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BBICTPHII AJITOPUTM IIOCTPOEHU Y
BEKTOPOB KO®PUNITNMEHTOB IIOJIAPNI30BAHHBIX
ITOJINMHOMOB £-3HAYHBIX ®@YHKIINU

C.H. Cenesnesa, H. K. Maprenos

AnHoTanus

IIpennoxken OBICTPBIA AITOPUTM ITOCTPOEHHST BEKTOPOB KO3(h(DUITMEHTOB 1011 pU30BAHHBIX
TTOJTMHOMOB  k-3HAYHBIX (DYHKIWI TO BeKTOpam mx 3Hadenuii (mpm mpocthix k). [Momyuenst
dopmyssl TosictIeTa mo 3HaYeHUAM k-3HAYHBIX GYHKINH K03GhMUIMEHTOB UX MOITPU30BAHHBIX
[TOJIMHOMOB.

: k-3maunas HKIIWs, [0JIAPU30BAHHBIA OIUHOM, OBICTPBINA AJTo-
KuroueBbie ciioBa: k-3HadHa , IO 30Ba o oM, ObIC aro
pUTM.

OuxnuM m3 crnocoboB 3amanus k-3HaYHBIX (PYHKIUA ABASOTCS MOAUHOMbBI. QObIY-
HBIE ¥ TOJISIPU30BAHHBIE TIOJIMHOMBI SBJISIOTCS KAHOHUYIECKUMEU (hopMamu 3amnucu PyHK-
it 1, 2].

N3BecTHBI OBICTPHIE AJITOPUTMbBI HAXOXKICHNS BEKTOPOB KOAMD(MDUIIMEHTOB OOBIYHBIX
U [OJISPU30BAHHBIX [TOJUHOMOB OysieBbix (pyHKIuUil 10 BeKTOpaM uxX 3uadenuii [3, 4].
[0.B. TapanHHKOBBIM' HpenIoxKeH GBICTPBIE ATTOPHTM HAXOMKIEHHS BEKTOpa KO3-
dunmenToB OObIUHBIX HOJIMHOMOB k-3HadHbiX (ByHKIWME (npu npoctbix k > 3) mo
BEKTOpaM WX 3HadeHuii. B HacTosIeil crarbe HaAMU TPEJIOKEH AHAJOTUYHBIA OBICT-
PBIil JTOPUTM HAXOXKJIEHUsST BEKTOPOB KO(DMUIINEHTOB MOJIIPU30BAHHBIX MOJUHOMOB
k-3naunbix Gyukuumit (npu npocrbix k > 3) 10 BEKTOpaM UX 3HAYEHHUIA.

Kpowme Toro, namu HaliieHbI sBHBIE (DOPMY/IBI MOACYETA 3HAUYCHUN KO3(DDUTMEHTOB
MOJIIPU30BAHHBIX MOJUHOMOB k-3HAYHBIX (DYHKINH MO UX 3HadeHudM. st OyaeBbIxX
dbyuxnmii hopmyasl momcuera 3HaAYEHUH KOI(DMUITHEHTOB OOBITHBIX TIOJUHOMOB MOXKHO
Haiith B [5].

Mycts k > 2, By, = {0,1,...,k — 1}. Hazosem k-3uaunoii ¢dyukuumeii orobpaze-
aue f" : B — Ep, n =0,1,... MaOXecTBO Bcex k-3HaYHLIX DYHKIHH 0003HAYNM
Kak Py, MHOYKEeCTBO BCeX k-3HAYHBIX (DYHKIINIA, 3aBUCAIINX OT MIEPEMEHHBIX T1, . . ., Ly,

oboznaunm Kak Pj'.
Bynem paccmarpuBaTh ciiox)enue u ymMHOXKeHHe Mo mod k.
J— mn
ycts 6 = (di,...,dn) € E}. IIoaapu3068anHbim NOAUHOMOM NO BEKMOPY NOAAPU-
30uuu 0 HA30BEM IOJIMHOM

