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ON ASYMPTOTIC OPTIMALITY OF PROJECTION METHODS

F.K. Akhmadishina
1 —

1. In connection with the known numerous results on approximate solving various classes of
operator equations, the theory of optimization of calculation methods recently arised and now is
under development. This is the theory of construction and investigation of most exact methods for
solving problems. In the present article we follow an approach developed by B.G. Gabdulkhayev in
[1]. This approach was used by many authors in justification of the optimality (basically, by order)
of direct methods for solving operator equations.

Consider the equations

Ke=y (z€X, yeY), (1)

Here X and Y are normed spaces over C or R, K : X — Y is a linear bijection, n is a fixed
natural number, X,, and Y,, are n-dimensional subspaces in X and Y, respectively, P, is a linear
surjection from Y onto Y,. Equation (2) is called a projection method for solving equation (1),
given by the operator P, and the subspace of approximate solutions X,. A solution of equation
(1) will be denoted by x*. Further we shall suppose that equation (2) is uniquely resolvable for
any y € Y. Its solution will be denoted by z}. A question arises: Among all uniquely resolvable
projection methods, how can one find those, for which the deviation of the exact solution z* from
the approximate solution x) were the least on a given set of solutions F© C X. To characterize
this deviation, in [1]-[3] the optimal estimate of error of the class of all projection methods was
introduced:

o . * *
Va(F) = | inf sup (B P

where inf is taken over all possible subspaces X,, and Y,, of a dimension m < n in X and Y,
respectively, and linear surjections P, from Y onto Y,, such that equation (2) is uniquely resolvable
forany y € Y.

Definition 1. A projection method (2) is said to be asymptotically optimal for a set of solu-
tions F' among all projection methods if
sup ||z* —zl|| ~ Vo (F) (n — o0).
z*cF
Consider the quantity
V(F,X,)= inf sup ||z" —z].
wProgrep

Definition 2. The projection method (2) is termed asymptotically optimal for a set F if

sup ||z* —z|| ~ V(F, X,) (n— o).
z*eF
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