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UDK 514.83ON THE EINSTEIN EQUATION ON LORENTZIANMANIFOLDS WITH PARALLEL DISTRIBUTIONSOF ISOTROPIC LINESA.S. GalaevAbstra
tSome re
ent results about Einstein Lorentzian manifolds that admit parallel distributionsof isotropi
 lines are reviewed. We �nd all holonomy algebras of su
h manifolds and des
ribespe
ial 
oordinates that allow us to simplify the Einstein equation. Examples in dimension 4are 
onsidered.Key words: Lorentzian manifold, Einstein equation, Walker metri
, holonomy algebra,re
urrent light-like ve
tor �eld, Petrov 
lassi�
ation.Introdu
tionLet (M, g) be a Lorentzian manifold admitting a parallel distribution of isotropi
lines. On any su
h manifold (of dimension n+ 2 , n ≥ 0) there exist lo
al 
oordinates
v, x1, . . . , xn, u , the so-
alled Walker 
oordinates, su
h that the metri
 g has the form

g = 2dv du + h+ 2Adu+H · (du)2, (1)where h = hij(x
1, . . . , xn, u) dxi dxj is a u -dependent family of Riemannian metri
s,

A = Ai(x
1, . . . , xn, u) dxi is a u -dependent family of one-forms, and H is a lo
al fun
-tion on M [1℄. The ve
tor �eld ∂v =

∂

∂v
de�nes the parallel distribution of isotropi
lines. Lorentzian manifolds with this property are of interest both in di�erential geom-etry and theoreti
al physi
s (e.g. [1�6℄). Re
ently in [5℄ G.W. Gibbons and C.N. Popestudied the Einstein equation on su
h Lorentzian manifolds (M, g) and gave somephysi
al interpretation for its solutions.In Se
tion 1 the Einstein equation for the metri
 (1) is rewritten as a system ofpartial di�erential equations with respe
t to the 
omponents h , A and H de�ning themetri
 g . In Se
tion 2 it is shown that the Walker 
oordinates on an Einstein manifold

(M, g) 
an be 
hosen in su
h a way that A = 0 , this gives a simpli�
ation of the Einsteinequation. In Se
tion 3 we 
onsider examples in dimension 4. In Se
tion 4 all holonomyalgebras of the Einstein manifolds (M, g) are given.1. The form of the Einstein equationA manifold (M, g) is 
alled an Einstein manifold if g satis�es the equation
Ric = Λg, Λ ∈ R,where Ric is the Ri

i tensor of the metri
 g . The number Λ ∈ R is 
alled the 
os-mologi
al 
onstant. If Λ = 0 , i.e. Ric = 0 , then (M, g) is 
alled Ri

i-�at or va
uumEinstein.



166 A.S. GALAEVA spe
ial example of the metri
 (1) is the metri
 of a pp-wave
g = 2dv du+

n∑

i=1

(dxi)2 +H · (du)2, ∂vH = 0. (2)If su
h metri
 is Einstein, then it is Ri

i-�at, and it is Ri

i-�at if and only if
n∑

i=1

∂2
i H = 0 .In [5℄ it is shown that the Einstein equation for a Lorentzian metri
 of the form (1)implies

H = Λv2 + vH1 +H0, (3)where H0 and H1 do not depend on v . Furthermore, in [5℄ it is proved that Eq. (2) isequivalent to Eq. (3) and the following system of equations:
∆H0 −

1

2
F ijFij − 2Ai∂iH1 −H1∇

iAi + 2ΛAiAi − 2∇iȦi +

+
1

2
ḣij ḣij + hij ḧij +

1

2
hij ḣijH1 = 0, (4)

∇jFij + ∂iH1 − 2ΛAi + ∇j ḣij − ∂i(h
jkḣjk) = 0, (5)

∆H1 − 2Λ∇iAi + Λhijḣij = 0, (6)
Ricij = Λhij , (7)where ∆H0 = hij(∂i∂jH0 − Γk

ij∂kH0) is the Lapla
e �Beltrami operator of the metri
s
h(u) applied to H0 , Fij = ∂iAj − ∂jAi are the 
omponents of the di�erential of theone-form A = Aidx

