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ÓÄÊ 519.633ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß ÑÈÍ�ÓËß�ÍÎÂÎÇÌÓÙÅÍÍÎ�Î ÊÂÀÇÈËÈÍÅÉÍÎ�ÎÏÀ�ÀÁÎËÈ×ÅÑÊÎ�Î Ó�ÀÂÍÅÍÈßÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ ÍÀ ÀÏ�ÈÎ�ÍÎÀÄÀÏÒÈ�ÓÞÙÈÕÑß ÑÅÒÊÀÕ�.È. ØèøêèíÀííîòàöèÿ�àññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñèíãóëÿðíî âîçìóùåííîãî êâàçè-ëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ êîíâåêöèè-äè��óçèè; ñòðîÿòñÿ ðàçíîñòíûå ñõå-ìû (íåëèíåéíàÿ è ëèíåàðèçîâàííàÿ) íà àïðèîðíî (ïîñëåäîâàòåëüíî) àäàïòèðóþùèõñÿñåòêàõ è èññëåäóåòñÿ èõ ñõîäèìîñòü. Äëÿ òàêîé çàäà÷è ðåøåíèå êëàññè÷åñêîé ðàçíîñò-íîé ñõåìû íà ðàâíîìåðíîé ñåòêå ñõîäèòñÿ ñî ñêîðîñòüþ O
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N + 1 è N0 + 1 � ÷èñëî óçëîâ ñåòîê ïî x è t ñîîòâåòñòâåííî; ñõåìà ñõîäèòñÿ ëèøü ïðèóñëîâèè N

−1
≪ ε . Â íàñòîÿùåé ðàáîòå ïîñòðîåíèå ñõåìû íà àïðèîðíî àäàïòèðóþùèõñÿñåòêàõ ïðîâîäèòñÿ íà îñíîâå ìàæîðàíòû ñèíãóëÿðíîé êîìïîíåíòû ñåòî÷íîãî ðåøåíèÿ,ïîçâîëÿþùåé ïî âîçìóùàþùåìó ïàðàìåòðó ε , øàãó ðàâíîìåðíîé ñåòêè ïî x , à òàêæå ïîòðåáóåìîé òî÷íîñòè ñåòî÷íîãî ðåøåíèÿ è çàäàâàåìîìó ÷èñëó èòåðàöèé K äëÿ óòî÷íåíèÿðåøåíèÿ àïðèîðíî óêàçàòü ïîäîáëàñòü, íà êîòîðîé ñåòî÷íîå ðåøåíèå òðåáóåò äàëüíåéøåãîóòî÷íåíèÿ. Ïðè ðåøåíèè ñåòî÷íûõ çàäà÷ â ïðîöåññå óòî÷íåíèÿ ðåøåíèÿ íà ïîäîáëàñòÿõèñïîëüçóþòñÿ ðàâíîìåðíûå ñåòêè. Îøèáêà ñåòî÷íîãî ðåøåíèÿ ñëàáî çàâèñèò îò âåëè÷èíûïàðàìåòðà ε ; ñõåìà ñõîäèòñÿ ïî÷òè ε -ðàâíîìåðíî, à èìåííî ïðè óñëîâèè N

−1
≪ ε

ν , ãäåâåëè÷èíà ν = ν(K) ìîæåò áûòü âûáðàíà ñêîëü óãîäíî ìàëîé ïðè ïîäõîäÿùåì äîñòàòî÷íîáîëüøîì K . ÂâåäåíèåÄëÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ õîðîøî èçâåñòíà ïðîáëåìà ðàçðàáîòêè ñïå-öèàëüíûõ ñåòî÷íûõ ìåòîäîâ, ïîãðåøíîñòü ðåøåíèé êîòîðûõ ñëàáî çàâèñèò îò âå-ëè÷èíû ïàðàìåòðà ε , â ÷àñòíîñòè ìåòîäîâ, ñõîäÿùèõñÿ ε-ðàâíîìåðíî [1�3℄. Äî-ñòàòî÷íî õîðîøî ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ ε-ðàâíîìåðíî ñõîäÿùèõñÿ ñõåì íàñïåöèàëüíûõ ñåòêàõ, àïðèîðíî ñãóùàþùèõñÿ â ïîãðàíè÷íûõ è ïåðåõîäíûõ ñëîÿõ(ñì., íàïðèìåð, [1, 4�7℄. Ìåòîäû, èñïîëüçóþùèå êóñî÷íî-ðàâíîìåðíûå ñåòêè, ñãó-ùàþùèåñÿ â ïîãðàíè÷íûõ è ïåðåõîäíûõ ñëîÿõ (ñ îäíîé òî÷êîé ñìåíû øàãà ñåòêè âîêðåñòíîñòè ïîãðàíè÷íîãî ñëîÿ), ïîëó÷èëè äîñòàòî÷íî øèðîêîå ðàñïðîñòðàíåíèåââèäó èõ ïðîñòîòû è óäîáñòâà â èñïîëüçîâàíèè (ñì., íàïðèìåð, [4�7℄ è áèáëèîãðà-�èþ òàì æå).Èçâåñòíî, ÷òî ìåòîäû ýêñïîíåíöèàëüíîé ïîäãîíêè (èõ îïèñàíèå ñì., íàïðèìåð,â [2, 3℄), ïðåèìóùåñòâî êîòîðûõ ñîñòîèò â èñïîëüçîâàíèè ïðîñòåéøèõ ðàâíîìåðíûõñåòîê, íåïðèìåíèìû äëÿ ïîñòðîåíèÿ ε-ðàâíîìåðíî ñõîäÿùèõñÿ ñõåì â ñëó÷àå øè-ðîêîãî êðóãà êðàåâûõ çàäà÷ ñ ïàðàáîëè÷åñêèìè ñëîÿìè [4, 8�10℄, à òàêæå â ñëó÷àåçàäà÷ äëÿ íåëèíåéíûõ óðàâíåíèé [11℄.Îòìåòèì ðàñòóùèé èíòåðåñ ê àäàïòèâíûì ìåòîäàì, â ÷àñòíîñòè ê ðàçíîñòíûìñõåìàì íà ñåòêàõ, êîòîðûå ïåðåèçìåëü÷àþòñÿ ïî êàêîìó-ëèáî çàêîíó â ïîäîáëà-ñòÿõ, ãäå âû÷èñëåííûå ðåøåíèÿ îêàçûâàþòñÿ íåäîñòàòî÷íî òî÷íûìè � ñõåìû íààïîñòåðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ (ñì., íàïðèìåð, [12�15℄). Â òàêèõ ñõåìàõ



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 147ïåðåèçìåëü÷àåìûå ïîäîáëàñòè îïðåäåëÿþòñÿ íà îñíîâå àíàëèçà òåêóùèõ ðåçóëü-òàòîâ, ïîëó÷àåìûõ â ïðîöåññå âû÷èñëåíèé. Â ÷àñòíîñòè, ïðèâëåêàòåëüíûìè ïðåä-ñòàâëÿþòñÿ àäàïòèðóþùèåñÿ ñåòêè, ÿâëÿþùèåñÿ ðàâíîìåðíûìè íà ïîäîáëàñòÿõ,ïîäâåðãàþùèõñÿ ïåðåèçìåëü÷åíèþ.Â ýòîé ñâÿçè áûëî áû èíòåðåñíûì ðàññìîòðåòü òàêèå ÷èñëåííûå ìåòîäû íààïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ, â êîòîðûõ ñåòî÷íûå çàäà÷è íà ïîäîáëàñòÿõ,ãäå ïðîâîäèòñÿ àïðèîðíîå óòî÷íåíèå ðåøåíèÿ, ðåøàþòñÿ íà ðàâíîìåðíûõ ñåòêàõ.Òàêàÿ ñõåìà äëÿ ëèíåéíîãî ñèíãóëÿðíî âîçìóùåííîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿêîíâåêöèè-äè��óçèè ðàññìîòðåíà â ðàáîòå [16℄.Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ êâàçèëèíåéíîãî ïàðà-áîëè÷åñêîãî óðàâíåíèÿ êîíâåêöèè-äè��óçèè ñ ìàëûì ïàðàìåòðîì ε ïðè ñòàðøåéïðîèçâîäíîé. Çàìåòèì, ÷òî äëÿ ýòîé çàäà÷è ñõåìà íà àïðèîðíî ñãóùàþùèõñÿ âñëîå êóñî÷íî-ðàâíîìåðíûõ ñåòêàõ èç ðàáîò [4, 5, 8℄ ñõîäèòñÿ ε-ðàâíîìåðíî, â òîâðåìÿ êàê êëàññè÷åñêàÿ ñõåìà íà ðàâíîìåðíûõ ñåòêàõ ñõîäèòñÿ ëèøü ïðè óñëîâèè
N−1 ≪ ε , ãäå âåëè÷èíà N îïðåäåëÿåò ÷èñëî óçëîâ ñåòêè ïî x (ñì. óòâåðæäåíèåÒåîðåìû 3.2 â ðàçäåëå 3).Äëÿ êðàåâîé çàäà÷è ñòðîÿòñÿ íåëèíåéíàÿ è ëèíåàðèçîâàííàÿ ðàçíîñòíûå ñõåìûíà àïðèîðíî àäàïòèðóþùèõñÿ ëîêàëüíî-ðàâíîìåðíûõ ñåòêàõ (ðàâíîìåðíûõ íà ïîä-îáëàñòÿõ, ãäå óòî÷íÿåòñÿ ðåøåíèå) è èññëåäóåòñÿ èõ ñõîäèìîñòü. Ïðè ïîñòðîåíèèñõåì èñïîëüçóþòñÿ êëàññè÷åñêèå àïïðîêñèìàöèè äè��åðåíöèàëüíîãî óðàâíåíèÿ.Â ñëó÷àå ñõåìû íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ ãðàíèöû ïîäîáëàñòåé, íàêîòîðûõ òðåáóåòñÿ óòî÷íÿòü ðåøåíèå, îïðåäåëÿþòñÿ ïî ìàæîðàíòå ñèíãóëÿðíîéêîìïîíåíòû ñåòî÷íîãî ðåøåíèÿ, êîòîðàÿ, â ñâîþ î÷åðåäü, îïðåäåëÿåòñÿ âîçìó-ùàþùèì ïàðàìåòðîì ε , øàãîì ïî x èñïîëüçóåìîé ñåòêè è òðåáóåìîé òî÷íîñòüþñåòî÷íîãî ðåøåíèÿ. Íà ñåòêàõ, àäàïòèðóþùèõñÿ ïî ìàæîðàíòå ñåòî÷íîãî ðåøåíèÿ,ñòðîÿòñÿ äîñòàòî÷íî ïðîñòûå ðàçíîñòíûå ñõåìû, îøèáêè ðåøåíèé êîòîðûõ ñëàáîçàâèñÿò îò ïàðàìåòðà ε . Ïîñòðîåííûå ñõåìû íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõñõîäÿòñÿ ¾ïî÷òè ε-ðàâíîìåðíî¿, à èìåííî ïðè óñëîâèè N−1 ≪ εν , ãäå âåëè÷èíà
ν , îïðåäåëÿþùàÿ ñõåìó (÷èñëî èòåðàöèé, òðåáóþùèõñÿ äëÿ óòî÷íåíèÿ ñåòî÷íîãîðåøåíèÿ), ìîæåò âûáèðàòüñÿ ïðîèçâîëüíîé èç (0, 1] .Ñõåìû íà àäàïòèðóþùèõñÿ ëîêàëüíî-ðàâíîìåðíûõ ñåòêàõ, ñõîäÿùèåñÿ ïî÷òè
ε-ðàâíîìåðíî, ìîæíî ðàññìàòðèâàòü êàê àëüòåðíàòèâíûå êëàññè÷åñêèì ñõåìàì íàðàâíîìåðíûõ ñåòêàõ, ñõîäÿùèìñÿ ïðè óñëîâèè N−1 ≪ ε , è ñõåìàì ìåòîäà ñãóùà-þùèõñÿ ñåòîê, ñõîäÿùèìñÿ ε-ðàâíîìåðíî.1. Ïîñòàíîâêà çàäà÷è. Öåëü ðàáîòû1.1. Íà ìíîæåñòâå G

G = G
⋃

S, G = D × (0, T ], (1.1)ãäå D = (0, d) , ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ êâàçèëèíåéíîãî ïàðàáî-ëè÷åñêîãî óðàâíåíèÿ
(
L u

