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ÓÄÊ 519.68ÎÁ ÎÖÅÍÊÀÕ ÏÎ��ÅØÍÎÑÒÈ ÎÄÍÎ�Î ÂÀ�ÈÀÍÒÀÑÌÅØÀÍÍÎ�Î ÌÅÒÎÄÀ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂÀ.Ï. �îãèí, Ì.Ì. Êàð÷åâñêèéÀííîòàöèÿÏîëó÷åíû îöåíêè òî÷íîñòè ñìåøàííîé ñõåìû êîíå÷íûõ ýëåìåíòîâ äëÿ êâàçèëèíåé-íîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ñèëüíî ìîíîòîííûì è ëîêàëüíî ëèï-øèö-íåïðåðûâíûì îïåðàòîðîì, êîãäà â êà÷åñòâå âñïîìîãàòåëüíîé ïåðåìåííîé ïðè ïîñòðî-åíèè ñõåìû âûáèðàåòñÿ ãðàäèåíò èñêîìîãî ðåøåíèÿ.Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå ýëëèïòè÷åñêîå óðàâíåíèå, ñìåøàííûé ìåòîä êî-íå÷íûõ ýëåìåíòîâ, îöåíêè ïîãðåøíîñòè.ÂâåäåíèåÂ íàñòîÿùåé ðàáîòå ïîëó÷åíû îöåíêè òî÷íîñòè â ñìûñëå íîðì ñîáîëåâñêèõïðîñòðàíñòâ ñìåøàííîãî ìåòîäà êîíå÷íûõ ýëåìåíòîâ äëÿ êâàçèëèíåéíûõ ýëëèï-òè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà, óäîâëåòâîðÿþùèõ óñëîâèÿì ñèëüíîé ìîíî-òîííîñòè è ëîêàëüíîé ëèïøèö-íåïðåðûâíîñòè â ïðîñòðàíñòâå W

(1)
p (Ω) , p > 1 .Â êà÷åñòâå âñïîìîãàòåëüíîé ïåðåìåííîé ïðè ïîñòðîåíèè ñìåøàííîé ñõåìû âûáè-ðàåòñÿ ãðàäèåíò èñêîìîãî ðåøåíèÿ. Õàðàêòåðíàÿ îñîáåííîñòü òàêèõ ñõåì ñîñòîèòâ âîçìîæíîñòè èõ ïðèìåíåíèÿ äëÿ âåñüìà øèðîêèõ êëàññîâ êâàçèëèíåéíûõ óðàâíå-íèé, â òîì ÷èñëå è äëÿ óðàâíåíèé, äîïóñêàþùèõ âûðîæäåíèå ïî ãðàäèåíòó. Ñëàáàÿñõîäèìîñòü óêàçàííûõ ñõåì äëÿ óðàâíåíèé ñ ìîíîòîííûìè îïåðàòîðàìè ïðè p = 2èçó÷àëàñü â [1, 2℄. Îöåíêè òî÷íîñòè ñõåì, ðàññìàòðèâàåìûõ â íàñòîÿùåé ðàáîòå,â ïðîñòåéøåì ñëó÷àå, êîãäà p = 2 , ïîëó÷åíû â [3℄. �àçëè÷íûå âîïðîñû, ñâÿçàí-íûå ñ èòåðàöèîííûìè ìåòîäàìè ðåøåíèÿ ñîîòâåòñòâóþùèõ äèñêðåòíûõ íåëèíåé-íûõ ñåäëîâûõ ñèñòåì óðàâíåíèé, ðàññìàòðèâàëèñü â [2, 4, 5℄. Îòìåòèì òàêæå ðà-áîòû [6�8℄, ïîñâÿùåííûå èññëåäîâàíèþ ñõîäèìîñòè è èòåðàöèîííûì ìåòîäàì äëÿñìåøàííûõ ñõåì, îñíîâàííûõ íà èñïîëüçîâàíèè ¾ïîòîêà¿ â êà÷åñòâå âñïîìîãàòåëü-íîé ïåðåìåííîé. 1. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíå-íèÿ âòîðîãî ïîðÿäêà äèâåðãåíòíîãî âèäà

