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UDK 530.12DIFFERENTIAL GEOMETRY OF WALKER MANIFOLDSA.A. Salimov, M. Is
an, S. TuranliAbstra
tIn the present paper, we fo
us our attention on the integrability and holomorphi
 
onditionsof a Norden �Walker stru
ture (M, gN+, ϕ) . We also give a 
hara
terization of a K�ahler �Norden �Walker metri
 gN+ .Key words: Norden �Walker stru
ture, Walker manifolds, pure tensor �eld, K�ahler �Norden �Walker metri
s, holomorphi
 tensor �eld, twin metri
s.Introdu
tionLet M be a C∞ -manifold of �nite dimension 4 . We denote by ℑr

s(M) the moduleover F (M) of all C∞ -tensor �elds of type (r, s) on M , i.e., of 
ontravariant degree rand 
ovariant degree s , where F (M) is the algebra of C∞ -fun
tions on M .A neutral metri
 wg on a 4-manifold M is said to be Walker metri
 if there existsa 2-dimensional null distribution D on M , whi
h is parallel with respe
t to wg . FromWalker's theorem [1℄, there is a system of 
oordinates with respe
t to whi
h wg takesthe lo
al 
anoni
al form
wg = (wgij) =









0 0 1 0
0 0 0 1
1 0 a c
0 1 c b









, (1)where a, b, c are smooth fun
tions of the 
oordinates (x, y, z, t) . The parallel null2-plane D is spanned lo
ally by {∂x, ∂y} , where ∂x = ∂/∂x, ∂y = ∂/∂y .In [2, Fa
t 1℄, a proper almost 
omplex stru
ture with respe
t to wg is de�nedas a wg -orthogonal almost 
omplex stru
ture ϕ so that ϕ is a standard generator ofa positive π/2 rotation on D , i.e., ϕ∂x = ∂y and ϕ∂y = −∂x . Then for the Walkermetri
 wg , su
h a proper almost 
omplex stru
ture ϕ is determined uniquely as








0 −1 −c 1

2
(a − b)

1 0 1

2
(a − b) c

0 0 0 −1
0 0 1 0









(2)In [3℄, for su
h a proper almost 
omplex stru
ture ϕ on Walker 4-manifold M ,an almost Norden stru
ture (gN+, ϕ) is 
onstru
ted, where gN+ is a metri
 on M ,with properties gN+(ϕX, ϕY ) = −gN+(X, Y ) . In fa
t, as one of these examples, su
ha metri
 takes the form (see Proposition 6 in [3℄):
gN+ =









0 −2 0 −b
−2 0 −a −2c
0 −a 0 1

2
(1 − ab)

−b −2c 1

2
(1 − ab) −2bc









. (3)



DIFFERENTIAL GEOMETRY OF WALKER MANIFOLDS 265We may 
all this an almost Norden �Walker metri
. The 
onstru
tion of su
h a stru
-ture in [3℄ is to �nd a Norden metri
 for a given almost 
omplex stru
ture, whi
h isdi�erent form the Walker metri
.In [3℄, for a given proper almost 
omplex stru
ture ϕ , an another Norden �Walkermetri
 GN+ is also 
onstru
ted:
GN+ =









−2 0 −a −2c
0 2 0 b
−a 0 1

2
(1 − a2) −ac

−2c b −ac 1

2
(b2 − 4c2 − 1)









. (4)The purpose of the present paper is to study K�ahler and quasi-K�ahler 
onditions ofNorden �Walker metri
s gN+ and GN+ .1. K�ahler �Norden �Walker metri
sLet ϕ be an a�nor �eld on M , i.e., ϕ ∈ ℑ1
1(M) . A tensor �eld t of type (r, s) is
alled pure tensor �eld with respe
t to ϕ if

t(ϕX1, . . . , Xs;
1

ξ, . . . ,
r

ξ) = t(X1, . . . , ϕXs;
1

ξ, . . . ,
r

ξ)

= t(X1, . . . , Xs;
′

ϕ
1

ξ, . . . ,
r

ξ)...
= t(X1, . . . , Xs;

