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ÓÄÊ 510.17ÎÁ ÎÄÍÎÉ ÑÒ�ÀÒÅ�ÈÈ Â Ï�ÎÖÅÄÓ�ÅÏ�ÎÑÅÈÂÀÍÈß ÄËß ÔÀÊÒÎ�ÈÇÀÖÈÈÁÎËÜØÈÕ ÍÀÒÓ�ÀËÜÍÛÕ ×ÈÑÅËÄ.Á. Çèÿòäèíîâ, �.�. �óáöîâàÀííîòàöèÿÂ ðàáîòå äàíî îïèñàíèå ñòðàòåãèè â ïðîöåäóðå ïðîñåèâàíèÿ, ïðèìåíèìîé äëÿ ý��åê-òèâíûõ àëãîðèòìîâ öåëî÷èñëåííîé �àêòîðèçàöèè êâàäðàòè÷íîãî ðåøåòà (the Quadrati
Sieve), ðåøåòà ÷èñëîâîãî ïîëÿ (the Number Field Sieve), à òàêæå ìîäè�èêàöèè êâàäðàòè÷-íîãî ðåøåòà � ìåòîäà Çàíãà. Ïðèâîäÿòñÿ ïðèìåðû è òåîðåòè÷åñêèå îöåíêè, ïîçâîëÿþùèåñäåëàòü âûâîä î öåëåñîîáðàçíîñòè èñïîëüçîâàíèÿ äàííîãî ïîäõîäà äëÿ óñîâåðøåíñòâîâà-íèÿ ïðîöåäóð �àêòîðèçàöèè öåëûõ ÷èñåë.Êëþ÷åâûå ñëîâà: �àêòîðèçàöèÿ, êâàäðàòè÷íîå ðåøåòî, ðåøåòî ÷èñëîâîãî ïîëÿ.Ââåäåíèå�àçëîæåíèå áîëüøèõ ñîñòàâíûõ íàòóðàëüíûõ ÷èñåë â ïðîèçâåäåíèå ïðîñòûõìíîæèòåëåé ÿâëÿåòñÿ òðóäîåìêîé çàäà÷åé. Èçâåñòíàÿ ñèñòåìà øè�ðîâàíèÿ ñ îò-êðûòûì êëþ÷îì RSA ïîñòðîåíà íà çíà÷èòåëüíîé âû÷èñëèòåëüíîé ñëîæíîñòè ååðåøåíèÿ ïðè èñïîëüçîâàíèè äàæå ñàìûõ ý��åêòèâíûõ èç èçâåñòíûõ íà ñåãîäíÿø-íèé äåíü àëãîðèòìîâ. Ê íèì îòíîñÿòñÿ, â ïåðâóþ î÷åðåäü, àëãîðèòìû �àêòîðèçà-öèè êâàäðàòè÷íîãî ðåøåòà (the Quadrati
 Sieve èëè QS) è ðåøåòà ÷èñëîâîãî ïîëÿ(the Number Field Sieve èëè NFS). Äëÿ áîëåå ïîäðîáíîé èí�îðìàöèè ñì. [1, 2℄, àòàêæå [3℄ äëÿ äîïîëíèòåëüíîé èí�îðìàöèè î âîçìîæíûõ ñòðàòåãèÿõ â ïðîöåäóðåïðîñåèâàíèÿ äëÿ ýòèõ àëãîðèòìîâ.Ïðîñåèâàíèå ÿâëÿåòñÿ ñàìûì çàòðàòíûì ïî âðåìåíè è ðåñóðñàì ýòàïîì ëþáîãîêëàññè÷åñêîãî àëãîðèòìà �àêòîðèçàöèè. Â êâàäðàòè÷íîì ðåøåòå îíî èñïîëüçóåòñÿäëÿ íàõîæäåíèÿ ïàð ÷èñåë (A, B) òàêèõ, ÷òî

A2 ≡ B mod n (1)ãäå n � öåëîå ÷èñëî, êîòîðîå òðåáóåòñÿ �àêòîðèçîâàòü, B � òàê íàçûâàåìîå ãëàäêîå÷èñëî, (èëè ïðîñòî ãëàäêîå). ×èñëî íàä íåêîòîðûì ìíîæåñòâîì ïðîñòûõ ÷èñåë Fíàçûâàåòñÿ ãëàäêèì, åñëè îíî ïðåäñòàâèìî â âèäå ïðîèçâåäåíèÿ ìíîæèòåëåé èç F .Ìíîæåñòâî F â ýòîì ñëó÷àå íàçûâàåòñÿ �àêòîðíîé áàçîé. Î÷åâèäíî, ðàçìåð �àê-òîðíîé áàçû (ìîùíîñòü F ) ÿâëÿåòñÿ îäíèì èç êëþ÷åâûõ ïàðàìåòðîâ àëãîðèòìàïðîñåèâàíèÿ, îïðåäåëÿþùèõ åãî ý��åêòèâíîñòü.×òîáû ðàçëîæèòü ÷èñëî n , äîñòàòî÷íî îòûñêàòü k′ ≥ k + 2 ïàð (A, B) , óäî-âëåòâîðÿþùèõ (1), ãäå k � ðàçìåð �àêòîðíîé áàçû. Çàòåì �îðìèðóåòñÿ ñèñòåìàëèíåéíûõ óðàâíåíèé ðàçìåðíîñòè k × k′ ñ êîý��èöèåíòàìè èç ïîëÿ F2 = {0, 1} èíóëåâûì ñòîëáöîì ñâîáîäíûõ ÷ëåíîâ. Ñèñòåìà íåäîîïðåäåëåíà, è ñëåäîâàòåëüíî,èìååò íåòðèâèàëüíîå ðåøåíèå. Ïîëó÷èâ âåêòîð ðåøåíèÿ ñèñòåìû, ìîæíî íàéòèïàðó (C, D) òàêóþ, ÷òî C2 ≡ D2 mod n , ïåðåìíîæàÿ âñå ïàðû (A, B) , âîøåä-øèå â ðåøåíèå. Äåëèòåëü p èñõîäíîãî n îïðåäåëÿåòñÿ êàê ÍÎÄ(n, C + D) èëè



