
Ó×ÅÍÛÅ ÇÀÏÈÑÊÈ ÊÀÇÀÍÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀÒîì 152, êí. 4 Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè 2010
ÓÄÊ 539.3×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÊÎÍÅ×ÍÛÕÄÅÔÎ�ÌÀÖÈÉ �ÈÏÅ�ÓÏ�Ó�ÈÕ ÒÅË.IV. ÊÎÍÅ×ÍÎÝËÅÌÅÍÒÍÀß �ÅÀËÈÇÀÖÈß.Ï�ÈÌÅ�Û �ÅØÅÍÈß ÇÀÄÀ×À.È. �îëîâàíîâ , Þ.�. Êîíîïëåâ, Ë.Ó. ÑóëòàíîâÀííîòàöèÿÍàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì öèêëà ñòàòåé ¾×èñëåííîå èññëåäîâàíèåêîíå÷íûõ äå�îðìàöèé ãèïåðóïðóãèõ òåë¿ è ïîñâÿùåíà êîíå÷íîýëåìåíòíîé ðåàëèçàöèèàëãîðèòìà, êîòîðûé îïèñàí â ïåðâûõ òðåõ ÷àñòÿõ. Ïðèâåäåíû ðàçëè÷íûå ïîòåíöèàëûóïðóãèõ äå�îðìàöèé. Íà ïðèìåðå îäíîãî èç íèõ ïðîâåäåíî ÷èñëåííîå ÷èñëåííîå èññëå-äîâàíèå êîíå÷íûõ äå�îðìàöèé.Êëþ÷åâûå ñëîâà: êîíå÷íûå äå�îðìàöèè, ãèïåðóïðóãîñòü, ìåòîä êîíå÷íûõ ýëåìåí-òîâ. ÂâåäåíèåÏåðâàÿ ÷àñòü öèêëà ñòàòåé áûëà ïîñâÿùåíà îáùèì âîïðîñàì íåëèíåéíîé ìå-õàíèêè òâåðäîãî äå�îðìèðóåìîãî òåëà, ðàññìîòðåíû îñíîâíûå ïîëîæåíèÿ êèíå-ìàòèêè êîíå÷íûõ äå�îðìàöèé, ïðèâåäåíû îñíîâíûå òåíçîðû è ñîîòíîøåíèÿ, îïè-ñûâàþùèå äâèæåíèå ñïëîøíîé ñðåäû. Èçëîæåíû îñíîâíûå âèäû âàðèàöèîííûõóðàâíåíèé, èñïîëüçóþùèõñÿ â ÷èñëåííûõ ìåòîäèêàõ ðåøåíèÿ [1℄. Âòîðàÿ ÷àñòüïîñâÿùåíà âîïðîñó ïîñòðîåíèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé ïðè êîíå÷íûõ äå�îð-ìàöèÿõ äëÿ ãèïåðóïðóãîãî èçîòðîïíîãî ìàòåðèàëà, à òàêæå äëÿ ñëàáîñæèìàåìûõìàòåðèàëîâ [2℄. Òðåòüÿ ÷àñòü ïîñâÿùåíà îïèñàíèþ ìåòîäèêè ÷èñëåííîé ðåàëèçàöèèèññëåäîâàíèÿ ãèïåðóïðóãèõ òåë íà îñíîâå ìåòîäà ïîñëåäîâàòåëüíûõ íàãðóæåíèÿ,ïðèâîäÿòñÿ ðàçëè÷íûå ïîñòàíîâêè è ñïîñîáû ðåàëèçàöèè àëãîðèòìîâ ðåøåíèÿ [3℄.Â íàñòîÿùåé ñòàòüå ðàññìîòðåí ñëàáîñæèìàåìûé ìàòåðèàë. Êèíåìàòèêà ñðå-äû îïèñûâàåòñÿ ëåâûì òåíçîðîì äå�îðìàöèé Êîøè��ðèíà. Ïðèâåäåíû íåñêîëüêîâàðèàíòîâ çàêîíîâ ñæèìàåìîñòè è óïðóãèõ ïîòåíöèàëîâ. Äàëåå ðàññìîòðåí êîí-êðåòíûé âèä óïðóãîãî ïîòåíöèàëà, äëÿ êîòîðîãî ïðèâîäèòñÿ âûâîä îïðåäåëÿþùèõñîîòíîøåíèé, âûðàæàþùèõ ïðîèçâîäíóþ Òðóäåëà íàïðÿæåíèé Êîøè- Ýéëåðà ÷å-ðåç äå�îðìàöèè ñêîðîñòè. Èñïîëüçîâàí âàðèàíò ðàçðåøàþùèõ óðàâíåíèé íà îñíî-âå ïðèíöèïà âèðòóàëüíûõ ìîùíîñòåé, çàïèñàííîãî â òåêóùåé êîí�èãóðàöèè. Äëÿäèñêðåòèçàöèè óðàâíåíèé ïðèìåíåí âîñüìèóçëîâîé êîíå÷íûé ýëåìåíò. Ïðèâåäåíûâñå íåîáõîäèìûå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèé. Â êà÷åñòâå òåñòîâîé ðåøåíà çàäà÷àî ïëîñêîì äå�îðìèðîâàíèè ïîëîñû, à òàêæå çàäà÷è î äå�îðìèðîâàíèè êðóãëîé èêâàäðàòíîé ïëèò, íàõîäÿùèõñÿ ïîä äàâëåíèåì.1. Ñëàáîñæèìàåìûé èçîòðîïíûé ìàòåðèàë�àññìîòðèì ñëàáîñæèìàåìûé èçîòðîïíûé ìàòåðèàë, êèíåìàòèêà ñðåäû áóäåòîïðåäåëÿòüñÿ ëåâûì òåíçîðîì äå�îðìàöèé Êîøè��ðèíà (B) . Òîãäà óïðóãèé ïî-òåíöèàë çàïèøåòñÿ â ñëåäóþùåì âèäå:

