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ALGEBRAIC CONDITIONS FOR COMPATIBILITY OF TWO METRIC
FORMS WITH THE SAME ALMOST COMPLEX (QUATERNION)
STRUCTURE ON A MANIFOLD

A.V. Aminova, S.V. Zuyev and D.A. Kalinin
L]

Consider an almost Hermitian manifold M,, with the metric ¢ and the almost complex structure
(a.c.s.) J : TMy, — TM,,:

J? = —id, (1)
which satisfies the following algebraic conditions of compatibility with the metric g:
9(JX,)Y)=—¢g(X,JY), ¢g(JX,JY)=yg(X,)Y),

where X, Y € T'M,,. The bilinear form 2 defined via Q(X,Y) = g(X,JY), X,Y € T M,,, is called
the fundamental form of the manifold Ms,. From (1) it follows that Q(X,Y) = —Q(Y, X).

Let n = 2m and, in addition to the a.c.s. J = { on (My,,,g), an a.c.s. gbe given anticommuting
with { and satisfying the algebraic conditions for the compatibility with the metric g. Set ‘:{ = { { .

For L,N =1,2,3, L# N, and X,Y € TM,,,, we have

JP=—id, JJI=-JJ, JJ=J, (2)
L LN NL 12 3
9(JX,Y) = —g(X,JY), g(JX,]JY)=g(X,Y). (3)

By virtue of (2), the triple {{, {, 5]} gives a quaternion structure on the almost Hermitian manifold

(My,,, 9). Relations (3) will be called the algebraic conditions of compatibility of a metric g with a
quaternion structure {{, ‘2]7 %Z}

Let (M, g, {) and (Ms,,,¢', {) be almost Hermitian manifolds with the same a.c.s. {, where L =
1,2,3 is fixed. In a domain V' C M,,, let the metric ¢’ possess the constant Segre characteristic x =

[(’)’}Ll e frlnsl) e (frlhl e frlhsk)] and k different eigenvalues A, ..., \; of the multiplicities rq, ..., rg. If
both G and G' are the matrices of the metric forms g and ¢, respectively, with respect to a certain
basis, then y is the Segre characteristic of the A-matrix (G’ — AG) determined by the system of its
elementary divisors. With the use of nondegenerate linear transformations the matrices G and G’
at each point of V' can be simultaneously reduced to the canonical form (see [1])

G = (g,,) = diag(Gy,...,Gy), G =(7,,) = diag(G},...,G}), (4)
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