232 Ä.Á. ÇÈßÒÄÈÍÎÂ, �.�. �ÓÁÖÎÂÀÍÎÄ(n, C − D) . Â íåêîòîðûõ ñëó÷àÿõ îáà íàéäåííûõ äåëèòåëÿ îêàçûâàþòñÿ òðè-âèàëüíûìè (ðàâíûìè 1 èëè n), òîãäà íóæíî èñêàòü äðóãîå ðåøåíèå ñèñòåìû èäðóãóþ ïàðó (C, D) .Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü äåéñòâèé â ìåòîäå êâàäðàòè÷íîãî ðåøåòàáóäåò ñëåäóþùåé.1. Âûáèðàåì �àêòîðíóþ áàçó èç âñåõ ïðîñòûõ ÷èñåë, ìåíüøèõ íåêîòîðîé âåðõ-íåé ãðàíèöû B : FB = {2, 3, 5, . . . pk} , pk < B . Äëÿ n = O(10100) ãðàíèöà Bâûáèðàåòñÿ â ïðåäåëàõ îò 106 äî 107 (ñì. [1, ñ. 8�9℄).2. Ôèëüòðóåì �àêòîðíóþ áàçó, îñòàâèâ â FB òîëüêî òå ýëåìåíòû p , äëÿ êîòî-ðûõ n ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p . Èíà÷å ãîâîðÿ, óðàâíåíèå
n ≡ k2 mod päîëæíî èìåòü öåëîå ðåøåíèå k . Òàêèå p ìîãóò áûòü áûñòðî îòîáðàíû ñ ïîìîùüþâû÷èñëåíèé ñîîòâåòñòâóþùåãî ñèìâîëà Ëåæàíäðà, òàê êàê âû÷èñëèòåëüíàÿ ñëîæ-íîñòü ýòîé îïåðàöèè O (log n log p) (ñì. [4, ñ. 29�31℄) ïîëèíîìèàëüíà ïî îòíîøåíèþê äëèíå ÷èñëà n .3. Ñëåäóþùèé øàã çàêëþ÷àåòñÿ â �îðìèðîâàíèè ãåíåðèðóþùåãî ïîëèíîìà, êî-òîðûé â ñëó÷àå QS áóäåò èìåòü âèä

q(x) = (x + m)2 − n = x2 + 2mx − a, (2)ãäå m = [
√

n] è a = n − m2 .Ëþáîå çíà÷åíèå q(x) îáëàäàåò ñâîéñòâîì: (x + m)2 ≡ q(x) mod n .4. Çàòåì äëÿ êàæäîãî p ∈ {FB} íàõîäèì êîðíè r
(p)
1 , r

(p)
2 óðàâíåíèÿ

q(x) ≡ 0 mod p. (3)Äëÿ íåáîëüøèõ p ýòî ìîæíî ñäåëàòü ïðîñòîé ïîäñòàíîâêîé çíà÷åíèé 0, 1, . . . , p − 1â óðàâíåíèå (3), ïîêà íåêîòîðîå ðåøåíèå íå áóäåò íàéäåíî. Äëÿ áîëüøèõ p àëãî-ðèòì Øýíêñà (ñì. [5, ñ. 110�115℄) íàõîäèò êîðíè r
(p)
1 âûðàæåíèÿ (3) â ñðåäíåìçà âðåìÿ O(log2 p) . Â ñëó÷àå êâàäðàòè÷íîãî ïîëèíîìà åñëè îäèí êîðåíü íàéäåí,òî âòîðîé ëåãêî íàõîäèòñÿ ñ ïîìîùüþ òåîðåìû Âèåòà: r

(p)
1 + r

(p)
2 ≡ 2m mod p .Ïðåäïîëîæèì òåïåðü, ÷òî äëÿ âñåõ p ∈ FB òðîéêè 〈p, r

(p)
1 , r

(p)
2 〉 óæå íàéäåíû.5. Äàëåå âûáèðàåòñÿ èíòåðâàë [−L; L] è âûïîëíÿåòñÿ ïðîñåèâàíèå ïîëèíîìà(2) ïî ýëåìåíòàì ìíîæåñòâà FB , òî åñòü ïðîèçâîäèòñÿ áûñòðûé ïîèñê ãëàäêèõîòíîñèòåëüíî FB ÷èñåë ñðåäè âñåõ çíà÷åíèé ïîëèíîìà íà âûáðàííîì èíòåðâàëå.Ïî èäåå Ïîìåðàíöà (ñì. [1, ñ. 4�6℄) ýòîò ïîèñê ìîæåò áûòü îñóùåñòâëåí àíàëîãè÷íîòîìó, êàê â ñëó÷àå ðåøåòà Ýðàòîñ�åíà ïðîèñõîäèò îòñåèâàíèå ïðîñòûõ ÷èñåë îòñîñòàâíûõ. Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ ãëàäêîñòè ìû õîòèì íàéòè òàêèå öåëûåçíà÷åíèÿ q(x) , êîòîðûå ïîñëå âñåâîçìîæíûõ äåëåíèé íà ýëåìåíòû �àêòîðíîé áàçûîáðàùàëèñü áû â 1 (èëè −1). Èç êâàäðàòè÷íîñòè ïîëèíîìà q(x) ñëåäóåò, ÷òî åñëèäëÿ íåêîòîðûõ x è p âûïîëíÿåòñÿ q(x) ≡ 0 mod p , òî êàæäîå ïîñëåäóþùåå q(x +

+ kp) , k ∈ Z òàêæå äåëèìî íà p . Òàêèì îáðàçîì, ñóòü ïðîöåäóðû ïðîñåèâàíèÿñòàíîâèòñÿ î÷åâèäíîé. À èìåííî ïðîñòåéøèé âèä ýòîé ïðîöåäóðû çàêëþ÷àåòñÿ âïîñëåäîâàòåëüíîì ïåðåáîðå âñåõ ïðîñòûõ ÷èñåë p èç �àêòîðíîé áàçû è ñâÿçàííûõñ íèìè êîðíåé x , óäîâëåòâîðÿþùèõ (3), äåëåíèè íà p êàæäîãî çíà÷åíèÿ q(x+kp) ,ãäå x ∈ [−L; L] , è ïîñëåäóþùåì ïîèñêå òåõ çíà÷åíèé q(x) , êîòîðûå îáðàòèëèñüâ ±1 .



