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CIIELIIMAJIBHBIE ITPEJICTABJIEHUA
HEJOOIIPEAEJIEHHBIX HACTNYHBIX BYJIEBBIX
OVYHKIINM

B.U. Ianmenees

AnaHOTa U

PaccmarpuBatorcs crienmaibHbIe TIPEICTaBIeHNS (DYHKIW, OMpeqeeHHbIX Ha JTBOMIHBIX
nabopax u mpmaMMaonux 4 3Hadenns. B wacTHOCTH, MOKA3aHO, YTO s TAKMX (YHKINH
€CTh MPE/ICTAB/IEHNS, sIBISIONINECS aHAIOTAMI N3BECTHBIX MIPeICTaBIennil OyaeBbIX byHKITHI:
COBEpIIEHHAs TU3bIOHKTUBHAA HOpMasbHaa dopma (camd), coBepnieHHAs KOHBHIOHKTHBHAL
mopmasbaas Gopma (ckud). B kadecTBe CAemCTBUIT MOTYYEHHBIX TPEJACTABICHUI OMHCAHDI
HEKOTODBIe IOJIHbIe U IIPeOoTHbIe MHOMXKECTBA.

KiroueBble cioBa: gacTudHble OyieBsl (hbyHKINUY, TUMEp(YHKINN, TOTHbIE MHOXKECTBA,
CyHepIo3UuInd, ClleluaabHble IPeICTaBIeHU .

BBenenue

[Tpu nocTpoeHnn MATEMATUIECKHX MOJIENIEH 9aCTO BOSHUKAIOT CHUTYAIMHA HEOIPEIe-
JIEHHOCTH WK 3ampeTHoctn uuadopmanun. JIas o6paboTkin TaKoro poga wH(OpMaInm
UCTIOIB3YIOTCS HEJIOOTPEIEIEHHBIE YaCTUYHBIE OTOOPAYKEHUsI, TO €CTh OTOOpayKeHWs
U3 MHOXKECTBAa A B MHOMKECTBO BCEX MOJIMHOXKECTB MHOxKecTBa B. Ilpm stoMm ocoboe
BHUMAHWE YIEIAETCA KOHETHBIM MHOXKecTBaMm. OOpa3 sJIeMenTa OTpaykaeT CTeNeHb ero
HEOIIPEIEJIEHHOCTH (B YACTHOCTH, [IyCTOE MHOYKECTBO OIIPE/IE/ISeT 3AlPETHOCTD JAHHBIX,
a OJIHORJIEMEHTHOE — OJIHO3HAYHOCTD JIAHHDIX ).

B nawnmoii pabore paccmarpupaercs caydaii, korma A = B = {0,1}, To ecth pac-
cMarpuBaiorcs Oynesbl dbyukuu (uau GyHKIUU anreOpbl JOTUKH) C ABYMS BUJIAMU
HEOTIPEJEJIEHHOCTH, U 71T TaKWX (DYHKIWI 3aa€TCA OTeparys Cymepro3nIH.

Hycrs E = {Oa 1}7F = {@,{0}, {1}7{(); 1}} Torna dbynkuun f: E" — {{O}a {1}}
HA30BEM BCIOZY OLPEENeHHbIME UK TOTaJbHbIMU ( Py — MHOKECTBO BCEX BCIOIY OIpe-
geneHsblx dyukuwmit); f @ E™ — F\ {@} - nenoonpenenenabivu (P, — MHOXKeECTBO
BCeX Hemoompesenenuslx dbyukmuit); f: E” — F\ {{0,1}} — wacrnunbivMu ( Py — MHO-
JKECTBO BCEX 4acTHYHBIX pyHKIWii); [ : E™ — F — Hel00npe e/ IeHHbIMI YaCTUIHBIMA
(Hubd)( Py~ — MHOYKECTBO BCEX HEJIOOTPENEIeHHBIX YaCTHUHBIX OYJIeBbIX (DYHKIHMIT).

