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OB O/THOM UTEPAIIMOHHOM METO/IE
TIJII CMEIITAHHBIX CXEM KOHEYHBIX 3JIEMEHTOB

A1l Toeun, M.M. Kapuescruii

AnaHOTa U

IIpenmaraercs nreparmoOHHBIN METO/T C CETTIOBBIM MTPEI00YCIAaBINBATEIEM 7Tl PENIEHUs CH-
CTeMBbl HeJIUHEMHBIX YPABHEHUN, BO3HUKAIONIEH MPU aNnIpPOKCHUMAIIUU KBA3UJIUHEHHOTO 3JI/INN-
TUYECKOT0 ypaBHEHNA BTOPOI0 MOPAJKA IPU IIOMOIIY CMeIIaHHOH CXeMbl KOHEYHBIX 3JIeEMEeHTOB
tumna Paspsapa - Toma. Yka3biBaroTcst criocodbl BHIOOPA UTEPAITMOHHOTO ITapaMeTpa, obecmevn-
BAIOIINE CXOAUMOCTH MeToaa. [IpuBoaaTcss pe3yabTaThl YUCTEHHBIX SKCTIEPUMEHTOB.

KuarodeBbie ciioBa: KBa3WIMHEHHOE SJIUTITUYECKOE yPaBHEHNWE BTOPOTO TOPSIKA, CMe-
MMAHHBIA MEeTO KOHEYHBIX 3JIEMEHTOB, MTEPAIMOHHBIN METO/I, Ce/I10Bas MAaTPHIIA, NCCTIeI0BA-
HUEe CXOIUMOCTH.

BBenenue

Hacrosmas pabora nocBsiiena IOCTPOEHUIO W UCCJIEIOBAHUIO0 UTEPAIUOHHOTO Me-
TOJIa YNCJIEHHON PeATU3AINI CMENTaHHON CXeMbl KOHETHBIX 3/IeMeHTOB Tuna PaBbsapa —
Toma a1 KBa3WIMHEHHOTO SJIUNTHYECKOTO YPABHEHUS BTOPOTO TOPSIKA JTUBEPTEHT-
Horo Buja. Peanmm3arnms nmpeiiaraeMoro MeToa CBOIUTCS K PENeHnIo Ha KaxKJ0M ITare
CHCTEeMBI IMHEHHBIX ypaBHEHHit ¢ ceamoBoit marpurieil. [lokazano, 9To Ipu BBITOTHEHAN
YCJIOBHUI CUIBHOM MOHOTOHHOCTU W JIMIIIIUI-HEIIPEPBIBHOCTH JIJIA OIEpaTOpa MCXOIHOMN
3871491 METOJI, CXOIUTCA CO CKOPOCTBIO TEOMETPUYIECKON MPOTPECCUN.

Awnasorngueiii, HO IBYXCTYNEHUATHIH, UTEPAIIMOHHBIN METO [ Oojiee OBIIUX 3J1-
JIMTMITHYeCKNX ypasHennit n3yvasncs B [1]. IIpemyaraemsrit B Hacrosimeil pabore MeTos
pellleHns CUCTeMbI IIPOIIE B Peann3allii 1, KaK MOKa3bIBAIOT YUCIeHHbIE SKCIIePUMEHTHI,
CXONIUTCs CYIIECTBEHHO ObICTpEe.

1. IlocraHoBka 3agadn

PaccmarpuBaerca 3amada Inpuxie s KBa3MINHEHHOTO 3JIINNITHYECKOTO YpaBHe-
HUS BTOPOTO TOPSIJIKA JIUBEPTEHTHOTO BUIA

—div a(z,Vu) = f(z), x€Q, (1)
u(zr) =0, ze€ . (2)

Q) C R? - orpanmuennas MHOroyrojpbHag obiacts, I — rpanuna obmactu . 3aech
a(z,§) = (a1(z,§), az(2,£)), € € R* ana seex z € Q.

Hpe,Z[HOJ'[aFaIOTCH BLIINIOJTHEHHBIMHA yCJIOBHA
(a(z,€) —a(z,n) - (€ =n) > ol = > V& neR?, zeq, (3)
|ai(ma£)7ai(man)| §01|£77’| vfa n€R27 QL'EQ, i:172a (4)

€o, €1 — TIOJOKATEIHHBIE MOCTOSTHHBIE.
Xopo1Io U3BeCTHO, YTO NPH BBIMOJHEHUH 3TUX yCI0Buil 3amada (1), (2) umeer enun-
crBennoe 06o6menHoe pemenue u3 npocrpanctsa Cobonesa HE(Q).
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2. CMemniaHHasg cXxeMa KOHEYHBIX 3JIEMEHTOB