− div a(x, u,∇u) + a0(x, u,∇u) = f(x), x ∈ Ω, (1)
u(x) = 0, x ∈ ∂Ω, (2)ãäå Ω ⊂ R2 � îãðàíè÷åííàÿ ìíîãîóãîëüíàÿ îáëàñòü, Γ � ãðàíèöà îáëàñòè Ω ,

a(x, η̄) = (a1(x, η̄), a2(x, η̄)) , a0(x, η̄) � çàäàííûå �óíêöèè, íåïðåðûâíûå ïî η ,
η̄ ∈ R3 , äëÿ âñåõ x ∈ Ω . Â äàëüíåéøåì áóäåì èñïîëüçîâàòü ñëåäóþùóþ çàïèñü:
η̄ = (η0, η) , η0 ∈ R , η = (η1, η2) ∈ R2 . 44
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(
ā(x, η̄) − ā(x, ξ̄)

)
·(η − ξ)·(|η| + |ξ|)

2−p
≥ c0|η−ξ|2 ∀ η̄, ξ̄ ∈ R3, η, ξ ∈ R2, x ∈ Ω, (3)

∣∣ā(x, η̄) − ā(x, ξ̄)
∣∣ ≤ c1|η̄ − ξ̄|p−1 ∀ η̄, ξ̄ ∈ R3, x ∈ Ω, (4)â ñëó÷àå 1 < p < 2 è

(
ā(x, η̄) − ā(x, ξ̄)

)
· (η − ξ) ≥ c2|η − ξ|p ∀ η̄, ξ̄ ∈ R3, η, ξ ∈ R2, x ∈ Ω, (5)

∣∣ā(x, η̄) − ā(x, ξ̄)
∣∣ ≤ c3|η̄ − ξ̄| ·

(
|η̄| + |ξ̄|

)p−2
∀ η̄, ξ̄ ∈ R3, x ∈ Ω, (6)â ñëó÷àå p ≥ 2 ; c0, c1, c2, c3 � ïîëîæèòåëüíûå ïîñòîÿííûå, à ÷åðåç ā(·) îáîçíà÷åíàâåêòîð-�óíêöèÿ âèäà ā(·) = (a0(·), a1(·), a2(·)) . Çäåñü è â äàëüíåéøåì òî÷êîé îáî-çíà÷àåì ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â àðè�ìåòè÷åñêîì ïðîñòðàíñòâå Rnñîîòâåòñòâóþùåé ðàçìåðíîñòè. Íå îãðàíè÷èâàÿ îáùíîñòè êëàññà ðàññìàòðèâàåìûõçàäà÷, áóäåì òàêæå ñ÷èòàòü, ÷òî

a(x, 0) = 0, a0(x, 0) = 0. (7)Ïðèíÿòûå íàìè óñëîâèÿ íà �óíêöèè a , a0 ïîçâîëÿþò âêëþ÷èòü â ðàññìîòðå-íèå òàê íàçûâàåìûå îòîáðàæåíèÿ äâîéñòâåííîñòè ïðîñòðàíñòâà Ñîáîëåâà ◦

W
(1)
p (Ω)â ïðîñòðàíñòâî â W−1

q (Ω) (ñì., íàïðèìåð, [9, ñ. 184℄). Îòìåòèì, ÷òî áëèçêèå íåëè-íåéíûå óðàâíåíèÿ â ñâÿçè ñ çàäà÷àìè òåîðèè �èëüòðàöèè íåíüþòîíîâñêèõ æèäêî-ñòåé èçó÷àëèñü â [10℄.Õîðîøî èçâåñòíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (3)�(6) çàäà÷à (1), (2) èìååòåäèíñòâåííîå îáîáùåííîå ðåøåíèå èç ïðîñòðàíñòâà Ñîáîëåâà ◦

W
(1)
p (Ω) ïðè ëþáîéïðàâîé ÷àñòè f ∈ Lq(Ω) . Çäåñü è äàëåå ÷åðåç q îáîçíà÷àåòñÿ ñîïðÿæåííûé ê pïîêàçàòåëü, òî åñòü 1/p + 1/q = 1 .2. Ñìåøàííàÿ ñõåìà êîíå÷íûõ ýëåìåíòîâÏóñòü Th � ðåãóëÿðíàÿ (ñì., íàïðèìåð, [11℄) òðèàíãóëÿöèÿ îáëàñòè Ω . Ïóñòü,äàëåå,