ÎÁ ÎÄÍÎÉ ÑÒ�ÀÒÅ�ÈÈ Â Ï�ÎÖÅÄÓ�Å Ï�ÎÑÅÈÂÀÍÈß. . . 2336. �åøàÿ ÑËÀÓ, ñîñòàâëåííóþ èç íàéäåííûõ ãëàäêèõ ïàð âèäà (1), íàõîäèìïàðó (C, D) òàêóþ, ÷òî C2 ≡ D2 mod n , è, âîçìîæíî, íåòðèâèàëüíóþ �àêòîðèçà-öèþ n .Ñëîæíàÿ ïðîáëåìà îïòèìèçàöèè ïðîöåäóðû ïðîñåèâàíèÿ çàêëþ÷àåòñÿ â âûáî-ðå ïîäõîäÿùèõ ïàðàìåòðîâ ïîëèíîìèàëüíîãî ðåøåòà äëÿ íàèáîëåå ý��åêòèâíîãîïîèñêà äîñòàòî÷íîãî êîëè÷åñòâà ãëàäêèõ ÷èñåë äëÿ ïîñëåäíåãî ýòàïà àëãîðèòìà.Î÷åâèäíî, ÷òî äëÿ ëþáîé ïðîöåäóðû ïðîñåèâàíèÿ íåçàâèñèìî îò òîãî, ðåàëèçó-åòñÿ ëè îíà â ðàìêàõ àëãîðèòìîâ QS èëè NFS, êëþ÷åâûì ýòàïîì ÿâëÿåòñÿ âûáîððàçìåðà B �àêòîðíîé áàçû è äëèíû L èíòåðâàëà ïðîñåèâàíèÿ. Ýòè ïàðàìåòðûâçàèìîñâÿçàíû. Êîãäà ìû óâåëè÷èâàåì ðàçìåð �àêòîðíîé áàçû, íàì òðåáóåòñÿ íàé-òè áîëüøåå êîëè÷åñòâî ãëàäêèõ, ñîîòâåòñòâóþùèõ óðàâíåíèÿì â ñèñòåìå ëèíåéíûõóðàâíåíèé îò B íåèçâåñòíûõ. Åñëè ðàçìåð �àêòîðíîé áàçû âûáðàí íåäîñòàòî÷íîáîëüøèì, òî íà èíòåðâàëå ïðîñåèâàíèÿ [−L; L] áóäåò íàéäåíî íåäîñòàòî÷íîå ÷èñ-ëî ãëàäêèõ ÷èñåë, è ïðèä¼òñÿ ðàñøèðÿòü ãðàíèöó ïðîñåèâàíèÿ L . Íî ñ ðîñòîìàðãóìåíòà ïîëèíîìà ïðîñåèâàíèÿ ñîîòâåòñòâóþùèå çíà÷åíèÿ ïîëèíîìà ðàñòóò ñîçíà÷èòåëüíî áîëüøåé ñêîðîñòüþ, è ýòî óìåíüøàåò âåðîÿòíîñòü íàõîæäåíèÿ íîâûõãëàäêèõ ÷èñåë. Ýòè ðàññóæäåíèÿ âåðíû êàê äëÿ ìåòîäà NFS ñî ñòåïåíüþ ãåíå-ðèðóþùåãî ïîëèíîìà d = 5 èëè 6 , òàê è äëÿ êëàññè÷åñêîãî QS, ðàáîòàþùåãî ñïîëèíîìàìè âòîðîé ñòåïåíè. Ìû òàêæå ðàññìàòðèâàåì ìîäè�èêàöèþ êâàäðàòè÷-íîãî ðåøåòà Çàíãà (ñì. [6℄), êîòîðàÿ îñîáûì îáðàçîì èñïîëüçóåò â QS ïîëèíîìû÷åòâ¼ðòîé ñòåïåíè è â ñïåöèàëüíûõ ñëó÷àÿõ ÿâëÿåòñÿ áîëåå ý��åêòèâíîé.Íèæå ìû ðàññìîòðèì ìåòîä ïîèñêà ãëàäêèõ ÷èñåë, êîòîðûé ïîçâîëÿåò íàéòè èõâ äîñòàòî÷íîì êîëè÷åñòâå, ðàáîòàÿ ñ îòíîñèòåëüíî íåáîëüøèì íà÷àëüíûì èíòåðâà-ëîì ïðîñåèâàíèÿ è íåáîëüøîé ãðàíèöåé B äëÿ íàèáîëüøåãî ïðîñòîãî â �àêòîðíîéáàçå.Ìû ïðåäïîëàãàåì â äàëüíåéøåì, ÷òî çàäàíû íàòóðàëüíîå ÷èñëî n , ÿâëÿþùå-åñÿ ïðîèçâåäåíèåì äâóõ íåèçâåñòíûõ ïðîñòûõ, âåðõíÿÿ ãðàíèöà B äëÿ ýëåìåíòîâ�àêòîðíîé áàçû FB è ðàäèóñ èíòåðâàëà ïðîñåèâàíèÿ L .1. Ïðîñåèâàíèå ïî ïîäûíòåðâàëàì èñõîäíîãî èíòåðâàëà [−L; L]�àññìîòðèì ñèòóàöèþ, êîãäà ïðîöåäóðà ïðîñåèâàíèÿ çàâåðøèëà ñâîþ ðàáîòó.Ìû ïîëó÷àåì íåêîòîðîå ìíîæåñòâî ïàð
S = {(A, B) : A = x + m, B = q(x)}, (4)óäîâëåòâîðÿþùèõ (1). Ýòî ìíîæåñòâî äîëæíî áûòü îò�èëüòðîâàíî òàê, ÷òîáûîñòàëèñü ëèøü ïàðû (A, B) , äëÿ êîòîðûõ ÍÎÄ(A, B) = 1 . Ìû ðàññìàòðèâàåìïðîñåèâàíèå è �èëüòðàöèþ êàê ïåðâûé øàã íàøåé ïðîöåäóðû. Ïðåäïîëîæèì, ÷òîðàçìåð ìíîæåñòâà S ïîñëå �èëüòðàöèè ñòàíîâèòñÿ çíà÷èòåëüíî ìåíüøå ðàçìåðà�àêòîðíîé áàçû. Èòàê, íàì íóæíî ñîâåðøèòü äîïîëíèòåëüíóþ ðàáîòó äëÿ ïîèñêàíîâûõ ãëàäêèõ ÷èñåë.Ìû ïðåäëàãàåì òåïåðü âìåñòî óâåëè÷åíèÿ ðàäèóñà ïðîñåèâàíèÿ L èëè èçìåíå-íèÿ ãðàíèöû B íàèáîëüøåãî ïðîñòîãî â FB ïðîèçâåñòè äîïîëíèòåëüíûé ïîèñêãëàäêèõ ñðåäè çíà÷åíèé ïîëèíîìîâ qp(k) = q(x + pk)/p , ãäå q(x) = 0 (mod p) .�àññìîòðèì ýòó èäåþ ïîäðîáíåå.Íàçîâåì 1-ãëàäêèì ÷èñëî z , åñëè îíî ÿâëÿåòñÿ ïðîèçâåäåíèåì ãëàäêîãî ÷èñëà rè ïðîñòîãî p , ìåíüøåãî, ÷åì B1 = B2 .Ïîñëå çàâåðøåíèÿ ïåðâîãî ýòàïà ïðîñåèâàíèÿ ìû íàõîäèì áîëüøîå êîëè÷åñòâî1-ãëàäêèõ ÷èñåë. Ïóñòü äëÿ íåêîòîðîãî x çíà÷åíèå q(x) áóäåò 1-ãëàäêèì, òî åñòü