i . A dot denotes the derivative with respe
t to u .2. Simpli�
ation of the Einstein equationThe Walker 
oordinates are not de�ned 
anoni
ally and any other Walker 
oordi-nates ṽ, x̃1, . . . , x̃n, ũ su
h that ∂ṽ = ∂v are given by the following transformation(see [6, 7℄):
ṽ = v + f(x1, . . . , xn, u), x̃i = x̃i(x1, . . . , xn, u), ũ = u+ c.Using this, in [7℄ the following theorem is proved:Theorem 1. Let (M, g) be a Lorentzian manifold of dimension n + 2 (n ≥ 2)admitting a parallel distribution of isotropi
 lines. If (M, g) is Einstein with the non-zero 
osmologi
al 
onstant Λ , then there exist lo
al 
oordinates (

v, x1, . . . , xn, u
) su
hthat the metri
 g has the form

g = 2dv du+ hij dxi dxj + (Λv2 +H0)(du)
2with ∂vhij = ∂vH0 = 0 , hij de�nes a u-dependent family of Riemannian Einsteinmetri
s with the 
osmologi
al 
onstant Λ , satisfying the equations:

∆H0 +
1

2
hij ḧij = 0, (8)
∇j ḣij = 0, (9)
hij ḣij = 0, (10)
Ricij = Λhij , (11)where ḣij = ∂uhij . Conversely, any su
h metri
 is Einstein.
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e the Einstein equation with Λ 6= 0 on a Lorentzian manifold witha parallel distribution of isotropi
 lines to the study of families of Einstein Riemannianmetri
s satisfying Eqs. (9) and (10).The required 
oordinates may be found in the following way. Let g be an Einsteinmetri
 written with respe
t to some 
oordinates v, x1, . . . , xn, u by (1). Sin
e g is anEinstein metri
, h satis�es (3). Consider the transformation
v 7→ v + f(x1, . . . , xn, u), xi 7→ xi, u 7→ u.Then H1 
hanges to H1 − 2Λf . Taking f =

1

2Λ
H1 , we get new 
oordinates su
h that

H1 = 0 . Consider another transformation su
h that its inverse one has the form
v = v, xi = xi(x̃1, . . . , x̃n, ũ), u = ũ. (12)We get

Ãi =
∂xj

∂x̃i

(
Aj + hjk

∂xk

∂x̃−

)
.Hen
e, if the equality

∂xi

∂ũ
= −Ajh

ji (13)holds, then Ãi = 0. Impose the 
onditions xi(x̃1, . . . , x̃n, ũ0) = x̃i . Then for ea
hset of numbers x̃k there exists a unique solution xi(ũ) of the above system of equa-tions. Sin
e the solution depends smoothly on the initial 
onditions, we may writethe solution in the form xi(x̃1, . . . , x̃n, ũ) . The obtained fun
tions satisfy Eq. (13).Sin
e det

(
∂xi

∂x̃j
(ũ0)

)
6= 0 , we get that det

(
∂xi

∂x̃j

)
6= 0 for ũ near ũ0 . Under thistransformation, H̃1 = H1 = 0 . We obtain the required transformation.Consider now the 
ase Λ = 0 . In [7℄ the following theorem is proved:Theorem 2. Let (M, g) be a Lorentzian manifold with a parallel distribution ofisotropi
 lines and assume that (M, g) is Ri

i-�at. Then there exist lo
al 
oordinates(

v, x1, . . . , xn, u
) su
h that the metri
 is given as

g = 2dv du+ hij dxi dxj + vH1(du)
2,where H1 and hij are smooth fun
tions with ∂vhkl = ∂vH1 = 0 , satisfying the equa-tions:

1

2
ḣij ḣij + hij ḧij +

1

2
hij ḣijH1 = 0, (14)

∂iH1 + ∇j ḣij − ∂i(h
jkḣjk) = 0, (15)
∆H1 = 0, (16)
Ricij = 0. (17)Conversely, any su
h metri
 is Ri

i-�at.To �nd the required 
oordinates it is enough to start with some Walker 
oordinates

v, x1, . . . , xn, u and to solve the system of equations (13) for transformation (12).



