
УЧЕНЫЕ ЗАПИСКИ КАЗАНСКОГО УНИВЕРСИТЕТА.
СЕРИЯ ФИЗИКО-МАТЕМАТИЧЕСКИЕ НАУКИ

2018, Т. 160, кн. 2 ISSN 2541-7746 (Print)
С. 213–219 ISSN 2500-2198 (Online)

UDK 517.4

ESTIMATING ENTANGLEMENT
IN A CLASS OF N -QUDIT STATES

Sumiyoshi Abe
College of Information Science and Engineering, Huaqiao University, Xiamen, 361021 China

Mie University, Tsu, 514-8507 Japan
Kazan Federal University, Kazan, 420008 Russia

Abstract

The logarithmic derivative (or quantum score) of a positive definite density matrix appear-
ing in the quantum Fisher information has been discussed, and its exact expression has been
presented. The problem of estimating the parameters in a class of the Werner-type N -qudit
states has been studied in the context of the quantum Cramér-Rao inequality. The largest
value of the lower bound to the error of estimate by the quantum Fisher information has been
shown to coincide with the separability point only in the case of two qubits. It has been found,
on the other hand, that such largest values give rise to the universal fidelity that is independent
of the system size.

Keywords: estimation of entanglement, Werner-type N -qudit states, quantum Fisher
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Quantum states are characterized by a set of parameters, in general, and, accord-
ingly, it is of significant importance to estimate their values as precisely as possible,
leading to the quantum-mechanical counterpart of statistical estimation theory [1–4].
Recent examples are estimations of outputs of quantum channels [5], coupling param-
eters in quantum critical systems [6], parameters in quantum optical states [7], and
thermal degree of freedom in thermofield dynamics [8], to name a few. Nowadays, its
fundamental importance for quantum information technology is also widely appreciated
[9, 10].

Let ρ(θ) be a density matrix of the system under consideration and dependent on the
parameter, θ . Here, we require ρ(θ) to be positive definite, although a generic density
matrix can be positive semidefinite. The task is to estimate the values of the parameter
by measuring a relevant quantity of the system. Let this quantity be an observable, A .
It has a spectral decomposition, A =

∑
α

αEα , where the collection, {Eα}α , forms a posi-

tive operator-valued measure, i.e., Eα ≥ 0 and
∑
α

Eα = I with I being the identity

operator. Outcome, α , occurs with the probability pα(θ) = tr[Eαρ(θ)] , which satisfies
the normalization condition,

∑
α

pα(θ) = 1 . Let θ̂(A) be an unbiased estimator:

〈
θ̂(A)

〉
= θ, (1)

which should hold, at θ , for the expectation value of the observable, θ̂(A) =
∑
α

θ̂(α)Eα ,

where
〈
θ̂(A)

〉
= tr

[
θ̂(A)ρ(θ)

]
=

∑
α

θ̂(α)pα(θ) . The mean square error of estimation is
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given by the variance
(δθ̂)2 =

∑
α

pα(θ)[θ̂(α)− θ]2. (2)

Then, the Cramér-Rao inequality states that

(δθ̂)2 ≥ 1
JA[p(θ)]

, (3)

where JA[p(θ)] is the Fisher information defined by

JA[p(θ)] =
∑
α

pα(θ)
[
∂ln pα(θ)

∂θ

]2

. (4)

Given a problem, it is generally hard to identify an observable A to be measured
(or, equivalently, an associated positive operator-valued measure) that can minimize
the right-hand side of Eq. (3). Accordingly, the quantum Fisher information,

J [ρ(θ)] = tr[ρ(θ)L2(θ)], (5)

as the lower bound of JA[p(θ)] is often examined. This quantity gives an approximate
scale of errors. L , in Eq. (5), stands for the logarithmic derivative (or quantum score)
of the density matrix, ρ(θ) . Widely employed are the symmetric and right logarithmic
derivatives defined by

∂ρ(θ)
∂θ

=
1
2

[
ρ(θ)L(S)(θ) + L(S)(θ)ρ(θ)

]
, (6)

