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AaHOTan s

IIpemmoxena peanu3aius OMHON U3 BO3MOKHBIX aZKyPHBIX CXEM METO0/1a KOHETHBIX JIeMeH-
TOB JIJISI PENIeHnusT TPEXMEPHBIX CTATHYECKUX 33/1a9 Teopwuwu yrupyroctu. OCOGEHHOCTH TaKMX
CXeM 3aK/II09aeTCs B TOM, UTO SIEMEHTHI TOKPHIBAIOT PACIETHYIO 00/TACTH HE CILIONIHBIM 00pa-
30M, & C PEryIgPHBIMU IIPOMEKY TKAMU. AKyPHOE PACIIONIOKEHUE PACIETHBIX JIEMEHTOB ITO3BO-
JISeT CYMIECTBEHHO COKPATUTH BRIUUCIUTEILHBIE 3aTPAThl. [IpuBeIeHbI pe3yIbTaThl TUCJAEHHOTO
pelreHns MOJEIbHOU 33729 U CPABHEHUEe C Pe3yIbTaTaMU, IIOJIYUYeHHBIMU Ha OCHOBE TPa/Iu-
IIMOHHOI CXEeMBbI.

KomoueBble ciioBa: akypHasi CXeMa, METOJ KOHEYHBIX 3/IEMEHTOB, CeTKa 3JIEMEHTOB,
d4eifka, BapuUalOHHOe ypaBHeHNe, MaTPUITA *KECTKOCTU, YNC/IeHHAs Pean3alsd, Moae/IbHasd
3a7a4a.

BBenenue

Bo Bcex m3BecTHBIX cxeMaXx MeroJa KoHedHbIX dmemenToB (MKD) npennomaraercs,
9TO 3JEMEHTHI 3aHIMAIOT PACIETHYIO 0OIACTH CILIOMIHBIM 00pa3oM 6e3 MPOMEKYTKOB 1
6e3 HaNOXKEHNS IpyT Ha apyra. Takoe Mpe/Imosoykenne BIIOIHe eCTeCTBEHHO, eCI TTPH-
HSITh BO BHUMAaHUE, UTO PEIIEHNe C MCIOIb30BaHneM (hyHKIN (DOPMBI AMMTPOKCUMUPY-
eTcst BO Bcex Toukax obsactu. IIpu arom nrdopmarius u3 oJHOro y371a KOHETHOITEMEHT-
HO¥ CEeTKU UCIOJIb3YEeTCs 7T Onpeeienns (pu3nIecKux moJieil Ha BCeX COMEPKAIIUX ero
J7IEMEHTAX.

C mpyroii cTopoHbI, a1 annpokcumannu audGepeHInaIbLHOr0 OMepaTopa perrae-
MOiT 3a/1aYM B y3Jie KOHEUHOIIEMEHTHON CeTKHW MCMOJIb3yeTcs «M30BITOTHAsTy WHGDOP-
MaIsl C 3JEeMEHTOB, WHIUAECHTHBIX 3TOMY y3Jy. Tak I 337a9 MEXaQHUKU CILJIOTTHBIX
cpesl B TEPEeMEIeHnX WM CKOPOCTSX TepemerieHuii auddepeHuaaibHblii OnepaTop
COJIEPKUT MPOCTPAHCTBEHHBIE TPOU3BO/IHBIE BTOPOTO mopsaka. IIpu atom B y31ax mpo-
CTPAHCTBEHHOW CETKU OINPEIEJIFI0TCA 3HAYeHUA NCKOMBIX ITOJIel TepeMelleHnii il CKO-
pocreii. Ha 3/1eMeHTaxX BBIUUCSIOTCS MEPBBIE MPOU3BOIHBIE STHX MOJIEH U (DYHKIUHA OT
aux (medopmanuu, ckopocru gedopmanuit u nanpskenus). Ilocae mpomeaypst c6op-
KU HA MOJHOM IIabJI0HEe, BKIIOYAIONIEM [IEHTPATbHBIA y3€JI U y3JIbl, TPUHA/IEIKAIINE
UHIIUIEHTHBIM €My 3JIEMEHTAM, MOJIyYaeM aIlpPOKCuMaIuio 1uddepeHnuaabHoro ome-
paropa 3aj1auu (ypaBHenus JApuzkenust). JJaHHbINH OepaTop COAepPKUT AIIPOKCUMAIIIO
BTOPBIX MMPOU3BOIHBIX, KOTOPAS MOJYUIAETCSA B IBA ITANA: YUCIECHHBIM auddepeHimpo-
BAHUEM B MTPEJIETIAX JEMEHTa BHIUUCIISIIOTCS TIEPBbIE MPOU3BOIHBIE U COOPKOIT — YUCIIeH-
HbIM T dEPEHITNPOBAHIEM MEYK Y JJTEMEHTAME — BBIYUCIISIIOTCS BTOPBIE TIPONU3BOIHBIE.
B rom u npyrom ciaydasx Jjid BBIIOJHEHUS OIePAIuu 9uCIeHHOr0 auddepeHmpoBanus
(ompe/iesieHns: BCEX YACTHBIX [IPOM3BOIHBIX) JOCTATOYHO YETHIPEX TOYEK, HE JIeXKAIIUX
B 07IHOI TIockocTr. Ha mepBoM 3Tare 3T0 — y3JIbI 37IeMeHTa, Ha BTOPOM — IEHTPHI JJ1e-
MEHTOB, OKPYYKAIONINX MEeHTPAJbHBIA y3es MmogHoro mabaona. Ecan wa mepBom 3rare
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JIJIST 3JIEMEHTOB B BUJIE TETPA3APOB WHMOPMAIIUS UCIOIb3YETCS MAKCUMAJIBHO 3 der-
TUBHO, TO HA BTOPOM 3TaIle BMECTO JOITYCTUMBIX Y€THIPEX TOUEK UCIIOIb3YETCS B CPEJI-
mem 20-24, 9T0 MHOTOKPATHO MPEBLIMNAeT MUHUMAIBHO HEOOXOoamMoe KoandecTBo. [lo-
9TOMY TEOPETUYECKU BO3MOXKHO 3HAUUTEIHFHO YMEHBIUTE 3aTPAThl HA, (hOPMUPOBAHTE
CUCTEMBI YPABHEHUH, €CJIM YMEHBITUTH YUCJIO0 JIEMEHTOB, OKPYZKAIOIMINX KaXKIBIH y3es
KOHEYHOJIEMEHTHOHN CeTKH.

