Russian Mathematics (Iz. VUZ) Izvestiya VUZ. Matematika
Vol. 49, No. 7, pp.55-60, 2005 UDC 517.98/

SEMIGROUPS
WITH NONDENSELY GIVEN GENERATING OPERATOR

J.T. Silchenko
[

1. Let E be a Banach space, A a linear operator A with domain of definition D C E, f(¢)
a continuous for ¢ > 0 function with values in E, and vy an element of E. Consider the Cauchy
problem for the first order linear differential equation

o'+ Av=f(t) (0<t<1), v(0)=uvp.

Usually, this problem is studied by methods of the theory of semigroups of linear bounded operators
using various classes of semigroups. In [1], [2], we used a semigroup of class A(«a, ). Such a
semigroup has singularity £~ at zero, its derivative has singularity ¢t~ and is constructed by a
nondensely given operator. Operators with nondensely domain of definition were studied in [3], [4],
semigroups arising in the study were constructed with the use of resolutions of the corresponding
operators. As a rule, these semigroups are bounded at zero (o = 0) or have concordant singularities
(8 =14 2a). Semigroups with singularities at zero (semigroups of growth «) were studied in [5]
without use of resolutions, but in the case of dense domain of definition of the corresponding
operator.

In this paper, we study a semigroup of more general class than A(q,3) and its generating
operator; operators under study are nondensely given. We establish a series of properties of this
semigroup. These properties correspond to properties of strongly continuous semigroups but are
different from them.

For examples of such semigroups see [1], [2].

2. Let D be a linear set in £, U(t) a given operator-function (¢ > 0) with values in L(E) (L(E)
is the space of linear bounded operators) satisfying the following conditions:

1) U(t) : E — D;

2) Uty + 1) = Ut)U(22) (81,12 > 0);

3) lim U(t)x = « for z € D;

t—+0

4) |JU(#)]] < ¢(t), where ¢(t) is a function continuous for ¢ > 0.

This operator-function will be called a semigroup of class A(yp).

The above indicated conditions differ from the conditions which are usually used, e.g., from
those used in [3]-[6]. Note also that A(a, 3) C A(yp), if p(t) =t7°.

In the following lemmas, we establish certain properties of the introduced operator-function.

Lemma 1. Fort > 0, the semigroup U(t) is strongly continuous.
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