)
(x, t) ≡ L2 u(x, t) − f

(
x, t, u(x, t)

)
= 0, (x, t) ∈ G, (1.2)

u(x, t) = ϕ(x, t), (x, t) ∈ S.Çäåñü
L2 = ε a(x, t)
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∂

∂x
− c(x, t) − p(x, t)

∂

∂t
, (x, t) ∈ G,



148 �.È. ØÈØÊÈÍ�óíêöèè a(x, t) , b(x, t) , c(x, t) , p(x, t) , f(x, t, u) è ϕ(x, t) ïðåäïîëàãàþòñÿ äîñòà-òî÷íî ãëàäêèìè íà G , G × R1 è S ñîîòâåòñòâåííî, ïðè÷åì∗

a0 ≤ a(x, t) ≤ a0, b0 ≤ b(x, t) ≤ b0, |c(x, t)| ≤ c0, (1.3)
p0 ≤ p(x, t) ≤ p0, (x, t) ∈ G;

|f(x, t, u)| ≤ M, c1 ≤ c(x, t) +
∂

∂u
f(x, t, u) ≤ c1, (x, t, u) ∈ G × R;

|ϕ(x, t)| ≤ M, x ∈ S; a0, b0, c1, p0 > 0;ïàðàìåòð ε ïðèíèìàåò ïðîèçâîëüíûå çíà÷åíèÿ èç ïîëóèíòåðâàëà (0, 1] .Ñ÷èòàåì, ÷òî äàííûå çàäà÷è (1.2), (1.1) íà ìíîæåñòâå S∗ = S0

⋂
S L � ìíî-æåñòâå óãëîâûõ òî÷åê � óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñîâàíèÿ, îáåñïå÷èâàþùèìòðåáóåìóþ ïî ïîñòðîåíèÿì ãëàäêîñòü ðåøåíèÿ íà G (ñì., íàïðèìåð, [17℄). Çäåñü

S = S0

⋃
SL , S0 è SL � íèæíÿÿ è áîêîâàÿ ÷àñòè ãðàíèöû, S0 = S0 .Ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε â îêðåñòíîñòè ìíîæåñòâà SL

1 = {(x, t) : x =
= 0, 0 < t ≤ T } ïîÿâëÿåòñÿ ðåãóëÿðíûé ïîãðàíè÷íûé ñëîé. Çäåñü SL

1 è SL
2 � ëåâàÿè ïðàâàÿ ÷àñòè áîêîâîé ãðàíèöû; SL = SL

1

⋃
SL

2 .1.2. Èç îöåíêè (3.4) äëÿ îøèáêè ñåòî÷íîãî ðåøåíèÿ èç ðàçäåëà 3 âûòåêàåò, ÷òîðåøåíèå êëàññè÷åñêîé ðàçíîñòíîé ñõåìû (3.2) íà ðàâíîìåðíîé ñåòêå (3.3) ñõîäèòñÿïðè óñëîâèè (N−1 ≪ ε)
ε−1 = o(N), N, N0 → ∞, (1.4)ãäå N +1 è N0 +1 � ÷èñëî óçëîâ ðàâíîìåðíîé ñåòêè ïî x è t ñîîòâåòñòâåííî. Åñëèýòî óñëîâèå íàðóøàåòñÿ, íàïðèìåð, ïðè ε−1 = O (N) , òî, âîîáùå ãîâîðÿ, ðåøåíèåðàçíîñòíîé ñõåìû (3.2), (3.3) ïðè N, N0 → ∞ íå ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2),(1.1). Óñëîâèå (1.4) ÿâëÿåòñÿ âåñüìà îãðàíè÷èòåëüíûì.Â ñâÿçè ñ òàêèì ïîâåäåíèåì ñåòî÷íûõ ðåøåíèé âîçíèêàåò èíòåðåñ ê ïîñòðîåíèþñïåöèàëüíûõ ðàçíîñòíûõ ñõåì, ïîãðåøíîñòü ðåøåíèé êîòîðûõ íå çàâèñèò îò âåëè-÷èíû ïàðàìåòðà ε . Èíòåðåñ ïðåäñòàâëÿþò ðàçíîñòíûå ñõåìû, êîòîðûå ñõîäÿòñÿïðè áîëåå ñëàáîì óñëîâèè, ÷åì óñëîâèå (1.4) ñõîäèìîñòè êëàññè÷åñêîé ðàçíîñòíîéñõåìû (3.2), (3.3).Ïðèâåäåì íåîáõîäèìûå â äàëüíåéøåì îïðåäåëåíèÿ. Ïóñòü z(x, t) , (x, t) ∈ Gh �ðåøåíèå íåêîòîðîé ðàçíîñòíîé ñõåìû è ïóñòü äëÿ ñåòî÷íîé �óíêöèè z(x, t) âû-ïîëíÿåòñÿ îöåíêà

|u(x, t) − z(x, t)| ≤ Mλ(ε−νN−1, N−1
0 ), (x, t) ∈ Gh, (1.5)ãäå λ(ξ1, ξ2) → 0 ïðè ξ1, ξ2 → 0 ðàâíîìåðíî îòíîñèòåëüíî ïàðàìåòðà ε , ν ≥ 0 .Ïî îïðåäåëåíèþ ðåøåíèå ýòîé ñõåìû ñõîäèòñÿ íà ìíîæåñòâå Gh ðàâíîìåðíî ïîïàðàìåòðó ε (èëè ε-ðàâíîìåðíî), åñëè â îöåíêå (1.5) ν = 0 ; â ýòîì ñëó÷àå áóäåìòàêæå ãîâîðèòü, ÷òî ñõåìà ñõîäèòñÿ ε-ðàâíîìåðíî. Ïðè ν > 0 áóäåì ãîâîðèòü, ÷òîñõåìà ñõîäèòñÿ ñ äå�åêòîì ν . Â òîì ñëó÷àå, êîãäà âåëè÷èíà ν ìîæåò áûòü âûáðà-íà ñêîëü óãîäíî ìàëîé, ïðè÷åì äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû, êîíòðîëèðóåìîéâåëè÷èíîé ν , âûïîëíÿåòñÿ îöåíêà (1.5), áóäåì ãîâîðèòü, ÷òî ñõåìà ñõîäèòñÿ ïî÷òè

ε-ðàâíîìåðíî ñ äå�åêòîì ν (èëè, ïðîùå ãîâîðÿ, ïî÷òè ε-ðàâíîìåðíî).Äå�åêò êëàññè÷åñêîé ðàçíîñòíîé ñõåìû (3.2), (3.3) ðàâåí åäèíèöå.Äëÿ çàäà÷è (1.2), (1.1) ðàçíîñòíàÿ ñõåìà (3.2), (3.5) èç ðàçäåëà 3 � ñõåìà íà àïðè-îðíî àäàïòèðóþùåéñÿ ñåòêå (êóñî÷íî-ðàâíîìåðíîé ñåòêå ñ îäíîé òî÷êîé ñìåíû øà-ãà ñåòêè) ñõîäèòñÿ ε-ðàâíîìåðíî. Îòìåòèì, ÷òî â ñõåìàõ íà êóñî÷íî-ðàâíîìåðíûõ
∗ ×åðåç M (÷åðåç m) îáîçíà÷àåì äîñòàòî÷íî áîëüøèå (äîñòàòî÷íî ìàëûå) ïîëîæèòåëüíûåïîñòîÿííûå, íå çàâèñÿùèå îò âåëè÷èíû ïàðàìåòðà ε . Â ñëó÷àå ñåòî÷íûõ çàäà÷ ýòè ïîñòîÿííûåíå çàâèñÿò è îò øàáëîíîâ ðàçíîñòíûõ ñõåì.



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 149ñåòêàõ (ñì., íàïðèìåð, [4�7℄ è áèáëèîãðà�èþ òàì) øàã ñåòêè â òî÷êàõ ñìåíû øà-ãà ðåçêî èçìåíÿåòñÿ (îòíîøåíèå øàãîâ íå ÿâëÿåòñÿ ε-ðàâíîìåðíî îãðàíè÷åííûì; âñëó÷àå çàäà÷è (1.2), (1.1) ñì., íàïðèìåð, ñåòêó (3.5) â ðàçäåëå 3). ×èñëåííûå ìåòîäûíà òàêèõ ñåòêàõ, âîîáùå ãîâîðÿ, ìîãóò ïðèâîäèòü ê îãðàíè÷åíèÿì â èñïîëüçîâà-íèè ý��åêòèâíûõ ïîäõîäîâ ïðè âû÷èñëåíèè ðåøåíèé ñåòî÷íûõ çàäà÷, êàê è ïîóëó÷øåíèþ èõ òî÷íîñòè (ñì., íàïðèìåð, [18�22℄ è áèáëèîãðà�èþ òàì).Ñõåìû èç [12, 13, 15℄ � ñõåìû íà àïîñòåðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ, ñõî-äÿùèåñÿ ïî÷òè ε-ðàâíîìåðíî, � ñòðîÿòñÿ íà îñíîâå ëîêàëüíî-ðàâíîìåðíûõ ñåòîê� ñåòîê, ÿâëÿþùèõñÿ ðàâíîìåðíûìè íà òåõ ïîäîáëàñòÿõ, íà êîòîðûõ óòî÷íÿåòñÿñåòî÷íîå ðåøåíèå. Äîñòîèíñòâî ýòèõ ñõåì â òîì, ÷òî èõ ðåøåíèÿ ¾ñèíòåçèðóþòñÿ¿èç ÷àñòåé ðåøåíèé âñïîìîãàòåëüíûõ ïðîìåæóòî÷íûõ çàäà÷, ðåøàåìûõ íà ïîäîá-ëàñòÿõ íà ðàâíîìåðíûõ ñåòêàõ ñ îäíèì è òåì æå ÷èñëîì óçëîâ ïî x, t íà êàæäîéïîäîáëàñòè. Â ýòîé ñâÿçè áûëî áû èíòåðåñíûì äëÿ çàäà÷è (1.2), (1.1) ðàññìîò-ðåòü ïî÷òè ε-ðàâíîìåðíî ñõîäÿùèåñÿ ñõåìû íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ,ñòðîÿùèõñÿ íà îñíîâå ëîêàëüíî-ðàâíîìåðíûõ ñåòîê.Öåëü ðàáîòû � äëÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.2), (1.1) ïîñòðîèòü ðàçíîñòíóþñõåìó íà àïðèîðíî àäàïòèðóþùèõñÿ ëîêàëüíî-ðàâíîìåðíûõ ñåòêàõ, ñõîäÿùóþñÿïî÷òè ε-ðàâíîìåðíî.Î ñîäåðæàíèè ðàáîòû. Àïðèîðíûå îöåíêè ðåøåíèÿ çàäà÷è (1.2), (1.1) îá-ñóæäàþòñÿ â ðàçäåëå 2. Áàçîâàÿ ðàçíîñòíàÿ ñõåìà (êëàññè÷åñêàÿ íåëèíåéíàÿ ðàç-íîñòíàÿ ñõåìà íà ðàâíîìåðíîé ñåòêå), íà îñíîâå êîòîðîé ñòðîèòñÿ ñõåìà íà àäàï-òèðóþùèõñÿ ñåòêàõ, ïðèâîäèòñÿ â ðàçäåëå 3. Â ðàçäåëå 4 ââîäèòñÿ �îðìàëüíûéèòåðàöèîííûé àëãîðèòì ïîñòðîåíèÿ ïðèáëèæåííûõ ðåøåíèé íà àäàïòèðóþùèõñÿñåòêàõ. �àçíîñòíàÿ ñõåìà íà ñåòêàõ, àäàïòèðóþùèõñÿ íà îñíîâå ìàæîðàíòû ñèíãó-ëÿðíîé êîìïîíåíòû ñåòî÷íîãî ðåøåíèÿ, ñòðîèòñÿ â ðàçäåëå 5; â ðàçäåëå 6 ïðèâî-äèòñÿ âñïîìîãàòåëüíàÿ ñõåìà, èñïîëüçóåìàÿ äëÿ îáîñíîâàíèÿ ñõåìû èç ðàçäåëà 5.Îáîñíîâàíèå ñõåì èç ðàçäåëîâ 5 è 6 ðàññìàòðèâàåòñÿ â ðàçäåëå 7. Ëèíåàðèçîâàí-íûå áåçûòåðàöèîííûå ðàçíîñòíûå ñõåìû íà àäàïòèðóþùèõñÿ ñåòêàõ ïðèâîäÿòñÿ âðàçäåëå 8. 2. Àïðèîðíûå îöåíêè ðåøåíèÿÏðèâåäåì îöåíêè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.2), (1.1) è èõ ïðîèçâîä-íûõ. Ïîäîáíûå îöåíêè ïîëó÷åíû â [23�26℄. �åøåíèå çàäà÷è ïðåäñòàâèì â âèäå ñóì-ìû �óíêöèé
u(x, t) = U(x, t) + V (x, t), (x, t) ∈ G, (2.6)ãäå U(x, t) , V (x, t) � ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ ÷àñòè ðåøåíèÿ. Ôóíêöèÿ U(x, t) ,