1

ξ, . . . ,
′

ϕ
r

ξ)for any X1, X2, . . . , Xs ∈ ℑ1
0(M) and 1

ξ,
2

ξ, . . . ,
r

ξ ∈ ℑ0
1(M) , where ′

ϕ is the adjointoperator of ϕ de�ned by
(

′

ϕξ)(X) = ξ(ϕX),

X ∈ ℑ1
0(M), ξ ∈ ℑ0

1(M).We denote by ∗

ℑr
s(M) the module of all pure tensor �elds of type (r, s) on M withrespe
t to the a�nor �eld ϕ . We now �x a positive integer λ . If K and L are puretensor �elds of types (p1, q1) and (p2, q2) respe
tively, then the tensor produ
t of Kand L with 
ontra
tion

K
C
⊗ L = (K

i1...mλ...ip1

j1...jq1
L

r1...rp2
s1...mλ...sq2

)is also a pure tensor �eld.We shall now make the dire
t sum ∗

ℑ(M) =
∑

∞

r,s=0

∗

ℑr
s(M) into an algebra over thereal number R by de�ning the pure produ
t (denoted by C
⊗ or ” ◦ ”) of K ∈

∗

ℑp1
q1

(M)and L ∈
∗

ℑp2
q2

(M) as follows:
C
⊗ : (K, L) → (K

C
⊗L) =















































K
i1...mλ...ip1

j1...jq1
L

r1...rp2
s1...mλ...sq2

for λ ≤ p1, q2

(λ is a fixed positive integer),

K
i1...ip1

j1...mµ...jq1
L

r1...mµ...rp2
s1...sq2

for µ ≤ p2, q1

(µ is a fixed positive integer),

0 for p1 = 0, p2 = 0,

0 for q1 = 0, q2 = 0.
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ular, let K = X ∈ ℑ1
0(M) , and L ∈ Λq(M) be a q -form. Then the pureprodu
t X

C
⊗ L 
oin
ides with the interior produ
t ιXL .De�nition 1 [4℄. Letϕ ∈ ℑ1

1(M) , and ℑ(M) =
∑

∞

r,s=0
ℑr

s(M) be a tensor algebraover R . A map φϕ :
∗

ℑ(M) → ℑ(M) is 
alled a φϕ -operator on M ifa) φϕ is linear with respe
t to 
onstant 
oe�
ients;b) φϕ :
∗

ℑr
s(M) → ℑr

s+1(M) for all r, s ;
) φϕ(K
C
⊗ L) = (φϕK)

C
⊗ L + K

C
⊗ φϕL for all K, L ∈

∗

ℑ(M) ;d) φϕXY = −(LY ϕ)X X, Y ∈ ℑ1
0(M) , where LY is the Lie derivation with respe
tto Y ;e) φϕX(ıY ω) = (d(ıY ω))(ϕX) − (d(ıY (ω ◦ ϕ)))(X) = (ϕX)(ıY ω) − X(ıϕY ω) for all

ω ∈ ℑ0
1(M) and X, Y ∈ ℑ1

0(M) , where ıY ω = ω(Y ) = ω
C
⊗ Y .Let (M, wg) be a Walker 4-manifold with a Norden �Walker metri
 gN+ and properalmost 
omplex stru
ture ϕ . If the Nijenhuis tensor �eld Nϕ ∈ ℑ1

2(M) vanishes, then
ϕ is a 
omplex stru
ture and moreover M is a C-holomorphi
 manifold X2(C) whosetransition fun
tions are C-holomorphi
 mappings. Nϕ = 0 is equivalent to the 
ondition
∇ϕ = 0 , where ∇ is a torsion-free a�ne 
onne
tion. A metri
 gN+ is a Norden �Walkermetri
 [3, 5�8℄ if

gN+(ϕX, Y ) = gN+(X, ϕY ) (5)for any X, Y ∈ ℑ1
0(M) , i.e., gN+ is pure with respe
t to the proper almost 
omplexstru
ture ϕ . If (M, ϕ) is an almost 
omplex manifold with Norden �Walker metri
 gN+ ,we say that (M, ϕ, gN+) is an almost Norden �Walker manifold. If ϕ is integrable, wesay that (M, ϕ, gN+) is a Norden �Walker manifold.Let ∗

t ∈ ℑr
s(X2(C)) be a 
omplex tensor �eld on X2(C) . The real model of su
ha tensor �eld is a pure tensor �eld t ∈ ℑr

s(M) with respe
t to ϕ , whi
h in general isnot C-holomorphi
. When ϕ is a proper 
omplex stru
ture on M and the tensor �eld
φϕt vanishes, the 
omplex tensor �eld ∗

t on X2(C) is said to be holomorphi
 [9℄. Thusa holomorphi
 tensor �eld ∗

t on X2(C) is realized on M in the form of a pure tensor�eld t , su
h that
(φϕt)(X, Y1, Y2, . . . , Ys,

