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O 'PAZIMEHTE KOH®OPMHOT'O PA/INVCA
I[IJIOCKOM OBJIACTU

JILA. Axcenmuves, A.H. Azmemosa

AnaHOTa U

CraThs MOCBAIIEHA MCCJIEIOBAHNIO KBA3NKOH(MDOPMHOCTH OTOOpaykeHust 00IacTy O, Jeii-
CTBHEM rpaauenTa KoHdOpMHOro paauyca. Jlokazamo, 910 15 061acTeil ¢ BBIMYKJIBIMA [PAHN-
aMu rPaJreHT KOHGOPMHOIO Pauyca OCYIeCTBIseT KBa3ukondopmuoe orodpazxenne. [Tomy-
YeHBI HOBBIE OIEHKN KO3 UImeHTa KBa3nKOH(GOPMHOCTH TPAINEHTa KOH(OPMHOTO PAIINyCca
TSI YKQ3aHHBIX 00J1aCTeil.

KuroueBbie ciioBa: KBa3WKOH(pOPMHOE 0TOOpaykeHne, KOH(MOPMHBIN PaINyC, TPAIMEHT
KOH(MOPMHOTO PaINyca, BBITyKJasd 00/1acTh.

[Tycts D — oHOCBsI3HAST 00/1aCTH KOMTIIEKCHO TIIIOCKOCTH, TPAHHIIA KOTOPOI comep-
KuT Oosiee omuHoi Touku. Ilo Teopeme Pumana cymectByer KoH(DOPMHOE OTOOpaXKeHme
f+E={C:|¢] <1} — D. Kougopmmvim paduycom obnacru D B touke z = f({)
HA3BIBAETCS BEJINUWHA,

R(D,z) = ()11 = [¢]*)- (1)

I'paduenm xkoudOpMHOTO pagnyca onpeaenasercs hopMyoi

_OR(D,z)  OR(D.z)

VR(D,z) o oy =2R;, z=xz+1iy€ D, (2)
VT (=P
Rzﬁ<? L) 8

WNuunuaruBa B HWCCIEJIOBAHUU BBEJIEHHONW IpaJueHTHON (DYHKIUH TPUHAJJIEKUT
®.I. Asxamuesy u K.-I1. Buprcy [1, 2]. IMn m3yueHO MHOXKECTBO 3HAUEHWH Tpajn-
eHTa KOHGOPMHOTO paanyca u ycranoBjiena quddeoMopdHOCTh rpaIneHTHOTO 0TOOpa-
xeuus obsactu D ¢ BeimykIo# rpanuneii. OTMedYeHbl UCKIIOYUTEILHBIE CIydan HAPY-
menns auddeoMopdHOCTH BO BCeil 00acTH, a TakKKe CAydan HAPYIIEeHHs B3anMHOMN
O/IHO3HAYHOCTU I'PAHUYHBIX 3JIEMEHTOB (IPAMOJIMHEHbIE YIACTKY PPAHULBL U YIJIOBbIE
TOYKH).

s rpagnenta KOHGOPMHOTO paanyca B CJIydae 0OJIACTH C BBIMYKJIOW TPAHUIHON
KPUBOii CTipaBe/INBO HepaseHcTBo |Rz.|? — |Rsz|? > 0, mepenucwiBas KOTOpoe B BH/IE

‘(Rz)z

<1, (4)
MpuIeM K UCTOTKOBAHUIO AuddeoMopdHOCTH B TepMUHAX KBA3UKOH(MOPMHOCTH OTOO-
paskeHus, ocyiecTriaseMoro gpyuknueit Rz. JleTasn TaKoro NCTOJKOBAHUS MTPEICTaB-
JIEHBI B HACTOAIIEH paboTe B BIJIE TPEX TEOPEM U JIBYX MPUMEPOB. DTHU PE3YTbTATHI ac-
THYHO cofep:karca B [3, 4] n aBnsorcs nponomxkenueM [5, 6] u gononsennem k1, 2].
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B ocHOBy mnccsiesoBanusi TIOJIOXKEHO TOHSATHE KBasukoHdbopmuocTn [7, ¢. 13], co-
riacuo Koropomy nuddeomopduoe orobpaxkenue [1] VR(D, z) asnserca K -keasu-
Kongopmmuvim, ecniu VR(D, z) ynosinersopser ypasuenuto Besbrpamu