(x, t) ∈ G åñòü ñóæåíèå íà G �óíêöèè Ue(x, t) , (x, t) ∈ Ge � ðåøåíèÿ çàäà÷è
(
Le Ue

)
(x, t) ≡ L2e Ue(x, t) − fe

(
x, t, Ue(x, t)

)
= 0, (x, t) ∈ Ge, (2.7)

Ue(x, t) = ϕe(x, t), (x, t) ∈ Se.Çäåñü ìíîæåñòâî G e � ïðîäîëæåíèå ìíîæåñòâà G çà ãðàíèöó SL
1 , îïåðàòîð L2e è�óíêöèÿ fe

(
x, t, u

) � ïðîäîëæåíèÿ îïåðàòîðà L2 è �óíêöèè f
(
x, t, u

) íà ìíîæå-ñòâà G e è G e × R ñîîòâåòñòâåííî, �óíêöèÿ ϕe(x, t), (x, t) ∈ G e � ïðîäîëæåíèå�óíêöèè ϕ(x, t), (x, t) ∈ S íà G e . Äëÿ ïðîäîëæåííûõ äàííûõ çàäà÷è (2.7) ñ÷èòàåìâûïîëíåííûìè óñëîâèÿ, ïîäîáíûå óñëîâèÿì (1.3). Äëÿ ïðîñòîòû ñ÷èòàåì �óíêöèè
fe

(
x, t, u

) è ϕe(x, t) âíå m-îêðåñòíîñòè ìíîæåñòâà G ðàâíûìè íóëþ. Ôóíêöèÿ
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V (x, t) , (x, t) ∈ G � ðåøåíèå çàäà÷è

L2 V (x, t) − f
(
x, t, U(x, t) + V (x, t)

)
+ f

(
x, t, U(x, t)

)
= 0, (x, t) ∈ G, (2.8)

V (x, t) = ϕV (x, t), (x, t) ∈ S,ãäå ϕV (x, t) = ϕ(x, t) − U(x, t) , (x, t) ∈ S .Äëÿ �óíêöèé u(x, t) , U(x, t) , V (x, t) ñïðàâåäëèâû îöåíêè
∣∣∣∣

∂k+k0

∂xk∂tk0
u(x, t)

∣∣∣∣ ≤ M ε−k,

∣∣∣∣
∂k+k0

∂xk∂tk0
U(x, t)

∣∣∣∣ ≤ M
[
1 + ε2−k

]
, (2.9)∣∣∣∣

∂k+k0

∂xk∂tk0
V (x, t)

∣∣∣∣ ≤ M ε−k exp
(
− m ε−1 x

)
, (x, t) ∈ G,

k + 2 k0 ≤ 4, k ≤ 3,ãäå m � ïðîèçâîëüíîå ÷èñëî èç èíòåðâàëà (0, m0) , m0 = minG

[
a−1(x, t) b(x, t)

] .Òåîðåìà 2.1. Ïóñòü äëÿ äàííûõ íà÷àëüíî-êðàåâîé çàäà÷è (1.2) , (1.1) âû-ïîëíÿþòñÿ óñëîâèå (1.3) , óñëîâèå: a, b, c, p ∈ C6+α(G) , f ∈ C6+α(G × R) , ϕ ∈
∈ C6+α(S) , α > 0 , à òàêæå óñëîâèå

ϕ(x, t) = 0, (x, t) ∈ S0,
∂k0

∂tk0
ϕ(x, t) = 0, (x, t) ∈ S∗,

∂k+k0+ku

∂xk ∂tk0 ∂uku

f(x, t, u) = 0, (x, t) ∈ S∗, u = 0, k, k0, ku ≤ 6.Òîãäà äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.2) , (1.1) è åãî êîìïîíåíò èç ïðåä-ñòàâëåíèÿ (2.6) ñïðàâåäëèâû îöåíêè (2.9) .Äîêàçàòåëüñòâî äàííîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó ïîäîáíûõ òåîðåìâ [23, 24℄.Çàìå÷àíèå 2.1. Ïðåäñòàâèì �óíêöèþ V (x, t) èç (2.6) â âèäå ñóììû �óíêöèé
V (x, t) = V0(x, t) + vV (x, t), (x, t) ∈ G,ãäå V0(x, t) è vV (x, t) � ãëàâíûé ÷ëåí àñèìïòîòèêè ïî ε ñèíãóëÿðíîé êîìïîíåíòûðåøåíèÿ è îñòàòî÷íûé ÷ëåí. Ôóíêöèÿ V0(x, t) � ðåøåíèå çàäà÷è

L0 V0 (x, t) ≡

[
ε a(0, t)

∂2

∂x2
+ b(0, t)

∂

∂x

]
V0(x, t) = 0, (x, t) ∈ G \ S

L
,

V0(x, t) = ϕV (x, t), (x, t) ∈ S
L
.Äëÿ �óíêöèé V0(x, t) è vV (x, t) âûïîëíÿþòñÿ îöåíêè

|V0(x, t)| ≤ |ϕV (0, t)| exp
(
− ε−1 a−1(0, t) b(0, t)x

)
, (2.10)

∣∣∣∣
∂k+k0

∂xk∂tk0
vV (x, t)

∣∣∣∣ ≤ M ε1−k exp
(
− m ε−1 x

)
, (x, t) ∈ G,

k + 2 k0 ≤ 4, k ≤ 3,ãäå m = m(2.9) .



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 151Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (1.2), (1.1) ìîæíî ïðåäñòàâèòü â âèäå äåêîìïî-çèöèè, îòëè÷íîé îò (2.6):
u(x, t) = U(0)(x, t) + V0(x, t), U(0)(x, t) = U(x, t) + vV (x, t), (x, t) ∈ G, (2.11)ãäå U(0)(x, t) , V0(x, t) � ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ êîìïîíåíòû ðåøåíèÿ. Äëÿ êîì-ïîíåíò U(x, t) , V0(x, t) , vV (x, t) èç ïðåäñòàâëåíèÿ (2.11) ñïðàâåäëèâû îöåíêè (2.9)äëÿ U(x, t) è (2.10) äëÿ V0(x, t) , vV (x, t) . Ïåðâàÿ ïðîèçâîäíàÿ ïî x �óíêöèè

vV (x, t) ÿâëÿåòñÿ ε-ðàâíîìåðíî îãðàíè÷åííîé. Ôóíêöèÿ vV (x, t) åñòü ñëàáûé ïî-ãðàíè÷íûé ñëîé. 3. Áàçîâàÿ ñõåìà äëÿ çàäà÷è (1.2), (1.1)Ïðèâåäåì ε-ðàâíîìåðíî ñõîäÿùóþñÿ ðàçíîñòíóþ ñõåìó, ñòðîÿùóþñÿ íà îñíî-âå êëàññè÷åñêîé àïïðîêñèìàöèè çàäà÷è (1.2), (1.1) íà àïðèîðíî ñãóùàþùèõñÿêóñî÷íî-ðàâíîìåðíûõ ñåòêàõ ñ îäíîé òî÷êîé ñìåíû øàãà ñåòêè (ñì., íàïðèìåð, [4,5℄).3.1. Íà ìíîæåñòâå G ââåäåì ïðÿìîóãîëüíóþ ñåòêó
Gh = ω × ω0, (3.1)ãäå ω è ω0 � ïðîèçâîëüíûå, âîîáùå ãîâîðÿ, íåðàâíîìåðíûå ñåòêè íà îòðåçêàõ

[0, d] è [0, T ] ñîîòâåòñòâåííî. Ïóñòü hi = xi+1 − xi , xi, xi+1 ∈ ω , h = maxi hi,è hk
t = tk+1 − tk , tk, tk+1 ∈ ω0 , ht = maxk hk

t . Ïðåäïîëàãàåì âûïîëíåííûìóñëîâèå h ≤ M N−1 , ht ≤ M N−1
0 , ãäå N + 1 è N0 + 1 � ÷èñëî óçëîâ ñåòîê ω è ω0ñîîòâåòñòâåííî.Çàäà÷ó (1.2), (1.1) àïïðîêñèìèðóåì ðàçíîñòíîé ñõåìîé [18℄

(
Λ(3.2) z

)
(x, t) ≡ Λ2 z(x, t) − f(x, t, z(x, t)) = 0, (x, t) ∈ Gh, (3.2)

z(x, t) = ϕ(x, t), (x, t) ∈ Sh.Çäåñü Gh = G
⋂

Gh , Sh = S
⋂

Gh ,
Λ2 ≡ ε a(x, t) δxx̂ + b(x, t) δx − c(x, t) − p(x, t) δt, (x, t) ∈ Gh,

δxx̂ z(x, t) � öåíòðàëüíàÿ ðàçíîñòíàÿ ïðîèçâîäíàÿ íà íåðàâíîìåðíîé ñåòêå,
δxx̂ z(x, t) = 2(hi + hi−1)−1[δx z(x, t) − δx z(x, t)], (x, t) = (xi, t) ∈ Gh;

δx z(x, t) è δx z(x, t) � ïåðâûå ðàçíîñòíûå (âïåðåä è íàçàä) ïðîèçâîäíûå.Íåëèíåéíàÿ áàçîâàÿ ñõåìà (3.2), (3.1) ìîíîòîííà ε-ðàâíîìåðíî [18℄. Ñïðàâåäëèâñëåäóþùèé âàðèàíò òåîðåìû ñðàâíåíèÿ, èñïîëüçóåìûé ïðè îáîñíîâàíèè ñõîäèìî-ñòè ðàçíîñòíûõ ñõåì.Òåîðåìà 3.1. Ïóñòü äëÿ �óíêöèé z1(x, t) , z2(x, t) , (x, t) ∈ Gh âûïîëíÿþòñÿóñëîâèÿ(
Λ z1

)
(x, t) <

(
Λ z2

)
(x, t), (x, t) ∈ Gh, z1(x, t) > z2(x, t), (x, t) ∈ Sh.Òîãäà z1(x, t) > z2(x, t) , (x, t) ∈ Gh .Ïðèíöèï ìàêñèìóìà äëÿ ñåòî÷íûõ óðàâíåíèé ïðèâîäèòñÿ â [5, 7, 18, 27℄.