W = W
(
I
1B̂ , I2B̂

)
+W0 (J) .



116 À.È. �ÎËÎÂÀÍÎÂ È Ä�.Â ðåçóëüòàòå èìååì �èçè÷åñêèå ñîîòíîøåíèÿ äëÿ òåíçîðà èñòèííûõ íàïðÿæå-íèé â âèäå ñóììû øàðîâîãî òåíçîðà è äåâèàòîðà [2℄:
(Σ) = ψ̂0 (I) + 2

(
Ĝ′

)
,ãäå

σ0 = ψ̂0 =
∂W0

∂J
; (Σ′) = 2

(
Ĝ′

)
.Äëÿ îïèñàíèÿ ñæèìàåìîñòè ÷àñòî èñïîëüçóþò âåëè÷èíó èñòèííîé ñæèìàåìîñòèâ âèäå

kc =
1

J

dJ

dσ0

=
d

dσ0

lnJ. (1)Åñëè ýòó âåëè÷èíó ñ÷èòàòü ïîñòîÿííîé, èç (1) ñëåäóåò çàêîí ñæèìàåìîñòè ïðèóìåðåííûõ äàâëåíèÿõ:
σ0 = K lnJ, (2)ãäå K = 1/kc � ìîäóëü îáúåìíîãî ðàñøèðåíèÿ. Äëÿ ìàëûõ äàâëåíèé (ìàëûõ èç-ìåíåíèÿõ îáúåìà) èç (1) ïîëó÷àåì óïðîùåííûé çàêîí ñæèìàåìîñòè:

σ0 =
K (J − 1)

J
= K

(
1 −

1

J

)
= K

(
1 −

ρ

ρ0

)
.Â êà÷åñòâå äðóãèõ âîçìîæíûõ çàêîíîâ ñæèìàåìîñòè â [4℄ ïðåäëàãàåòñÿ èñïîëü-çîâàòü:� çàêîí Ìóðíàãàíà (F. Murnaghan)

W0 =
K

J

[
(J − 1) + (kc − 1)

−1
(
J1−kc − 1

)]
; (3)� çàêîí óìåðåííûõ äàâëåíèé

W0 = K [J lnJ − (J − 1)] ;� óïðîùåííûé çàêîí
W0 =

K

2
(J − 1)

2
. (4)Â ðàáîòå [5℄ ïðåäëàãàåòñÿ çàêîí, îáîáùàþùèé íåîãóêîâñêèé ìàòåðèàë è ìàòå-ðèàë Ìóíè ��èâëèíà:

W0 =

3∑

k=1

1

Dk
(J − 1)

2k
. (5)Â ðàáîòå [6℄ ïðèâîäèòñÿ âûðàæåíèå

W0 = K

[
J2 − 1

2
− lnJ

]
. (6)Â ðàáîòàõ [7�9℄ èñïîëüçóåòñÿ ïîòåíöèàë

W0 =
K

2
(lnJ)

2
,êîòîðûé ïðèâîäèò ê çàêîíó (2). Â ðàáîòå [11℄ äàíî âûðàæåíèå

W0 =
λ

2
(lnJ)

