåë (k, 0), ãäå k � ìàêñèìàëüíàÿ
ñòåïåíü ýëåìåíòàðíûõ äåëèòåëåé ïó÷êà P(λ, x, t), ñîîòâåòñòâóþùèõ íóëåâûì è áåñêîíå÷íûì
êîðíÿì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det P(λ, x, t) âî âñåé îáëàñòè U . Âòîðîé ïàðàìåòð
èíäåêñà ðàâåí íóëþ, ïîñêîëüêó ïó÷îê P(λ, x, t) íå ñîäåðæèò ñèíãóëÿðíîé ñîñòàâëÿþùåé [10].
Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ ïó÷îê P(λ, x, t) èìååò èíäåêñ
(k, 0).

Tåîðåìà 1 ([16]). Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) âñå êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det(A(x)+λB(x)), ãäå x = (x1, x2, . . . , xm) ∈
Ū , Ū � çàìûêàíèå íåêîòîðîé îáëàñòè, ñîäåðæàùåéñÿ â Rm, ÿâëÿþòñÿ âåùåñòâåí-
íûìè è èìåþò ïîñòîÿííóþ êðàòíîñòü â îáëàñòè îïðåäåëåíèÿ Ū ;

2) ñòàðøèé êîýôôèöèåíò ìíîãî÷ëåíà det(A(x)+λB(x)) îòíîñèòåëüíî ïàðàìåòðà λ íå
îáðàùàåòñÿ â íóëü íè â îäíîé òî÷êå Ū ;

3) ðàíãè ìàòðèö A(x) è B(x) ÿâëÿþòñÿ ïîñòîÿííûìè â êàæäîé òî÷êå îáëàñòè Ū è
ìåíüøå ðàçìåðíîñòè n.

Òîãäà ïó÷îê A(x) + λB(x) s-ãëàäêî ýêâèâàëåíòåí ïó÷êó ñëåäóþùåãî êàíîíè÷åñêîãî âèäà:

diag{Ed, M(x), Ep}+ λdiag{J(x), El, N(x)}, (5)

ãäå Ed � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà d; M(x) è N(x) � âåðõíèå (ïðàâûå) òðåóãîëüíûå áëîêè
ñ íóëåâîé äèàãîíàëüþ ïîðÿäêà l è p ñîîòâåòñòâåííî; J(x) = diag{J1(x), J2(x), . . . , Js̃(x)} �
áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà ïîðÿäêà d, â êîòîðîé Ji(x), i = 1, 2, . . . , s̃, � íåâûðîæäåííûå

âåðõíèå (ïðàâûå) òðåóãîëüíûå ìàòðèöû ïîðÿäêîâ pi ñîîòâåòñòâåííî, d =
s̃∑

ν=1
pν ; êàæäûé

áëîê Ji(x) èìååò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå −1/λi(x) â îáëàñòè îïðåäåëåíèÿ Ū ;
λi(x) � ñîáñòâåííûå çíà÷åíèÿ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det(A(x) + λB(x)), íå îá-
ðàùàþùèåñÿ â íóëü â îáëàñòè Ū ; p = n− d− l.

Çàìå÷àíèå. Â óòâåðæäåíèè òåîðåìû 1 äèàãîíàëüíûå áëîêè ìàòðèöû J(x) èìåþò âåðõíþþ
(ïðàâóþ) òðåóãîëüíóþ ôîðìó. Ýòî ñëåäóåò èç óñëîâèé òåîðåìû 1 è òåîðåìû 2 èç [16].
Èç òåîðåìû 1 ñëåäóåò, ÷òî M(x) è N(x) â (4) ÿâëÿþòñÿ íèëüïîòåíòíûìè ìàòðèöàìè â

îáëàñòè îïðåäåëåíèÿ Ū . Ïóñòü ind M(x) = k1 è ind N(x) = k2 â îáëàñòè Ū , ò. å. k1 =

min{k̄ : M(x)k̄ = 0 ∀x ∈ Ū}. Àíàëîãè÷íî îïðåäåëÿåòñÿ k2. Òîãäà ïó÷îê P(λ, x, t), äëÿ
êîòîðîãî âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 1, èìååò èíäåêñ (k, 0), ãäå k = max{k1, k2}, è
ñîîòâåòñòâåííî ñèñòåìà (2) ïî îïðåäåëåíèþ èìååò èíäåêñ (k, 0).
Â äàííîé ðàáîòå ðàññìîòðèì äâà ñëó÷àÿ. Â ïåðâîì ñëó÷àå ïðåäïîëàãàåì, ÷òî ñèñòåìà (2)

èìååò èíäåêñ (1, 0), à âî âòîðîì ñëó÷àå èìååò èíäåêñ (k, 0), ãäå k ≥ 2, íàêëàäûâàÿ ïðè
ýòîì íåêîòîðûå óñëîâèÿ íà ìàòðèöó ïðè èñêîìîé âåêòîð-ôóíêöèè â êàíîíè÷åñêîé ôîðìå
ñèñòåìû.
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2. Ñëó÷àé I. Èíäåêñ (1, 0)

Â ýòîì ðàçäåëå áóäåò äîêàçàíà

Tåîðåìà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) äëÿ ìàòðè÷íîãî ïó÷êà P(λ, x, t) âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1;
2) âñå êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det(A(x, t) + λB(x, t)) íåïîëîæèòåëüíûå;
3) ñòåïåíè ýëåìåíòàðíûõ äåëèòåëåé ïó÷êà P(λ, x, t) íå ïðåâîñõîäÿò åäèíèöû;
4) ýëåìåíòû ìàòðèöû C(x, t) è âåêòîð-ôóíêöèé f(x, t), ψ(t) è φ(x) ïðèíàäëåæàò ïðî-
ñòðàíñòâó C1(U), à ýëåìåíòû ìàòðèö A(x, t) è B(x, t) ïðèíàäëåæàò ïðîñòðàíñòâó C2(U);
5) íà÷àëüíî-êðàåâûå óñëîâèÿ (3) ÿâëÿþòñÿ ñîãëàñîâàííûìè â òî÷êå (x0, t0) âìåñòå ñî ñâî-
èìè ïðîèçâîäíûìè.
Òîãäà çàäà÷à (2)− (3) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå â îáëàñòè U .