Yo @) (a1 d) (2 )

a=(a1,...,an)EE}
B KOTOPOM c‘}(a) € Ej, — uekoropbie koadbduimentst u (x; + d;)* — cTeneHu, To ecTh

(l‘i —+ di)ai = (QL'Z —+ dl) (QL'Z —+ dl) e (’JJ,L —+ dz), (l‘z —+ dz)o = ].

a; pas3

1 Tuuanoe coobmenne.
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Ecmn 6 = (0,...,0), TO NONSIPH30BAHHBI 110 BEKTOPY § TOJMHOM — OOBIUHBII MOJINHOM
no mod k. B aTom cinyuae B Koaddpunmenrax OyaeM OIyCKaThb BEPXHUNA UHIAEKC O .

Ecnu k — npocroe wucno, to kaxkigas dyukmus f(Z") € P’ 0JHO3HAYHO 3aja-
ercst mosmroMoM 1o mod k [1], u gns kaxgoi dymkimmu f(2") € P’ cymectsyer
eJIMHCTBEHHBI MOJIMHOM, MOJISPU30BAHHEIIT 1O TPOM3BOIBHOMY BeKTOpY O m3 Ej [2] .

Jamee Oymem moJiarath, 9T0 k — MPOCTOE YHCIIO.

Hazosem sexmopom kosdduyuenmos moIApU30BAHHOLO 110 BEKTOPY MOJISPU3AIAN
0 € E} nomunoMa dyuxuun f(Z") € P’ BekTop 3HadeHuil GbyHKIHT c‘}(:i”).

N3BecTen OBICTPHINH AJITOPUTM TOCTPOEHUST BEKTOPa K03 PUInenTos noanunoma zKe-
rasknnaa Oynepbix Gynknunii [3]. B.IT. Cynpysom [4] Haiigzen GbICTpBI aaropuT™ mo-
CTPOEHWST BEKTOPOB KOI(MDMUIMEHTOB MOJIAPU30OBAHHBIX MTOJIUHOMOB OYJIEBBIX (DYHKITHIA.
1O.B. TapanunkoBsiM? GBI HafieH GBICTPEI aITOPUTM TIOCTPOEHHS BEKTOpa K03 u-
[IMEHTOB OOBITHOIO TMOJUHOMA s k-3HAYHBIX (DYHKITHAH.

B creaytomeit Teopeme 1 MBI peyiaraeM aHaIOTHIHBIN OBICTPBIN ATTOPUTM BBITHC-
JIEHUsT BEKTOPA KO3(PDUITHEHTOR MOJIPU3OBAHHBIX MOJUHOMOB k-3HAYHBIX (DYHKIIHIA.

Teopema 1. IIycme k - npocmoe wucao, f(Z") € PP, fi(ze,....zn) =
:f(iaz%"'axn)’ieEk;(S:(dla"'adn)ualz(an"wdn)'
Tozda ecau n =1, mo

¢3(0) = f(—du),

k-1
4 (4) = —Zi(k_l)_j fli—dy), ecau j=1,...,k—2,
i=1

k—1
Glk—1) == f(i—d),
i=0
unpun > 2
) _ 8
Cf(oaan"wxn) *Cf,dl (1'2;"'7'7371)7
k—1

c‘sf(j,:cg, cey X)) = fZi(kfl)*j c‘;fjidl (x2,...,xpn), ecau j=1,...k—2
i=1

k—1
c‘sf(kf Lixe,...,xn) = ch‘}iidl(acg,...,xn),
=0

2de cymma 8eKmopos bepemcs nokoopoIuHAMHO.

JokasareabcTBo. Brauase qokaykeM BCIOMOTATE/IbHOE YTBEPIKICHIE.
Jlemma 1. Jlas kaostcdozo npocmozo wucaa k

kil_s k—1, s=k—1,
1° =
0, s=1,....k—2.