2
− µ lnJ.
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W =

2µ

αkβk

3∑

k=1

(
J−αkβk

k − 1
)
.Ñäâèãîâûå íàïðÿæåíèÿ îïèñûâàåò �óíêöèîíàë W
(
I
1B̂ , I2B̂

) , ïðîñòåéøèé âèäêîòîðîãî [9℄:
W =

µ

2

(
I
1B̂ − 3

)
. (7)Îòñþäà ñëåäóåò

(Σ′) = µ
(
B̂′

)
.Äîïîëíèòåëüíûå ñâåäåíèÿ î âîçìîæíûõ �îðìàõ ïîòåíöèàëà óïðóãîé ýíåðãèèèçìåíåíèÿ îáúåìà ìîæíî íàéòè â [14℄. Äëÿ ñïðàâêè ïðèâåäåì íåêîòîðûå âûðàæå-íèÿ ïîòåíöèàëà W (

I
1B̂ , I2B̂

) . Â ïàðå ñ âûðàæåíèåì (5) èñïîëüçóåòñÿ
W =

3∑

k=1

Ck

(
I
1B̂ − 3

)k
,ñ âûðàæåíèåì ( 6)

W =

5∑

k=1

Ck

V 2k−1

k

(
Ik
1B̂

− 3k
)
,ãäå

C1 =
1

2
; C2 =

1

20
; C3 =

11

1050
; C4 =

19

7000
; C5 =

519

673750
.2. Ôèçè÷åñêèå ñîîòíîøåíèÿ è ðàçðåøàþùåå óðàâíåíèåäëÿ íåîãóêîâñêîãî ìàòåðèàëà�àññìîòðèì ïðèìåð ïîñòðîåíèÿ �èçè÷åñêèõ ñîîòíîøåíèé äëÿ ñëåäóþùåãî ïî-òåíöèàëà óïðóãèõ äå�îðìàöèé (çäåñü èñïîëüçóþòñÿ âûðàæåíèÿ (4) è (7)):

W =
µ

2

(
I
1B̂ − 3

)
+
K

2
(J − 1)2 , (8)ãäå µ � ìîäóëü ñäâèãà. Çàïèøåì ëèíåàðèçîâàííîå âûðàæåíèå äëÿ ñêîðîñòè èçìå-íåíèÿ íàïðÿæåíèé Êîøè�Ýéëåðà [2℄:

(
Σ̇

)
= 2

{
1

J

(
Ḃ

)
·

(
∂W

∂B

)
+

1

J

[
(B) ·

(
∂2W

∂B2

)]
· ·

(
Ḃ

)
−

1

J
(B) ·

(
∂W

∂B

)
I1h

}
,êîòîðîå ìîæíî ïðåîáðàçîâàòü ê âèäó:

(
Σ̇

)
= (Λ) · · (d) + (h) · (Σ) + (Σ) · (h)

T
− (Σ) I1d, (9)ãäå

(Λ) = (ΛΣ′) + (Λσ0
) ,

(ΛΣ′) =
4

J
(B) ·

(
∂2W ′

∂B∂B

)
· (B) =

= 2µJ−5/3

[
1

3
I1B (CII) −

1

3
(B) (I) −

1

3
(I) (B) +

1

9
I1B (I) (I)

]
,
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(Λσ0

) =
4

J
(B) ·

(
∂2W0

∂B∂B

)
· (B) =

= 2K

[
1

2
(J − 1) (I) (I) +

1

2
J (I) (I) − (J − 1) (CII)

]
.Òàêèì îáðàçîì, ïîëó÷èì �èçè÷åñêèå ñîîòíîøåíèÿ, âûðàæàþùèå ïðîèçâîäíóþÒðóñäåëëà ÷åðåç äå�îðìàöèþ ñêîðîñòè:

(
ΣTr

)
=

(
kΛ

)
· · (d) . (10)Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíÿåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ íàãðóæåíèé [3℄.Â êà÷åñòâå îñíîâíîãî èñïîëüçóåòñÿ âàðèàöèîííîå óðàâíåíèå ïðèíöèïà âèðòóàëü-íûõ ìîùíîñòåé, çàïèñàííîå â àêòóàëüíîì ñîñòîÿíèè, êîòîðîå äëÿ k -ãî ñîñòîÿíèÿáóäåò èìåòü âèä [3℄:

∫

Vk

{(
kΣ̇

)
· ·

(
δkd

)
+

[
k∇y · k

υ

] (
kΣ

)
· ·

(
δkd

)
−

−
1

2

(
kΣ

)
· ·

[(
δkh

)
·
(
kh

)
+

(
kh

)T
·
(
δkh

)T
]
−

[
k∇y · k

υ

]
k
f
∗ · δυ

}
dVk+

+

∫

Sσ

k

{
k
t
∗

n ·
(
kh

)T
−

[
k∇y · k

υ

]
k
t
∗

n

}
· δυ dSk =

∫

Vk

k
ḟ
∗ · δυ dVk +

∫

Sσ

k

k
ṫ
∗

n · δυ dSk−

−
1

∆t






∫

Vk

(
kΣ

)
· ·

(
δkd

)
dVk −

∫

Vk

k
f
∗ · δυ dVk −

∫

Sσ

k

k
t
∗

n·δυ dSk





.Ïîäñòàâëÿÿ â ïîñëåäíåå óðàâíåíèå �èçè÷åñêèå ñîîòíîøåíèÿ (10), ïîëó÷èì ðàçðå-øàþùåå óðàâíåíèå

∫

Vk

{(
kd

)
· ·

(
kΛ

)
· · (δd) +

1

2

(
kΣ

)
· ·

[
(δh)

T
·
(
kh

)
+

(
kh

)T
· (δh)

]
−

−
[
k∇y · k

υ

]
k
f
∗ · δυ

}
dVk +

∫

Sσ

k

{
k
t
∗

n ·
(
kh

)T
−

[
k∇y · k

υ

]
k
t
∗

n

}
· δυ dSk =

=

∫

Vk

k
ḟ
∗ · δυ dVk +

∫

Sσ

k

k
ṫ
∗

n · δυ dSk−

−
1

∆t






∫

Vk

(
kΣ

)
· ·

(
δkd

)
dVk −

∫

Vk

k
f
∗ · δυ dVk −

∫

Sσ

k

k
t
∗

n·δυ dSk





. (11)Ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî ñêîðîñòè k

υ . Ïîýòîìóïîñëå ÷èñëåííîé äèñêðåòèçàöèè ìîæåò áûòü ïîëó÷åíà ñèñòåìà ëèíåéíûõ àëãåáðàè-÷åñêèõ óðàâíåíèé äëÿ ñîîòâåòñòâóþùèõ óçëîâûõ çíà÷åíèé ïðîåêöèé ñêîðîñòåé kυi .Òàê êàê èññëåäóåìûå ïðîöåññû íå èìåþò ÿâíîãî äèíàìè÷åñêîãî õàðàêòåðà (óñêî-ðåíèÿ íå ó÷èòûâàþòñÿ), òî ïîä âðåìåíåì ìîæíî ïîíèìàòü ëþáîé ìîíîòîííî âîç-ðàñòàþùèé ïàðàìåòð, îïðåäåëÿþùèé èçìåíåíèå íàãðóçêè. Â òàêîì àñïåêòå âïîëíå



×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÊÎÍÅ×ÍÛÕ ÄÅÔÎ�ÌÀÖÈÉ 119óìåñòíî ïðèíÿòü ïðîèçâîäíóþ ïî âðåìåíè êàê îòíîøåíèå ïðèðàùåíèÿ ñîîòâåòñòâó-þùèõ âåëè÷èí, ïîëó÷àåìûå ïðè ïåðåõîäå ñ k -ãî ñîñòîÿíèÿ â (k+1)-å. Íàïðèìåð,
k
υ =

∆k
u

∆t
.Òåïåðü, â ñèëó ïðîèçâîëüíîñòè ïàðàìåòðà t âïîëíå äîïóñòèìî ïðèíÿòü ∆t=1.Â ðåçóëüòàòå èç (11) ïîëó÷àåì óðàâíåíèÿ äëÿ ïðèðàùåíèé ïåðåìåùåíèé ∆k

u .3. Êîíå÷íîýëåìåíòíàÿ äèñêðåòèçàöèÿÂ êà÷åñòâå áàçîâîãî â íàñòîÿùåé ðàáîòå èñïîëüçóåòñÿ òðåõìåðíûé âîñüìèóç-ëîâîé èçîïàðàìåòðè÷åêèé êîíå÷íûé ýëåìåíò. Ââåäåì àïïðîêñèìàöèþ ãåîìåòðèè èñêîðîñòè
kyi