Ecnu f1(Z),..., fm(Z) — n-mecrubie, f(x1,...,2,,) — m-Mecraas uabd, T0 cyuep-
nosutusd  f(f1(Z),..., fm(Z)) onpenenser dbyukuuio ¢(Z) caemyroommm o6pa3om: s
Jr06oro Habopa 3HavYeHnit mepeMeHHbIX (g, ..., q,) € E™

&, eciu cymecrsyer i € {1,...,m} Takoe, uro f;(a1,...,ap,) = &;

glag, ..., an) = '
UfBrye s Bm) | Bi € filar,...,an), i €{1,...,m} unaue.

Haa marypansrnoro n > 0 n moboro 1 <4 < n JacTHIHAA N-MeCTHas MTPOeKInd e
ompejensiercst Kak e} (r1,...,%,) = {xi}.

Bambikannem MaOKecTBa A C Py~ Ha3bIBAETCS HANMEHBITIEe MHOYKECTBO, COEpIKa-
mee A, Bce MPOEKIUU U 3aMKHYTOE OTHOCUTEBHO CYTEPHO3UITHHN.
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Omnpenesnerue MOJTHOTO U TIPEMTOJIHOTO MHOYKECTB, TEPMa HAJ MHOKECTBOM YACTHY-
HBIX HEJIOOMPE/IETICHHBIX (DYHKINN ABIAETCA OOBITHBIM.
B pabore mbI paccmarpuBaem npecTaBIeHns HeI00MPEeIeIeHHBIX YACTHIHBIX (DyHK-

Uit TEpMaMM CTIENHAIBLHOTO BUIA U TIPW 9TOM Oy/IeM TOBOPUTH, 9TO TepM P (1, ..., xy)
npencrasisier GyHxumo f(z1,...,2,), ecan s goboro Habopa (aq,...,q,) € E"
3HAUEHN{T TepEeMEeHHBIX BBITOIHIETCST PABEHCTBO f(aq, ..., ap) = P(ag, ..., ap).

Il ymobcTBa m3M0KeHust OyaeM B JaabHeHIeM UCIoab30BaTh CIEIYIONIyI0 KO-

poBry: @ =%, {0} =0, {1} =1, {0,1} = —.

1. PesyabTaThl
Jns nponssonbHoit dbyukuun f € Py~ 3aXazamuM BCIOIAY ONpe/esieHHble (DYyHKINN:
f = 0-noonpenenenne, fA — 1-moonpenenenne, f% — (01)-moonpenenenne, fX — (10)-
nmoomnpenenenne, fo — 0-xapakrepucrtnueckas u fi; — l-xapakTepucTuyueckas, Caemyio-
UM 0OPA30M:
2 (o o) = 0, ecmm flaq,...,ap) € {0,—,*};
Ao 1, ecmn f(ay,... o) € {1}.

, ecmn f(ag,...,an) € {1, —, x};

1 _
falar, ..o om) = 0, ecmn f(ai,...,a,) € {0}.

an) = {O, ecim f(aq,...,ap) € {0,%};

NGRS 1, ecmm f(ag,...,a,) € {1,—}.
_ 0, ecmm f(ai,...,an) € {0,—};
() = flen ) €1{0,—-}
1, ecnm f(ai,...,an) € {1,x}.
1, ecmn f(aq,...,ay) € {0,—
fo(ahm’%){ flen )e{0.-}
0, wnaue.
1, ecmu f(ag,...,an) €41,—
f1(a1,...,an){ flen Je{l -}
0, wnaue.

Onpenenum dunapayio dyaknuio >y : 1>0=0,001=1,000=%,1>1= —.
Teopema 1 [1]. Jaa awboii f € Py~ cnpasedauso f = fo> f1.