(VR): = p(2,2)(VR)., z € D,

IIJIsT KOTOPOTO

-1
su 2, Z)| = <1l (1<K < ).
sup l(2,2)| = Ty <1 )

1. IIycts D(a) = {z : |argz| < an/2}, a € (0,1], u D(0) = {z: |Imz| < 7/2}.
Nwmeer mecto

Teopema 1. I'paduenm (2) xongopmmnozo paduyca (1) das arwbozo Komnaxmmozo
nodmmoocecmea eunykaoii obaacmu D = f(E), omauunotd om D(a), a € [0,1], ocy-
UWLLCMBAAEM, KEAZUKOHPOPMHOE 0MOGPaNHCcEHUe.

Jas yeaosot obaacmu D(a), o € (0,1], u nosocw D(0) no eéceti obaacmu cnpased-
R::(D, z)
R:.(D, 2)
emca na Kaotcdom xomnaxme ud D(a) u D(0).

Cnpasedausa mounas oueHka KoIPPHuyUEenmMa KEaA3UKOHPOPMHOCU NO  BCEMY
xaaccy SO ewnyranz dynryut f(r¢), (€ E, 0<r <1, suda

AUBO MOACIECTNEO = 1, mo ecmwv epaduenmmoe omobpasicerue 6uLpocIa-

1472
sup K(f(r()) = —.
F(Q)eso 1—r?

JokazaresabcTBo. Heobxommmoe n 10CTATOUHOE YCIOBUE BBIMYKIOCTH obaactu D
[8, c. 166] — xoudopmuoro obpasa kpyra E nox jgeiicreuem byukimuu z = f(() —
3aINCHIBACTCH B BUJIE

/")
Re( >-1, (€E. (5)
f(<)
Eciu ®¢(¢) ocymecrsiser oguosucTHoe oTobpazKkenue Kpyra E Ha HOJIYILIOCKOCTb

{Rew > —1}, 1o B cuny (5) bynxmmsa y' <C J}///((g))) = ¢({) yuosiaerBopsier ycJo-

BuaM jeMmsl [[IBapa [8, c. 319] u umeror mecto coornomenus |¢(¢)] < 1, ¢(0) = 0.
TMosromy @(¢) = Cp(¢), ¢(¢) — peryasipuast dbyukuus B E, u cnpaBeynBa mernovyka
HEePaBEeHCTB

[2(O)]

(O <[] = ng = el < 1.

Takum obpazom, ¢({) — dyHKIMS, yIOBIETBOPSIONIAs yCAOBUAM 00OOIEHHO JIEMMbL
IMIsapua [8, c. 319].
2¢ "9

Tak xar @¢(¢) = T )= Do(p(C) =2
) _

1-C 0¢ 71(¢C , W CJIeIOBATENIHHO,
Q) #l0)
f©Q) T1=Cp)

(6)

Borancianm IIPOU3BOJHBIE

(O 1= ICP 5 =
Rgg = —_— 5 ’ ’
VFe 2 U00
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1 " 1— 2 _
. (‘f (1l

2
“roa-m\ro 2 ¢ _1>'

YMHOXKUB HA R MOy/u 3TUX NPOU3BOJHBIX, ¢ ydeToMm (6) 3anuiinem

Rlegl _ (1 - |C|2)2

= I 0.0 =
_ (e <f”(<))' 1 (f”(<)>2 _ e —[¢?)?
2 f1(©) 2\ f"(¢) 1= el 7
ORI
R|R:.| =1— —_— =
=g
_ 1‘ 200 1-IP o - (L= A0~ 9(OF)
L=Cp(Q) 2 11— Cp(OP
Cocrapnisast OTHOIEHNE MOJTYIeHHBIX BbIPAZKeHNil, Oy1eM UMeTh
Rz o 1- |C|2 /
72| = Tor )
ITo 0606 i I / Ll IO (O
menHofi emme [IBapua 3Hak paBencTBa B HeparencTre |¢' (¢)] < e
JocTHTAeTCs Ha IKCTpeManbHoN dymkmun Buga o(¢) = e 1CJ:_da(’ la] < 1. Sra

bYHKIMS OMPEIETUT TOXKIECTBO = 1. Borsacanm, aaa xakux GyHKIui [ OHO

zZz
CIIpaBeaJInBO. ,Z[J'IH 9TOT0 IIOACTAaBHUM 3KCTPEMAJIbHYIO (i)YHKILI/IIO ®, YAOBJIETBOPAIOIILY IO
yCIOBUAM JIEMMbI [HBapua, B (6) " PA3JI0ZKUM TPABYIO YaCTh TMMOJIYIEHHOTO PaBEHCTBA
Ha HpOCTeIL/'ILHI/Ie ﬂpO6I/I. ByﬂeM nMeTh