152 �.È. ØÈØÊÈÍ3.2. �àññìîòðèì ðàçíîñòíûå ñõåìû íà ðàâíîìåðíîé è êóñî÷íî-ðàâíîìåðíîéñåòêàõ. Ïóñòü äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1.2) , (1.1) è åãî êîìïîíåíò âûïîëíÿþòñÿîöåíêè òåîðåìû 2.1 . Â ñëó÷àå ñåòîê
Gh = ω × ω0, (3.3)ðàâíîìåðíûõ ïî îáåèì ïåðåìåííûì, ñ èñïîëüçîâàíèåì ïðèíöèïà ìàêñèìóìà ïîëó-÷àåì îöåíêó

|u(x, t) − z(x, t)| ≤ M
[(

ε + N−1
)
−1

N−1 + N−1
0

]
, (x, t) ∈ Gh. (3.4)Ïîñòðîèì áàçîâóþ ñõåìó, ñõîäÿùóþñÿ ε-ðàâíîìåðíî (ñì., íàïðèìåð, [4, 5℄). Íàìíîæåñòâå G ââåäåì ñåòêó

Gh = ω ∗ × ω0, (3.5a)ãäå ω0 = ω0(3.3) , ω ∗ � êóñî÷íî-ðàâíîìåðíàÿ ñåòêà, ñòðîÿùàÿñÿ ñëåäóþùèì îáðà-çîì. Îòðåçîê [0, d] ðàçáèâàåòñÿ íà äâà îòðåçêà [0, σ] , [σ, d] , øàãè ñåòêè íà îòðåçêàõ
[0, σ] è [σ, d] ïîñòîÿííû è ðàâíû h(1) = 2 σ N−1 è h(2) = 2(d−σ)N−1 ñîîòâåòñòâåí-íî. Ïàðàìåòð σ îïðåäåëÿåòñÿ ñîîòíîøåíèåì

σ = σ(ε, N) = min
[
2−1 d, m−1 ε lnN

]
, m = m(2.9). (3.5b)Äëÿ ðåøåíèé ðàçíîñòíîé ñõåìû (3.2), (3.5) ïîëó÷àåòñÿ îöåíêà

|u(x, t) − z(x, t)| ≤ M
{
N−1 min

[
ε−1, lnN

]
+ N−1

0

}
, (x, t) ∈ Gh, (3.6)à òàêæå ε-ðàâíîìåðíàÿ îöåíêà

|u(x, t) − z(x, t)| ≤ M
[
N−1 lnN + N−1

0

]
, (x, t) ∈ Gh. (3.7)Òåîðåìà 3.2. Ïóñòü äëÿ ðåøåíèÿ u(x, t) çàäà÷è (1.2) , (1.1) âûïîëíÿþòñÿîöåíêè òåîðåìû 2.1 . Òîãäà ðàçíîñòíàÿ ñõåìà (3.2) , (3.5) (ñõåìà (3.2) , (3.3))ñõîäèòñÿ ε-ðàâíîìåðíî (ïðè óñëîâèè (1.4)). Äëÿ ñåòî÷íûõ ðåøåíèé ñïðàâåäëè-âû îöåíêè (3.4) , (3.6) , (3.7) .Óòâåðæäåíèå òåîðåìû 3.2 ÿâëÿåòñÿ ñëåäñòâèåì îöåíîê òåîðåìû 2.1 (îáåñïå-÷èâàþùèõ àïïðîêñèìàöèþ êðàåâîé çàäà÷è ðàçíîñòíîé ñõåìîé) è òåîðåìû ñðàâíå-íèÿ 3.1 (îáåñïå÷èâàþùåé óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû).4. Ñåòî÷íûå àïïðîêñèìàöèè íà ëîêàëüíî ïåðåèçìåëü÷àåìûõ ñåòêàõÏðèâåäåì àëãîðèòì ïîñòðîåíèÿ ëîêàëüíî ïåðåèçìåëü÷àåìîé (â ïîãðàíè÷íîìñëîå) ñåòêè. Íà îáëàñòÿõ, ïîäâåðãàþùèõñÿ ïåðåèçìåëü÷åíèþ, ýòîò àëãîðèòì èñ-ïîëüçóåò ðàâíîìåðíûå ñåòêè ïî ïðîñòðàíñòâó è âðåìåíè (ñåòêà ïî âðåìåíè íå ïå-ðåèçìåëü÷àåòñÿ).4.1. Îïèøåì �îðìàëüíûé èòåðàöèîííûé àëãîðèòì ïîñòðîåíèÿ ïðèáëèæåí-íûõ ðåøåíèé çàäà÷è (1.2), (1.1). Íà ìíîæåñòâå G ââåäåì ãðóáóþ (èñõîäíóþ) ñåòêó

G1h = ω1 × ω0, (4.1a)ãäå ω1 è ω0 � ðàâíîìåðíûå ñåòêè, ω0 = ω0(3.3) ; øàã ñåòêè ω1 åñòü h1 = dN−1 . �å-øåíèå çàäà÷è (3.2), (4.1a) îáîçíà÷èì ÷åðåç z1(x, t) , (x, t) ∈ G1h , ãäå G1h = G1h(4.1) .Çàìåòèì, ÷òî G1h(4.1) = Gh(3.3) .



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 153Ïóñòü êàêèì-ëèáî îáðàçîì íàéäåíà âåëè÷èíà d1 ∈ ω1 òàêàÿ, ÷òî ïðè x ≥ d1ñåòî÷íîå ðåøåíèå z1(x, t) , (x, t) ∈ G1h õîðîøî ïðèáëèæàåò ðåøåíèå çàäà÷è (1.2),(1.1), ïðè÷åì
|u(x, t) − z1(x, t)| ≤ M δ, (x, t) ∈ G1h, x ≥ d1, (4.2a)ãäå δ > 0 � ïðîèçâîëüíîå äîñòàòî÷íî ìàëîå ÷èñëî, ïîñòîÿííàÿ M íå çàâèñèò îò δ ;

d1 ∈ [0, d) .Åñëè îêàæåòñÿ, ÷òî d1 > 0 , òî îïðåäåëèì ïîäîáëàñòü, íà êîòîðîé áóäåì ïåðå-èçìåëü÷àòü ñåòêó:
G(2) = G(2)

⋃
S(2), G(2) = G(2)(d1), G(2) = D(2) × (0, T ], D(2) = (0, d1), (4.1b)Íà ïîäîáëàñòè G(2) ââåäåì ñåòêó

G(2)h = ω(2) × ω0,ãäå ω(2) � ðàâíîìåðíàÿ ñåòêà ñ ÷èñëîì óçëîâ N + 1 .Íà ìíîæåñòâå G(2)h íàéäåì ðåøåíèå z(2)(x, t) ñåòî÷íîé çàäà÷è
(
Λ(3.2) z(2)

)
(x, t) = 0, (x, t) ∈ G(2)h,

z(2)(x, t) =

{
z1(x, t), (x, t) ∈ S(2)h \ S,

ϕ(x, t), (x, t) ∈ S(2)h

⋂
S,ãäå G(2)h = G(2)

⋂
G(2)h , S(2)h = S(2)

⋂
G(2)h . Ñåòî÷íîå ìíîæåñòâî G2h íà G è�óíêöèþ z2(x, t) , (x, t) ∈ G2h îïðåäåëèì ñîîòíîøåíèÿìè:

G2h = G(2)h
⋃ {

G1h \ G(2)

}
, z2(x, t) =

{
z(2)(x, t), (x, t) ∈ G(2)h,

[0.7ex]z1(x, t), (x, t) ∈ G1h \ G(2).Ïóñòü ïðè k ≥ 3 óæå ïîñòðîåíû ñåòî÷íîå ìíîæåñòâî Gk−1,h è ñåòî÷íàÿ�óíêöèÿ zk−1(x, t) íà ýòîì ìíîæåñòâå. Äàëåå, ïóñòü êàêèì-ëèáî îáðàçîì íàéäå-íà âåëè÷èíà dk−1 ∈ ωk−1 òàêàÿ, ÷òî ïðè x ≥ dk−1 ñåòî÷íîå ðåøåíèå zk−1(x, t) ,
(x, t) ∈ Gk−1,h õîðîøî ïðèáëèæàåò ðåøåíèå çàäà÷è (1.2), (1.1), ïðè÷åì

|u(x, t) − zk−1(x, t)| ≤ M δ, (x, t) ∈ Gk−1,h, x ≥ dk−1. (4.2b)Ïîñòîÿííàÿ M çàâèñèò îò k , M(4.2b) = M(4.2b)(k − 1) , ãäå M(k) = M∗ k ∗. Çäåñü
Gk−1,h = ωk−1 × ω0,

ωk−1 � ñåòêà, ïîðîæäàþùàÿ ñåòêó Gk−1,h ; Nk + 1 � ÷èñëî óçëîâ ñåòêè ωk , k ≥ 2 ;
N1 = N .Åñëè îêàæåòñÿ, ÷òî dk−1 > 0 , òî îïðåäåëèì ïîäîáëàñòü
G(k) = G(k)

⋃
S(k), G(k) = G(k)(dk−1), G(k) = D(k)×(0, T ], D(k) = (0, dk−1). (4.1)Íà ìíîæåñòâå G(k) ââåäåì ñåòêó

G(k)h = ω(k) × ω0, (4.1d)
∗ Çäåñü è äàëåå ÷åðåç M

∗ îáîçíà÷àåì ïîñòîÿííûå, íå çàâèñÿùèå îò k .



154 �.È. ØÈØÊÈÍãäå ω(k) � ðàâíîìåðíàÿ ñåòêà ñ ÷èñëîì óçëîâ N + 1 ; h(k) � øàã ñåòêè ω(k) . Ïóñòü
z(k)(x, t) , (x, t) ∈ G(k)h � ðåøåíèå ñåòî÷íîé çàäà÷è

(
Λ(3.2) z(k)

)
(x, t) = 0, (x, t) ∈ G(k)h,

z(k)(x, t) =

{
zk−1(x, t), (x, t) ∈ S(k)h \ S,

ϕ(x, t), (x, t) ∈ S(k)h
⋂

S.

(4.1e)Ïîëàãàåì
Gkh = G(k)h

⋃ {
Gk−1,h \ G(k)

}
, zk(x, t) =

{
z(k)(x, t), (x, t) ∈ G(k)h,

zk−1(x, t), (x, t) ∈ Gk−1,h \ G(k).Åñëè ïðè êàêîì-ëèáî çíà÷åíèè k = K0 îêàçàëîñü, ÷òî dK0 = 0 , òî ïîëàãàåì
dk = 0 ïðè k ≥ K0 . Ïðè k ≥ K0 + 1 ìíîæåñòâà G(k) ñ÷èòàåì ïóñòûìè è �óíêöèè
z(k)(x, t) íå âû÷èñëÿåì. Íàïðèìåð, ïðè k ≥ K0 èìååì zk(x, t) = zK0(x, t) , Gkh =

= GK0h .Ïðè k = K , ãäå K � çàäàííîå �èêñèðîâàííîå ÷èñëî, K ≥ 1 , ïîëàãàåì
G

K

h = GKh ≡ Gh, zK(x, t) = zK(x, t) ≡ z(x, t). (4.1f)Ïóñòü íàéäåíà âåëè÷èíà dK ∈ ωK , dK = dK , òàêàÿ, ÷òî ïðè x ≥ dK ðåøåíèå
zK(x, t) ïðèáëèæàåò ðåøåíèå çàäà÷è (1.2), (1.1); â ýòîì ñëó÷àå èìååì

|u(x, t) − zK(x, t)| ≤ M δ, (x, t) ∈ G
K

h , x ≥ dK . (4.2)Ôóíêöèþ z(4.1)(x, t) , (x, t) ∈ Gh(4.1) íàçîâåì ðåøåíèåì ñõåìû (3.2), (4.1), à�óíêöèè zk(x, t) , (x, t) ∈ Gkh , k = 1, . . . , K � êîìïîíåíòàìè ðåøåíèÿ ðàçíîñò-íîé ñõåìû.4.2. Ïðèâåäåííûé àëãîðèòì (íàçîâåì åãî A(4.1) ) ïîçâîëÿåò íà îñíîâå ïîñëåäî-âàòåëüíîñòè âåëè÷èí dk , k = 1, . . . , K ñòðîèòü ðåøåíèå çàäà÷è (3.2), (4.1). Âåëè÷è-íà NK + 1 � ÷èñëî óçëîâ ñåòêè ωK = ωK , èñïîëüçóåìîé ïðè ïîñòðîåíèè �óíêöèè
zK(x, t) . Äëÿ âåëè÷èíû NK èìååì îöåíêó

NK ≤ K (N − 1) + 1 ≤ K N.Îòíîøåíèå h(k)/h(k+1) øàãîâ ñåòêè ïî x íà ñîñåäíèõ ïîäîáëàñòÿõ àäàïòèâíîé ñåò-êè íå ïðåâîñõîäèò âåëè÷èíû N .Â ñõåìàõ (3.2), (4.1) ïðè ðåøåíèè ïðîìåæóòî÷íûõ çàäà÷ (4.1e) íå òðåáóåòñÿèíòåðïîëÿöèÿ äëÿ îïðåäåëåíèÿ çíà÷åíèé �óíêöèé z(k)(x, t) íà ãðàíèöå S(k)h .Äëÿ ñõåìû (3.2), (4.1) ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà ñðàâíåíèÿ.Òåîðåìà 4.1. Ïóñòü �óíêöèè z1
k(x, t) è z2

k(x, t) , (x, t) ∈ Gkh , Gkh = Gkh(4.1) ,
k = 1, 2, . . . , K óäîâëåòâîðÿþò óñëîâèÿì

(
Λ z1

1

)
(x, t) ≤

(
Λ z2

1

)
(x, t), (x, t) ∈ G(1)h,

z1
1(x, t) ≥ z2

1(x, t), (x, t) ∈ S(1)h;
(
Λ z1

k

)
(x, t) ≤

(
Λ z2

k

)
(x, t), (x, t) ∈ G(k)h,

z1
k(x, t) ≥ z2

k(x, t), (x, t) ∈ S(k)h
⋂

S,

z1
k(x, t) ≥ z1

k−1(x, t), z2
k−1(x, t) ≥ z2

k(x, t),

(x, t) ∈ Gkh \ {G(k)
⋃
{S(k)

⋂
S}}, k = 2, . . . , K.Òîãäà z1

K(x, t) ≥ z2
K(x, t) , (x, t) ∈ GKh .