1

ξ,
2

ξ, . . . ,
r

ξ) = 0for any X, Y1, . . . , Ys ∈ ℑ1
0(M) and 1

ξ,
2

ξ, . . . ,
r

ξ ∈ ℑ0
1(M) , where

(φϕt)
(

X, Y1, . . . , Ys, ξ
1, . . . , ξr

)

= (ϕX) t
(

Y1, . . . , Ys, ξ
1, . . . , ξr

)

−

− Xt
(

ϕY1, . . . , Ys, ξ
1, . . . , ξr

)

+

s
∑

λ=1

t
(

Y1, . . . , (LYλ
ϕ) X, . . . , Ys, ξ

1, . . . , ξr
)

−

−

r
∑

µ=1

t
(

Y1, . . . , Ys, ξ
1, . . . , LϕXξµ − LX (ξµ ◦ ϕ) , . . . , ξr

)

. (6)In a Norden �Walker (almost Norden �Walker) manifold a Norden �Walker metri

gN+ is 
alled holomorphi
 (almost holomorphi
) if

(φϕgN+)(X, Y, Z) = (ϕX)
(

gN+ (Y, Z)
)

− X
(

gN+ (ϕY, Z)
)

+

+ gN+ ((LY ϕ)X, Z) + gN+ (Y, (LZϕ)X) = 0
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0(M) . If (M, ϕ, gN+) is a Norden �Walker manifold with a holo-morphi
 Norden �Walker metri
 gN+ , we say that (M, ϕ, gN+) is a holomorphi
 Nor-den �Walker manifold.In some aspe
ts, holomorphi
 Norden �Walker manifolds are similar to K�ahler �Norden �Walker manifolds. The following theorem is an analogue to the next knownresult: an almost Hermitian manifold is K�ahler if and only if the almost 
omplex stru
-ture is parallel with respe
t to the Levi �Civita 
onne
tion.Theorem 1. An almost Norden �Walker manifold is a holomorphi
 Norden �Walker manifold if and only if the proper almost 
omplex stru
ture ϕ is parallel withrespe
t to the Levi � Civita 
onne
tion of gN+ .Proof. By virtue of (5) and with ∇g = 0 we have

gN+(Z, (∇Y ϕ)X) = gN+((∇Y ϕ)Z, X). (7)Using (7), we 
an transform (6) as follows:
(ΦϕgN+)(X, Z1, Z2) = −gN+((∇Xϕ)Z1, Z2) +

+ gN+((∇Z1
ϕ)X, Z2) + gN+(Z1, (∇Z2

ϕ)X). (8)From this we have
(ΦϕgN+)(Z2, Z1, X) = −gN+((∇Z2

ϕ)Z1, X) +

+ gN+((∇Z1
ϕ)Z2, X) + gN+(Z1, (∇Xϕ)Z2). (9)If we add (8) and (9), we �nd

(ΦϕgN+)(X, Z1, Z2) + (ΦϕgN+)(Z2, Z1, X) = 2gN+(X, (∇Z1
ϕ)Z2). (10)By substituing ΦϕgN+ = 0 in (10), we �nd ∇ϕ = 0 . Conversely, if ∇ϕ = 0 , then the
ondition ΦϕgN+ = 0 follows from (8). Thus the proof is 
omplete.Remark. Re
all that a K�ahler �Norden �Walker manifold 
an be de�ned as a triple

