YYEHBIE 3ATIMCKIN KASAHCKOT'O YHUBEPCUTETA
Tom 154, ku. 1 DU3NKO-MaTeMaTHIECKUE HAYKH 2012

VIK 517.546

O HEKOTOPBIX ITOBEPXHOCTAX,
OINTPEAEJIAEMBIX KOH®OPMHBIM PAINTYCOM

A.H. Axmemosa, A.B. Xmeasvnuuykas

AnaHOTa U

B crarpe mpuBemeHbl pe3yabTATHI O CBOUCTBAX MOBEPXHOCTH KOH(MOPMHOTO PAIMYCA, IO-
CTPOEHHO HAJ[ eIUHUTHBIM KPYTOM WJIM €r0 BHENIHOCTBHIO, IS 06JIACTH C BBIMYKJIONH IpaHu-
meit, comepIKarieil mpaMOIUHENHBIN y9acTOK. V3ydensl CBOHCTBA TMOBEPXHOCTH KOHGMOPMHOTO
pasmyca, IOCTPOEHHON HAJI MOIYIIOCKOCTBIO, /I 00IACTH € TOJIMTOHATHHBIMEA TDAHUIIAMHA.
HWccmenoBans! MOBepXHOCTH TPE0OPA30BAHHBIX KOH(MOPMHBIX PAINYCOB.

KuroueBbie ciioBa: KOH(MOPMHBIH PaNyC, TOBEPXHOCTH KOH(MOPMHOTO PaINyCa, BBITYK-
Jtasi 06J1aCTh, BBIMYKJIBIM MHOTOYTOMLHUK, KOI(DMUIINEHT rumepOomIecKOil MeTPUKH.

[Tyctsr D — mekoTOpast OJHOCBsI3HAST 00J1ACTh TJIOCKOCTH 2, MMerolasi 6osee oIHoOM
rpannunoil rouku. Kondopmubiv (uiau BHyTpenHuM) pajauycom obsactu D orHOCH-
TeJIbHO TOUKM 29 € D naszwiBaercs sequuuna R = R(D,zg), paBHas paauycy Kpyra
|lw| < R, asagiomerocs koHdopMubiM o6pa3oM obaacru D B pesynbrare neficTBus
dbynxmmn w = F(z): F(z9) =0, F'(z9) = 1.

s BuramcieHus KOH(GOPMHOTO paauyca OTHOCBA3HON obsactu D B TOUKe 2z
06BIYHO TIOJTh3y0TCst (hbopMydIoii [1]

R(D,z) = [f(OI(1 — [¢[*), (1)

rae z = f({) — dbyukuns, peannsymoiast KOHGOPMHOE 0TOOPAYKEHNEe eMHIIHOrO KPyTa
E = {( :|¢] < 1} na obmacte D = f(FE). Ilpu stom Belpazkenne (1) omucbIBaeT
nosepxHOCTH §) B R3 maz obmacrteio D mwam kpyrom F.

Wuorma nmpu mocTpoernn KOHGOPMHOTO paauyca ajsg obnactu D Bmecto F B Kade-
CTBE KAHOHUYECKON 0071aCTH MOTYT ObITh BHIOPAHBI BHENTHOCTD [~ €IUHHYIHOTO KPyTra
FE wnan noaymiockocTh. PopMmysia Jiist BRIYUCIEHNsT KOH(GOPMHOTO PAINyca MpHu 3TOM
M3MEHNTCS, XOTSI TeOMETPHIECKH CMBICT TIOTHOCTRIO coxpanuTcs. s obnacreii ¢ Gec-
KOHEYHO YIAJeHHOH TOYKON Ha rpaHuIle MINH BHYTPH 00gacTh KOH(MOPMHBINA paanyc
B COOTBETCTBYIOIIEH TOUKE ONMPEIeIAeTcs MpeIeabHbIM MepexoioM B o0tmeil dhopmyte
suzga (1).

