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COERCIVITY OF CONVEX FUNCTIONALS

V.Ya. Prudnikov
[

The existence of solutions of variational inequalities is often provided by the coercivity of the
corresponding functional [1], [2]. If the functional is not coercive then one can study variational
inequalities (see, e. g., [3]) by a constructive investigation method based on the statement of coercive
problems.

In this paper, we propose a coercivity criterion for directionally convex functionals on a closed
convex cone.

Assume that K is a closed convex cone from a reflexive Banach space X, S = {u € X : ||Ju| = 1},
B={ueX:|u|| <1}, SK =SNK, BK = BN K. We understand the coercivity of a functional
p: K — R as the existence of the limit p(u) — +o0, if ||ul]| = +o0, u € K.

Theorem. Let a functional p: K — R be such that

1) the function t — p(at) is convez in the interval (0,400) for any a € SK;
2) the functional a — p(at) is weakly semicontinuous from below on BK for any t € (0,+00).

Then

t
(p is coercive on K ) <= < inf lim plat) > 0).
a€ESK t—+oco
The proof of the theorem is based on three lemmas. Let us prove them, assuming the satisfiability
of conditions of the theorem.

Lemma 1. (p is coercive on K) <= (tl}_lr_n gquK 2lad) > ().

Proof. Necessity. The existence of the limit | |}im p(u) = +oo for given A > 0 implies the
ul|—>+o0

existence of a value R4 > 0 such that for ||u|| > R, the inequality p(u) > A is satisfiable. Putting
u = ta, where t = ||u||, a« € SK, we obtain the inequality p(ta) > A which is valid for any t > R4
uniformly with respect to a € SK. Therefore,

ale%f;(p(ta) > A, t> Ry,

which yields the existence of the limit tLlan gng p(at) = 400. Therefore a value ¢, > 0 exists
such that ie%g(p(toa) > 1+ p(#). The function ¢ — p(ta) is convex, by condition of the theorem,
a

consequently, the function ¢ — M does not decrease on (0, +00). But then

plat) —p(9) | plato) — p(f)

t>t
t sl tO ) 0>y
for any a € SK, then
t) — p(0 ty) — p(6 1
o POD=DO) L plen) —p(0) 1
a€ESK t a€ESK to to
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