Taxmm obpazom, 11 3POEKTUBHOTO UCIOIB30BAHNUA Y3T0BOH HHMOPMAITUH BO3MO-
JKeH OTKa3 OT TPeDOBAHUS CILIONTHOTO 3AMOTHEHUs OOJTACTH 3JIEMEHTAMU. DJIEMEHTHI,
ydacTByiomye B (pOPMUPOBAHUN CUCTEMBI aareOpamvecKux ypPaBHEHUI, MOTYT 3amoJi-
HSITH PACYETHYIO OOJIACTH C MPOMEKYTKAMU MPU YCIOBUU COXPAHEHWS CBSI3HOCTH KO-
HEYHOZJIEMEHTHON ceTku. [Ipw 3TOM BO3MOXKHO YMEHBIIUTEH YHUCJIO JIEMEHTOB, WHIIW-
JIEHTHBIX OJHOMY Y3JIy CEeTKH, 10 4 — MUHUMAJIBHO JOTMYCTUMOrO YHC/Ia JIEMEHTOB, PU
KOTOPOM YHCJIEHHAsT CXeMa COXPaHseT ammporcumaiiuio. OTKa3 OT CILIONIHOTO 3aI0J-
HEHUs 00JIACTU SJIEMEHTAMHU [MO3BOJISAET MOJYIUTh P HOBBIX 3(DGMEKTUBHBIX BbIUUCIIH-
TEJILHBIX CXEM.

ITpUHIAITBT TOCTPOEHNUST W WCTIOIH30BAHNST A¥KYPHBIX CXeM M3JIOXKeHbI B padorax [1,
2]. HekoTOpbIe BUABI a3KYPHBIX CXEM B MTPUIOYKEHNH K THHAMUIECKIM 33/1a9aM MeXaH!-
KM CILIONIHBIX CpeJ| onucanbl B paborax [1-4]|. B nacrosuieit pabore paccmarpubaercs
peanm3arys OHON 13 BO3MOXKHBIX ayKyPHBIX CXEM JIJI PElIeHus TPEXMEPHBIX CTaTHIe-
CKHUX 33/a9 TEOPUU YIPYTOCTH.