168 A.S. GALAEV3. Examples in dimension 4In [8℄ it is proved that metri
 (1) for n = 2 satis�es the Einstein equation (2) ifand only if after a proper 
hoi
e of 
oordinates v, x, y, u the metri
 has the followingform:
g =

2

P 2
dz dz̄ +

(
2dv + 2Wdz + 2W̄ dz̄ +

(
Λv2 +H0

)
du

)
du, (18)where

z = x+ iy, 2P 2 = |Λ|2P 2
0 = |Λ|

(
1 +

Λ

|Λ|
zz̄

)2

, W = i∂zL,the fun
tion L is R-valued depending on z , z̄ , u and satisfying the equation
∆L = −2

Λ

|Λ|
L,where ∆ = 2P 2

0 ∂z ∂z̄ is the Lapla
e �Beltrami operator of the metri
 2

P 2
dz dz̄ of the2-dimensional sphere (or Loba
hevsky spa
e). All su
h fun
tions are given by

L = 2Re(
φ∂z(lnP0) −

1

2
∂zφ

)
, (19)where φ = φ(z, u) is an arbitrary fun
tion holomorphi
 in z and smooth in u . Thefun
tion H0 = H0(z, z̄, u) 
an be expressed in a similar way in terms of φ and anotherarbitrary fun
tion φ1(z, u) holomorphi
 in z and smooth in u .In [9℄ it is shown that the Petrov type of any Einstein metri
 of the form (1) for

n = 2 is either II or D and it may 
hange from point to point, moreover, it is of typeII at generi
 points.Example 1 [7℄. Let φ(z, u) be one of c(u) , zc(u) , z2c(u) ; then, using Theorem 1,the above metri
 
an be rewritten as
g =

2

P 2
dz dz̄ +

(
Λv2 + H̃0

)
(du)2,where H̃0 is a harmoni
 fun
tion, i.e. ∆H̃0 = 0 .Although formula (19) gives the 
omplete solution to the Einstein equation, it isnot useful for 
onstru
ting examples of the form obtained in Theorems 1 and 2, sin
e�simple� fun
tions φ de�ne 
ompli
ated fun
tions L and metri
s (18). For this reason,in [10℄ another method of �nding partial solutions to the Einstein equation (2) is used.First, the following proposition is proved:Proposition 1. Let (M, g) be a Lorentzian manifold of dimension 4 admittinga parallel distribution of isotropi
 lines. If (M, g) is Einstein with the 
osmologi
al
onstant Λ , then in a neighborhood of ea
h point of M there exist lo
al 
oordinates v,

x, y, u su
h that the metri
 g has one of the following forms:
1) if Λ > 0 , then
g = 2dv du+

1

Λ

(
(dx)2 + sin2 x (dy)2

)
+

+ 2

(
−
∂yf

sinx
dx+ sinx∂xfdy

)
du+ (Λv2 +H0)(du)

2, (20)
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tions depending on x, y, u and satisfying the equations:
∆S2f = −2f, (21)

∆S2H0 = 4Λf2 − 2Λ

(
(∂xf)2 +

1

sin2 x
(∂yf)2

)
, (22)where ∆S2 = ∂2

x +
1

sin2 x
∂2

y + cotx∂x is the Lapla
e � Beltrami operator of the spheremetri
 (dx)2 + sin2 x (dy)2 ;
2) if Λ < 0 , then

g = 2dv du+
1

−Λ · x2

(
(dx)2 +(dy)2

)
+2(−∂yfdx+∂xfdy)du+(Λv2 +H0)(du)

2, (23)where H0 and f are fun
tions depending on x, y, u and satisfying the equations:
∆L2f = 2f, (24)

∆L2H0 = −4Λf2 − 2Λx2((∂xf)2 + (∂yf)2), (25)where ∆L2 = x2(∂2
x + ∂2

y) is the Lapla
e �Beltrami operator of the metri
 1

x2

(
(dx)2+

+(dy)2
) of the Loba
hevsky spa
e L2 .Conversely, all su
h metri
s are Einstein with the 
osmologi
al 
onstant Λ .Partial solutions of Eqs. (21) and (24) 
an be obtained by �nding symmetriesof these equations. This 
an be done using Maple 12. For example, partial solutionsof (24) may be found in the following forms: f(x, y, u) = ψ(x, u) , f(x, y, u) = ψ

(y
x
, u

) ,
f(x, y, u) = ψ

(x2 + y2

x
, u

) . Consider several examples from [10℄.Example 2. The fun
tions f =
c(u)

x
, c(u)y

x
, c(u)x2 + y2

x
(where c(u) is a smoothfun
tion) are partial solutions of (24). In ea
h 
ase the new 
oordinates 
an be 
hosenin su
h a way that the metri
 (23) takes the form:

g = 2dv du+
1

−Λ · x2

(
(dx)2 + (dy)2

)
+ (Λv2 + H̃0)(du)