B mepBoit wactn Hacrosimei craThu, sBISONEcs npogokennem [2] u [3], moka-
3aH0, YTO TMOBEPXHOCTH KOH(MOPMHOTO Paanyca Jjis 00JAaCTH € BLITYKJIOW TpaHUIE,
BKJIIOYAIOMIE NMPAMOJINHENHHBIN yIaCTOK, TEPAeT CBONWCTBO BBIMYKJIOCTU NMPHU MOCTPOE-
HUU HAJT IHHUYIHBIM KPYroM F Wiu HaJl BHEIMTHOCTBI0O '~ exuauanoro kpyra F. s
MHOT'OYTOJbHBIX KPUBOJTHHEHHBIX 00acTeil momydenbl 0000IeHnsT STUX Y TBePKICHUH
(1o, MHOrOYroJIbHOM KPUBOJIMHENRHOI 061acTbio Oy/eM IOHUMATh 00JIACTH, MOJLYYeH-
HYIO TOCJIe 3aMEHBI TPAHUIL MPSMOIHHEHHOTO MHOTOYTOIBHUKA MTPOCTHIMHU BBITYKIBIMA
KPUBBIMH).

Kpowme Toro, u3ydensl cBoiCTBa NOBEPXHOCTH KOH(DOPMHOTO paanyca

R(D,z) =2Im (| f(¢)] = 2Im ¢ [[ [¢—ax|™ ", D= f(P), P={¢:Tm¢ >0}, (2)

k=1
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st 0bJtacTedt ¢ MOMUTOHAIBHBIMU TPAHUIIAMEU TIPU BBIOOpE TOJIYIIJIOCKOCTH P B Kade-
CTBe KAHOHUYECKO# obacTu.

Bropasi gacTh crarbu CBsi3aHA € HCCJIEIOBAHUEM MOBEPXHOCTEH, OMUCHLIBAEMBIX
byuxmusvm ef1(Z) | R"(z), n € Z, n apyrux, rae R(z) — koudopmuslii paauyc. IToy-
1eHO 0000IIEeHre CBOWCTB MOBEPXHOCTEH TPE0dPa30BAHHBIX KOH(MDOPMHBIX DAINYCOB.

1. PaccmoTpum perynspayio B kpyre E dynxnmio f(() = co+(+c2(?+- -+, omno-
JINCTHO OTOOparkarmlyio F Ha BHyTpeHHOCTH D Bbimykjoi guuauu L. Ilpeacrasiaenue

27

F1(C) = exp _% / (1 — e~ ¢)da(0) b d¢,  a(2r) — al0) =0, (3)

0

ompesiesisieT BeCch KIIAacC BRIMYKIBIX (yHKImit f (ananorununo [4, c. 507]). 3xech MoHO-
TOHHO Bo3pacramommast dbyHkuns «(f) onpenensieTcs B CBOMX TOYKAX HEMPEPHIBHOCTH
Kak

a(f) = lim1 a(r, ),

r—

re
a(r,@):GJrngargf’(rew), L,=f(re?), 0<6<2m, 0<r<l.

CrnpasemiuBa

Teopema 1. Iloseprnocms QT xongdopmnozo paduyca das swnykaoti obaacmu D
¢ npamosunetinbiM yuacmrom 2panuyst | C 0D, nocmpoennas nad E, we saeasemcsa
NOBEPTHOCBIO, 6HINYKAOT 66EPL.

JoxkazareabcTBo. be3 orpannuenus obmuocTu OyaeMm cauTarsh oopa3 Touku ¢ = 1
JIEJKAIUM Ha TPSMOJUHERHOM ydacTKe TpaHuIlsl objgactu D Ttak, aro ayra v. C OF,
conepxxamas ¢ = 1 U coeuHAIONAA TOYKH e U e, GyneT nepexouTh B HEKOTOPbIi
upsMoJinHeiHbIl yuacTok rpanuibl f(v:) C 1 C dD (cum. puc. 1). Ucxong u3 npunnuna
CUMMeTpHH, IPOJOJKUM QyHKIUIO [ uepes ayry 7. B okpecraocts Bz = {|( — 1] <
< £}. Hocne sToro ¢ = 1 cTaHOBUTCS TOYKOI AHATTMTHIHOCTH MPOOJIKEHHON DyHKITNN,
KOTOPYIO 00603HAaYNM TakxKe depes3 f.