=1

k=1
JoxkazarembcrBo. Ecim s = k—1,10 Y. i*~! = k—1 no mazoit Teopeme @epwma.
i=1
Hma s =1,...,k — 2 mpoBeneM J0Ka3aTeIbCTBO WHAYKITHEH O 3HAYEHUIO S.
k=1 k(k—1
Basuc unpykiuu. Ecoiu s =1, 10 > i = %
i=1

= 0 BBuay mpoctoTsl k.

2 Tuunoe coobmeHme.
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NnayktuBHblii nepexo. JJomycTnm, 9To JeMMa BepHa IId BceX S, s = 1,...,m—1 <
< k — 2. IIpoBepum ee crnpaBeyInBOCTD /I S = M.
C y4eToM MHIYKTHBHOIO IPEIIOJIOXKEHUS 101y 4aeM

k—1 k—1 m+1
_ gm—+1 . m—+1 m-+1\ 7 -m+1—5
0=k" =N (i + 1)t =it = Co i I =
i=0 i=0 j=1
m+1 k—1 k—1
= Cy i = (m 4+ 1)2@’”
j=1 =0 =0

Taxk kak m + 1 # 0, 10

Jlemma 1 moxkasaHa. O

Temepn m0KazKeM TEOpeMy.
1. Bragasie paccMoTpuM OOBIYHBIE TIOJTUHOMBI, TO €CTh MPEIIOI0XKUM, 9TO BEKTOP

nonsipuzarmu 0 = (0,...,0). Joka3aTeapcTBO 3TOTO TMYyHKTA OTIHYHO OT OOOCHOBAHMUS
aaroputma FO.B. TapanuukoBa Aj1st OOBIYHBIX TOJHHOMOB.

IIycTs

k—1
flzr, o, . yxn) =27 g1 (T2, .. cyxn) + -+ x1g1(22, .o, 20) + go(2T2, ..oy T0),

TI€ Jk—1,---,91,90 — TOJUHOMBI OT MEPEMEHHBIX g, ..., T, (WIK KOHCTAHTDI, €CJIU
n=1).

Hecnoxuo 3amerurs, 9ro go(2a, ..., Tn) = f(0,29, ..., xy).

C yuerom nemmbr 1 u nonaraz, uro 0° = 1, noayuaem

k—1 k—1 k—1
Zf(i,]]g,..., il gi(wa,.. . T,) =
i=0 =0 j=0
k— k—1
Z (@2, wn) 3 1 = (k= Dgr1 (@2, .., ).
=0 i=0
k—1
Orkyna, gg—1(x2,...,x ):fo(z Ty Tp).
IIycts Temeps 1 < j <k — 2. PaCCMOTpI/IM (byHKumo
b1
h(z,...,x,) ::L'g 2 Ty, .. 1) =
=gl (xo,. . xn) o aigh (o, ) + gh(T2, . 20),
L€ §j_qs---501,90 — TOTUHOMBI OT HEPEMEHHDLIX Ig,...,T, (UIN KOHCTAHTLI, €CJIH
n=1).
BameruM, 910 gj_,(Z2,...,2n) = g;(x2,...,zy). [lo yxxe moxazamnomy
k—1 k—1
92,1(1'2, C) Z'n) = - g(Za Z2,... 73571) = - Z i(k_l)_]f(iax% LR zn)a
i=0 j

otkyna gj(wa,...,xn) = Z (=D =T f(i ao, . yxn), G=1,...,k—2.
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Tenepy nycts n = 1. Torma kaxkmast u3 GyHKIAN gg_1,...,91, g0 ABIAETCT KOH-
crauroit u ¢f(j) =g;, j=k—1,...,1,0.
Torma mo moxa3zaHHOMY

cr(0) = f(0);
k—1
cr(§) ==Y "), =1, k-2
i=1
k—1
cr(bk=1)=—)> [f(i).
i=0
Ecmm n > 2, 1o cf(j,x2,...,%,) = ¢g; (22, ..., 2,). OTKyzna 1Mo J10KazaHHOMY
cr(0,29,...,xn) = cfo(z2,. .., Tn);
k—1
cr(d,xa, ... xn) = —Zik_l_iji(IQ,...,l‘n), i=1,...,k—2;
i=1

