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ÓÄÊ 519.68ÎÁ ÎÄÍÎÌ ÈÒÅ�ÀÖÈÎÍÍÎÌ ÌÅÒÎÄÅÄËß ÑÌÅØÀÍÍÛÕ ÑÕÅÌ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂÀ.Ï. �îãèí, Ì.Ì. Êàð÷åâñêèéÀííîòàöèÿÏðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä ñ ñåäëîâûì ïðåäîáóñëàâëèâàòåëåì äëÿ ðåøåíèÿ ñè-ñòåìû íåëèíåéíûõ óðàâíåíèé, âîçíèêàþùåé ïðè àïïðîêñèìàöèè êâàçèëèíåéíîãî ýëëèï-òè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ïðè ïîìîùè ñìåøàííîé ñõåìû êîíå÷íûõ ýëåìåíòîâòèïà �àâüÿðà �Òîìà. Óêàçûâàþòñÿ ñïîñîáû âûáîðà èòåðàöèîííîãî ïàðàìåòðà, îáåñïå÷è-âàþùèå ñõîäèìîñòü ìåòîäà. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ.Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå ýëëèïòè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà, ñìå-øàííûé ìåòîä êîíå÷íûõ ýëåìåíòîâ, èòåðàöèîííûé ìåòîä, ñåäëîâàÿ ìàòðèöà, èññëåäîâà-íèå ñõîäèìîñòè. ÂâåäåíèåÍàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ èòåðàöèîííîãî ìå-òîäà ÷èñëåííîé ðåàëèçàöèè ñìåøàííîé ñõåìû êîíå÷íûõ ýëåìåíòîâ òèïà �àâüÿðà �Òîìà äëÿ êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà äèâåðãåíò-íîãî âèäà. �åàëèçàöèÿ ïðåäëàãàåìîãî ìåòîäà ñâîäèòñÿ ê ðåøåíèþ íà êàæäîì øàãåñèñòåìû ëèíåéíûõ óðàâíåíèé ñ ñåäëîâîé ìàòðèöåé. Ïîêàçàíî, ÷òî ïðè âûïîëíåíèèóñëîâèé ñèëüíîé ìîíîòîííîñòè è ëèïøèö-íåïðåðûâíîñòè äëÿ îïåðàòîðà èñõîäíîéçàäà÷è ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè.Àíàëîãè÷íûé, íî äâóõñòóïåí÷àòûé, èòåðàöèîííûé ìåòîä äëÿ áîëåå îáùèõ ýë-ëèïòè÷åñêèõ óðàâíåíèé èçó÷àëñÿ â [1℄. Ïðåäëàãàåìûé â íàñòîÿùåé ðàáîòå ìåòîäðåøåíèÿ ñèñòåìû ïðîùå â ðåàëèçàöèè è, êàê ïîêàçûâàþò ÷èñëåííûå ýêñïåðèìåíòû,ñõîäèòñÿ ñóùåñòâåííî áûñòðåå.1. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíå-íèÿ âòîðîãî ïîðÿäêà äèâåðãåíòíîãî âèäà

− div a(x,∇u) = f(x), x ∈ Ω, (1)
u(x) = 0, x ∈ ∂Ω. (2)

Ω ⊂ R2 � îãðàíè÷åííàÿ ìíîãîóãîëüíàÿ îáëàñòü, Γ � ãðàíèöà îáëàñòè Ω . Çäåñü
a(x, ξ) = (a1(x, ξ), a2(x, ξ)) , ξ ∈ R2 äëÿ âñåõ x ∈ Ω .Ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ

(a(x, ξ) − a(x, η)) · (ξ − η) ≥ c0|ξ − η|2 ∀ξ, η ∈ R2, x ∈ Ω, (3)
|ai(x, ξ) − ai(x, η)| ≤ c1|ξ − η| ∀ ξ, η ∈ R2, x ∈ Ω, i = 1, 2, (4)

c0, c1 � ïîëîæèòåëüíûå ïîñòîÿííûå.Õîðîøî èçâåñòíî, ÷òî ïðè âûïîëíåíèè ýòèõ óñëîâèé çàäà÷à (1), (2) èìååò åäèí-ñòâåííîå îáîáùåííîå ðåøåíèå èç ïðîñòðàíñòâà Ñîáîëåâà H1
0 (Ω) .