(
ξj

)
=

8∑

t=1

kyi
tNt

(
ξj

)
,

kυi
(
ξj

)
=

8∑

t=1

kυi
tNt

(
ξj

)
,

(12)ãäå Nt

(
ξj

)
=

1

8

(
1 + ξ1t ξ

1
) (

1 + ξ2t ξ
2
) (

1 + ξ3t ξ
3
) � �óíêöèÿ �îðìû, −1 6 ξ1, ξ2,

ξ3 6 1 , kyi
t � êîîðäèíàòû óçëîâ (k � íîìåð øàãà íàãðóæåíèÿ, t � íîìåð óçëàâ ýëåìåíòå), ξi

t = ±1 � êîîðäèíàòû ñîîòâåòñòâóþùèõ óçëîâ â ëîêàëüíîé ñèñòåìåêîîðäèíàò, kυi
t � ñêîðîñòè óçëîâ.Ïðèâåäåííûå âûøå �óíêöèè �îðìû îáëàäàþò ñâîéñòâàìè ïîëíîòû è êîí�îðì-íîñòè, òî åñòü îáðàçóþò ïîëíûå ïîëèíîìû è ïðè ñòûêîâêå äâóõ ýëåìåíòîâ îáåñïå-÷èâàþò íåïðåðûâíîñòü �óíêöèé kυi è kRi . Äëÿ ïåðåõîäà îò ∂kυ

∂ξi
ê ∂kυ

∂kyi
ñòðîèììàòðèöó ßêîáè [A] :

kAji =
∂kyi

∂ξj
=

8∑

t=1

kyi
t

∂Nt

∂ξj
.Çàòåì âû÷èñëÿåì ìàòðèöó, îáðàòíóþ ê [A] , è ñ åå ïîìîùüþ íàõîäèì èñêî-ìûå ïðîèçâîäíûå [

kC
]

=
[
kA

]
−1 , ∂

∂kyi
= kCij

∂

∂ξj
. Òàê, íàïðèìåð, âû÷èñëÿåòñÿïðîèçâîäíàÿ îò �óíêöèè �îðìû:

∂Nt

∂yi
= Cij

∂Nt

∂ξj
= Ht,i. (13)Çäåñü è äàëåå íîìåð øàãà k îïóùåí.Òåïåðü ñ ïîìîùüþ (12) è (13) îïðåäåëèì êîìïîíåíòû òåíçîðîâ (B) , (h) , (d) :

Bij =
8∑

t=1

yi
ty

j
sNt,mNs,m, (14)

hij =
∂υi

∂yj
= υi,j =

υi
tNt

(
ξj

)

∂yj
=

8∑

t=1

Cjmυ
i
t

∂Nt

(
ξj

)

∂ξm
=

=

8∑

t=1

Cjmυ
i
tNt,m =

8∑

t=1

υi
tHt,j, (15)
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dij =

1

2

(
υi,j + υj,i

)
=

8∑

t=1

1

2

(
υi

tHt,j + υj
tHt,i

)
. (16)�àñïèøåì ñëàãàåìûå ïîäûíòåãðàëüíîãî âûðàæåíèÿ â ëåâîé ÷àñòè óðàâíåíèÿ(11):

(d) · · (Λ) · · (δd) = dijΛjiklδd
lk =

1

2

[(
υi,j + υj,i

)
−

]
Λjikl

1

2

(
δυl,k + δυk,l

)
=

= υi,j 1

4
(Λjilk + Λijlk + Λjikl + Λijkl) δυ

k,l =

= υi
tHt,j

1

4
(Λjilk + Λijlk + Λjikl + Λijkl)Hs,lδυ

k
s ,

1

2
(Σ) · ·

[
(δh)

T
· (h) + (h)

T
· (δh)

]
= σijυ

n,iδυn,j = σijυ
n
t Ht,iHs,jδυ

n
s ,

[
k∇y · k

υ

]
k
f
∗ · δυ = υm

t H
m
t f

i
qNqNsδυ

i
s,

t
∗

n · (h)
T
− [∇y · υ] t∗n =

(
υi

tHt,jt
∗

nj − t∗nmυ
m
t Ht,m

)
δυi

s.Òàêèì îáðàçîì, (11) ïîñëå àïïðîêñèìàöèè ïðèíèìàåò âèä
∫

V

{(d) · · (Λ) · · (δd)+

+
1

2

(
kΣ

)
· ·

[
(δh)

T
·
(
kh

)
+

(
kh

)T
· (δh)

]
− [∇y · υ] f∗ · δυ} dV =

=

∫∫∫

V

8∑

q,t,s=1

3∑

k,l=1

3∑

i,j=1

[
υi

tHt,j
1

4
(Λjilk + Λijlk + Λjikl + Λijkl)Hs,lδυ

k
s +

+ σijυ
l
tHt,iHs,jδυ

l
s −υl

tH
l
tf

i
qNqNsδυ

i
s

]
det [J ] dξ1dξ3dξ3. (17)

