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ÓÄÊ 530.12:531.51�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈßÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈÂ Ï�ÎÑÒ�ÀÍÑÒÂÀÕ-Â�ÅÌÅÍÀÕÑ Ï�ÎÑÒÎÒ�ÀÍÇÈÒÈÂÍÛÌÈ ��ÓÏÏÀÌÈ�ÎÌÎÒÅÒÈ×ÅÑÊÈÕ ÄÂÈÆÅÍÈÉ�.À. Äàèøåâ, Â.À. ÊàðèíÀííîòàöèÿÏðåäëîæåí ìåòîä íàõîæäåíèÿ òî÷íûõ ðåøåíèé ñàìîñîãëàñîâàííîé ñèñòåìû óðàâ-íåíèé Ýéíøòåéíà �Ìàêñâåëëà. Ïðåäïîëàãàëîñü, ÷òî ïðîñòðàíñòâî-âðåìÿ V4 äîïóñêàåòïðîñòîòðàíçèòèâíóþ ãðóïïó ãîìîòåòè÷åñêèõ ïðåîáðàçîâàíèé H4 , à èñòî÷íèêîì òàêîãîïðîñòðàíñòâà-âðåìåíè ñëóæèò èäåàëüíàÿ çàðÿæåííàÿ æèäêîñòü. Ìåòîä ÿâëÿåòñÿ îáîáùå-íèåì ìåòîäà Îæâàòà íàõîæäåíèÿ òî÷íûõ îäíîðîäíûõ ðåøåíèé óðàâíåíèé ïîëÿ Ýéíøòåé-íà. Ïðåäïîëàãàëîñü òàêæå, ÷òî âåêòîð ñêîðîñòè æèäêîñòè êîëëèíåàðåí âðåìåíèïîäîáíî-ìó âåêòîðó Y àëãåáðû Ëè ãðóïïû H4 . Ïðè óêàçàííûõ âûøå ïðåäïîëîæåíèÿõ íàéäåíûâñå òî÷íûå ðåøåíèÿ ñèñòåìû. ÂâåäåíèåÏðîñòðàíñòâà-âðåìåíà ñ ãðóïïàìè ãîìîòåòè÷åñêèõ ïðåîáðàçîâàíèé äîñòàòî÷-íî ïîäðîáíî èçó÷åíû â îáùåé òåîðèè îòíîñèòåëüíîñòè êàê ñ ìàòåìàòè÷åñêîé,òàê è ñ �èçè÷åñêîé òî÷åê çðåíèÿ (ñì., íàïðèìåð, âïå÷àòëÿþùèé îáçîð â [1℄). Èñ-ñëåäîâàíèå òàêèõ ïðîñòðàíñòâ-âðåìåí âûçûâàåò íåñîìíåííûé èíòåðåñ, ïîñêîëüêóïðîñòðàíñòâà-âðåìåíà, äîïóñêàþùèå ãðóïïû ãîìîòåòè÷åñêèõ ïðåîáðàçîâàíèé, ÿâ-ëÿþòñÿ, âî-ïåðâûõ, îäíèì èç ïðîñòåéøèõ îáîáùåíèé õîðîøî èçó÷åííûõ ïîëåé òÿ-ãîòåíèÿ ñ ãðóïïàìè èçîìåòðè÷åñêèõ äâèæåíèé, à âî-âòîðûõ, îíè èãðàþò âàæíóþðîëü â îïèñàíèè àñèìïòîòè÷åñêèõ ñâîéñòâ áîëåå îáùèõ ìîäåëåé. Ñâîéñòâà æèä-êîñòåé â ïðîñòðàíñòâàõ-âðåìåíàõ ñ ãðóïïàìè ãîìîòåòè÷åñêèõ äâèæåíèé èçó÷åíûòàêæå äîñòàòî÷íî ïîëíî [2, 3℄. Îäíàêî ñâîéñòâà çàðÿæåííîé æèäêîñòè â ïîëÿõ òÿãî-òåíèÿ ñ ñèììåòðèÿìè áîëåå ñëîæíûìè, íåæåëè ñèììåòðèè èçîìåòðè÷åñêèõ ãðóïï,èññëåäîâàíû çíà÷èòåëüíî ìåíüøå, òîãäà êàê èññëåäîâàíèÿ â îáëàñòè êîñìè÷åñêîéïëàçìû çà÷àñòóþ ïðèâîäÿò ê íåîáõîäèìîñòè ðàññìàòðèâàòü ìàòåðèàëüíûå ñðåäûñ òåíçîðîì ýíåðãèè-èìïóëüñà çàðÿæåííîé æèäêîñòè, íàïðèìåð èäåàëüíûé ãàç çà-ðÿæåííûõ ÷àñòèö.Ñàìîñîãëàñîâàííàÿ ñèñòåìà óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà èìååò âèä

Rik − 1

2
Rgik = −κ(Tik + Eik), (1)

F ik
|k = J i = σU i, (2)
F̂ ik
|k = 0, (3)ãäå Tik = (ρ+p)UiUk+pgik � êîìïîíåíòû òåíçîðà ýíåðãèè-èìïóëüñà èäåàëüíîé æèä-êîñòè, (U iUi = −1) , Eik = gabFaiFbj − 1

4FabF
abgik � êîìïîíåíòû òåíçîðà ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ, σ � ïëîòíîñòü ýëåêòðè÷åñêèõ çàðÿäîâ. Çäåñü èâåçäå äàëåå âåðòèêàëüíàÿ ÷åðòà îáîçíà÷àåò êîâàðèàíòíóþ ïðîèçâîäíóþ.



38 �.À. ÄÀÈØÅÂ, Â.À. ÊÀ�ÈÍÄëÿ òîãî ÷òîáû ïðîñòðàíñòâî-âðåìÿ äîïóñêàëî ãðóïïó ãîìîòåòè÷åñêèõ äâèæå-íèé Hr ñ âåêòîðàìè Xα = ξ
α

i∂i , (α = 1, 2, . . . , r ) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáûáûëè âûïîëíåíû óðàâíåíèÿ
LX

α

gij = ξ
α

i|j + ξ
α

j|i = ϕαgij , (4)ãäå ϕα = const 6= 0 .Ïðîèçâîäíàÿ Ëè îò òåíçîðà Ýéíøòåéíà â íàïðàâëåíèè âåêòîðà Xα ãðóïïû
Hr ðàâíà íóëþ: LX

α

Gij = 0 . Ñëåäîâàòåëüíî, ïðîèçâîäíàÿ Ëè îò òåíçîðà ýíåðãèè-èìïóëüñà â íàïðàâëåíèè ýòîãî âåêòîðà òàêæå äîëæíà áûòü ðàâíà íóëþ: LX
α

(Tij+

+Eij) = 0 . Ñîãëàñíî ðåçóëüòàòàì ñòàòüè [4℄, ýòî ðàâåíñòâî îçíà÷àåò, ÷òî LX
α

Tij = 0 ,
LX

α

Eij = 0 . Èç ïåðâîãî ðàâåíñòâà ñëåäóåò: LX
α

ρ = −ρϕα , LX
α

p = −pϕα , LX
α

Ui =

= 1
2Uiϕα , òîãäà êàê âòîðîå ðàâåíñòâî ýêâèâàëåíòíî ñîîòíîøåíèþ

LX
α

Fik =
1

2
ϕαFik + ναF̂ik, (5)ãäå να � ñêàëÿðû. Åñëè ïðè ýòîì âåêòîð U i íå ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîìòåíçîðà Eik , òî LX

α

σ+ϕασ = 0 , νασ = 0 , è να = const . Åñëè æå âåêòîð U i ÿâëÿåòñÿñîáñòâåííûì âåêòîðîì òåíçîðà Eik , òî âûïîëíåíî LX
α

(σ cosα) + ϕασ cosα = 0 , ãäå
α � íåêîòîðûé ñêàëÿð, óäîâëåòâîðÿþùèé óñëîâèÿì LX

α

α = να , U i∂iνα = 0 . Åñëèê òîìó æå σ = 0, òî να = const.Ïðåäïîëîæèì, ÷òî âåêòîð ñêîðîñòè æèäêîñòè íàïðàâëåí âäîëü âðåìåíèïîäîá-íîãî âåêòîðà Y = ξi∂i àëãåáðû Ëè ãðóïïû Hr :
U i =

ξi

√
−ξkξk

, (6)à âåêòîð Y ÿâëÿåòñÿ ïðîèçâîëüíîé ëèíåéíîé êîìáèíàöèåé ñ ïîñòîÿííûìè êîý�-�èöèåíòàìè âñåõ âåêòîðîâ àëãåáðû: Y = aα
Xα , aα = const , ïî ïîâòîðÿþùèìñÿèíäåêñàì ïîäðàçóìåâàåòñÿ ñóììèðîâàíèå. Ïðè ýòîì ïðåäïîëîæåíèè ðàíåå íàìè áû-ëî äîêàçàíî, ÷òî âðåìåíèïîäîáíûé âåêòîð Y ÿâëÿåòñÿ âåêòîðîì àëãåáðû Ëè ãðóï-ïû Hr, ñîîòâåòñòâóþùèì èçîìåòðè÷åñêèì ïðåîáðàçîâàíèÿì ãðóïïû, è ïîðîæäàåòèäåàë àëãåáðû Ëè ýòîé ãðóïïû: [XτY] = ατY , ÷òî ýêâèâàëåíòíî óñëîâèþ

aβCσ
τβ = ατa

σ. (7)Îêàçàëîñü, ÷òî â ýòîì ñëó÷àå óðàâíåíèå (T ik +Eik)|k = 0 óäàåòñÿ ïîëíîñòüþ ïðî-èíòåãðèðîâàòü, à èíòåãðàëû åãî ïîçâîëÿþò çàïèñàòü âñå âîçìîæíûå óðàâíåíèÿ ñî-ñòîÿíèÿ çàðÿæåííîé æèäêîñòè.Ïîñêîëüêó íå êàæäàÿ àëãåáðà Ëè ãðóïïû G4 , äîïóñêàåìîé ïðîñòðàíñòâîì-âðåìåíåì V4, îáëàäàåò âðåìåíèïîäîáíûì èäåàëîì Y, ñðåäè âñåõ ïðîñòðàíñòâ-âðåìåí ñ ãðóïïàìè ãîìîòåòè÷åñêèõ äâèæåíèé Hr íàìè áûëè âûäåëåíû òàêèåïðîñòðàíñòâà-âðåìåíà, êîòîðûå áû äîïóñêàëè ãðóïïó ñ óêàçàííûìè ñâîéñòâàìè.Äàëüíåéøàÿ íàøà çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû ðåøèòü ïîëåâûå óðàâíåíèÿ(1), (2) è (3) â ïðîñòðàíñòâàõ-âðåìåíàõ, äîïóñêàþùèå ïðîñòîòðàíçèòèâíûå ãðóïïûãîìîòåòè÷åñêèõ ïðåîáðàçîâàíèé, òî åñòü ãðóïïû H4, äåéñòâóþùèå íà V4.