P

e i(2m-€)

Puc. 1

[Mockonbky Ha ayre v. dyukuusa a(f) = const, To mocraroyno paccmorperh  Ha
orpeske ¢ < 0 <27 — e.

Bripaxenwe s kondopmuoro paauyca nipu ¢ = &, § € [—1, 1], 3annmercs B Buje
R(&) = [/(OI(1 — &), mpnaem

2m—e

£©I=epd ~5- [ (1= 2¢cost +€%)da(6) o (4)

€

Torna

R'(€) = (1= &NF(©)le — 2l (€I,
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n nosromy R/'(1) = —2|f’(§)|‘€21 < 0, nockombKy f'(1) # 0 B cuiy HEOOXOIMMOTO
YCJIOBHST OHOMUCTHOCTH byHKIHN f.
Haurtee,

R'(€) = (1 = ) (©)lee — 4€1 £ (©)le — 21F'(€)-

IMockoubKy nogpiaTerpasbias GyHknus B Boipaxkenuu (4) ne umeer norapudmMudeckoii
ocobennocTH, nudGepeHIupys mo mapamMeTpy Mo 3HAKOM WHTErpaJa, MoJIydaeM

2m—e¢

1 26 -2 0
P =17 f%t/Tf%gg%?mw)

g

B cuny pasencrsa
|fl(£)|{.;“§=1 = 7|fl(£)|‘§=1
OKOHYATEJIbHO UMEEM

R'(1) = 2|7/ (&)l|,_, > 0.

Tak kak ynknus [ amammruuna B Bz, to R”(£) > 0 B Bz. Cnemosarenbho, HA
MOBepXHOCTH KOHGMOPMHOIO pajiyca UMeeTCsi HeBbITyKias BBepx Kpupas R(E), obpa-
30BaHHAS PACCEYEHUEM HTOI MOBEPXHOCTH IMJIOCKOCTHIO, TIEPIIEHIUKYJIAPHON MIOCKOCTH
kpyra E. 910 o3nadaer, 4T0 MOBEPXHOCTH KOH(MOPMHOIO PAJINyca, MOCTPOCHHAS HAT
E, He aBsieTcst BBIMYKJIONH BBEPX. O

OrmerumM, 4TO TeOpeMa BepHa WU i BBIIYKJBIX MHOIOYIOJBHUKOB KaK 4aCTHOLO
caydast obsacTeil ¢ IpsAMOJMHEAHBIM yIaCcTKOM IPAHUIIDL.

[Mpusenem mHekoTopoe 000OIIEHNE TEOPEMBI 1 /17151 BBIMYKJIBIX KPUBOJUHENHHBIX MHO-
royroJibHUKOB. B KauecTBe oTobOpaskaomeil ¢pyHkinn paccmorpum naTerpana Kpucrod-
densa — [MIsapma

C n
10 = [TI€C-ad ceB a=con (5)
o k=1
C yCJIOBHEM
n72<2ak<n71, 0<ap<1. (6)

k=1

Crpasennmnsa

Teopema 2. Ilycmv D — 8uinykavili KpUSOAUHEUHbIT MHO20Y20A0HUK, COOMBEEM-
cmeyrowut unmezpasvromy npedcmasaenuto (5) ¢ ycaosuem (6). Ioseprrocmy QF
Konpopmrozo paduyca das obaacmu D, nocmpoennas Had KPY20Mm, HE ABAAECMCA NO-
BEPTHOCMBIO, BVINYKAO 6BEPL.

okazaTeabcTBo. JlocTaTouno yOeuThCA B CYIIECTBOBAHUY BBIMYKJION BHU3 JIH-
HUU B BEPTUKAJTBHOM CEYEHUHU MOBEPXHOCTH KOH(MOPMHOIO PAJnyca ¢ ypaBHEHUEM