6 À.Ï. �Î�ÈÍ, Ì.Ì. ÊÀ�×ÅÂÑÊÈÉ2. Ñìåøàííàÿ ñõåìà êîíå÷íûõ ýëåìåíòîâ×åðåç Th áóäåì îáîçíà÷àòü ðåãóëÿðíóþ (ñì., íàïðèìåð, [3℄) òðèàíãóëÿöèþ îá-ëàñòè of Ω .Ïóñòü äàëåå
RTk(K) = (Pk(K))2 ⊕ xPk(K), x = (x1, x2).åñòü ïðîñòðàíñòâî �àâüÿðà �Òîìà (ñì. [4℄). Ïîÿñíèì, ÷òî êàæäûé ýëåìåíò v èç

RTk(K) � âåêòîð-�óíêöèÿ âèäà
v =

[

v1

v2

]

=

[

p1 + p3x1

p2 + p3x2

]

,ãäå pi ∈ Pk(K), i = 1, 2, 3 , Pk(K) � ïðîñòðàíñòâî ïîëèíîìîâ ñòåïåíè íå âûøå kïî ñîâîêóïíîñòè ïåðåìåííûõ.Îïðåäåëèì, ñëåäóÿ [4℄, êîíå÷íîýëåìåíòíûå ïðîñòðàíñòâà
Nh =

{

qh ∈ H2; q
∣

∣

K
∈ RTk(K) ∀K ∈ Th

}

,

Mh =
{

vh ∈ L2(Ω); vh

∣

∣

K
∈ Pk(K) ∀K ∈ Th

}

,

Xh = Mh × Nh.

(5)Çäåñü (ñì., íàïðèìåð, [5℄)
H2 = H2(div, Ω) =

{

j ∈ (L2(Ω))2 | div j ∈ L2(Ω)
}

.Îòìåòèì, ÷òî ïðèíàäëåæíîñòü qh ïðîñòðàíñòâó H2 îáåñïå÷èâàåò íåïðåðûâíîñòüíîðìàëüíûõ êîìïîíåíò âåêòîð-�óíêöèè qh ïðè ïåðåõîäå ÷åðåç îáùóþ ãðàíèöóäâóõ ëþáûõ ñîñåäíèõ ýëåìåíòîâ òðèàíãóëÿöèè Th .Ïîä ïðèáëèæåííûì ðåøåíèåì çàäà÷è (1), (2) áóäåì ïîíèìàòü ïàðó �óíêöèé
(uh, jh) ∈ Xh òàêèõ, ÷òî

−

∫

Ω

div jhvh dx =

∫

Ω

f(x)vh(x) dx, (6)
∫

Ω

a−1(x, jh) · qh dx +

∫

Ω

uh div qh dx = 0 ∀(vh, qh) ∈ Xh. (7)Çäåñü a−1(x, ·) : R2 → R2 � �óíêöèÿ, îáðàòíàÿ ê a(x, ·) : R2 → R2 , ñóùåñòâîâàíèå�óíêöèè a−1 î÷åâèäíûì îáðàçîì ñëåäóåò èç óñëîâèé (3), (4). Îòìåòèì òàêæå, ÷òîäëÿ �óíêöèè a−1(x, ·) âûïîëíåíû íåðàâåíñòâà
(

a−1(x, ξ) − a−1(x, η)
)

· (ξ − η) ≥ c3|ξ − η|2 ∀ξ, η ∈ R2, x ∈ Ω, (8)
|a−1(x, ξ) − a−1(x, η)| ≤ c4|ξ − η| ∀ ξ, η ∈ R2, x ∈ Ω, i = 1, 2. (9)

c3, c4 � ïîëîæèòåëüíûå ïîñòîÿííûå.Èññëåäîâàíèå ðàçðåøèìîñòè äèñêðåòíîé çàäà÷è (6), (7) è îöåíêè òî÷íîñòè ïðè-áëèæåííîãî ðåøåíèÿ âûïîëíåíû â ðàáîòå [2℄. Â ÷àñòíîñòè, â [2℄ ïîêàçàíî, ÷òîåñëè u , îáîáùåííîå ðåøåíèå çàäà÷è (1), (2), òàêîâî, ÷òî ∇u, div∇u ∈ H1(Ω) ,òî ‖u − uh‖L2(Ω) + ‖j − jh‖L2(Ω) + ‖ div (j − jh)‖L2(Ω) ≤ ch , ãäå c � ïîëîæèòåëüíàÿïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ïàðàìåòðà òðèàíãóëÿöèè h .