∂ρ(θ)
∂θ

= ρ(θ)L(R)(θ), (7)

respectively. Clearly, the right logarithmic derivative is not Hermitian, in general. Ac-

cordingly, the right-hand side of Eq. (5) need be modified as tr
{[

L(R)(θ)
]†

ρ(θ)L(R)(θ)
}
,

for example.
Our purpose here is to examine the scheme for estimating entanglement. To our

knowledge, estimation of entanglement has recently been discussed in [11, 12].
The authors of [11] have used the estimation scheme for an interpretation of entangle-
ment as a resource for parameter estimation. The discussion in [12] is about estimating
the amount of entanglement. In contrast to these works, here we examine the scheme
in connection with the separability condition on a class of mixed states of multipar-
tite systems. In particular, we consider a class of N -qudit states, i.e., the Werner-type
states of an N partite d-level system and estimate the values of the parameters de-
scribing strength of correlations. We evaluate the quantum Fisher information in Eq. (5)
and analyze its property. Remarkably, our findings show that the fidelity, F , between
the Werner-type states and the maximally entangled states at the values of the para-
meter yielding the minimum quantum Fisher information is

F =
1
2
, (8)

which is universal in the sense that it does not depend on the system size.
Before discussing the problem of estimating entanglement, here we make a brief

comment on the logarithmic derivative of a positive definite density matrix. The sym-
metric and right logarithmic derivatives in Eqs. (6) and (7) are clearly useful because



ESTIMATING ENTANGLEMENT IN A CLASS OF N -QUDIT STATES 215

of their simplicities. However, they are not the rigorous logarithmic derivative, in gene-
ral. To directly calculate the logarithmic derivative, it is useful to employ the following
representation:

ln ρ(θ) =

∞∫

0

dx

x
(e−x − e−xρ(θ)), (9)

by which the logarithmic derivative is transformed to the derivative of an exponential
operator. Then, the formula

∂eA(θ)

∂θ
=

1∫

0

dλ eλA(θ) ∂A(θ)
∂θ

e(1−λ)A(θ) (10)

combined with the familiar one, eY Xe−Y = X + [Y,X] + (1/2!)[Y, [Y,X]] + · · · , leads
to the exact logarithmic derivative. It may be possible to obtain a closed and compact
form if ρ(θ) possesses a Lie-algebraic structure, for example.

Now, let us address the problem of estimating entanglement in the N -qudit Werner-
type states.

Firstly, we consider the case of the smallest system that is a bipartite two-level
system. Its Werner state [13, 14] reads

ρ(θ) =
1− θ

4
I
(2)
1 ⊗ I

(2)
2 + θ|Ψ〉〈Ψ|, (11)

where θ ∈ [0, 1) , |Ψ〉 = (|0〉1|0〉2 + |1〉1|1〉2)/
√

2 , and I
(2)
i (i = 1, 2) denotes the 2× 2

identity operator in the space of the i -th particle. This is a convex combination of the
completely random state and the maximally entangled state and can experimentally
be generated [15–17]. It is known [18, 19] (see also [20]) that the separation point
between separable and entangled states is at θ∗ = 1/3 , i.e., the state in Eq. (11)
is separable if θ < 1/3 . (Recall that the total density matrix, which is expressed as
a convex combination of the tensor products of the marginal density matrices of all
particles, is called separable, and correlations contained in such a density matrix is
not of entanglement and can be described by models with local hidden variables.) The
derivative and inverse of the density matrix are given by ∂ρ(θ)/∂θ = (−1/4)I(2)

1 ⊗I
(2)
2 +

|Ψ〉〈Ψ| and ρ−1(θ) = [4/(1− θ)]I(2)
1 ⊗ I

(2)
2 − 16θ/[(1− θ)(1 + 3θ)]|Ψ〉〈Ψ| , respectively.

Since these commute with each other, the expressions for the logarithmic derivative of
the density matrix in Eqs. (6), (7), and (10) coincide with each other. J [ρ(θ)] in Eq.
(5) is then calculated to be J [ρ(θ)] = 3/[(1 − θ)(1 + 3θ)] . The divergence in the limit
θ → 1− essentially comes from the absence of the inverse of a pure-state density matrix.
The minimum is at θ = 1/3 , which coincides with the separation point, θ∗ . Therefore,
a lower bound on the error of estimation evaluated by 1/J [ρ(θ)] becomes largest at the
separation point.