∫

Sσ

{
t
∗

n · (h)T − [∇y · υ] t∗n

}
· δυ dS =

=

∫∫

Sσ

3∑

i,j=1

8∑

t=1

[
υi

tHt,jt
∗

nj − t∗niυ
i
tHt,i

]
δυi

s det [J ] dξ1 dξ3. (18)Ïðè âû÷èñëåíèè èíòåãðàëîâ èñïîëüçóåòñÿ ñõåìà ÷èñëåííîãî èíòåãðèðîâàíèÿ �èíòåãðèðîâàíèå çàìåíÿåòñÿ ñóììèðîâàíèåì çíà÷åíèé ïîäûíòåãðàëüíûõ âûðàæå-íèé â êâàäðàòóðíûõ òî÷êàõ, óìíîæåííûõ íà âåñîâûå êîý��èöèåíòû. Òîãäà ïîñëåèíòåãðèðîâàíèÿ (17), 18) ïîëó÷èì ìàòðèöó ëåâûõ ÷àñòåé {δυ}
T

[K] {υ} . Èñïîëüçóÿñîîòíîøåíèÿ àïïðîêñèìàöèè (12), ïîëó÷àåì âåêòîð ñêîðîñòè óçëîâûõ íàãðóçîê,âåêòîð íåâÿçêè: ∫

V

ḟ
∗ · δυ dV +

∫

Sσ

ṫ
∗

n · δυ dS =
{
Ṗ

}T

{δυ} ,

−
1

∆t






∫

V

(Σ) · · (δd) dV −

∫

V

f
∗ · δυ dV −

∫

Sσ

t
∗

n·δυ dS




 = {H}T {δυ} .
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�èñ. 1. �àñòÿæåíèå ïîëîñû
�èñ. 2. Äå�îðìèðîâàííîå ñîñòîÿíèå ïîëîñûÎêîí÷àòåëüíî ïîëó÷àåòñÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íà k -ìøàãå íàãðóæåíèÿ: [

kK
] {

∆ku
}

=
{
∆kP

}
+

{
kH

}
.4. ×èñëåííûå ïðèìåðûÏðèâåäåì ðåçóëüòàòû ðàñ÷åòîâ äëÿ óïðóãîãî ïîòåíöèàëà, çàäàííîãî â âèäå (8).�àññìîòðåíà çàäà÷à î ïëîñêîé äå�îðìàöèè êâàäðàòíîé ïîëîñû ñî ñòîðîíàìè

20 × 20 ìì, µ = 0.4225 H/ìì2 , K = 5 H/ìì2 (ðèñ. 1). Ïî âåðòèêàëüíûì êðàÿìïîëîñû çàäàíû ïåðåìåùåíèÿ. Òàê êàê ïîëîñà èìååò äâå îñè ñèììåòðèè, òî áûëàðàññìîòðåíà ÷åòâåðòü ïîëîñû ñ çàäàíèåì ñîîòâåòñòâóþùèõ óñëîâèé ñèììåòðèè ñðàçáèåíèåì íà ñåòêó êîíå÷íûõ ýëåìåíòîâ 16 × 16 .Ïîëîñà â ãîðèçîíòàëüíîì íàïðàâëåíèè áûëà ðàñòÿíóòà â 3 ðàçà, à â âåðòèêàëü-íîì � â 0.3712 (äëÿ ñðåäíåãî ñå÷åíèÿ) (ðèñ. 2). Ïîëó÷åííûå ðåçóëüòàòû õîðîøîñîãëàñóþòñÿ ñ ðåøåíèåì ýòîé çàäà÷è äðóãèìè àâòîðàìè [13℄ (0.3711).�åøåíà çàäà÷à î äå�îðìèðîâàíèè êðóãëîé ïëèòû ïîä äåéñòâèåì äàâëåíèÿ
q = 0.1128 H/ìì2 . �àäèóñ ïëèòû 50 ìì, òîëùèíà 10 ìì, µ = 0.4225 H/ìì2 , K =
= 5 H/ìì2 . �ðàíè÷íûå óñëîâèÿ çàäàâàëèñü ñëåäóþùèì îáðàçîì: âåðõíåå ðåáðîíå èìååò âåðòèêàëüíîãî ñìåùåíèÿ, è â ïðîöåññå äå�îðìèðîâàíèÿ òî÷êè, ëåæàùèåíà áîêîâûõ ãðàíÿõ ïëèòû, ïî äîñòèæåíèè ãîðèçîíòàëüíîé ïëîñêîñòè, îñòàþòñÿ íàýòîé ïëîñêîñòè. Áûëà ðàññìîòðåíà ÷åòâåðòü ïëèòû ñ ñîîòâåòñòâóþùèì çàäàíèåìóñëîâèé ñèììåòðèè. Íà ðèñ. 3 èçîáðàæåíà ïëèòà â íà÷àëüíîì ñîñòîÿíèè, íà ðèñ. 4,ðèñ. 5 ïîêàçàíî ïðîìåæóòî÷íûå ñîñòîÿíèÿ, à íà ðèñ. 6 � äå�îðìèðîâàííîå.Íà ðèñ. 7 ïðåäñòàâëåíà çàâèñèìîñòü ïåðåìåùåíèÿ öåíòðàëüíîé òî÷êè A , ëåæà-ùåé íà âåðõíåé ãðàíè, íà ðèñ. 8 � çàâèñèìîñòü íîðìàëüíûõ íàïðÿæåíèè σxx òî÷êè
A è B � öåíòðàëüíîé òî÷êè, ëåæàùåé íà íèæíåé ãðàíè. Èç ðèñ. 8 âèäíî, ÷òî ââåðõíåé òî÷êå A âîçíèêàþò ðàñòÿãèâàþùèå óñèëèÿ, à â òî÷êå B äî îïðåäåëåííîãî
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�èñ. 3. Íà÷àëüíîå ñîñòîÿíèå