q(x) = r ·p , ãäå B < p < B1 . Çàìåòèì, ÷òî êàæäîå ïîñëåäóþùåå çíà÷åíèå q(x+p ·k)



234 Ä.Á. ÇÈßÒÄÈÍÎÂ, �.�. �ÓÁÖÎÂÀòàêæå äåëèìî íà p äëÿ âñåõ k ∈ Z . Çàïèøåì ìíîãî÷ëåí q(x + p · k) â âèäå:
q(x + p · k) = (x + p · k)2 + 2m(x + p · k) − a = q(x) + p2k2 + 2pk(x + m).Îáîçíà÷èì ÷åðåç qp(k) ïîñëåäíåå âûðàæåíèå, ïîäåëåííîå íà p :

qp(k) = q(x + p · k)/p = pk2 + 2k(x + m) + r, (5)òàê êàê q(x) = p · r . Ïðèíèìàÿ âî âíèìàíèå, ÷òî îñíîâíîé âêëàä â âûðàæåíèÿ q(x)è qp(k) âíîñÿò êîý��èöèåíòû ïðè m , ìû âèäèì, ÷òî ñêîðîñòè ðîñòà ýòèõ �óíêöèéïðèáëèçèòåëüíî ñîâïàäàþò. Òàêèì îáðàçîì, ìû ïîëó÷àåì íîâûé îáúåêò äëÿ ïðî-ñåèâàíèÿ. Òàê êàê ïðîñåèâàíèå ïîëèíîìà (5) ýêâèâàëåíòíî ïðîñåèâàíèþ èñõîäíîãîïîëèíîìà q(x) ïî àðãóìåíòàì xk = x + p · k , íàçîâåì ýòó ñòàäèþ ïðîñåèâàíèåì ïîïîäûíòåðâàëàì.1.1. Ïðèìåð ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàì â QS. �àññìîòðèì ïðè-ìåð: ïóñòü n = 21683·34613 = 750513679 � ñîñòàâíîå ÷èñëî, �àêòîðèçàöèþ êîòîðîãîìû õîòèì íàéòè. Âûáðàâ m = 27396 , ïîëó÷èì ãåíåðèðóþùèé ïîëèíîì äëÿ àëãî-ðèòìà êâàäðàòè÷íîãî ðåøåòà q(x) = x2 + 54274x + 27137 , òàê êàê n = m2 − 27137 .Âûáåðåì ãðàíèöó ïðîñåèâàíèÿ B (ìàêñèìàëüíûé ýëåìåíò �àêòîðíîé áàçû)è ðàäèóñ L èíòåðâàëà ïðîñåèâàíèÿ ðàâíûìè 100. Ïîñëå �èëüòðàöèè ïðîñòûõ ÷è-ñåë, äëÿ êîòîðûõ n mod p íå ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì, ïîëó÷èì �àêòîð-íóþ áàçó
FB = {2, 3, 5, 11, 17, 23, 29, 43, 47, 53, 59, 61, 67, 83}.Ïîñêîëüêó ðàçìåð èñõîäíîé �àêòîðíîé áàçû k îêàçàëñÿ ðàâíûì 14, òî íóæíî íàé-òè íå ìåíüøå k + 1 = 15 ãëàäêèõ ÷èñåë. Ñíà÷àëà, èñïîëüçóÿ àëãîðèòì Øýíêñà,íàéäåì êîðíè r

(p)
i âûðàæåíèÿ (2) äëÿ êàæäîãî p ∈ FB . Òåïåðü, èñïîëüçóÿ ýòóèí�îðìàöèþ, âûïîëíèì ïåðâûé ýòàï íàøåé ïðîöåäóðû, ñîñòîÿùèé â ïðîñåèâàíèèèñõîäíîãî ïîëèíîìà q(x) = x2 + 2mx − a è �èëüòðàöèè ðåçóëüòàòîâ. Ýòîò ýòàïäàåò íàì 13 ïàð (A, B) óäîâëåòâîðÿþùèõ (1) ñðåäè 2L + 1 = 201 ïðîñåÿííûõ ïàð,à òàêæå 56 1-ãëàäêèõ ÷èñåë ñ ïðîñòûì ìíîæèòåëåì p < B2 = 10000 , ðàñïîëî-æåííûì íà èíòåðâàëå îò 103 äî 8719 . Ýòè ÷èñëà ìîãóò áûòü èñïîëüçîâàíû äëÿäîïîëíèòåëüíîãî ïðîñåèâàíèÿ.Â ýêñïåðèìåíòàëüíûõ öåëÿõ áûëî âûïîëíåíî ïðîñåèâàíèå ñ òåìè æå ïàðàìåò-ðàìè L = 100 , B = 100 äëÿ êàæäîãî èç 56 ïðîñòûõ p , ñîîòâåòñòâóþùèõ íàéäåííûì