2,where H̃0 satis�es ∆L2H̃0 = 0 .Example 3. The fun
tions f = x2y and H0 = −Λx4y are partial solutions of Eqs.(24) and (25). We get the following Einstein metri
:
g = 2dv du+

1

−Λ · x2

(
(dx)2 + (dy)2

)
−

− 2x2 dxdu + 4xy dy du+
(
Λv2 − Λx4y2

)
(du)2. (26)The Lie algebra of Killing ve
tor �elds is spanned by the ve
tor �elds 3v∂v + x∂x +

y∂y − 3u∂u, ∂u .Consider the transformation with the inverse one given by
v = ṽ, x = x̃(1 + 3Λ ũ x̃3)−1/3, y = ỹ(1 + 3Λ ũ x̃3)2/3, u = ũ.



170 A.S. GALAEVWith respe
t to the obtained 
oordinates, we get
g = 2dv du+

1

−Λ

((
36Λ2x2y2u2 +

1

x2(1 + 3Λux3)2

)
(dx)2 −

− 12Λ(1 + 3Λux3)yu dxdy +

+
(1 + 3Λux3)2

x2
+ (dy)2

)
+

(
Λv2 + 3Λx4y2 +

x6

(1 + 3Λux3)2

)
(du)2. (27)The metri
 g is inde
omposable and it is of Petrov type II everywhere.Example 4. The fun
tion f = c(u) cosx (where c(u) is a smooth fun
tion) isa partial solution of (21). In ea
h 
ase the new 
oordinates 
an be 
hosen in su
h a waythat the metri
 (20) takes the form

g = 2dv du+
1

Λ

(
(dx)2 + sin2 x (dy)2

)
+ (Λv2 + H̃0)(du)

2,where H̃0 satis�es ∆S2H̃0 = 0 .Example 5. The fun
tion f = ln
(
tan

x

2

)
cosx + 1 is a partial solution of (21).We get the following Einstein metri
:

g = 2dv du+
1

Λ

(
(dx)2 + sin2 x (dy)2

)
+

+ 2
(
cosx− ln

(
cot

x

2

)
sin2 x

)
dy du+

(
Λv2 +H0

)
(du)2, (28)where H0 is a fun
tion satisfying (22). We will �nd the example of su
h fun
tion below.Consider the transformation

ṽ = v, x̃ = x, ỹ = y − Λu

(
ln

(
tan

x

2

)
−

cosx

sin2 x

)
, ũ = u.With respe
t to the obtained 
oordinates, we get

g = 2dv du+

(
1

Λ
+

4Λu2

sin4 x

)
(dx)2 +

+
4u

sinx
dxdy +

sin2 x

Λ
(dy)2 +

(
Λv2 + H̃0

)
(du)2, (29)where H̃0 satis�es ∆hH̃0 = −

1

2
hij ḧij , where h is the Riemannian part of theabove metri
. An example of su
h H̃0 is H̃0 = −Λ

(
1

sin2 x
+ ln2

(
cot

x

2

)) . Com-ing ba
k to the initial 
oordinates, we get H0 = Λ ·
(
ln

(
tan

x

2

)
cosx + 1

)
. TheLie algebra of Killing ve
tor �elds of the metri
 (29) is spanned by the ve
tor �elds

∂y, ∂u + Λ

(
cosx

sin2 x
− ln

(
tan

x

2

))
∂y . The metri
 g is of Petrov type D on the set

{
(0, x, y, u)| ln

(
cot

x

2

)
cosx− 1 = 0

} and it is of type II on the 
omplement to thisset. The metri
 is inde
omposable.Ri

i-�at Walker metri
s in dimension 4 are found in [11, 12℄. They are of the form
g = 2dv du+ (dx)2 + (dy)2 + 2A1dxdu+ (−(∂xA1)v +H0)(du)

2, (30)
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∂2

xA1 + ∂2
yA1 = 0, (31)

∂2
xH0 + ∂2

yH0 = 2∂u∂xA1 − 2A1∂
2
xA1 − (∂xA1)

2 + (∂yA1)
2. (32)If ∂xA1 6= 0 and the metri
 g is inde
omposable, then g is of Petrov type III at generi
points [9, 11�13℄. If ∂xA1 = 0 , then this is a pp-wave. If it is inde
omposable, then ithas Petrov type N at the point where the 
urvature is non-zero [9, 11�13℄.Example 6. It is 
lear that A1 = xy and H0 =