�èñ. 4. Äå�îðìèðîâàíèå ïëèòû. Ïðîìåæóòî÷íîå ñîñòîÿíèå

�èñ. 5. Äå�îðìèðîâàíèå ïëèòû. Ïðîìåæóòî÷íîå ñîñòîÿíèå

�èñ. 6. Äå�îðìèðîâàííîå ñîñòîÿíèå ïëèòû
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�èñ. 7. Ïåðåìåùåíèÿ òî÷êè A �èñ. 8. Íîðìàëüíûå íàïðÿæåíèÿ σxx

�èñ. 9. Íà÷àëüíîå ñîñòîÿíèå ïëèòû

�èñ. 10. Ïðîìåæóòî÷íîå äå�îðìèðîâàííîå ñîñòîÿíèå ïëèòûìîìåíòà íàáëþäàþòñÿ ñæèìàþùèå óñèëèÿ, à çàòåì è ðàñòÿãèâàþùèå, òî åñòü ïëèòàñíà÷àëà èçãèáàåòñÿ, à çàòåì íà÷èíàåò ïîñòåïåííî ðàçäóâàòüñÿ.�åøåíà çàäà÷à îá óïðóãîì äå�îðìèðîâàíèè êâàäðàòíîé ïëèòû ïîä äåéñòâèåìðàâíîìåðíîãî äàâëåíèÿ q = 0.12625. �ðàíè÷íûå óñëîâèÿ è ñâîéñòâà ìàòåðèàëà çà-äàâàëèñü òàê æå, êàê â ïðåäûäóùåì ïðèìåðå. Ïëèòà ñî ñòîðîíàìè a = 100 ìì
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�èñ. 11. Ïðîìåæóòî÷íîå äå�îðìèðîâàííîå ñîñòîÿíèå ïëèòû

�èñ. 12. Äå�îðìèðîâàííîå ñîñòîÿíèå ïëèòû
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�èñ. 13. Ïåðåìåùåíèÿ òî÷êè A è òî÷êè C �èñ. 14. Íîðìàëüíûå íàïðÿæåíèÿ σxxòî÷êè A è B