Äîêàçàòåëüñòâî. Â ñèëó óñëîâèé 1) è 3) òåîðåìû íàéäóòñÿ íåâûðîæäåííûå â îáëàñòè U
ìàòðèöû P (x, t) è Q(x, t) ñ ýëåìåíòàìè èç C2(U), êîòîðûå ïðèâåäóò ïó÷îê P(λ, x, t) ê ñëå-
äóþùåìó êàíîíè÷åñêîìó âèäó:

diag{Ed,Ol, Ep}+ λdiag{J(x, t), El,Op},

ãäå Ol � íóëåâîé êâàäðàòíûé áëîê ïîðÿäêà l. Óìíîæèì ñèñòåìó (2) ñëåâà íà ìàòðèöó P (x, t)
è âûïîëíèì çàìåíó ïåðåìåííîé u = Q(x, t)v, ãäå v = v(x, t) � íåêîòîðàÿ íåèçâåñòíàÿ n-
ìåðíàÿ âåêòîð-ôóíêöèÿ. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó

A(x, t)∂tv + B(x, t)∂xv + C(x, t)v = g(x, t), (6)

ãäå A(x, t) = diag{Ed,Ol, Ep}, B(x, t) = diag{J(x, t), El,Op}, C(x, t) = P (x, t)C(x, t)Q(x, t) +
P (x, t)A(x, t)∂tQ(x, t) + P (x, t)B(x, t)∂xQ(x, t) è g(x, t) = P (x, t)f(x, t).
Â ñèëó óñëîâèÿ 3) äîêàçûâàåìîé òåîðåìû, ìàòðèöà J(x, t) èìååò äèàãîíàëüíûé âèä

J(x, t) = diag{k1(x, t), k2(x, t), . . . , kl(x, t)}. Íà÷àëüíî-êðàåâûå óñëîâèÿ (3) ïðè ýòîì ïðå-
îáðàçóþòñÿ ê âèäó

v(x0, t) = Ψ(t), v(x, t0) = Φ(x), (7)

ãäå Ψ(t) = Q(x0, t)
−1ψ(t) è Φ(x) = Q(x, t0)−1φ(x). Çàìåòèì, ÷òî ïî òåîðåìå 1 ýëåìåíòû

ìàòðèö A(x, t) è B(x, t) ïðèíàäëåæàò ïðîñòðàíñòâó C2(U), à ýëåìåíòû ìàòðèöû C(x, t) è
âåêòîð-ôóíêöèé g(x, t), Ψ(t) è Φ(t) ïðèíàäëåæàò ïðîñòðàíñòâó C1(U). Ðàçîáüåì âåêòîðû v
è g(x, t) íà òðè áëîêà: v = (v1, v2, v3)> è g(x, t) = (g1(x, t), g2(x, t), g3(x, t))> ðàçìåðîâ d, l è
p ñîîòâåòñòâåííî. Ñîãëàñíî ýòîìó ðàçáèåíèþ çàïèøåì ìàòðèöó C(x, t) ñëåäóþùèì îáðàçîì:
C(x, t) = colon(C1(x, t), C2(x, t), C3(x, t)), ãäå áëîêè Cj(x, t) èìåþò ðàçìåðû d×n, l×n è p×n
ñîîòâåòñòâåííî. Òîãäà ñèñòåìó (6) ìîæíî ïåðåïèñàòü â ðàñùåïëåííîì âèäå

∂xv
2 = g2(x, t)− C2(x, t)v, ∂tv

3 = g3(x, t)− C3(x, t)v,

∂tv
1 + J(x, t)∂xv

1 = g1(x, t)− C1(x, t)v.

(8)

Ïóñòü li � êðèâûå, çàäàííûå ïàðàìåòðè÷åñêè óðàâíåíèÿìè

xi = xi(τ), t = τ, i = 1, . . . , d. (9)

Ïðåäïîëàãàåòñÿ, ÷òî êàæäàÿ êðèâàÿ li : x = xi(x
0
i , t0, τ) ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþ-

ùåé çàäà÷è Êîøè
dxi
dτ

= ki(xi, τ), xi|t=τ0 = x0
i , (10)
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ãäå ki(x, τ) ∈ C1(U) � äèàãîíàëüíûå ýëåìåíòû ìàòðèöû J(x, t). Ïî óñëîâèþ 2) òåîðåìû
ki(x, τ) > 0 ∀(x, τ) ∈ U . Òàê êàê ki(x, τ) � îãðàíè÷åííûå â îáëàñòè U ôóíêöèè, òî ðåøå-
íèå çàäà÷è Êîøè ñóùåñòâóåò è åäèíñòâåííî äëÿ êàæäîãî i íà îòðåçêå [t0, T ]. Ïðèìåíèì ê
ñèñòåìå (8) ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé [17]. Ïóñòü v0(x, t) = Φ(x), à vk+1(x, t)
îïðåäåëÿåòñÿ êàê ðåøåíèå ñëåäóþùåé çàäà÷è:

∂tvi,k+1 + ki(x, t)∂xvi,k+1 = gi(x, t)− C1,i(x, t)vk, i = 1, d,

∂xv
2
k+1 = g2(x, t)− C2(x, t)vk, ∂tv

3
k+1 = g3(x, t)− C3(x, t)vk, (11)

vk+1(x0, t) = Ψ(t), vk+1(x, t0) = Φ(x), k = 0, 1, 2, . . . ,

ãäå vk+1 = (v1
k+1, v

2
k+1, v

3
k+1)> ñ áëîêîì v1

k+1 = (v1,k+1, v2,k+1, . . . , vd,k+1)> è C1(x, t) =
= colon(C1,1(x, t), C1,2(x, t), . . . , C1,d(x, t)). Ñ ó÷åòîì (10) ïåðåïèøåì ñèñòåìó (11) â âèäå