1

12
(x4 − y4) are the solutions of(31) and (32). We get the following Ri

i-�at metri
:

g = 2dv du+ (dx)2 + (dy)2 + 2xy dxdu+

(
−yv +

1

12
(x4 − y4)

)
(du)2.The Lie algebra of Killing ve
tor �elds of g is spanned by the ve
tor �eld ∂u .Consider the transformation

ṽ = v, x̃ = xeyu, ỹ = y, ũ = u.With respe
t to the obtained 
oordinates, we get
g = 2dv du+ e−2yu (dx)2 − 2xue−2yu dxdy +

(
1 + x2u2e−2yu

)
(dy)2 +

+

(
−yv − x2y2e−2yu −

1

12
y4 +

1

12
x4e−4uy

)
(du)2. (33)4. Holonomy algebrasRe
all that any Riemannian manifold (N, h) 
an be lo
ally de
omposed into a prod-u
t of a �at spa
e and some Riemannian manifolds that 
an not be further de
omposed[14℄. In a

ordan
e to this, for the tangent spa
e to (N, h) (that 
an be identi�edwith R

n , n = dimN ) and the holonomy algebra h ⊂ so(n) of (N, h) , there existsa de
omposition
R

n = R
n0 ⊕ R

n1 ⊕ · · · ⊕ R
nr (34)and the 
orresponding de
omposition into the dire
t sum of ideals

h = {0} ⊕ h1 ⊕ · · · ⊕ hr (35)su
h that ea
h hi ⊂ so(ni) is an irredu
ible Riemannian holonomy algebra, in parti
ularit 
oin
ides with one of the following subalgebras of so(ni) : so(ni) , u
(ni

2

) , su
(ni

2

) ,
sp

(ni

4

)
⊕ sp(1) , sp

(ni

4

) , G2 ⊂ so(7) , spin7 ⊂ so(8) or it is an irredu
ible symmetri
Berger algebra (i.e. it is the holonomy algebra of a symmetri
 Riemannian manifoldand it is di�erent from so(ni) , u
(ni

2

) , sp
(ni

4

)
⊕ sp(1)). It is well known that if themanifold (N, h) is Ri

i-�at, then ea
h hi ⊂ so(ni) in the above de
omposition is one of

so(ni) , su
(ni

2

) , sp
(ni

4

) , G2 ⊂ so(7) , spin7 ⊂ so(8) . Conversely, if ea
h hi ⊂ so(ni)is one of su
(ni

2

) , sp
(ni

4

) , G2 ⊂ so(7) , spin7 ⊂ so(8) , then (N, h) is Ri

i-�at. Next,if (N, h) is an Einstein manifold with Λ 6= 0 , then ea
h hi ⊂ so(ni) 
oin
ides withone of so(ni) , u
(ni

2

) , sp
(ni

4

)
⊕ sp(1) or with a symmetri
 Berger algebra, and itholds n0 = 0 . Conversely, if h ⊂ so(n) is irredu
ible and h = sp

(ni

4

)
⊕ sp(1) or it is



172 A.S. GALAEVa symmetri
 Berger algebra, then (N, h) is an Einstein manifold. Thus, Riemannianmanifolds with some holonomy algebras are automati
ally Einstein or Ri

i-�at.In [15℄ the similar problem is studied for the 
ase of Lorentzian manifolds. Let (M, g)be a Lorentzian manifold with a parallel distribution l of isotropi
 lines. Without lossof generality we may assume that (M, g) is lo
ally inde
omposable; i.e. lo
ally it is nota produ
t of a Lorentzian and of a Riemannian manifold. The tangent spa
e to (M, g)
an be identi�ed with the Minkowski spa
e R
1,n+1 . Let p, e1, . . . , en, q be a Witt basisof R

1,n+1 su
h that Rp 
orresponds to the distribution l . The holonomy algebra g of
(M, g) is 
ontained in the maximal subalgebra of so(1, n+ 1) preserving Rp ,
g ⊂ sim(n) =









a Xt 0
0 A −X
0 0 −a




∣∣∣∣∣∣
a ∈ R, X ∈ R

n, A ∈ so(n)




 = (R ⊕ so(n)) ⋉ R
n.The proje
tion h of the holonomy algebra of (M, g) onto so(n) has to be a Riemannianholonomy algebra [16℄. In [15℄ the following two theorems are proved:Theorem 3. If (M, g) is Ri

i-�at, then one of the following holds:

1. The holonomy algebra of (M, g) 
oin
ides with (R⊕ h) ⋉ R
n , and in the de
om-position (35) of h ⊂ so(n) at least one subalgebra hi ⊂ so(ni) 
oin
ides with one of theLie algebras so(ni) , u

(ni

2

) , sp
(ni

4

)
⊕ sp(1) or with a symmetri
 Berger algebra.