RTk(K) = (Pk(K))
2
⊕ xPk(K), x = (x1, x2),åñòü ïðîñòðàíñòâî �àâüÿðà �Òîìà [12℄. Ïîÿñíèì, ÷òî êàæäûé ýëåìåíò v èç RTk(K)åñòü âåêòîð-�óíêöèÿ âèäà

v =

[
v1

v2

]
=

[
p1 + p3x1

p2 + p3x2

]
,ãäå pi ∈ Pk(K), i = 1, 2, 3 , Pk(K) � ïðîñòðàíñòâî ïîëèíîìîâ ñòåïåíè íå âûøå kïî ñîâîêóïíîñòè ïåðåìåííûõ.Îïðåäåëèì, ñëåäóÿ [12℄, êîíå÷íîýëåìåíòíûå ïðîñòðàíñòâà

Nh = {qh ∈ Hq; q|K ∈ RTk(K) ∀K ∈ Th} ,

Mh = {vh ∈ Lp(Ω); vh|K ∈ Pk(K) ∀K ∈ Th} ,

Xh = Mh × Nh.

(8)Çäåñü (ñì., íàïðèìåð, [13℄)
Hq = Hq(div, Ω) =

{
j ∈ (Lq(Ω))

2
| div j ∈ Lq(Ω), 0 < q < 1

}
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‖j‖q

Hq
=

∫

Ω

(|j|q + | div j|q) dx .Îòìåòèì, ÷òî ïðèíàäëåæíîñòü qh ïðîñòðàíñòâó Hq îáåñïå÷èâàåò íåïðåðûâ-íîñòü íîðìàëüíûõ êîìïîíåíò âåêòîð-�óíêöèè qh ïðè ïåðåõîäå ÷åðåç îáùóþ ãðà-íèöó äâóõ ëþáûõ ñîñåäíèõ ýëåìåíòîâ òðèàíãóëÿöèè Th .Ïîä ïðèáëèæåííûì ðåøåíèåì çàäà÷è (1), (2) áóäåì ïîíèìàòü ïàðó �óíê-öèé (uh, jh) ∈ Xh òàêèõ, ÷òî
∫

Ω

(a(x, uh, jh(uh)) · jh(vh) + a0(x, uh, jh(uh))vh) dx =

∫

Ω

fvh(x) dx ∀vh ∈ Mh, (9)ãäå äëÿ ëþáîãî vh ∈ Mh �óíêöèÿ jh(vh) ∈ Nh îïðåäåëÿåòñÿ êàê ðåøåíèå óðàâíå-íèÿ ∫

Ω

jh(vh) · qh dx+

∫

Ω

vh div qh dx = 0 ∀ qh ∈ Nh. (10)3. Èññëåäîâàíèå ïðèáëèæåííîãî ìåòîäàÏðè èññëåäîâàíèè çàäà÷è (9), (10) âàæíóþ ðîëü èãðàåòËåììà 1. Ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c , íå çàâèñÿùàÿ îò h ,òàêàÿ, ÷òî äëÿ ëþáîé �óíêöèè vh ∈ Mh
1

sup
qh∈Nh

∫

Ω

vh div qh dx

‖qh‖H
≥ c‖vh‖Lp(Ω).Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ñì., íàïðèìåð, â [14, 15℄.Ïðè ïîëó÷åíèè îöåíîê òî÷íîñòè ìåòîäà (9), (10) áóäåì îïèðàòüñÿ íà àïïðîêñè-ìàòèâíûå ñâîéñòâà ïðîñòðàíñòâ Mh, Nh (ñì. [11, 12℄).Ëåììà 2. Ïóñòü uh � ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ ê u â ïðîñòðàíñòâå

Mh â ñìûñëå íîðìû L2(Ω) ,
u ∈ W (k+1)

p (Ω), ∇u ∈
(
W (k+1)

p (Ω)
)2

, (11)
jh(uh) îïðåäåëÿåòñÿ ñîîòíîøåíèåì

∫

Ω

jh(uh) · qh dx+

∫

Ω

uh div qh dx = 0 ∀ qh ∈ Nh. (12)Òîãäà
‖u − uh‖Lp(Ω) ≤ chk+1‖u‖

W
(k+1)
p (Ω)

, (13)
‖∇u − jh(uh)‖Lp(Ω) ≤ chk+1‖∇u‖

W
(k+1)
p (Ω)

. (14)
1Âñþäó â äàëüíåéøåì áóêâîé c , âîçìîæíî, ñ èíäåêñàìè îáîçíà÷àþòñÿ ïîñòîÿííûå, íå çàâèñÿ-ùèå îò h .