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 155Äîêàçàòåëüñòâî äàííîé òåîðåìû ïðîâîäèòñÿ èíäóêöèåé ïî k , ãäå k � íîìåðøàãà èòåðàöèîííîãî ïðîöåññà.Ñåòêè Gkh , k = 1, . . . , K , ïîëó÷àåìûå ïî àëãîðèòìó A(4.1) , îïðåäåëÿþòñÿ çàêî-íîì âûáîðà âåëè÷èí dk , k = 1, 2, . . . , K , à òàêæå âåëè÷èíàìè K, N è N0 . Â ñåòêàõ,ïîëó÷àåìûõ ïî àëãîðèòìó A(4.1) , âåëè÷èíû dk áóäåì îïðåäåëÿòü âíå çàâèñèìîñòèîò ïðîìåæóòî÷íûõ ðåçóëüòàòîâ, ïîëó÷àåìûõ â ïðîöåññå âû÷èñëåíèé, òî åñòü ñåòêè
Gkh îòíîñÿòñÿ ê àïðèîðíî ñãóùàþùèìñÿ ñåòêàì.Çàìåòèì, ÷òî â ýòîì êëàññå ðàçíîñòíûõ ñõåì íå ñóùåñòâóåò ñõåì, ðåøåíèÿ êî-òîðûõ ñõîäÿòñÿ ε-ðàâíîìåðíî ê ðåøåíèþ êðàåâîé çàäà÷è (1.2), (1.1).5. �àçíîñòíàÿ ñõåìà íà àïðèîðíî àäàïòèðóþùåéñÿ ñåòêå�àññìîòðèì ðàçíîñòíóþ ñõåìó íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ, ñòðîÿùèõ-ñÿ íà îñíîâå ìàæîðàíòû äëÿ ñèíãóëÿðíîé êîìïîíåíòû ñåòî÷íîãî ðåøåíèÿ.5.1. Ïðèâåäåì ðÿä âñïîìîãàòåëüíûõ ïîñòðîåíèé. Äëÿ äè��åðåíöèàëüíîé èñåòî÷íîé çàäà÷ ââåäåì øèðèíó ïîãðàíè÷íîãî ñëîÿ, îïðåäåëÿåìóþ ïî ìàæîðàíòàìäëÿ ñèíãóëÿðíûõ êîìïîíåíò èõ ðåøåíèé.Ôóíêöèÿ

W c(x) = W c(x; ε) = exp(−m0ε−1x), x ∈ D
∞

, (5.1a)ãäå
D

∞

= [0,∞), (5.1b)
m0 = min

G

[a−1(x, t)b(x, t)] , ÿâëÿåòñÿ ìàæîðàíòîé (ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñî-ìíîæèòåëÿ) äëÿ ñèíãóëÿðíîé êîìïîíåíòû V0(x, t) èç ïðåäñòàâëåíèÿ (2.11) ðåøåíèÿçàäà÷è (1.2), (1.1).Íà îñíîâå �óíêöèè W c(x) ââåäåì øèðèíó ïîãðàíè÷íîãî ñëîÿ äëÿ çàäà÷è (1.2),(1.1). Ñêàæåì, ÷òî âåëè÷èíà
ηc = ηc(δ; ε), (5.2a)ãäå δ > 0 � äîñòàòî÷íî ìàëàÿ âåëè÷èíà, åñòü øèðèíà ïîãðàíè÷íîãî ñëîÿ (îïðåäåëÿå-ìàÿ ïî ìàæîðàíòå äëÿ ñèíãóëÿðíîé êîìïîíåíòû V (x, t)) ñ ïîðîãîâûì çíà÷åíèåìïîðÿäêà δ (èëè, ïðîùå ãîâîðÿ, øèðèíà ïîãðàíè÷íîãî ñëîÿ, îïðåäåëÿåìàÿ ïî ìàæî-ðàíòå), åñëè ηc åñòü ìèíèìóì âåëè÷èíû η0 , äëÿ êîòîðîé âûïîëíÿåòñÿ îöåíêà

W c(x; ε) ≤ δ, x ∈ D
∞

, r(x, Γ1) ≥ η0, (5.2b)ãäå Γ1 � ãðàíèöà ìíîæåñòâà D
∞ ; D

∞

= D∞
⋃

Γ , Γ = Γ1 . Âåëè÷èíà ηc ìîæåòïðèíèìàòü çíà÷åíèÿ, ïðåâîñõîäÿùèå d(1.1) (ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ δ ,
δ ≤ δ(ε)); ηc îïðåäåëÿåòñÿ �îðìóëîé

ηc = (m0)−1ε ln δ−1. (5.2)5.2. Ââåäåì øèðèíó ñåòî÷íîãî ïîãðàíè÷íîãî ñëîÿ, îïðåäåëÿåìóþ íà îñíîâåìàæîðàíòíîé �óíêöèè äëÿ ñåòî÷íîé ñèíãóëÿðíîé êîìïîíåíòû.�åøåíèå çàäà÷è (3.2), (3.1) ïðåäñòàâèì â âèäå ñóììû �óíêöèé, ñîîòâåòñòâóþ-ùåé äåêîìïîçèöèè (2.6):
z(x, t) = zU (x, t) + zV (x, t), (x, t) ∈ Gh, (5.3)ãäå zU (x, t) è zV (x, t) � ñåòî÷íûå �óíêöèè, ïðèáëèæàþùèå êîìïîíåíòû U(x, t) è

V (x, t) èç ïðåäñòàâëåíèÿ (2.6); zV (x, t) � �óíêöèÿ ñåòî÷íîãî ïîãðàíè÷íîãî ñëîÿ.



156 �.È. ØÈØÊÈÍÔóíêöèè zU (x, t) è zV (x, t) � ðåøåíèÿ çàäà÷
(Λ(3.2) zU )(x, t) = 0, (x, t) ∈ Gh, zU (x, t) = U(x, t), (x, t) ∈ Sh;

Λ2
(3.2) zV (x, t) − f(x, t, zU (x, t) + zV (x, t)) + f(x, t, zU (x, t)) = 0, (x, t) ∈ Gh,

zV (x, t) = ϕV (x, t), (x, t) ∈ Sh,ãäå ϕV (x, t) = ϕV (2.8)(x, t) .Ôóíêöèþ zV (x, t) èç (5.3) ïðåäñòàâèì â âèäå ñóììû �óíêöèé
zV (x, t) = zV0(x, t) + zvV

(x, t), (x, t) ∈ Gh,ãäå zV0(x, t) è zvV
(x, t) � ãëàâíûé è îñòàòî÷íûé ÷ëåíû ñèíãóëÿðíîé êîìïîíåíòû �ñåòî÷íûå �óíêöèè, ïðèáëèæàþùèå êîìïîíåíòû V0(x, t) è vV (x, t) èç ïðåäñòàâëå-íèÿ (2.11). Ôóíêöèÿ zV0(x, t) � ðåøåíèå çàäà÷è

Λ0 zV0 (x, t) ≡
{
ε a(0, t) δxx̂ + b(0, t) δx

}
zV0(x, t) = 0, (x, t) ∈ Gh \ S

L
,

zV0(x, t) = ϕV (x, t), (x, t) ∈ S
L

h .Áóäåò óäîáíî ðàññìàòðèâàòü òàêóþ äåêîìïîçèöèþ ðåøåíèÿ ðàçíîñòíîé ñõåìû(3.2) íà ñåòêå (3.3):
z(x, t) = zU(0)

(x, t) + zV0(x, t), zU(0)
(x, t) = zU (x, t) + zvV

(x, t), (x, t) ∈ Gh, (5.4)ãäå zU(0)
(x, t) è zV0(x, t) � ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ êîìïîíåíòû, ñîîòâåòñòâóþùèå�óíêöèÿì U(0)(x, t) è V0(x, t) èç ïðåäñòàâëåíèÿ (2.11).Äëÿ �óíêöèè zV0(x, t) íà ñåòêå (3.3) âûïîëíÿåòñÿ îöåíêà
|zV0(x, t)| ≤ |ϕV (0, t)| (1 + m0ε−1h)−n, (x, t) ∈ Gh, x = xn = n h,ãäå m0 = m0

(5.1) . Ñ ó÷åòîì àïðèîðíûõ îöåíîê (2.9), (2.10) íàõîäèì, ÷òî
|U(0)(x, t) − zU(0)

(x, t)| ≤ M
[
N−1 + N−1

0

]
, (x, t) ∈ Gh.Ôóíêöèÿ

W (x) = W (x; ε, h) = (1 + m0ε−1h)−n, x = xn ∈ D
∞

h , xn = n h, (5.5)ãäå D
∞

h � ðàâíîìåðíàÿ ñåòêà íà ïîëóîñè D
∞

(5.1) ñ øàãîì h , m0 = m0
(5.1) � ÿâëÿåòñÿìàæîðàíòîé (ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñîìíîæèòåëÿ) äëÿ ñèíãóëÿðíîé êîìïî-íåíòû zV0(x, t) èç ïðåäñòàâëåíèÿ (5.4) ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.2) íà ñåòêå(3.3), ãäå h(3.3) = h(5.5) . Ñêàæåì, ÷òî âåëè÷èíà

η = η(δ; ε, h), (5.6a)ãäå δ > 0 � äîñòàòî÷íî ìàëàÿ âåëè÷èíà, åñòü øèðèíà ñåòî÷íîãî ïîãðàíè÷íîãîñëîÿ (îïðåäåëÿåìàÿ ïî ìàæîðàíòå W (x) äëÿ ñèíãóëÿðíîé êîìïîíåíòû zV0(x, t))ñ ïîðîãîâûì çíà÷åíèåì ïîðÿäêà δ (èëè, ïðîùå ãîâîðÿ, øèðèíà ñåòî÷íîãî ïîãðà-íè÷íîãî ñëîÿ, îïðåäåëÿåìàÿ ïî ìàæîðàíòå), åñëè η åñòü ìèíèìóì âåëè÷èíû η0 ,äëÿ êîòîðîé âûïîëíÿåòñÿ îöåíêà
W (x; ε, h) ≤ δ, x ∈ D

∞

h , r(x, Γ1) ≥ η0. (5.6b)



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 157Âåëè÷èíà η ìîæåò ïðèíèìàòü çíà÷åíèÿ, ïðåâîñõîäÿùèå d(1.1) , η îïðåäåëÿåòñÿ�îðìóëîé
η = η(δ; ε, h) =






h ln δ−1 ln−1(1 + m0ε−1h) ïðè
[
ln δ−1 ln−1(1 + m0ε−1h)

]int
= ln δ−1 ln−1(1 + m0ε−1h),

h
{[

ln δ−1 ln−1(1 + m0ε−1h)
]int

+ 1
} ïðè

[
ln δ−1 ln−1(1 + m0ε−1h)

]int
< ln δ−1 ln−1(1 + m0ε−1h),(5.6)