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 391. Ìåòîä ðåøåíèÿÌåòîä ðåøåíèÿ óðàâíåíèé Ýéíøòåéíà â ñëó÷àå ïðîñòîòðàíçèòèâíûõ ãðóïï èçî-ìåòðè÷åñêèõ äâèæåíèé âïåðâûå áûë ïðåäëîæåí â ðàáîòàõ [5, 6℄ è äàëåå áûë ðàç-âèò â ðàáîòå [7℄. Â ýòèõ ðàáîòàõ áûëè íàéäåíû âñå îäíîðîäíûå ðåøåíèÿ óðàâ-íåíèé Ýéíøòåéíà ñ òåíçîðîì ýíåðãèè-èìïóëüñà èäåàëüíîé æèäêîñòè. Â ðàáîòàõ[8, 9℄ èññëåäîâàíû ñâîéñòâà èäåàëüíîé çàðÿæåííîé æèäêîñòè, âåêòîð ñêîðîñòèêîòîðîé êîëëèíåàðåí âåêòîðó äîïóñêàåìîé ãðóïïû èçîìåòðè÷åñêèõ äâèæåíèé, èíàéäåíû âñå òî÷íûå ðåøåíèÿ ñàìîñîãëàñîâàííîé ñèñòåìû óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà â òîì ñëó÷àå, êîãäà äîïóñêàþòñÿ ãðóïïû Gr, r ≥ 4, äåéñòâóþùèå íà V4.Ïðîñòðàíñòâà-âðåìåíà ñ ãðóïïàìè ãîìîòåòè÷åñêèõ äâèæåíèé, èñòî÷íèêîì êîòîðûõñëóæèò èäåàëüíàÿ æèäêîñòü, èññëåäîâàíû â ñòàòüå [10℄ è äëÿ ãðóïï âûñîêîé ïî-äâèæíîñòè (Hr , r ≥ 4) íàéäåíû âñå òî÷íûå ðåøåíèÿ óðàâíåíèé Ýéíøòåéíà. Íèæå,ìû ìîäè�èöèðóåì ïðåäëîæåííûå â ýòèõ ðàáîòàõ ìåòîäû, è, âîñïîëüçîâàâøèñü ïî-ëó÷åííûì ðàíåå ðåçóëüòàòîì î òîì, ÷òî äîïóñêàåìàÿ ïðîñòðàíñòâîì-âðåìåíåì V4ãðóïïà äîëæíà èìåòü àëãåáðó Ëè ñ âðåìåíèïîäîáíûì èäåàëîì, íàéäåì âñå òî÷íûåðåøåíèÿ ñàìîñîãëàñîâàííîé ñèñòåìû óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà.Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ñèñòåìó óðàâíåíèé Ýéíøòåéíà �Ìàêñâåë-ëà óäîáíî ïðåäñòàâèòü â íåñêîëüêî èíîì âèäå. Êàê èçâåñòíî, â òåíçîðå ýëåêòðî-ìàãíèòíîãî ïîëÿ Fij ìîæíî âûäåëèòü ýëåêòðè÷åñêóþ Ei = FijU
j è ìàãíèòíóþ

Hi = F̂ijU
j ñîñòàâëÿþùèå, ïðè ýòîì Fij = UiEj −UjEi − ηijklU

kH l, à êîìïîíåíòûòåíçîðà ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ Eij èìåþò âèä
Eij =

(
1

2
gij + UiUj

)
(E2 +H2) − (EiEj +HiHj) + (UiSj + UjSi).Çäåñü E2 = EiE

i , H2 = HiH
i , à Si = ηijklE

jHkU l � êîìïîíåíòû âåêòîðà Ïîéí-òèíãà. Äàëåå âñþäó áóäåì ñ÷èòàòü, ÷òî Si = 0. Ýòî ïðåäïîëîæåíèå îçíà÷àåò, ÷òîâ ðàâíîâåñíîé ñèòóàöèè, ðàññìàòðèâàåìîé íàìè, ïîòîê ýëåêòðîìàãíèòíîé ýíåðãèèîòñóòñòâóåò, à âåêòîð U i ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì òåíçîðà Eik. Ïîñëå ýòîãîóðàâíåíèÿ Ýéíøòåéíà (1) óäîáíî çàïèñàòü òàê
Rij = −κ

[
(ρ+ p+ E2 +H2)U iU j +

1

2
(ρ− p+ E2 +H2)gij − (EiEj +HiHj)

]
,à óðàâíåíèÿ Ìàêñâåëëà (2) è (3), â ñèëó ïðåäïîëîæåíèÿ U i ∼ ξi, ìîæíî çàïèñàòüâ âèäå

Ei
|i −

•
UiE

i + 2ωiH
i = σ, (8)

Hi
|i −

•
UiH

i − 2ωiE
i = 0, (9)

U j(Ei
|j − Ei

j|) + ηijklUkHl|j + ηijkl
•
Uk UkHl = 0, (10)

U j(Hi
|j −Hi

j|) − ηijklUkEl|j − ηijkl
•
Uk UkEl = 0. (11)Çäåñü •

Ui � âåêòîð óñêîðåíèÿ, ωi � âåêòîð âðàùåíèÿ ëèíèé òîêà æèäêîñòè. Ïðè-âåä¼ííóþ âûøå ñèñòåìó óðàâíåíèé ñëåäóåò äîïîëíèòü óñëîâèÿìè ðàâåíñòâà íóëþäèâåðãåíöèè òåíçîðà ýíåðãèè-èìïóëüñà (T ij +Eij)|j = 0, êîòîðûå, èñïîëüçóÿ óðàâ-íåíèÿ Ìàêñâåëëà (2) è (3), ìîæíî ïðèâåñòè ê âèäó
(ρ+ p)

•
U i +(U iU j + gij)p|j = σEi. (12)



40 �.À. ÄÀÈØÅÂ, Â.À. ÊÀ�ÈÍÓ ëþáîé ïðîñòîòðàíçèòèâíîé ãðóïïû H4 ìàòðèöà ξi

α
, ïîñòðîåííàÿ èç êîìïî-íåíò âåêòîðîâ àëãåáðû Ëè Xα, èìååò ïîëíûé ðàíã, è, ñëåäîâàòåëüíî, ñóùåñòâóåòîáðàòíàÿ ê íåé ìàòðèöà α

ξi òàêàÿ, ÷òî ξk

α

α

ξi = δk
i è ξi

α

β

ξi = δβ
α, à ÷åòûðå âåêòî-ðà Xα ìîæíî ïðèíÿòü â êà÷åñòâå 4-ðåïåðà. Â äàëüíåéøåì óñëîâèìñÿ ëàòèíñêè-ìè áóêâàìè îáîçíà÷àòü êîîðäèíàòíûå èíäåêñû, ãðå÷åñêèìè � íîìåðà âåêòîðîâè ðåïåðíûå èíäåêñû. Òàê, äëÿ êîìïîíåíò ìåòðè÷åñêîãî òåíçîðà ìîæåì çàïèñàòü

gαβ = gikξ
i
αξ

k
β . Çàïèøåì â ýòîì ðåïåðå ñèñòåìó óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà.Äëÿ ýòîãî ðàññìîòðèì ñèñòåìó ñêàëÿðîâ λαβγ = ξi|j

α

ξi

β

ξj

γ
. Èñïîëüçóÿ îáîáù¼ííûåóðàâíåíèÿ Êèëëèíãà ξi|j

α

+ ξj|i
α

= ϕαgij è óðàâíåíèÿ ñòðóêòóðû ãðóïïû
ξi

α
ξk
|i
β

− ξi

β

ξk
|i
α

= Cγ
αβ ξ

k

γ
, (13)íàéäåì ñâÿçü ìåæäó λαβγ , ñòðóêòóðíûìè ïîñòîÿííûìè Cγ

αβ , ïîñòîÿííûìè ãîìî-òåòèè ϕα è gαβ :
λαβγ =

1

2
(Cαβ|γ − Cβγ|α + Cγα|β + ϕαgβγ − ϕβgγα + ϕγgαβ), (14)ãäå Cαβ|γ ≡ Cδ

αβgδγ . Äëÿ íàõîæäåíèÿ ðåïåðíûõ êîìïîíåíò òåíçîðà êðèâèçíû èñ-ïîëüçóåì äè��åðåíöèàëüíîå ñëåäñòâèå óðàâíåíèé ñòðóêòóðû ãðóïïû, êîòîðîå âñëó÷àå ãðóïï ãîìîòåòè÷åñêèõ äâèæåíèé ìîæíî ïðèâåñòè ê âèäó
2 ξs

|i
[α

ξk|s
β]

− ξs

α
ξj

β

Rsjik = Cσ
αβ ξk|i

σ

.Ñâåðíóâ ýòî ðàâåíñòâî ñ ξi

γ
ξk

δ

, ïîëó÷èì èñêîìîå âûðàæåíèå äëÿ Rαβγδ . Ñ ïîìîùüþñâåðòêè ïî ïåðâîìó è ÷åòâåðòîìó èíäåêñàì òåíçîðà êðèâèçíû è ñ èñïîëüçîâàíèåì(14) ïîëó÷èì ðåïåðíûå êîìïîíåíòû òåíçîðà �è÷÷è
Rαβ = λσ