∂xv
2
k+1 = g2(x, t)− C2(x, t)vk, ∂tv

3
k+1 = g3(x, t)− C3(x, t)vk,

dvi,k+1/dτ = gi(x, t)− C1,i(x, t)vk,

(12)

ãäå dvi,k+1/dτ � ïðîèçâîäíàÿ i-é êîìïîíåíòû èñêîìîé ôóíêöèè v1
k+1 ïî ïåðåìåííîé t â íà-

ïðàâëåíèè õàðàêòåðèñòèêè li : x = xi(x
0
i , t0, τ). Ïðîèíòåãðèðóåì óðàâíåíèÿ ñèñòåìû (12)

âäîëü ñîîòâåòñòâóþùèõ õàðàêòåðèñòè÷åñêèõ ëèíèé. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó èíòå-
ãðàëüíûõ óðàâíåíèé

vi,k+1(x, t) = vi,k+1(xi(x, t, t0), t0)+

∫ t

t0

gi(xi(x, t, τ), τ)dτ−
∫ t

t0

C1,i(xi(x, t, τ), τ)vk(xi(x, t, τ), τ)dτ,

v2
k+1(x, t) = v2

k+1(x0, t) +

∫ x

x0

g2(s, t)ds−
∫ x

x0

C2(s, t)vk(s, t)ds, (13)

v3
k+1(x, t) = v3

k+1(x, t0) +

∫ t

t0

g3(x, τ)dτ −
∫ t

t0

C3(x, τ)vk(x, τ)dτ,

v0(x, t) = Φ(x), vk+1(x0, t) = Ψ(t), vk+1(x, t0) = Φ(x), k = 0, 1, 2, . . . .

Ðåêóððåíòíûå ñîîòíîøåíèÿ (13), íà÷èíàÿ ñ v0(x, t), îäíîçíà÷íî îïðåäåëÿþò áåñêîíå÷íóþ
ïîñëåäîâàòåëüíîñòü ôóíêöèé {vk(x, t) : k = 0, 1, 2, . . . }. Î÷åâèäíî, ÷òî â ñèëó óñëîâèÿ 4) íà-
ñòîÿùåé òåîðåìû âñå ýëåìåíòû ýòîé ïîñëåäîâàòåëüíîñòè ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöè-
ÿìè. Ïîêàæåì, ÷òî ýòà ïîñëåäîâàòåëüíîñòü ðàâíîìåðíî ñõîäèòñÿ ê íåêîòîðîé íåïðåðûâíîé
ôóíêöèè. Î÷åâèäíî, ðàâíîìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {vk(x, t)} ýêâèâàëåíòíà
ðàâíîìåðíîé ñõîäèìîñòè ðÿäà

v0(x, t) +

∞∑
k=0

(vk+1(x, t)− vk(x, t)). (14)

Ïîêàæåì, ÷òî ðÿä (14) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî. Èç (13) íàõîäèì ñîîòíîøåíèÿ

vi,k+1(x, t)− vi,k(x, t) = −
∫ t

t0

C1,i(xi(x, t, τ), τ)(vk(xi(x, t, τ), τ)− vk−1(xi(x, t, τ), τ))dτ,

v2
k+1(x, t)− v2

k(x, t) = −
∫ x

x0

C2(s, t)(vk(s, t)− vk−1(s, t))ds, (15)

v3
k+1(x, t)− v3

k(x, t) = −
∫ t

t0

C3(x, τ)(vk(x, τ)− vk−1(x, τ))dτ.

Â ïðîñòðàíñòâå C1(U) èñïîëüçóåì íîðìó ‖v(x, t)‖C(U) = max{‖v(x, t)‖ ∀(x, t) ∈ U}, ãäå
‖v(x, t)‖ = max{|vi(x, t)| ∀i = 1, . . . , n}. Èñïîëüçóÿ íåðàâåíñòâî ‖Az‖ ≤ ‖Ae‖ · ‖z‖, ãäå A �
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íåêîòîðàÿ ïðîèçâîëüíàÿ ìàòðèöà, z � íåêîòîðûé ïðîèçâîëüíûé âåêòîð ñîîòâåòñòâóþùåãî
ðàçìåðà, e � âåêòîð, ñîñòîÿùèé èç åäèíèö, èç (15) ïîëó÷àåì íåðàâåíñòâà

‖v1
k+1 − v1

k‖C(U) ≤ ξ
∫ t

t0

‖vk − vk−1‖C(U)dτ,

‖v2
k+1 − v2

k‖C(U) ≤ ξ
∫ x

x0

‖vk − vk−1‖C(U)ds, (16)

‖v3
k+1 − v3

k(x, t)‖C(U) = ξ

∫ t

t0

‖vk − vk−1‖C(U)dτ,

ãäå ξ = ‖C(x, t)e‖C(U). Çàìåòèì, ÷òî îáîçíà÷èâ v̂ = (v1, v3)>, ìîæåì îáúåäèíèòü ïåðâîå è
òðåòüå íåðàâåíñòâà èç (16) â îäíî. Â ðåçóëüòàòå, ïîëó÷àåì

‖v2
k+1 − v2

k‖C(U) ≤ ξ
∫ x

x0

‖vk − vk−1‖C(U)ds.