(M, ϕ, gN+) whi
h 
onsists of a manifold M endowed with a proper almost 
omplexstru
ture ϕ and a pseudo-Riemannian Norden �Walker metri
 gN+ su
h that ∇ϕ = 0 ,where ∇ is the Levi �Civita 
onne
tion of gN+ . Therefore, there exist a one-to-one 
or-responden
e between K�ahler �Norden �Walker manifolds and 
omplex manifolds witha holomorphi
 Norden �Walker metri
 as they were de�ned in [9℄.Let (M, ϕ, gN+) be an almost Norden �Walker manifold. If
(ΦϕgN+)kij = ϕm

k ∂mgN+

ij − ϕm
i ∂kgN+

mj + gN+

mj (∂iϕ
m
k − ∂kϕm

i ) + gN+

im ∂jϕ
m
k = 0, (11)then by virtue of Theorem 1 the triple (M, ϕ, gN+) is 
alled a holomorphi
 Norden �Walker or a K�ahler �Norden �Walker manifold.By substituting (2) and (3) in (11), we obtain

(

ΦϕgN+
)

xxz
=

(

ΦϕgN+
)

xzx
= ax,

(

ΦϕgN+
)

xxt
=

(

ΦϕgN+
)

xtx
= −by + 2cx,

(

ΦϕgN+
)

xyz
=

(

ΦϕgN+
)

xzy
= −ay,

(

ΦϕgN+
)

xyt
=

(

ΦϕgN+
)

xty
= −bx − 2cy,

(

ΦϕgN+
)

xzz
= aax,

(

ΦϕgN+
)

xzt
=

(

ΦϕgN+
)

xtz
= − 1

2
(ab)y + (ac)x,
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(

ΦϕgN+
)

xtt
=4ccx − bbx − 2(bc)y,

(

ΦϕgN+
)

yxz
=

(

ΦϕgN+
)

yzx
=ay,

(

ΦϕgN+
)

yxt
=

(

ΦϕgN+
)

ytx
=bx + 2cy,

(

ΦϕgN+
)

yyt
=

(

ΦϕgN+
)

yty
=−by + 2cx,

(

ΦϕgN+
)

yzz
=aay,

(

ΦϕgN+
)

yzt
=

(

ΦϕgN+
)

ytz
= 1

2
(ab)x + (ac)y,

(

ΦϕgN+
)

ytt
=4ccy − bby + 2(bc)x,

(

ΦϕgN+
)

zxz
=

(

ΦϕgN+
)

zzx
=bz −

1

2
a(a − b)x,

(

ΦϕgN+
)

zxx
=2(bx − ax),

(

ΦϕgN+
)

zxy
=

(

ΦϕgN+
)

zyx
=2cx − ay + by,

(

ΦϕgN+
)

zxt
=

(

ΦϕgN+
)

ztx
=2cbx − 1

2
(a − b)by + 2cz − cax − at + bcx,

(

ΦϕgN+
)

zyy
=4cy,

(

ΦϕgN+
)

zyz
=

(

ΦϕgN+
)

zzy
=cax − aay + 1

2
(ab)y − at + 2cz,

(

ΦϕgN+
)

zyt
=

(

ΦϕgN+
)

zty
=2bcy + 2ccx − bz − (ac)y + cby,

(

ΦϕgN+
)

zzz
=abz,

(

ΦϕgN+
)

zzt
=

(

ΦϕgN+
)

ztz
= 1

2
c(ab)x − 1

2
(a + b)at −

1

4
(a − b)(ab)y + (bc)z + acz, (12)

(

ΦϕgN+
)

ztt
=2c(bc)x + 4ccz − (a − b)(bc)y − 2cat − bbz,

(

ΦϕgN+
)

txx
=−4cx,

(

ΦϕgN+
)

txy
=

(

ΦϕgN+
)

tyx
=bx−2cy−ax,

(

ΦϕgN+
)

txz
=

(

ΦϕgN+
)

tzx
=at−acx−2cz,

(

ΦϕgN+
)

txt
=

(

ΦϕgN+
)

ttx
=bbx − 1

2
(ab)x − 2ccx − cby + bz,

(

ΦϕgN+
)

tyy
=2(by − ay),

(

ΦϕgN+
)

tyz
=

(

ΦϕgN+
)

tzy
=bz −

1

2
(a − b)ax − (ac)y,

(

ΦϕgN+
)

tyt
=

(

ΦϕgN+
)

tty
=(b − a)cx − 4ccy + 2cz − at −

1

2
b(a − b)y,

(

ΦϕgN+
)