ÎÁ ÎÖÅÍÊÀÕ ÏÎ��ÅØÍÎÑÒÈ . . . 47Äîêàçàòåëüñòâî. Îöåíêà (13) ïîëó÷àåòñÿ êàê ñëåäñòâèå òåîðåìû 3.1.4 [11,. 24℄. Ïðè ýòîì íàäî ó÷åñòü, ÷òî uh ìîæíî ñòðîèòü êàê ýëåìåíò íàèëó÷øåãî ïðè-áëèæåíèÿ â ïðîñòðàíñòâå L2 íà êàæäîì êîíå÷íîì ýëåìåíòå òðèàíãóëÿöèè Th .Äîêàæåì îöåíêó (14). Òàê êàê uh � ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ ê uèç Mh â ñìûñëå íîðìû ïðîñòðàíñòâà L2(Ω), òî
∫

Ω

(u − uh)wh dx = 0 ∀wh ∈ Mh. (15)Âñëåäñòâèå (12), î÷åâèäíî, âûïîëíåíî òîæäåñòâî
∫

Ω

(jh(uh) −∇u) · qh dx +

∫

Ω

(
u − uh

)
div qh dx = 0 ∀ qh ∈ Nh. (16)Ïî îïðåäåëåíèþ ïðîñòðàíñòâ Mh , Nh ñïðàâåäëèâî âêëþ÷åíèå div qh ∈ Mh, ïî-ýòîìó ∫

Ω

(jh(uh) −∇u) · qh dx = 0 ∀ qh ∈ Nh. (17)(ïîñëåäíåå ðàâåíñòâî îçíà÷àåò, ÷òî jh(uh)� ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿèç Nh ê ∇u â ñìûñëå íîðìû ïðîñòðàíñòâà L2(Ω)). Ïóñòü, äàëåå, ýëåìåíò rh ∈ Nhòàêîé, ÷òî ‖∇u − rh‖Lp(Ω) ≤ Chk+1‖∇u‖
W

(k+1)
p (Ω)

. Ýëåìåíò rh ñ óêàçàííûì ñâîé-ñòâîì ñóùåñòâóåò (ñì., íàïðèìåð, [12℄). Äëÿ ëþáîãî qh ∈ Nh èìååì
∫

Ω

(rh − jh(uh)) · qh dx =

∫

Ω

(rh −∇u) · qh dx+

∫

Ω

(∇u − jh(uh)) · qh dx . (18)Êàê ïîêàçàíî âûøå, âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ðàâíîíóëþ. Òàêèì îáðàçîì, èç ðàâåíñòâà (18) ñëåäóåò, ÷òî
∣∣∣∣∣

∫

Ω

(rh − jh(uh)) · qh dx

∣∣∣∣∣ ≤ Chk+1‖∇u‖
W

(k+1)
p (Ω)

‖qh‖Lq(Ω). (19)Îòñþäà ïî ëåììå 3.3 èç [7℄ èìååì ‖rh − jh(uh)‖ ≤ Chk+1‖∇u‖
W

(k+1)
p (Ω)

, ñëåäîâà-òåëüíî,
‖∇u − jh(uh)‖Lp(Ω) ≤ ‖∇u − rh‖Lp(Ω) + ‖rh − jh(uh)‖Lp(Ω) ≤ Chk+1‖∇u‖

W
(k+1)
p (Ω)

.Â äàëüíåéøåì áóäåò ñóùåñòâåííî èñïîëüçîâàíàËåììà 3. Ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ c òàêàÿ, ÷òî
‖uh‖Lp(Ω) ≤ c‖jh(uh)‖Lp(Ω) ∀uh ∈ Mh, (20)ãäå jh(uh) îïðåäåëÿåòñÿ êàê ðåøåíèå óðàâíåíèÿ (10).Äîêàçàòåëüñòâî. Èç îïðåäåëåíèÿ jh(uh) ñëåäóåò ðàâåíñòâî
∣∣∣∣∣

∫

Ω

uh div qh dx

∣∣∣∣∣ =
∣∣∣∣∣

∫

Ω

jh(uh) · qh dx

∣∣∣∣∣.



