Russtan Mathematics (Iz. VUZ) Izvestiya VUZ. Matematika
Vol. 44, No. 3, pp.31-36, 2000 UDC 512.554.31

ON DEFORMATIONS OF THE LIE ALGEBRA OF TYPE G,
OF CHARACTERISTIC 3
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In connection with the classification of the simple Lie algebras over fields of small characteristic p,
a description of the deformations of the classical Lie algebras is of interest. A global deformation
of a Lie algebra L is a family of the Lie algebras parameterized by points of a connected smooth
variety, to one of its points the Lie algebra L corresponds. Let £ be the variety of the Lie algebra
structures on a vector space V. A Lie algebra is said to be rigid if a neighborhood U of L (with
respect to the Zariski topology on L) exists such that each point in U is a Lie algebra isomorphic
to L.

As known (see [1]), all the classical Lie algebras over a field of characteristic p > 3 are rigid. In the
case of characteristic 3, the situation is quite different. Pairwise-nonisomorphic Lie algebras were
found to possess the root system of type Cs (see [2]). The global deformations of the Lie algebra Cs
were constructed in [3]. Later it was demonstrated in [4] that, among the Lie algebras of types
A,, B,, C,and D,, the Lie algebra C, is the unique one which admits nontrivial deformations for
p = 3. These deformations were completely described in [5].

In the present article we prove that the exceptional classical Lie algebra of type G5 over an
algebraically closed field K of characteristic p = 3 is rigid.

Each orbit of the natural action of the group G = GL(V') on L corresponds to an isomorphism
class of Lie algebras. Let T7,(L£) be the space tangent to the variety £ at L € £, and T;,(G(L)) the
space tangent to the G-orbit of L. By [5], the space of local deformations Hy,.(L) = T (L) /T (G(L))
is a quotient group of the cohomology group H*(L, L). Thus, if H*(L, L) = 0, then the Lie algebra L
is rigid.

In the present article we prove that H*(L, L) = 0 for the Lie algebra L of type G, over a field
of characteristic 3. We evaluate H*(L,L) in several steps. The standard complex C*(L, L) is
decomposable into the direct sum of the weight subcomplexes relative to the maximal torus of the
Chevalley group G»(K).

The group Hj(L, L) for the highest weight -y can be calculated in the straightforward way. How-
ever, to avoid calculations, we use the Serre-Hochschild spectral sequence to prove that H,% (L, L) is
trivial. The most difficult problem is to calculate HZ(L, L). Using modular representations of the
Weyl group W = W(Gs), we prove that H3(L, L) is isomorphic to the second cohomology group
of the subcomplex of zero weight W-invariants, which can be effectively calculated.

We shall use the terminology adopted in [10].

1. General information about the Lie algebras of type G,

The Lie algebra L of type G, over a field K of characteristic 3 is obtained by the reduction
modulo 3 of the Z-form that corresponds to the Chevalley basis of the simple complex Lie algebra L¢
of type Gb.
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