2. The holonomy algebra of (M, g) 
oin
ides with h⋉R
n , and in the de
omposition(35) of h ⊂ so(n) ea
h subalgebra hi ⊂ so(ni) 
oin
ides with one of the Lie algebras

so(ni) , su
(ni

2

) , sp
(ni

4

) , G2 ⊂ so(7) , spin(7) ⊂ so(8) .Theorem 4. If (M, g) is Einstein and not Ri

i-�at, then the holonomy algebraof (M, g) 
oin
ides with (R ⊕ h) ⋉ R
n , and in the de
omposition (35) of h ⊂ so(n)ea
h subalgebras hi ⊂ so(ni) 
oin
ides with one of the Lie algebras so(ni) , u

(ni

2

) ,
sp

(ni

4

)
⊕sp(1) or with a symmetri
 Berger algebra. Moreover, in the de
omposition (34)it holds ns+1 = 0 .In [15℄ an example of a lo
al Einstein (Ri

i-�at) metri
 with ea
h possible holonomyalgebra from the above theorems is 
onstru
ted.The above two theorems show that if n = 2 , i.e. dimM = 4 and (M, g) is Ri

i-�at,then either g = (R ⊕ so(2)) ⋉ R

2 or g = R
2 (the last 
ase 
orresponds to pp-waves).If (M, g) is Einstein with Λ 6= 0 , then g = (R⊕ so(2)) ⋉ R

2 . These statements are alsoproved in [9, 13, 17℄.Unlike the 
ase of Riemannian manifolds, it 
an not be stated that a Lorentzianmanifold with some holonomy algebra is automati
ally an Einstein manifold, but thereis a weaker statement. Re
all that (M, g) is 
alled totally Ri

i-isotropi
 if the imageof its Ri

i operator is isotropi
. If (M, g) is a spin Lorentzian manifold and it admitsa parallel spinor, then it is totally Ri

i-isotropi
 (but not ne
essary Ri

i-�at, unlikein the Riemannian 
ase) [3, 4℄. In [15℄ the following theorem is proved:Theorem 5. If (M, g) is totally Ri

i-isotropi
, then its holonomy algebra is thesame as in Theorem 3. Conversely, if the holonomy algebra of (M, g) is h ⋉ R
n and inthe de
omposition (35) of h ⊂ so(n) ea
h subalgebra hi ⊂ so(ni) 
oin
ides with one ofthe Lie algebras su

(ni

2

) , sp
(ni

4

) , G2 ⊂ so(7) , spin(7) ⊂ so(8) , then (M, g) is totallyRi

i-isotropi
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ON THE EINSTEIN EQUATION ON LORENTZIAN MANIFOLDS WITH. . . 173�åçþìåÀ.Ñ. �àëàåâ. Óðàâíåíèÿ Ýéíøòåéíà íà ëîðåíöåâûõ ìíîãîîáðàçèÿõ ñ ïàðàëëåëüíûìðàñïðåäåëåíèåì èçîòðîïíûõ ïðÿìûõ.Ïðèâåäåí îáçîð íåäàâíèõ ðåçóëüòàòîâ èññëåäîâàíèÿ ëîðåíöåâûõ ìíîãîîáðàçèé Ýéí-øòåéíà, äîïóñêàþùèõ ïàðàëëåëüíûå ðàñïðåäåëåíèÿ èçîòðîïíûõ ïðÿìûõ. Íàéäåíû àë-ãåáðû ãîëîíîìèè òàêèõ ìíîãîîáðàçèé. Îïèñàíû ñïåöèàëüíûå êîîðäèíàòû, ïîçâîëÿþùèåóïðîñòèòü óðàâíåíèå Ýéíøòåéíà. �àññìîòðåíû ïðèìåðû â ðàçìåðíîñòè 4.Êëþ÷åâûå ñëîâà: ëîðåíöåâî ìíîãîîáðàçèå, óðàâíåíèå Ýéíøòåéíà, ìåòðèêà Óîêåðà,àëãåáðà ãîëîíîìèè, ðåêóððåíòíîå ñâåòîïîäîáíîå âåêòîðíîå ïîëå, êëàññè�èêàöèÿ Ïåòðîâà.
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