ÎÁ ÎÄÍÎÌ ÈÒÅ�ÀÖÈÎÍÍÎÌ ÌÅÒÎÄÅ. . . 73. Èòåðàöèîííûé ìåòîä. Èññëåäîâàíèå ñõîäèìîñòèÄëÿ ïîñòðîåíèÿ è èññëåäîâàíèÿ èòåðàöèîííîãî ìåòîäà ðåøåíèÿ çàäà÷è (6), (7)óäîáíî ââåñòè â ðàññìîòðåíèå êîíå÷íîìåðíûé íåëèíåéíûé îïåðàòîð Lh , êâàäðàò-íóþ ìàòðèöó Mh , ïðÿìîóãîëüíóþ ìàòðèöó Ch è âåêòîð fh , îïðåäåëÿåìûå ñëåäó-þùèìè ñîîòíîøåíèÿìè1:
Lh(jh) · qh =

∫

Ω

a−1(x, jh) · qh dx ∀jh, qh ∈ Nn,

Bhjh · qh =

∫

Ω

jh · qh dx ∀jh, qh ∈ Nn,

Chvh · qh =

∫

Ω

vh div qh dx ∀vh ∈ Mh, qh ∈ Nn.

fh · vh =

∫

Ω

fvh dx ∀ vh ∈ Mh.Çàäà÷à (6), (7) ìîæåò áûòü òåïåðü çàïèñàíà â âèäå
(

Lh Ch

−CT
h 0

)(

jh

uh

)

=

(

0
fh

)

. (10)Îòìåòèì èñïîëüçóåìûå â äàëüíåéøåì ñâîéñòâà ìàòðèö Bh , Ch è îïåðà-òîðà Lh . Ìàòðèöà Bh , î÷åâèäíî, ñèììåòðè÷íà è ïîëîæèòåëüíî îïðåäåëåíà. Ïóñòü
(jh, qh)Bh

= Bhjh · qh � ýíåðãåòè÷åñêîå ñêàëÿðíîå ïðîèçâåäåíèå, ñîîòâåòñòâóþùååìàòðèöå Bh . Êàê èçâåñòíî (ñì. [6, 7℄), äëÿ ëþáîãî p > 1

sup
qh∈Nh

∫

Ω

vh div qh dx

‖qh‖Lp(Ω)
≥ c ‖vh‖Lp(Ω) ∀vh ∈ Mh, c = const > 0. (11)Ïîýòîìó

sup
qh∈Nh

Chvh · qh

‖qh‖Bh

≥ c ‖vh‖L2(Ω) ∀vh ∈ Mh, c = const > 0, (12)ñëåäîâàòåëüíî, ñèììåòðè÷íàÿ ìàòðèöà Dh = CT
h B−1

h Ch ïîëîæèòåëüíî îïðåäåëåíà.Èç íåðàâåíñòâ (8), (9), î÷åâèäíî, âûòåêàåò, ÷òî
(Lh(jh) − Lh(qh)) · (jh − qh) ≥ c5 ‖jh − qh‖

2
Bh

, (13)
‖Lh(jh) − Lh(qh)‖B−1

h
≤ c6 ‖jh − qh‖Bh

(14)äëÿ ëþáûõ jh, qh èç Nh , òî åñòü îïåðàòîð Lh ñèëüíî ìîíîòîíåí è ëèïøèö-íåïðåðûâåí îòíîñèòåëüíî ýíåðãåòè÷åñêîé íîðìû ìàòðèöû Bh .Äëÿ ðåøåíèÿ ñèñòåìû íåëèíåéíûõ óðàâíåíèé (10) èñïîëüçóåì èòåðàöèîííûéïðîöåññ
(

τ−1Bh Ch

−CT
h 0

)(

jk+1
h − jk

h

uk+1
h − uk

h

)

+

(

Lh Ch

−CT
h 0

)(

jk
h

uk
h

)

=

(

0

fh

)

, k = 0, 1, . . . , (15)
j0
h, u0

h çàäàíû, τ > 0 � èòåðàöèîííûé ïàðàìåòð.
1Êàê îáû÷íî, ìû èñïîëüçóåì îäèíàêîâûå îáîçíà÷åíèÿ äëÿ �óíêöèé èç ïðîñòðàíñòâ Mh , Nhè âåêòîðîâ èõ óçëîâûõ ïàðàìåòðîâ.