tzz
=aat − 2acz,

(

ΦϕgN+
)

ttt
=(b − a)(bc)x − 2c(bc)y + 2bcz − bat,

(

ΦϕgN+
)

tzt
=

(

ΦϕgN+
)

ttz
=− 1

4
(a − b)(ab)x−

1

2
c(ab)y+cat − 2ccz+ 1

2
(a + b)bz.From these equations we haveTheorem 2. The triple(M, ϕ, gN+) is K�ahler �Norden �Walker if and only if thefollowing PDEs hold:

ax = ay = cx = cy = bx = by = bz = 0, at − 2cz = 0. (13)Example. Let c = 0 (for Walker metri
s wg with c = 0 , see [10℄). Then the triple
(M, ϕ, gN+) with metri


gN+ =









0 −2 0 −b(t)
−2 0 −a(z) 0
0 −a(z) 0 1

2
(1 − a(z)b(t))

−b(t) 0 1

2
(1 − a(z)b(t)) 0







is always K�ahler �Norden �Walker.Let (M, ϕ, g) be an almost Hermitian manifold. The Goldberg 
onje
ture [11, 12℄states that an almost Hermitian manifold (M, ϕ, g) must be K�ahler (or ϕ must beintegrable) if the following three 
onditions are imposed: (G1) if M is 
ompa
t and
(G2) g is Einstein, and (G3) if the fundamental 2-form is 
losed. Despite many papersby various authors 
on
erning the Goldberg 
onje
ture, there are only two papers bySekigawa [13, 14℄ whi
h obtained substantial results to the original Goldberg 
onje
ture.Let (M, ϕ, g) be an almost Hermitian manifold, whi
h satis�es the three 
onditions
(G1) ,(G2) and (G3) . If the s
alar 
urvature of M is nonnegative, then ϕ must beintegrable.Let now (M, ϕ, wg) be an Hermitian �Walker manifold with the proper almost 
om-plex stru
ture ϕ and the metri
 wg (see (1)). From Theorem 1, we have



DIFFERENTIAL GEOMETRY OF WALKER MANIFOLDS 269Theorem 3. Let (M, ϕ, wg) be an Hermitian �Walker manifold with the proper al-most 
omplex stru
ture ϕ . The proper almost 
omplex stru
ture ϕ on a Walker manifold
(M, wg) is integrable if φϕgN+ = 0 , where gN+ is a Norden �Walker metri
 de�nedby (3) . 2. Twin Norden �Walker metri
sLet (M, ϕ, gN+) be an almost Norden �Walker manifold. The asso
iated Norden �Walker metri
 of almost Norden �Walker manifold is de�ned by

G(X, Y ) = (gN+ ◦ ϕ)(X, Y ) (14)for all ve
tor �elds X and Y on M . One 
an easily prove that G is a Norden �Walkermetri
 GN+ (see (4)), whi
h is 
alled the twin metri
 of gN+ and it plays a role similarto the K�ahler form in Hermitian Geometry. We shall now apply the φϕ -operator to thepure metri
 GN+ :
(φϕGN+)(X, Y, Z) = (ϕX)

(

GN+ (Y, Z)
)

− X
(

GN+ (ϕY, Z)
)

+

+ GN+ ((LY ϕ)X, Z) + GN+ (Y, (LZϕ)X) =

= (LϕXGN+ − LX(GN+ ◦ ϕ))(Y, Z) +

+ GN+(Y, ϕLXZ) − GN+(ϕY, LXZ) =

= (φϕGN+)(X, ϕY, Z) + GN+(Nϕ(X, Y ), Z). (15)Thus (15) implies the followingTheorem 4. In an almost Norden �Walker manifold (M, ϕ, gN+) , we have
φϕGN+ = (φϕgN+) ◦ ϕ + gN+ ◦ (Nϕ).Corollary 1. In a Norden �Walker manifold (M, ϕ, gN+) the following 
onditionsare equivalent:a) φϕgN+ = 0 ,b) φϕGN+ = 0 .We denote by ∇gN+ the 
ovariant di�erentiation of Levi �Civita 
onne
tion of Nor-den metri
 gN+ . Then we have

