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Abstract—We prove the solvability of some non-homogeneous regularized problem of dynamics of
a viscoelastic continuous medium in the planar case.
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1. Introduction. In the Cartesian product QT = [0, T ] × Ω, where Ω ∈ R2 is a bounded domain
with a smooth boundary Γ, we consider the initial boundary value problem

∂
v(t, x) +
vi (t, x)∂v(t, x)/∂xi − µ0 ∆v(t, x) − µ1 Div
∂t
2

i=1

t

exp(λ(s − t)) E(v)(s, z(s; t, x)) ds

τ (t,x)

+ grad p(t, x) = f (t, x), (t, x) ∈ QT ; div v(t, x) = 0, (t, x) ∈ QT ;

p(t, x) dx = 0; t ∈ [0, T ];
Ω

v(0, x) = v 0 (x), x ∈ Ω0 , v(t, x) = v 1 (x), (t, x) ∈ ST = {(t, x) : t ∈ [0, T ], x ∈ Γ}.

(1)
(2)

Here v(t, x) = (v1 (t, x), v2 (t, x)) and p(t, x) are the desired vector and scalar functions, namely, the
motion rate and the pressure of the medium, f (t, x) is the density of the applied forces, E(v)={Eij }2i,j=1
is the tensor of deformation rates, i.e., the matrix with coeﬃcients Eij (v) = 12 (∂vi /∂xj + ∂vj /∂xi ). The
divergence Div E(v) of the matrix is determined as the vector whose components are divergences of
rows, µ0 > 0, µ1 and λ are nonnegative constants, v0 and v1 are given initial and boundary values of the
function v. We deﬁne a vector function z(τ ; t, x) as a solution to the Cauchy problem
τ

z(τ ; t, x) = x +

v(s, z(s; t, x)) ds, τ, t ∈ [0, T ], x ∈ Ω,

(3)

t

such that τ (t, x) = inf{s : z(s; t, x)) ∈ Ω, 0 ≤ s ≤ t}.
This problem is thoroughly studied in the case of a homogeneous boundary condition. With µ1 = 0
formulas (1)–(2) represent a set of Navier–Stokes equations describing Newtonian ﬂows. With µ1 = 0
system (1)–(2) describes the dynamics of viscoelastic ﬂuids. In [1, 2] one establishes a nonlocal theorem
on the unique existence of weak and strong solutions to system (1)–(3) with τ (t, x) = 0 and v 1 (x) = 0
for the regularized problem (1)–(2). The latter is obtained from (3) by the replacement of v with Sδ v (Sδ v
is a regularization operator).
The necessity of the regularization is proved ibidem.
Due to the non-homogeneous boundary condition v 1 (x) = 0 the trajectory of a ﬂuid particle located
at the time moment t at the point x can start at a boundary point at the moment τ (t, x) > 0. In this
connection there occurs an integral with a variable lower limit τ (t, x) depending on t and x. This
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