k—1
cr(k—1,20,...,2,) = 726101.(1'2,...,1‘”).
=0

2. Temeph pacCMOTPHM MTPOU3BOJIBHBIH BeKTOp nossipnsamn 6 = (dy, ..., d,). Boc-
HOJIb3yeMCs TEM, Y4TO HOJIAPU30BAHHDILI 110 BeKTOpy 0 = (d1, . .., d,) nomunom GyHKImMu
f(z1,...,x,) aBiagercsa 0ObIYHBIM OJUHOMOM st (DYHKIMU

g(@1, ..y xn) = flor —du, ..y — dy).

Torma mpu n =1

k—1 k—1
G) = cgi) = =D i gli) ==Y i i —dy), j=1,.. k=2
i=1 =1
k—1 k—1
Gh—1)=cylk—1)==) g(i)=—=> f(i—d).
i=0 i=0

IIpn n > 2 monoxum 0" = (da,...,d,). Torna

c‘sf(O,xg, cosy) = ¢g(0, 20, ... ) = cgy (T2, ..., Tp) =
!
:Cfidl(I'Q*dQ,...,l’n7dn):C§7dl(Z2,...,$n);
k—1
céf(.j7x27 7xn):cg(ja$25 7l‘n): Zlk ! chq(x27 7-7;71):
i=1
k—1
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k—1
ci(kfl,acg,...,xn):cg(kf1,12,...,xn) :72691.(1‘2,...,1‘”) =
=0

k—1 k—1
6/
= - E cf%dl(:ngfdg,...,xn —d,) =— E cf%dl(:ng,...,xn).
i—0 i=0

Teopema 1 mokaszama. O

B coorBercTBUEM ¢ gokasaHHBIME B Teopeme 1 cBoiicTBamMu Jist  (DYHKIUH
f(z1,...,x,) BekTOp KO3 DUIUEHTOB €e MOJAPU30BAHHOIO IO BEKTOPY § HOJIMHOMA
5‘} MOKET GbITb PEKyPCHBHO HAfJCH IO BEKTOpY ee 3Hadenmii f. Hecnoxuo moxcun-
Tarb, 4ro npu rom Oyzer 3arpadeno O(N log N) 6urosbix onepauuii, rne N = k™ —
JIJINHA, BEKTOPOB.

N3Bectra dopmyna moacyuera 3uadennii K03 GUINEHTOB OOBITHBIX MOJUHOMOB Oy-

seBbix byHKUMH Mo wx 3uavenusM [5]: ecam f(xq,...,x,) € PY, TO IS KayKIOTO
nabopa o = (a1, ...,a,) € EY Bepuo
cr(@)= > flbr,...,bn),
B:B=Rc

rae 5= (by,...,b,) € EY.

B cremyrormeit Teopeme 2 MbI npegmaraemM (GpopMyabl moacaeTa Ko3p@UIHEeHTOB M0-
JITPU30BAHHBIX TIOJUHOMOB k-3HAYHBIX (DYHKIUH 110 UX 3HAYCHUSIM.

Crauana BBemeM HECKOIBKO ompenesnenuii. Jns nabopa a = (a1,...,a,) € B} obo-
3HaUNM Kak [(a) MHOXKECTBO WHJIIEKCOB €ro HEeHYJIEBBIX KOOD/IMHAT,

I(a) = {i:a; #0}.

