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ÓÄÊ 514.76ÑÊÀËß�ÍÀß Ê�ÈÂÈÇÍÀ ÊÀÑÀÒÅËÜÍÎ�Î�ÀÑÑËÎÅÍÈß ÑÎ ÑÏÅÖÈÀËÜÍÎÉ ÌÅÒ�ÈÊÎÉÏÎ×ÒÈ Ï�ÎÈÇÂÅÄÅÍÈßÎ.Â. ÑóõîâàÀííîòàöèÿÈçó÷àåòñÿ êëàññ ðèìàíîâûõ ìåòðèê g̃ íà êàñàòåëüíîì ðàññëîåíèè TM ðèìàíîâà ìíî-ãîîáðàçèÿ (M, g) , ñîäåðæàùèé, â ÷àñòíîñòè, ìåòðèêè Ñàñàêè è ×èãåðà � �ðîìîëà. Â ñëó-÷àå, êîãäà (M, g) � ðèìàíîâî ìíîãîîáðàçèå ïîñòîÿííîé ñåêöèîííîé êðèâèçíû k , íàéäåíûóñëîâèÿ, ïðè êîòîðûõ ñêàëÿðíàÿ êðèâèçíà S̃ êàñàòåëüíîãî ðàññëîåíèÿ (TM, g̃) ÿâëÿåòñÿïîñòîÿííîé.Êëþ÷åâûå ñëîâà: (ñòðóêòóðà ïî÷òè ïðîèçâåäåíèÿ, êàñàòåëüíîå ðàññëîåíèå, ðèìàíî-âà ìåòðèêà, ñåêöèîííàÿ êðèâèçíà, ñêàëÿðíàÿ êðèâèçíà.)1. Ïóñòü M � ãëàäêîå n-ìåðíîå ìíîãîîáðàçèå, g � ðèìàíîâà ìåòðèêà íà M ,
∇ � ñâÿçíîñòü Ëåâè �×èâèòà, π : TM →M � êàñàòåëüíîå ðàññëîåíèå íàä M . Ñâÿç-íîñòü ∇ îïðåäåëÿåò ãîðèçîíòàëüíîå ðàñïðåäåëåíèå H : y ∈ TM → Hy ⊂ Ty(TM)è, ñëåäîâàòåëüíî, ñòðóêòóðó ïî÷òè ïðîèçâåäåíèÿ íà TM : Ty(TM) = Hy ⊕ Vy, ãäå
V : y ∈ TM → Vy ⊂ Ty(TM) � âåðòèêàëüíîå ðàñïðåäåëåíèå, êàñàþùååñÿ ñëîåâ.Îïðåäåëèì íà TM ðèìàíîâó ìåòðèêó g̃ ñëåäóþùèì îáðàçîì. Äîñòàòî÷íî îïðåäå-ëèòü çíà÷åíèÿ ìåòðèêè g̃ îò âåêòîðíûõ ïîëåé íà TM , ÿâëÿþùèõñÿ âåðòèêàëüíûìèè ãîðèçîíòàëüíûìè ëè�òàìè âåêòîðíûõ ïîëåé íà áàçå M :
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gπ(y)(y, y)òàêèå, ÷òî ϕ(z) > 0 è ϕ(z) +2zψ(z) > 0 ; Xh, Y h è Xv, Y v - ñîîòâåòñòâåííî ãîðè-çîíòàëüíûå è âåðòèêàëüíûå ëè�òû âåêòîðíûõ ïîëåé X,Y ñ áàçû íà êàñàòåëüíîåðàññëîåíèå â ñâÿçíîñòè ∇ . Î÷åâèäíî, ÷òî ìåòðèêà g̃ ÿâëÿåòñÿ ðèìàíîâîé ìåòðèêîéñòðóêòóðû ïî÷òè ïðîèçâåäåíèÿ.Äàëåå äëÿ îòëè÷èÿ îáúåêòîâ, çàäàííûõ íà áàçå, îò îáúåêòîâ, çàäàííûõ íà êàñà-òåëüíîì ðàññëîåíèè, áóäåì èñïîëüçîâàòü äëÿ ïîñëåäíèõ ñèìâîë ¾∼¿. Áóäåì òàêæåîáîçíà÷àòü ñèìâîëîì 〈, 〉 ìåòðèêó g èëè ìåòðèêó g̃ â çàâèñèìîñòè îò òîãî, âåêòîð-íûå ïîëÿ áàçû èëè êàñàòåëüíîãî ðàññëîåíèÿ óêàçàíû â êà÷åñòâå àðãóìåíòîâ.2. Ñåêöèîííàÿ êðèâèçíà êàñàòåëüíîãî ðàññëîåíèÿ TM ñ ìåòðèêîé g̃ â 2-ìåðíîìíàïðàâëåíèè, îïðåäåëÿåìîì â êàæäîé òî÷êå çíà÷åíèÿìè âåêòîðíûõ ïîëåé X̃ è Ỹ ,âû÷èñëÿåòñÿ ïî èçâåñòíîé �îðìóëå:

