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Abstract—We study invertible extensions of the minimal relation generated by a nonnegative
operator function and a differential elliptic-type expression. We prove that the operators inverse
to such extensions are integral operators and describe such integral operators. We obtain a formula
for generalized resolvents of the minimal relation.
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Introduction. Linear relations generated by a nonnegative operator function and a formally self-
adjoint differential expression with bounded operator coefficients are defined in[1](in a finite-dimensional
case) and in [2] (in the infinite-dimensional one). See the formula of generalized resolvents for such
relations in [2, 3] (for a finite-dimensional case) and in [2] (for an infinite-dimensional one). The
construction of such a formula is based on boundary values for ordered pairs which form the maximal
relation. In the infinite-dimensional case the kernel of the maximal relation may contain elements
different from functions, whose values belong to the initial space. This complicates the matter. (In[2]one
assumes that a certain condition which guarantees the absence of such elements is fulfilled.) Therefore
the boundary values for ordered pairs which belong to the maximal relation, generally speaking, do not
belong to the initial space, even if the coefficients of the differential expression are bounded operators. If
a differential expression contains an unbounded operator coefficient, the construction of boundary values
requires a wider space than the initial one, even if there is no operator weight (see, e.g., [4], P. 211).

In this paper we consider linear relations generated by a nonnegative weight operator function
and an elliptic-type type differential expression with a variable unbounded operator coefficient. We
describe invertible extensions and generalized resolvents of the minimal relation. Due to the presence
of the unbounded variable operator coefficient, in the first part of our paper we study properties of the
corresponding Green function. We prove the main theorems with the help of abstract spaces of boundary
values introduced in [5—8]. This enables us to essentially simplify the proofs.

1. The maximal and minimal relations. Let H be a separable Hilbert space with the scalar
product (-,-) and the norm || -|. On a finite segment [0,b] we consider the differential expression
lly] = —y" + Ai(t)y, where the operator function A;(t) satisfies the following conditions: With each
fixed ¢ € [0,b] the operator A;(¢) is positive definite and seli-adjoint in H; operators A4;(¢) have a
constant definition domain D(A;(t)) = D(A;); for any element = € D(A;) the function A;(t)z is
strongly continuously differentiable on [0, b].

Fix an arbitrary point to € [0,5]. Let {H,} (—1 < 7 < 1) be the Hilbert scale of spaces ([4], P. 65)
generated by the operator A; (to). The scale {H,} is independent of the choice of a point to € [0, b] in the
following sense. If ¢, is some other point from the segment [0, b] and {H"} is the Hilbert scale of spaces
generated by the operator A, (), then sets H. and ﬁ; coincide and norms in them are equivalent.
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