ταλ
τ
σβ − λσ

αβC
τ
τσ + ϕαC

τ
τσ − ϕαϕβ , (15)ãäå λσ

αβ = gστλαβτ .Ñèñòåìà óðàâíåíèé Ýéíøòåéíà, çàïèñàííàÿ â ðåïåðå âåêòîðîâ Xα àëãåáðû Ëèãðóïïû, èìååò âèä
Rαβ = −χ

[
(ρ+ p)uαuβ +

1

2
(ρ− p+ E2 +H2)gαβ − (EαEβ +HαHβ)

]
, (16)à ñèñòåìà óðàâíåíèé Ìàêñâåëëà (8)�(11), çàïèñàííàÿ â òîì æå ðåïåðå, òàêîâà:

(
1

2
ϕβ − αβ − Cγ

γβ

)
Eβ + (νβ + 2ωβ)Hβ = σ, (17)

(
1

2
ϕβ − αβ − Cγ

γβ

)
Hβ − (νβ + 2ωβ)Eβ = 0, (18)

uβgδα
[
νβHδ − νδHβ + Cγ

βδEγ

]
+ ηαβγδuγ

(
ψβHδ − νβEδ +

1

2
Cσ

βδHσ

)
= 0, (19)

uβgδα
[
νδEβ − νβEδ + Cγ

βδHγ

]
− ηαβγδuγ

(
ψβEδ + νβEδ +

1

2
Cσ

βδEσ

)
= 0. (20)



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 41Ïðè ïîëó÷åíèè óðàâíåíèé (17)�(20) áûëè ñóùåñòâåííî èñïîëüçîâàíû ðàâåíñòâà(4)�(7), (13), à â èõ íàïèñàíèè ïðèíÿòî îáîçíà÷åíèå ψβ = αβ + 1
2ϕβ . Çäåñü ωα =

= − 1
4η

αβγδaβC
σ
γδaσ � ðåïåðíûå êîìïîíåíòû âåêòîðà âðàùåíèÿ ëèíèé òîêà æèäêî-ñòè, uα � ðåïåðíûå êîìïîíåíòû âåêòîðà ñêîðîñòè.Óñëîâèå (12) ðàâåíñòâà íóëþ äèâåðãåíöèè òåíçîðà ýíåðãèè-èìïóëüñà â ïðèíÿòîìðåïåðå ïðèìåò âèä:

−(ρ+ p)αβ +
1

2
(ρ− p)ϕβ = σEβ . (21)Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ñèñòåìà óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà(16)�(21) â ðåïåðå âåêòîðîâ Xα àëãåáðû Ëè äîïóñêàåìîé ãðóïïû ïðåâðàòèëàñü â÷èñòî àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé, ðåøåíèå êîòîðîé ïîçâîëèò íàì îïðå-äåëèòü êîìïîíåíòû ìåòðèêè, ïîñòîÿííûå ãîìîòåòèè è ñòðóêòóðíûå ïîñòîÿííûåàëãåáðû Ëè äîïóñêàåìîé ïðîñòðàíñòâîì-âðåìåíåì ãðóïïû, òî åñòü �àêòè÷åñêèîïðåäåëèòü ñèììåòðèþ äàííîãî ïðîñòðàíñòâà-âðåìåíè, à òàêæå âñå âåëè÷èíû, îò-íîñÿùèåñÿ ê èñòî÷íèêàì äàííîãî ïîëÿ òÿãîòåíèÿ.2. �åøåíèå àëãåáðàè÷åñêîé ñèñòåìûÊàê ïîêàçàíî â ñòàòüå [7℄, 4-ìåðíûå àëãåáðû Ëè ìîãóò áûòü ðàçäåëåíû íà äâàøèðîêèõ êëàññà, èñïîëüçóÿ âåêòîð kα = Cβ

βα êàñàòåëüíîãî ïðîñòðàíñòâà.Ïåðâûé êëàññ �K � ïîëó÷èòñÿ, åñëè kα 6= 0. Â ýòîì ñëó÷àå âûäåëÿþòñÿ òðèïîäêëàññà â çàâèñèìîñòè îò òîãî, ïðîñòðàíñòâåííîïîäîáíûé, èçîòðîïíûé èëè âðå-ìåíèïîäîáíûé âåêòîð kα, òî åñòü kαkβg
αβ > 0 , = 0 èëè < 0. Ýòè ïîäêëàññûîáîçíà÷åíû �KS �, �KN �, �KT �.Âòîðîé êëàññ ïîëó÷èòñÿ, åñëè kα = 0. Îêàçûâàåòñÿ, â ýòîì ñëó÷àå àëãåáðû Ëèìîãóò áûòü äâóõ òèïîâ.Òèï �P �: Cγ

αβ = θγ

[αpγ], ãäå pα � âåêòîð êàñàòåëüíîãî ïðîñòðàíñòâà, à θα
β �ìàòðèöà, óäîâëåòâîðÿþùàÿ óñëîâèþ θβ

βpα−θβ
αpβ = 0. Â çàâèñèìîñòè îò òîãî, êàêîéâåêòîð pα : ïðîñòðàíñòâåííîïîäîáíûé (�PS �), èçîòðîïíûé (�PN �) èëè âðåìåíèïo-äîáíûé (�PT �), îïÿòü âûäåëÿþòñÿ òðè ïîäòèïà.Òèï �L �: Cα

βγ = εβγδσS
αδlσ, ãäå Sαδ � ìàòðèöà, à lσ � âåêòîð, ïðîñòðàíñòâåí-íîïîäîáíûé (�LS �), èçîòðîïíûé (�LN �) èëè âðåìåíèïîäîáíûé (�LT �). Â êàæäîìèç ýòèõ ñëó÷àåâ â ñòàòüå [7℄, ñ òî÷íîñòüþ äî ëîðåíöåâûõ âðàùåíèé, ïðèâåäåí âèäêîììóòàöèîííûõ ñîîòíîøåíèé.Èç óñëîâèÿ aαCσ

τα = ατa
σ ëåãêî ïîëó÷èòü, ÷òî aαkα = 0, òî åñòü âåêòîðû aα è

kα îðòîãîíàëüíû äðóã äðóãó. Ïîñêîëüêó aα � âðåìåíèïîäîáíûé âåêòîð, òî âåêòîð
kα ìîæåò áûòü òîëüêî ïðîñòðàíñòâåííîïîäîáíûì, è ðåøåíèå íàøåé ñèñòåìû âêëàññå �K � ñëåäóåò èñêàòü òîëüêî â ïîäêëàññå �KS �.Â òèïå �P � àíàëîãè÷íîå èññëåäîâàíèå ïîêàçûâàåò, ÷òî aαpα = 0, è, ñëåäîâà-òåëüíî, âîçìîæåí òîëüêî ñëó÷àé �PS �.Â òèïå �L � íåò óñëîâèé, àíàëîãè÷íûõ óñëîâèÿì îðòîãîíàëüíîñòè â òèïàõ �K �è �P �, ïîýòîìó çäåñü âîçìîæíûìè îêàçûâàþòñÿ âñå òðè ïîäòèïà, êîòîðûå â ñòàòüåîáîçíà÷åíû �LS �, �LN � è �LT �.Òàêèì îáðàçîì, â êàæäîì èç ñëó÷àåâ �KS �, �PS �, �LS �, �LN � è �LT � íåîáõî-äèìî ðåøàòü àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà (16)�(20)ñîâìåñòíî ñ óñëîâèÿìè (21) è (22), òîæäåñòâàìè ßêîáè (23) è óñëîâèåì (7) òîãî,÷òî àëãåáðà Ëè ãðóïïû èìååò âðåìåíèïîäîáíûé èäåàë. Îäíàêî, ïðèâåäåííàÿ âûøåñèñòåìà ïîêà ñëèøêîì ñëîæíà äëÿ ðåøåíèÿ. Íåîáõîäèìî ýòó ñèñòåìó óïðîñòèòü.�åïåðíûå êîìïîíåíòû ìåòðè÷åñêîãî òåíçîðà gαβ â ïðèâåä¼ííîé âûøå ñèñòåìåóðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà íå ÿâëÿþòñÿ ïîñòîÿííûìè: gαβ = gαβ(x). Â òî÷-êå îáùåãî ïîëîæåíèÿ x

0
ëèíåéíûìè ïðåîáðàçîâàíèÿìè gα′β′ = gαβA

α
α′A

β
α′ ìàòðèöó
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gα′β′(x

0
) ìîæíî ïðèâåñòè ê äèàãîíàëüíîìó âèäó: gα′β′(x

0
) = diag(−1, 1, 1, 1). Ïðèýòîì òàêæå ïðåîáðàçóþòñÿ è ñòðóêòóðíûå ïîñòîÿííûå. Èç êîììóòàöèîííûõ ñîîò-íîøåíèé àëãåáðû Ëè [XαXβ ] = Cγ

αβXγ , ñëåäóåò, ÷òî ñòðóêòóðíûå ïîñòîÿííûå Cγ
αβáóäóò ÿâëÿòüñÿ êîìïîíåíòàìè òåíçîðà, çàäàííîãî â êàñàòåëüíîì ïðîñòðàíñòâå, îá-ðàçîâàííîãî âåêòîðàìè ðåïåðà. Ïîýòîìó Cγ′

α′β′ = Aγ′

γ C
γ
αβA

α
α′A

β
β′ , ãäå Aγ′

γ � ìàòðèöà,îáðàòíàÿ ê Aγ
γ′ . Êðîìå òîãî, ó íàñ îñòà¼òñÿ åù¼ ïðîèçâîë â ¾ëîðåíöåâûõ âðàùå-íèÿõ¿, íå ìåíÿþùèõ äèàãîíàëüíîãî âèäà ìàòðèöû gα′β′ : diag(−1, 1, 1, 1) = gα′β′ =