K̃(X̃, Ỹ ) =
〈R̃(X̃, Ỹ )Ỹ , X̃〉

Q̃(X̃, Ỹ )
, (1)



ÑÊÀËß�ÍÀß Ê�ÈÂÈÇÍÀ ÊÀÑÀÒÅËÜÍÎ�Î �ÀÑÑËÎÅÍÈß 179ãäå R̃ � òåíçîð êðèâèçíû ïðîñòðàíñòâà (TM, g̃) , Q̃(X̃, Ỹ ) = 〈X̃, X̃〉〈Ỹ , Ỹ 〉 −
− 〈X̃, Ỹ 〉2 � îïðåäåëèòåëü �ðàìà.Âû÷èñëÿÿ ñâÿçíîñòü Ëåâè �×èâèòà è òåíçîð êðèâèçíû ìåòðèêè g̃ , èç (1) íàõî-äèì:
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ϕ2Q(X,Y )v + ϕψ(‖X‖2〈Y, y〉2 − 2〈X,Y 〉〈X, y〉〈Y, y〉 + ‖Y ‖2〈X, y〉2) . (4)3. Ïîñòðîèì â òî÷êå y ∈ TM îðòîíîðìèðîâàííûé îòíîñèòåëüíî ìåòðèêè g̃ ðå-ïåð {ẽI} = {ẽi, ẽi∗} , ñîñòîÿùèé èç ëè�òîâ âåêòîðîâ ðåïåðà {e1 =
y

‖y‖ , e2, . . . , en

} ,çàäàííîãî â òî÷êå x = π(y) ∈ M è îðòîíîðìèðîâàííîãî îòíîñèòåëüíî ìåòðèêè g .Ïîëîæèì
ẽi = eh

i , ẽ1∗ =
ev
1√

ϕ+ 2zψ
, ẽp∗ =

ev
p√
ϕ
, p = 2, . . . , n.Èñïîëüçóÿ ïîëó÷åííûå ðàâåíñòâà (2)�(4), âû÷èñëèì ñåêöèîííûå êðèâèçíû K̃IJâäîëü 2-ìåðíûõ íàïðàâëåíèé, îïðåäåëÿåìûõ ïàðàìè âåêòîðîâ ðåïåðà {ẽI} . Èìååì:

∼
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4
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4
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′

(ϕ+ zϕ
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) + ϕ2ψ

ϕ2(ϕ+ 2zψ)2
, (7)

∼

Kp∗q∗ =
2ϕψ − 2ϕϕ

′ − zϕ
′2

2ϕ2(ϕ+ 2zψ)
, p 6= q, (8)ãäå Kij � ñåêöèîííàÿ êðèâèçíà áàçû (M, g) âäîëü 2-ìåðíîãî íàïðàâëåíèÿ, îïðåäå-ëÿåìîãî âåêòîðàìè ei , ej îðòîíîðìèðîâàííîãî áàçèñà {ei} êàñàòåëüíîãî ïðîñòðàí-ñòâà TxM . Àíàëèçèðóÿ ïîëó÷åííûå ðàâåíñòâà (5)�(8), ïðèõîäèì ê ñëåäóþùåìóðåçóëüòàòó:Òåîðåìà 1. Ñðåäè ïðîñòðàíñòâ (TM, g̃) íåò ïðîñòðàíñòâ ïîñòîÿííîé íåíó-ëåâîé ñåêöèîííîé êðèâèçíû.Ñêàëÿðíàÿ êðèâèçíà S̃ ìíîãîîáðàçèÿ TM â òî÷êå y ∈ TM ìîæåò áûòü âû÷èñ-ëåíà êàê ñóììà ñåêöèîííûõ êðèâèçí K̃IJ :
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∑
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∑
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K̃i∗j∗ .