CrpapeyIuBOCTD 3TOrO YTBEPKIEHUsI JIETKO MPOBEPUTH, €CJIA PACCMOTPETH BCE BO3-
MOXKHDBIE 3HadeHNA QYHKINA [ Ha MTPOU3BOILHOM HAOOpE 3HAYECHUI MepeMEeHHDIX.

CaencrBue 1. Muoowcecmeo Py U {>} asasemes noanvim 6 Py~ .

CaencrBue 2. Ilyems f € P, wu npu amom cywecmsylom dea HabOpa

(1y...,a0) u (B1,...,0n) marue, wmo f(aq,...,an) =% u f(B1,...,0n) = —. Tozda
muoorcecneo Py U{f} aeasemes noanom 6 Py~ .

HoxkazareasctBo. Cyneprnosunueii pyuxmuit f,x, T, 0,1 MOXHO TOIyInTH (PYHK-
o (x—). Ecim go(z,y,2) = (00111011), g1(z,y,2) = (x — % —x —x—), ga(2,y,2) =
= (00001111), g3(z,y,2) = (00110011), To go(g1,ge, gs) = ho(z,y,2) = (x—*0x 1« 1).

U reneps cynepnosunus dbyuxiuu hy u Gysakuuii (0100), (0010) u (0111) ompe-
nenger QpyHKIAIO . O



116 B.11. TAHTEJIEEB

B crenyrommnx mpenctaBieHnsx Mbl Oyaem mcrnonab3osarh GyHkmnn r Ny € Py n
Uy € P, , KOTOpBIE OIPEeeIdioTCd eCTeCTBEHHBIM 00pa30M:

r y| N U
0 00 O
0 1]

1 0% —
1 1|1 1

Teopema 2. /[lasa 4106010 Hubd cnpasediuso pasioxcerue

flan,. o wn) = (AN FR) U (fa N FR)-

HoxkazaresnbcrBo. Paccmorpum 3uavenune dyukiuu f(x1,...,2,) HA HEKOTOPOM
nwabope (a1,...,q,). Ilycrs 310 3Hauenue pasuo « —». Torga
1
fA(ala aan)ila fA(ala 7an):07
falar,...,an) =0wu fR(a1,...,a,) =1,
(0N0)U(1N1)=—. OcrampHble CIydan NPOBEPAIOTCH AHATOIHIHO. O

CaencrBue 3. Muoowcecmeo Py U {N,U} aeanemcsa noawom 6 Py~ .
CaencrBue 4. Muoowcecmeo Py U {U} asasemes noanvim 6 Py~ .

CaencrBue 5. Mwuoswcecmeo Py asasemes npednoanwvm 6 Py~

HoxkazarenscrBo. Eciu [ ¢ Py, 1o cymecrsyer nabop («q,...,q,) TaKkoii, 4To
flai,...,a,) = —. BHAYNT, MBI MOXKEM TOIYUNTH (DYHKIMIO, TOKIECTBEHHO PABHYIO
«—». IIpumenus onepario cyneprosunnn K Gyukmwsy (00010111), (0101), (0011) u
(— — ——), monyunm dysxmmo (0 — —1). O

Crenyromnine yTBepKAEHNsT TTOKA3BIBAIOT, YTO B HEKOTOPOM CMBICJIE MHOYXKecTBa Py
u P, gBidiorcd nBOHCTBEHHBIMU.

Teopema 3. [as 410601 Hubd cnpasediuso pasroncenue

fy,.smn) = (FAVSR) N (fa U SR).
CnencrBue 6. Muoowcecmso Py U{N} asasemcea noawvim 6 Py~
O6o3naunM yepe3 * (PyHKINIO, KOTOpas Ha BceX Habopax paBHA *.
CnencrBue 7. Muoowcecmso Py U {x} asasemca npednoanvim 6 Py~ .