1 -ãëàäêèì ÷èñëàì. Âûáîðêà ðåçóëüòàòîâ ïðåäñòàâëåíà â òàáë. 1, ãäå ïåðâûé ðÿäñîäåðæèò àðãóìåíòû x , äëÿ êîòîðûõ q(x) 1-ãëàäêîå, âòîðîé ðÿä � çíà÷åíèÿ ñî-îòâåòñòâóþùèõ ïðîñòûõ ìíîæèòåëåé p , è ïîñëåäíèé ðÿä � êîëè÷åñòâî íàéäåííûõãëàäêèõ ïàð (ïîñëå îòáðàñûâàíèÿ ïàð, óæå íàéäåííûõ íà ïåðâîì ýòàïå) ïîñëå ïðî-ñåèâàíèÿ ïî ñîîòâåòñòâóþùåìó ïîäûíòåðâàëó. Òàáë. 1
x �89 �81 �59 �33 �31 �4 �1 1 2 8 13 27
p 863 181 2659 1471 103 252 419 2731 1823 5381 2417 602914 6 10 10 8 10 10 9 10 5 8 7Ñðåäíåå êîëè÷åñòâî íàéäåííûõ ãëàäêèõ ïàð èç 62 äîïîëíèòåëüíûõ ïðîñåèâàíèéîêàçàëîñü ðàâíûì 8.48 . Ýòî ÷èñëî ìåíüøå, ÷åì êîëè÷åñòâî ãëàäêèõ ïàð íàéäåííûõíà ïåðâîì ýòàïå (13), íî âîïðåêè îæèäàíèÿì ìû îáíàðóæèëè, ÷òî 1-ãëàäêèå ñ îò-íîñèòåëüíî íåáîëüøèì ïðîñòûì ìíîæèòåëåì p (íàïðèìåð, p = 103 ïðè x = −31)íå äàëè ìíîãî ðåøåíèé, òîãäà êàê íàèáîëüøåå êîëè÷åñòâî ðåøåíèé (14) áûëî íàé-äåíî ïðè ïðîñåèâàíèè äëÿ x = −89 è îòíîñèòåëüíî áîëüøîãî ïðîñòîãî p = 863 .



ÎÁ ÎÄÍÎÉ ÑÒ�ÀÒÅ�ÈÈ Â Ï�ÎÖÅÄÓ�Å Ï�ÎÑÅÈÂÀÍÈß. . . 235Îáùåå ÷èñëî íàéäåííûõ ãëàäêèõ ïàð äîñòèãëî 488, ÷òî ïîòðåáîâàëî ïðîñåèâà-íèÿ èíòåðâàëà îáùåé äëèíû, ðàâíîé (2L + 1)(56 + 1) = 11457 . Ñîîòâåòñòâóþùèéïîèñê ïî èñõîäíîìó ïîëèíîìó q(x) áåç ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàì ïîêàçûâà-åò, ÷òî ÷àñòîòà íàõîæäåíèÿ ãëàäêèõ ïàð î÷åíü áûñòðî óáûâàåò ñ ðîñòîì x : ïðèïðîñåèâàíèè ïîëèíîìà q(x) ïî íåïðåðûâíîìó èíòåðâàëó òàêîé æå äëèíû, êàê âïðåäûäóùåì ñëó÷àå, òî åñòü ïî èíòåðâàëó ñ ðàäèóñîì L = [11457/2] = 5728 , áûëîíàéäåíî òîëüêî 69 ðåøåíèé (â 7 ðàç ìåíüøå).1.2. Îöåíêà ý��åêòèâíîñòè ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàì. Îöåíèìêîëè÷åñòâî äîïîëíèòåëüíîé ðàáîòû, òðåáóåìîå äëÿ ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàìâ àëãîðèòìå QS. Ïóñòü h = q(x) = r·p′ � íàéäåííîå íà ïåðâîì ýòàïå 1-ãëàäêîå ÷èñëîñ ãëàäêèì ìíîæèòåëåì r è ïðîñòûì p′ < B2 .1. Ïîñêîëüêó ìíîæèòåëü p′ óæå âîøåë â ðàçëîæåíèå çíà÷åíèÿ q(x) , òî n ÿâ-ëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p′ , ñëåäîâàòåëüíî, âû÷èñëåíèÿ ñèìâîëàËåæàíäðà ïî p′ äåëàòü íå íàäî;2. Íà ñëåäóþùåì øàãå íóæíî íàéòè êîðíè âûðàæåíèÿ
qp′(k) = p′k2 + 2(m + x)k + r = 0 mod p (6)äëÿ êàæäîãî p ∈ FP . Äèñêðèìèíàíò D1 ýòîãî âûðàæåíèÿ ðàâåí

(m + x)2 − p′ · r = (m + x)2 − q(x) = m2 + 2mx + x2 − x2 − 2mx + a = m2 + a = n.Òàê êàê êâàäðàòíûå êîðíè èç n ïî ìîäóëþ âñåõ p ∈ FP óæå íàéäåíû, òî êîð-íè ki ≡ (x + m ± √
n) mod p óðàâíåíèÿ (6) ìîãóò áûòü íàéäåíû ñðàçó. Òàêèìîáðàçîì, ïðîñåèâàíèå ïî ïîäûíòåðâàëàì ìîæíî íà÷èíàòü íåïîñðåäñòâåííî ïîñëåíàõîæäåíèÿ 1-ãëàäêîãî ÷èñëà, áåç äîïîëíèòåëüíûõ âû÷èñëåíèé;3. Íàêîíåö, ëþáîé ìíîæèòåëü p′ , íàéäåííûé òàêèì îáðàçîì, ìîæåò áûòü äî-áàâëåí ê �àêòîðíîé áàçå FB , óâåëè÷èâàÿ âîçìîæíîñòè ïîèñêà.Áîëåå òîãî, ïîèñê ãëàäêèõ ÷èñåë ìîæåò áûòü ðåàëèçîâàí â ïàðàëëåëüíûõ ïðî-öåññàõ, ïðîñåèâàþùèõ íîâûå ïîäûíòåðâàëû, ñ ïîñòîÿííî ðàñòóùåé �àêòîðíîé áà-çîé FB . 2. Ïðîñåèâàíèå ïî ïîäûíòåðâàëàì â ìåòîäå Çàíãà2.1. Îïèñàíèå ìåòîäà. Ìîäè�èêàöèÿ àëãîðèòìà êâàäðàòè÷íîãî ðåøåòà, êî-òîðàÿ íàçûâàåòñÿ ìåòîäîì Çàíãà, çàêëþ÷àåòñÿ â ñëåäóþùåì.�àññìîòðèì çíà÷åíèÿ ìíîãî÷ëåíà W (x) = Q(x)2 mod P (x) , ãäå P (x) = x3 +