= Lα
α′L

β
β′gαβ . Ýòîò ïðîèçâîë ìîæåò áûòü èñïîëüçîâàí äëÿ òîãî, ÷òîáû óïðîñòèòüëèáî ñòðóêòóðíûå ïîñòîÿííûå, ëèáî ðåïåðíûå êîìïîíåíòû âåëè÷èí, âõîäÿùèõ âóðàâíåíèÿ. Òàê, çà ñ÷åò ýòèõ ¾ëîðåíöåâûõ âðàùåíèé¿ ìîæíî âñåãäà aα âûáðàòü ââèäå aα = (a0, 0, 0, 0). Áåç óùåðáà äëÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî â âûáðàííîéòî÷êå √−aσaσ = 1, ïîýòîìó Uα = aα = δα

0 .Ïðè ðåøåíèè ñèñòåìû (16)�(21) îêàçûâàþòñÿ ïîëåçíûìè õîðîøî èçâåñòíûå äëÿëþáûõ ãðóïï êîí�îðìíûõ ïðåîáðàçîâàíèé ñîîòíîøåíèÿ
Cσ

τβϕσ = 0. (22)Ýòó æå ñèñòåìó òàêæå íåîáõîäèìî äîïîëíèòü òîæäåñòâàìè ßêîáè, êîòîðûå ïîñëåîñóùåñòâëåíèÿ óêàçàííûõ âûøå ïðåîáðàçîâàíèé âûñòóïàþò êàê äîïîëíèòåëüíàÿñèñòåìà óðàâíåíèé îòíîñèòåëüíî âåëè÷èí Cγ
αβ :

Cσ
αβC

τ
σγ + Cσ

βγC
τ
σα + Cσ

γαC
τ
σβ = 0. (23)Âåêòîðû ðåïåðà {Xα} òåïåðü âûñòóïàþò â êà÷åñòâå âåêòîðîâ îðòîðåïåðà, íî íåâåêòîðîâ àëãåáðû Ëè. Èíà÷å ãîâîðÿ, ïîñëå îñóùåñòâëåíèÿ â òî÷êå óêàçàííûõ âûøåïðåîáðàçîâàíèé ìû ïîòåðÿëè èí�îðìàöèþ î äîïóñêàåìîé ïðîñòðàíñòâîì-âðåìåíåìãðóïïå. Ýòó èí�îðìàöèþ íàì ïðèäåòñÿ ïîçæå âîññòàíîâèòü.�àññìîòðèì ðåøåíèå ýòîé ñèñòåìû â ñëó÷àå, êîãäà àëãåáðà Ëè äîïóñêàåìîéïðîñòðàíñòâîì-âðåìåíåì ãðóïïû îòíîñèòñÿ ê ïîäêëàññó �KS �. Êîììóòàöèîííûåñîîòíîøåíèÿ àëãåáðû Ëè äëÿ ýòîãî ïîäêëàññà âûãëÿäÿò ñëåäóþùèì îáðàçîì:

[X1X2] = AX0 + FX1 + EX2,

[X2X0] = FX0 +BX1 +DX2,

[X0X1] = EX0 +DX1 + CX2,

[X0X3] = −aX0 + (f − r)X1 + (e+ q)X2,

[X1X3] = −(f + r)X0 + bX1 + (d− p)X2,

[X2X3] = −(e− q)X0 + (d+ p)X1 + cX2.Çäåñü áåç óùåðáà äëÿ îáùíîñòè ïîëîæåíî kα = (0, 0, 0, k) . Âñëåäñòâèå óñëîâèÿ
kα = Cf

fα 6= 0 èìååì −a + b + c = k 6= 0. Èìåþùèéñÿ ïðîèçâîë âî âðàùåíèÿõðåïåðà èñïîëüçóåì òàê, ÷òîáû aα = δα
0 . Èç óñëîâèÿ (7) îïðåäåëèì çíà÷åíèÿ αβ :

α0 = 0 , α1 = −E , α2 = F , α3 = a , à òàêæå ïîëó÷èì B = C = D = 0, f = r,
e = −q. Îñòàþùèéñÿ ïðîèçâîë âî âðàùåíèÿõ â ïëîñêîñòè {X1X2} èñïîëüçóåì äëÿòîãî, ÷òîáû ïîëîæèòü d = p. �åïåðíûå êîìïîíåíòû âåêòîðà âðàùåíèÿ ëèíèé òî-êà æèäêîñòè ïîñëå ýòîãî òàêîâû: ω0 = ω0 = 0, ω1 = ω1 = −e, ω2 = ω2 = r,
ω3 = ω3 = 1

2A. Ïðèíèìàÿ âî âíèìàíèå îðòîãîíàëüíîñòü âåêòîðîâ Eα è Hα âåê-òîðó aα, ìîæåì çàïèñàòü îêîí÷àòåëüíûé âèä àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèéÝéíøòåéíà �Ìàêñâåëëà â ïîäêëàññå �KS �.
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R00 = − 1

2A
2 − 2r2 − 2e2 + Eϕ1 − Fϕ2 − aϕ3 + (a+ 1

2ϕ3)k − 1
2 (ϕ2

1 + ϕ2
2 + ϕ2

3) =

= − 1
2χ[ρ+ 3p+ E2 +H2], (24)

R11 = − 1
2A

2 + 2E2 − 2r2 − 2d2 − Fϕ2 − bϕ3 + (b− 1
2ϕ3)k + 1

2 (ϕ2
2 + ϕ2

3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
1 −H2

1 ], (25)
R22 = − 1

2A
2 + 2F 2 − 2e2 + 2d2 + Eϕ1 − cϕ3 + (c− 1

2ϕ3)k + 1
2 (ϕ2

1 + ϕ2
3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
2 −H2

2 ], (26)
R33 = a2 + b2 + c2 − 2r2 − 2e2 + 2d2 − 1

2kϕ3 + 1
2 (ϕ2

1 + ϕ2
2) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
3 −H2

3 ], (27)
R01 = AF − 2ed− (a+ b)r + kr + 1

2Aϕ2 − rϕ3 = 0, (28)
R02 = AE − (a+ c)e+ ek − 1

2Aϕ1 − eϕ3 = 0, (29)
R03 = eF − Er + eϕ2 + rϕ1 = 0, (30)
R12 = −2EF − 2er + (b− c)d+ dk + 1

2Fϕ1 − 1
2Eϕ2 − dϕ3 − 1

2ϕ1ϕ2 =

= χ[E1E2 +H1H2], (31)
R13 = −Ae− (a+ c)E − dF + 1

2bϕ1 + dϕ2 − 1
2ϕ1ϕ3 = χ[E1E3 +H1H3], (32)

R23 = Ar + Ed+ (a+ b)F + 1
2cϕ2 − 1

2ϕ2ϕ3 = χ[E2E3 +H2H3]. (33)Óðàâíåíèÿ Ìàêñâåëëà (17)�(20):
(1
2ϕ1 + E)E1 + (ν1 − 2e)H1 + (1

2ϕ2 − F )E2 + (ν2 + 2r)H2+

+ (1
2ϕ3 − a− k)E3 + (ν3 +A)H3 = σ, (34)

(1
2ϕ1 + E)H1 − (ν1 − 2e)E1 + (1

2ϕ2 − F )H2 − (ν2 + 2r)E2+

+ (1
2ϕ3 − a− k)H3 − (ν3 +A)E3 = 0, (35)

(2d− ν0)H1 + (c− a− 1
2ϕ3)H2 − ν2E3 + (F + 1

2ϕ2)H3 + ν3E2 = 0, (36)
− ν3E1 + ν1E3 + (a+ 1

2ϕ3 − b)H1 − ν0H2 + (E − 1
2ϕ1)H3 = 0, (37)

ν2E1 − ν1E2 − 1
2ϕ2H1 − ν0H3 + 1

2ϕ1H2 = 0, (38)
(−2d+ ν0)E1 + (a− c+ 1

2ϕ3)E2 + ν3H2 − (F + 1
2ϕ2)E3 − ν2H3 = 0, (39)

− ν3H1 + ν1H3 + (b − a− 1
2ϕ3)E1 + ν0E2 − (E − 1

2ϕ1)E3 = 0, (40)
1
2ϕ2E1 − 1

2ϕ1E2 + ν0E3 − ν1H2 + ν2H1 = 0. (41)Óñëîâèÿ (21) ïðèâîäÿò ê ñëåäóþùèì óðàâíåíèÿì:
−(ρ+ p)E +

1

2
(ρ− p)ϕ1 = σE1, (42)

−(ρ+ p)F +
1

2
(ρ− p)ϕ2 = σE2, (43)

−(ρ+ p)a+
1

2
(ρ− p)ϕ3 = σE3. (44)Èñïîëüçóÿ â ðàâåíñòâàõ (22) óðàâíåíèÿ (21), äîïîëíèòåëüíî ïîëó÷èì

σ(2dE1 + cE2) = 0, σ(ϕ2E1 − ϕ1E2) = 0, σ(FE1 + EE2) = 0, bϕ1 = 0. (45)Óñëîâèÿ, íàëàãàåìûå òîæäåñòâàìè ßêîáè:
−bE = 0, 2dE − cF = 0,

(
a+

1

2
k

)
A+ 2rF + 2eE = 0. (46)



44 �.À. ÄÀÈØÅÂ, Â.À. ÊÀ�ÈÍÏåðâîå èç ýòèõ óñëîâèé áóäåò âûïîëíåíî, åñëè ïîëîæèòü E = 0. Âòîðîìó óñëî-âèþ, ïîñëå ýòîãî, óäîâëåòâîðèì, ïîëîæèâ F = 0, à òðåòüå óñëîâèå ïðè âûïîëíåíèèïåðâûõ äâóõ áóäåò âûïîëíåíî, åñëè ïîòðåáîâàòü A = 0. Ïðîäîëæàÿ òàêèì îáðàçîì,ïðèäåì ê òîìó, ÷òî íåòðèâèàëüíûì ðåøåíèåì ñèñòåìû (24)�(46) ÿâëÿåòñÿ
χp =