×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÊÎÍÅ×ÍÛÕ ÄÅÔÎ�ÌÀÖÈÉ 125è òîëùèíîé h = 10 ìì (ðèñ. 9). Íà ðèñ. 10, 11 èçîáðàæåíû ïðîìåæóòî÷íûåñîñòîÿíèÿ, íà 12 � äå�îðìèðîâàííîå ñîñòîÿíèå ïëèòû. Íà ðèñ. 13 ïðåäñòàâëåíàçàâèñèìîñòü îò íàãðóçêè ïåðåìåùåíèé: âåðòèêàëüíîãî ïåðåìåùåíèÿ öåíòðàëüíîéòî÷êè A , ëåæàùåé íà âåðõíåé ãðàíè ïëèòû, è ïîïåðå÷íîãî ãîðèçîíòàëüíîãî ïå-ðåìåùåíèÿ òî÷êè C . Íà ðèñ. 14 ïîêàçàíà çàâèñèìîñòü îò íàãðóçêè íîðìàëüíûõíàïðÿæåíèé σxx òî÷êè A è öåíòðàëüíîé òî÷êè B , ëåæàùåé íà íèæíåé ãðàíè ïëè-òû. Ïëèòà ñíà÷àëà èçãèáàåòñÿ, à çàòåì ïîñòåïåííî íà÷èíàåò ðàçäóâàòüñÿ, òî åñòüêðàÿ ïëèòû ñíà÷àëà ñìåùàþòñÿ â ñòîðîíû, à çàòåì âíóòðü.Çàêëþ÷åíèåÂ ðàáîòå ïðåäñòàâëåíà êîíå÷íîýëåìåíòíàÿ ðåàëèçàöèÿ ìåòîäèêè ÷èñëåííîãî èñ-ñëåäîâàíèÿ ãèïåðóïðóãèõ òåë. Â êà÷åñòâå ïðèìåðà ðàññìîòðåí íåîãóêîâñêèé ìàòå-ðèàë. Ïðèâîäÿòñÿ äèñêðåòèçèðîâàííûå ñîîòíîøåíèÿ è óðàâíåíèÿ íà áàçå âîñüìèóç-ëîâîé èçîïàðàìåòðè÷åñêîé àïïðîêñèìàöèè. �åøåíà òåñòîâàÿ çàäà÷à î ðàñòÿæåíèèïîëîñû, à òàêæå çàäà÷à î äå�îðìèðîâàíèè êðóãëîé è êâàäðàòíîé ïëèò.�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò � 08-01-00546a).SummaryA.I. Golovanov , Yu.G. Konoplev, L.U. Sultanov. Numerial Investigation of LargeDeformations of Hyperelasti Solids. IV. Finite Element Realization.The artile is the fourth part of a series of papers alled �Numerial investigation of largedeformations of hyperelasti solids� and deals with the �nite element realization of an algorithmdesribed in the �rst three parts. Some energy potentials of elasti deformations are presented,and for one of them the �nite element realization is derived. The examples of problems andtheir solutions are given.Key words: large deformations, hyperelastiity, �nite element method.Ëèòåðàòóðà1. �îëîâàíîâ À.È., Êîíîïëåâ Þ.�., Ñóëòàíîâ Ë.Ó. ×èñëåííîå èññëåäîâàíèå êîíå÷íûõäå�îðìàöèé ãèïåðóïðóãèõ òåë. I. Êèíåìàòèêà è âàðèàöèîííûå óðàâíåíèÿ // Ó÷åí.çàï. Êàçàí. óí-òà. Ñåð. �èç.-ìàòåì. íàóêè. � 2008. � Ò. 150, êí. 1. � C. 29�37.2. �îëîâàíîâ À.È., Êîíîïëåâ Þ.�., Ñóëòàíîâ Ë.Ó. ×èñëåííîå èññëåäîâàíèå êîíå÷íûõäå�îðìàöèé ãèïåðóïðóãèõ òåë. II. Ôèçè÷åñêèå ñîîòíîøåíèÿ // Ó÷åí. çàï. Êàçàí.óí-òà. Ñåð. �èç.-ìàòåì. íàóêè. � 2008. � Ò. 150, êí. 3. � C. 122�132.3. �îëîâàíîâ À.È., Êîíîïëåâ Þ.�., Ñóëòàíîâ Ë.Ó. ×èñëåííîå èññëåäîâàíèå êîíå÷-íûõ äå�îðìàöèé ãèïåðóïðóãèõ òåë. III. Ïîñòàíîâêè çàäà÷è è àëãîðèòìû ðåøåíèÿ //Ó÷åí. çàï. Êàçàí. óí-òà. Ñåð. �èç.-ìàòåì. íàóêè. � 2009. � Ò. 151, êí. 3. � C. 86�98.4. ×åðíûõ Ê.Ô. Íåëèíåéíàÿ òåîðèÿ óïðóãîñòè â ìàøèíîñòðîèòåëüíûõ ðàñ÷åòàõ. � Ë.:Ìàøèíîñòðîåíèå, 1986. � 336 ñ.5. Yeoh O.H. Some forms of strain energy funtion for rubber // Rubber Chem. Tehn. �1994. � V. 66. � P. 754�771.6. Arruda E.M., Boye M.C. A three-dimensional onstitutive model for the large strethbehavior of rubber elasti materials // J. Meh. Physis Solids. � 1993. � V. 41. � P. 389�412.7. Aurihio F. A robust integration-algorithm for a �nite-strain shape- memory-alloysuperelasti model // Int. J. Plastiity. � 2001. � V. 17. � P. 971�990.
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