(<) _ 2(¢ + a)e™ — _pia/2 2t + 2ae’/2 _ ia/2 A + B
F(¢) 14 (a—ae@) —eia(? (t—t1)(t —t2) t—t1 t—ty)’
re t = e/2( u
t1 = —iIm{ae'/?} + /1 — Im*{aei®/2} € DE,
ty = —iIm{ae’®/?} — /1 — Im*{aei®/2} € DE,
npudem t; # to, Tax kax Im*{ae’®/?} £ 1, ecru |a| < 1.
Pemas cucremy
A+B=-2,
Aty + Bty = 2aeio‘/2,
Haiigem
2% 2 io/2
a=ht2ee m 3 B— 9 A—_14p,
ta — 11
e _
5= Re{ae@/?} cR.

\/1 —Im?{aeio/2}
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Torma, nHTErpUpPysT COOTHOTIEHWE

f”(C)eia/2< —-1-p " -1+ >
C k)

f’(C) eta/2 —t Ceio‘/2 — 12
HOJTY UMM
) B—1
Ceza/2 — 19 1
1 4 =1 Cl|>—F——7 a2 1\2
nf (C) n( (Ceza/Q —t (Cew‘/2 — t1)2 ,
IIO3TOMY
c <%> +Cy mpu 3#0,
f(¢) = i tl (7)
C31n c 2 +Cy mpu § = 0.

Cei“/Q —t

Iepras dyukims (B cnyuae 5 # 0) B (7) Oyzer orobparkaTh e TUHUIHBINA KPYT HA yT-
JIOBY10 00s1acTh pacteopa 73, Bropas (B ciaydae § = 0) — Ha MUHEHHO TPE0OPA30BAHHY O
TOPU30HTAJIHHYIO MOJIOCY.

g ykazaunbix GyHKumil mocruraercd 3Hak paseHcTBa B ouenke s |¢'(C)], u
KBa3uKOH(POPMHOE OTOOpaskeHnne BeIpokaaercs. [loaromy OymeMm Ha3bIBaTh 3TH (PYyHK-
VT UCKTIOYATETLHBIMI 1 0D03HAMIM KJIACC BRITYKILIX (hyHKIMI 6e3 HCKITIOTNTeThHBIX
bynxmuit Buga (7) uepes SU.

IMockonbKy mus kKaxaoi dbyukunn f(() € S0 CTIPABE/ITMBO COOTHOTIIEHUE

1- |C|2 / ]
e [T aop P9 <

rie Gyukims ¢ onpenensiercst mo f uz (6), To B obnacru D, = f(E,), E. ={(:|¢| <

< r}, nojaydum

ki(f(C), E,) = sup |=2| < 1.

zeD,

zZz
ITostomy m06oit KOMIAKT, TpeaBAPpUTEILHO MOMEIEHHBIH B 001acTh D)., Oyzer KBa-
3ukoHbOpMHO oToGparxkarbes rpaauedTom (2) koudopmuoro pajauyca (1). Homnosnuu-
TEJILHO OTMETHM, UTO

sup k1(f(C), Br) =1
feso

¢ nocruxernem ki (f(¢), E,) = 1 Ha HCKIIOUATETbHBIX (DYHKIHAX, He BXOAAMHX B SO,
ITeppas wacTb TeopeMbl 1 moKa3aHa.
Jns nokaszarenbcTBa BTOPOI yacTu nepeiineM B papeHcTBe (6) K 7-JIMHUAM YPOBHS

" MEPENunIneEM ero B Buae
L0 o)

F¢)y T =rCe(rg)”

(8)
Tak kak

e’ (rOI( — [¢1?)?
[1=rCe(rQ)l*

(L= ¢ = r2e(rOP)
[1—7rCe(rQ)[? ’

I G S P S
TP 1 =T

R(Dy,z) = r|f'(rQI(1 = [¢[*),  RIRz:| =

TO

Rez| _ 5 1-[¢P ,
‘Ru' = R Ol
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Jlerko IOKa3aTh, UYTO 3HAK paBEHCTBa JOCTUTAECTCA TOJHBKO B IPEANOJIOXKEHUN, ITO

p(() =e*Cu ¢=0.