R¢) == ¢ []1¢— axl™ "
k=1

Bes orpanndenus obmaoctu bymem canrarh ax # —1, k=1,2,... n.
Ipn kaxaom dbukcupoBaHHoM t € (—m/2;7/2) paccMOTPHM MHOYKECTBO paccede-
HEif ToBepxXHOCTH KOH(GOPMHOTO paanyca miockoctamu (¥ = —1+re't, r > 0. Kpussle
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B C€YE€HUU ONUINTYTCA BbIpazKEHUEM
it ap—1

e
1+ ag

R(¢*) = (2rcost —r?) H 11+ ap| 1 H 1—r
k=1 k=1

Bropoit MEHOKHTEH B TIOCTEHEM COOTHOINIEHUN HE BJIMAET HA HUCCIEAYEMYIO XapakKTe-
PUCTHUKY TOBEPXHOCTH, MO3TOMY JAOCTATOYHO PACCMOTPETH (DYHKITUIO

it ap—1

n
®(r) = (2rcost — r?) H 1—r
k=1

&
1+ ay

1 3aIlliCaTb €€ Pa3JIOZKEHHE B OKPECTHOCTH HYJIA

- cost(l + cos ) + sintsin
®(r) = 2rcost — 1 —ZTQCost;(ak—l) o0 —ff:osgok) l +0(r?).

3HadeHue BTOPOIi MPOU3BOIHOMN B HYJIE, OYEBUIHO, 3aBUCUT OT BBIOOPA CEYEHUs, TO €CTh
or t. IlosTomy BEImumem Ko3dgdumment mpu r2 B Buge GYHKIHX

cost(1 + cos ) + sint sin @y, tG( ™ 7r)
, .

ko(t) = — [1+cost Y (ax —1) I cos gy

k=1

Bozbmewm cegenne npu ¢ = 0. Torga

n n
kp(0) == [ 14+ (ar—1) | =n—1-) o,
k=1 k=1
u u3 yciosusi (6) merko momydvaem omenky 0 < ko(0) < 1, 3 KOTOpOii BHITEKAET Clpa-

BEJIJINBOCTDH YTBEPKJICHUS. O

[Mepeiinem K U3y9eHUIO CBOWCTB MOBEPXHOCTH KOH(OPMHOTO PAINYCa, TOCTPOEHHOTO
HaJ BHEIITHOCTHIO KpyTa. PaccMoTpuM MepoMop@dHYy0 BO BHEITHOCTH Kpyra F QyHKITHIO

F)=C+co+c1Ct+coC?2+---, ( € E7, omHomucTHO OTOGpazKkaonyo £~
Ha BHENHOCTh D™ 3aMKHYTON BBIMYKJIOH auHuN L.
[Ipencrasnenne
27
1 eiG
F'(¢) = exp - /ln <1 - ?) da(8) p, a27)—a(0) =0, (7)
0

oupejenser Becb knacc pyukuuiit F (ananoruuno [4, c. 507]). Monoronno Bospacraio-
mas Gyukius «(f) noHuMaercs 37ech TAaK ¥Ke, KaK U paHee.
Nmeer mecTo

Teopema 3. Iloseprnocmsd Q- KonBOpMHO20 Paduyca OAA HEUWHOCTIU EHINYKAOT
obaacmu D ¢ npamosunetinoim yuacmrom eparuys, | C 0D, nocmpoennas wad E~,
HE ABAACMCA NOGEPTHOCBLIO, GHINYKAOT GHUS.

JokazareabcTBo. Bce mepBonavanbHble COOOpaXKeHUs B JOKA3ATEILCTBE TEO-
pembl 1 OyIyT UMeTh CUJIy W B TaHHOM CIydYae, TO3TOMY MPOJOJIKAM OTODPAYKAIOIILY IO
PYHKITHIO Yepe3 ayry OKPYKHOCTH TaK, YTOOBI TOUKa ( = 1 cTaja aHAJTUTHIeCKOH st
POIOMKEHHOM (DYHKITHAMN.
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Iycrs ¢ =&, € € [—1,1]. Bocnonbsyemest npescrasienviem (7) st TpOU3BOTHOMN

2m—e¢
|F'(¢)| = 52 exp % / In(1 — 2¢ cos 0 + &%) da(0)
Torza R'(€) = (€% = 1)/ (§)l¢ +2¢1 £/ ()] m R'(1) = 2/f(¢)l|_, =0
Hanee,
R"(€) = (& = DIF'(©)I¢e + 4El ' (&)l + 21 (©)]. (8)

ITockonbky

2r—e

FreNt 1 2& — 2 cos 2
[F"(&)]e = [F'(§)] o / Wda(a)*g ;
To |F' (¢ |§|§ L= —1F )H5=1= U CJIEZI0BATEIBHO,
R'(1) = =2|F'(©)l],_, <0.