HoxkasarenbctBo. Ecmu f ¢ P, U{x}, ro nerko nomy4nts dbyuakuuio (x0), 3arem
(0 % %0) u makomer dyukimio (0 **1). O

Henocpencrenno u3 ciegcTBuit 5 u 7 mogydaem

Caencrue 8. Muoowcecmeo PoU{x} asasemcea npednosnvm 6 Py [2], a muoorce-
ecmeo Py aeasemca npednoanvim 6 mnoocecmee Py [3].

st OymeBbIX (DYHKIUI JOCTATOYHBI U3BECTHBIMU SIBJISIIOTCS HEKOTOPBIE CIIEIHAIb-
HbIE TPEJCTABJIEHNS, TAKWe, HAMPUMEDP, KAaK IU3BIOHKTHUBHAS HOpMajbHas (GopMa u
KOHBIOHKTHBHAA HOpMasibHas dopma. [Tokarkem, 910 moxoxkue pa3iozKeHusi UMEIOT Me-
CTO W JIJIsi YaCTUYHBIX HEIOOMPE/IETIeHHBIX OyIeBbIX (DyHKITHIA.
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Kak 00brano nosiaraem

o r, ecmm =1,
Tz, ecmma=>0

u g byukuuii f(x1, ..., 2,), hi(x1, .., @m) e o, An(z1,. .., 2y) depes fﬁf;_‘_‘_‘;ﬁ: obo-
suayuM cynepuosuiuio f(hi, ..., hy,).

Onpeznennm nBe GyHRIMN 6 (X1, ..., Tyn) = (0=)oe;(z1,...,2n) W Ni(T1, ..., 20) =
= (—1)oei(x1,..., o), THE O — 3HAK CYNMEPNO3NIAN U TyCTh

6, ecam o; =0,
Bla;) = {

Ai, ecam oy = 1.
Bamernm, uro pu «; = 0

Blas) = B(0) = {O, ectn x; =0,

— ecmz; =1,

anpu a; =1

1, ecm z; =1.

Blai) = B(1) = {_’ ecmu x; =0,

Teopema 4 (anajsior ckHd). [aa moboli gynkuyuu f € Py~ cnpasediuso pazno-
oHcemue
a a at),....B(an
flz, ... xn) = & (Jcll \/...Vxn”Vfﬁ(mll)y'vﬁﬁgml”))
(a17~~~1an)EE"

JokazareabcTtBo. Paccmorpnm 3navenwe dbyHKmmu [ Ha HEKOTOpPOM Habope
(a1,...,a,). B unpaBoil uactu paBeHCTBa KOHBIOHKIMs Oepercs 10 BceM Habopam
(1,...,Q), U3 KOTOPBIX OnuH coBmnajaer ¢ (ai,...,an). Torma coorBercrByiOmuUii
KOHBIOHKTHBHBIH 9JI€H PABEH

OV...VOV f(ar,...,an) = fla,...,an).

Eciu ke aj # o 118 HEKOTOPOrO j, TO COOTBETCTBYIOMINH KOHbIOHKTUBHBIN 4jeH
paBeH
1

*

, ecmn f(er, ..., cn) # %,

. ecmm f(ep,...,cn) =%,

1Vf(cl,...,cn):{

rmae

a;, ecam a; = Qo
C; =
—, ecau a; £ Q.

Ecmn f(ai,...,an) #*, rou f(c1,...,cn) # *.
N reneps mpu f(ai,...,a,) = * CIPaBEIJINBOCTH DA3JIOXKEHWs OYEBHIHA, a MPU
fla1,...,a,) # = B upaBoii yactu nonyuaem f(aq,...,a,)&l = f(a,...,a,) O

AHajIOru4HO JOKA3bIBAETCI U CJEAYIONIee MPEeII0KEHHE,

Teopema 5 (anajsior cgud). s mobot gynkuyuu f € Py~ cnpasedauso pazno-
otcenue
flr, ... xn) = vV (acfl&,...&xﬁ"&fﬁ(g‘f)"“ﬁ(a")) .