It turns out, however, that the coincidence mentioned above occurs only in the case
of the bipartite 2-level system. To see this, let us consider the N -qudit Werner-type
state, which reads

ρ(θ) =
1− θ

dN
I
(d)
1 ⊗ I

(d)
2 ⊗ · · · ⊗ I

(d)
N + θ|Φ〉〈Φ|, (12)

where θ ∈ [0, 1) , I
(d)
i (i = 1, 2, · · · , N) is the d × d identity operator, and |Φ〉 =

(1/
√

d)
d−1∑
m=0

|m〉1 |m〉2 · · · |m〉N with {|m〉i}m=0,1,··· ,d−1 being a complete orthonormal
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system in the space of the i -th particle with d levels. The separation point of this
state is known to be at θ∗ = 1/(1 + dN−1) [21–24]. Again, the derivative and inverse of
the density matrix, ∂ρ(θ)/∂θ = (−1/dN )I(d)

1 ⊗ I
(d)
2 ⊗ · · · ⊗ I

(d)
N + |Φ〉〈Φ| and ρ−1(θ) =

[dN/(1− θ)]I(d)
1 ⊗ I

(d)
2 ⊗ · · · ⊗ I

(d)
N − d2Nθ/{(1− θ)[1 + (dN − 1)θ]}|Φ〉〈Φ| , are seen to

commute with each other. The quantity in Eq. (5) is calculated to be

J [ρ(θ)] =
dN − 1

(1− θ)[1 + (dN − 1)θ]
. (13)

Its minimum is seen to be at

θ =
dN − 2

2(dN − 1)
, (14)

which is equal to or larger than the separation point, θ∗ (θ = θ∗ iff N = 2 and d = 2 ,
i.e., the bipartite two-level system). In other words, the values of θ in Eq. (14) are
always in the ranges, in which the states are entangled.

The result in Eq. (14) has an implication of interest. 1/J [ρ(θ)] with the value of
θ in Eq. (14) indicates us the scale of errors in estimation. Since entanglement is not
associated with local observables, a quantity to be considered for the state in Eq. (12)
may be the fidelity [25, 26] (see also [27, 28]), which in the present case is given by

F = F [σ, ρ(θ)] =
[
tr(
√

σρ(θ)
√

σ)1/2
]2

with the entangled state, σ = |Φ〉〈Φ| . Its value
is found to be

F =
1− θ + dNθ

dN
. (15)

The allowed range of F in consistency with that of θ is [1/dN , 1) . By substituting
the value of θ in Eq. (14) into this expression, we obtain the result in Eq. (8).

In conclusion, we have discussed the problem of entanglement in a class of N -
qudit states in the context of parameter estimation. We have found that the value of
the parameter at which the quantum Fisher information takes its minimum is always
in the range where the state is entangled and remarkably the corresponding value of
the fidelity is independent of the system size.
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Оценка квантовой спутанности в классе N -кудит состояний

С. Абэ
Колледж информатики и инженерии, Университет Хуацяо, г. Сямынь, 361021, Китай

Университет Миэ, г. Цу, 514-8507, Япония
Казанский федеральный университет, г. Казань, 420008, Россия

Аннотация
Рассмотрена логарифмическая производная (квантовый скор) положительно опреде-

лённой матрицы плотности, возникающей в квантовой информации Фишера; получено
её точное представление. Проведено исследование задачи оценивания параметров в клас-
се типа Вернера N -кудит состояний в контексте квантового неравенства Крамера –Рао.
Показано, что наибольшее значение нижней границы для ошибки оценки квантовой ин-
формацией Фишера совпадает с сепарабельной точкой только в случае двух кубитов.
Кроме того, было обнаружено, что такое наибольшее значение может быть использовано
как универсальная оценка достоверности, не зависящая от размера системы.

Ключевые слова: оценка квантовой спутанности, N -кудит состояния типа Вернера,
квантовая информация Фишера
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