8 À.Ï. �Î�ÈÍ, Ì.Ì. ÊÀ�×ÅÂÑÊÈÉÊàæäûé øàã èòåðàöèîííîãî ìåòîäà (15) ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõóðàâíåíèé ñ ìàòðèöåé
Bh =

(

τ−1Bh Ch

−CT
h 0

)

. (16)Âñëåäñòâèå íåâûðîæäåííîñòè ìàòðèöû Dh ìàòðèöà Bh � ñåäëîâàÿ íåâûðîæäåííàÿìàòðèöà. Äëÿ ðåøåíèÿ ñèñòåì ñ òàêèìè ìàòðèöàìè õîðîøî èçâåñòíû ý��åêòèâíûåïðÿìûå è èòåðàöèîííûå ìåòîäû (ñì., íàïðèìåð, [8�12℄).Ñ�îðìóëèðóåì è äîêàæåì îáùóþ òåîðåìó î ñõîäèìîñòè èòåðàöèîííûõ ïðî-öåññîâ âèäà (15). Èç ýòîé òåîðåìû, â ÷àñòíîñòè, ñëåäóåò ñõîäèìîñòü èçó÷àåìîãîâ íàñòîÿùåé ðàáîòå èòåðàöèîííîãî ìåòîäà.Òåîðåìà 1. Ïóñòü ìàòðèöû Bh , Dh = CT
h B−1

h Ch ïîëîæèòåëüíî îïðåäåëåíû,îïåðàòîð Lh óäîâëåòâîðÿåò óñëîâèÿì (13), (14),
0 < τ < 2c6/c2

5. (17)Òîãäà èòåðàöèîííûé ïðîöåññ (15) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæå-íèè j0
h, u0

h .Äîêàçàòåëüñòâî. Ïóñòü zk
h,u = uk

h − uh , zk
h,j = jk

h − jh � ïîãðåøíîñòü íà k -ìøàãå èòåðàöèîííîãî ïðîöåññà (15). Èç (10), (15) íåïîñðåäñòâåííî ñëåäóåò, ÷òî äëÿëþáîãî k ≥ 0

Bhzk+1
h,j = Bhzk

h,j − τ(Lh(jk
h) − Lh(jh)) − τChzk+1

h,u , (18)
CT

h zk+1
h,j = 0. (19)Óìíîæèì îáå ÷àñòè (18) ñêàëÿðíî íà zk+1

h,j . Èñïîëüçóÿ (19), ïîëó÷èì, ÷òî
Bhzk+1

h,j · zk+1
h,j = (Bhzk

h,j − τ(Lh(jk
h) − Lh(jh))) · zk+1

h,j , (20)îòêóäà, î÷åâèäíî, âûòåêàåò íåðàâåíñòâî
‖zk+1

h,j ‖Bh
≤ ‖Bhzk

h,j − τ(Lh(jk
h) − Lh(jh))‖B−1

h
. (21)Âñëåäñòâèå óñëîâèé (13), (14)

‖Bhzk
h,j − τ(Lh(jk

h) − Lh(jh))‖B−1

h
≤ q(τ)‖zk

h,j‖Bh
, (22)ãäå q(τ) = (1 − 2τc5 + τ2c2

6)
1/2 (ñì. òåîðåìû 3 [13, ñ. 106℄, à òàêæå [14, ãë. 13, � 1℄).Òàêèì îáðàçîì,

‖zk+1
h,j ‖Bh

≤ q(τ)‖zk
h,j‖Bh

, k = 0, 1 . . . (23)Äàëåå, èç (18) ñ ó÷åòîì òîãî, ÷òî óðàâíåíèå (19) âûïîëíåíî ïðè âñåõ k = 0, 1, . . . ,ïîëó÷àåì, ÷òî
CT

h B−1
h Chzk+1

h,u = −CT
h B−1

h (Lh(jk
h) − Lh(jh)),ñëåäîâàòåëüíî,

CT
h B−1

h Chzk+1
h,u · zk+1

h,u = −B−1
h (Lh(jk

h) − Lh(jh)) · Chzk+1
h,u ,ïîýòîìó (ñì. (14))

‖zk+1
h,u ‖Dh

≤ ‖Lh(jk
h) − Lh(jh‖B−1

h
≤ c1 ‖z

k
h,j‖Bh

k = 0, 1, . . . (24)Î÷åâèäíî, ÷òî 0 < q(τ) < 1 ïðè âûïîëíåíèè óñëîâèÿ (17). Âìåñòå ñ îöåíêàìè (23),(24) ýòî îáåñïå÷èâàåò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé ‖zk
h,j‖Bh