1. A}KypHaﬂ ceTKa KOHE€YHBbIX 3JIeMEeHTOB

OcHOBOIT paccMaTPUBAEMOI CXEMBI KOHETHOIJIEMEHTHOTO PEITIEHNST TPEXMEPHBIX CTa~
TUYECKUX 3a/lad TEOPUU YIPYTOCTH dABJdAeTCH ayKypHasd CeTKa KOHEYHBIX 3/IEMEHTOB.
IIpu 3TOM A1 MOy YeHnsT axKyPHOI CeTKN MIECTUTPAHHASA AIeHKa PEryIapHOi reKcad -
PaIbHOM CeTKHU, MOKPBIBAIOIIEH PACIETHYIO 0071aCTh, pa30UBAETCH HA MATH TETPAIPOB
(puc. 1), ocraBageTcs MEHTPAJILHBIA TETPA3IP, OCTAJIbHBIE TETPA3APLI B pACUETaxX He

Puc. 1. DmemenT akypHOil ceTkn Puc. 2. ITab0u axypHOU ceTKH

yuacTByIOT. [Ijis BHyTpenHero y3ma (puc. 2), KOTOPOMY HHIUIEHTHLI BOCEMb IIECTH-
FPAHHBIX S9€eK, OCTABIAIOTCI TETPa’dIPhI, UMEOIINe ¢ COCeaHnMu obrrme pédopa. Ilo-
JIYYAIOIIEecs TPU 3TOM 3alOJTHEHUE MIECTUTIPAHHOrO MAOI0OHA TeTPAadIpaMy axKypPHOT
CeTKU MMOKA3aHO Ha puc. 3. B pe3ynbrare 1o cpaBHEHUIO C TPAJAUIIMOHHON CETKOI, COCTO-
AMIe U3 TeTPadIPOB, CIJIONTHBIM 00PA30M BAMOIHSIONNX BeCh 00HEM, ayKypHast CeTKa
UMEET B MATh Pa3 MEHbBINE 3/IEMEHTOB U MPAKTUIECKU BIBOE MEHBIIE y3J0B (puc. 4).

2. Peaﬂnaaunﬂ YUCJIEHHOT'O pellleHnmnsda

Yuciennas peasn3anus PEMIeHns CTATHYECKUX 33149 B yIPYTOil MOCTAHOBKE OCHO-
BaHA HA KOHEYHOIJEMEHTHOIl AlNPOKCUMALUKN BAPUAIMOHHOIO ypaBHeHus ([IPUHIIMIA,
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Puc. 3. DjemMeHTHl a)XKypHONH CETKW, 3aroji- Puc. 4. Y3ab1 peryagapHoit CeTKH, y9acTBYIO-
HAOMEeHl mab/IoH e B pacderax

BUPTYaJIbHBIX [ePeMeIleHuil)

/V//a--&-:dV:/V//pF-éudV—i—Zp/P-éudS,

rae V — 00BbEéM ympyroro n3oTPOITHOTO Tesla, Ha HEKOTOPO JacTh TPAHUIIE S) KOTOPO-
T'O 33/IaHBI MOBEPXHOCTHBIE HATPY3KW; 0 — TEH30D HANPAXKEHNil; € — INHEHHBIT TeH30D
nedopmalnii; u — BEKTOp TepeMeIeHii; 6() — Bapualys COOTBETCTBYIONIEH BeININ-
vel; F n P — BeKTOp MacCOBBIX M BEKTOP TMOBEPXHOCTHBIX HATPY30K COOTBETCTBEHHO; P
— IJIOTHOCTB; OJHON TOUYKOil (+) 0603HAYEHO CKAJIAPHOE IIPOU3BEJIEHUE BEKTOPOB; JIBY-
Mg TOoYKaMu () — JBOiiHAs CBEPTKA TEH30POB BTOPOrO paHra. llepemerneHus, yribl
TOBOPOTA, 1e(POPMAITUN CIATAIOTCS MAJIBIMA

1
€= 3 (Vu—i— VuT> , (1)
nedopMaIi CBSI3aHbI ¢ HAMPSYKEHUSIMI 3aKOHOM ['yKa,
o=)¢ EE+2u¢, (2)

rae V — mabma-omeparop lamunbrona; A u p — mapaverpst Jlame; E — eamHugnbrit
(Merpuueckuii) TEH30D.

PaccmarpuBaercs peanmsanust BapuaHTa axkypHoii cxembl MK ma ocHOBe smHeii-
HOTO YeTHIPEXY3JIOBOTO dJIEMEHTA. Pacrpeesenyie mepeMereHnii B 3JIeMEeHTaX MPUHU-
Maercs auHeHHbIM. OObLEMHBIE U MOBEPXHOCTHBIE CUJIBI, TEHCTBYIOIMINE HA YIATAEMbIX
TeTpasdapax W UX MOBEPXHOCTAX, PACIPEIETIAIOTCA 0 Y3JIaM 3JIEMEHTOB, Y9IaCTBYIOIMIHAX
B pacuére. Ha paBHOMEpHBIX ceTKax MaHHAS aKyPHAT CXEMa MMEeT BTOPOI MOPSIOK
ANMPOKCHMAIINAHN.

