
ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2007, Vol. 51, No. 5, pp. 44–50. c© Allerton Press, Inc., 2007.
Original Russian Text c© O.A. Dzhungurova, I.N. Volodin, 2007, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2007, No. 5,
pp. 46–52.

The Asymptotic of the Necessary Sample Size
in Testing the Hypotheses on the Shape Parameter of

a Distribution Close to the Normal One

O. A. Dzhungurova* and I. N. Volodin**

Kazan State University, ul. Kremlyovskaya 18, Kazan, 420008 Russia
Received January 23, 2006

Abstract—We study the problem of testing the hypothesis on the “approximate normality” formu-
lated in terms of large values of the shape parameter of an asymptotically normal underlying distri-
bution. Considering the examples of gamma- and generalized Birnbaum–Saunders distributions,
we propose one way to obtain the asymptotic of the necessary sample size for testing the mentioned
hypothesis. Our approach differs from those based on contiguous alternatives or on the use of the
large deviations theory for distributions of sums of independent random variables. Our method yields
remarkably precise approximate formulas, what is illustrated by numerical data.
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INTRODUCTION

The necessary sample size (NSS) for discriminating between two hypotheses is the minimal sample
size for which a test exists, satisfying the preassigned constraints imposed on the probabilities of errors of
the first and second kinds. In the asymptotic analysis of the NSS the following two main approaches are
used. The first one is based on the fact that a certain measure of the hypotheses proximity tends to zero.
According to the second approach, one investigates the asymptotic of the NSS as the bounds of error
probabilities tend to zero. The first approach is implemented in the framework of the Le Cam theory of
the local asymptotic normality; it applies the measures of the contiguous proximity of alternatives. At the
same time, the second approach is based on the large deviation theory for sums of independent random
variables. Both approaches are described and used in [1]. A synthesis of these approaches, where the
hypotheses become more and more close to each other and, at the same time, the error probabilities tend
to zero, is presented in [2].

In this paper, we consider one more way to obtain asymptotic formulas for the NSS. Its applicability
is not so wide, but this approach leads to very accurate approximations. Namely, the asymptotic error of
the NSS does not exceed one observation. The possibility to approximate the underlying distribution by
the normal one calls forth the main application of this approach. One can apply it to distributions which
belong to the domain of attraction of the normal law, for example, binomial, Poisson, gamma-, inverse
Gaussian, Birnbaum–Sauders, etc. These distributions depend on a certain parameter λ such that a
distribution approaches the normal law as λ → ∞. In this connection, it is natural to test the hypothesis
λ ≥ λ0 against the alternative λ ≤ λ1 (< λ0). We study the asymptotic of the NSS for λ0, λ1 → ∞.
Similarly to the Le Cam theory, one can introduce analogs of contiguous alternatives and construct
asymptotically locally most powerful tests which for large λ0 and λ1 (asymptotically) yield the NSS.
This approach is described in [3]. Here we adduce the proofs of the assertions stated in [4].

Our approach has the following specific feature. Distinguishing between the mentioned hypotheses,
the NSS remains bounded, provided that the ratio u = λ1/λ0 is fixed. Consequently, the approximation
accuracy for the NSS is measured in terms of the absolute error, rather than the relative one, what is
typical for approaching alternatives. In this respect, our case is in a sense similar to the determination of
the sample size in the studies of the Hodges–Lehmann deficiency [5] (see, e. g, [6]).
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