IMockonbky dbyaknus F amamatuana B Bz, o R’(§) < 0 B Bz. CrmemosarensHo,
Ha MOBEPXHOCTH KOH(MDOPMHOTO PaJInyca NMeeTcsi HeBbINyKJas BHU3 kpuBast R(E), obpa-
30BaHHAS PACCEYEHMEM HTOI MOBEPXHOCTH IMJIOCKOCTHIO, TIEPIIEHIUKYJIAPHON MIIOCKOCTH
Kpyra. O

BaMeHHH HpHMOJII/IHGfIHbIQ TPaHUIIbI MHOTOYTOJIbHUKA BBHIMTYKJIBIMU KPUBBIMA, TIOJTY-
9uM HEKOTOpoe 0000Ierne Teopembl 3. B kauecTre orobparkaroreit (pyHKIMYM paccMoT-
pum unterpan Kpucroddemns — [MIsapra

:/ﬁ k)P 146 CeE™, aj=e¥*, 9)

[
C yCJIOBHEM
n
n<Y B<n+2 1<f<2. (10)
k=1
Crpasenninsa
Teopema 4. ITycmv D~ — @newHoOCMb 6bINYKAO20 KPUBOAUHETHO20 MHO20Y20/b-

HUKA, COOMBEMCMEYI0Was unmezpasbhomy npedcmasaenuro (9) ¢ yeaosuem (10).
Ioseprrocms Q- Koudopmmozo paduyca das D~ , nocmpoennas wad 6HEUWHOCTNbIO
KpY2a, He ABAAEMCA NOGEPTHOCMBIO, BUNYKAOT 6HUS.

HoxkazareabctBo. [loBepxHOCTH KOH(DOPMHOTO PAINYCa OMUCHIBACTCS (DYHKITHEH

Bes orpanunuenus obiaocTd nomaraem ap # —1, k= 1,2,... n. Ilpu raxaom duk-
CUPOBAaHHOM Hanpasjenuu ¢ € (7/2;37/2) paccMOTpUM MHOXKECTBO PACCEYEHHH 110-
BEPXHOCTH KOH(pOPMHOTO pajamyca miockoctamu (¥ = —1 + re, r > 0. Kpussle,

O6pa30BaHHbIe B C€YEHUU, OTUIITYTCA BbIpazKEHUEM

R(CY) = r? — 2rcost H

2 _
1+7r 2r cost ple

zt Br—1
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Bropoii MHOKXUTENH He BIAUSET HA WHTEPECYIONIYI0 HAC XapaKTEPUCTUKY MOBEPXHOCTH.
TTosTomy paccmorpum (byHKIHIO

72 — 2rcost 2 Pr=1
ar) = 2T
k=1

eit

1 —
T1+ak

1+ 72 — 2rcos
1 3aTUIIeM ee Pa3JoyKeHne B OKPeCTHOCTH HyJd

®(r) = —2rcost + 12 — 4r? cos® t +

t(1 in ¢ si
cost(l + cos i) + sint sin gy, +o(r?).
2(1 + cos pr,)