Bsenem koadpdpunment

.2 _|C|2 / 2
ka(f(rQ), E) =7 max WVP(NN <7

KOTODBI onpesennT KBasnkoHbopmuocTh rpagnenta VR(D,, z). Orvernm Takke, 9To

max ko(f(r(), E) = r? <1,

feso
r
Tak Kak mpu 2z = In nMeeM
1—1rC
— <P
R(D,,z) = 27"| 2
’ (1 - [¢?)
- (1 —|C 9 14+7¢
6.0 = TE e < o) =2 = (0% )
O
1+ ka(f(r¢), E)
[IpuBenem mnpumep ¢ KOIDDHUIUEHTOM KBAZUKOHPOPMHOCTH ———F———=,
1- k2(f(¢€)7E)
1472
MEHBIIIM, YeM .
1—r2

IIpumep 1. Ilycrs obmacts D mpencrapisier cobOil KBaapar ¢ OTOOparkaromeit
dbynxmmeii [8, c. 77]
¢
/ C4 /2"
0

Koudopwmustii paguyc nus obnactu D, ¢

¢

/ 7“4(:4 1/2

0
3aluChIBaETCA B BUJIE

R(C) 177|<|2

|1 _ T4C4|1/2’

IO3TOMY
T —¢
RZ(C) =

(1 — ra¢h)1/4(1 — T4Z4)3/4’
3T (1 - I¢?)
(1 — rach)1/a(1 — T4E4)5/4 ’
i
(1 — raCt)3/4(1 — r4z4)3/4'
CocTrapyigs OTHOIIEHHE BTOPBIX MPOM3BOIHLIX IO MOJIYJIO, MOCTE COKpAINeHuil 6ymem

nMeTh 4
_ il - I¢P)
T

Rzz((:) =

Riz (C) =

Riz
REZ
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Torna

-~ Rgg 4 311;(1 — ’LL) -

ha(r) = sup % ‘ R i e

Sup(l —
= T4M<T4, O<r<l, O0<wug<l.
1—r8ug
3ameTum, 4To
sup RZE = max 3|<|2(1 _ |<|2) = 3 1
osicl<t| Rex|l,oy  oslclst 1—¢f° VIR +1+1C2]
C 1pyroii CTOpOHBI,
Fi(p) = ‘R_ CBCPA-K)| 3
Rzz oo 120 L[ e, P P2+ 1

npmaen k(1) < ki(r), Tak kax
4 3r?
< —F/—5-.
41241

[Mo-Buaumvomy, u B 061eM ciyuae Jyis Jiioboii Beinykioii obnactu D = f(E) Gynem
mverb ka(f(r(), E) < ki(f(C),Er), 0 <r <1

2. Paccmorpum Terneph kiace ynkmmii $.°, koropbie otobpazkator E~ = {|¢| > 1}
Ha obiactn D™, co € D™, mpeAcTaBuMble KaK BHEMIHOCTh HEKOTOPOH 3aMKHYTOMH BbI-
IYKJIOH JIMHAU ¥ XapaKTePHU3YIOIIUeCs BhITYyKIOCTHIO BHA3 IIOBEPXHOCTH KOH(MOPMHOIO
paamyca. Nmeer mecto

Teopema 2. I'paduenm (2) xongopmmnozo paduyca R(f(E~), f({)) dasn awbozo
KOMNAKMHo20 nodmmuosicecmea obaracmu D~ = f(E™) ¢ xoneunvim 6nykivim Jonos-
HEHUEM OCYULECMEAAEM KEA3UKOHPOPMHOE 0MOOPAHCEHUE.

Cywecmsyrom mouHble 0UEHKU aHAA0208 seaunun k1 u ko das deyx eudos keasu-
KOHPOPMHOLT 0MOOPAAHCEHUT.