‖v̂k+1 − v̂k‖C(U) ≤ ξ
∫ t
t0
‖vk − vk−1‖C(U)dτ,

(17)

Èç (17) ñëåäóåò

‖vk+1 − vk‖C(U) ≤ ξ · max
∀(x,t)∈U

{∫ t

t0

‖vk − vk−1‖C(U)dτ,

∫ x

x0

‖vk − vk−1‖C(U)ds

}
. (18)

Îáîçíà÷èì κ = 1/2 · max{‖v0‖C(U), ‖v1‖C(U)}. Òîãäà ìîæåì çàïèñàòü ‖v1 − v0‖C(U) ≤ κ.
Èç (18) ïîñëåäîâàòåëüíî íàõîäèì

‖v2 − v1‖C(U) ≤ ξκ · max
∀(x,t)∈U

{(t− t0), (x− x0)} ,

‖v3 − v2‖C(U) ≤ ξ2κ · max
∀(x,t)∈U

{
(t− t0)2/2, (x− x0)(t− t0), (x− x0)2/2

}
è ò. ä. Íåòðóäíî çàìåòèòü, ÷òî ýòè íåðàâåíñòâà çàïèñûâàþòñÿ â îáùåì âèäå

‖vk+1 − vk‖C(U) ≤ ξkκ · max
∀s=1,...,k

X̃sT̃ k−s

s!(k − s)!
,

ãäå X̃ = X − x0 è T̃ = T − t0. Òàê êàê ÷èñëîâîé ðÿä
∞∑
k=0

ξkX̃sT̃ k−s

s!(k − s)!
(19)

ñõîäèòñÿ ïðè ëþáîì çíà÷åíèè s, òî è ðÿä (14), ìàæîðèðóåìûé ðÿäîì (19), ñõîäèòñÿ àáñîëþò-
íî è ðàâíîìåðíî. Ïîýòîìó ïîñëåäîâàòåëüíîñòü ôóíêöèé {vk(x, t)} ñõîäèòñÿ ðàâíîìåðíî ê
íåêîòîðîé íåïðåðûâíîé ôóíêöèè v(x, t). Ïåðåõîäÿ ê ïðåäåëó ïðè k →∞ â ðàâåíñòâàõ (13),
ïîëó÷àåì, ÷òî ïðåäåëüíàÿ ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò èíòåãðàëüíûì óðàâíåíèÿì

vi(x, t) = vi(xi(x, t, t0), t0) +

∫ t

t0

gi(xi(x, t, τ), τ)dτ −
∫ t

t0

C1,i(xi(x, t, τ), τ)v(xi(x, t, τ), τ)dτ,

v2(x, t) = v2(x0, t) +

∫ x

x0

g2(s, t)ds−
∫ x

x0

C2(s, t)v(s, t)ds, (20)

v3(x, t) = v3(x, t0) +

∫ t

t0

g3(x, τ)dτ −
∫ t

t0

C3(x, τ)v(x, τ)dτ

è íà÷àëüíî-êðàåâûì óñëîâèÿì

v(x0, t) = Ψ(t), v(x, t0) = Φ(x).
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Èç íåïðåðûâíîñòè ïîäèíòåãðàëüíûõ ôóíêöèé â (20) ñëåäóåò íåïðåðûâíàÿ äèôôåðåíöèðó-
åìîñòü ïðàâîé ÷àñòè ïåðâîãî è òðåòüåãî óðàâíåíèé â (20) ïî ïåðåìåííîé t è ïðàâîé ÷àñòè
âòîðîãî óðàâíåíèÿ â (20) ïî ïåðåìåííîé x. Òàêèì îáðàçîì, êîìïîíåíòû vi, ãäå i = 1, . . . , d,
ïåðâîé áëî÷íîé êîìïîíåíòû v1 = (v1, v2, . . . , vd)

> ïðåäåëüíîé ôóíêöèè v(x, t) = (v1, v2, v3)>

íåïðåðûâíî äèôôåðåíöèðóåìû ïî ïåðåìåííîé t âäîëü ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷å-
ñêîãî íàïðàâëåíèÿ xi = xi(x, t). Âòîðàÿ áëî÷íàÿ êîìïîíåíòà v

2 ïðåäåëüíîé ôóíêöèè v(x, t)
íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïåðåìåííîé x è òðåòüÿ áëî÷íàÿ êîìïîíåíòà v3 íåïðåðûâ-
íî äèôôåðåíöèðóåìà ïî ïåðåìåííîé t.
Ïîêàæåì, ÷òî ïðåäåëüíàÿ ôóíêöèÿ v(x, t) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíê-

öèåé â îáëàñòè U . Ïðîäèôôåðåíöèðóåì ïåðâîå è òðåòüå óðàâíåíèÿ ñèñòåìû (13) ïî ïåðå-
ìåííîé x. Â ðåçóëüòàòå ïîëó÷èì

∂xvi,k+1 = ∂xvi,k+1(xi(x, t, t0), t0)∂xxi(x, t, t0) +

∫ t

t0

∂xgi(xi(x, t, τ), τ)∂xxidτ−

−
∫ t

t0

{∂xC1,i(xi(x, t, τ), τ)vk(xi(x, t, τ), τ) + C1,i(xi(x, t, τ), τ)∂xvk(xi(x, t, τ), τ)} ∂xxidτ,

∂xv
3
k+1(x, t) = ∂xv

3
k+1(x, t0)∂xxi(x, t0) +

∫ t

t0

∂xg
3(x, τ)∂xxidτ−

−
∫ t

t0

{∂xC3(x, τ)vk(x, τ) + C3(x, τ)∂xvk(x, τ)∂xxi} dτ.

(21)

Ðàçîáüåì áëîêè C1,i(x, t) è C3(x, t) âåðòèêàëüíûìè ëèíèÿìè, îòäåëÿÿ ïî d, l è p ñòîëáöîâ
ñîîòâåòñòâåííî. Â ðåçóëüòàòå ïîëó÷èì C1,i(x, t) = (C1

1,i(x, t), C2
1,i(x, t), C3

1,i(x, t)) è C3(x, t) =

(C1
3(x, t), C2

3(x, t), C3
3(x, t)). Èñêëþ÷àÿ èç (21) êîìïîíåíòó ∂xv

2
k+1(x, t) è èñïîëüçóÿ âòîðîå

óðàâíåíèå èç (11), ïîëó÷àåì ñèñòåìó (ñ îáîçíà÷åíèåì xi(·) = xi(x, t, τ))

∂xvi,k+1 = ∂xvi,k+1(xi(x, t, t0), t0)∂xxi(x, t, t0) +

∫ t

t0

{
∂xgi(xi(·), τ)− C2

1,i(xi(·), τ)×

× g2(xi(·), τ)
}
∂xxidτ −

∫ t

t0

{
∂xC1,i(xi(·), τ)− C2

1,i(xi(·), τ)C2(x, τ)
}
vk(xi(·), τ)×

×∂xxidτ −
∫ t

t0

{
C1

1,i(xi(·), τ)∂xv
1
k(xi(·), τ) + C3

1,i(xi(·), τ)∂xv
3
k(xi(·), τ)