+ 272 costZ(ﬂk -1

k=1

3navenne BTOPOIl MPOU3BOIHON B HY/Ie BHOBb 3aBUCUT OT BHIOOPA CEUEHUsI, TO €CTh OT ¢ .
IMosromy Bbimumem kosdduiment npu r2 B Buje GyHKIUH

ka(t) =1 —4cos’t + cost » (B — 1)

cost(1 + cos py) + sint sin gy, ‘e <7r.37r>
, .
k=1

1 + cos gy, 272

Bossmewm cevenne npu t = w. Torma
n
k‘g(ﬂ') =-3 —n—l—Zﬁk.
k=1

n
Ncnonb3ys orpannuenne ceepxy u3 (10) ans > O, moaydnm
k=1

ko(m) = =3 —n+ Y B <L

k=1
Cite1oBaTenbHO, TOBEPXHOCTH HE MOYXKET OBITh BBIMYKIOH BHU3. O

Teneph ycTaHOBUM AHAJIOTWYHBIE YTBEPIKIEHUS B CIYyYae MOCTPOECHUS TTOBEPXHOCTH
KOH(pOPMHOTr0 paanyca HaJ, MOJYILTIOCKOCTHIO P.

Teopema 5. Ilosepzrocmov Q7 kongopmrozo paduyca dra 1106020 6bnyKA020 NPA-
MONUHETHO020 MHOZ20Y20AbHUKA, NOCMPOEHHAA HA0 NOAYNAOCKOCTBIO, HE ACAACMCA NO-
BEPTHOCMBIO, 6LINYKAOT 66EPL.

HoxkazareasctBo. Nuarerpan Kpucroddens —IIIpapia a7 BRITYKJIOTO MTPSIMOJIN-
HEWHOTO N-YTOJbHUKA UMEeT BUJT

¢ n
f(C):/H(Cfak)ak_ldCa <€P7 Im<0>07
(o B=1

rae ﬂeﬁCTBHTeJIbeIe YHuCIa G U fp YIOBJETBOPAKOT yCIIOBUAM

n
—o<a << ay < 400, Zak:n—2, 0<ar<1.
k=1

PaccvoTpum paccedenne moBepXHOCTH KOH(GOPMHOrO paanyca npu (* = x + iy, KOraa
x =0, To ectb ipu (* = ty. B cevenun nosydum KpUBYIO C ypaBHEHHEM

R(¢*) =2y T] liy — aul™ " = 20(y).

k=1



O HEKOTOPBIX TTOBEPXHOCTHX. .. 185

Torna

n

no Y ()
oy)=y [[ liy—al™ =y = 11
k=1 k=1

ap—1

ah ~Cy ' y— o0, C>0.(11)

OdeBumHO, B TOJYOKPECTHOCTH DECKOHEYHO yIAJEHHONW TOYKM (JIeXKaIlneil B MoJIyIIoc-
Koctu P) B ykazanuHoM cedennu yHkims P(y) ABASeTcs BBIMYKIOH BHU3, OTKYyIA
cremyeT CIpaBeINBOCTb YTBEPIKICHUA. O

SamMeuanne 1. YTBep:KIEHHE TEOPEMBI 5 OCTAETCS CIIPABETUBLIM B B CJIydae KO-
HEYHOTO NpgMoJMHeiiHoro (n + 1)-yrosbhuka, korja npoobpasom (n + 1)-ii Bepruusb
ABIAETCA GECKOHETHO yIATEHHAS TOYKA.

Nurerpan Kpucrobdens —Isapua ans Boinykiaoro (n + 1)-yrojibHuka umeer ToT
n

JKe BUI, HO Y ay, # n — 2. JlononuuTenabHast BepiiHa, f(00) OKa3bIBAETCS KOHETHON,
k=1

n n n
ecmun Y. oy < n— 1. Paccmorpum aBa ciaydasa. Ecim Y ax <n—2, 10 ecTh . af =
k=1 h=1 E=1
=n—2—¢, >0, 1o upu ydere 3roro yciaosug B (11) noaydum

n

<I>(y) _ y1+n72757n H

k=1

~Cy 17¢, y—o00, C>0.

n n
Ecmn—-2< Y ap<n—1, Y ar=n—-2+¢,0<e<1,108B (11) nonyaum
k=1 k=1

n

q)(y) _ y1+n—2+a—n H
k=1

~Cy e y—o0, C>0.

B o6onx ciydasix B OKpeCTHOCTH OECKOHEUHO yIAJEHHONH TOYKM B yKa3aHHOM CEYEHWUN
GYHKINN SIBIAIOTCS BBIMYKIBIMA BHU3.