Yepes 7}, OGyaem o003HAYATH PEryIApHYIO (CM., HAmpuMep, [3]) TpuaHryasuno 06-
sgactu of €.
[IycTs mamee

RTL(K) = (Py(K))? ® 2Py(K), x= (z1,22).

ectb npocrpanctso Pasbsapa—Toma (cm. [4]). Toscuum, uro KaxKaplil sj1eMeHT v 13
RTy(K) — Bekrop-dbyHKIMs BUAA

o= |V = |1 + P31
) p2 +p3ra]’
rae p; € Py(K), i =1,2,3, P.(K) — npocTpaHCTBO TOJMHOMOB CTeNeHW He Bhlme k

[0 COBOKYIHOCTH TE€PEMEHHBIX.
Oupenesnum, cienys [4], KOHEUHO3IEMEHTHBIE TIPOCTPAHCTBA

Ny = {qn € Hy;q|, € RTx(K) VK €T},
My, = {vn € La(Q);vn| . € Pe(K) VK €T}, (5)
Xp = My, x Ny,.

Bxaecn (M., Hanpumep, [5])
Hy = Hy(div, Q) = {j € (Ly(Q))?] divj e LQ(Q)}.

Ormernm, 9TO MPUHAIEIKHOCTL ¢p TPOCTPAHCTBY Ho 0BecrnedmBaeT HENPEPLIBHOCTD
HOPMA/IBHBIX KOMIIOHEHT BEKTOP-(YHKIMU @), NPU mepexome vepe3 OOyl PAHHMILy
JIBYX JIIOOBIX COCEIHWX 3JIEMEHTOB TPHAHTYISAINN 7}, .

IMon npubanrkenubiM permerneM 3amaqn (1), (2) Gyaem moHUMATh mapy GyHKIW
(up, jn) € Xp TaKWUX, 9TO

/dlvyhvh dacf/f x)vp(x) dx, (6)

Q
/a x, Jn) - qn dx—i—/uh divgy de =0 Y(vp,qn) € Xp. (7)
Q Q

Bnecy a”Y(z,-) : R? — R? — dbynkmusa, obpatnas K a(z,-) : R? — R?, cymecTBoBanue

dbynkmmm ! overnmHbIM 06pasom cienyer u3 yeaosmit (3), (4). OTmeTnM TakKe, UTO
nias byHkmun o (x, ) BHINOIHEHB HepaBeHCTBA
(a 2,6 —a Hz,m) - (€ —m) 2 eslé —nl* V&, meR’, zeq, (8)
a7 (@,8) —a (@) Seal —nl VENER!, weQ =12 (9)

€3, €4 — TOJIOKUTEJIbHbIE MOCTOSHHDIE.

HUccnenosanue pa3pemmmMocTu AUCKpeTHol 3aga4u (6), (7) 1 OleHKH TOUHOCTH MpPHU-
6JIMZKEHHOrO pellleHus BbIoJHeHbl B padore [2]. B wacrnoctu, B [2] mokasano, 4o
eciu u, obobmennoe pemenne 3aga4u (1), (2), Takoso, uto Vu, divVu € H(Q),
10 [|u —un||Ly) + 17 = dnllzo) + 1 div (5 — jr)llL.@) < ch, rae ¢ — nonoxurensnas
NOCTOSTHHASL, HE 3aBUCAIIAs OT MapaMeTpa TPUAHTYJISIUN /1.
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3. MWrepammonnsriii meton. McciegoBanme cXoauMOCTH

JlJ1st TIOCTPOEHNUS U UCCIeOBAHISA UTEPAIMOHHOIO MeToa pernenus 3anaqan (6), (7)
yI00HO BBECTH B PACCMOTPEHHE KOHEYHOMEPHBIN HeJMHEHHbIN omepaTop Ly, KBaapar-

Hyt0 Marpuily My , npamoyroibpayio Mmatpuity Cp, u BEKTOp [}, ONpeaeasieMblie CIemy-

TOIUMH COOTHOH_IGHI/IHMI/I1 :

Ln(jn) - an = /a_l(fﬂ,jh) “qn dx Vjn, qn € Np,
Q

Bhrjn - qn = /jh “Gn dx Vjp, qn € Ny,
Q

Chon - qn = /vh divqy de  Yv, € My, qn € Ny.
Q

fh-’UhZ/fUh dx Vv, € My,.
Q

Bamaua (6), (7) MmoxkeT ObITH TENEPh 3aMUCAHA B BUIE

(e 9))=(2) o

Ormerum wmcmosb3yeMmble B jajibHelimem cBoiictBa matpurt Bp, Cp u onepa-
topa Ljp. Marpuna Bj, 09€BHUIHO, CHMMETPUTHA, U TOJIOKUTENHHO onpeaesena. [lycrs
(Jnsqn)B, = Bhjn - qn — dHEPreTHUECKOE CKAJISPHOE MPOU3BEJIEHNE, COOTBETCTRYIOINIEe
marpune By, . Kak ussecrno (em. [6, 7]), mas mo6oro p > 1