}
∂xxidτ,

∂xv
3
k+1(x, t) = ∂xv

3
k+1(x, t0)∂xxi(x, t0) +

∫ t

t0

{
∂xg

3(x, τ)− C2
3(x, τ)g2(x, τ)

}
∂xxidτ−

−
∫ t

t0

{
∂xC3(x, τ) + C2

3(x, τ)C2(x, τ)
}
vk(x, τ)dτ+

+

∫ t

t0

{
C1

3(x, τ)∂xv
1
k(x, τ) + C3

3(x, τ)∂xv
3
k(x, τ)

}
∂xxidτ

(22)

ñ íåèçâåñòíîé ∂xṽk+1 = (∂xv
1
k+1, ∂xv

3
k+1)>. Èç (22) ñëåäóåò îöåíêà

‖∂xṽk+1 − ∂xṽk‖C(U) ≤ ‖H1(x, t)e‖C(U)

∫ t

t0

‖vk − vk−1‖C(U)dτ+
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+‖H2(x, t)e‖C(U)

∫ t

t0

‖∂xṽk − ∂xṽk−1‖C(U)dτ,

ãäå ýëåìåíòû ìàòðèö H1(x, t) è H2(x, t) â ñèëó óñëîâèÿ 4) òåîðåìû ÿâëÿþòñÿ íåïðåðûâíû-
ìè ôóíêöèÿìè â îáëàñòè U . Òàê êàê ïîñëåäîâàòåëüíîñòü {vk(x, t)} ñõîäèòñÿ â îáëàñòè U è
ìàòðèöû H1(x, t) è H2(x, t) îãðàíè÷åíû â ýòîé îáëàñòè, òî àíàëîãè÷íî äîêàçûâàåòñÿ ðàâíî-
ìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {∂xṽk(x, t)}. Òàêèì îáðàçîì, ïðåäåëüíàÿ ôóíêöèÿ
v(x, t) íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïåðåìåííîé x. Íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü
ïåðâîé v1(x, t) è òðåòüåé v3(x, t) êîìïîíåíò ïðåäåëüíîé âåêòîð-ôóíêöèè v(x, t) ñëåäóåò èç
ïåðâîãî è òðåòüåãî óðàâíåíèé ñèñòåìû (11). Äëÿ òîãî ÷òîáû äîêàçàòü íåïðåðûâíóþ äèô-
ôåðåíöèðóåìîñòü âòîðîé áëî÷íîé êîìïîíåíòû v2(x, t) ïðåäåëüíîé âåêòîð-ôóíêöèè v(x, t)
ïî ïåðåìåííîé t, íóæíî ïðîäèôôåðåíöèðîâàòü âòîðîå óðàâíåíèå èç (13) ïî ïåðåìåííîé t,
èñêëþ÷èòü èç íåãî ïðîèçâîäíûå ∂tv

1
k(x, t) è ∂tv

3
k(x, t), èñïîëüçóÿ ïåðâîå è òðåòüå óðàâíåíèÿ

èç (11), è àíàëîãè÷íî ïðîäåëàííûì âûøå ðàññóæäåíèÿì äîêàçàòü ðàâíîìåðíóþ ñõîäèìîñòü
ïîñëåäîâàòåëüíîñòè ∂tv

3
k(x, t). Èòàê, äîêàçàëè ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà-

÷è (6), (7), à ñëåäîâàòåëüíî, è çàäà÷è (2), (3) ïðè âûïîëíåíèè óñëîâèé íàñòîÿùåé òåîðåìû.
Äîêàæåì, ÷òî ýòî ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì. Ýòî ìîæíî ñäåëàòü íåñêîëüêèìè ñïîñî-
áàìè, íàïðèìåð, ïîñòðîåíèåì ýíåðãåòè÷åñêîãî ðàâåíñòâà (èíòåãðàëà ýíåðãèè) [18], [19] èëè
ïðèìåíåíèåì ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé [14]. Ïîñòóïèì èìåííî òàê. Ïðåäïîëî-
æèì, ÷òî ïðè ñäåëàííûõ â óñëîâèÿõ òåîðåìû ïðåäïîëîæåíèÿõ ñóùåñòâóþò äâà ðàçëè÷íûõ
ðåøåíèÿ çàäà÷è (2), (3), íà÷àëüíî-êðàåâûå óñëîâèÿ êîòîðûõ ñîâïàäàþò. Îáîçíà÷èì ýòè ðå-
øåíèÿ v(x, t) è v∗(x, t). Òîãäà êàæäàÿ èç ôóíêöèé v(x, t) è v∗(x, t) óäîâëåòâîðÿåò ñèñòåìå (6),
à ñëåäîâàòåëüíî, è ñèñòåìå (20). Îáîçíà÷èì w(x, t) = v(x, t)− v∗(x, t). Èç (20) ñëåäóåò, ÷òî
w(x, t) óäîâëåòâîðÿåò ñëåäóþùèì èíòåãðàëüíûì ñîîòíîøåíèÿì:

wi(x, t) = −
∫ t

t0

C1,i(xi(x, t, τ), τ)w(xi(x, t, τ), τ)dτ,

w2(x, t) = −
∫ x

x0

C2(s, t)w(s, t)ds, w3(x, t) = −
∫ t

t0

C3(x, τ)w(x, τ)dτ.