Bameuanue 2. [Ijia 061acTH, COOTBETCTBYIONIEH TpeacTaBaeHuio (7), TOBEPXHOCTD
KOH(MOPMHOTO paJmyca, MOCTPOCHHAS HAJ TOJYTIOCKOCTBIO, HE OyIeT HU BBITYKJIOH
BBEPX, HU BbINYKJIOH BHU3.

2. Paccmorpum oTobOparkenue
= D(z) = U[R(2)), (12)

ABJISTONIEECS CYMEPIO3UIneil HeKOTOPOH BENMIeCTBEHHON aHAMUTHYIECKOW GyHKIuu W
u koudopmuoro paguyca R(z) = R(D,z) = R, R > 0. Ilpu srom kaxnoii Touke
zo = f({p) € D nocraBuM B COOTBETCTBUE TOYKY C HPOCTPAHCTBEHHON KOODIMHATOMN
U[R(z9)] ma moeepxHocTH ¢ ypaBHenweM (12). Bymem wmccienoBaTh CBs3b BBINYKIIO-
CTH BBEJIEHHON MOBEPXHOCTH C BBIMYKJIOCTHIO MOBEPXHOCTH KOH(MOPMHOTO PAINYCA.
Nwmeer mecro caenyronmit dakr. Ecam U/(R) > 0, U/(R) < 0, R > 0, n nosepx-
HOCTH KOH(OPMHOTO pajamyca Had 007acThbio [ BBIMYKJIA BBEPX, TO MOBEPXHOCTH C
ypasuenuem (12) rakxke BblnykJa BBepx. VIMeorcs u apyrue CBs3u MexKy paccMar-
PHUBAEMBIMHU MOBEPXHOCTAMH, KOTOpbIe Mbl 0OpMHUM B Buze TabauIlbl (OIHA CTPOKA
TabIuIbl OyIeT TPEICTABIATh OJHO CAMOCTOATENbHOEe yTBep:KaeHue). [nsa yKkasanus
BBIMTYKJIOCTH BBEPX W BHU3 OyIE€M WCMOJH30BATH CUMBOJBI ~—~ U — COOTBETCTBEHHO.
WNmeer mecto
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Teopema 6. /[aa noseprnocmu, 3adannol ypasuenuem (12) u nocmpoennoti nad
obaacmuto D, cnpasedausv, ymeepocdenus, npedcmasierusie 6 sude caedyrouwet: mab-
AUYDL:

V'(R) | 9'(R) | R(2) Y[R(2)]

>0 <0 ~ = —~
N2 <~ -

>0 — = -

—~ = —

<0 <0 - [ = ~
—~ <~ -

>0 —~ = —

N = —

okazaTeabcTBo. IlpuBesem ero ais OMHOTO cyvas, CIPABEITHBOCTD OCTATBHBIX
JIOKA3bIBAETCS AHATIOMMYHO. Boimuiem HeOOXOIUMbIE TIPOU3BOIHBIE

U, =V"R2+V'R,., V.. =0"R.|]>+VR...

Iycts ¥/(R) < 0, U/(R) < 0 (rpermii cayuait B Tabauie). Ins 1oKa3aTeahcTBa
MepBOi MMIUIMKAIMN TIpeanonaraeM, 910 |R..| < R.z, To ecth R(z) BBIMyKIa BHU3.
Torga onennm

o] < U |RP + |V||Roz| € VR — V'R = -0, = |0, < -V,

Cnenosarenbro, nosepxaoctb W[R(z)] BblmyK/a BBepX.
Jns mokasaTenbcTBa BTOpO¥ nMmankamum mpejanosiaraem, aro |U,.| < U,z. Torma

V'R +WR,: > V'R +V'R,.| > |V|R..| — |¥||R.]? = —V'|R..| + V'|R.|*.
Orcrona
Urak, nosepxuocrb R(z) BblllyKja BBEPX. O

B wacrnoctu, s xkosdduimenra runepbonudeckoil merpuku A = 1/R(z) u3 BbI-
LyKJIOCTH BBepX nosepxuoctu R(z) caenyer Bbinykiaocrs Buu3 nosepxuoctu V(R(z)),
a W3 BBIMYKJIOCTH BBEpX nosepxHocTH W(R(z)) = 1/R(z) — BHIMYKJIOCTH BHU3 MOBEPX-
noctu R(z).