/vh div qp, dx
sup >cllonllL, @ VYun € My, c= const > 0. (11)
aneN, llanllz, @ '
ITosTomy
Chon - an > cllvnlly) Yon € Mp, ¢ = const >0, (12)

qn€Np, thHBh

CIIeIOBATENBHO, CAMMeTpuYIHasg MaTpuria Dy = CnglCh MOJIOYKUTEJIHHO OTIpe/iesieHa.
N3 nepasencte (8), (9), 0U4EBHIAHO, BBITEKAET, UTO

(Lu(jn) = Lilan)) - (Go — an) = ¢s ljn — anllB, » (13)

[1Ln(Gn) = Lu(an)l g1 < 6 llin = anll B, (14)

nyag JT0bIX  jh,qn W3 Np, TO ecThb omeparop Ljp CHIBHO MOHOTOHEH W JIHATIINI-
HEMPEPBHIBEH OTHOCUTEILHO YHEPTETUUIECKON HOPMBI MATPUIILI By, .

s perienust cucTeMbl HETMHEHHBIX ypasHenuii (10) ucmoab3yeM UTEpaliuOHHbBIH
mporiecc

T*lBh Ch jk+1_jk: Lh Ch ]k 0
. - ’; + ., ’; = . k=0,1,..., (15)
-, 0 up = Uy -, 0 Uy In

jg, ug 3a7anbl, 7 > (0 — UTepaImoOHHbIA TapameTp.

1Kax 0GBIYHO, MBI HCIONB3yeM OIMHAKOBLIE 0603HAuenns jis (yHkmumii u3 mpocrpamncts My, Np,
" BEKTOPOB WX Y3JIOBBIX IIApPAaMeETpPOB.
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Kaxkipiii mar urepanuornoro Mmetoaa (15) CBOAUTCS K PeeHnio CHCTEMbI TUHEHHBIX
YpaBHEHUI ¢ MaTpuei
-1
T Bh Ch
B = . 16

BcnencTeue HEeBBIPOKIEHHOCTH MaTpAIbl Dy, MaTpuna By, — cemioBas HEBBIPOKICHHAS
marpurna. JIjIs perenns CucTeM ¢ TAKUME MATPUIIAME XOPOIIO W3BECTHBI 3(h(DEKTUEHBIE
MpsIMbIE ¥ WTEPAIMOHHbBIE MeTobI (cM., Hampumep, [8-12]).

Cdopmynupyem m gokazkem OOIIyI0 TEOPEMy O CXOJAMMOCTH WTEPAIUOHHBIX TIPO-
neccos Buza (15). VI3 310it Teopembl, B 4aCTHOCTH, CJEIYET CXOAUMOCTb H3Yd4aeMOro
B HACTOAIIEH paboTe UTEPAIIMOHHOTO METO/IA.

Teopema 1. ITycmv mampuywve By, Dy = C,?B;lch NOAOHCUMEALHO ONPedesetbl,
onepamop Ly ydosaemesopsem ycaosuam (13), (14),
0 <7< 2cq/ck. (17)
Tozda umepayuonnwi npouecc (15) crodumcsa npu A1060M HAMAABHOM NPUOAUICE-
HUU jg, u%.
HokazareancTBo. IlycTth zﬁu = u’fL Up, th jh Jjn — TOTPEITHOCTH HA k-M

mare ureparuouHoro nporecca (15). U3 (10), (15) HenocpeacTBeHHO CIeyer, 9To st
aoboro k>0

Brzptt = Bray j — 7(Ln(iy) — Lu(in)) — 7Ch2 ), (18)

Chzpth=0. (19)

YMHOKIM 00e JacTu (18) CKaJISIPHO HA z}’fgl Ucnonw3ysa (19), mosyunm, 4ro

Bzt zptt = (Buzy ;= (L) — Lu(in))) - 25 Y, (20)

OTKY/Ia, OY€BH/HO, BHITEKAET HEPABEHCTBO
2 B < IBnty j — (L) — Lu(im)l g1 (21)

Bcenencrsue yenoswmit (13), (14)
1Brzt; ;= 7(Ln(i) = L)l g+ < a(m)ll2k 515, (22)

rie q(7) = (1 — 27es + 72¢2)1/? (em. Teopemnr 3 [13, c. 106], a Takuxe [14, ro1. 13, § 1]).
Takum obpazowm,

2t Iz < a(m)llek B, k=0,1... (23)