1

2
(ϕ2

2 + b2), χρ = −1

2
b2 + 2r2,

σ = ±1

2

√
1
χ

(
2r2 − b2 − 1

2ϕ
2
2

)
(ϕ2

2 + 4(ν2 + 2r)2),

E2 = ±ϕ2

√
2r2 − b2 − 1

2ϕ
2
2

χ(ϕ2
2 + 4(ν2 + 2r)2)

, H2 = ±2ϕ2(ν2 + 2r)

√
2r2 − b2 − 1

2ϕ
2
2

χ(ϕ2
2 + 4(ν2 + 2r)2)ñ óñëîâèÿìè 2r2 ≥ b2 + ϕ2

2/2, b 6= 0, ϕ2 6= 0.Èññëåäîâàíèå ñèñòåìû (24)�(46), àíàëîãè÷íîå ïðîâåäåííîìó âûøå, ïîêàçûâàåò,÷òî äðóãèõ íåòðèâèàëüíûõ ðåøåíèé ó ýòîé ñèñòåìû íåò.�àññìîòðèì ðåøåíèå ñèñòåìû (16)�(23) â ñëó÷àå, êîãäà àëãåáðà Ëè äîïóñêàå-ìîé ïðîñòðàíñòâîì-âðåìåíåì ãðóïïû îòíîñèòñÿ ê ïîäòèïó �PS �. Êîììóòàöèîííûåñîîòíîøåíèÿ èìåþò ñëåäóþùèé âèä
[X1X2] = 0, [X2X0] = 0, [X0X1] = 0,

[X0X3] = −aX0 + (f − r)X1 + (e+ q)X2,

[X1X3] = −(f + r)X0 + bX1 + (d− p)X2,

[X1X3] = −(f + r)X0 + bX1 + (d− p)X2.Âåêòîðà ðåïåðà âûáðàíû òàê, ÷òî âåêòîð pα êîëëèíåàðåí X3 , òî åñòü pα(0, 0, 0, p).Óñëîâèå kα = Cf
fα = 0 äàåò −a+ b+ c = 0. Ïðîèçâîë âî âðàùåíèÿõ ðåïåðà èñïîëü-çóåì äëÿ òîãî, ÷òîáû ïîëîæèòü aα = δα

0 . Ñ ïîìîùüþ ïðîèçâîëà âî âðàùåíèÿõ âïëîñêîñòè {X1X2}, êàê è â ñëó÷àå �KS �, äîáüåìñÿ òîãî, ÷òîáû d = p. Èñïîëüçóÿóñëîâèå èíâàðèàíòíîé ïîäãðóïïû (7), ïîëó÷èì f = r , e = −q. Â ðåçóëüòàòå ðå-ïåðíûå êîìïîíåíòû âåêòîðà âðàùåíèÿ ëèíèé òîêà æèäêîñòè èìåþò âèä: ω0 = 0 ,
ω1 = −e , ω2 = r , ω3 = 0.Àëãåáðàè÷åñêàÿ ñèñòåìà óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà (16)�(23) âûãëÿäèòñëåäóþùèì îáðàçîì.Óðàâíåíèÿ Ýéíøòåéíà (16):
R00 = − 1

2A
2 − 2r2 − 2e2 + Eϕ1 − Fϕ2 − aϕ3 + (a+ 1

2ϕ3)k − 1
2 (ϕ2

1 + ϕ2
2 + ϕ2

3) =

= − 1
2χ[ρ+ 3p+ E2 +H2], (47)

R11 = − 1
2A

2 + 2E2 − 2r2 − 2d2 − Fϕ2 − bϕ3 + (b− 1
2ϕ3)k + 1

2 (ϕ2
2 + ϕ2

3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
1 −H2

1 ], (48)
R22 = − 1

2A
2 + 2F 2 − 2e2 + 2d2 + Eϕ1 − cϕ3 + (c− 1

2ϕ3)k + 1
2 (ϕ2

1 + ϕ2
3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
2 −H2

2 ], (49)
R33 = a2 + b2 + c2 − 2r2 − 2e2 + 2d2 − 1

2kϕ3 + 1
2 (ϕ2

1 + ϕ2
2) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
3 −H2

3 ], (50)
R01 = −2ed− (a+ b)r − rϕ3 = 0, (51)
R02 = −(a+ c)e− eϕ3 = 0, (52)
R03 = eϕ2 + rϕ1 = 0, (53)
R12 = −2er + (b− c)d− dϕ3 − 1

2ϕ1ϕ2 = χ[E1E2 +H1H2], (54)
R13 = 1

2bϕ1 + dϕ2 − 1
2ϕ1ϕ3 = χ[E1E3 +H1H3], (55)
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R23 = 1

2cϕ2 − 1
2ϕ2ϕ3 = χ[E2E3 +H2H3]. (56)Óðàâíåíèÿ Ìàêñâåëëà (17)�(20):

1
2ϕ1E1 + (ν1 − 2e)H1 + 1

2ϕ2)E2 + (ν2 + 2r)H2 + (1
2ϕ3 − b− c)E3 + ν3H3 = σ, (57)

1
2ϕ1H1 − (ν1 − 2e)E1 + 1

2ϕ2H2 − (ν2 + 2r)E2 + (1
2ϕ3 − b− c)H3 − ν3E3 = 0, (58)

(2d− ν0)H1 + (c− a− 1
2ϕ3)H2 − ν2E3 + 1

2ϕ2H3 + ν3E2 = 0, (59)
− ν3E1 + ν1E3 + (a+ 1

2ϕ3 − b)H1 − ν0H2 − 1
2ϕ1H3 = 0, (60)

ν2E1 − ν1E2 − 1
2ϕ2H1 − ν0H3 + 1

2ϕ1H2 = 0, (61)
(−2d+ ν0)E1 + (a− c+ 1

2ϕ3)E2 + ν3H2 − 1
2ϕ2E3 − ν2H3 = 0, (62)

− ν3H1 + ν1H3 + (b − a− 1
2ϕ3)E1 + ν0E2 + 1

2ϕ1E3 = 0, (63)
1
2ϕ2E1 − 1

2ϕ1E2 + ν0E3 − ν1H2 + ν2H1 = 0. (64)Óñëîâèÿ (21) ïðèâîäÿò ê óðàâíåíèÿì
1

2
(ρ− p)ϕ1 = σE1,

1

2
(ρ− p)ϕ1 = σE1, −(ρ+ p)a+

1

2
(ρ− p)ϕ3 = σE3. (65)Óñëîâèÿ (22) äàþò åù¼ äâà äîïîëíèòåëüíûõ óðàâíåíèÿ

2dϕ1 + cϕ2 = 0, bϕ1 = 0. (66)�àññóæäàÿ òàê æå, êàê è â ñëó÷àå �KS �, ïîëó÷èì ðåøåíèå ýòîé àëãåáðàè÷åñêîéñèñòåìû:
χp = b(2b+ c), χρ = − c

2
(12b+ 9c),

σ = ±
√

1
χ

(
3
2c

2 − 2b2 − bc
) (
ν2
3 + (2b+ 3

2c)
2
)
,

E3 = ∓
(

2b+
3

2
c

) √√√√
3
2c

2 − 2b2 − bc

χ
(
ν2
3 + 4

(
2b+ 3

2c
)2

) , H3 = ±ν3

√√√√
3
2c

2 − 2b2 − bc

χ
(
ν2
3 + 4

(
2b+ 3

2c
)2

) .ïðè ýòîì äîëæíû áûòü âûïîëíåíû óñëîâèÿ: b ∈
(
−

√
13+1
4 c ;− 3

4c
) ïðè c ≥ 0 è

b ∈
(√

13−1
4 c ; 0

)
∪

(
− 1

2c;− 3
4c

) ïðè c ≤ 0.Èññëåäîâàíèå ñèñòåìû (47)�(66) ïîêàçûâàåò, ÷òî äðóãèõ íåòðèâèàëüíûõ ðåøå-íèé ó ýòîé ñèñòåìû íåò.�àññìîòðèì òåïåðü ïîäòèï �LT �. Êîììóòàöèîííûå ñîîòíîøåíèÿ â ýòîì ñëó÷àåèìåþò âèä
[X2X0] = 0, [X0X1] = 0, [X0X3] = 0,

[X1X2] = −NX0 − EX1 −DX2 − CX3,

[X3X1] = −MX0 − FX1 −BX2 −DX3,

[X2X3] = −LX0 −AX1 − FX2 − EX3.Èñïîëüçóÿ, êàê è ðàíåå, èìåþùèéñÿ ïðîèçâîë âî âðàùåíèÿõ ðåïåðà, ïðîèçâåäåìäèàãîíàëèçàöèþ ïðîñòðàíñòâåííîé ÷àñòè ìàòðèöû Sab ñ ïîìîùüþ êîòîðîé ñòðî-ÿòñÿ ñòðóêòóðíûå ïîñòîÿííûå äëÿ ïîäòèïà �LT �, ñîõðàíÿÿ aα = (1, 0, 0, 0).Êîììóòàöèîííûå ñîîòíîøåíèÿ â ýòîì ñëó÷àå óïðîñòÿòñÿ è ïðèìóò âèä
[X2X0] = 0, [X0X1] = 0, [X0X3] = 0, [X1X2] = −LX0 −AX1,
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[X3X1] = −MX0 −BX2, [X2X3] = −LX0 −AX1.Ñèñòåìà óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà (16)�(20) â ýòîì ïîäòèïå èìååò ñëåäó-þùèé âèä.Óðàâíåíèÿ Ýéíøòåéíà (16):

R00 = − 1
2 (−L2 −N2 −M2 − ϕ2

1 − ϕ2
2 − ϕ2

3) = − 1
2χ[ρ+ 3p+ E2 +H2], (67)