δ ∈ (0, 1), ε ∈ (0, 1], h = h(5.5),ãäå [ a ]int � öåëàÿ ÷àñòü ÷èñëà a .Áóäåò óäîáíî äëÿ çàïèñè âåëè÷èíû η èñïîëüçîâàòü ñëåäóþùåå îáîçíà÷åíèå.Âåëè÷èíå a ≥ 0 ñîïîñòàâèì íà ðàâíîìåðíîé ñåòêå D
∞

h(5.5) ñ øàãîì h âåëè÷èíó
{a; h}int , îïðåäåëÿåìóþ ñîîòíîøåíèåì

{a; h}int =





a ïðè h

[
h−1a

]int
= a,

h
{
h

[
h−1a

]int
+ 1

} ïðè h
[
h−1a

]int
< a,ãäå [a]int = [a]int

(5.6) . Âåëè÷èíà η ïðåäñòàâèìà â ñëåäóþùåì âèäå
η = η(δ; ε, h) = {a; h}int, (5.6d)ãäå a = h ln δ−1 ln−1(1 + m0ε−1h) .5.3. Ïðèâåäåì ðàçíîñòíóþ ñõåìó íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ.Íà ìíîæåñòâå G(k) , k ≥ 1 îïðåäåëåíà ñåòêà G(k)h ñ øàãîì h(k) ïî x . Îïðåäåëèìâåëè÷èíû dk â (4.1) ñîîòíîøåíèåì

dk = dk(δ; ε, N) ≡ min
[
η(δ; ε, h(k)), d

]
, k = 1, . . . , K, (5.7a)ãäå h(1) = dN−1 , h(k) = dk−1N

−1 , k ≥ 2 . Ïîëîæèì
δ = δ(N) → 0 ïðè N → ∞. (5.7b)�àçíîñòíàÿ ñõåìà (3.2), (4.1), (5.7) åñòü ñõåìà íà àïðèîðíî àäàïòèðóþùèõñÿñåòêàõ. Âåëè÷èíû dk âû÷èñëÿþòñÿ íà îñíîâå èíäèêàòîðà η � ìàæîðàíòû ñåòî÷íîãîïîãðàíè÷íîãî ñëîÿ, êîíòðîëèðóåìîãî ïàðàìåòðàìè δ, ε, h .5.4. Äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.2), (4.1), (5.7) ñ èñïîëüçîâàíèåì ïðèí-öèïà ìàêñèìóìà óñòàíàâëèâàåòñÿ îöåíêà

|u(x, t) − z(x, t)| ≤

≤





M

[
δ(N) + N−1 + N−1

0

]
, (x, t) ∈ Gh, r(x, Γ1) ≥ dK ,

M
[
(ε+dK−1N

−1)−1dK−1N
−1+δ(N) + N−1+N−1

0

]
, (x, t) ∈ Gh.

(5.8)Òàêèì îáðàçîì, ðàçíîñòíàÿ ñõåìà (3.2), (4.1), (5.7) ñõîäèòñÿ ε-ðàâíîìåðíî âíå
dK -îêðåñòíîñòè ãðàíèöû SL

1 , à òàêæå íà âñåì ìíîæåñòâå Gh ïðè óñëîâèè (
h(K) ≪

≪ ε
) :

ε−1 = o
(
d−1

K−1 N
)
,



158 �.È. ØÈØÊÈÍñóùåñòâåííî áîëåå ñëàáîì ïî ñðàâíåíèþ ñ óñëîâèåì (1.4).Îöåíêà (5.8) íå ÿâëÿåòñÿ êîíñòðóêòèâíîé, òàê êàê âåëè÷èíû dK−1 (5.7) è dK(5.7)çàâèñÿò îò âåëè÷èí ε, N, K íåÿâíî, ÷òî çàòðóäíÿåò èññëåäîâàíèå ñõîäèìîñòè ñõåìû(3.2), (4.1), (5.7) â çàâèñèìîñòè îò âåëè÷èí N, ε, K .Òåîðåìà 5.1. Ïóñòü äëÿ ðåøåíèÿ çàäà÷è (1.2) , (1.1) âûïîëíÿåòñÿ óñëîâèåòåîðåìû 3.1 . Òîãäà äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.2) , (4.1) , (5.7) ñïðàâåäëèâàîöåíêà (5.8) .6. Âñïîìîãàòåëüíàÿ ðàçíîñòíàÿ ñõåìà íà àäàïòèðóþùèõñÿ ñåòêàõ�àññìîòðèì âàðèàíò ðàçíîñòíîé ñõåìû íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ,ïîçâîëÿþùèé âûïèñàòü ý��åêòèâíûå îöåíêè äëÿ η(δ; ε, h(k)) , êîòîðûå ïîçâîëÿòèññëåäîâàòü ñõîäèìîñòü ñõåìû íà àäàïòèðóþùèõñÿ ñåòêàõ.6.1. Îòìåòèì íåêîòîðûå ñâîéñòâà âåëè÷èíû η(5.6) , âûòåêàþùèå èç åå ÿâíîãîâèäà. Ôóíêöèÿ η(δ; ε, h) ïðè �èêñèðîâàííûõ çíà÷åíèÿõ âåëè÷èí δ, h åñòü êóñî÷íî-ïîñòîÿííàÿ íåóáûâàþùàÿ �óíêöèÿ îòíîñèòåëüíî ïåðåìåííîé ε .Áóäåì ïðåäïîëàãàòü âûïîëíåííûì óñëîâèå
δ = N−α, α ∈ (0, 1]. (6.1)Äëÿ âåëè÷èíû η èìååì îöåíêó
η(δ; ε, h1) > ηc(δ; ε),ãäå h1 = h1(4.1a) . Îäíàêî

η(δ; ε, h1) ≤ M1η
c(δ; ε) (6.2a)ïðè óñëîâèè

h1 ≤ m1(m
0)−1ε; M1 = M1(m1), m0 = m0

(5.1), (6.2b)ãäå M1(m1) îïðåäåëÿåòñÿ ñîîòíîøåíèåì
α1 ln−1(1 + α1) ≤ M1 ïðè α1 ≤ m1 (6.2)(íàïðèìåð, M1(m1 = 1) = 2).Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ

ε ≥ ε(0)äëÿ η(δ; ε, h) èìååò ìåñòî îöåíêà ñíèçó
η(δ; ε, h1) ≥ h1,ïðè÷åì ïðè óñëîâèè

ε ≤ ε(1)äëÿ η(δ; ε, h) èìååì îöåíêó ñâåðõó:
η(δ; ε, h1) ≤ h1.Çäåñü âåëè÷èíû ε(j) îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè

ε(j) = ε(j)(δ, N) = ε(j)(δ, N ; d), j ≥ −1; (6.3)
ε(−1) = M2m

0d ln−1 δ−1, ε(0) = M1m
0dN−1, ε(j) = m0d δ(1 − δ)−1N−j , j ≥ 1,
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(5.1) , M1 = M1(6.2) , M2 � ïðîèçâîëüíàÿ ïîñòî-ÿííàÿ, óäîâëåòâîðÿþùàÿ íåðàâåíñòâó
M2 ≤ M−1

1 ,

j ≥ −1 � öåëîå ÷èñëî. Ïðè òàêîì âûáîðå ïîñòîÿííûõ M1, M2 èìååì, ÷òî
η(δ; ε, h1) ≤ d ïðè δ = δ(6.1) , ε ≤ ε(−1) .6.2. Îïèøåì ïðàâèëî îïðåäåëåíèÿ âåëè÷èí dk(4.1) â ñåòî÷íîé êîíñòðóêöèè(3.2), (4.1) ïðè çàäàííûõ âåëè÷èíàõ K è ε , ðàññìàòðèâàÿ ïàðàìåòð ε ïðèíàäëå-æàùèì íàçíà÷åííûì �èêñèðîâàííûì èíòåðâàëàì, îïðåäåëÿåìûì âåëè÷èíàìè ε(j) .Ïðè ïîñòðîåíèè ñõåìû íà àäàïòèðóþùèõñÿ ñåòêàõ ïðè çàäàííîì K òðåáóåòñÿ çà-äàòü âåëè÷èíû dk ïðè k ≤ K−1 . Îäíàêî ïðè èññëåäîâàíèè ñõåì íàì ïîòðåáóþòñÿâåëè÷èíû dk ïðè k ≤ K .Áóäåì ñ÷èòàòü, ÷òî ïàðàìåòð ε ïðèíàäëåæèò îäíîìó èç ñëåäóþùèõ èíòåðâàëîâ,îïðåäåëÿåìûõ âåëè÷èíîé j :

ε ∈
[
ε(j), 1

] ïðè j = −1 ëèáî ε ∈
[
ε(j), ε(j−1)

) ïðè j ≥ 0, (6.4a)ãäå ε(j) = ε
(j)
(6.3)(δ, N) , j ≥ −1 . Âåëè÷èíà dk çàâèñèò îò K, j , à òàêæå îò

δ, ε, k è âûáèðàåòñÿ íà ìíîæåñòâå G(k)h òàêèì îáðàçîì, ÷òîáû äëÿ âåëè÷èíû
η(5.6)(δ; ε, h(k)) � øèðèíû ñåòî÷íîãî ïîãðàíè÷íîãî ñëîÿ � âûïîëíÿëàñü îöåíêà

η(δ; ε, h(k)) ≤ dk ïðè 1 ≤ k ≤ Kâ òîì ñëó÷àå, êîãäà ïàðàìåòð ε ïðèíàäëåæèò îäíîìó èç èíòåðâàëîâ â (6.4a).�àññìîòðèì ñëó÷àé, êîãäà âûïîëíÿåòñÿ ñîîòíîøåíèå
K = K(6.4b)(j) ≡ j + 2, j ≥ −1, (6.4b)ãäå j = j(6.4a) îïðåäåëÿåò èíòåðâàë èçìåíåíèÿ ïàðàìåòðà ε . Ïóñòü ε ∈

[
ε(j), 1

] ïðè
j = −1 . Â ýòîì ñëó÷àå K = 1 ; ïîëàãàåì

d1 = min
[{

M1(m
0)−1ε ln δ−1; h(1)

}int
, d

]
, (6.4)ãäå {. . .}int = {. . .}int

(5.6) . Ïóñòü ε ∈
[
ε(j), ε(j−1)

) , j ≥ 0 . Ïîëàãàåì
d1 = d2 =

{
M1(m

0)−1ε ln δ−1; h(1)

}int
, åñëè j = 0; (6.4d)

d1 =
{
h(1) ln δ−1 ln−1(1 + m0ε−1h(1)); h(1)

}int
,

d2 = d3 =
{
M1(m

0)−1ε ln δ−1; h(2)

}int
, åñëè j = 1;

d1 = h(1), . . . , dk = h(k), k ≤ j − 1,

dk =
{
h(k) ln δ−1 ln−1(1 + m0ε−1h(k)); h(k)

}int
, k = j,

dk = dk+1 =
{
M1(m

0)−1ε ln δ−1; h(k)

}int
, k = j + 1, åñëè j ≥ 2.Çäåñü h(i) = di−1 N−1 , i = 1, . . . , j + 1 , d0 = d(1.1) , h(1) = h1(4.1) , m0 = m0

(5.1) ,
M1 = M1(6.2) .Ñîîòíîøåíèÿ (6.4b)�(6.4d) çàäàþò âåëè÷èíû dk â çàâèñèìîñòè îò çíà÷åíèé
δ, ε, h(k) è îò ñîîòíîøåíèÿ ìåæäó âåëè÷èíàìè j è k ïðè k ≤ K , K = j + 2 .
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K > j + 2, j ≥ −1, (6.4e)ïîëàãàåì

dk = dk(6.4d) ïðè k ≤ j +2, dk = dj+2 (6.4d) ïðè j +2 < k ≤ K, j ≥ −1; (6.4f)çäåñü K > K(6.4b)(j) . Åñëè æå
K ≤ j + 1, K ≥ 1, j ≥ 0, (6.4g)òî ïîëàãàåì

dk = dk(6.4d) ïðè 1 ≤ k ≤ K; (6.4h)çäåñü K < K(6.4b)(j) .Òàêèì îáðàçîì, äëÿ ïàðàìåòðà ε èç îäíîãî èç èíòåðâàëîâ â (6.4a) ïðè çàäàííîì
K �îðìóëû (6.4) â çàâèñèìîñòè îò ñîîòíîøåíèÿ ìåæäó K è j = j(6.4a) çàäàþòíàáîð âåëè÷èí dk = dk(δ; ε, h(k)) .Êàê ñëåäóåò èç ñîîòíîøåíèé (6.4b)�(6.4h), â ñèëó ðàâåíñòâà h(k) = dk−1N

