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Abstract—The purpose of this paper is to review properties of the Euler–Lagrange mapping
in the higher order variational theory on fibred manifolds. We present basic theorems on the
kernel of the Euler–Lagrange mapping, describing variationally trivial Lagrangians, and its image,
characterizing variational source forms. We discuss invariance properties of Lagrangians and
Euler–Lagrange forms, and the Noether’s theory.
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1. INTRODUCTION

In this paper we present a survey of general properties of the Euler–Lagrange mapping of the higher
order integral variational theory on fibred manifolds. The subject has been developed for a long time with
various ideas; we discuss the kernel of the Euler–Lagrange mapping (variationally trivial, or null
Lagrangians), its image (the inverse problem of the calculus of variations), and invariance properties
(the Noether theory).

Throughout this paper, Y is a fibred manifold with base X and projection π, JrY is the r-jet pro-
longation of Y , and πr,s : JrY → JsY , πr : JrY → X are the canonical jet projections. We denote n =
dim X, and m = dim Y − n. For any open set W ⊂ Y we denote W r = (πr,0)−1(W ). We use standard
notation conventions for charts: the chart on JrY , associated with a fibred chart (V,ψ), ψ = (xi, yσ),
on Y , where 1 ≤ n ≤ m and 1 ≤ σ ≤ m, is denoted by (V r, ψr), ψr = (xi, yσ, yσ

j1
, yσ

j1j2
, . . . , yσ

j1j2...jr
).

ΩrW is the exterior algebra of forms on W r; Ωr
pW (Ωr

p,XW and Ωr
p,Y W ) denotes the module of p-forms

(πr-horizontal and πr,0-horizontal forms).

Let W be an open subset of Y , λ be a Lagrangian of order r for Y , defined on W r, and Eλ be the
Euler–Lagrange form of λ; Eλ is defined on the set W 2r ⊂ J2rY . Recall that if in a fibred chart (V,ψ),
ψ = (xi, yσ), on Y , λ has an expression

λ = Lω0, (1.1)

where the Lagrange function L depends on xi, yσ, yσ
j1

, yσ
j1j2

, . . . , yσ
j1j2...jr

, then

Eλ = Eσ(L)ωσ ∧ ω0, (1.2)

where ωσ = dyσ − yσ
j dxj , and the components Eσ(L) are the Euler–Lagrange expressions, defined

by

Eσ(L) =
r∑

l=0

(−1)ldp1dp2 . . . dpl

∂L
∂yσ

p1p2...pl

. (1.3)
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