(23)

Ïðèìåíèì ê ñèñòåìå (23) ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

wi,k+1(x, t) = −
∫ t

t0

C1,i(xi(x, t, τ), τ)wk(xi(x, t, τ), τ)dτ,

w2
k+1(x, t) = −

∫ x

x0

C2(s, t)wk(s, t)ds, w3
k+1(x, t) = −

∫ t

t0

C3(x, τ)wk(x, τ)dτ,

(24)

ãäå çà íà÷àëüíîå ïðèáëèæåíèå âîçüìåì íåêîòîðóþ ôóíêöèþ w0(x, t) = Φ̃(x, t), äëÿ êîòîðîé

Φ̃(x0, t) = 0 è Φ̃(x, t0) = 0. Ïðåäïîëîæèì, ÷òî ‖wk(x, t)‖C(U) = θ, ãäå θ > 0. Òîãäà èç (24)
àíàëîãè÷íûìè ðàññóæäåíèÿìè ïîëó÷àåì

θ ≤ θ · max
∀s=1,...,k

ξkX̃sT̃ k−s

s!(k − s)!
. (25)

Òàê êàê â ïðàâîé ÷àñòè (25) íàõîäÿòñÿ îáùèå ÷ëåíû ñõîäÿùèõñÿ ðÿäîâ ïðè êàæäîì çíà-
÷åíèè s, òî ïðè äîñòàòî÷íî áîëüøîì k èç (25) ïîëó÷àåì θ ≤ 0. Òàêèì îáðàçîì, ïîëó÷èëè
ïðîòèâîðå÷èå. Çíà÷èò, θ = 0 è v∗(x, t) ≡ v(x, t). Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è (6), (7) â
óñëîâèÿõ íàñòîÿùåé òåîðåìû ÿâëÿåòñÿ åäèíñòâåííûì. Îòñþäà èìååì åäèíñòâåííîñòü ðåøå-
íèÿ çàäà÷è (2), (3). �
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3. Ñëó÷àé II. Èíäåêñ (k, 0), ãäå k ≥ 2

Ðàññìîòðèì ñèòóàöèþ, êîãäà ñèñòåìà èìååò èíäåêñ (k, 0). Ïðè ýòîì áóäåì ïðåäïîëàãàòü,
÷òî k ≥ 2.

Tåîðåìà 3. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) äëÿ ìàòðè÷íîãî ïó÷êà P(λ, x, t) âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1;
2) âñå êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà det(A(x, t) + λB(x, t)) íåïîëîæèòåëüíûå;
3) ìàòðèöà P (x, t)C(x, t)Q(x, t)+P (x, t)A(x, t)∂tQ(x, t)+P (x, t)B(x, t)∂xQ(x, t) èìååò âåðõ-
íþþ ïðàâóþ òðåóãîëüíóþ ôîðìó;
4) ýëåìåíòû ìàòðèöû A(x, t), B(x, t), C(x, t) è âåêòîð-ôóíêöèé f(x, t), ψ(t) è φ(x) ïðè-
íàäëåæàò ïðîñòðàíñòâó Cm(U), ãäå m = max{k1, k2 + s̃};
5) íà÷àëüíî-êðàåâûå óñëîâèÿ (3) ÿâëÿþòñÿ ñîãëàñîâàííûìè â òî÷êå (x0, t0) âìåñòå ñî ñâî-
èìè ïðîèçâîäíûìè.
Òîãäà çàäà÷à (2)− (3) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå â îáëàñòè U .

Äîêàçàòåëüñòâî. Òàê êàê âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1, òî íàéäóòñÿ íåâûðîæäåííûå â
îáëàñòè U ìàòðèöû P (x, t) è Q(x, t) ñ ýëåìåíòàìè èç C (U), êîòîðûå ïðèâåäóò ïó÷îê P(λ, x, t)
ê êàíîíè÷åñêîìó âèäó (4). Óìíîæèì ñèñòåìó (2) ñëåâà íà ìàòðèöó P (x, t) è âûïîëíèì
çàìåíó ïåðåìåííîé u = Q(x, t)v, ãäå v = v(x, t) � íåêîòîðàÿ íåèçâåñòíàÿ n-ìåðíàÿ âåêòîð-
ôóíêöèÿ. Ïîëó÷èì ñèñòåìó

A(x, t)∂tv + B(x, t)∂xv + C(x, t)v = g(x, t), (26)

ãäå A(x, t) = diag{Ed,M(x, t), Ep} è B(x, t) = diag{J(x, t), El, N(x, t)} ñ áëîêàìè èç (5); ìàò-
ðèöû J(x, t) è C(x, t) âåðõíåãî (ïðàâîãî) òðåóãîëüíîãî âèäà, C(x, t) = P (x, t)C(x, t)Q(x, t) +
P (x, t)A(x, t)∂tQ(x, t) + P (x, t)B(x, t)∂xQ(x, t) è g(x, t) = P (x, t)f(x, t).
Íà÷àëüíî-êðàåâûå óñëîâèÿ äëÿ ñèñòåìû (26) èìåþò âèä (7). Ðàçîáüåì âåêòîðû v è g(x, t)

íà òðè áëîêà: v = (v1, v2, v3)> è g(x, t) = (g1(x, t), g2(x, t), g3(x, t))> ðàçìåðîâ d, l è p ñîîò-
âåòñòâåííî. Ðàçîáüåì ìàòðèöó C(x, t) âåðòèêàëüíûìè ëèíèÿìè íà áëîêè, ñîäåðæàùèå d, l è
p ñòîëáöîâ ñîîòâåòñòâåííî, è ãîðèçîíòàëüíûìè ëèíèÿìè íà áëîêè, ñîäåðæàùèå ïî d, l è p
ñòðîê ñîîòâåòñòâåííî. Ïîëó÷èì C(x, t) = (Cl1,l2), ãäå l1, l2 = 1, 2, 3. Â ñèëó óñëîâèÿ 3) òåîðåìû
áëîêè Cl1,l2 = O ïðè l1 > l2, ãäå O � íóëåâàÿ ìàòðèöà ïîäõîäÿùåãî ðàçìåðà. Äèàãîíàëüíûå
áëîêè Cl1,l1 èìåþò âåðõíþþ (ïðàâóþ) òðåóãîëüíóþ ôîðìó. Ðàñùåïèì ìàòðèöó J(x, t) íà äâå
ìàòðèöû: J(x, t) = J (x, t)+R(x, t), ãäå J (x, t) = diag{k1(x, t)Ep1 , k2(x, t)Ep2 , . . . , ks̃(x, t)Eps̃},
R(x, t) � âåðõíÿÿ (ïðàâàÿ) òðåóãîëüíàÿ ìàòðèöà ñ íóëåâîé äèàãîíàëüþ. Çàïèøåì ñèñòå-
ìó (26) â ðàñùåïëåííîì âèäå

