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Abstract—In this paper we consider linear integro-diﬀerential equations in Banach spaces with
Fredholm operators at the highest-order derivatives and convolution-type Volterra integral parts.
We obtain suﬃcient conditions for the unique solvability (in the classical sense) of the Cauchy
problem for the mentioned equations and illustrate the abstract results with pithy examples. The
studies are carried out in classes of distributions in Banach spaces with the help of the theory of
fundamental operator functions of degenerate integro-diﬀerential operators. We propose a universal
technique for proving theorems on the form of fundamental operator functions.
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INTRODUCTION
In many works [1–7] devoted to degenerate diﬀerential equations, one has demonstrated the eﬀectiveness of the application of fundamental operator functions to studying initial boundary-value problems for
wide classes of diﬀerential operators with various types of singularities (Fredholm, Noetherian, spectral,
sectorial, and the radial boundedness of operator bundles). But fundamental operator functions have
not been constructed yet for integro-diﬀerential operators, in this paper we make an attempt to ﬁll up
this gap. We are ﬁrst to propose a universal technique for proving theorems about fundamental operator
functions for integro-diﬀerential operators. Along with a purely theoretical interest, degenerate integrodiﬀerential equations with Fredholm operators in the principal part play an important role in solving
some initial boundary-value problems in the mathematical theory of visco- and thermoelasticity [8–10].
1. AUXILIARY ASSERTIONS
1.1. Generalized Jordan sets of Fredholm operators. In what follows the symbol B stands for
a Fredholm operator, i.e., a closed linear operator acting from a Banach space E1 to a Banach space
E2 that has a dense deﬁnition domain D(B) = E1 and a closed range R(B) = R(B), dim N (B) =
dim N (B ∗ ) = n. Assume that {ϕi }ni=1 is a basis in N (B); {ψi }ni=1 is a basis in N (B ∗ ); {γi }ni=1 ⊂ E1∗
and {zi }ni=1 ⊂ E2 are biorthogonal systems corresponding to these bases, i.e.,
ϕi , γj  = zi , ψj  = δij , i, j = 1, . . . , n.
n
 = B +  ·, γi  zi is continuously invertible; we
Then, as is shown in [11] (P. 340), the operator B
i=1

denote the inverse one (it is called the Trenogin–Schmidt operator) by Γ ∈ L(E2 , E1 ). Here Γzi = ϕi
and Γ∗ γi = ψi .
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