(a1,..0,)EE™ e
CaenctBue 9. /asa aroboti pynsyuu [ € Py~ cnpasedauso passodicenue
2

flan, o)=Y (x;n Caom fﬁ<311>,,._._._,76§in>) .

(a1,...,an)EEY
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2. O6cyxaenne

Pe3ynbraTsl, nosydennbie B TeopemMax 1—3 MOXKHO pacipoCTpaHUTh Ha CIy4ail, Koraa
A — 310 ®KoHeunoe MuOKecTBO: A = {0,1,...,k—1},a B = 24, u B kavecTse caeacTRHS
MOJIyYUTh YTBEPIKIEHNs, aHAJIOTHYHBIE T€M, YTO MPUBEIEHB! B [4].

Oyukuun f: A" — AU {2} maseBatorca sacruanbivy, f: A" — 24\ {@} naswr-
paiorcs runepdyukimamu, f : A" — 24 mazpBaoTcs 9acTUIHBIME THIEPDYHKIASMI
(cM., Hampuwmep, [5]).

IIycts P, — mmoxecTBo Bcex dymkmmit f : A — A, P/ — MHOXKeCTBO BCeX dTa-
cTuaHEBIX ByHKnmi, P, — MHOXKECTBO BCeX IumepdyHKIH, PI:_ — MHOKECTBO BCeX
YACTUYIHBIX TunepdyHKnuil #Ha MHOXKecTBe A.

Ouesnnnnl cieyromnme Biaoxenus: P, C PP C Py~ u P, C P, C P .

[To anasmorum ¢ Hubd moxkuo BBectu 0, 1,. ..,k — 1-xapakrepucrudeckne OyHKITHH,
k-mecTHYO DYHKINIO >}, TPUHAMAIOIIYIO BCe k 3HAYEHWIl, TOKA3ATh CIIPABEIJINBOCTH
YTBEp:KI€HUsI, AHAJOTUIHOTO Teopeme 1 U Kak CJeJACTBUE MOJIYIUTh AHAJIOT KPUTEPUsi
nonuoThl C.B. f6monckoro myist yHKImit k-3HauHOi torukn [6].

IIpengoxkenne 1. Mnoowcecmeo wacmuunux 2unepPymrkuutl Ha muooxcecmsee A
bydem noamviM, ecau oHo nopoxcdaem Pi u codeporcum Gynkyul, npUHUMAOUWYN 6Ce
24 snanenudi.

Omnpenenss 0,1, ...,k — 1-goonpenenenns: GyHknun f, aHAJOTHIHBIE COOTBETCTBY-
oM jig #Ha6d u, pobasiasa k (01) u (10)-goonpenenenusm, C-noonpeznenenus u
coorsercreyome C'-noonpenenenus, rae C C A u |C| > 2, MOXKHO JI0Ka3aTh yTBEP-
KAEHUS, aHAJIOTUIHbIE TeopeMaM 2,3, cieAcTBuAM 3, 4, 6 U MOJTyIuTh

IIpensoxenne 2. Muoscecmea P u P, U{x} aeaaomea npednoanvimu 6 P~ .

IIpennoxkenue 3. 3aMEHYMBLMU KAQCCAMU, COOEPAHCAUUMY 3AMEHYMLT KAACC
Py, asaaomes moavko P, Py, P, Po U{x}, P,U{x}, P, .

Pa6ora Bbinosinena npu dunancosoii nouepxkke POOU (upoexr Ne 07-01-00240).

Summary

V.I. Panteleyev. Special Expansions of Underdetermined Partial Boolean Functions.

The paper views special expansion of functions determined on two-element set and taking
four meanings. In particular, it is shown that there are expansions for such functions, which
are analogous to known expansion of Boolean functions, i. e. disjunctive normal form and
conjunctive normal form. As a sequence of received expansion, some complete and maximal
sets are described.

Key words: partial Boolean functions, hyperoperation, complete sets, composition, special
representations.
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