∂tv
1 + J (x, t)∂xv

1 + C1(x, t)v = g1(x, t)−R(x, t)∂xv
1,

∂xv
2 + C2(x, t)v = g2(x, t)−M(x, t)∂tv

2, ∂tv
3 + C3(x, t)v = g3(x, t)−N(x, t)∂xv

3,

(27)

ãäå Cl1 = (Cl1,1, Cl1,2, Cl1,3). Ïðèìåíÿÿ ê ïåðâîìó óðàâíåíèþ ñèñòåìû (27) ìåòîä õàðàêòåðè-
ñòèê, ïåðåéäåì ê ñèñòåìå âèäà

dvi
dτ

+ Ci(x, t)v = gi(x, t)−Ri(x, t)∂xv1, i = 1, . . . , s,

∂xv
2 + C2(x, t)v = g2(x, t)−M(x, t)∂tv

2, ∂tv
3 + C3,3(x, t)v3 = g3(x, t)−N(x, t)∂xv

3,

(28)

ãäå vi � áëî÷íûå êîìïîíåíòû âåêòîðà v1 = (v1, v2, . . . , vs̃)
>; C1(x, t) = colon(C1, C2, . . . , C s̃)

è R(x, t) = colon(R1(x, t), R2(x, t), . . . , Rs̃(x, t)) � ìàòðèöû, êîòîðûå ñîñòîÿò èç áëîêîâ Ci è
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Ri(x, t) ðàçìåðîâ (pi × n). Â (28) dvi/dτ � ïðîèçâîäíàÿ áëî÷íîé êîìïîíåòû vi ïî õàðàê-
òåðèñòè÷åñêîìó íàïðàâëåíèþ li, îïðåäåëåííîìó â (9) è (10). Â ýòîì ñëó÷àå îáúåäèíèëè
îäèíàêîâûå íàïðàâëåíèÿ â ãðóïïû. Âñåãî òàêèõ ãðóïï s̃.
Èòàê, äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (2)�(3) â ýòîì ñëó÷àå ñâîäèòñÿ ê

îáîñíîâàíèþ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (28), (7). Ïîêàæåì, ÷òî ñèñòåìà (28) ñ óñëîâè-
ÿìè (7) èìååò ðåøåíèå. Èç òðåòüåãî óðàâíåíèÿ ñèñòåìû (28) íàõîäèì áëî÷íóþ êîìïîíåíòó
v3 â ñëåäóþùåé ôîðìå:

v3 = Ωt
t0(−C3,3)v3(x, t0) +

∫ t

t0

K3(x, t, τ)(g3(x, τ)−N(x, τ)∂xv
3)dτ,

ãäå Ωt
t0(−C3,3) � ìàòðèöàíò [20], àáñîëþòíî ñõîäÿùèéñÿ ðÿä âèäà

Ωt
t0(D(x, t)) = E +

∫ t

t0

D(x, t)dt+

∫ t

t0

D(x, t)dt

∫ t

t0

D(x, t1)dt1 + . . .

è K3(t, τ) = Ωt
t0(−C3,3)

[
Ωτ
t0(−C3,3)

]−1
� ìàòðèöà Êîøè.

Îáîçíà÷èì ω3(x, t, t0) = Ωt
t0(−C3,3)v3(x, t0), q3(x, t, τ) = K3(x, t, τ)g3(x, τ) è H3(x, t, τ) =

K3(x, t, τ)N(x, τ), òîãäà âåêòîð v3, ñëåäóÿ òåîðåìå 1 èç [9], çàïèøåì â âèäå

v3 =

k2−1∑
l=0

P l
[
ω3(x, t) + P1[q3(x, t)]

]
, (29)

ãäå P[ω3(x, t)] è P1[q3(x, t)] � ëèíåéíûå îïåðàòîðû, îïðåäåëåííûå íà C2(U),

P[ω3(x, t)] = −
∫ t

t0

H3(x, t, τ)∂xω
3(x, τ)dτ, P1[q3(x, t)] =

∫ t

t0

q(x, τ)dτ.

Èç (29) è óñëîâèÿ 4) íàñòîÿùåé òåîðåìû ñëåäóåò, ÷òî âåêòîð-ôóíêöèÿ v3 ÿâëÿåòñÿ íåïðå-
ðûâíî äèôôåðåíöèðóåìîé â îáëàñòè U . Âòîðîå óðàâíåíèå èç (28) áóäåò èìåòü âèä

∂xv
2 + C2,2(x, t)v2 = g2(x, t)− C2,3(x, t)v3 −M(x, t)∂tv

2, (30)

ãäå v3 îïðåäåëåíà ñîîòíîøåíèåì (29). Ñíîâà íàõîäèì ðåøåíèå óðàâíåíèÿ (30), èñïîëüçóÿ
ìàòðèöàíò

v2 = Ωx
x0(−C2,2)v2(x0, t) +

∫ x

x0

K2(x, t, s)(g2(s, t)− C2,3(s, t)v3 −M(s, t)∂tv
2)ds,

ãäå K2(x, t, s) = Ωx
x0(−C2,2)

[
Ωs
x0(−C2,2)

]−1
.

Îáîçíà÷èì ω2(x, t, x0) = Ωx
x0(−C2,2)v2(x0, t), q

2(x, t, s) = K2(x, t, s)(g2(x, t)− C2,3(x, t)v3) è

H2(x, t, s) = K2(x, t, s)M(s, t), òîãäà âåêòîð v2 ïî òåîðåìå 1 èç [9] áóäåò èìåòü âèä

v2 =

k1−1∑
l=0

P̄ l
[
ω2(x, t) + P̄1[q2(x, t)]

]
, (31)

ãäå

P̄[ω2(x, t)] = −
∫ x

x0

H2(x, t, s)∂tω
2(s, t)ds, P̄1[q2(x, t)] =

∫ x

x0

q(s, t)ds.