∇gN+GN+ = (∇gN+gN+) ◦ ϕ + gN+ ◦ (∇gN+ϕ) = gN+ ◦ (∇gN+ϕ),whi
h implies ∇gN+GN+ = 0 by virtue of Theorem 1 (∇gN+ϕ = 0). Therefore, we haveTheorem 5. Let (M, ϕ, gN+) be a K�ahler �Norden �Walker manifold. Then theLevi � Civita 
onne
tion of Norden �Walker metri
 gN+ 
oin
ides with the Levi � Civita
onne
tion of twin Norden �Walker metri
 GN+ .3. Quasi-K�ahler �Norden �Walker manifoldsThe basis 
lass of non-integrable almost 
omplex manifolds with Norden metri
is the 
lass of the quasi-K�ahler manifolds. An almost Norden manifold (M, ϕ, gN+) is
alled quasi-K�ahler [15℄ if
σ

X,Y,Z
gN+((∇Xϕ)Y, Z) = 0,where σ is the 
y
li
 sum by three arguments.



270 A.A. SALIMOV ET. ALBy setting (LY ϕ)X = LY (ϕX)−ϕ(LY X) = ∇Y (ϕX)−∇ϕXY −ϕ(∇Y X)+ϕ(∇XY )and using (8), we see that (ΦϕgN+)(X, Y, Z) may be expressed as
(ΦϕgN+)(X, Y, Z) = −gN+((∇Xϕ)Y, Z) + gN+((∇Y ϕ)Z, X) + gN+((∇Zϕ)X, Y ).If we add (ΦϕgN+)(X, Y, Z) and (ΦϕgN+)(Z, Y, X) , then by virtue of

gN+(Z, (∇Y ϕ)X) = gN+((∇Y ϕ)Z, X) , we �nd
(ΦϕgN+)(X, Y, Z) + (ΦϕgN+)(Z, Y, X) = 2gN+((∇Y ϕ)Z, X).Sin
e (ΦϕgN+)(X, Y, Z) = (ΦϕgN+)(X, Z, Y ) , from last equation we have

(ΦϕgN+)(X, Y, Z) + (ΦϕgN+)(Y, Z, X) + (ΦϕgN+)(Z, X, Y ) = σ
X,Y,Z

gN+((∇Xϕ)Y, Z).Thus we haveTheorem 6. Let (M, ϕ, gN+) be an almost Norden �Walker manifold. Then theNorden �Walker metri
 gN+ is quasi-K�ahler �Norden �Walker if and only if
(ΦϕgN+)(X, Y, Z) + (ΦϕgN+)(Y, Z, X) + (ΦϕgN+)(Z, X, Y ) = 0 (16)for any X, Y, Z ∈ ℑ1

0(M2n) .From (1.) and (16) we haveTheorem 7. A triple (M, ϕ, gN+) is a quasi-K�ahler �Norden �Walker manifoldif and only if the following PDEs hold:
bx = by = bz = 0, ay − 2cx = 0, ax + 2cy = 0, (b − a)cx − 2ccy + 2cz − at = 0.We thank Professor Yasuo Matsushita for valuable 
omments. This paper is sup-ported by The S
ienti�
 and Te
hnologi
al Resear
h Coun
il of Turkey (TBAG-108T590). �åçþìåÀ.À. Ñàëèìîâ, Ì. Èñ÷àí, Ñ. Òóðàíëè Äè��åðåíöèàëüíàÿ ãåîìåòðèÿ ìíîãîîáðàçèéÓîêåðà.Â ñòàòüå ðàññìàòðèâàþòñÿ èíòåãðèðóåìîñòü è ãîëîìîð�íîñòü ñòðóêòóðû Íîðäåíà �Óîêåðà (M, gN+, ϕ) , à òàêæå äàåòñÿ õàðàêòåðèçàöèÿ ìåòðèêè Êýëåðà �Íîðäåíà �Óîêåðà

gN+ .Êëþ÷åâûå ñëîâà: ñòðóêòóðà Íîðäåíà �Óîêåðà, ìíîãîîáðàçèå Óîêåðà, ÷èñòîå òåí-çîðíîå ïîëå, ìåòðèêà Êýëåðà �Íîðäåíà �Óîêåðà, ãîëîìîð�íîå òåíçîðíîå ïîëå, äâîéíàÿìåòðèêà.
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