[Ipex e weM TPUCTYNHUTH K JIOKA3aTETHCTBY TEOPEMBI, TPUBEJIEM CJIEIYIONIHi pe-
3yJIbTAT, KOTOPBIN JIEMKO MOJIYYUTH C MOMOIIBIO MPUHINIA TUIEPOOTUIECKON METPUKHI

I8, c. 326].

JIemma 1. Ecau gynryus o(C) peeyaspra 6o enewnocmu E~ edunuunozo kpyea
E u p(E7) C E~, mo das npouseodnoti smoti Pynkyuy cnpaseisusa oueHka

(O — 1 _
¥ ()] < CE—1 CeE™. (9)
Pasencmeo docmuzaemes moavko oas Pynryul
1 a
PO = aeE,

6 10601 mouke ( € B,

dokazaTeabcTBO TeopeMbl 2. HeoOxommmoe u TOCTATOTHOE YCIOBHE BBIMYKIOCTH
rpanunbl obaacru D™, nonydenuoii uz E~ neiicrBuem dyukuuu f, umeer suzg (5).
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()
7o =

= Ll Torna @;* (C J}///((g))) = ¢((), @(00) = 0. TTOBTODSST BHIKIAIKHN, TIPOBEIEH-

Q) __ 2

f"(©) 2

Q) o) = 1)

VaureiBasi, 9TO B JJAHHOM CJIyYae KOH(OPMHBIH PAIUYC ONPEIEISIeTCS BHIPAYKEHUEM

R(D™,2) = (OIICP = 1), [€I>1, z=f(C), (11)

[O/ICYUTAEM BTOPbIe pon3BoaHbie. Byaem nvers

Kak B mokazarenbcTBe mpebiayIieil TeOpeMbl, HOJIyIuM Mogduaenue ¢

HBIE paHee, MOIyYaeM

¢

OTKYyJa HMeeM

2

IR G e
R|Rz.|=1 70 2 +¢
L IRlKE ~ 1P (K - DO ~ 1)
GG Pl —1F
TaK KaK
PO e e P11
270 TS T T T e )
Janee,
2 1y\2
rig=) = 00,1,
o 2 B ') 1 B
VO ="a00-D 20 -1 2260 17
L0+ (el
E0 —12 = 2 (0 - D
O3TOMY
‘Rzz _ |(‘PC)I|(|C|2_1)
Ree| = JeCP-1

IMockoubky |@C| > || > 1, 1o, npumenss semmy 1 k byuxiuu (@(¢), npugeM K coor-
Homenuto |Rzz/Rz.| < 1.
[To silemme 1 paBeHcTBO 37€CH JOCTUrAETCHd Ha KCTpeMasibHON Gyukuuu (p(¢) =
- 1+4+a
= e = C, npuBozsieii K ¢(¢) ¢ HyJem nepBoro nopsizika B co. B coorrormennn (10)
a
dynkuuga 1/p(¢) nomkHa uMeTh HyJib BTOPOTo nopsaka. Iloaromy s paccMOTPEHHOIO
B Teopeme Kaacca yakmmit Y0 orHomenne |R;;/R:.| e obpamaerca B 1 HE B OTHOIM

Touke D™, TO eCcThb

- [(eQ)'I(I¢” — 1)
k1(f(¢), E ) = max —/———>——= < 1.
1( ( )7 ’l“) icI>r |§0C|2_1
IMosromy 060t KOMIAKT, MpeABAPUTEIBHO TMOMeIeHHblil B obnacts D = f(E, ),
E- = {C: || > r > 1}, 6yner orobpaxKarbcs rpajueHTOM KOH(OPMHOIO pajmyca

KBA3UKOH(MOPMHO, TPUIEM

sup k1(f(¢),E;) <1, 1<r<oo, u sup k1(f(¢),E~)=1.
fexo fexo
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[Tepexomsa Tenepsb K 7-TUHUAM YPOBHS, TOJIYIHAM

f(r¢) 2

TP T ) — 1)

) [ 62 -1 _2_ (¢ - D(CerO) 2 — 1)
‘T f’(T<) 2 +C 1= |<|2|50(TC) — 1|2 ,
(F(r0), ¢} = —2—PIIS)