180 Î.Â. ÑÓÕÎÂÀÂ ñîîòâåòñòâèè ñ (5)�(8) íàõîäèì:
S̃(y) = S(π(y)) − 3ϕ

2

∑

i<j

‖R(ei, ej)y‖2 +
ϕ

2

∑

i,p

‖R(y, ep)ei‖2+

+ 2(n− 1)

{
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′
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′

) + ϕ2ψ

ϕ2(ϕ+ 2zψ)2
+

+ (n− 2)
2ϕψ − 2ϕϕ

′ − zϕ
′2

4ϕ2(ϕ + 2zψ)

}
, (9)ãäå S � ñêàëÿðíàÿ êðèâèçíà ðèìàíîâà ìíîãîîáðàçèÿ (M, g) .4. Ïóñòü ðèìàíîâî ìíîãîîáðàçèå (M, g) èìååò ïîñòîÿííóþ ñåêöèîííóþ êðèâèç-íó k . Òîãäà

R(X,Y )Z = k(〈Y, Z〉X − 〈X,Z〉Y ), S = k · n(n− 1).Âû÷èñëÿÿ â ýòîì ñëó÷àå âñå ñóììû ïðàâîé ÷àñòè ðàâåíñòâà (9), ïîëó÷àåì �îðìó-ëó, âûðàæàþùóþ çàâèñèìîñòü ñêàëÿðíîé êðèâèçíû S̃ êàñàòåëüíîãî ðàññëîåíèÿ ñìåòðèêîé g̃ îò êðèâèçíû k , ðàçìåðíîñòè n áàçû è �óíêöèé ϕ è ψ :
S̃(y) = n(n− 1)k − ϕz(n− 1) · k2+

+ 2(n− 1){zϕ
′2

(ϕ+ zψ) + zϕψ
′

(ϕ+ zϕ
′

) + ϕ2ψ

ϕ2(ϕ+ 2zψ)2
− ϕ

′′

z + ϕ
′

ϕ(ϕ+ 2zψ)
}+

+ (n− 1)(n− 2)
2ϕψ − 2ϕϕ

′ − zϕ
′2

2ϕ2(ϕ+ 2zψ)
. (10)Âûÿñíèì, â êàêîì ñëó÷àå S̃ = const . Èç (10) ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ñêàëÿð-íàÿ êðèâèçíà êàñàòåëüíîãî ðàññëîåíèÿ ñ ìåòðèêîé g̃ áûëà âåëè÷èíîé ïîñòîÿííîé,äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé:

ϕ(z) · z = c1, (11)
zϕ

′2
(ϕ+ zψ) + zϕψ

′

(ϕ+ zϕ
′

) + ϕ2ψ

ϕ2(ϕ+ 2zψ)2
− ϕ

′′

z + ϕ
′

ϕ(ϕ + 2zψ)
= c2, (12)

2ϕψ − 2ϕϕ
′ − zϕ

′2

2ϕ2(ϕ+ 2zψ)
= c3. (13)ãäå c1, c2, c3 � íåêîòîðûå ïîñòîÿííûå, c1 6= 0 . Èç òðåáîâàíèÿ (11), ó÷èòûâàÿ, ÷òî

ϕ > 0 , íàõîäèì: ϕ(z) = a2/z, ãäå a = const 6= 0 . Íåòðóäíî ïðîâåðèòü, ÷òî óñëîâèÿ(12), (13) â ýòîì ñëó÷àå òàêæå âûïîëíÿþòñÿ, ïîýòîìó èìååò ìåñòîÒåîðåìà 2. Åñëè ðèìàíîâî ìíîãîîáðàçèå (M, g) ÿâëÿåòñÿ ïðîñòðàíñòâîì ïî-ñòîÿííîé ñåêöèîííîé êðèâèçíû k , à �óíêöèè ϕ è ψ òàêîâû, ÷òî ϕ(z) = a2/z
(a = const 6= 0) , ϕ(z) + 2zψ(z) > 0 , òî êàñàòåëüíîå ðàññëîåíèå TM ñ ìåòðèêîé g̃èìååò ïîñòîÿííóþ ñêàëÿðíóþ êðèâèçíó

∼

S = (n− 1)

(
−a2k2 + nk +

1

2a2
(n− 2)

)
.



ÑÊÀËß�ÍÀß Ê�ÈÂÈÇÍÀ ÊÀÑÀÒÅËÜÍÎ�Î �ÀÑÑËÎÅÍÈß 1815. Ïóñòü (M, g) � ðèìàíîâî ìíîãîîáðàçèå ïîñòîÿííîé ñåêöèîííîé êðèâèçíû k .�àññìîòðèì ïðîìåæóòêè çíàêîïîñòîÿíñòâà ñêàëÿðíîé êðèâèçíû êàñàòåëüíîãî ðàñ-ñëîåíèÿ S̃ äëÿ íåêîòîðûõ ÷àñòíûõ ñëó÷àåâ ìåòðèê g̃ èññëåäóåìîãî êëàññà.Ïóñòü g̃ � ìåòðèêà Ñàñàêè (ϕ = 1, ψ = 0) [1℄.Ñîãëàñíî (10) ñêàëÿðíàÿ êðèâèçíà S̃ ïðîñòðàíñòâà (TM, g̃) îïðåäåëÿåòñÿ ðà-âåíñòâîì
S̃ = n(n− 1)k − z(n− 1)k2.Èññëåäóÿ çíàê ñêàëÿðíîé êðèâèçíû S̃ êàê �óíêöèè àðãóìåíòîâ (z, k) ∈ D =