Èç (31) è óñëîâèÿ 4) íàñòîÿùåé òåîðåìû ñëåäóåò, ÷òî áëî÷íàÿ êîìïîíåíòà v2 òàêæå ÿâëÿåòñÿ
íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèåé â îáëàñòè U .
Ïîäñòàâëÿÿ íàéäåííûå êîìïîíåíòû v3 è v2 èñêîìîãî âåêòîðà v â ïåðâûå s̃ óðàâíåíèé

ñèñòåìû (28), àíàëîãè÷íî ïðîäåëàííûì âûøå ðàññóæäåíèÿì, ïîñëåäîâàòåëüíî, íà÷èíàÿ
ñ ïîñëåäíåãî óðàâíåíèÿ s̃, íàõîäèì âñå êîìïîíåíòû vs̃, vs̃−1, . . . , v1 âåêòîðíîãî áëîêà v1.



Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÐÅØÅÍÈß ÍÅÊÎÒÎÐÛÕ ÑÌÅØÀÍÍÛÕ ÇÀÄÀ× 83

Âåêòîð v1 â ñèëó óñëîâèÿ 4) íàñòîÿùåé òåîðåìû òàêæå ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåí-
öèðóåìîé ôóíêöèåé â îáëàñòè U . Èòàê, äîêàçàëè ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ
çàäà÷è (28), (7). Âîçâðàùàÿñü ê ïåðåìåííîé u(x, t), âûïîëíÿÿ ïðåîáðàçîâàíèå u(x, t) =
Q(x, t)v(x, t), äîêàçûâàåì ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è (2), (3).
Ïîêàæåì, ÷òî ðåøåíèÿ u(x, t) è ñîîòâåòñòâåííî v(x, t) ÿâëÿþòñÿ åäèíñòâåííûìè. Äëÿ ýòî-

ãî ïðåäïîëîæèì, ÷òî ñóùåñòâóåò äâà ðàçëè÷íûõ ðåøåíèÿ: u∗(x, t) è u∗∗(x, t) çàäà÷è (28), (7).
Òîãäà èõ ðàçíîñòü w(x, t) = u∗(x, t) − u∗∗(x, t) óäîâëåòâîðÿåò ñîîòâåòñòâóþùåé (26) îäíî-
ðîäíîé ñèñòåìå ñ íóëåâûìè íà÷àëüíî-êðàåâûìè óñëîâèÿìè. Íàõîäÿ ðåøåíèå îäíîðîäíîé
ñèñòåìû àíàëîãè÷íûì îáðàçîì, óáåæäàåìñÿ, ÷òî âåêòîð w(x, t) ≡ 0. Òàêèì îáðàçîì, îáà
ðåøåíèÿ ñîâïàäàþò. �

Çàìåòèì, ÷òî òåîðåìó 3 ìîæíî äîêàçàòü, ïðèìåíÿÿ ê ñèñòåìå (28) ìåòîä ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé. Â ýòîì ñëó÷àå ðÿä (14) â ñèëó ñòðóêòóðû ìàòðèöû C áóäåò êîíå÷íîé
ñóììîé.

4. Çàêëþ÷åíèå

Èç äîêàçàòåëüñòâà òåîðåìû 3 õîðîøî âèäíî, ÷òî â ñòðóêòóðó ðåøåíèÿ äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îäèí èç ïàðàìåòðîâ èíäåêñà êîòîðûõ
ïðåâûøàåò åäèíèöó, âõîäÿò ïðîèçâîäíûå îò ïðàâûõ ÷àñòåé è íà÷àëüíî-êðàåâûõ óñëîâèé.
Ìàêñèìàëüíûé ïîðÿäîê ýòèõ ïðîèçâîäíûõ íà åäèíèöó ìåíüøå íàèáîëüøåãî ïàðàìåòðà èí-
äåêñà óðàâíåíèÿ. Ïðèñóòñòâèå ïðîèçâîäíûõ â ñòðóêòóðå ðåøåíèÿ óñëîæíÿåò èññëåäîâàíèå
çàäà÷è. Ïîýòîìó â òåîðåìå 3 ïðèøëîñü ââåñòè îãðàíè÷åíèå íà ìàòðèöó C. Â ñëó÷àå, åñëè
ìàòðèöà C èìååò ïðîèçâîëüíûé âèä, òî äîêàçàòåëüñòâî òåîðåìû 3 âûïîëíèòü, ïðèìåíÿÿ ìå-
òîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ñîâìåñòíî ñ ìåòîäîì õàðàêòåðèñòèê, à òåì áîëåå íåïî-
ñðåäñòâåííûì ñïîñîáîì, íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Â ýòîì ñëó÷àå íåîáõîäèìû áîëåå
òðóäîåìêèå ìåòîäû, êîòîðûå âîçìîæíî äàäóò áîëåå ýôôåêòèâíûé ðåçóëüòàò. Àíàëîãè÷íàÿ
ñèòóàöèÿ âîçíèêàåò ïðè èññëåäîâàíèè êëàññè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ,
êîýôôèöèåíòû êîòîðûõ îáðàçóþò ïó÷îê ñ ýëåìåíòàðíûìè äåëèòåëÿìè ñî ñòåïåíüþ âûøå
åäèíèöû.
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S.V. Svinina and A.K. Svinin

On the existence of a solution to some mixed problems for linear di�erential-algebraic

partial di�erential equations

Abstract. In the paper we consider a linear differential-algebraic system of partial differential
equations with special matrix coefficients. Two cases are investigated. The first case is when
the system has a small index and a matrix at unknown vector-function in the canonical form is
arbitrary. The second case is when the system has an arbitrary index, while a matrix at the small
term in the canonical form has a triangular form. In both cases, using the method of characteristics
and the method of successive approximations, we prove the existence of a unique classical solution
of mixed problems for the considered differential-algebraic systems of partial differential equations.
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