Cle(r¢) —1)*

YuurbiBas nepaseHctso (9), 6yzem umerh

elrOO (¢ — 1)
= T KPlerOE -1 = ©

ILOCTI/DKQHI/IG 3HaKa paBEHCTBa B MOCJEJIHEM HEPABEHCTBE HEBO3MOXKHO. HOSTOMy

L ORe? — 1)
Ro(F(rQ). E7) = e~ O =1

RZE
REZ

<1,

puveM

sup ko f(r(),E7) =1 npur > 1.
fexo 0

3. Obpactu D, oo € 0D, pasbuBaiorcs Ha gBa Kjaacca. OauH XapakTepu3yercs
BBIMYKJIOCTBIO JTUHUN YPOBHSA, OMM3KUX K IPAHUYIHON KPUBOM, M ITOT CAydail OTpaykeH
B TeopemMe 1, a Apyroii — HEBBIMYKIOCTHIO TAKUX JinHWI. BO BTOpOM Ciiydae nmpu 3aMeHe
JIMHWH YPOBHS, CBSA3aHHBIX ¢ OKPYKHOCTSMU |(| = r, HAa JINHUW YDPOBHS, CBSA3aHHbBIE C
okpyskuOCTSIMI |( +7| = 1 —7, KBa3UKOHMOPMHOCTH IparenTa KOHGOPMHOIO paanyca
COXPAHSETCS BCIOAY BHYTPHU 00JACTH, 32 UCKJIIOUYEHNEM OECKOHEYHO YIAJEeHHOW TOUYKH.
Dror addekr orpakaer

Teopema 3. A) I'paduenm (2) xongopmnozo paduyca R(D, z) das a10601 3amrny-
moti kKoneunot obracmu, exmouennoti 6 D = f(E), f(—=1) = oo (npuuwem C\D —
BHINYKAOE MHONHCECTNEO), OCYULLCMBAALT KBA3UKOHPBOPMHOE 0mobpadicerue.

B) B wacmnocmu, ymeepotcderue A cnpa6edauso dan 2paduenma Kon@popmHnozo pa-

duyca R(f(E,), f(w)) 6 cayuae obaacmu f(E,), B, ={w:|w+r| <1—1}, 0<r<1.

1-— 1-—
Tak kKak {w: jw+7r| <1—7r} & {(: Re¢ > p}, p= TT, ¢ = H—Z, TO
y100HEee BECTH pedb O MOBEPXHOCTH KOH(MOPMHOTO PAJIIYCA
~(1-¢
RUP)F(©) =2Recl O 16 =T (15¢). (12)
nocrpoenHoil maz nosaymiockocrteio P = {¢ : Re( > 0} (coorsercrByiouiue orob-

paxaiormue bynkimmu f(¢) obpasyior kmacc X°(P)). Iostomy mas T0Ka3aTelbCTBa
TEOPeMbI 3 TTOHAIOOUTCS eIle OJWH YACTHBIN CIydail TPUHITUNIA TUTepOOIMIecKOi MeT-
PUKH.

JIemma 2. Ecau gynryus o(C) peeyaspra 6 noaynaockocmu P u o(P) C P, mo
oas npouseodnoti ' GyHKUUY © cnpasediusa ouenKa

/ Re ¢(()
|<P(C)|§RT<7 (EP,
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pasencmeo 8 Komopot docmuzaemca Auws 0As GYHKYUT

aiC+b
e(¢) = R .
(©) o tid’ a, b, c,deR, ad—bc>0,

6 10601 mouke ( € P.

okazaTeabcTBo TeopeMbl 3. Heobxomnmoe ycioBue BLIMYKIOCTH TPAHUTHOMN JIiT
HUU B JJAHHOM CJIydae UMeeT BU/T

() e
TO3TOMY M3 T€OMETPUIECKUAX COOOPaAKEHMIH
fc((g — (0), (14)

rae ¢(¢) — dbyHKIus, yI0BIETBOPAIONIAS YCIOBASAM JIEMMBI 2

[TepeiijieM K BBIYMCIIEHUIO TPOU3BOAHBIX KOH(pOpPMHOrO pajuyca (12). Nveem

L VIO (g 2\ V@ (19 g,
R = LI ( f<<;><<+<>)C ff<<><WR <+1>,

!

ReC—i—l))

¢

f”(C)) Rec = VIO =5 A Rec
1) 70

m\

7 TIO3TOMY

R|Rzz| = 2|{f(¢), (}|Re*C.