+ a1x
2 + a2x+ a3 � �èêñèðîâàííûé ïîëèíîì ñî ñâîéñòâîì P (m) = n , m = [n1/3] , à

n ïî-ïðåæíåìó ÿâëÿåòñÿ ñîñòàâíûì ÷èñëîì, êîòîðîå ïîäâåðãàåòñÿ �àêòîðèçàöèè.Ïðè ýòîì Q(x) = b1x
2 + b2x + b3 � ïîëèíîì ñ ïðîèçâîëüíûìè êîý��èöèåíòàìè bi .Ïî îïðåäåëåíèþ P (x) ïîëó÷àåì: W (m) = Q(m)2 mod n , òî åñòü, ïåðåáèðàÿðàçëè÷íûå ïîëèíîìû Q(m) òàê æå, êàê è â ìåòîäå QS, ìû ìîæåì íàéòè äîñòàòî÷-íîå êîëè÷åñòâî ãëàäêèõ ïàð âèäà (1), ñîñòàâèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõóðàâíåíèé äëÿ íàõîæäåíèÿ ñðàâíåíèÿ âèäà C2 ≡ D2 mod n è ïîëó÷èòü èñêîìóþ�àêòîðèçàöèþ n .Íåñëîæíî ïîêàçàòü, ÷òî W (m) = c1m

2 + c2m + c3 , ãäå














c1 = b2
1(a

2
1 − a2) − 2a1b1b2 + b2

2 + 2b1b3,

c2 = b2
1(a1a2 − a3) − 2a2b1b2 + 2a2b1b2 + 2b2b3,

c3 = b3
1a1a3 − 2a3b1b2 + b2

3.

(7)



236 Ä.Á. ÇÈßÒÄÈÍÎÂ, �.�. �ÓÁÖÎÂÀÈäåÿ Çàíãà (ñì. [6, ñ. 3�4℄) ñîñòîÿëà â òîì, ÷òîáû ïàðàìåòðèçîâàòü ïåðåìåííûå
b1, b2, b3 òàê, ÷òîáû ñòàðøèé êîý��èöèåíò â W (m) îáðàùàëñÿ â 0, òî åñòü

b2
1(a

2
1 − a2) − 2a1b1b2 + b2

2 + 2b1b3 = 0.Ïîñëåäíåå âûïîëíÿåòñÿ, åñëè
a2b

2
1 − 2b1b3 = b2

1a
2
1 − 2a1b1b2 + b2

2 = (b2 − a1b1)
2 èëè b1(a2 − 2b3) = (b2 − a1b1)

2.Ââîäÿ äâà íîâûõ íåçàâèñèìûõ ïàðàìåòðà u è v è ïðèðàâíèâàÿ b2 − a1b1 ê èõóäâîåííîìó ïðîèçâåäåíèþ (äâîéêà äîáàâëÿåòñÿ, ÷òîáû èñêëþ÷èòü ïîÿâëåíèå äðî-áåé ïðè âû÷èñëåíèè b3 ), ïîëó÷èì ïàðàìåòðèçàöèþ Çàíãà:














b1 = 4u2,

b2 = 4a1u
2(u2 + v2),

b3 = 2(a2u
2 − v2).

(8)Èòàê, ïîëó÷àåì �óíêöèþ W (u, v) = d0u
4 + d1u

3v + d2u
2v2 − 4muv3 + v4 , ãäå















d0 = a2
2 − 4a1a3 − 4a1m,

d1 = −4(a2m + 2a1),

d2 = −2(2a3m + a2).Ïóñòü t = v/u , òîãäà W (u, v) = u4f(t) , ãäå
f = d0 + d1t + d2t

2 − 4mt3 + t4.. Îöåíèâàÿ âåëè÷èíó çíà÷åíèé W (u, v) , ìîæíî âûäåëèòü äâà êðàéíèõ ñëó÷àÿ:
u = 1 , òîãäà W (u, v) = f(v) = O(mv3) = O(n1/3v3) ,
u = v , òîãäà W (u, v) = u4f(1) = O(mv4) = O(n1/3v4) .Â ýòèõ îöåíêàõ ìû ñ÷èòàåì, ÷òî êîý��èöèåíòû ai ìíîãî÷ëåíà P (x) íå âíîñÿòçíà÷èòåëüíîãî âêëàäà â îöåíêó âåëè÷èíû W (u, v) . Òî åñòü ai = O(1) , à ñëåäîâà-òåëüíî, di = O(m) . Äåéñòâèòåëüíî, íà ïðàêòèêå äëÿ ïîëó÷åíèÿ ïðåèìóùåñòâà íàäêâàäðàòè÷íûì ðåøåòîì ìåòîä Çàíãà èñïîëüçóåòñÿ, êàê ïðàâèëî, òîëüêî äëÿ ÷èñåëñïåöèàëüíîãî âèäà, íàïðèìåð n = m3 + c ïðè íåáîëüøîì c , ëèáî ïðîñåèâàíèå îñó-ùåñòâëÿåòñÿ ïî íåáîëüøîìó èíòåðâàëó è âûèãðûø äîñòèãàåòñÿ çà ñ÷åò ìåíüøåãîïî ñðàâíåíèþ ñ QS çíà÷åíèÿ ïàðàìåòðà m .Î÷åâèäíî, äàííàÿ ïàðàìåòðèçàöèÿ ïîðîæäàåò íå îäèí, à ìíîæåñòâî ïîëèíîìîâäëÿ ïîèñêà ãëàäêèõ ÷èñåë. Äëÿ êàæäîãî �èêñèðîâàííîãî u çàäà÷à ïðîñåèâàíèÿñâîäèòñÿ ê èäåíòè÷íîé çàäà÷å â àëãîðèòìå êâàäðàòè÷íîãî ðåøåòà.2.2. Îöåíêà ý��åêòèâíîñòè ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàì. Äëÿ ìå-òîäà Çàíãà òàêæå ìîæíî ïðèìåíèòü ïðîöåäóðó ïðîñåèâàíèÿ ïî ïîäûíòåðâàëàì,îäíàêî åå èñïîëüçîâàíèå óæå áóäåò ìåíåå ý��åêòèâíûì, ÷åì â ñëó÷àå êâàäðàòè÷-íîãî ðåøåòà.Çà�èêñèðóåì u . Äëÿ ïðîñòîòû ïîëîæèì u = 1 , òîãäà W (u, v) = f(v) . Åñ-ëè íàì èçâåñòíî òàêîå x , ÷òî p|f(x) , òî äëÿ ïðîñåèâàíèÿ ïî ñîîòâåòñòâóþùåìóïîäûíòåðâàëó áóäåò èñïîëüçîâàí ïîëèíîì