48 À.Ï. �Î�ÈÍ, Ì.Ì. ÊÀ�×ÅÂÑÊÈÉÎöåíèì ïðàâóþ ÷àñòü ýòîãî ðàâåíñòâà ñ ïîìîùüþ íåðàâåíñòâà �åëüäåðà:
∣∣∣∣∣

∫

Ω

uh div qh dx

∣∣∣∣∣ ≤
(∫

Ω

|jh(uh)|p dx

)1/p(∫

Ω

|qh|
q dx

)1/q

= ‖jh(uh)‖Lp(Ω)‖qh‖Lq(Ω).Ïîäåëèì îáå ÷àñòè íåðàâåíñòâà íà ‖qh‖Lq(Ω) , âîçüìåì òî÷íóþ âåðõíþþ ãðàíü ïîâñåì qh ∈ Nh . Òîãäà, èñïîëüçóÿ ëåììó 1, ïîëó÷èì èñêîìóþ îöåíêó.Ëåììà 4. Ïóñòü u � ðåøåíèå çàäà÷è (1), (2), (uh, jh(uh)) � ðåøåíèå çà-äà÷è (9), (10), âûïîëíåíû óñëîâèÿ ãëàäêîñòè (11). Òîãäà ñóùåñòâóåò òàêàÿ ïî-ñòîÿííàÿ c , ÷òî
‖u − uh‖

p
Lp(Ω) ≤ chp(k+1)‖u‖p

W
(k+1)
p (Ω)

+ c‖∇u − jh(uh)‖p
Lp(Ω).Äîêàçàòåëüñòâî. Ïîñêîëüêó Nh ⊂ Hq , ìîæíî íàïèñàòü, ÷òî äëÿ ëþáûõ

qh ∈ Nh ∫

Ω

(∇u − jh(uh)) · qh dx +

∫

Ω

(u − uh) div qh dx = 0. (21)Îáîçíà÷èì ÷åðåç ũh ∈ Mh ýëåìåíò íàèëó÷øåãî ïðèáëèæåíèÿ ê u â ñìûñëå íîðìûâ L2(Ω) , òîãäà ∫

Ω

(u − ũh) div qh dx = 0 ∀ qh ∈ Nh. (22)òàê êàê div qh ∈ Mh . Â ðàâåíñòâå (21) ê ðàçíîñòè u−uh äîáàâèì è âû÷òåì ũh òàê,÷òîáû âòîðîå ñëàãàåìîå ìîæíî áûëî ïðåäñòàâèòü â âèäå äâóõ, îäíî èç êîòîðûõîáðàùàåòñÿ â íóëü â ñîîòâåòñòâèè ñ (22). Ïîëó÷èì
∫

Ω

(∇u − jh(uh)) · qh dx+

∫

Ω

(ũh − uh) div qh dx = 0.Èç ïîñëåäíåãî óðàâíåíèÿ ñëåäóåò ðàâåíñòâî
∣∣∣∣∣

∫

Ω

(∇u − jh(uh)) · qh dx

∣∣∣∣∣ =

∣∣∣∣∣∣

∫

Ω

(ũh − uh) div qh dx

∣∣∣∣∣∣
.Î÷åâèäíî, ÷òî

∣∣∣∣∣

∫

Ω

(ũh − uh) div qh dx

∣∣∣∣∣ ≤
∫

Ω

|∇u − jh(uh)| |qh| dx ≤ ‖∇u − jh(uh)‖Lp(Ω)‖qh‖Lq(Ω).Ïîäåëèâ îáå ÷àñòè íåðàâåíñòâà íà ‖qh‖Lq(Ω) , âçÿâ òî÷íóþ âåðõíþþ ãðàíü ïî âñåì
qh ∈ Nh è èñïîëüçîâàâ ëåììó 1, ïîëó÷èì

‖ũh − uh‖
p
Lp(Ω) ≤ c‖∇u − jh(uh)‖p

Lp(Ω). (23)Îñòàëîñü îöåíèòü ‖u− uh‖
p
Lp(Ω) . Äëÿ ýòîãî âîñïîëüçóåìñÿ íåðàâåíñòâîì òðåóãîëü-íèêà, íåðàâåíñòâîì (23) è çàòåì ðåçóëüòàòîì ëåììû 2. Ïîëó÷èì

‖u − uh + ũh − ũh‖
p
Lp(Ω) ≤ c

(
‖u − ũh‖

p
Lp(Ω) + ‖ũh − uh‖

p
Lp(Ω)

)
≤

≤ chp(k+1)‖u‖p

W
(k+1)
p (Ω)

+ c‖∇u − jh(uh)‖p
Lp(Ω).