C yuerom (14) mepenuiiem nocsesHee BHIpAYKEHHEe B BUIIE

RIRs| = 2|4/ (¢) - “"2@) Re? (.
Tak kak
| @) '
0= (7 (D)) -
FOVF© 1Q ¢
! PO gor o 7€ Q)
= Q) ( G m)
TO

2
-1

f"(©)

R Rz = | 5o ReC 41

C yuerom (14) mmeem

R Rz:(C) = lp(¢Q)ReC + 1 = 1 = [0(¢)|* Re” ¢ + 2Re ¢ Re p(().
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Bzas ormomenne BTOPBIX TPOU3BOJHBIX, TTOJIYYIUM

Re —|— )
L RecI/| +Iol?) _ a6 e
|<p|2Re(+2Re<p_ |p|?Re( 4+ 2Rey |ga|2ReC+2Rega

RZE
REZ

JlocTmkenne 3HaKa PABEHCTBA B HEPABEHCTBE

1£'(Q) = ¢*(0)/2] < ¢/ (O] + e (Q)1?/2

umeeT MecTo, Korma ¢ (¢) m —p?(¢)/2 mMeroT o mHAKOBOE 3HAYeHHe apryMenTa. IlycTh

0 (O)(¢) = Rie?, —¢%(()/2 = Rae®, Torma bymrkmms % % SBJISIETCS Be-

[IIECTBEHHOM aHAJIUTHIECKONH (DYHKIINEH, TOJTOKUTETHHON BO BCEIl MOIYTIOCKOCTH, UTO
BO3MOYKHO TOTJIa M TOJIBKO TOT/A, Koraa Ry /Rs = 2a > 0. Pemennenm auddepeninain-
CA(ON
—¢%(¢)/2
dyHKINHE BBIOEPEM T€, KOTOPbLIE MEPEBEIyT MPABYI0 MOJIYILIOCKOCTD Ha CeOs, MMEHHO,
©0(¢) =1/(al+iB), a, B €R, a > 0. U3 (14) nonyuaem f(a,() = Cy(al+if) I+ oy
+ Cs.

s sro0oit 3aMKHyT01"4 obnactn G, C D, xoTopas sBIgeTcs 06pa3soOM MOIOCHI
{¢: 0<Re¢ <p}=[f"YG,), Gynem mvern

2R —p2/2
B = myx e B Sy <1 09

HOTO ypaBHEHHA = 2« Gyner dyukuusa 1/o(¢) = a¢ +b. Cpeau Beex Takux

HO

sup U(p, f) =1,
FESO(PI{F(a,0)}

Ouenky (15) MOXKHO KOHKPETU3UPOBATH, BKIOUMB (G B 001aCTh f(fE) IpHU HEKO-
topom 7 € (0,1).

O6nactn  f(P), mosjydeHHble MPeOOPa30BAaHMWEM TOJIYIJIOCKOCTH P ¢ MOMOIIbio
bynxmmit f(¢) € X°(P), He MCUEPNBIBAIOTCA KOHETHBIME OOJACTAME C BLITYKITBIMH
rpanunamu. [losromy ansa obaactu f(P) e cymecrByer anasora kodddunuenra ko
U3 JIOKa3aTejbcTBa TeopeM 1 u 2. m

BzanmoseiicTBre BRIIETEHHBIX KJIACCOB, CBA3AHHBIX ¢ TeopeMaMu 1 1 3, WILTIOCTPH-
pyer

IIpumep 2. Bozsmem kiaacc yHKIHi
z=fla,a5 () =(C+a), C€P, a>0, 0<a<?2,

U WCCTIe/lyeM Jjisi Hero MHOYKEeCTBO 3HAYEHHI TPaeHTa KOH(MOPMHOTO paanyca.
[IpaBas momymmockocTs P oToOparkaercsa BBeAeHHONH (PYHKIHEH Ha BBIMYKIYIO 00-
gacth ipu 0 < @ < 1 m HA 00/IACTH C BBIMYKJIBIM JOMOTHEHUEM JI0 TIOJIHOM MIOCKOCTH
mpn 1 < a < 2.
Tak kax f'(a,;¢) = a(C+a)* ', 10 R=al( +al* Y ((+C) n

