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Abstract—We study the behavior of a singular integral with the Hilbert kernel near a point where the
continuous density of the integral does not satisfy the Hölder condition and, as a result, the integral,
possibly, diverges.
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We consider a singular integral (understood in the sense of the principal value) with the Hilbert kernel
2π

I(γ0 ) =

ϕ(γ) cot
0

γ − γ0
dγ,
2

(1)

where the density ϕ(γ) is a continuous function deﬁned on the segment [0, 2π], γ0 ∈ [0, 2π], and
ϕ(0) = ϕ(2π). As is known ([1], pp. 18, 46), this integral exists at a point γ0 , if the function ϕ(γ)
satisﬁes at this point the Hölder condition (condition H). If the density ϕ(γ) satisﬁes condition H in a
certain part of the segment [0, 2π], then by virtue of the Plemelj–Privalov theorem (ibid., pp. 58, 61) the
integral I(γ0 ) satisﬁes condition H in any segment located inside this part. The behavior of integral (1) in
the case, when the density ϕ(γ) has an integrable singularity, is described by N. I. Muskhelishvili (ibid.,
pp. 95, 160; see also the paper [2]). The connection between the modulus of continuity of the singular
integral and its density is considered in the paper [3].
If the function ϕ(γ) is continuous at some point γ = c of the interval (0, 2π) but does not satisfy
condition H, then integral (1) can diverge at this point. Therefore, in this case one has to study the
behavior of integral (1) for γ0 → c.
We perform this study under the following restrictions. Let c− and c+ be given values suﬃciently
close to the point c, and 0 < c− < c < c+ < 2π. We assume that the function ϕ(γ) has a continuous
derivative ϕ (γ) everywhere in the segment [0, 2π] excluding the point c, ϕ (γ) → ∞ for γ → c, and, in
addition, the derivative ϕ (γ) is monotonic and does not vanish in each of intervals (c− , c) and (c, c+ ).
We assume also that the continuous function ϕ(γ) is weakly continuous at the point c in the following
sense: For an arbitrarily small positive constant α the ratio
|ϕ(γ) − ϕ(c)|/|γ − c|α ,

0 ≤ γ ≤ 2π,

γ = c,

is unbounded in a neighborhood of the point c. The weak continuity of the density ϕ(γ) is also
representable in the form
π
0

ω(δ, ϕ)
dδ = ∞
δ

proposed in [3], where ω(δ, ϕ) is the modulus of continuity of the density ϕ(t) with the step δ. Under this
condition integral (1) can be unbounded.
By integrating by parts (cf. [4]) we present integral (1) in the form


2π

2 γ − γ0
dγ, γ0 = c.
ϕ (γ) − ln sin
(2)
I(γ0 ) =
2
0
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