= (0,+∞) ×R , ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.Åñëè (M, g) � ðèìàíîâî ìíîãîîáðàçèå ïîñòîÿííîé ñåêöèîííîé êðèâèçíû k , g̃ �ìåòðèêà Ñàñàêè, òî ñêàëÿðíàÿ êðèâèçíà S̃ êàñàòåëüíîãî ðàññëîåíèÿ (TM, g̃) îò-ðèöàòåëüíà ïðè k < 0 , ðàâíà íóëþ ïðè k = 0 è çíàêîïåðåìåííà ïðè k > 0 .Ïðè ϕ(z) = ψ(z) =
1

1 + 2z
ïîëó÷àåì ìåòðèêó ×èãåðà ��ðîìîëà. Êðèâèçíû êà-ñàòåëüíîãî ðàññëîåíèÿ ñ äàííîé ìåòðèêîé èññëåäîâàëèñü â ðàáîòàõ [2, 3℄. Ñêàëÿð-íàÿ êðèâèçíà S̃ îòðèöàòåëüíà ïðè k ∈ (−∞,−3] , ïîëîæèòåëüíà ïðè k ∈ (n −

−
√
n2 + 2n− 4, n+

√
n2 + 2n− 4) è çíàêîïåðåìåííà â îñòàëüíûõ ñëó÷àÿõ.Ïðè ϕ(z) ≡ 1, ψ(z) = a2/2z (a = const 6= 0) ïîëó÷àåì ìåòðèêó òèïà ×èãå-ðà ��ðîìîëà, ðàññìîòðåííóþ â ðàáîòå [4℄. Äîêàçàíî, ÷òî åñëè n = 2 , òî ñêàëÿðíàÿêðèâèçíà êàñàòåëüíîãî ðàññëîåíèÿ S̃ îòðèöàòåëüíà ïðè k < 0 , ðàâíà íóëþ ïðè

k = 0 è çíàêîïåðåìåííà ïðè k > 0 . Åñëè n ≥ 3 , òî ñêàëÿðíàÿ êðèâèçíà S̃ ïîëî-æèòåëüíà ïðè k = 0 è çíàêîïåðåìåííà â îñòàëüíûõ ñëó÷àÿõ.Ïóñòü ϕ(z) = a2/z, ψ(z) 6= c2/z2 , ãäå a , c � îòëè÷íûå îò íóëÿ êîíñòàíòû.Â ýòîì ñëó÷àå, êàê áûëî ïîêàçàíî â ï. 4, êàñàòåëüíîå ðàññëîåíèå ñ ìåòðèêîé g̃èìååò ïîñòîÿííóþ ñêàëÿðíóþ êðèâèçíó. Èç (10) íàõîäèì:
S̃ = (n− 1)

(
−a2k2 + nk +

1

2a2
(n− 2)

)
.Èññëåäóÿ çíàê ñêàëÿðíîé êðèâèçíû S̃ êàê �óíêöèè àðãóìåíòà k ∈ R , ïðèõîäèìê ñëåäóþùåìó ðåçóëüòàòó.Òåîðåìà 3. Ïóñòü (M, g) � ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n ≥ 2 , èìå-þùåå ïîñòîÿííóþ ñåêöèîííóþ êðèâèçíó k . Åñëè �óíêöèè ϕ è ψ òàêîâû, ÷òî

ϕ(z) = a2/z , (a = const 6= 0) , ϕ(z) + 2zψ(z) > 0 , òî äëÿ ñêàëÿðíîé êðèâèçíû S̃ïðîñòðàíñòâà (TM, g̃) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) S̃ > 0 ïðè k ∈

(
n−

√
n2 + 2(n− 2)

2a2
,
n+

√
n2 + 2(n− 2)

2a2

) ;
2) S̃ = 0 ïðè k =

n±
√
n2 + 2(n− 2)

2a2
;

3) S̃ < 0 ïðè k ∈
(
−∞,

n−
√
n2 + 2(n− 2)

2a2

)
⋃
(
n+

√
n2 + 2(n− 2)