fx,p(l) = f(x + pl)/p = f(x)/p + d1Q1,x,p(l) + d2Q2,x,p(l) + d3Q3,x,p(l) + Q4,x,p(l),



ÎÁ ÎÄÍÎÉ ÑÒ�ÀÒÅ�ÈÈ Â Ï�ÎÖÅÄÓ�Å Ï�ÎÑÅÈÂÀÍÈß. . . 237ãäå Qi,x,p =
(

(x + pl)i − ti
)

/p , à èìåííî:
Q4,x,p(l) = p3l4 + 4xp2l3 + 6x2pl2 + 4x3l,

Q3,x,p(l) = p2l3 + 3xpl2 + 3x2l,

Q2,x,p(l) = pl2 + 2xl,

Q1,x,p(l) = l.

(9)�ðóáî âåëè÷èíó ïîëó÷èâøåãîñÿ âûðàæåíèÿ ìîæíî îöåíèòü êàê O(p2l3m +
+ f(x)/p) . Åñëè ñðàâíèòü ýòó îöåíêó ñ ïîëó÷åííîé ðàíåå îöåíêîé äëÿ W (1, v) ,òî âèäíî, ÷òî îíà áîëüøå íà ìíîæèòåëü p2 . Íóæíî åùå ó÷åñòü, ÷òî âêëàä Q4,x,p(l)â fx,p(l) âñåãäà áóäåò áîëüøå, ÷åì âêëàä v4 â W (u, v) . Íà ïðàêòèêå ýòî îçíà÷à-åò, ÷òî èíòåðâàë èçìåíåíèÿ l , ïî êîòîðîìó èìååò ñìûñë ïðîñåèâàòü ïîäûíòåðâàë,áûñòðî ñîêðàùàåòñÿ (îòíîñèòåëüíî èñõîäíîãî èíòåðâàëà ïðîñåèâàíèÿ) ñ ðîñòîì p ,ñòðåìÿñü ê íóëþ, äàæå ïðè ìèíèìàëüíîì çíà÷åíèè u .Ïðèìåð. Äëÿ �àêòîðèçàöèè ÷èñëà

n = (229)3 + 3 = 676348286641 · 228791153858291ìîæíî âîñïîëüçîâàòüñÿ ìåòîäîì Çàíãà, â êîòîðîì m = 229 = 536870912 , P (x) =
= x3 + 3 . Òîãäà f(t) = t4 − 2147483648t3 − 24t − 6442450944 . Åñëè u = 1 , òîïðîñåèâàíèå îñóùåñòâëÿåòñÿ ïî çíà÷åíèÿì ïîëèíîìà f(v), v ∈ [−L, L] .Îãðàíè÷èâ ìàêñèìàëüíûé ýëåìåíò �àêòîðíîé áàçû ÷èñëîì B = 2, 5 · 104 , ïðî-âåäåì òåñòîâîå ïðîñåèâàíèå ïî íåáîëüøîìó èíòåðâàëó ñ ðàäèóñîì L = 104 .Èñõîäíûé èíòåðâàë äàåò 51 ãëàäêîå ÷èñëî ñ ìàêñèìàëüíûì �àêòîðîì 24419.Îäíàêî ïðîñåèâàíèå ïî ïîäûíòåðâàëàì äëÿ òåõ æå ïàðàìåòðîâ è pmax = 24419óæå íå äàåò íîâûõ ãëàäêèõ, è äëÿ ëþáîãî p , ñðàâíèìîãî ñ pmax , òàêîå ïðîñåèâàíèåëèáî ñîâñåì íå äàåò ðåçóëüòàòà, ëèáî íàõîäèò òîëüêî îäíî íîâîå ãëàäêîå, íåñìîòðÿíà òî ÷òî �àêòè÷åñêèé èíòåðâàë ïîèñêà ãëàäêèõ óâåëè÷èâàåòñÿ â p ðàç (òàê êàê
l ∈ [−L, L] è ïðîñåèâàþòñÿ çíà÷åíèÿ ïîëèíîìà fx,p(l) = f(x + pl)/p).Ñ äðóãîé ñòîðîíû, åñëè p áóäåò íåáîëüøèì, åñòü øàíñ îòûñêàòü íåêîòîðîåêîëè÷åñòâî íîâûõ ãëàäêèõ, ïðîñåèâàÿ ìåíüøèé èíòåðâàë l ∈ [−L′, L′] , ãäå L′ = ǫLäëÿ íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà ǫ < 1 .Ïóñòü, íàïðèìåð, p = 107 . Òàê êàê 107|f(62) = −511811910536640 , òî ìîæíîïðèìåíèòü ïðîñåèâàíèå ïî ïîäûíòåðâàëàì äëÿ x = 62, p = 107 , òî åñòü èñêàòüãëàäêèå ñðåäè çíà÷åíèé f(x + pl)/p .Â ðåçóëüòàòå òàêîãî ïðîñåèâàíèÿ áûëè íàéäåíû ñëåäóþùèå ãëàäêèå ÷èñëà:

f(62 − 938p)/p = f(−100304)/p = 20254481488906598093440 =

= 27 · 5 · 7 · 17 · 103 · 463 · 643 · 839 · 2389 · 4327,

f(62 − 164p)/p = f(−17486)/p = 107305268678342604832 =

= 25 · 907 · 3371 · 4967 · 12611 · 17509,

f(62 + 222p)/p = f(23816)/p = −271111372974448257600 =

= −26 · 32 · 52 · 257 · 1483 · 2903 · 4001 · 4253,

f(62 + 311p)/p = f(33339)/p = −743698752112238207493 =

= −3 · 13 · 599 · 677 · 1723 · 1777 · 2593 · 5923.