R11 = 1
2 (−A2 + (B − C)2 −M2 −N2 + ϕ2

2 + ϕ2
3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
1 −H2

1 ], (68)
R22 = 1

2 (−B2 + (A− C)2 − L2 −N2 + ϕ2
1 + ϕ2

3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
2 −H2

2 , (69)
R33 = 1

2 ((A−B)2 − C2 − L2 −M2 + ϕ2
1 + ϕ2

2) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
3 −H2

3 ], (70)
R01 = 1

2 (AL −Nϕ2 +Mϕ3) = 0, (71)
R02 = 1

2 (BM +Nϕ1 − Lϕ3) = 0, (72)
R03 = 1

2 (CN −Mϕ1 + Lϕ2) = 0, (73)
R12 = 1

2 (LM + (A−B)ϕ3 − ϕ1ϕ2) = χ[E1E2 +H1H2], (74)
R13 = 1

2 (LN + (C −A)ϕ2 − ϕ1ϕ3) = χ[E1E3 +H1H3], (75)
R23 = 1

2 (MN + (B − C)ϕ1 − ϕ2ϕ3) = χ[E2E3 +H2H3]. (76)Óðàâíåíèÿ Ìàêñâåëëà (17)�(20):
1
2ϕ1E1 + (ν1 − 2e)H1 + 1

2ϕ2)E2 + (ν2 + 2r)H2 + (1
2ϕ3 − b− c)E3 + ν3H3 = σ, (77)

1
2ϕ1H1 − (ν1 − 2e)E1 + 1

2ϕ2H2 − (ν2 + 2r)E2 + (1
2ϕ3 − b− c)H3 − ν3E3 = 0, (78)

(2d− ν0)H1 + (c− a− 1
2ϕ3)H2 − ν2E3 + 1

2ϕ2H3 + ν3E2 = 0, (79)
− ν3E1 + ν1E3 + (a+ 1

2ϕ3 − b)H1 − ν0H2 − 1
2ϕ1H3 = 0, (80)

ν2E1 − ν1E2 − 1
2ϕ2H1 − ν0H3 + 1

2ϕ1H2 = 0, (81)
(−2d+ ν0)E1 + (a− c+ 1

2ϕ3)E2 + ν3H2 − 1
2ϕ2E3 − ν2H3 = 0, (82)

− ν3H1 + ν1H3 + (b − a− 1
2ϕ3)E1 + ν0E2 + 1

2ϕ1E3 = 0, (83)
1
2ϕ2E1 − 1

2ϕ1E2 + ν0E3 − ν1H2 + ν2H1 = 0. (84)Óðàâíåíèÿ çàêîíà ¾ñîõðàíåíèÿ¿ (21):
1

2
(ρ− p)ϕ1 = σE1,

1

2
(ρ− p)ϕ2 = σE2,

1

2
(ρ− p)ϕ3 = σE3. (85)Óñëîâèå (22) äà¼ò òðè äîïîëíèòåëüíûõ ðàâåíñòâà

Aϕ1 = 0, Bϕ2 = 0, Cϕ3 = 0. (86)Âñå óñëîâèÿ, íàëàãàåìûå òîæäåñòâàìè ßêîáè (23), âûïîëíåíû òîæäåñòâåííî.Ïðèâåäåííàÿ âûøå àëãåáðàè÷åñêàÿ ñèñòåìà óðàâíåíèé (67)�(86) èìååò äâà ðå-øåíèÿ. Ïåðâîå ðåøåíèå èìååò âèä
χp =

1

2
ϕ2

1, χρ =
1

2
L2, σ = ±1

2

√
1
2χ

(L2 − ϕ2
1)(ϕ

2
2 + 4(L− ν1)2),

E1 = ±ϕ1

√
1
2 (L2 − ϕ2

1)

χ(ϕ2
2 + 4(L− ν1)2)

, H1 = ∓2ϕ1(L− ν1)

√
1
2 (L2 − ϕ2

1)

χ(ϕ2
1 + 4(L− ν1)2)

.



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 47Â ýòîì ðåøåíèè äîëæíî áûòü âûïîëíåíî óñëîâèå L2 ≥ ϕ2
1.Âòîðîå ðåøåíèå ñèñòåìû (67)�(86) òàêîâî:

χp =
1

2
ϕ2

1, χρ =
3

2
ϕ2

1, σ = ±1

2

√
1
2χ
ϕ2

1(ϕ
2
1 + 4ν2

1),

E1 = ±ϕ1

√
ϕ2

1

2χ(ϕ2
1 + 4ν2

1)
, H1 = ∓2ϕ1ν1

√
ϕ2

1

2χ(ϕ2
1 + 4ν2

1)
.Äðóãèõ ðåøåíèé ñèñòåìû óðàâíåíèé (67)�(86) íåò.Ïîäòèï �LN �.Êîììóòàöèîííûå ñîîòíîøåíèÿ â ýòîì ñëó÷àå èìåþò âèä

[X2X0] = 0, [X0X1] = 0, [X0X3] = 0,

[X1X2] = LX0 + EX1 +DX2 + CX3,

[X3X1] = MX0 + FX1 +BX2 +DX3,

[X2X3] = NX0 +AX1 + FX2 + EX3.Ñèñòåìà óðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà (16)�(20) â ýòîì ïîäòèïå ïðèíèìàåòñëåäóþùèé âèä.Óðàâíåíèÿ Ýéíøòåéíà (16):
R00 = − 1

2 (−L2 −N2 −M2 − ϕ2
1 − ϕ2

2 − ϕ2
3) = − 1

2χ[ρ+ 3p+ E2 +H2, (87)
R11 = 1

2 (−A2 + (B − C)2 −M2 − L2 + 4D2 − 2Eϕ1 + 2Fϕ3 + ϕ2
2 + ϕ2

3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
1 −H2

1 ], (88)
R22 = 1

2 (−B2 + (A− C)2 − L2 −N2 + 4E2 + 2Dϕ1 − 2Fϕ3 + ϕ2
1 + ϕ2

3) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
2 −H2

2 ], (89)
R33 = 1

2 ((A−B)2 − C2 −N2 −M2 + 4F 2 − 2Dϕ1 + 2Eϕ2 + ϕ2
1 + ϕ2

2) =

= −χ[ 12 (ρ− p+ E2 +H2) − E2
3 −H2

3 ], (90)
R01 = 1

2 (EL+ FM +AN + Lϕ2 −Mϕ3) = 0, (91)
R02 = 1

2 (DL+BM + FN − Lϕ1 +Nϕ3) = 0, (92)
R03 = 1

2 (CL+DM + EN +Mϕ1 −Nϕ2) = 0, (93)
R12 = 1

2 (−4DE − 2(A+B − C)F +MN + ϕ1(E − ϕ2) −Dϕ2 + (−A+B)ϕ3) =

= χ[E1E2 +H1H2], (94)
R13 = 1

2 (−2(A−B + C)E − 4DF + LN + (A− C)ϕ2 +Dϕ3 − (F + ϕ3)ϕ1) =

= χ[E1E3 +H1H3], (95)
R23 = 1

2 (2AD − 2BD − 2CD − 4EF + LM + (−B + C)ϕ1 + Fϕ2 − (E + ϕ2)ϕ3) =

= χ[E2E3 +H2H3]. (96)Óðàâíåíèÿ Ìàêñâåëëà (17)�(20):
1
2ϕ1E1 + (ν1 +N)H1 + 1

2ϕ2E2 + (ν2 +N)H2 + 1
2ϕ3E3 + (ν3 + L)H3 = σ, (97)

1
2ϕ1H1 − (ν1 +N)E1 + 1

2ϕ2H2 − (ν2 +M)E2 + 1
2ϕ3H3 − (ν3 + L)E3 = 0, (98)

AH1 + FH2 − ν2E3 + EH3 + ν3E2 − 1
2H2ϕ3 + 1

2H3ϕ2 = 0, (99)
−AE1 − FE2 − EE3 + 1

2E2ϕ3 − 1
2E3ϕ2 + ν3H2 − ν2H3 = 0, (100)

ν2E1 − ν1E2 − 1
2ϕ2H1 + EH1 +DH2 + CH3 − 1

2H1ϕ2 + 1
2H2ϕ1 = 0, (101)
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− ν3E1 + ν1E3 + FH1 +BH2 +DH3 + 1

2H1ϕ3 − 1
2H3ϕ1 = 0, (102)

− ν3H1 + ν1H3 − FE1 −BE2 −DE3 − 1
2E1ϕ3 + 1

2E3ϕ1 = 0, (103)
− EE1 −DE2 − CE3 + 1

2E1ϕ2 − 1
2E2ϕ1 − ν1H2 + ν2H1 = 0. (104)Óðàâíåíèÿ çàêîíîâ ¾ñîõðàíåíèÿ¿(21):

1

2
(ρ− p)ϕ1 = σE1,

1

2
(ρ− p)ϕ2 = σE2,

1

2
(ρ− p)ϕ3 = σE3. (105)Âñå óñëîâèÿ (23), íàëàãàåìûå òîæäåñòâàìè ßêîáè, âûïîëíåíû òîæäåñòâåííî. Óñëî-âèå (22) ïðèâîäèò ê íàëè÷èþ òðåõ äîïîëíèòåëüíûõ ðàâåíñòâ:

Eϕ1 +Dϕ2 + Cϕ3 = 0, Fϕ1 +Bϕ2 +Dϕ3 = 0, Aϕ1 + Fϕ2 + Eϕ3 = 0. (106)�åøåíèå àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé (87)�(106) èìååò âèä
χp = 2B2 +D2, χρ = 6B2 +

3

2
D2, σ = ±1

2

√
1
2χ

(4B2 + 1
2D

2)(ϕ2
1 + 4(N + ν1)2).