R: = ; (C+a)("‘ 1)/2[ — (C-f—a)(a 3)/2 (C+C) (C—i—a)(“‘l)/Q

<+a (a—1)/2 1 _ B
<Z+a) m[(afl)(+(a+l)c+2a]7VR/2.
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IIocoe HETPYAHBIX BBIKJIAAO0K TOJIYINM

B Re(
" Re(+2a/(a+1)

ITpn @ = 0 nveem |Rzz/Rz.| = 1. Ecim a # 0, 10

Rz
REZ

RZE

RZZ

p

k1 = max =
= p+2a/(a+1)

zeG,

rae G, — Ta 4acTh 3aMKHYyTOl obnactu D, Kotopas npu geiicteun f(a,a; ) cooTser-
creyer nosioce {0 < Re( < p} nim wactn {w: |w| <1, |w—r|>1—r} 3amrHyTOrO

eauaungaoro kpyra {|lw| < 1}, npuuem p = . .
—r
OmpeziesinM TpaHWYHBIE TOYKH TpajneHTa. JIJis 3Toro mpeacraBuM

a+in\ V2 (a = 1)in+ (a+1)(—in) + 2a
a—1in

. (—1)2
oy <a+ zn> _ 9gila—1)arctg(n/a)
a—1in

Korga n m3mensiercst or —oo 10 400, Touka VR(in) (TO ecTh KOHEI 3TOro BeKTOpa
C HAYAJIOM B HyJe) OyJeT IBATAThCA MO Myre OKPY’KHOCTH pammyca 2 ¢ meHTpoM B 0
or 2e~Ha=DT/2 15 9i(@=1)T/2 ye prixos 3a MPeIEIIbL LYTH OKPYZKHOCTH MEXK/LY STHMU
TOYKAMHU.

Tenepb Hy?KHO HallTH 0Opa3bl GECKOHETHO yIAJEHHONH TOYKW MPHU PASIAIHBIX MOJ-
xodax K Heit. [Ijad 3Toro moacunTaeM mpeaesibl VR(re’ﬂ ) pu  — 00, KOTJa (hUKCHPO-
BaHHast BeaWunHa (3 HAXOJAMTCS B MpoMexkyTKe (—m/2,7/2). Umeem

lim VR(re”) = lim =

T—00 T—00

retf +a \ D/ (a@—1re? + (a+1)re™ ™ + 2a
re= +q

a—1in
= Pl Vb (a—1)e? + (a+1)e ) = (a — 1)e® @) 4 (a + 1)ePe™D = o(B).

Ecan 8 6yzer nameHsAThest or —m/2 10 7/2, TO ToUKa (/3) onmImer ayry IHKION b
MexK Ty Kpaitanmu Touramu 2ie” /2 (mpu B = —7/2) u —2ie'*™/? (npu = 7/2) (cm.
puc. 1).

. iatm/2

Puc. 1

I'pannunasa kpusas He 3asucutr or a # 0. Ecim a = 0, To mpu a < 1 obpa3
BBIPOKJIAETCS BO BHYTPEHHIOI YTy IMKJOWIbI, Npu « > 1 0Opa3 BLIPOKIAETCS BO
BHEIITHIO IyTy MUKIOUIbI. Todednbrit oopas mpu « = 1 coxpangercsa A M00bIX da.

YacTHBIMI BUJAMHU TPAHUYHBIX JTUHUN C MAPAMETPUYECKUM TPEICTABICHUEM

z=(a+1in)*, —oco<n<+oo, a>0,
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SABJISTIOTCS TTapabOoIIbI
z=(a+in)? e {z=10d®>—n? y=2an} = y* = —4d*(x — d®) (mpma=2)

7 TUIepPOOJIBI

2

V2 osatin=(z+iy)? sa=2>—y> n=2ay (upua=1/2).

2= (a+in)

Summary

L.A. Aksentyev, A.N. Akhmetova. On the Gradient of the Conformal Radius of a Plane
Domain.

This paper studies the quasi-conformality of domain mapping by the gradient of the
conformal radius. It is proved that the gradient of the conformal radius realizes quasi-conformal
mapping for domains with convex boundaries. For these domains we obtain new estimates of
the quasi-conformality coefficient of the conformal radius gradient.

Key words: quasi-conformal mapping, conformal radius, gradient of the conformal radius,
convex domain.
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