3ameuanmne 3. Hepnimonnenne oOpaTHBLIX WMIIHKAIIWA TTpW MpeoOPa30BAHNN TIO-
BEPXHOCTH CBA3aHO C BO3MOXKHBIM (HO He 00s3aTe/IbHbIM ) OABJICHUEM Ha Hell CeJI0BbIX
TOUYEK M TOJBKO UX.

HeitcrBurenbuo, nycrb nosepxuocrb W[R(z)] Bbinykia Beepx, 10 ectb |U,,| <
< —V,;. Torna
—U'|R,|? - V'R.; > |V'R? +V'R..| >
Z |\I’N||RZ|2 - |\I’/||R22| = *\I’N|RZ|2 + \Il/|RZZ|-

CraemoBaTesbHoO,
\I//|Rzz| < 7\II/RZZ = |Rzz| Z 7R22a

u noBepxHocTh R(z) He MOxkKeT ObITh BBILYKJIONH BBEPX.
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Ternephb TIpe/IoaraeM, uTo MOBEepXHOCTh R(z) BBIMYKIA BBEPX W BBITOIHSAETCS CO-
ornomienue |R,.| < —R.; = —|R..| > R.:. Torga ouenum

Ooe| > [O[|R:? = [W[|Rez| > [W7]|R.|* +[¥'|Rez = —0"|R.J* — 'Rz = — V. =

TMosromy nosepxuocTh W[R(z)] He MOXKeT OBITH BBIMTYKJION BBEDX.
JLJIst OCTANIBHBIX CIyYaes B TAOJUIE TOKA3ATEILCTBA AHATOTHIHB N3JI0KEHHBIM.
Pacnpocrpanss norsitre KOEGOPMHOTO Panyca HA HEOMHOCBA3HbIN Caydaii |5], mo-
CTPOMM TIPUMEP, I KOTOPOTo OyJIeT CIpaBeInBo yTBep:KIAeHHe TeopeMbl 6. PaceMor-
puM KOH(MOPMHBII pagayc
R(D,z) = —2|z|1In|z|

s obnactn D = f(E) = {0 < |z] < 1} ¢ dyuxuuneit

2= f(Q) = exp CeE.

(-1
IMorepxuocTh KOHGOpMHOTO paanmyca R(D,z) cocrout m3 aByx uacreii [2]: Han
kombiioM 0 < |2| < e”! mOBepXHOCTL COCTOMT W3 CEIOBBIX TOYEK, a HaJ, KOIbIOM
e~ ! < |z| < 1 noBepxHOCTD ABIACTCA BBHIMTYKIOH BBEPX.
Bosbpmem dyuKITHO

emR e
U[R(z)] = cos (T) = cos <7|z|ln|z|) , 0<|z| < 1.

Herpyano nposepurs, uro nosepxuocrb ¢ = W[R(z)] cocrout u3 derbipex dyacreii:
naj kosbiioM {0 < |2| < p1} ona ABiseTca BBITYKJIOH BBEPX, HaJ KosbloMm {e 1 <
< |z| < p2} — BBmyKaOH BEHE3, HAM KombmaMu {p; < |2| < e '} m {p2 < |2] < 1}
COCTOWT W3 CEJJIOBBIX TOUEK.

Summary

A.N. Akhmetova, A.V. Khmelnitskaya. On Some Surfaces Defined by Conformal Radius.

In this paper, we study the properties of the conformal radius surface constructed over
a unit disk or over the exterior of a unit disk for a domain with a convex boundary curve
containing rectilinear part. We also discuss the properties of the conformal radius surface
constructed over a half-plane for a domain with a polygonal boundary curve as well as the
properties of the surface of the reconstructed conformal radius.

Key words: conformal radius, surface of the conformal radius, convex domain, convex
polygon, coefficient of the hyperbolic metric.
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