Kak 3sro mpuusaro B8 MKD, wncrmombs3yercss He TEH30pHAs, a MAaTPUIHO-BEKTODHAS
dopwma 3amucu cooTHOIennii. BEKTOD y3/I0BBIX TIepeMenieHnii KOHETHOTO SJIEMEHTa, 000-
3HAYAETCH Yepe3

T
_ 1 2 3 1 2 3 1 2 3 1 2 3
(11) (u17 u17 U’l’ U’Q’ u27 u27 U’Ba U’37 ’LL3, ’LL4, U’4a U’4) )

HU2KHU WHJEKC — JIOKAJbHBIA HOMEp y3J/a 3JIEMEHTa, BePXHUIl MHAEKC — HOMep IIPOo-
CTPAHCTBEHHOM KOOPANHATHI BEKTOPA. BEKTOPBI KOOPAMHAT JIMHEHHOTO TeH30pa 1edop-
MAaIWii U HATPSZKEHWi (B CUJTY CUMMETPUH PACCMATPUBAIOTCS TOJIHKO MIECTH KOMIIOHEHT )
0003HATAIOTCS COOTBETCTBEHHO

T T
(€) = (e11, €22, €33, 112, V23, ¥31), (O) = (011, 022, 033, O12, 023, 031);
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MaTpula YIPYruX NOCTOAHHBIX M30TPOMHOTO MaTepuaJjia

A2 A A
A A+ 2u A : 0
A A A+ 2p
(C) = e e e ’
no 0 0
0 0 p O
0 0 u

MaTPUIHbIH TuddepeHITnaTbHBI OTepaTop

Bt 0 0 B 0 0 BY 0 0 Bf 0O O
0 2.0 0 2 0 0 2 0 0 [7 0
0 0 20 0 5 0 0 20 0 3

(B) = :
TsL 0 B By 0 B3 By 0 BF BL O
0 G & 0 BB 0 B & o s A
0 /LB 0 By B30 By B0 B
rje
k k
1 :EZ—:EZ T, — Ty
gr=|t T B =B B - B
Ty — Ty Ty — T4
m = 1,2,3, s = 1, 2, 3, mocaenoBarebHOCTH WHIEKCOB mnk u spg 0o0pa3yoTcs

[IMKJINYECKO TTepecTanoBKOI 13 mocaeaoBaTeLHoCTn mudp 123,

1 2
1 2z 27 =z
1z 22 a3
D 2 2 2
- 1 ozt 22 23
3 3 3

1 .2 3
1 x; =z xj

%, 22, 23 — KOOpIMHATHI 1-TO Y3718 KOHEWTHOTO 3JeMeHTa, 1 = 1, 2, 3, 4.

i g
B marpuunoit dpopme coorrormennst Kormm (1), 3akon I'yka (2) w mosHasi mOTeHIN-
aTbHAS IHEPTUS OTJEIBHOIO IEMEHTA MOTYT OBITh 3aITHCAHBI B BUJIE

xT

1 T T

= Z(u) (K)(u) - (a) (q), (5)

riae (K) — marpuia xkécrkocru siemenTa

) = [[[ @) ©mav.

(q) — BEKTOpP y3JIOBLIX CHJI, CTATHYECKH KBUBAJEHTHBIN JEHCTBYIOMIMM Ha 3JIEMEHT
pacmpeIeTéHHBIM MACCOBBIM M MTOBEPXHOCTHBIM CHJIAM.
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VeoBue cTanuoHapHOCTH SHEPreTHIecKoro hyHKIMOHATA, AHAJIOTHIHOTO 1O (hopMe
(5), IPUBOAUT K CHCTEME JIMHEHHBIX aJIrefpandecKux ypaBHeHUl PABHOBECH sl TeJia OTHO-
CHTEIbHO TepeMeIeHnii, KOTopas MOTU(MUIEPYETCA ¢ yU96TOM MPAHMYHBIX YCIOBHIA MO
nepeMenenusaM. PermenneM moaydaomeiicss CHCTeMBI ¢ TTOMOITLIO TTPSIMOTO WJIN UTepa-
[IMOHHOTO METOJIA OTPEIENISIOTCS Y3JI0BbIE TIePEMEIeHus BCel PACUETHONH 00JACTH U 1O
dopmynam (3) u (4) BEIYUCAAIOTCS KOMIIOHEHTHI TEH30POB 1eOPMAITNii 1 HATIPSAIKEHUIA.

