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ASYMPTOTE OF THE RESOLVENT OF THE VOLTERRA EQUATION
WITH A DIFFERENCE KERNEL WITH POWER SINGULARITIES
OF A SYMBOL

Z.B. Tsalyuk
|

Consider in a Banach space X the equation

(1) = /OtK(t— s)z(s)ds + f(£), t> 0. (1)

Here f is a continuous map of [0,00) into X, K(t) for each fixed ¢ is a completely continuous
operator in X and K € L[0,00) = {K [ K ()| dt < oo}. It is well known that under these
0

assumptions equation (1) has a unique continuous solution z(t) defined on [0, 00) by the equality

o(0)= £ + [ Bt 5)f(s)ds, 120

here R is the resolvent of the kernel K.
The resolvent R(t) for each fixed ¢ is a completely continuous operator which satisfies the equa-
tion

R(t) = K (1) + /0 K(t— $)R(s)ds, t>0, 2)

R(t) is summable on any segment [0,a], and ||R(t)|] = O(e®) for certain ¢ > 0. Therefore, for R
(at least, for Rez > ¢) the Laplace transform is defined R(z) = [ e *R(t) dt; due to (2) it meets
0

the equation (I — K(z))R(z) = K(z) (I is the identity operator).

If the operator I — E(z) is invertible for all z, Re > 0, then by the Wiener theorem [1], [2] the
resolvent R € L]0, 00).

Let I — K(z) be invertible not for all z, Rez > 0. Since K(z) — 0 for |z| — oo, the operator

I — K(z) is invertible for sufficiently large |z|. So the function (I - f(\(z))fl is meromorphic in the
domain Re z > 0. If it has in the halfplane Re z > 0 a finite number of singular points A; and these
points are the poles then formally
R(t) = — T A~ R(2) R () d
~3 | UK K@)

and (by the residue theory) the asymptote of R(t) depends on the quiasipolynomial 3 P;(t) e*i’.
If some singular points differ from the poles (they can belong only to the imaginary axis) then the
asymptote of R(t) is defined by a function which is more complicated than a quasipolynomial.

So the question is what function defines the asymptote of R(t), how does R(t) depend on this
function, and which minimal conditions ensure the corresponding dependence of R(t).
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