Yucsio HEeHYIEeBBIX KOODMHAT HabOpa (v HA30BEM €ro 6ecom M 0003HAYNM |,

o] = [(a)]-

Teopema 2. IIycms k - npocmoe wucao, f(z1,...,x,) € PP, 6 = (di,...,dy) €
€ B — sexmop noaspuayu.
Tozda daa Kascdozo nabopa o = (a1, ...,a,) € E}' eepro pasencmeo

la)=(=nlt S e ] o —das b = d),

B:I(B)CI(e) \ai7#0

ede 0= (b1,...,b,) € E} (noaazaem, wmo npoussedenue [| no nycmomy mmosicecmay
undexcos paeno 1 u 0° =1).

okazaTeabcTBo. 1. Bragange paccMoTpuM OOBIYHBIE MOJWHOMBI, TO €CTh IPe-
MOJIOXKUM, 4TO BeKTop nonsipu3armu § = (0,...,0).
Jlist 3TOTO Caydasi TOKA3aTeIhCTBO TPOBEIEM WHAYKIWEH 10 YHCIy TepeMeHHBIX
dbyHKIIN N
Basuc ungykmun: n = 1. Torma ans vabopa o = (a1) € E{ no teopeme 1 nomy4aem
1) ecmm a1 =0, 1O
es(a1) = £(0) = (~1)/* (0);

2) ecim a3 = 1,...,k—1, 10

k

epla) ==Y i@ = (=Dl Y T ().

i=0 B:1(8)CI(e)

—
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Nunykrusabiii nepexoa. [lycts mist Bcex dyHKIuUi, 3aBUCANINX HE 0OJIee YeM OT
n — 1, n > 2, mepeMeHHoii, yTBepKaeHne TeopeMbl 2 BepHo. PaccMorpum QyHKITHIO
flz1,...,xzn) € P,

IMycts o = (ay,...,a,) € E} n o = (ag,...,a,). Torga no Teopeme 1 u ¢ yuerom
UHIYKTUBHOTO TIPEITIOIOKEHUS IOy IaeM

1) eciu a1 =0, 10

cr(0,a2,...,a,) = cplag, ... an) =

= (Y [T o | folban....ba) =

B:I(B)CI(ar) \ai#0,i>2

ot M) DI B | I FICLISRL Y

B:I(B)CI(0,e') \@i#0

rae 6: (blaan"'abn)eEl? u ﬂ/:(b%"'abn)'
2) ecm a3 # 0, TO

k—1
crlar,ag, ... a,) = — Z blf*l*‘“cfb1 (ag,...,an) =
b1=0
k—1
= Z blf717GI (_1)|0€ | Z H bfiliai fbl(an"'abn) =
bi= BrI(B)CI(a) \ai#0,i>2

= (=plt 3 TT o) f(o1,bs, . ba),

B:I(B)CI(a) \aiF0
rae 3= (b1,ba,...,b,) € Ef u ' = (ba,...,by).

2. Temeph pacCMOTPHM MTPOM3BOJIBHBII BeKTOD nossipnsarmn 6 = (dy, ..., d,). Boc-
HOJIb3yeMCs TEM, Y4TO HOJIAPU30BAHHDILI 110 BeKTOpy 0 = (d1, . .., d,) nomunom GyHKImMu
f(z1,...,x,) aBiagercsd OObIYHBIM OJMHOMOM [t (DYHKIMU

g(@1, .y xn) = flor —duy .oy — dy).

Torma nns kaxkgoro Habopa o = (ai,...,a,) € E}} 00 IOKa3aHHOMY HOJTy<IaeM

SIS N B U PSS

B:I1(B)CI(e) \ai#0

=l ST e | fr—day b —da),

B:I(B)CI(a) \@i7#0

tae 3= (b1,...,b,) € E}.
Teopema 2 moxkazaHa. O

Pa6ora gacruano noggep:kana POOU (mpoekrst Ne 07-01-00444 u 09-01-00701-a.)
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Summary
S.N. Selezneva, N.K. Markelov. Fast Algorithm for Building Polarized Polynomial
Coefficients’ Vectors of k-valued Functions.

The fast algorithm for building the polarized polynomial coefficients’ vectors of k-valued
functions by their values is proposed (for prime k). The formulas for polarized polynomial
coefficients of k-valued functions by their values are obtained.

Key words: k-valued function, polarized polynomial, fast algorithm.
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