, ‖zk
h,u‖Dh

ê íóëþ.
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�èñ. 1. Ïîãðåøíîñòü èòåðàöèîííîãî ìåòîäàÇàìå÷àíèå. Åñëè äîïîëíèòåëüíî ê óñëîâèÿì òåîðåìû 1 ïðåäïîëîæèòü, ÷òîîïåðàòîð Lh äè��åðåíöèðóåì ïî �àòî è åãî ïðîèçâîäíàÿ ñèììåòðè÷íà (ïðèìåíè-òåëüíî ê çàäà÷å (1), (2) ýòî òðåáîâàíèå îçíà÷àåò, ÷òî �óíêöèÿ a(x, ξ) äè��åðåíöè-ðóåìà ïî âòîðîìó àðãóìåíòó), òî îöåíêà (22), à ñëåäîâàòåëüíî, è îöåíêà ñêîðîñòèñõîäèìîñòè èòåðàöèîííîãî ìåòîäà (15) ìîãóò áûòü óëó÷øåíû (ïîäðîáíåå ñì. [13,ñ. 107℄).Â êà÷åñòâå èëëþñòðàöèè ïðèâåäåì ðåçóëüòàòû ðåøåíèÿ çàäà÷è (1), (2) ïðè
a(x, ξ) = ((1 + |ξ|2)/(1 + 2|ξ|2))ξ . Äàííàÿ �óíêöèÿ óäîâëåòâîðÿåò óñëîâèÿì (3), (4).Ïîýòîìó çàäà÷à (6), (7) ïðè ëþáîé ïðàâîé ÷àñòè f èìååò åäèíñòâåííîå ðåøåíèå.Â ðàñ÷åòàõ ïîëàãàëîñü f ≡ 0 . ßñíî, ÷òî â ýòîì ñëó÷àå òî÷íîå ðåøåíèå çàäà÷è (6),(7) åñòü uh ≡ 0 , jh ≡ 0 . Îáëàñòü Ω � åäèíè÷íûé êâàäðàò. Íà÷àëüíîå ïðèáëèæåíèåâûáèðàëîñü ñëó÷àéíûì îáðàçîì. Ïàðàìåòð τ îïðåäåëÿëñÿ èç óñëîâèÿ ìèíèìóìà�óíêöèè q(τ) . Ëèíåéíàÿ ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé ñ ìàòðèöåé (16) íàêàæäîì øàãå èòåðàöèîííîãî ïðîöåññà ðåøàëàñü ñòàíäàðòíûì ìåòîäîì òðåóãîëüíîé�àêòîðèçàöèè ñ âûáîðîì ãëàâíûõ ýëåìåíòîâ. Ó÷èòûâàëàñü ðàçðåæåííîñòü ìàò-ðèöû (16). Èòåðàöèè ïðîäîëæàëèñü äî âûïîëíåíèÿ óñëîâèÿ ‖zk

h‖ ≤ ε‖z0
h‖ . Çäåñü

‖zk
h‖ = ‖zk

h,u‖Dh
+ ‖zk

h,j‖Bh
, ε = 10−5 . Íà ðèñ. 1 ïî îñè àáñöèññ � íîìåð èòåðà-öèè, ïî îñè îðäèíàò � ln(‖zk
h‖/‖z

0
h‖) , n � êîëè÷åñòâî ðàçáèåíèé ñòîðîíû êâàäðàòà

Ω ïðè ïîñòðîåíèè òðèàíãóëÿöèè, ñîñòîÿùåé èç ðàâíîáåäðåííûõ ïðÿìîóãîëüíûõòðåóãîëüíèêîâ. Âèäíî, ÷òî ñêîðîñòü ñõîäèìîñòè ìåòîäà ïðàêòè÷åñêè íå çàâèñèòîò ïàðàìåòðà òðèàíãóëÿöèè (÷èñëà óçëîâ êîíå÷íîýëåìåíòíîé ñåòêè).�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû � 09-01-00814,11-01-00667). SummaryA.P. Gogin, M.M. Kar
hevsky. An Iterative Method for Mixed Finite Element S
hemes.This arti
le proposes and investigates an iterative method with a saddle pre
onditionerfor solving a system of nonlinear equations that arises in the approximation of a quasilinearse
ond-order ellipti
 equation with a mixed s
heme of �nite elements of Raviart �Thomas type.The ways of 
hoosing iteration parameters to ensure 
onvergen
e of the method are indi
ated.The results of numeri
al experiments are presented.Key words: se
ond-order quasilinear ellipti
 equation, mixed �nite element method,iterative method, saddle matrix, 
onvergen
e investigation.
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