3. Pemenue moaenbHOI 3agaun

PaccmarpuBaercss KOHTAKTHAS 3a/a9a OMPEIETEHUsS YIPYTrOro COCTOSHUS TOJICTO-
CTEHHOM TPYObI KOHEYHOW JJTMHbBI, CIABIUBAEMOIl aOCOTIOTHO KECTKUMU TLJIACTHHAMU,
mapasiIeIbHBIMUA OCU TPpYyObl. BHyTpeHHMi paanyc TpyObl — 5 ¢M, BHEITHUN paInyC TPY-
onr — 10 cm, guHa TpyOB! — 60 CM, CMelIeHne KayK a0l abCOMIOTHO YKECTKOM TIACTUHBI
npu caapauBarum — 0.5 MM, Momyns ynpyroctu marepuasa — 200 I'lla, kosddurment
IIyaccona — 0.3. B cuy cummerpun 3a1a49u pacaéras CxeMa MpPecTaBiasger coboil o/-
HY BOCBMYIO 9aCTh TPYObI C YCIOBUSAMHU CHMMETPUU HA COOTBETCTBYIOIMIUX ILTOCKOCTAX

(puc. 5).

Puc. 5. Pacuérunaa obaacTs

Perrrerine KOHTaKTHOM 3a/1a91 PEATN30BAHO MTYTEM MOCAIKN Y3JI0B KOHETHOITIEMEHT-
HOM CEeTKW, BBIXOISIINX 33 MPEIeshbl TJIOCKOCTH KOHTAKTA, HA 3Ty TJIOCKOCTH W UTEPa-
[IHOHHOTO YTOYHEHUsI IO YCIOBUSIM PABHOBECHS.

Ha puc. 6 mokazana cXoauMOCThb PEIIeHUS M0 PAJAUATBLHBIM IIEPEMEIeHUSIM B0/
obpagzyrtorreit BHyTpeHHeil TOBEePXHOCTH TPYObI, PACIONIOKEHHON MO, 30HOH KOHTAKTA,
Ha crymaiomuxces cerkax. Hagamnmnas cerka comeprkaia 10 371eMeHTOB 110 TOJIIIHE TPY-
ObI, 16 3/1eMEHTOB B OKPYKHOM HampasaeHnu u 60 3;1eMeHToB 1o e TpyOhl. B 1Byx
MOC/IEIYIONTUX PACIETAX KOJIMIECTBO JIEMEHTOB M0 KAXK/IOMY HAIIPABIEHUIO YBEIAIN-
BAJIOCh COOTBETCTBEHHO B /IBA U YETHIPE PA3a M0 CPABHEHUIO C HAYATBHOI CETKOM.

Perierme, mosygennoe ¢ UCIOIB30BAHUEM AXKYPHO# CXEMbl, CDABHUBAJIOCH C Periie-
HUEM 33291 B aHAJIOTHYIHON MMOCTaHOBKE, mojtyueHHbIM B cucreme ANSYS. Pesyabrarst
CPABHEHWS 110 PAIMATBHBIM MEPEMEIIEHUIM BI0Ib 00Pa3yIoIieil BHy TPEHHE TTOBEpXHO-
cTH TpyOBI, PACIOIOKEHHON IO 30HOW KOHTAKTA, JJIS OJHOTO W3 BAPUAHTOB PACUYETOR
moka3aubl Ha puc. 7. Kak BuaHo, perenns 1ai0T XOpoIiee KAYeCTBEHHOe U KOJTUIeCTBEH-
HOE COBIAJIeHME 33 MCKJoYeHueM HebCosbuioil (1 ssement) 30HbI Kpaesoro ddekra
BOJIN3U CBOOOIHOTO TOPIA TPYOBI.

[Monyuennnie pe3yabTaThl PEIEHNsT MOIEIBLHON 3a/1a9M MOKA3BIBAIOT BO3MOKHOCTH
1 3(hHEKTUBHOCTH UCMIOJIB30BAHUST AXKYPHON CXEMBI JJIsi CTATHYECKUX 33739 TEOPUU
YOPYTOCTH.
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Summary

A.V. Zhidkov, S.V. Spirin, D.T. Chekmarev. A Rare Mesh Finite Element Scheme for
Solving Static Elasticity Problems.

This article proposes an implementation of one of the possible rare mesh finite element
schemes for solving three-dimensional static problems of the theory of elasticity. A characte-
ristic feature of these schemes is that the elements cover the computational domain not in
a continuous manner, but with regular intervals. A rare location of the calculated elements
can significantly reduce the computational cost. The results of the numerical solution of the
model problem are given and compared with the results obtained on the basis of the traditional
schemes.

Key words: rare mesh scheme, finite element method, mesh of elements, cell, variational
equation, stiffness matrix, numerical implementation, model problem.
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