ÎÁ ÎÖÅÍÊÀÕ ÏÎ��ÅØÍÎÑÒÈ . . . 49Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (3)�(6). Òîãäà ïðè ëþáîé ïðàâîé ÷à-ñòè f ∈ Lq(Ω) ðåøåíèå çàäà÷è (9), (10) ñóùåñòâóåò è åäèíñòâåííî. Ïðè ýòîìñïðàâåäëèâà îöåíêà
‖jh(uh)‖Lp(Ω) ≤ c‖f‖Lq(Ω). (24)Äîêàçàòåëüñòâî. Óðàâíåíèå (10) � óðàâíåíèå ñ ïîëîæèòåëüíî îïðåäåëåííîéìàòðèöåé (ìàòðèöåé ìàññ) îòíîñèòåëüíî jh(uh) ïðè çàäàííîì uh . Ïîýòîìó íà óðàâ-íåíèå (9) ìîæíî ñìîòðåòü êàê íà óðàâíåíèå âèäà Ah(uh) = 0 îòíîñèòåëüíî uh .Óáåäèìñÿ, ÷òî äëÿ êîíå÷íîìåðíîãî îïåðàòîðà Ah(uh) âûïîëíåíû óñëîâèÿ òîïîëî-ãè÷åñêîé ëåììû Áðàóýðà (ñì., íàïðèìåð, [16, ñ. 94℄). Âñëåäñòâèå óñëîâèé (4), (6)�óíêöèè ai(·), i = 0, 1, 2 , ïîðîæäàþò îïåðàòîðû Íåìûöêîãî (ñì., íàïðèìåð, [17,ñ. 204℄), à çíà÷èò, îïåðàòîð Ah ÿâëÿåòñÿ íåïðåðûâíûì. Ïîêàæåì òåïåðü, ÷òî

Ah(uh) · uh =

∫

Ω

(a(x, uh, jh(uh)) · jh(uh) + a0(x, uh, jh(uh))uh) dx−

∫

Ω

fuh dx ≥ 0,åñëè ‖uh‖Lp(Ω) äîñòàòî÷íî âåëèêà. Â ñèëó óñëîâèé (3), (5) è (7), à òàêæå íåðàâåí-ñòâà �åëüäåðà èìååì
Ah(uh) · uh ≥ c0‖jh(uh)‖p

Lp(Ω) − ‖f‖Lq(Ω)‖uh‖Lp(Ω). (25)Ïî ëåììå 3
Ah(uh) · uh ≥

c0

c
‖uh‖

p
Lp(Ω) − ‖f‖Lq(Ω) ‖uh‖Lp(Ω). (26)Èç íåðàâåíñòâà (26), î÷åâèäíî, ñëåäóåò, ÷òî Ah(uh) · uh ≥ 0 , åñëè ‖uh‖Lp(Ω) ≥

≥
(
c‖f‖Lq(Ω)/c1

)1/(p−1)
. Îòñþäà ïî ëåììå Áðàóýðà âûòåêàåò ðàçðåøèìîñòü óðàâ-íåíèÿ (9) è àïðèîðíàÿ îöåíêà (24). Åäèíñòâåííîñòü ðåøåíèÿ íåòðóäíî äîêàçàòü,îïèðàÿñü íà óñëîâèÿ ìîíîòîííîñòè (3), (5) è ëåììó 3.Îöåíêó òî÷íîñòè ðàññìàòðèâàåìîãî íàìè ïðèáëèæåííîãî ìåòîäà óñòàíàâëèâàåòÒåîðåìà 2. Ïóñòü ðåøåíèå u çàäà÷è (1), (2) óäîâëåòâîðÿåò óñëîâèÿì ãëàä-êîñòè (11). Ïðåäïîëîæèì òàêæå, ÷òî êàæäàÿ òðèàíãóëÿöèÿ ñ ìåíüøèì øàãîìñòðîèòñÿ ïî òðèàíãóëÿöèè ñ áîëüøèì øàãîì ïóòåì ðàçáèåíèÿ åå òðåóãîëüíèêîâ.Òîãäà

‖u − uh‖
p
Lp(Ω) + ‖∇u − jh(uh)‖p

Lq(Ω) ≤

≤ ch(k+1)p/(3−p)

(
‖u‖p

W
(k+1)
p (Ω)

+ ‖∇u‖p

W
(k+1)
q (Ω)

)
+ chp(k+1)‖u‖p

W
(k+1)
p (Ω)

(27)â ñëó÷àå 1 < p < 2 è
‖uh − u‖p

Lp(Ω) + ‖jh(uh) −∇u‖p
[Lq(Ω)]2 ≤

≤ chq(k+1)

(
‖u‖q

W
(k+1)
p (Ω)

+ ‖∇u‖q

W
(k+1)
q (Ω)

)
+ chp(k+1)‖u‖p

W
(k+1)
p (Ω)