−1âåëè÷èíû dk îïðåäåëÿþòñÿ ëèøü ïàðàìåòðàìè j, k è δ, ε, N ; èìååì
dk = dk(6.4)(δ; ε, N) = dj

k(δ; ε, N), 1 ≤ k ≤ K, j ≥ −1. (6.4i)�àçíîñòíàÿ ñõåìà (3.2), (4.1), (6.4) � ñõåìà íà àïðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ,ïîñëåäîâàòåëüíî ïåðåèçìåëü÷àåìûõ â îêðåñòíîñòè ïîãðàíè÷íîãî ñëîÿ. Ïðè âûáîðåâåëè÷èí dk â êà÷åñòâå èíäèêàòîðà èñïîëüçóåì ìàæîðàíòó ñåòî÷íîãî ïîãðàíè÷-íîãî ñëîÿ, êîíòðîëèðóåìîãî ïàðàìåòðàìè δ, ε, h ñ ó÷åòîì òîãî, ÷òî ïàðàìåòð εïðèíàäëåæèò çàäàâàåìûì èíòåðâàëàì èç (6.4a); ε ∈ (0, 1] .6.3. Ïðè óêàçàííîì âûáîðå âåëè÷èí dk(6.4) ñ ó÷åòîì ÿâíîãî âèäà øèðèíûñåòî÷íîãî ïîãðàíè÷íîãî ñëîÿ η(5.6)(δ; ε, h) ïîëó÷àåì îöåíêè
η(δ; ε, h(1)) ≥ m ïðè ε ∈

[
ε(−1), 1

]
; (6.5)

η(δ; ε, h(k)) ≤ dk, 1 ≤ k ≤ K,

η(δ; ε, h(k)) ≥ m dk, j + 1 ≤ k ≤ K ïðè ε ∈
[
ε(j), ε(j−1)

)
, j ≥ 0,ãäå h(k) = dk−1N

−1 . Ñàìûé ìàëåíüêèé øàã, êîòîðûé äîñòèãàåòñÿ â ýòîì ïðîöåññå,íå ìåíüøå, ÷åì dN−K .Ëåììà 6.1. Â ñëó÷àå ðàçíîñòíîé ñõåìû (3.2), (4.1), (6.4) äëÿ âåëè÷èí
η(δ; ε, h(k)) è dk(6.4i) ñïðàâåäëèâû îöåíêè (6.5) .Ëåììà 6.2. Â ñëó÷àå ðàçíîñòíûõ ñõåì (3.2), (4.1), (5.7) è (3.2), (4.1), (6.4)äëÿ âåëè÷èí dk(5.7a) è dj

k(6.4i) ñïðàâåäëèâà îöåíêà
dk (3.2, 4.1, 5.7a) ≤ dj

k (3.2, 4.1, 6.4i), 1 ≤ k ≤ K, (6.6)ãäå j = j(6.4a) îïðåäåëÿåò èíòåðâàë èç (6.4a), êîòîðîìó ïðèíàäëåæèò ïàðà-ìåòð ε .7. Ñõîäèìîñòü ðàçíîñòíûõ ñõåì íà àäàïòèðóþùèõñÿ ñåòêàõ�àññìîòðèì ðàçíîñòíóþ ñõåìó (3.2), (4.1), (6.4), ïðåäïîëàãàÿ âûïîëíåííûìóñëîâèå
δ = N−1. (7.1)



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 1617.1. Ïóñòü z[k](x, t) , (x, t) ∈ G(k)h � ðåøåíèå ðàçíîñòíîé ñõåìû (3.2) íà ñåòêå(4.1d), àïïðîêñèìèðóþùåé çàäà÷ó
L u(x, t) = f(x, t), (x, t) ∈ G(k), u(x, t) = ϕ(x, t), (x, t) ∈ S(k), (7.2)ãäå G(k) = G(k)(4.1b) , G(k)h = G(k)h(4.1d) , k ≥ 1 . Äëÿ ðåøåíèÿ z[k](x, t) âûïîëíÿåòñÿîöåíêà

|u(x, t) − z[k](x, t)| ≤

≤

{
M

[
h(1)(ε + h(1))

−1 + N−1 + N−1
0

]
, k ≥ 1, j = −1, 0;

M
[
h(k)(ε + h(k))

−1 + N−1 + N−1
0

]
, k, j ≥ 1; (x, t) ∈ G(k)h,

(7.3)ãäå ïàðàìåòð ε ïðèíàäëåæèò îäíîìó èç èíòåðâàëîâ â (6.4a),
h(k) = h(k)(j) = h(k)(j; N) ≤






MN−1 ïðè j = −1, 0, k ≥ 1;

MN−j−1 lnN, j ≤ k − 1,

MN−k, k ≤ j ïðè j ≥ 1, k ≥ 1.Ïðè k ≥ j + 2 äëÿ �óíêöèè z[k](x, t) âûïîëíÿåòñÿ îöåíêà
|u(x, t)−z[k](x, t)| ≤ M

[
N−1 lnN + N−1

0

]
, (x, t) ∈ G(k)h, k ≥ j +2, j ≥ −1. (7.4)Âíå σj

k -îêðåñòíîñòè ãðàíèöû SL
1 äëÿ z[k](x, t) âûïîëíÿåòñÿ îöåíêà

|u(x, t) − z[k](x, t)| ≤ M
[
N−1 + N−1

0

]
, (7.5)

(x, t) ∈ G(k)h, r(x, Γ1) ≥ σj
k, k ≥ 1, j ≥ 0,ãäå σj

k = dj
k , 1 ≤ k ≤ j + 1 ; σj

k = dj
j+2 , k ≥ j + 2 ; dj

k = dj

k(6.4i) .Ëåììà 7.3. Ïóñòü âûïîëíÿåòñÿ óñëîâèå òåîðåìû 3.2 . Òîãäà äëÿ �óíêöèè
z[k](x, t) , (x, t) ∈ G(k)h(4.1d) � ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.2), (4.1d), àïïðîêñè-ìèðóþùåé êðàåâóþ çàäà÷ó (7.2) , ñïðàâåäëèâû îöåíêè (7.3)�(7.5) .7.2. �àññìîòðèì ðàçíîñòíóþ ñõåìó (3.2), (4.1), (6.4), (7.1).Ñ ó÷åòîì îöåíîê (7.3)�(7.5) äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.2), (4.1), (6.4),(7.1) ïðè ε ∈ (0, 1] ïîëó÷àåì îöåíêó
|u(x, t) − z(x, t)| ≤

≤

{
M

{
min

[
ε−1N−1, 1

]
+ N−1

0

}
, K = 1

M
{
min

[
ε−1N−K lnN, 1

]
+ N−1 lnN + N−1

0

}
, K ≥ 2

}
, (x, t) ∈ Gh, (7.6)

K ≥ 1, ε ∈ (0, 1].Òàêèì îáðàçîì, ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ íà Gh ïðè óñëîâèè (
N−K lnN ≪ ε

) :
ε−1 = o

(
NK ln−1 N

) ïðè K ≥ 2, ε ∈ (0, 1].Ïóñòü ïàðàìåòð ε óäîâëåòâîðÿåò óñëîâèþ
ε ∈ (0, ε(j)], j ≥ 2, ε(j) = ε

(j)
(6.3). (7.7)



162 �.È. ØÈØÊÈÍÄëÿ îøèáêè ðåøåíèÿ êðàåâîé çàäà÷è (1.2), (1.1) âíå σK -îêðåñòíîñòè ìíîæåñòâà
SL

1 ïîëó÷àåòñÿ îöåíêà
|u(x, t) − z(x, t)| ≤ M

[
N−1 + N−1

0

]
, (x, t) ∈ Gh, r(x, Γ1) ≥ σK , (7.8a)ãäå

σK = dj
K , dj

K = dj

K(6.4i), 1 ≤ K ≤ j − 1, j = j(7.7). (7.8b)Äëÿ âåëè÷èíû σK âûïîëíÿåòñÿ ñîîòíîøåíèå
σK = dN−K . (7.8)Òàêèì îáðàçîì, â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (7.7) ðåøåíèå ðàçíîñòíîé ñõåìûñõîäèòñÿ ε-ðàâíîìåðíî ñ ïåðâûì ïîðÿäêîì òî÷íîñòè ïî x è t âíå σK -îêðåñòíîñòèãðàíèöû SL

1 , ïðè÷åì σK ñòÿãèâàåòñÿ ê íóëþ ñî ñêîðîñòüþ O
(
N−K

) .Ïóñòü ïàðàìåòð ε ïðèíàäëåæèò îäíîìó èç èíòåðâàëîâ â (6.4a). Â ýòîì ñëó÷àåâ çàâèñèìîñòè îò ñîîòíîøåíèÿ ìåæäó âåëè÷èíàìè K è j ïîëó÷àåòñÿ îöåíêà
|u(x, t) − z(x, t)| ≤ (7.9)

≤






M
{
min

[
ε−1N−1, 1

]
+ N−1

0

}
, K = 1

M
{
min

[
ε−1N−K lnN, 1

]
+ N−1 lnN + N−1

0

}
, K ≥ 2

}
, K = j + 1

M
[
N−1 lnN + N−1

0

]
, K ≥ j + 2





,

(x, t) ∈ Gh, K ≥ j + 1, j ≥ −1.Âíå σj
K -îêðåñòíîñòè ìíîæåñòâà SL

1 èìååì îöåíêó
|u(x, t)−z(x, t)| ≤ M

[
N−1 + N−1

0

]
, (x, t)∈ Gh, r(x, Γ1)≥ σj

K , K≥ 1, j≥ 0; (7.10a)äëÿ âåëè÷èíû σj
K , ãäå

σj
K = dj

K , 1 ≤ K ≤ j + 1; σj
K = dj

j+2, K ≥ j + 2; j ≥ 0, (7.10b)âûïîëíÿþòñÿ îöåíêà
σj

K ≤

{
Mε lnN, K ≥ j + 1, j ≥ 0,

MN−K lnN, K = j, j ≥ 1,
(7.10)è ñîîòíîøåíèå

σj
K = dN−K , K ≤ j − 1, j ≥ 2. (7.10d)Òàêèì îáðàçîì, â òîì ñëó÷àå, êîãäà ïàðàìåòð ε ïðèíàäëåæèò îäíîìó èç èí-òåðâàëîâ â (6.4a), ñêîðîñòü ñõîäèìîñòè ñõåìû íà ìíîæåñòâå Gh òàê æå, êàêè ðàçìåð îêðåñòíîñòè ìíîæåñòâà SL

1 , âíå êîòîðîé ñõåìà ñõîäèòñÿ ñî ñêîðîñòüþ
O

(
N−1 + N−1

0

) , ñóùåñòâåííî çàâèñÿò îò ïàðàìåòðîâ K è j .Â ñîîòâåòñòâèè ñ îöåíêîé (7.9) äëÿ òîãî, ÷òîáû ïðè óñëîâèè, ÷òî ïàðàìåòð εïðèíàäëåæèò îäíîìó èç èíòåðâàëîâ èç (6.4a), ïîëó÷èòü ðåøåíèå ðàçíîñòíîé ñõåìû(3.2), (4.1), (6.4), (7.1) ñ îöåíêîé
|u(x, t) − z(x, t)| ≤ M

[
N−1 lnN + N−1

0

]
, (x, t) ∈ Gh,òðåáóåòñÿ K èòåðàöèé, ãäå K = j + 2 .