E1 = ±ϕ1

√
1
2 (4B2 + 1

2D
2)

χ(ϕ2
1 + 4(N + ν1)2)

, H1 = ∓2ϕ1(N + ν1)

√
1
2 (4B2 + 1

2D
2)

χ(ϕ2
1 + 4(N + ν1)2)

.Äðóãèõ ðåøåíèé ñèñòåìû óðàâíåíèé (87)�(106) íåò.�àññìîòðåíèå ïîäòèïà �LS � ïîêàçàëî, ÷òî íîâûå ðåøåíèÿ òàì îòñóòñòâóþò.Òàêèì îáðàçîì, ðàññìîòðåíû âñå âîçìîæíûå ñëó÷àè âî âñåõ ïîäòèïàõ. Äëÿïðîñòðàíñòâ-âðåìåí, äîïóñêàþùèõ V4 -ïðîñòîòðàíçèòèâíûå ãðóïïû ãîìîòåòè÷åñ-êèõ ïðåîáðàçîâàíèé, ïîëó÷åíû âñå âîçìîæíûå ðåøåíèÿ àëãåáðàè÷åñêîé ñèñòåìûóðàâíåíèé Ýéíøòåéíà �Ìàêñâåëëà, çàïèñàííîé â ðåïåðå Xα âåêòîðîâ àëãåáðû Ëèãðóïïû H4 . Äðóãèõ ðåøåíèé ýòîé àëãåáðàè÷åñêîé ñèñòåìû íåò.Òåïåðü, èñõîäÿ èç ïîëó÷åííûõ ðåøåíèé àëãåáðàè÷åñêîé ñèñòåìû, íåîáõîäèìîâîññòàíîâèòü �óíêöèîíàëüíûé âèä ïîëó÷åííûõ ðåøåíèé. Èíà÷å ãîâîðÿ, íåîáõîäè-ìî ïîëó÷èòü òî÷íûå ðåøåíèÿ èñõîäíîé ñèñòåìû (1)�(3).3. Ìåòîä ïîëó÷åíèÿ �óíêöèîíàëüíîãî âèäà ðåøåíèéÂîññòàíîâëåíèå �óíêöèîíàëüíîãî âèäà ðåøåíèÿ ïî ðàíåå ïðåäúÿâëåííîìó àë-ãåáðàè÷åñêîìó ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì. Ïðè ðåøåíèè àëãåáðàè÷åñêîéñèñòåìû â êàæäîì èç ðàññìîòðåííûõ ñëó÷àåâ ïîëó÷åíû îòëè÷íûå îò íóëÿ ñòðóê-òóðíûå ïîñòîÿííûå. �åøàÿ ñ ýòèìè ñòðóêòóðíûìè ïîñòîÿííûìè óðàâíåíèÿ ñòðóê-òóðû ãðóïïû, íàéä¼ì êîìïîíåíòû ξi

α
áàçèñíûõ âåêòîðîâ Xα àëãåáðû Ëè ãðóï-ïû. Èçâåñòíî, ÷òî äëÿ êàæäîé ïðîñòîòðàíçèòèâíîé ãðóïïû, ðåøàÿ óðàâíåíèÿ

ξi

α
∂i l

k

β
− li

β
∂i ξ

k

α
= 0, ìîæíî ïîñòðîèòü âçàèìíóþ ãðóïïó 
 âåêòîðàìè àëãåáðûËè Zα = li

α
∂i. Ïîñêîëüêó det(li

α
) 6= 0, ÷åòûðå âåêòîðà Zα ìîæíî ïðèíÿòü â êà-÷åñòâå âåêòîðîâ ðåïåðà. Èçâåñòíî [5, 6℄, ÷òî åñëè ãðóïïà â ïðîñòðàíñòâå-âðåìåíè

V4 ñ ìåòðè÷åñêèì òåíçîðîì g̃ij äåéñòâóåò êàê ãðóïïà èçîìåòðè÷åñêèõ äâèæåíèé,òî: g̃αβ = g̃ij l
i

α
lj
β

= const. Áåç âñÿêîãî óùåðáà äëÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
g̃αβ(x

0
) = diag(−1, 1, 1, 1). Åñëè â òî÷êå x

0
, â êîòîðîé ðåøàëàñü àëãåáðàè÷åñêàÿ ñè-ñòåìà óðàâíåíèé, ïðèíÿòü óñëîâèå ξi

α
(x
0
) = li

α
(x
0
), òî îêàæåòñÿ, ÷òî ñòðóêòóðíûåïîñòîÿííûå àëãåáð âçàèìíûõ ãðóïï îòëè÷àþòñÿ òîëüêî çíàêîì. Òàêèì îáðàçîì,çíàÿ êîìïîíåíòû ξi

α
âåêòîðà Xα, ìîæåì íàéòè êîìïîíåíòû li

α
âåêòîðà Zα, à ïîíèì � ìåòðè÷åñêèé òåíçîð g̃ij = g̃αβ

α

li
β

lj , ãäå (
α

li) � ìàòðèöà, îáðàòíàÿ ê (li
α
).



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 49Äëÿ òîãî ÷òîáû çàïèñàòü ìåòðèêó èñêîìîãî ðåøåíèÿ, âîñïîëüçóåìñÿ ðåçóëü-òàòîì, îáùèì äëÿ âñåõ ãðóïï êîí�îðìíûõ ïðåîáðàçîâàíèé [11℄, î òîì, ÷òî ãðóï-ïà êîí�îðìíûõ ïðåîáðàçîâàíèé ðàçìåðíîñòè r ≤ 5, äîïóñêàåìàÿ íåêîí�îðìíî-ïëîñêèìè ïðîñòðàíñòâàìè-âðåìåíàìè V4, ÿâëÿåòñÿ ãðóïïîé èçîìåòðè÷åñêèõ äâè-æåíèé â ïðîñòðàíñòâàõ-âðåìåíàõ Ṽ4 , êîí�îðìíûõ ê V4 : gij = e2µ(x)g̃ij . Çäåñü gij� ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè V4, â êîòîðîì íàøà ãðóïïà äåéñòâóåòêàê ãðóïïà ãîìîòåòè÷åñêèõ ïðåîáðàçîâàíèé. Cêàëÿð µ(x) è ïîñòîÿííûå ãîìîòåòèè
ϕ
α
ñâÿçàíû ðàâåíñòâîì ϕ

α
= ξk

α
∂kµ. Èíòåãðèðóÿ ýòî óðàâíåíèå, íàéäåì µ(x), à ñëå-äîâàòåëüíî, è gij . Âåêòîð ñêîðîñòè U i íàéäåì èç ñîîòíîøåíèÿ (6). Èç óðàâíåíèéÝéíøòåéíà (1) íàéä¼ì ÿâíûé âèä ïëîòíîñòè ýíåðãèè æèäêîñòè ρ(x) è äàâëåíèÿ

p(x). Âåêòîðû ýëåêòðè÷åñêîãî Ei è ìàãíèòíîãî Hi ïîëåé íàéäåì, ïîëüçóÿñü òåì,÷òî ðåïåðíûå è �óíêöèîíàëüíûå êîìïîíåíòû ýòèõ âåêòîðîâ ñâÿçàíû ñîîòíîøå-íèÿìè: Ei(x) = Eα li
α
(x), Hi(x) = Hα li

α
(x). Èç óðàâíåíèÿ (8) íàéäåì âåëè÷èíóïëîòíîñòè çàðÿäîâ â èäåàëüíîé çàðÿæåííîé æèäêîñòè σ(x).Ïðèâåäåì äàëåå êîíêðåòíûé âèä òî÷íûõ ðåøåíèé ñèñòåìû óðàâíåíèé Ýéíøòåé-íà �Ìàêñâåëëà (1)�(3).1. �KS �. Êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëè ãðóïïû:

[X0X1] = [X0X2] = [X0X3] = [X1X2] = [X2X3] = 0,

[X1X3] = −2rX0 + bX1.
(107)Ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè:

gij = eϕ2x2




−1 2r
b
e−bx3

(1 − ebx3

) 0 0

2r
b
e−bx3

(1 − ebx3

) e−2bx3

[1 − 4r2

b2
(1 − ebx3

)2] 0 0
0 0 1 0

0 0 0 1



, (108)

χp =
1

2
(ϕ2

2 + b2) · e−ϕ2x2

, χρ =

(
−1

2
b2 + 2r2

)
· e−ϕ2x2

, (109)
σ = ±1

2

√
1
χ
(2r2 − b2 − 1

2ϕ
2
2)(ϕ

2
2 + 4(ν2 + 2r)2) · e−ϕ2x2

, (110)
Ei = ±ϕ2

√
(2r2 − b2 − 1

2ϕ
2
2)

χ(ϕ2
2 + 4(ν2 + 2r)2)

e−ϕ2x2

δi
2, (111)

Hi = ±2ϕ2(ν2 + 2r)

√
(2r2 − b2 − 1

2ϕ
2
2)

χ(ϕ2
2 + 4(ν2 + 2r)2)

e−ϕ2x2

δi
2, (112)

ui = e−
1
2ϕ2x2

δi
0.Â ýòîì ðåøåíèè äîëæíû áûòü âûïîëíåíû óñëîâèÿ: 2r2 ≥ b2 + ϕ2

2/2, b 6= 0.2. �PS �. Êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëè ãðóïïû:
[X1X2] = [X0X1] = [X0X2] = 0, (113)

[X0X3] = −(b+ c)X0, [X1X3] = −2X0 + bX1, [X2X3] = cX2. (114)



50 �.À. ÄÀÈØÅÂ, Â.À. ÊÀ�ÈÍÌåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè:
gij = eϕ3x3×

×




−e2(b+c)x3 2c(ecx
3−e2(b+c)x3

)
2b+c

0 0

2c(ecx
3−e2(b+c)x3

)
2b+c

e−2bx
3
(2b+ce(2b+c)x3

)(2b+c(2e(2b+c)x3−1))
(2b+c)2 0 0

0 0 e2cx3

0

0 0 0 1




, (115)
χp = b(2b+ c) · e−ϕ3x3

, χρ = − c

2
(12b+ 9c) · e−ϕ3x3

, (116)
σ = ±

√
1
χ
(3
2c

2 − 2b2 − bc)(ν2
3 + (2b+ 3

2c)
2) · e−ϕ3x3

, (117)
Ei = ∓(2b+ 3

2c)