(28)â ñëó÷àå p ≥ 2 .Äîêàçàòåëüñòâî. Ïî àíàëîãèè ñ [1, 2℄ íåòðóäíî äîêàçàòü, ÷òî ai(x, uh,∇uh) ,
i = 0, 1, 2 , ñõîäÿòñÿ ñëàáî â ïðîñòðàíñòâå Lq(Ω) ïðè h → 0 ê ai(x, u,∇u) . Ïîýòîìóäëÿ ëþáîãî h âûïîëíåíî òîæäåñòâî

∫

Ω

(a(x, u,∇u) · jh(uh) + a0(x, u,∇u)vh) dx =

∫

Ω

fvh dx ∀ vh ∈ Mh.
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∫

Ω

((a(x, uh, jh(uh)) − a(x, u,∇u)) · (jh(uh) −∇u) +

+ (a0(x, uh, jh(uh)) − a0(x, u,∇u))(uh − u)) dx =

=

∫

Ω

((a(x, vh, jh(uh)) − a(x, u,∇u)) · (jh(vh) −∇u) +

+ (a0(x, vh, jh(uh)) − a0(x, u,∇u))(vh − u)) dx, (29)ãäå vh � ïðîèçâîëüíûé ýëåìåíò ïðîñòðàíñòâà Mh . Îöåíèì òåïåðü ëåâóþ ÷àñòü ïî-ñëåäíåãî ðàâåíñòâà ñíèçó, èñïîëüçóÿ óñëîâèÿ (3), (5), à ïðàâóþ � ñâåðõó, èñïîëüçóÿóñëîâèÿ (4), (6), è ïîëàãàÿ vh = uh , ãäå uh â ñîîòâåòñòâèè ñ ëåììîé 2 åñòü ýëåìåíòíàèëó÷øåãî ïðèáëèæåíèÿ ê u â ïðîñòðàíñòâå Mh â ñìûñëå íîðìû L2(Ω) .�àññìîòðèì ñíà÷àëà ñëó÷àé p ≥ 2 . Èñïîëüçóÿ óñëîâèÿ (5), (6), ïîëó÷èì
c2

∫

Ω

|∇u − jh(uh)|p dx ≤ c3

∫

Ω

|∇u − jh(uh)| (|∇u| + |jh(uh)|)p−2 |∇u − jh(vh)| dx +

+ c3

∫

Ω

|u − uh| (|u| + |uh|)
p−2

|u − vh|dx .Äàëåå, ïî îáîáùåííîìó íåðàâåíñòâó �åëüäåðà
c2

∫

Ω

|∇u − jh(uh)|
p
dx ≤ c3

(∫

Ω

|∇u − jh(uh)|
p
dx

)1/p

×

×

(∫

Ω

(|∇u| + |jh(uh)|)
p
dx

)p−2/p(∫

Ω

|∇u − jh(vh)|
p
dx

)1/p

+

+ c3

(∫

Ω

|u − uh|
p
dx

)1/p(∫

Ω

(|u| + |uh|)
p
dx

)p−2/p(∫

Ω

|u − vh|
p
dx

)1/p

.Îòêóäà â ñèëó ëåììû 3 è òåîðåìû 1
c2‖∇u − jh(uh)‖p

Lq(Ω) ≤

≤ c5‖∇u − jh(uh)‖Lp(Ω)‖∇u − jh(vh)‖Lp(Ω) + c6‖u − uh‖Lp(Ω)‖u − vh‖Lp(Ω).Ïðîäîëæèì îöåíêó ñ èñïîëüçîâàíèåì íåðàâåíñòâà Þíãà:
c2‖∇u − jh(uh)‖p

Lp(Ω) ≤

≤ c5

(
εp
1‖∇u − jh(uh)‖p

Lp(Ω) + ε−q
1 ‖∇u − jh(vh)‖q

Lp(Ω)

)
+

+ c6

(
εp
2‖u − uh‖

p
Lp(Ω) + ε−q

2 ‖u − vh‖
q
Lp(Ω)

)
,



ÎÁ ÎÖÅÍÊÀÕ ÏÎ��ÅØÍÎÑÒÈ . . . 51ãäå ε1, ε2 � ïðîèçâîëüíûå ïîëîæèòåëüíûå ÷èñëà. Òåïåðü âîñïîëüçóåìñÿ îöåíêîéëåììû 4, óìíîæåííîé íà íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî ε3 , òîãäà
c2‖∇u − jh(uh)‖p