238 Ä.Á. ÇÈßÒÄÈÍÎÂ, �.�. �ÓÁÖÎÂÀ×òîáû íàéòè ýòè ãëàäêèå ÷èñëà, äîñòàòî÷íî áûëî ïðîñåÿòü èíòåðâàë ñ ðàäèóñîì
L′ = L/10 , îäíàêî �àêòè÷åñêè íàéäåííûå ãëàäêèå ÷èñëà ðàñïîëàãàþòñÿ íà èíòåð-âàëå, áîëüøåì â 10 ðàç, ÷åì èñõîäíûé. Ïðè ýòîì óâåëè÷åíèå ðàäèóñà èñõîäíîãîèíòåðâàëà íà L′ è ïîâòîðíîå ïðîñåèâàíèå íå äàëè áû íè îäíîãî íîâîãî ãëàäêîãî.Ïðîäîëæàÿ òàêèì æå îáðàçîì ïðîñåèâàòü ïî ïîäûíòåðâàëàì L′ , ìîæíî íàéòèäîïîëíèòåëüíîå êîëè÷åñòâî ãëàäêèõ ÷èñåë (ñì. òàáë. 2). Òàáë. 2Ôóíêöèÿ Èíòåðâàë Êîëè÷åñòâî íîâûõ ãëàäêèõ

f(15 + 107k)/107 k ∈ [−L′, L′] 1
f(18 + 103k)/103 k ∈ [−L′, L′] 1
f(26 + 103k)/103 k ∈ [−L′, L′] 3
f(41 + 109k)/109 k ∈ [−L′, L′] 3Èòàê, âîçìîæíî íàéòè 12 ãëàäêèõ ÷èñåë â ðåçóëüòàòå ïðîñåèâàíèÿ 5 èíòåðâà-ëîâ äëèíû 2L′ . Ïðè ýòîì óâåëè÷åíèå èñõîäíîãî èíòåðâàëà íà 10L′ è ïîâòîðíîåïðîñåèâàíèå äàëè áû òîëüêî 6 íîâûõ ãëàäêèõ (â 2 ðàçà ìåíüøå).Òàêèì îáðàçîì, ïðèìåð ïîêàçûâàåò, ÷òî íåñìîòðÿ íà òî ÷òî â ñèòóàöèè, êî-ãäà íàéäåíî íåäîñòàòî÷íîå êîëè÷åñòâî ãëàäêèõ, êàê ïðàâèëî, âûãîäíåå ðàñøèðÿòüèñõîäíûé èíòåðâàë ïðîñåèâàíèÿ (òàê êàê ïðè ýòîì íàõîäÿòñÿ ãëàäêèå ñî âñåâîç-ìîæíûìè �àêòîðàìè èç �àêòîðíîé áàçû, à íå òîëüêî ñ çàäàííûì �àêòîðîì p),âñå-òàêè ïðîñåèâàíèå ïî ïîäûíòåðâàëàì â ìîäè�èêàöèè Çàíãà ìîæíî èñïîëüçî-âàòü, íàïðèìåð, â òåõ ñëó÷àÿõ, êîãäà óäà÷íî ïîäîáðàííûå ïðîñòûå p ïîçâîëÿþòáûñòðî íàéòè íåáîëüøîå íåäîñòàþùåå êîëè÷åñòâî ãëàäêèõ ÷èñåë äëÿ ïîñëåäíåãîýòàïà àëãîðèòìà. Çàêëþ÷åíèåÌû îïèñàëè ñòðàòåãèþ ïðîñåèâàíèÿ â ìåòîäå �àêòîðèçàöèè êâàäðàòè÷íîãî ðå-øåòà (QS), êîòîðóþ òàêæå ìîæíî èñïîëüçîâàòü â ìåòîäå �àêòîðèçàöèè ÷èñëîâîãîïîëÿ (NFS) è â ìîäè�èêàöèè QS Çàíãà. Íà ïðèìåðå QS âèäíî, ÷òî ýòà ñòðàòå-ãèÿ ìîæåò äàâàòü ñóùåñòâåííûé âûèãðûø, óìåíüøàÿ âåëè÷èíû âåðõíåé ãðàíèöûïðîñòûõ ÷èñåë â �àêòîðíîé áàçå è ðàäèóñà èíòåðâàëà ïðîñåèâàíèÿ, ïðåäîñòàâëÿÿäîïîëíèòåëüíûå âîçìîæíîñòè äëÿ ïàðàìåòðèçàöèè àëãîðèòìà, à òàêæå äîïóñêàÿåãî ðàñïàðàëëåëèâàíèå. Ïîñêîëüêó ïåðå÷èñëåííûå ìåòîäû ÿâëÿþòñÿ ëó÷øèìè íàñåãîäíÿøíèé äåíü äëÿ ðàçëîæåíèÿ ïðîèçâîëüíîãî áîëüøîãî ñîñòàâíîãî n íà ïðî-ñòûå ìíîæèòåëè, ýòî ïîçâîëÿåò ãîâîðèòü î òîì, ÷òî ñ ïîìîùüþ îïèñàííîãî ïîäõîäàìîæíî ñäåëàòü ïðîöåäóðó �àêòîðèçàöèè áîëåå ý��åêòèâíîé.SummaryD.B. Ziyatdinov, R.G. Rubtsova. On a Strategy in the Sieving Pro
edure for the Fa
tori-zation of Large Natural Numbers.This work des
ribes a sieving strategy applied for the e�
ient algorithms of the quadrati
sieve and the number �eld sieve integer fa
torization. A modi�
ation of the quadrati
 sievemethod (Zhang's method) is also 
onsidered. Examples and theoreti
al estimations are givenwhi
h show pra
ti
ability of this approa
h for improving integer fa
torization pro
edures.Key words: fa
torization, quadrati
 sieve, number �eld sieve.
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