√
3
2c

2 − 2b2 − bc

χ(ν2
3 + 4(2b+ 3

2c)
2)
e−ϕ3x3

δi
3, (118)

Hi = ±ν3

√
3
2c

2 − 2b2 − bc

χ(ν2
3 + 4(2b+ 3

2c)
2)
e−ϕ3x3

δi
3. (119)

ui = e
1
2x3

δi
0.Â ðåøåíèè äîëæíû áûòü âûïîëíåíû óñëîâèÿ: b ∈ (−

√
13+1
4 c ;− 3

4c) ïðè c ≥ 0 è
b ∈ (

√
13−1
4 c ; 0) ∪ (− 1

2c;− 3
4c) ïðè c ≤ 0, ïðè÷åì ϕ3 = −(2b+ c). .3. �LT � (1-å ðåøåíèå). Êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëè ãðóïïû:

[X2X0] = 0, [X0X1] = 0, [X0X3] = 0, (120)
[X1X2] = −CX3, [X3X1] = −X2, [X2X3] = −LX0. (121)Ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè:

gij = eϕ1x1




−1 0 0 Lx2

0 1 0 0
0 0 1 0
Lx2 0 0 1 − L2(x2)2


 , (122)

χp =
1

2
ϕ2

1 · e−ϕ1x1

, χρ =
1

2
L2 · e−ϕ1x1

, (123)
σ = ±1

2

√
1
2χ

(L2 − ϕ2
1)(ϕ

2
2 + 4(L− ν1)2) · e−ϕ1x1

. (124)
Ei = ±ϕ1

√
1
2 (L2 − ϕ2

1)

χ(ϕ2
2 + 4(L− ν1)2)

e−ϕ1x1

δi
1, (125)

Hi = ∓2ϕ1(L− ν1)

√
1
2 (L2 − ϕ2

1)

χ(ϕ2
1 + 4(L− ν1)2)

e−ϕ1x1

δi
1. (126)

ui = e−
1
2ϕ1x1

δi
0.Â ðåøåíèè äîëæíî áûòü âûïîëíåíî óñëîâèå L2 ≥ ϕ2

1.



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 514. �LT � (2-å ðåøåíèå). Êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëè ãðóïïû:
[X2X0] = 0, [X0X1] = 0, [X0X3] = 0, [X2X3] = 0, (127)
[X1X2] = −

√
2CX0 − CX3, [X3X1] = −

√
2X0 + CX2. (128)Ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè:

gij = eϕ1x1




−1 0 g02 g023
0 1 0 0
g02 0 g22 g23
g03 0 g23 g22


 , (129)ãäå

g02 = −g03 =
√

2(eϕ1x1 − 1),

g22 = g33 =
1

2
(e−2ϕ1x1 − 4 + 8eϕ1x1 − 3e2ϕ1x1

),

g23 =
1

2
(e−2ϕ1x1

+ 4 − 8eϕ1x1

+ 3e2ϕ1x1

).

χp = ϕ2
1 · e−ϕ1x1

, χρ =
3

2
ϕ2

1 · e−ϕ1x1

. (130)
σ = ±1

2

√
1
2χ
ϕ2

1(ϕ
2
1 + 4ν2

1) · e−ϕ1x1

. (131)
Ei = ±ϕ1

√
ϕ2

1

2χ(ϕ2
1 + 4ν2

1)
e−ϕ1x1

δi
1, Hi = ±2ϕ1ν1

√
ϕ2

1

2χ(ϕ2
1 + 4ν2

1)
e−ϕ1x1

δi
1. (132)

ui = e−
1
2ϕ1x1

δi
0. (133)5. �LN �. Êîììóòàöèîííûå ñîîòíîøåíèÿ àëãåáðû Ëè ãðóïïû:

[X2X0] = 0, [X0X1] = 0, [X0X3] = 0, [X2X3] = 0. (134)
[X1X2] = −(3B2 +D2)X3 + LBX0, [X3X1] = X2. (135)Ìåòðè÷åñêèé òåíçîð ïðîñòðàíñòâà-âðåìåíè:

gij = eDx1




−1 g01 0 0
g01 g11 x3 k2x2

0 0 1 0
0 k2x2 0 1


 . (136)Çäåñü

g01 = −LBe
−kx1

[kx2(1 + ekx1

) + ekx1

(e2kx1 − 1)x3]

k(e2kx1 + 1)
,

g11 =
e−2kx1

k2(1 + e2kx1)2
[k2(1+e2kx1

)(k4e2kx1−LB2)(x2)2−2ekx1

(−1+e4kx1

)kLB2x2x3+

+ 2e4kx1

(2k2 cosh(kx1)2 + (k2 + LB2 + (k2 − L2B2) cosh(2kx1)(x3)2)],

k =
√

3B2 +D2, L2 = 16B2 + 4D2,
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χp = (2B2 +D2)e−ϕ1x1

, χρ = (6B2 + 3
2D

2)e−ϕ1x1

, (137)
σ = ±1

2

√
1
2χ

(4B2 + 1
2D

2)(ϕ2
1 + 4(N + ν1)2)e

−ϕ1x1

, (138)
Ei = ±ϕ1

√
1
2 (4B2 + 1

2D
2)

χ(ϕ2
1 + 4(N + ν1)2)

e−ϕ 1x1

δi
1, (139)

Hi = ∓2ϕ1(N + ν1)

√
1
2 (4B2 + 1

2D
2)

χ(ϕ2
1 + 4(N + ν1)2)

e−ϕ1x1

δi
1, (140)

ui = e−
1
2ϕ1x1

δi
0. (141)Òàêèì îáðàçîì, íàéäåíû âñå âîçìîæíûå òî÷íûå ðåøåíèÿ ñèñòåìû óðàâíåíèéÝéíøòåéíà �Ìàêñâåëëà ñ èäåàëüíîé çàðÿæåííîé æèäêîñòüþ â ïðàâîé ÷àñòè, âïðîñòðàíñòâàõ-âðåìåíàõ, äîïóñêàþùèõ ïðîñòîòðàíçèòèâíûå ãðóïïû ãîìîòåòè÷å-ñêèõ ïðåîáðàçîâàíèé. SummaryR.A. Daishev, V.A. Karin. Equilibrium distributions of the 
harged �uids in the spa
e-times with a simple-transitive groups of homotheti
 motions.The method of �nding of the exa
t solutions of the self-
onsistent Einstein �Maxwellequations system are suggested. It is supposed that the spa
e-time admits simple-transitivegroup of homotheti
 transformations and the sour
e of su
h spa
e-times is the perfe
t �uid.The proposed method is the generalization of Ozsvath's method of �nding of the homogeneoussolutions of Einstein �eld equations. It is supposed also that the �uid's velo
ity ve
tor is
ollinear to time-like ve
tor Y of the Lie algebra of the group Hr. Under above assumptionall exa
t solutions of the system are found.Ëèòåðàòóðà1. Carr B.J., Coley A.A. Self-similarity in general relativity // Class. Quantum Grav. �1999. � V. 16, No 7. � P. R31�R71.2. Carot J., Sintes A.M. Homotheti
 perfe
t �uid spa
e-times // Class. Quantum Grav. �1997. � V. 14, No 5. � P. 1183�1205.3. Burd A., Coley A.A. Vis
ous �uid 
osmology // Class. Quantum Grav. � 1994. � V. 11,No 1. � P. 83�105.4. Wainright J., Yaremovi
z P. Killing ve
tor �elds and Eistein �Maxwell �eld equationswith perfe
t-�uid sour
e // Gen. Rel. Grav. � 1976. � V. 7, No 4. � P. 345.5. Ozsv�ath I. New homogeneous solutions of Einstein's �eld equations with in
oherentmutter. // Abhandl. Math.-naturwiss. � 1965. � No 1. � P. 1�41.6. Ozsv�ath I. Homogeneous solutions of the Einstein-Maxwell equations // J. Math. Phys. �1965. � V. 6, No 8. � P. 1255�1255.7. Hiromoto R.E., Ozsv�ath I. On homogeneous solutions of Einstein's �eld equations //Gen. Rel. Grav. � 1978. � V. 9, No 4. � P. 299�327.8. Äàèøåâ �.À. Îäíîðîäíûå ðåøåíèÿ óðàâíåíèé Ýéíøòåéíà ñ èäåàëüíîé çàðÿæåííîéæèäêîñòüþ // Èçâ. âóçîâ. Ôèçèêà. � 1984. � � 12. � Ñ. 74�77.9. Äàèøåâ �.À. Èçîìåòðè÷åñêèå äâèæåíèÿ èäåàëüíîé çàðÿæåííîé æèäêîñòè // Èçâ.âóçîâ. Ôèçèêà. � 1987. � � 10. � Ñ. 25�29.



�ÀÂÍÎÂÅÑÍÛÅ �ÀÑÏ�ÅÄÅËÅÍÈß ÇÀ�ßÆÅÍÍÎÉ ÆÈÄÊÎÑÒÈ 5310. Äàèøåâ �.À. Îäíîðîäíûå ðåøåíèÿ óðàâíåíèé Ýéíøòåéíà äëÿ èäåàëüíîé æèäêî-ñòè // Óêðàèíñêèé �èç. æóðí. � 1984. � Ò. 29, � 8. � Ñ. 1163�1170.11. Ïåòðîâ À.Ç. Íîâûå ìåòîäû â îáùåé òåîðèè îòíîñèòåëüíîñòè. � Ì.: Íàóêà, 1966. �495 ñ. Ïîñòóïèëà â ðåäàêöèþ26.04.06Äàèøåâ �èíàò Àáäóðàøèäîâè÷ � êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíòêà�åäðû òåîðèè îòíîñèòåëüíîñòè è ãðàâèòàöèè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñè-òåòà.E-mail: Rinat.Daishev�ksu.ruÊàðèí Âëàäèìèð Àíäðååâè÷ � ìàãèñòðàíò êà�åäðû òåîðèè îòíîñèòåëüíîñòè èãðàâèòàöèè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà.