Lp(Ω) −
(
c5ε

p
1‖∇u − jh(uh)‖p

Lp(Ω) + c6ε
p
2‖u − uh‖

p
Lp(Ω)

)
+

+ ε3‖u − uh‖
p
Lp(Ω) − ε3c7‖∇u − jh(uh)‖p

Lp(Ω) ≤

≤ Chq(k+1)

(
c5ε

−q
1 ‖∇u‖q

W
(k+1)
p (Ω)

+ c6ε
−q
2 ‖u‖q

W
(k+1)
p (Ω)

)
+ ε3Chp(k+1)‖u‖p

W
(k+1)
p (Ω)

.ßñíî, ÷òî â ïîñëåäíåì íåðàâåíñòâå ìîæíî ïîäîáðàòü ε1, ε2 è ε3 òàêèì îáðàçîì,÷òî áóäåò âûïîëíåíî íåðàâåíñòâî (28).�àññìîòðèì ñëó÷àé 1 < p < 2. Ïî àíàëîãèè ñî ñëó÷àåì p ≥ 2 îöåíèì ëå-âóþ ÷àñòü ðàâåíñòâà (29) ñíèçó, à ïðàâóþ � ñâåðõó, èñïîëüçóÿ óñëîâèÿ (3) è (4),ñîîòâåòñòâåííî. Ïîëó÷èì, ÷òî
c0‖∇u − jh(uh)‖2

Lp(Ω)

(
‖jh(uh)‖Lp(Ω) + ‖∇u‖Lp(Ω)

)p−2
≤

≤ c1‖∇u − jh(uh)‖p−1
Lp(Ω)‖∇u − jh(vh)‖Lp(Ω) + c1‖u − uh‖

p−1
Lp(Ω)‖u − vh‖Lp(Ω),îòêóäà âñëåäñòâèå ëåììû 3 è òåîðåìû 1 áóäåì èìåòü

c10‖∇u − jh(uh)‖2
Lp(Ω) ≤

≤ c1‖∇u − jh(uh)‖p−1
Lp(Ω)‖∇u − jh(vh)‖Lp(Ω) + c1‖u − uh‖

p−1
Lp(Ω)‖u − vh‖Lp(Ω).Âîçâåäåì îáå ÷àñòè ïîñëåäíåãî íåðàâåíñòâà â ñòåïåíü p/2 è ïðîäîëæèì îöåíêóñ ó÷åòîì íåðàâåíñòâ �åëüäåðà äëÿ ñóìì è Þíãà. Ïîëó÷èì

c12‖∇u−jh(uh)‖p
Lq(Ω) ≤ Chp/2(k+1)

(
‖∇u − jh(uh)‖p

Lq(Ω) + ‖u − uh‖
p
Lp(Ω)

)(p−1)/2

×

×

(
‖∇u‖p

W
(k+1)
q (Ω)

+ ‖u‖p

W
(k+1)
p (Ω)

)1/2

≤

≤ ε
2/(p−1)
1

(
‖∇u − jh(uh)‖p

Lq(Ω) + ‖u − uh‖
p
Lp(Ω)

)
+

+ c
1

ε
2/(3−p)
1

hp(k+1)/(3−p)

(
‖∇u‖p

W
(k+1)
q (Ω)

+ ‖u‖p

W
(k+1)
p (Ω)

)1/(3−p)

.Äàëåå, âîñïîëüçóåìñÿ îöåíêîé ëåììû 4, óìíîæåííîé íà íåêîòîðîå ÷èñëî ε2, . Â ðå-çóëüòàòå
c12‖∇u − jh(uh)‖p

Lq(Ω) − ε
2/(p−1)
1

(
‖∇u − jh(uh)‖p

Lq(Ω) + ‖u − uh‖
p
Lp(Ω)

)
+

+ ε2‖u − uh‖
p
Lp(Ω) − ε2c13‖∇u − jh(uh)‖p

Lp(Ω) ≤

≤ c
1

ε
2/(3−p)
1

hp(k+1)/(3−p)

(
‖∇u‖p

W
(k+1)
q (Ω)

+ ‖u‖p

W
(k+1)
p (Ω)

)1/(3−p)

+

+ ε2Chp(k+1)‖u‖p

W
(k+1)
p (Ω)

.ßñíî, ÷òî â ïîñëåäíåì íåðàâåíñòâå ìîæíî ïîäîáðàòü ε1 è ε2 òàê, ÷òî áóäåò èìåòüìåñòî èñêîìîå íåðàâåíñòâî è â ñëó÷àå 1 < p < 2.
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