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 163Â ñèëó îöåíêè (7.6) ðàçíîñòíàÿ ñõåìà (3.2), (4.1), (6.4), (7.1) ñõîäèòñÿ íà Ghïðè óñëîâèè (
N−1 ≪ ε ïðè K = 1 è N−K lnN ≪ ε ïðè K ≥ 2

) :
ε−1 = o(N) ïðè K = 1 è ε−1 = o

(
NK ln−1 N

) ïðè K ≥ 2, N → ∞, ε ∈ (0, 1].(7.11)Äëÿ òîãî ÷òîáû ðàçíîñòíàÿ ñõåìà ñõîäèëàñü ïî÷òè ε-ðàâíîìåðíî ñ äå�åêòîì ñõî-äèìîñòè íå âûøå âåëè÷èíû ν(1.5) , äîñòàòî÷íî âûáðàòü âåëè÷èíó K, óäîâëåòâîðÿ-þùóþ óñëîâèþ
K > K(ν), K(ν) = ν−1. (7.12)Òàêèì îáðàçîì, ðàçíîñòíàÿ ñõåìà (3.2), (4.1), (6.4), (7.1), (7.12) ñõîäèòñÿ ïî÷òè

ε-ðàâíîìåðíî ñ äå�åêòîì ñõîäèìîñòè ν .Òåîðåìà 7.1. Ïóñòü äëÿ ðåøåíèÿ çàäà÷è (1.2) , (1.1) âûïîëíÿåòñÿ óñëîâèåòåîðåìû 3.2 . Òîãäà ðàçíîñòíàÿ ñõåìà (3.2) , (4.1) , (6.4) , (7.1) ñõîäèòñÿ íà Ghïðè óñëîâèè (7.11) ; ïðè óñëîâèè (7.12) ñõåìà ñõîäèòñÿ ïî÷òè ε-ðàâíîìåðíî ñ äå-�åêòîì ν . Äëÿ ñåòî÷íîãî ðåøåíèÿ âûïîëíÿþòñÿ îöåíêà (7.6) , à â ñëó÷àå óñëîâèé
(7.7) è (6.4a) � îöåíêè (7.8) è (7.9) , (7.10) ñîîòâåòñòâåííî.7.3. Â ñëó÷àå ðàçíîñòíîé ñõåìû (3.2), (4.1), (5.7), (7.1) ñïðàâåäëèâà ñëåäóþ-ùàÿ òåîðåìà, óñòàíàâëèâàåìàÿ ñ ó÷åòîì îöåíêè (6.6).Òåîðåìà 7.2. Ïóñòü äëÿ ðåøåíèÿ çàäà÷è (1.2) , (1.1) âûïîëíÿåòñÿ óñëîâèåòåîðåìû 3.2 . Òîãäà ðàçíîñòíàÿ ñõåìà (3.2) , (4.1) , (5.7) , (7.1) ñõîäèòñÿ íà Ghïðè óñëîâèè (7.11) ; ïðè óñëîâèè (7.12) ñõåìà ñõîäèòñÿ ïî÷òè ε-ðàâíîìåðíî ñ äå-�åêòîì ν . Äëÿ ñåòî÷íîãî ðåøåíèÿ âûïîëíÿþòñÿ îöåíêà (7.6) , à â ñëó÷àå óñëî-âèé (7.7) è (6.4a) � îöåíêè (7.8) è (7.9) , (7.10) ñîîòâåòñòâåííî, ãäå â (7.8)
σK = dK(5.7)(δ; ε, N) , δ = δ(7.1) , ε = ε(7.7) ïðè óñëîâèè, ÷òî ε−1h(K) ≥ (m0)−1N ,è â (7.10) σj

K = dK(5.7)(δ; ε, N) , δ = δ(7.1) , ε = ε(6.4a) , j = j(6.4a) .8. Îáîáùåíèÿ8.1. Çàìåòèì, ÷òî ðàçíîñòíàÿ ñõåìà (3.2), (3.1) ÿâëÿåòñÿ íåëèíåéíîé. Íà ñåòêå(3.1) ðàññìîòðèì ðàçíîñòíóþ ñõåìó, â êîòîðîé íåëèíåéíûé ÷ëåí äè��åðåíöèàëü-íîãî óðàâíåíèÿ âû÷èñëÿåòñÿ ïî èñêîìîé �óíêöèè íà ïðåäûäóùåì âðåìåííîì ñëîå.Çàäà÷å (1.2), (1.1) ñîïîñòàâèì ðàçíîñòíóþ ñõåìó (ñì. [18℄)
(
Λ(8.1)z

)
(x, t) ≡ Λ2

(3.2)z(x, t) − f (x, t, ž(x, t)) = 0, (x, t) ∈ Gh,

z(x, t) = ϕ(x, t), (x, t) ∈ Sh. (8.1)Çäåñü ž(x, t) = z(x, t − ht) , (x, t) ∈ Gh , t > 0 .Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ
∂

∂u
f(x, t, u) ≤ c(x, t), (x, t, u) ∈ G × R (8.2)ðàçíîñòíàÿ ñõåìà (8.1), (3.1) ÿâëÿåòñÿ ìîíîòîííîé.Äëÿ ïðîñòîòû ñ÷èòàåì âûïîëíåííûì óñëîâèå (8.2).Ñ ó÷åòîì îöåíîê ðåøåíèÿ çàäà÷è (1.2), (1.1) äëÿ ëèíåàðèçîâàííîé ðàçíîñòíîéñõåìû (8.1) íà ñïåöèàëüíîé ñåòêå (3.5) ïîëó÷àåòñÿ îöåíêà (ïîäîáíàÿ îöåíêå (3.7);âûâîä ýòèõ îöåíîê àíàëîãè÷åí âûâîäó îöåíîê â [26℄):

|u(x, t) − z(x, t)| ≤ M
[
N−1 lnN + N−1

0

]
, (x, t) ∈ Gh. (8.3)



164 �.È. ØÈØÊÈÍÂ òîì ñëó÷àå, êîãäà óñëîâèå (8.2) íå âûïîëíÿåòñÿ, â çàäà÷å (8.1), (3.1) îò �óíê-öèè z(x, t) ïåðåéäåì ê �óíêöèè z∗(x, t) , z(x, t) = z∗(x, t) exp(α t) è âûáåðåì âå-ëè÷èíó α äîñòàòî÷íî áîëüøîé òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå
∂

∂u
f(x, t, u) ≤ c(x, t) + δt

[
exp(α t)

]
p(x, t), (x, t, u) ∈ G × R,÷òî îáåñïå÷èâàåò ìîíîòîííîñòü ïîëó÷àþùåéñÿ ñåòî÷íîé çàäà÷è. Äàëåå óñòàíàâëè-âàåì ñõîäèìîñòü �óíêöèè z∗(x, t) ê �óíêöèè u∗(x, t) , u(x, t) = u∗(x, t) exp(α t) .Âîçâðàùàÿñü ê �óíêöèè z(x, t) , ïîëó÷èì îöåíêó (8.3).Ïðèâåäåííûå âûøå ðàññóæäåíèÿ ïðèâîäÿò ê ñëåäóþùåé òåîðåìå.Òåîðåìà 8.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèå òåîðåìû 2.1 è óñëîâèå (8.2) . Òî-ãäà ðåøåíèå ëèíåàðèçîâàííîé ðàçíîñòíîé ñõåìû (8.1) , (3.5) ñõîäèòñÿ ê ðåøåíèþçàäà÷è (1.2) , (1.1) ε-ðàâíîìåðíî; äëÿ ñåòî÷íûõ ðåøåíèé ñïðàâåäëèâà îöåíêà (8.3) .8.2. Êðàåâîé çàäà÷å (1.2) , (1.1) ñîïîñòàâèì ðàçíîñòíóþ ñõåìó (8.1), (4.1),(6.4), (7.1) � ëèíåàðèçîâàííóþ ñõåìó íà àïîñòåðèîðíî àäàïòèðóþùèõñÿ ñåòêàõ.Äëÿ ðåøåíèé ðàçíîñòíîé ñõåìû (8.1), (4.1), (6.4), (7.1) ñïðàâåäëèâû óòâåðæäå-íèÿ î ñõîäèìîñòè, ïîäîáíûå óòâåðæäåíèÿì òåîðåìû 7.1 î ñõîäèìîñòè ñõåìû (3.2),(4.1), (6.4), (7.1).Òåîðåìà 8.2. Ïóñòü âûïîëíÿåòñÿ ïðåäïîëîæåíèå òåîðåìû 8.1 . Òîãäà ðåøå-íèå ðàçíîñòíîé ñõåìû (8.1) , (4.1) , (6.4) , (7.1) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2) ,

(1.1) ïðè óñëîâèè (7.11) , à òàêæå ε-ðàâíîìåðíî (ñî ñêîðîñòüþ O
(
N−1 + N−1

0

))âíå σK -îêðåñòíîñòè ìíîæåñòâà SL
1 ; ðåøåíèå ñõåìû (8.1) , (4.1) , (6.4) , (7.1) ,

(7.12) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2) , (1.1) ïî÷òè ε-ðàâíîìåðíî ñ äå�åêòîì
ν . Äëÿ ñåòî÷íûõ ðåøåíèé ñïðàâåäëèâà îöåíêà (7.7) , à â ñëó÷àå âûïîëíåíèÿ óñëî-âèé (7.7) è (6.4a) � îöåíêè (7.8) è (7.9) , (7.10) ñîîòâåòñòâåííî.Äîêàçàòåëüñòâî òåîðåìû 8.2 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 7.1.Äëÿ ëèíåàðèçîâàííîé ðàçíîñòíîé ñõåìû (8.1) , (4.1) , (5.7), (7.1) ñïðàâåäëèâàòåîðåìà, ïîäîáíàÿ òåîðåìå 7.2.Òåîðåìà 8.3. Ïóñòü âûïîëíÿåòñÿ ïðåäïîëîæåíèå òåîðåìû 8.1 . Òîãäà ðåøå-íèå ðàçíîñòíîé ñõåìû (8.1) , (4.1) , (5.7) , (7.1) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2) ,
(1.1) ïðè óñëîâèè (7.11) , à òàêæå ε-ðàâíîìåðíî (ñî ñêîðîñòüþ O

(
N−1 + N−1

0

))âíå σK -îêðåñòíîñòè ìíîæåñòâà SL
1 ; ðåøåíèå ñõåìû (8.1) , (4.1) , (5.7) , (7.1) ,

(7.12) ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2) , (1.1) ïî÷òè ε-ðàâíîìåðíî ñ äå�åêòîì
ν . Äëÿ ñåòî÷íûõ ðåøåíèé ñïðàâåäëèâà îöåíêà (7.7) , à â ñëó÷àå âûïîëíåíèÿ óñëî-âèé (7.7) è (6.4a) � îöåíêè (7.8) è (7.9) , (7.10) ñîîòâåòñòâåííî, ãäå â (7.8)
σK = dK(5.7)(δ; ε, N) , δ = δ(7.1) , ε = ε(7.7) ïðè óñëîâèè, ÷òî ε−1h(K) ≥ (m0)−1N ,è â (7.10) σj

K = dK(5.7)(δ; ε, N) , δ = δ(7.1) , ε = ε(6.4a) , j = j(6.4a) .�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåí-òàëüíûõ èññëåäîâàíèé (ïðîåêò � 07-01-00729), Áóëåâñêîãî öåíòðà èññëåäîâàíèé ïîèí�îðìàòèêå ïðè Íàöèîíàëüíîì Óíèâåðñèòåòå Èðëàíäèè, ã. Êîðê, à òàêæå Àññîöè-àöèè ïî ïðèëîæåíèÿì ìàòåìàòèêè â íàóêå è òåõíèêå â Èðëàíäèè (the MathematisAppliations Consortium for Siene and Industry in Ireland (MACSI) under the SieneFoundation Ireland (SFI) Mathematis Initiative).



ÑÅÒÎ×ÍÀß ÀÏÏ�ÎÊÑÈÌÀÖÈß Ó�ÀÂÍÅÍÈß ÊÎÍÂÅÊÖÈÈ-ÄÈÔÔÓÇÈÈ 165SummaryG.I. Shishkin. Grid approximation of a singularly perturbed quasilinear parabolionvetion-di�usion equation on a priori adapted meshes.An initial-boundary value problem is onsidered for a quasilinear singularly perturbedparaboli onvetion-di�usion equation. For suh a problem, a solution of a lassial di�erenesheme on uniform grid onverges at the rate O
(
(ε + N

−1)−1
N

−1 + N
−1

0

) , where N +1 and
N0 + 1 are the numbers of nodes in the meshes in x and t respetively; the sheme onvergesonly under the ondition N

−1
≪ ε . In the present paper, nonlinear and linearized �nitedi�erene shemes are onstruted on a priori sequentially adapted grids, and their onvergeneis studied. The onstrution of the shemes is arried out on the basis of a majorant to thesingular omponent of the disrete solution on uniform grids that allows us to �nd a priorisubdomains where the omputed solution requires a further improvement. Suh subdomain isde�ned by the perturbation parameter ε , the step-size of a uniform mesh in x , and also bythe required auray of the grid solution and the presribed number K of iterations to re�nethe solution. The advantage of this approah onsists in the uniform meshes used. The errorof the disrete solution depends weakly on the parameter ε . The shemes that are onstrutedin the iterative proess onverge almost ε -uniformly, namely, under the ondition N

−1
≪ ε
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