2a2
,+∞

).Ïóñòü ϕ ≡ 1, ψ ≡ c, ãäå c = const > 0 . Â ýòîì ñëó÷àå, ñîãëàñíî (10), ñêàëÿðíàÿêðèâèçíà S̃ ïðîñòðàíñòâà (TM, g̃) îïðåäåëÿåòñÿ ðàâåíñòâîì
S̃ = n(n− 1)k − z(n− 1)k2 + 2(n− 1)

c

(1 + 2zc)2
+ (n− 1)(n− 2)

c

1 + 2zc
.Äëÿ n ≥ 2 èññëåäóåì çíàê ñêàëÿðíîé êðèâèçíû S̃ êàê �óíêöèè àðãóìåíòîâ

(z, k) ∈ D = (0,+∞)×R. �ðà�èê óðàâíåíèÿ S̃(z, k) = 0 îïðåäåëÿåòñÿ â ïëîñêîñòè
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(z, k) óðàâíåíèåì âòîðîãî ïîðÿäêà îòíîñèòåëüíî k :

−k2z + kn+
c(n+ 2nzc− 4zc)

(1 + 2zc)2
= 0,äèñêðèìèíàíò êîòîðîãî âñåãäà ïîëîæèòåëåí. �àçðåøàÿ åãî îòíîñèòåëüíî k , íàõî-äèì:

k1,2 =
n(1 + 2zc) ±

√
n2(1 + 2zc)2 + 4zc(n+ 2nzc− 4zc)

2z(1 + 2zc)
.Àíàëèçèðóÿ ïîâåäåíèå ðåøåíèé k1(z) è k2(z) , çàêëþ÷àåì, ÷òî S̃ < 0 ïðè

k ∈ (−∞,−c] è çíàêîïåðåìåííà ïðè äðóãèõ çíà÷åíèÿõ k . Òàêèì îáðàçîì, ñïðà-âåäëèâàÒåîðåìà 4. Ïóñòü (M, g) � ðèìàíîâî ìíîãîîáðàçèå ïîñòîÿííîé ñåêöèîííîéêðèâèçíû k , ϕ ≡ 1, ψ ≡ c, ãäå c = const > 0 . Òîãäà ñêàëÿðíàÿ êðèâèçíà S̃ êà-ñàòåëüíîãî ðàññëîåíèÿ (TM, g̃) îòðèöàòåëüíà ïðè k ∈ (−∞,−c] , ïîëîæèòåëüíàïðè k = 0 è çíàêîïåðåìåííà â îñòàëüíûõ ñëó÷àÿõ.SummaryO.V. Sukhova. The Salar Curvature of the Tangent Bundle with Speial Almost ProdutMetri.We study a lass of Riemannian metris g̃ on the tangent bundle TM of a Riemannianmanifold (M, g) whih ontains, in partiular, the Sasaki and the Cheeger �Gromoll metris.In the ase when (M, g) is a spae of onstant setion urvature k , we �nd onditions underwhih the salar urvature S̃ of (TM, g̃) is onstant.Key words: almost produt struture, tangent bundle, Riemannian metri, setionalurvature, salar urvature. Ëèòåðàòóðà1. Sasaki S. On the di�erential geometry of tangent bundles of Riemannian manifolds //Tohoku Math. J. � 1958. � V. 10, No 3. � P. 338�354.2. Sekizawa M. Curvatures of Tangent Bundle with the Cheeger �Gromoll Metri // TokyoJ. Math. � 1991. � V. 14, No 2. � P. 407�417.3. Gudmundsson S., Kappos E. On the geometry of the Tangent Bundle with the Cheeger �Gromoll Metri // Tokyo J. Math. � 2002. � V.25, No 1. � P. 75-83.4. Øèðÿåâ Ê.Á. Ñâÿçíîñòü è êðèâèçíà ìåòðèêè òèïà ×èãåðà � �ðîìîëà íà êàñàòåëü-íîì ðàññëîåíèè ãëàäêîãî ìíîãîîáðàçèÿ // Äâèæåíèÿ â îáîáùåííûõ ïðîñòðàíñòâàõ:ìåæâóç. ñá. íàó÷. òð. � Ïåíçà: Ïåíç. ãîñ. ïåä. óí-ò, 2000. � Ñ. 182�186.Ïîñòóïèëà â ðåäàêöèþ28.08.09Ñóõîâà Îëüãà Âëàäèìèðîâíà � êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíòêà�åäðû ãåîìåòðèè Ïåíçåíñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî óíèâåðñèòåòà èìåíèÂ.�. Áåëèíñêîãî.E-mail: Suhova_o�list.ru