Haunee, uz (18) ¢ yuerom Toro, uro ypasuenue (19) soinosineno npu secex k = 0,1, ...,
MOJIy9aeM, 9To
Cii By 'Crzpt)t = —=Ci By (L) — Li(in)),

CIIeIOBATEIIHHO,
Ci By 'zl - 2t = =B (Ln(i) — Ln(Gn)) - Crzp bl
nosromy (cum. (14))
Izt 1D, < ILn(k) = LaGinll g2 < exllznslls, k=01, (24)

Ouerngro, uro 0 < ¢(7) < 1 npw Bemonnennn ycaosust (17). Bumecte ¢ onenkamu (23),

(24) am0 obecneumBaer cxomumocTh noceoBaTenbrocteit |2 Sl B, |12 /I, ® Bymo,
O
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T
—+—n=20
—*—n=40
-5r —c—n=60 [q
—b— n=100

—10F

-15}

Puc. 1. TlorpenrimocTsh UTEPAITMOHHOTO MeTOIA

3ameuanune. Ecian 10moMHUTENTHHO K YCAOBHAM TEOPEMbI 1 MPEANOIOKHUTD, UTO
oneparop Lj; muddepennupyem o Tato u ero npoussomnasa cuMMeTpudna (TIpUMeHH-
TesbHO K 3az7adue (1), (2) aro TpeGoBanne o3Hauaer, uro Gyukius a(z,§) muddepennn-
pyeMa 1o BTOPOMY apryMeHTY), TO oreHka (22), a cjieoBaTeIbHo, U OIEHKa CKOPOCTH
CXOMMOCTH MTepanuoHHoro Meroga (15) moryr ObiTh yayuiiensl (moxpobuee cm. [13,

c. 107]).

B kadecTBe MITIOCTpAIlMM TIPUBEJEM DE3yabTarTbl pemenus 3amzaun (1), (2) mpwm
a(z,&) = ((1+[€2) /(1 +2[¢]?))€. Nannas dbynxmus yaosaersopser yeaosusm (3), (4).
IMostomy 3amaga (6), (7) upu Jr0boii npaBoii yacTu f UMeeT eJIUMHCTBEHHOE DelleHHE.
B pacuerax nosaranocs f = 0. $lcno, uyro B 3TOM Cilydae ToYHOE pernenue 3ama4uu (6),
(7) ecrb up, =0, jp, = 0. O6uacts Q — exununynblii keaapar. Hauanbhoe npubiinzxkenue
BBIOMPAJIOCH CaydaiinbiM o0pasom. IlapaMeTp T Ompeessyicsa U3 yCAOBUS MUHUMYMA
dbyuxmmn ¢(7). JInneiinas cucrema anrebpanydeckux ypaBHeHwit ¢ marpuieil (16) Ha
KayKJIOM I1are HTEePaAMOHHOr0 MPOLECCa PEIIaJach CTAHIAPTHBIM METOJIOM TPEYTOIbHOM
dakropusanuu ¢ BHIOOPOM I[JIABHBIX 3JIEMEHTOB. Y YMTHIBAJIACH PA3PEKEHHOCTH MaT-
putbt (16). Mrepamuu npojgoizKaauch 10 Beimonnenus yeaosus ||zr|| < ellz)). 3aecs
25l = ll2h ullpy + 1125 1B, € = 107°. Ha puc. 1 mo ocu aGempce — HoMep nTepa-
mun, no ocu opzamnar — In(||2F||/||z0]), n — KomuuecTBo pazbuenuit cTopoHb KBaIpPaTa
) Opu TOCTPOEHUM TPUAHTYJSIUN, COCTOSAIEH U3 PABHOOEIPEHHDBIX MPAMOYTOIHHBIX
TPEYrONBHUKOB. BHIHO, 9TO CKOPOCTH CXOAMMOCTH METOJA TPAKTHYECKH HE 3aBUCUT
OT TIapaMerpa TPUAHTYJIAIMU (YUCJIa Y3JI0B KOHEYHOIJIEMEHTHON CeTKH).

PaGora Beimosinena npu dbunancosoii moggepxke PODU (npoextsr Ne 09-01-00814,
11-01-00667).

Summary

A.P. Gogin, M.M. Karchevsky. An Iterative Method for Mixed Finite Element Schemes.

This article proposes and investigates an iterative method with a saddle preconditioner
for solving a system of nonlinear equations that arises in the approximation of a quasilinear
second-order elliptic equation with a mixed scheme of finite elements of Raviart — Thomas type.
The ways of choosing iteration parameters to ensure convergence of the method are indicated.
The results of numerical experiments are presented.

Key words: second-order quasilinear elliptic equation, mixed finite element method,
iterative method, saddle matrix, convergence investigation.
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